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1Introduction

Description of the problem

During our everyday activities, our skin senses the environment through mechanical
contact. The most common example is the enduring interaction between skin and
textiles, be them clothing, bedsheets, wound casts, or wearable sensors, to name
a few. When skin is pressed and rubbed against them, the friction at the contact
area may lead to skin irritations. This issue becomes more relevant with increasing
interfacial moisture content, typically present in the form of sweat [Pasumarty et al.,
2011]. In a very serious scenario, paraplegic and bedridden patients are likely to
develop skin ulcers, owing to their impaired mobility. Therefore a current issue in
health care is to understand the interaction of skin with textiles, and consequently
prevent the rise of skin injuries. In this context, real-time and in vivo images of the
skin-textile interface would provide physicians with an easy-to-interpret feedback on
the state of the skin.

Choice of the imaging probe

To this end, a suited imaging probe should meet a number of requirements. First,
it should reconstruct the skin topography in a harmless way for the human body.
Second, it must transmit through the textile, the effect of which must be properly
understood, to retrieve the profile of the skin hidden behind it. When skin and
textiles are pressed against each other, imaging their contact area is fundamental in
order to assess the region on the skin which is most likely to become injured. Finally,
the probe should interact strong enough with water, so to image the interfacial
humidity distribution with sufficient contrast.

Terahertz (THz) radiation, namely the part of the electromagnetic spectrum
with frequency in the range 0.1− 10 THz, has recently emerged as a suitable probe
for this task. THz waves harmlessly interact with the human body. Researches on the
safety of THz radiation on biological tissues have discarded the concerns that THz
radiation might alter cellular activity and kinetics [Clothier and Bourne, 2003] or
damage the DNA, the only induced effects being thermal [Wilmink et al., 2010]. In
addition, THz waves can penetrate non-conducting and optically opaque materials,
like textiles, deeper than shorter wavelength radiations, like infrared radiation. At
the same time, they maintain the major benefit of infrared radiation, in that they
are absorbed by polar molecules like water, which therefore can act as an imaging
contrast agent. The altered hydration level of injured skin cells indeed motivated
the use of THz radiation for monitoring the deterioration stage of skin in diabetic
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patients [Hernandez-Cardoso et al., 2017], imaging scars with better contrast than
with visible light [Fan et al., 2017], and distinguishing skin cancer cells from their
environment of healthy tissue [Joseph et al., 2014]. A more comprehensive state of
the art of the biomedical applications of THz radiation has been reported in [Yang
et al., 2016].

Choice of the imaging technique

While the strong absorption of THz radiation by water limits the imaging geometry to
reflection mode in medical applications, freedom is left on the choice of the imaging
technique.

At this stage it is crucial to realize that the microscopic ripple structure of human
skin is on the same length scale of the THz wavelength, namely 300 µm. This sets
the interaction of THz waves with skin in the diffraction regime. Single-point mea-
surements, where the sample is scanned with focused THz pulses and the specularly
reflected signal is recorded on a single-pixel detector [Sun et al., 2018; Sun et al.,
2019; Wang et al., 2018], result in time-consuming processes. Furthermore, they
only reach a spatial resolution around 500 µm, set by the minimum spot size to which
THz pulses can be focused. In order to obtain diffraction-limited images, they would
require the full diffraction pattern to be measured at each position of the focused
beam, further increasing the measurement time. Full-field measurements, where the
samples are illuminated with wide beams and their diffracted THz wavefronts are
recorded with cameras, allow bypassing these complications.

Moreover, a suited imaging technique should reconstruct both the amplitude and
the phase of the wavefronts diffracted by skin, the latter being especially important
to assess refractive index variations, which may happen at injured sites. Finally,
because friction involves movements in the imaged scene, real-time imaging of
moving objects should also be allowed.

Based on these requirements, in this thesis we will resort to full-field, coherent
and lensless imaging techniques. The adjective lensless means that we will obviate
the need to form images in the classical way, i.e. using a lens, thus making the
acquisition setup more compact, simple, flexible and better tailored to real-life
applications. Images will be formed in a fully digital way, from the two-dimensional
diffraction patterns produced by the object and digitally recorded with a camera.
This implies that the phase of the wavefronts is not directly recorded (leading to the
so-called phase problem), and must be indirectly retrieved either via interferometric
or iterative techniques. There is a vast literature on coherent and lensless imaging
techniques [Guizar-Sicairos, 2010; Rodenburg, 2008], especially contributed by
the X-ray and electron imaging communities, who have been dealing with poor
quality optics for several decades. This led to the development of two large families
of imaging techniques, namely the holographic ones and those belonging to phase
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retrieval, which will be both extensively described and implemented in the next
Chapters.

The quantities and tasks involved in imaging skin-textile interfaces are graphi-
cally summarized in Fig. 1.1(a).
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Fig. 1.1.: (a) Imaging the skin-textile interface (central hexagon) and involved tasks and
quantities (adjacent hexagons of the honeycomb). (b) The four tasks tackled in this thesis,
outlined with different colors, and the corresponding Chapters in which they are considered.

Thesis objective and outline

In this general perspective, the objective of this thesis is to develop and implement
new coherent and lensless imaging techniques using THz radiation. The motivation
behind them will be taken from their potential application to imaging skin samples
hidden behind THz-transparent materials as well as textiles.

The work is organized as follows. Chapter 2 provides the theoretical back-
ground behind coherent and lensless imaging techniques, including (i) the free-space
propagation of monochromatic electromagnetic radiation within the scalar approxi-
mation and (ii) the phase problem. Three examples of reconstruction techniques
solving the phase problem and relevant to the following results are introduced.

Chapter 3 gives a short overview of THz radiation, including the current trends
of THz imaging techniques and the sources and detectors used to implement them.

Chapters 4-9 report my personal results. Chapter 4 features a comparison
among four thermal cameras capable of imaging THz radiation. The best camera for
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our needs is chosen based on its performance in beam profiling, real-time imaging
and resolving sub-mm interference fringe patterns as well as its response across the
detector area.

Chapter 5 reports the application of THz digital holography for the reconstruc-
tion of a fingertip replica. In order to enhance the spatial resolution, a synthetic
aperture approach is developed. The successful reconstruction of the microscopic
ripple structure of the fingertip confirms that our holographic method is appropriate
for imaging the structure of real human skin.

In Chapter 6 we provide the first experimental demonstration of ptychography
in the THz range. A follow-up study, included in Chapter 7, reports a comparison
between THz off-axis digital holography and THz ptychography in terms of attainable
lateral and depth resolution.

In Chapter 8 an innovative imaging technique for imaging objects hidden behind
THz-transparent materials is implemented. Here, we deal with the reconstruction
of an amplitude object hidden behind a weakly diffracting Teflon plate in reflection
mode.

In Chapter 9 an original phase retrieval procedure, similar to ptychography, is
developed and implemented, which simultaneously reconstructs a pair of objects
stacked one behind the other, regardless of their diffracting behavior, in transmission
mode. Its potential for real-world applications is demonstrated by reconstructing a
fabric sample and a hidden amplitude or phase object, exploiting relative translations
between them which naturally occur during friction.

Finally, Chapter 10 discusses how the obtained results are crucial to the devel-
opment of systems for imaging skin-textile interfaces.

Overall, four out of the six tasks shown in Fig. 1.1(a) will be tackled, namely
[see Fig. 1.1(b)]: (i) imaging the structure of skin (Chapter 5); (ii) assessing the
performance of our equipment for dynamic, real-time imaging (Chapter 4); (iii)
reconstructing the profile of hidden objects (Chapters 8 and 9); and (iv) accounting
for the optical distortions introduced by textiles (Chapter 9).

Table 1.1 lists the peer-reviewed articles and conference proceedings derived
from the results reported in this thesis, along with the authors’ contributions and the
related Chapters in this work. In addition, the work was highlighted in several other
presentations and publications. A complete list of my research output, including
contributions outside the scope of this thesis, has been compiled in the section CV &
Research output at the end of this manuscript.
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2Coherent lensless imaging
techniques

This Chapter introduces three techniques capable of reconstructing amplitude and
phase of the wavefield coherently diffracted by an unknown object, when illuminated
with coherent electromagnetic radiation. Instead of using a lens to image the object
onto a recording device, these methods only rely on measuring the pattern scattered
by the object after it propagated through free space by some distance. In order
to understand their working principle, first we will review the fundamentals of
the propagation of light when it interacts with objects not much bigger than the
radiation wavelength: therefore we will summarize some of the most relevant results
of the diffraction theory of electromagnetic radiation (section 2.1), following the
approach used in [Goodman, 2005]. In section 2.2 we will see why recording a
wavefield implies losing part of the information it carries. The following sections
will then describe how this missing information can be retrieved, therefore allowing
the reconstruction of the diffracted wavefield.

2.1 Principles of the scalar diffraction theory of
electromagnetic waves

2.1.1 The scalar wave equation
Diffraction of electromagnetic waves in a medium is described by Maxwell’s equa-
tions. In a region of space containing no free charges, they read:

∇× E = −µ ∂H
∂t

(2.1a)

∇×H = ε
∂E
∂t

(2.1b)

∇ · (εE) = 0 (2.1c)

∇ · (µH) = 0 , (2.1d)

where E ≡ (Ex; Ey; Ez) and H ≡ (Hx;Hy;Hz) are the electric and magnetic field,
respectively, expressed in cartesian coordinates and varying with position (x, y, z)
and time t. The symbol ∇ ≡ (∂/∂x; ∂/∂y; ∂/∂z), combined with the cross × and
dot · products, computes the curl and the divergence, respectively. The electric
permittivity ε and the magnetic permeability µ describe the linear response of the
medium to the application of the electric and magnetic fields of the electromagnetic
wave, respectively. For the scope of this thesis, we assume the medium to be: (i)
non-dispersive, i.e., ε and µ do not depend on the frequency of the electromagnetic
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wave; (ii) homogeneous, i.e., they do not depend on the position inside the medium;
(iii) isotropic, i.e., they do not depend on the directions of E andH; and (iv) non-
magnetic, i.e., µ = µ0, where µ0 ≈ 1.3× 10−6 N/A2 is the vacuum permeability. As
a result of these simplifications, ε and µ can be regarded as constants in Eqs. (2.1).
Applying the (∇×) operator to both sides of Eq. (2.1a) and using Eqs. (2.1b), (2.1c)
and the identity ∇× (∇× E) ≡ ∇(∇ · E)−∇2E yields the vector wave equation for
the electric field:

∇2E − n2

c2
∂2E
∂t2

= 0 , (2.2)

where the refractive index of the medium n ≡
√
ε/ε0 has been defined, c = 1/√ε0µ0

is the propagation speed in vacuum and ε0 ≈ 8.9 × 10−12 F/m is the vacuum
permittivity.

Owing to the analogy between Eqs. (2.1a) and (2.1b) and between Eqs. (2.1c)
and (2.1d), Eq. (2.2) holds for H, too. Furthermore, the linearity of all the
operators in Eq. (2.2) allows us to write an independent scalar wave equation for
each component of E andH. Denoting any of these components with f(r, t), with
r ≡ (x, y, z), the scalar wave equation takes the form

∇2f(r, t)− n2

c2
∂2f(r, t)
∂t2

= 0 . (2.3)

2.1.2 The Helmholtz equation
For all the methods treated throughout this work, E and H can be considered
monochromatic, i.e., oscillating at one single frequency ν, such that f(r, t) can be
expressed either as

f(r, t) ≡ A(r) cos[2πνt− φ(r)] , (2.4)

where A(r) and φ(r) are the amplitude and the phase of the wave, respectively, or,
equivalently, as

f(r, t) ≡ Re[ψ(r) exp(−i2πνt)] , (2.5)

where i ≡
√
−1 is the imaginary unit, Re computes the real part of a complex

number, and the complex function ψ(r) ≡ A(r) exp[iφ(r)] is often referred to as the
phasor or complex amplitude of f(r, t). By writing Eq. (2.5), we managed to separate
the spatial degrees of freedom of the solution from the temporal one, at the cost of
introducing complex functions. After substituting Eq. (2.5) in Eq. (2.3), we find that
the real and imaginary parts of ψ(r), i.e. Re[ψ(r)] and Im[ψ(r)], respectively, must
satisfy

∇2 Re[ψ(r)] + k2 Re[ψ(r)] = 0 (2.6a)

∇2 Im[ψ(r)] + k2 Im[ψ(r)] = 0 , (2.6b)

8 Chapter 2 Coherent lensless imaging techniques

Lorenzo
Nota
Typo: read "yield"

Lorenzo
Evidenziato



where k ≡ 2πνn/c ≡ 2π/λ is the wave number and λ ≡ c/(nν) is the wavelength,
namely the distance traveled by the wave within the period ν−1. Equations (2.6) are
termed Helmholtz equations, or time-independent wave equations. When combined
together, they yield the Helmholtz equation for the complex amplitude ψ(r):

∇2 ψ(r) + k2 ψ(r) = 0 . (2.7)

2.1.3 The Rayleigh-Sommerfeld diffraction equation
The propagation of a monochromatic electromagnetic wave through a homoge-
neous, isotropic, linear and non-magnetic medium within the scalar approximation
is described by a number of theories, pioneered by Gustav Kirchhoff, who set a
mathematical framework around Huygens and Fresnel’s assumptions that a light
wavefront can be regarded as a superposition of spherical waves emitted by point
sources lying on a previous wavefront. Although Kirchhoff’s theory agrees fairly well
with experimental results, it presents a few theoretical inconsistencies, which were
solved by Arnold Sommerfeld with the Rayleigh-Sommerfeld formulation of diffrac-
tion. Here, we will outline the Rayleigh-Sommerfeld theory, which our following
work heavily relies on.

Let us consider a wavefield impinging on a planar screen S, which is opaque
except for an aperture A (Fig. 2.1), and let the wavefield diverge to the half-plane
behind the screen. Let also ψ(x), x ∈ S and ψ(r) represent the complex amplitude of
the wavefield on the screen and at the position r at the distance d from the screen,
respectively. We wish to express the wavefield at any position behind the screen,
assuming that it is known on the screen. We make use of the following theorem,
named after George Green:

Theorem 2.1: Green

If a complex function ψ(r) is continuous and its first and second partial deriva-
tives are single-valued and continuous within a volume V surrounded by a
closed surface Σ, then

�
V
[ψ(r)∇2G(r)−G(r)∇2 ψ(r)] dr =

�
Σ

[
ψ(x)∂G(x)

∂n
−G(x)∂ψ(x)

∂n

]
dx ,

(2.8)
where G(r) is known as Green’s function and is any other function with the
same requirements as ψ(r), and n is the outward normal unit vector at each
point on Σ.

Specifically to our case, ψ(r) is the unknown wavefield, while the Green’s
function G(r), the surface Σ and the volume V of integration must be cleverly
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Fig. 2.1.: Geometry of the Rayleigh-Sommerfeld diffraction theory.

chosen in order to simplify the calculations. We begin by choosing a Green’s function
satisfying the Helmholtz equation along with ψ(r), i.e.

∇2 ψ(r) + k2 ψ(r) = 0 (2.9a)

∇2G(r) + k2G(r) = 0 . (2.9b)

Then, we note that the integrand on the left-hand side of Eq. (2.8) vanishes,
thus reducing Green’s theorem to the evaluation of ψ(r) and G(r) and their first
derivatives along the closed surface Σ. Sommerfeld opted for the following Green’s
function:

GSomm(r) = exp(i k r1)
r1

− exp(i k r2)
r2

, (2.10)

where r1 and r2 are the distances of the point r from two points, respectively P1 and
P2, which are the mirror image of each other on the two opposite sides of the screen
(see Fig. 2.1 again). Such a choice of GSomm(r), along with the assumption that
ψ(x) diverges from the aperture [ψ(r) is said to satisfy the Sommerfeld radiation
condition], significantly simplifies the right-hand side of Eq. (2.8):

ψ(r) = − 1
4π

�
S
ψ(x)∂GSomm(x)

∂n
dx . (2.11)

Note that this result, known as the integral theorem of Helmholtz and Kirchhoff,
allows us to compute ψ(r) from its value on the screen S only. It is often common to
apply the so-called Kirchhoff boundary condition on ψ(r), imposing that both ψ(r)
and ∂ψ(r)/∂n vanish on S \ A, i.e., on the geometrical shadow of the screen. After
substituting Eq. (2.10) in Eq. (2.11) under the Kirchhoff boundary condition on
ψ(r), we obtain the Rayleigh-Sommerfeld solution:

ψ(r) = − 1
2π

�
A
dψ(x) (ik − r−1

0 ) exp(ikr0)
r2

0
dx , (2.12)
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where r0 ≡ |r− x|. Note that the solution at a certain position r is a linear superposi-
tion of infinitesimal contributions, depending only on the relative distance r0 from
each point on the aperture. Therefore the system is linear and space-invariant (or,
equivalently, isoplanatic) and Eq. (2.12) can also be written as,

ψ(x, d) = ψ(x, 0) ∗ h′(x, d) (2.13a)

h′(x, d) ≡ d

2π (r−1 − ik)exp(ikr)
r2 , (2.13b)

where ∗ denotes the convolution operator and r ≡
√
|x|2 + d2. If we assume that

all the points of interest lie much farther from the screen than the wavelength,
i.e. d−1 � k, then r−1 � k and Eq. (2.13b) can be further simplified, yielding
h′(x, d) ≈ hd(x), with:

hd(x) ≡ d

iλ

exp
(
ik
√
|x|2 + d2

)
|x|2 + d2 . (2.14)

Equation (2.14) finally represents the convolution kernel associated with the forward
propagation of an electromagnetic wave of wavelength λ from a planar screen to
distances much larger than λ, obtained under the scalar approximation, the Som-
merfeld radiation condition and the Kirchhoff boundary conditions. The convolution
kernel corresponding to the backward propagation, h−d(x), is obtained by applying
the convolution theorem to Eq. (2.13a), under the approximation h′(x, d) ≈ hd(x).
Denoting the Fourier transform of hd(x) with Hd(f), namely Hd(f) ≡ F{hd(x)}, this
yields

h−d(x) ≡ F−1{H−1
d (f)} . (2.15)

It can be shown [Goodman, 2005] that, within our approximations, H−1
d (f) ≈ H∗d(f),

where the superscript ∗ indicates complex conjugation. The result is known as
time reversal property: conjugation in the frequency domain corresponds to time
reversal in time domain, thus allowing the propagation of a wavefront backwards
in time. We will make heavy use of Eqs. (2.14) and (2.15) in the next Chapters, in
situations where the assumptions made to derive it always hold true. In particular,
propagations between parallel planes will be mostly considered. In this case, the
longitudinal distance d is constant and can be regarded as a parameter. For this
reason, d is used as a subscript in Eqs. (2.14) and (2.15).

As a last word on the validity of Eqs. (2.14) and (2.15), we would like to
specify that we will use them to reconstruct objects which are neither homoge-
neous, nor isotropic. Nevertheless, this does not make our assumptions in section
2.1.1 inappropriate. Propagations and back-propagations will not be performed
through the objects, rather through the medium (air or, almost equivalently, vacuum)
surrounding them, which satisfies the assumptions listed in section 2.1.1.

2.1 Principles of the scalar diffraction theory of electromagnetic waves 11



2.2 The phase problem
In imaging experiments, electromagnetic waves are typically measured with digital
cameras. As will be seen in the next Chapters, bolometers are the cameras of choice
for THz imaging. These convert the absorbed THz radiation into heat, increasing
the temperature of their active material, whose electrical resistance varies with
temperature changes. Therefore, the energy delivered by THz waves to the active
material is the relevant quantity to the measurement process.

The amount of energy crossing a unit area per unit time, along a direction
perpendicular to both E and H, is the modulus of the Poynting vector [Griffiths,
1962]:

S(r, t) ≡ E(r, t)×H(r, t) . (2.16)

Because digital cameras are too slow to follow the oscillations of optical electromag-
netic fields, the measured quantity in our experiments will be proportional to the
modulus of the time-averaged Poynting vector. We define such quantity the intensity
of the electromagnetic field, and we denote it with the symbol I(r):

I(r) ≡ |〈S(r, t)〉t| ≡
∣∣∣∣∣ 1
Tint

� Tint

0
S(r, t) dt

∣∣∣∣∣ , (2.17)

where Tint is the camera integration time, which is always much larger than the
period of the electromagnetic fields considered in this work, i.e., Tint � ν−1. † As
previously done when deriving the Helmholtz equation (section 2.1.2), dealing with
monochromatic waves allows us to use the complex amplitude representation of the
electric and magnetic fields, that is,

E(r, t) ≡ Re[E(r) exp(−i2πνt)] = 1
2[E(r) exp(−i2πνt) + E∗(r) exp(i2πνt)] ,

(2.18a)

H(r, t) ≡ Re[H(r) exp(−i2πνt)] = 1
2[H(r) exp(−i2πνt) + H∗(r) exp(i2πνt)] ,

(2.18b)

where E(r) and H(r) are the complex amplitudes of E(r, t) andH(r, t), respectively.
Combining Eqs. (2.16), (2.17) and (2.18) yields:

I(r) =
∣∣∣∣∣12 Re[E(r)×H∗(r)] + 1

2Tint

� Tint

0
Re[E(r)×H(r) exp(−i4πνt)] dt

∣∣∣∣∣ . (2.19)

†Nowadays, high-speed cameras for THz radiation have approached the kHz frame rate (see, for
example, the TeraFAST-256 camera by Terasense Group Inc., achieving a maximum frame rate of
5 kHz [Terasense imaging products]), which is 9 orders of magnitude lower than the oscillation
frequency of the THz electromagnetic fields used in this work.

12 Chapter 2 Coherent lensless imaging techniques



The second term on the right-hand side of Eq. (2.19) oscillates at frequency 2ν �
T−1

int , therefore it can be neglected when compared to the first term. In conclusion,
the intensity can be expressed by the following approximation:

I(r) ≈ 1
2 |Re[E(r)×H∗(r)]| . (2.20)

In other words, cameras are sensitive to the modulus of a quantity proportional to
the product of orthogonal electric and magnetic field components. For example,
in the specific case of a plane wave, one has E(r) = E0, H(r) = H0 =

√
ε/µE0 and

I(r) ∝ |E0|2. In analogy to this case, throughout this whole work we are going to
express the measurable quantity from a camera as the square modulus of a complex
scalar function, associated with the electric and magnetic fields of the incident wave.
Note, that the phase of such function is lost during the measurement. This loss is
known as phase problem, and several approaches have been conceived in order to
retrieve the missing information. Three of them, which are relevant to this thesis,
will be outlined in the next sections.

2.3 Digital holography
The term holography comes from the Greek words holo, meaning “whole”, and
graphein, meaning “to write”, which refer to its capability of retrieving the entire
information of a wavefront, namely its amplitude and phase. Holography solves
the phase problem by superimposing a coherent wave (the reference beam) to the
wavefield diffracted from the unknown object (the object beam). The missing phase is
encoded in their interference pattern, called hologram, from which it can be extracted
through optical or digital processes. The holographic principle was suggested in
1948 by Dennis Gabor, an invention that earned him the Nobel prize in Physics in
1971. In the late 1940s, he was aiming at improving image formation in electron
microscopy, strongly affected by the aberrations introduced by the electron optics
of that time. Instead of forming an image of the object with lenses, he proposed
to record the diffraction pattern of the object, superimposed with the reference
wave, onto a photographic plate, and subsequently reproduce the imaging process
optically, by illuminating the record with the same reference wave [Gabor, 1948].
The poor coherence of the radiation sources available at that time delayed the
scientific impact of his idea, until the discovery of the laser in 1960. Furthermore,
the knowledge of the principles of diffraction and interference of waves, combined
with the increased performance of computers and development of opto-electronic
devices witnessed during the last 80 years, made it possible to carry out the imaging
procedure numerically, after recording the holograms with CCD or CMOS cameras.
Such achievements established digital holography as a reference technique for strain,
deformation and shape measurements, imaging fluid flows and cells, and full-field
vibration measurements. Extensive reviews on the topic, including applications
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going beyond the scope of this thesis, can be found in [Schnars and Jueptner, 2005;
Kreis, 2006; Picart, 2015; Ferraro et al., 2011; Rastogi and Hack, 2012].

2.3.1 Off-axis digital holography
The setup of off-axis digital holography is sketched in Fig. 2.2(a). The coherent
radiation emitted by a laser is split by a beam splitter in two beams, namely the
reference beam,

R(x) ≡ AR(x) exp{i[kR · x + φR(x)]} , (2.21)

traveling undisturbed to the camera along the direction set by its average wavevector
kR, and the object beam

O(x) ≡ AO(x) exp{i[kO · x + φO(x)]} , (2.22)

interacting with the object and traveling along the direction set by its average
wavevector kO, which makes an angle θ with kR [see the inset of Fig. 2.2(a)]. For
this reason, the configuration is referred to as off-axis digital holography. We have
indicated with x ≡ (x, y) the coordinates on the camera plane; AU (x), U ∈ {R,O},
are the real amplitudes of the beams, and φU (x) are their phases, when observed on
a plane perpendicular to their average wavevector.

The camera records the intensity of the interference pattern Ψ(x) ≡ R(x) +O(x)
obtained from the superposition of the object beam and the reference beam, known
as hologram, reading:

I(x) ≡ |Ψ(x)|2 ≡ |R(x) +O(x)|2

= A2
R(x) +A2

O(x) + 2AR(x)AO(x) cos{(kR − kO) · x + [φR(x)− φO(x)]} .
(2.23)

Figure 2.2(b) shows the simulated hologram of a nine-spoked Siemens Star. As can
be seen in the zoomed part of Fig. 2.2(b), it features a periodic pattern of bright and
dark fringes, in the regions of constructive and destructive interference, respectively.
The fringe spacing depends on the wavevector difference ∆k ≡ kR − kO [see again
the inset of Fig. 2.2(a)]. If we consider the setup shown in Fig. 2.2(a), the object
beam impinges normally with the plane of the camera, which therefore makes an
angle θ/2 with ∆k. The fringe pattern is thus observed along x, with a period Λ
given by

Λ = 2π
|∆k| cos (θ/2) = π

(2π/λ) sin (θ/2) cos (θ/2) = λ

sin (θ) . (2.24)

Such fringes are essential in order to extract the phase of the object beam from the
hologram of Eq. (2.23). The most common method to retrieve it is known as Fourier
Transform method.

14 Chapter 2 Coherent lensless imaging techniques



(rad) 1 0 

1 0 1 0 

−𝜋 +𝜋 

𝑦 

𝑥 

𝑓𝑦 

𝑓𝑥 
𝑓𝑐 −𝑓𝑐 0 

(b) 

(c) (e) 

(d) (f) 

(g) 

Mirror 

Beam splitter 

Camera 

Object 

Coherent 

source 

Reference 

beam 

Object 

beam 

(a) 

𝒌𝑂 

𝒌𝑅 

∆𝒌 𝑦 

𝑧 

𝑥 

Fig. 2.2.: (a) Typical experimental setup of off-axis digital holography, where the inset shows
the wavevector difference ∆k. Simulated results: (b) Off-axis hologram of a nine-spoked
Siemens Star, where the inset highlights the interference fringes caused by the off-axis angle
θ and (c) displays the modulus of its Fourier transform in logarithmic scale. (d) Retrieved
amplitude and (e) phase of the object beam at the camera plane. (f) Amplitude and (g)
phase of the object beam propagated back to a plane parallel to the camera and at the
position of the object.

Fourier Transform Method

We can rewrite the hologram of Eq. (2.23) as follows,

I(x) = a(x) + b(x) cos[2πfcx+ ∆φ(x)] , (2.25)

which is obtained with the following substitutions:

a(x) ≡ A2
R(x) +A2

O(x) (2.26a)

b(x) ≡ 2AR(x)AO(x) (2.26b)

2πfcx ≡ (kR − kO) · x (2.26c)

∆φ(x) ≡ φR(x)− φO(x) (2.26d)

and where the cosinusoidal fringe pattern is assumed to vary along x with the
carrier frequency fc ≡ Λ−1. After expressing the cosine function as weighted sum of
exponential functions, i.e., cosα ≡ (exp(iα) + exp(−iα))/2, Eq. (2.25) becomes:

I(x) = a(x) + c(x) exp(i2πfcx) + c∗(x) exp(−i2πfcx) (2.27a)

c(x) ≡ 1
2b(x) exp[i∆φ(x)] . (2.27b)

Fourier transformation of the above intensity distribution yields the spectrum

I(fx, fy) = A(fx, fy) + C(fx − fc, fy) + C∗(fx + fc, fy) , (2.28)

where capital calligraph letters indicate the Fourier transforms of their italic lower-
case counterparts and (fx, fy) are the frequency coordinates corresponding to (x, y).
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A representative spectrum, obtained upon Fourier transforming the distribution in
Fig. 2.2(b), is shown in Fig. 2.2(c) on a logarithmic scale (only its modulus is
shown). Equation (2.28) indicates that, provided that fc and consequently θ are
large enough, the spectra A(fx, fy), C(fx, fy) and C∗(fx, fy) are separated in the
frequency domain. A bandpass filter is then applied to I(fx, fy), so that C(fx−fc, fy)
is the only left contribution. A shift of C(fx − fc, fy) towards the origin by fc and
subsequent inverse Fourier transform yield c(x, y). Finally, the phase difference
∆φ(x) is obtained by taking the argument of c(x, y), as follows

∆φ(x) mod 2π = arctan2{Im[c(x)],Re[c(x)]} . (2.29)

Because a plane wave is typically used as the reference beam, φR(x) varies much
slower than φO(x), and the phase difference ∆φ(x) is essentially −φO(x). The
amplitude of the object beam AO(x) is obtained from the diffraction pattern of the
object only, by blocking the reference beam, i.e., |AO(x)|2.

At this stage, both the amplitude [Fig. 2.2(d)] and the phase [Fig. 2.2(e)] of the
object beam have been retrieved at the camera plane. Because in the setup shown in
Fig. 2.2(a) the camera plane is perpendicular to kO, the complex amplitude of Eq.
(2.22) can be simplified to AO(x) exp[iφO(x)]. This quantity is finally propagated
back to the object plane via the back-propagation operator of Eq. (2.15), yielding
the holographic reconstruction of the object [Figs. 2.2(f)-(g)].

Lateral resolution

The lateral resolution ρ of off-axis digital holographic reconstructions has been
shown to be [Picart and Leval, 2008]

ρ = λd

D
(2.30)

where d is the distance from the object to the detection plane, and D is the size of
the detection plane along the direction where the resolution is evaluated. A glance
at Eq. (2.30) reveals that it can only be an approximate estimate, as it predicts
vanishing values of ρ with vanishing d, thus contradicting the ultimate resolution
limit for diffraction limited imaging given by Abbe, i.e., ρ ≥ λ/2 [Born and Wolf,
2013]. Indeed such expression has been obtained in the so-called Fresnel diffraction
regime, i.e., for distances d� D. In Chapter 7 we are going to obtain an expression
for ρ consistent with Abbe’s limit and therefore valid for any value of d.

2.4 Ptychography
Ptychography is another lensless solution to the phase problem. Unlike holography,
it does not rely on the interference with a reference wave. Therefore, it is usually
referred to as a non-holographic approach. Its first concept was developed by
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Walter Hoppe for imaging periodic (crystalline) objects with electrons [Hoppe,
1969], but only its extension to non-periodic objects had an impact so far, such
that nowadays ptychography is mostly applied to biological samples, exhibiting
no periodicity whatsoever. Ptychography relies on collecting multiple diffraction
patterns by scanning an object across a coherent beam to overlapping positions
[Fig. 2.3(a)]. If the object is illuminated under varying incident angles instead,
the technique is called Fourier ptychography [Zheng et al., 2013], as it can be
regarded as the reciprocal space counterpart of ptychography. The marriage of
the ptychographic approach with efficient iterative algorithms, pioneered by John
Rodenburg and Helen Faulkner [Rodenburg and Faulkner, 2004; Rodenburg, 2008],
started a widespread scientific interest in ptychography. Ptychographic algorithms
have been developed for more than ten years [Maiden et al., 2017], for example,
dealing with the reconstruction of both the object transmission function and the
wavefront impinging on it [Thibault et al., 2008; Thibault et al., 2009; Maiden and
Rodenburg, 2009], improving the knowledge of the relative shifts between the object
and the beam [Maiden et al., 2012a], optimizing the scan parameters [Edo et al.,
2013; Silva and Menzel, 2015], accounting for partial coherence of the radiation
source [Thibault and Menzel, 2013], and overcoming its depth-of-field limitations
with multi-slice approaches [Maiden et al., 2012b; Tsai et al., 2016]. Being a lensless
technique, ptychography mostly benefited to the X-ray community [Pfeiffer, 2018],
however it was also realized in the extreme-ultraviolet [Gardner et al., 2017] and
optical [Maiden and Rodenburg, 2009] regimes. Experimental variants, other than
transmission, include the combination with computed tomography [Holler et al.,
2017] or Fresnel diffractive imaging [Vine et al., 2009], the implementation in
reflection [Seaberg et al., 2014] and scattering [Godard et al., 2011; Mastropietro
et al., 2017] mode, and in the time domain for the reconstruction of ultrafast pulses
[Spangenberg et al., 2015; Lucchini et al., 2015]. A review on the state of the art
of ptychographic imaging, especially using X-rays, has been recently contributed by
Franz Pfeiffer [Pfeiffer, 2018].

In the next section, the “extended ptychographical iterative engine” (ePIE)
algorithm will be described, through which both the object and the wavefront
incident on it can be reconstructed [Maiden and Rodenburg, 2009]. If the latter is
already known from preliminary calibrations, the ePIE algorithm easily reduces to the
“ptychographical iterative engine” (PIE), reconstructing the object only [Rodenburg
and Faulkner, 2004]. Owing to its flexibility, this algorithm will be employed in the
ptychographic reconstructions performed in the next Chapters.

2.4.1 The extended Ptychographic Iterative Engine (ePIE)
algorithm

A schematic of a ptychographic setup in transmission is shown in Fig. 2.3(a). A
coherent beam, also known as “probe”, is defined by an aperture and impinges
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Fig. 2.3.: (a) Typical experimental setup of ptychography in transmission. Simulated
results: (b) Amplitude and (c) phase of the reconstructed object after using the diffraction
pattern highlighted in the top right panel. (d) [(f)] Amplitude and (e) [(g)] phase of the
reconstructed object after the 1st [100th] iteration.

on the object. A set of K diffraction patterns, referred to as “ptychograms”, Ik(x),
k = 1, . . . ,K, is recorded by a camera, while scanning the object across the object
plane by shifts xk with respect to the probe. Provided that the illuminated regions of
the object partially overlap at neighboring scan positions [Bunk et al., 2008], both
the probe p(x) and the object transmission function o(x) at the object plane can be
iteratively reconstructed from the measured Ik(x) and the shifts xk. An algorithm
which can solve this task is the ePIE algorithm. At the start, the algorithm is fed with
estimates of the probe and the object transmission function. If the object thickness t
satisfies [Tsai et al., 2016]

t . 5.2ρ2/λ , (2.31)

where ρ is the desired lateral resolution, the interaction between the probe and the
object can be written according to the following “multiplicative approximation”:

ψk(x) = pk(x) ok(x− xk) . (2.32)

Here pk(x), ok(x) and ψk(x) are, respectively, the kth estimates of the probe, the
object transmission function and the “exit wave”, namely the wavefront exiting the
object plane. Note, that Eq. (2.31) appears a reasonable estimate of the maximum

18 Chapter 2 Coherent lensless imaging techniques



object thickness if one recalls that the depth of field of an imaging system is indeed
on the order of ρ2/λ [Goodman, 2005]. A numerical propagation of the estimated
exit wave to the camera plane is then performed through the convolution kernel
hd(x) of Eq. (2.14), where d indicates the distance from the object plane to the
camera plane:

Ψk(x) = ψk(x) ∗ hd(x) . (2.33)

The choice of the propagator hd(x) is motivated by the Fresnel number NF at which
the experiments are carried out. Considering an example relevant to the scope
of this thesis, one can conduct a THz ptychography experiment with a probe as
large as w = 3 mm, λ = 0.1 mm and d = 10 mm, yielding NF ≡ w2/(λd) = 9
and making the far-field or Fraunhofer approximation, commonly used in the X-ray
regime, unacceptable. As a next step the “intensity constraint” is applied, consisting
of replacing the calculated modulus of the propagated exit wave with the measured
one, and leading to the corrected kth estimate of the exit wave at the camera plane
and at the object plane, as in Eqs. (2.34) and (2.35), respectively:

Ψ′k(x) =
√
Ik(x) Ψk(x)

|Ψk(x)| ; (2.34)

ψ′k(x) = Ψ′k(x) ∗ h−d(x) . (2.35)

Finally, the updated object transmission function and probe are created according to
the following equations (derived and discussed in Appendix A):

ok+1(x) = ok(x) + α(o) p∗k(x + xk)
max |pk(x + xk)|2

[ψ′k(x + xk)− ψk(x + xk)] ; (2.36a)

pk+1(x) = pk(x) + α(p) o∗k(x− xk)
max |ok(x− xk)|2

[ψ′k(x)− ψk(x)] , (2.36b)

where α(o) and α(p) are scalar and positive feedback parameters ≤ 1 weighting the
updates of the object and probe functions, respectively. If p(x) is known a priori, its
update can be avoided upon setting α(p) = 0, thus leading to the PIE algorithm. The
convergence of the solutions can be monitored through the following normalized
error:

E ≡

K∑
k=1

∑
x

∣∣∣∣√Ik(x)− |Ψk(x)|
∣∣∣∣2

K∑
k=1

∑
x
Ik(x)

. (2.37)

Equations (2.36) represent the new estimates of the object and probe functions,
which will be used again in Eq. (2.32), where another shift from the set of xk
will be considered. This procedure is repeated, each time using the ptychograms
in a randomly shuffled order, for a predefined number of iterations, or until the
error E has decreased below a chosen threshold. The panels in Fig. 2.3 summarize

2.4 Ptychography 19



the procedure for the reconstruction of a nine-spoked Siemens Star, using the
ptychograms shown in each panel. Figures 2.3(b)-(c) show the amplitude and the
phase of the reconstructed object using the highlighted top left ptychogram, whereas
Figs. 2.3(d)-(g) show the same results after using all the ptychograms once (end of
1st iteration) and 100 times (end of 100th iteration).

2.5 Single-Beam Multiple-Intensity Reconstruction
(SBMIR) phase retrieval

The Single-Beam Multiple-Intensity Reconstruction (SBMIR) phase retrieval algo-
rithm is another non-holographic solution to the phase problem [Pedrini et al., 2005].
Like ptychography (section 2.4), it relies on iteratively reconstructing the object
transmission function using a set of diffraction patterns Ik, k = 1, . . . ,K, acquired
in different configurations. However, here they are recorded while stepping the
camera along the optical axis and without moving the object, as shown in Fig. 2.4(a).
Examples of diffraction patterns are given in Fig. 2.4(b), where a nine-spoked
Siemens Star was used as object. Therefore, denoting with o(x) the unknown object
transmission function, a SBMIR dataset can be written as,

Ik(x) = |Ψk(x)|2 ≡ |o(x) ∗ hdk
(x)|2 , (2.38)

where dk are the distances from the object plane to the detector plane at each
stepping position. At the start, the algorithm is fed with an initial guess of o(x) and
then it proceeds according to the following steps:

1. The estimate is numerically propagated by the distance d1, where the first
recording plane is located;

2. The obtained diffraction pattern is corrected according to the same “inten-
sity constraint” used in ptychography [Eq. (2.34)], by using the measured
diffraction pattern at the first recording plane I1(x);

3. The corrected wavefield is then propagated to the second recording plane at
the distance d2 from the object plane, and the “intensity constraint” is applied
again using I2(x);

4. The above step is repeated for the remaining recording planes at dk using
Ik(x);

5. After the diffraction patterns have been used once, the corrected wavefield at
the plane dk and back-propagated to the object plane is the current estimate
of o(x), which can be used again in step 1.

Also in this case, the procedure is repeated a predefined number of iterations, or
until a suitable error metric becomes lower than a chosen threshold. Figure 2.4(c)
shows the reconstruted amplitude and phase after using the diffracion patterns from
Fig. 2.4(b) once (end of 1st iteration) and 10 times (end of 10th iteration).
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Fig. 2.4.: (a) Typical experimental setup of the SBMIR phase retrieval. (b) Simulated
diffraction patterns at 4 distances from the object plane. (c) Amplitude and phase of the
reconstructed object after using the diffraction patterns from (b) once (1st iteration) and 10
times (10th iteration).

2.6 Conclusions
In this Chapter, the two key points of coherent lensless imaging have been discussed,
namely the propagation of electromagnetic waves in free space, which was treated
within the scalar diffraction theory, and the phase problem. We have detailed three
imaging techniques, capable of reconstructing the complex wavefront diffracted by
an object and which will be used and compared in the next Chapters.

All the methods outlined in this Chapter are valid irrespective of the wavelength
of the electromagnetic waves. In this work, we are going to use THz radiation,
which has been already introduced in Chapter 1 and whose generation and detection
processes as well as applications will be described in the next Chapter.
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3Overview of THz radiation

Here a short overview of THz radiation will be provided, discussing the major THz
imaging techniques reported so far, as well as the THz sources and detectors used
to implement them. Although this Chapter serves as a means to place our later
results in the context of THz imaging, we would like to stress that THz research is
tremendously active and spans so many fields that only an outline can be given here.
The interested reader may find the recent reviews [Dhillon et al., 2017; Mittleman,
2018; Guerboukha et al., 2018] more exhaustive.

3.1 THz radiation
THz radiation denotes the portion of the electromagnetic spectrum whose frequency
lies around 1 THz. The limits of the THz band are only loosely defined however, quot-
ing the International Telecommunication Union, “[The term] Terahertz waves [...]
usually refers to the frequency band between 0.1 THz-10 THz with the correspond-
ing wavelength of 0.03 mm-3 mm.” [Report of the International Telecommunication
Union], and therefore it locates between the infrared and the microwave regions of
the electromagnetic spectrum, as shown in Fig. 3.1.

Wavelength [m] 

Frequency [Hz] 109 1021 1012 1015 1018 

3×10-4 

Microwave IR V UV X-rays γ-rays THz 

106 

3×10-1 3×10-7 3×10-10 3×10-13 3×102 

Fig. 3.1.: The electromagnetic spectrum hosts the THz band between the infrared and the
microwave regions.

Although the first application of THz radiation dates back to the 1970s, when
the development of THz gas lasers allowed imaging with THz waves [Hartwick et al.,
1976], the lack of efficient THz sources and detectors prevented the establishment of
THz analytical techniques for 10 more years, justifying the term “THz gap” used to
refer to this frequency region. The use of THz radiation underwent its major boost in
the late 1980s, when the advancements in ultrafast lasers triggered the development
of broadband THz sources and coherent detectors [Fattinger and Grischkowsky,
1988].

Table 3.1, reporting the most common units used to describe THz radiation at
the representative frequency of 1 THz, gives a hint on why THz radiation is a suitable
tool in a wide variety of applications. Because of its period and photon energy, THz
radiation has been used to investigate, on a ps time scale, the dynamics of systems
exhibiting transitions in the meV range, such as two-dimensional electron gases
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[Chatterjee et al., 2009], excitons [Leinß et al., 2008], and aqueous systems [He et
al., 2008], to name only a few. Because water strongly absorbs radiation in the THz
range, THz waves can provide effective contrast to image, e.g., cancer tissues [Yu
et al., 2012] and the water content in plants [Gente and Koch, 2015]. Furthermore
the low energy of THz photons, combined with their shallow penetration depth
in living tissues, makes THz waves a harmless probe for skin diagnosis [Fan et
al., 2017; Hernandez-Cardoso et al., 2017]. Owing to its negligible interaction
with several non-conducting materials, including polymers, dielectrics and intrinsic
semiconductors, THz radiation can penetrate through them and reveal inner defects
or even allow thickness measurements in industrial processes [May et al., 2011].

Frequency Period Wavelength Wavenumber Photon energy
ν [THz] T ≡ ν−1 [ps] λ ≡ c/ν [µm] k̄ ≡ λ−1 [cm−1] E ≡ hν [meV]

1 1 300 33.3 4.14

Tab. 3.1.: Period, wavelength, wavenumber and photon energy of THz radiation at a fre-
quency of 1 THz. c ≈ 3.0× 108 m/s is the speed of light in vacuum, and h ≈ 6.6× 10−34 J s
is Planck’s constant.

3.2 THz imaging techniques
The investigation of materials with THz radiation goes hand in hand with the
development and implementation of THz imaging techniques, which must be chosen
according to the requirements set by the problem. Table 3.3 includes a representative
list of the THz imaging techniques which are current research trends, along with their
advantages, drawbacks and successful application cases. The entries corresponding
to the technique of choice for the studies reported in this thesis are written in bold.
In what follows, an overview of the most common sources and detectors of THz
radiation for THz imaging will be given. Particular emphasis will be put on the
equipment used in the experiments of this work.

3.3 THz sources
Numerous sources of THz radiation are currently available for THz imaging. In
particular, the rapid advancement of semiconductor technology enabled the devel-
opment of several solid-state THz sources. Table 3.4 provides a summary of THz
sources, including natural ones. For those which are commercialized, the name of
one representative company has been indicated. As in Table 3.3, the THz source
employed in our experiments corresponds to the entry written in bold, and it is
described in more detail in the next subsection.
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3.3.1 The THz gas laser system
The THz source used in the experiments reported in the next Chapters is the FIRL
100 Far-Infrared (FIR) laser system produced by Edinburgh Instruments Ltd (Edin-
burgh, Scotland, United Kingdom) [Edinburgh Instruments FIRL 100 system]. The
system provides around 50 coherent, monochromatic and linearly-polarized discrete
emission lines in the wavelength range 41− 1890 µm, corresponding to frequencies
ranging from 0.16 to 7.3 THz, with a maximum output power of 150 mW at the
wavelengths of 118.8 µm and 184.3 µm. It consists of a CO2 section, including the
CO2 laser for pumping the THz active medium, and a THz section, including the
THz laser cavity.

CO2 section

Optical pumping is achieved with a CO2 laser providing 83 emission lines in the
wavelength range 9.174−10.885 µm, arising from transitions between the vibrational-
rotational levels of the CO2 molecule [Witteman, 2013]. Figure 3.2 shows the emis-
sion lines and their power, according to the specification sheet of the manufacturing
company. They are grouped in two rotational branches, according to the change
in the rotational quantum number ∆j. The P-branch includes the lines originating
from ∆j = −1, whereas the R-branch denotes the transitions with ∆j = 1. Within
each branch, the power of the lines follows the well-known Boltzmann distribution
for the rotational line probabilities [Atkins and De Paula, 1998]. Both branches are
replicated in two vibrational bands, centered around the wavelengths 9.4 µm and
10.4 µm. The lines are identified with the notation V BJ , where V ∈ {9, 10} denotes
the vibrational band (9 for the band at 9.4 µm and 10 for the band at 10.4 µm),
B ∈ {P,R} indicates the rotational branch, and J is the rotational quantum number
of the lower level involved in the transition. In this notation, the three pump lines
used in our experiments are 9R18, 9R10 and 9P36. The laser active medium is a gas
mixture, composed of 7% CO2 (99.995% purity), 18% N2 (99.999%) and 75% He
(99.999%) at a total pressure in the range 20− 30 mbar, which undergoes electric
discharge and laser emission after being supplied with high voltage. The cavity is
equipped with a pair of ZnSe Brewster windows, setting the polarization to the linear
vertical direction and a Au-coated diffraction grating for line selection. Steering
mirrors and a ZnSe output lens couple the beam into the cavity of the THz laser.

THz section

The emission of THz radiation is caused by rotational transitions of organic and polar
molecules in gas phase [Douglas, 2013]. Several chemical compounds undergoing
such emission scheme have been identified. These include, among others, CH3OH,
HCOOH, CH3F and some of their isotopomers [Moruzzi, 2018; Gallagher et al.,
1977; Douglas, 2013], used at pressures around 10−1 mbar. For the experiments
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Fig. 3.2.: Vibrational-rotational emission lines of the CO2 molecule and their power, obtained
from the specification sheet of the THz gas laser system.

performed in this work, three emission lines of CH3OH will be employed, which
are listed in Table 3.2 together with their wavelength, exciting line from the CO2

laser, polarization relative to that of the pump, and power. THz radiation is coupled
out of the THz section through a dichroic window, which blocks the infrared pump
beam. This can be translated by the user, allowing the length of the THz cavity to be
optimized for the desired THz wavelength.

Lasing molecule Wavelength [µm] CO2 pump line Relative polarization Power [mW]

CH3OH 96.522 9R10 ‖ 90
CH3OH 118.834 9P36 ⊥ 150
CH3OH 393.631 9R18 ‖ 40

Tab. 3.2.: Specifications of the three THz emission lines used in the experiments reported
in this thesis. The polarization is given with respect to that of the pump infrared beam.

The thermal stability of the whole system is ensured through water-cooling and
five invar rods, which also guarantee mechanical stability. After several years of use
of the system, we identified the following flaws:

1. Although the position of the outcoupling window in the THz section can be
finely adjusted, its value cannot be read by the user. Furthermore, its control
is subject to a considerable backlash, making the optimization of the length of
the THz cavity a hardly reproducible task;

2. The alignment of the ZnSe optics coupling the infrared beam into the THz
cavity can only be adjusted by redirecting the powerful infrared beam out

26 Chapter 3 Overview of THz radiation



of the system, which poses a danger to the user. In such a situation, the
micrometer screws used for the alignment are difficult to access;

3. The THz power can only be considered stable (namely, subject to variations of
less than 10%) within time windows of around 20 minutes.

It is noteworthy that some of these issues have also been encountered by R. Tesař,
who modified the system in order to solve problem 1. in the above list as reported in
his PhD thesis [Tesař, 2018].

3.4 THz detectors
The most common types of THz detectors are listed in Table 3.5, in a similar way as
done for the THz sources in Table 3.4. The detectors written in bold will be used in
a comparative study in Chapter 4, together with two other microbolometer cameras,
which are not included in Table 3.5 because specifically designed to operate in the
infrared region of the spectrum.

3.5 Conclusions and outlook
In this Chapter we have outlined the current state of the research on THz radiation, in
terms of imaging techniques and sources and detectors used in their implementations.
Although this summary cannot be considered an exhaustive review of the whole
research on THz radiation, we hopefully made it clear that THz radiation is a
tool holding great promise in such diverse fields, as the investigation of materials,
biomedical imaging and non-destructive industrial inspection.

In this broad context, the work reported in the next Chapters will focus on
continuous-wave THz imaging, performed with the THz gas laser of section 3.3.1
and a camera. The choice of the latter will be the topic of the next Chapter.
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Technique Working principle, X advantages and × drawbacks Applications Sample reference

Pulsed imaging with
THz time-domain

spectroscopy

Broadband THz pulses interact in transmission or in
reflection with the sample. The pulses after the
interaction are measured in the time domain.

X Amplitude and phase of the THz electric field are
measured in the time domain owing to the ultrafast

coherent acquisition.
× The THz pulse incident on the sample must be

synchronized, through an optical delay line, with an
optical pulse triggering the acquisition, in order to

record the time evolution of the THz electric field. This
makes the setup more complicated than in

continuous-wave THz imaging.
× Single-pixel detectors are usually employed, so an
image can only be obtained by scanning the sample

across the THz pulse.

Non-invasive mapping of the electrical
properties of graphene.

Quality control of coatings of, e.g.,
pharmaceutical tablets.

Non-invasive spectral imaging of layered
structures, e.g. paintings and books.

[Mackenzie et al., 2018;
Bøggild et al., 2017]

[May et al., 2011]

[Koch-Dandolo et al., 2015;
Redo-Sanchez et al., 2016]

Continuous-wave
THz imaging

Continuous-wave THz beams interact in
transmission or in reflection with the sample.

Their intensity after the interaction is measured
with a camera.

X No synchronous detection is required, making
the setup easy and flexible.

X Availability of THz cameras, obviating the need
for point-by-point scanning of the sample.

× The phase of the THz beam is not measured by
the camera, but it has to be computationally

retrieved.
× Temporal resolution is not available.

Non-invasive imaging through
non-conductive materials, e.g. plastics.

Three-dimensional imaging of dried biological
specimens.

[Locatelli et al., 2015]

[Bessou et al., 2012]
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THz near-field
imaging

THz beams transmit through a sub-wavelength
aperture or are scattered by a sub-wavelength tip
before they interact with the sample, placed at a

distance comparable to the THz wavelength
(near-field). The recording of the THz beams after
interaction is also performed in the near-field, to

collect the evanescent waves scattered by the sample.
X The THz spot size is set by the diameter of the

aperture or of the tip, thus allowing imaging with a
spatial resolution orders of magnitude lower than the

THz wavelength.
× The sensitivity decreases with smaller apertures or

tips.

Mapping of carrier concentration in single
semiconductor nanodevices.

Imaging the ultrafast electron capture in a
semiconductor nanodot.

[Huber et al., 2008]

[Cocker et al., 2013]

THz single-pixel
imaging via

compressive sensing

The intensity of the THz beams after interaction with
the sample and after transmitting through a pixelated

mask, featuring opaque and transparent pixels, is
recorded with a single-pixel detector.

X Two-dimensional array detectors are not required.
X If the object is sparse in a given representation, it

can be reconstructed from a number of intensity
patterns, recorded with different masks, lower than the

number of object pixels.
× Careful choice of the pixelated masks is needed.

× The object must be sparse.

Three-dimensional imaging of cm-sized objects
with mm resolution.

[Jin et al., 2009]

Tab. 3.3.: Description of the most used THz imaging techniques. The list has been compiled based on [Guerboukha et al., 2018] and the references therein.
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Source Working principle Typical operation
frequency [THz]

Operation
temperature

Output power Selling companies (if
commercialized)

Sample
reference

Mercury lamp Electric discharge in
vaporized mercury

0.12-6 besides several
discrete UV emission

lines

Room Tens of µW

Cosmic background Blackbody thermal emission Broadband Room ∼ µW

Backward-wave
oscillator

Backward emission from a
traveling electron beam

interacting with a RF signal

Several sub-THz
bands, e.g. 0.19-0.20

Room 20 W peak [He et al.,
2015]

Free electron laser Coherent emission from a
bunched electron beam

interacting with a sinusoidal
magnetic field

Several THz bands,
e.g. 1.3-2.5

Room 400 W average,
1 MW peak

[Gavrilov
et al., 2007]

Gunn diodes Electrical oscillations in a
two-terminal negative

resistance solid-state device

0.3 Room 28 µW average [Khalid et al.,
2014]

Frequency multipliers
of microwave sources

Frequency multiplication in
solid-state devices

0.3 Room 5.4 mW average [Yao et al.,
2014]

Gas laser Rotational transitions of
organic polar molecules

Several discrete
lines in the band

0.5-5

Room 150− 500 mW
average

Edinburgh
Instruments

[Edinburgh
Instruments

Far Infrared /
THz lasers]

Quantum cascade
laser (QCL)

Coherent emission from
electrons relaxing through
the subbands of a quantum

well heterostructure

3-4 Several
temperatures
in the range
8 K - room

<5 mW peak pulsed
at room temperature

[Belkin and
Capasso,
2015]
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Difference frequency
generation using two

mid-infrared QCLs

Nonlinear interaction
between two beams pumped
in a second-order nonlinear

crystal

3.5 Room 1.9 mW peak [Razeghi
et al., 2015]

Photomixer Frequency difference
between two optical beams

in a semiconductor structure

1 Room 1 µW average [Ishibashi
et al., 2014]

Parametric
amplification

Frequency conversion of a
pump pulse into two pulses
with lower frequencies in a

second-order nonlinear
crystal

Tunable in the band
0.7-2.9

Room 50 kW peak [Minamide
et al., 2014]

Optical rectification Quasi-DC polarization
proportional to the envelope
of a pump pulse transmitting

through a second-order
nonlinear crystal

Several bands, e.g.
0.1-4

Room 0.6 mW peak [Vicario et al.,
2015]

Photoconductive
antenna

Relaxation of charge carriers
in a biased semiconductor

gap after ultrafast
photoexcitation

0.1-5 Room >60 µW average Toptica Photonics [Photoconduc-
tive antennas,

Toptica
Photonics]

Tab. 3.4.: Description of the most known sources of THz radiation. The list has been compiled based on [Dhillon et al., 2017; Guerboukha et al., 2018] and
the references therein.
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Detector Working principle Typical operation
frequency [THz]

NEP [pW/
√

Hz] Available
array size

Selling companies
(if

commercialized)

Sample reference

Microbolometer Thermal. Resistance of the
active material sensitive to

changes of temperature

1-7 <102 @ 4 THz
mod.

320 × 240 NEC [Hack et al.,
2016]

Pyroelectric detector Thermal. Spontaneous
electrical polarization of

the active material
sensitive to changes of

temperature

0.1-300 104 @ 1 THz
mod.

160 × 160 Ophir Photonics [Spiricon
Pyrocam IIIHR,

Ophir Photonics]

Golay cell Thermal. Thermal expansion
of a gas upon absorption of

radiation

0.2-20 104 @ 12.5 THz
mod.

1 × 1 Microtech [Golay cell,
Microtech

Instruments]

Shottky-barrier diode Electronic. Fast switching
speed in a

semiconductor/metal
junction

0.11-0.17

0.2

102

102

1 × 1

1 × 240

Virginia Diodes [Schottky diodes,
VDI]

[Han et al., 2014]

Plasmonic field-effect
transistor

Electronic. Electron density
oscillations in a transistor

channel

0.8-1 102 @ 5 kHz mod. 32 × 32 [Al Hadi et al.,
2012]

Photoconductive antenna Optically induced. Excitation
of charge carriers in a biased
semiconductor gap through

an ultrafast optical pulse and
subsequent acceleration

through a THz pulse

0.1-5

1

1 × 1

1 × 15

Toptica Photonics [Photoconductive
antennas, Toptica

Photonics]
[Brahm et al.,

2014]
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Electro-optic sampling Birefringence induced by a
THz pulse and probed by an
ultrafast optical pulse in a

second-order nonlinear
crystal

Several THz bands,
e.g. 7-30 with a GaSe

crystal

1 × 1

384 × 288
†

[Liu et al., 2004]

[Wu et al., 1996]

Air-biased-coherent-
detection

Optically induced. Four-wave
mixing in air generating the

second harmonic of an
optical pump beam

0.2-30 1 × 1 [Dai et al., 2011]

Tab. 3.5.: Description of the most known detectors of THz radiation. “mod.” in the 4th column stands for “modulation” and refers to the modulation frequency
at which the NEP was evaluated. The list has been compiled based on [Dhillon et al., 2017; Guerboukha et al., 2018] and the references therein.
† Because an optical beam is recorded, a CCD camera was used in this case.
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4Comparison of thermal cameras
for THz off-axis digital holography
and real-time THz imaging

In a first study, we will compare the performance of four thermal cameras for their
application to THz off-axis digital holography and real-time THz imaging. Their
capability to image beam profiles and resolve sub-mm interference fringe patterns
as well as their response across the detection plane will be assessed. The obtained
results will allow us to make an educated choice of the camera that best suits our
needs.

4.1 Cameras, THz laser source and setups
The following thermal cameras, capable of directly recording THz radiation via
different operating principles, were considered:

1. A Long-Wave Infrared (LWIR) micro-bolometer whose resistive material is
vanadium oxide (VOx), designed to operate in the wavelength range [8, 14] µm
(product name: Devitech IR-032);

2. A LWIR micro-bolometer whose resistive material is amorphous silicon (a-Si),
designed to operate in the wavelength range [8, 14] µm (Xenics Gobi-640-GigE);

3. A THz micro-bolometer whose resistive material is silicon nitride (SiN), de-
signed to operate in the wavelength range [43, 300] µm (NEC IRV-T0831);

4. A THz pyroelectric camera whose active material is lithium tantalate (LiTaO3),
designed to operate in the wavelength range [1.06, 3000] µm (Spiricon Pyrocam
III HR);

Further specifications are summarized in Table 4.1. For the definition of NEP ,
NETD′ and D∗, the reader is referred to Appendix B.

The FIRL 100 gas laser presented in section 3.3.1 was used as a tunable THz
source. Methanol (CH3OH) was evaporated into its cavity as the lasing medium
to achieve emission at the wavelengths λ = 118.8 µm (2.5 THz) and λ = 96.5 µm
(3.1 THz), while formic acid (HCOOH) was used as a lasing medium to assess the
performance of the cameras at λ = 393.6 µm (0.76 THz).

In order to realize reproducible measurement conditions, all four cameras were
mounted onto a common rail and aligned in such a way that their detection planes
lied on a single plane perpendicular to the THz beam, as shown in Fig. 4.1(a). The
power of the THz beam was monitored with a single-pixel pyroelectric detector
placed in the low power arm of a beam splitter plate made of fused quartz. A shutter
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Specification LWIR-Bolometer LWIR-Bolometer THz Bolometer Pyroelectric Camera

Product Devitech Xenics NEC IRV- Spiricon Pyrocam
name IR-032 Gobi-640-GigE T0831 III HR

Short name Cam1 Cam2 Cam3 Cam4

Active material VOx a-Si SiN LiTaO3

Designated λ- [µm] 8-14 8-14 (43-300) 1.06-3000
and ν- [THz] range (22-37) (22-37) 1-7 0.1-300

Pixel size [µm] NA NA NA 75

Pixel pitch [µm] 25 17 23.5 80

Number of pixels 640×480 640×480 320×240 160×160

Detection area [mm2] 16.0×12.0 10.9×8.2 7.5×5.6 12.8×12.8

NEP@B = 1 Hz [nW] (0.08) (0.04) <0.1 13

NETD′ [mK] 50 50 NA NA

D* [cm
√

Hz/W] (3.1×107) (4.3×107) (>2.4×107) (5.8×105)

ADC [bit] 14 16 14 16

Frame rate [fps] 50 50 30 50

Tab. 4.1.: Specifications according to the data sheets of the THz detectors compared in this
work. Figures in parentheses are calculated.

was inserted into the beam to suppress the infrared background radiation. Each
image used in our analysis was the result of the subtraction of an image taken
with the shutter closed, measuring the incoherent infrared emission from the scene
at room temperature (dark frame), from an image taken with the shutter open,
featuring the coherent THz beam on top of the incoherent infrared background. In
cases where the THz power exceeded the saturation power of a camera, the THz
beam was attenuated by inserting Teflon (PTFE) plates of appropriate thickness at
the laser exit port. Depending on the experiment performed, different setups were
implemented in the “Experiment area” of Fig. 4.1(a). In all cases, the beam size at
the entrance of the “Experiment area” was ≈10 mm (calculated at the 1/e2 point
of a fitted Gaussian). For the measurements of the beam profile and the camera
response, the beam size was reduced by a factor of 2 with a pair of Tsurupica lenses
with 100 mm and 50 mm focal lengths in a Keplerian telescope arrangement [Fig.
4.1(b)]. The interference fringe contrast as well as the potential for real-time off-axis
holography was assessed with the setup of Fig. 4.1(c). The incoming beam was split,
with a polished steel cube, in two beams with equal amplitude, whose interference
pattern at an off-axis angle θ ≈ 10° was recorded at the detection plane. This
arrangement, where a pin was placed in the beam overlap area, also allowed us to
align the detection planes of the cameras. The pin cast two diffraction patterns upon
illumination from the two beams. We displaced each camera along the z-axis until
these two diffraction patterns are symmetric with respect to the pin position and
their distance is the same for all cameras. This ensured that all the detection planes
lie on a single plane perpendicular to the propagation direction of the THz beam.
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Fig. 4.1.: (a) General schematic of the experimental setup. (b) Experiment area for the
beam profiling and camera response experiments. (b) Experiment area for the interference
fringe contrast and real-time off-axis holography experiments. A: Teflon absorber plate; PD:
single-pixel pyroelectric detector; M: Mirror; BS: 10/90 beam splitter; S: shutter; Camn:
Camera #n; L1, L2: collimating lenses; BSC: surface reflecting beam splitter cube; θ: off-axis
angle. Adapted from [Hack et al., 2016].

4.2 Methods
The performance of the cameras in the beam profiling (sections 4.2.1 and 4.3.1) and
interference fringe contrast (sections 4.2.3 and 4.3.3) experiments was quantified
with a properly defined signal-to-noise ratio SNR. Given two nominally equal
images I1(x), I2(x), with x ≡ (x, y) in Fig. 4.1, taken in the same experimental
conditions, the noise N was calculated as follows:

N ≡
√
〈[I1(x)− I2(x)]2〉x , (4.1)

where 〈〉x stands for average over the camera pixels. The signal was defined depend-
ing on the experiment, as further detailed in the next sections. In order to account
for drifts of the laser power during the experiments as well as different integration
times of the cameras, the measured SNR, denoted as SNRexp, was rescaled to a
reference value SNRref using a reference power Pref and a reference integration
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time τref as well as the corresponding experimental quantities Pexp, τexp according
to

SNRref ≡ SNRexp
Pref

Pexp

√
τref

τexp
. (4.2)

Equation (4.2) reflects the fact that the signal is proportional to the beam power
while the noise, according to the the statistics of random uncorrelated variables,
is inversely proportional to the square root of the number of averaged images. †

Assuming a constant frame rate, the number of averaged images is proportional to
the acquisition time, thus yielding Eq. (4.2). Note that in this study the SNR is
always given in linear units, unlike in other fields of science and engineering, where
logarithmic units are preferred.

4.2.1 Beam profiling
The detector plane of the camera was centered on the collimated THz laser beam
[Fig. 4.1(b)]. The signal level used to estimate SNRexp was the intensity measured
at the beam center.

4.2.2 Camera response
In order to assess the performance of the cameras for full-field imaging, where the
full detection plane is used, the variation of their response across the detection plane
should be estimated. Note that, when imaging with coherent radiation, the quality
of an image does not only depend on the figures of merit listed in Table 4.1, but also
on other camera components, like its cover window and its housing, introducing
interference and diffraction effects on the recorded image. To assess their response,
the same collimated beam used for beam profiling was scanned across the detection
plane at regular intervals and an image was recorded at each position. Denoting with
xi the positions of the beam, with intensity Ibeam(x), the intensity of each recorded
image Ii(x) was modeled as

Ii(x) = R(x) Ibeam(x - xi) , (4.3)

where R(x) is the camera response function. Equation (4.3) is analogous to the
multiplicative interaction assumed at the object plane in ptychography [Eq. (2.32)],
so both R(x) and Ibeam(x) can be estimated iteratively using update equations, like
the ones given in Eqs. (2.36). Note, however, that both solutions are real in this case,
as we limit ourselves to assessing the effect of the camera on the intensity of the
beam. A flat and unitary distribution is usually a good first estimate ofR(x), whereas
the distribution 〈Ii(x + xi)〉i, obtained by averaging the measured intensities after
compensating for their shifts, can be used as a starting guess of Ibeam(x).

†This result is also known as Bienaymé formula and, under the stronger assumption of independent
random variables, as central limit theorem.
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4.2.3 Interference fringe contrast
The two-beam interference setup of Fig. 4.1(c) was used to generate an interference
pattern with a fringe spacing of Λ = 0.7 mm along the x-axis at λ = 118.8 µm,
corresponding to θ ≈ 10°. This value of Λ ensured that all cameras had a sufficient
number of pixels across one fringe to reliably sample it. After removing the low-
frequency thermal background and the high-frequency contributions caused by edge
diffraction at the camera housing, the measured fringe pattern takes the form of Eq.
(2.25) and can be written as

I(x) = I0 + IM cos(2πx/Λ + φ) , (4.4)

where I0 is the average THz intensity, IM is the modulation amplitude of the fringe
pattern, and φ is a phase shift. The signal was identified with the peak-to-peak
modulation amplitude 2IM .

4.2.4 Real-time off-axis holography
The capability of the cameras for real-time off-axis holography were evaluated at
the reference integration time τref = τreal-time = 40 ms, corresponding to a typical
video frame rate of 25 fps. The reference SNR, SNRref, was obtained from the
experimental SNRexp with τref = τreal-time and a reference power Pref = 10 mW.
Alternatively, if we set the limit for useful experiments at SNRref > SNRmin, we
can determine the minimum THz power Pmin to surpass SNRmin. Conversely, fixing
Pref, one can estimate the minimum integration time τref, min to surpass SNRmin.

Besides the SNR, the success of an off-axis holographic reconstruction depends
on the capability to separate the satellite peaks at the carrier frequency in the Fourier
plane from the background contribution at the origin. Because in the setup of Fig.
4.1(c) the carrier frequency is Λ−1 = 2 sin(θ/2)/λ, one should devise an experiment
maximizing sin(θ/2). On the other hand, Λ should be large enough to be sampled
by the camera pixels. Assuming that the minimum resolvable Λ is sampled with
2 pixels, the upper limit sin(θmax/2) ≡ λ/(4δx) is set to the allowed off-axis angle,
where δx is the pixel pitch or, almost equivalently, the pixel size, along the direction
of the interference fringes. Based on δx, the capability of the cameras to sample high
spatial frequencies will be discussed.

4.3 Results and discussion
4.3.1 Beam profiling
Figure 4.2 shows a beam profile measured with the four cameras at λ = 118.8 µm.
The image areas are scaled identically to represent the relative detector areas, such
that the measured beam should have the same width. The asymmetric apparent
shape of the beam is caused by the inhomogeneous response across the detector
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area of some cameras and will be discussed in section 4.3.2 below. Reference values
for the SNR of the beam profiles are compiled in the first two rows of Table 4.2 at
λ = 118.8 µm and λ = 393.6 µm.

Fig. 4.2.: Beam profile measurements at λ = 118.8 µm measured with the four cameras.
(a) Cam1; (b) Cam2; (c) Cam3; (d) Cam4; (e) horizontal cross-section through black lines
in (a)-(d) and nominal beam profile (black line). From [Hack et al., 2016].

Performance parameter Cam1 Cam2 Cam3 Cam4

SNRref for beam profile@λ = 118.8 µm 60 80 60 3

SNRref for beam profile@λ = 393.6 µm 10 7 15 3

SNRref for interference fringes@λ = 118.8 µm 85(70) 50 60(40) 0.5

Tab. 4.2.: Results of SNRref for the cameras at a THz power of Pref = 10 mW and an
integration time of τref = 25 ms. Numbers in parentheses correspond to values obtained
with an IR-filter in front of the camera.

4.3.2 Camera response
Figures 4.3(a)-(d) show the retrieved camera response R(x) at λ = 118.8 µm
as determined by scanning the beam across the detector area and according to
the analysis outlined in section 4.2.2. We can appreciate diffraction effects from
the camera edges and housing, either with rectangular [see, e.g., Fig. 4.3(b)] or
circular [Fig. 4.3(c)] edges. While Cam2-4 have rather homogeneous responses,
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Fig. 4.3.: Camera response across the detection area, as defined in Eq. (4.3), (a)-(d) at λ
= 118.8 µm. (a) Cam1; (b) Cam2; (c) Cam3; (d) Cam4; (e) Cam1 at λ = 96.5 µm. From
[Hack et al., 2016].

the inhomogeneity across the response of Cam1 [Figs. 4.3(a), (e)] is attributed to
interference effects resulting from a varying distance between the detector plane
and the cover window. As a confirmation of this hypothesis, the response of Cam1
was also estimated at λ = 96.5 µm [Fig. 4.3(e)], showing a shift in its maxima and
minima, respectively arising from constructive and destructive interference of the
waves multiply reflected by the detector plane and the cover window.

4.3.3 Interference fringe contrast
The effect of inhomogeneous camera responses on two-beam interference patterns
is clear from Fig. 4.4, where the high-frequency components caused by diffraction
at the camera edges have been enhanced for sake of illustration. The observed
rectangular (left) and circular (right) patterns confirm the calculations of the camera
responses in Figs. 4.3(b) and (c), respectively.

Figure 4.5 shows the same 5×5 mm2-area from the fringe patterns measured
with the four cameras. After calculating SNRexp as explained in section 4.2.3, this
was rescaled according to the reference values Pref = 10 mW and τref = 25 ms and
the obtained SNRref are compiled in the third row of Table 4.2 at λ = 118.8 µm.
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Fig. 4.4.: Two-beam fringe pattern interfering with the high-frequency diffraction patterns
caused by the camera housing, measured at λ = 118.8 µm, for Cam2 (left) and Cam3 (right).
From [Hack et al., 2016].

Fig. 4.5.: Central part (5×5 mm2) of the two-beam fringe pattern recorded on Cam1 to
Cam4 (left to right) at λ = 118.8 µm. From [Hack et al., 2016].

A direct comparison of SNRref for beam profiling and interference fringes is not
possible due to different experimental conditions.

4.3.4 Real-time off-axis holography
The performance values defined in section 4.2.4 and derived from THz off-axis
digital holography experiments are shown in Table 4.3 along with θmax. Note that,
even in the most pessimistic case of SNR using Cam4, a minimum THz power of
50 mW has been estimated to allow real-time THz off-axis digital holography. This
power level is currently available from powerful continuous-wave THz sources, such
as the gas laser used in this work.

Performance parameter Cam1 Cam2 Cam3 Cam4

SNRref@τref = 40 ms, Pref = 10 mW 136 80 96 0.8

τref@SNRref = 4, Pref = 10 mW [ms] 0.035 0.100 0.069 1000

Pref@SNRref = 4, τref = 40 ms [mW] 0.29 0.50 0.42 50

θmax@λ = 118.8 µm [°] 180 180 180 44

θmax@λ = 96.5 µm [°] 150 180 180 36

Tab. 4.3.: Use of the cameras in real-time holography and limitation on the off-axis angle
θmax.
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Fig. 4.6.: Fourier spectrum of the two-beam interference pattern recorded at λ = 118.8 µm
with (a) Cam1; (b) Cam2; (c) Cam3; (d) Cam4. Λ−1 denotes the carrier frequency. The
spectra (a)-(c) are clipped in the fy direction. Intensities are plotted on a logarithmic scale.
Adapted from [Hack et al., 2016].

When either the pixel pitch or the pixel size δx satisfies the relation 4δx < λ,
θ is unrestricted, and therefore the carrier frequency can be maximized by setting
θ = 180°. In real experiments, however, using large angles may not be recommended
or feasible due to excessive diffraction or obstruction from the housing.

Figure 4.6 shows, on a logarithmic scale, the squared modulus of the Fourier
Transform (Fourier spectrum) of the interference fringe patterns measured at
λ = 118.8 µm for all cameras. Plotted along the horizontal axis is the spatial fre-
quency along x, defined as fx ≡ x/(Nxδ

2
x), where Nx is the number of pixels along

the x-axis. For Cam1-3 the background peak at the origin and the two satellite
peaks at ±Λ−1 ≈ ±1.4 mm−1 are clearly visible [Fig. 4.6(a)-(c)]. Also, the absence
of higher harmonics of Λ−1 suggests that Cam1-3 operate in their linear regime.
This can hardly be assessed for Cam4 [Fig. 4.6(d)], as the satellite peaks are more
difficult to identify here. Such conclusions are reflected in the calculated SNRref

(Tables 4.2 and 4.3), whose values for Cam4 are about 2 orders of magnitude lower
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than for Cam1-3, as well as in the calculated D∗ (Table 4.1), which for Cam4 is a
factor 40 lower than for Cam1-3.

We can also observe that Cam1-3 can accommodate much higher spatial fre-
quencies than Cam4, owing to a much smaller pixel pitch. Furthermore, the square
and elliptic halos in Figs. 4.5(b) and (c) are caused by diffraction at the rectangular
and circular edges of Cam2 and 3, respectively, as already realized from Fig. 4.4.

4.4 Conclusions and final remarks
In this Chapter four thermal cameras have been compared and their performance
evaluated in the context of THz imaging and real-time THz off-axis digital hologra-
phy. These included three uncooled micro-bolometers and one pyroelectric camera.
Two micro-bolometers were specifically designed for the range of wavelengths
[8, 14] µm (LWIR-bolometers), whereas the other two cameras were dedicated for
THz radiation.

The SNR measured for all three bolometers are comparable whereas the py-
roelectric camera, for some applications, has a SNR more than two orders of
magnitude lower when used at about 3 THz. Our experimental findings correlate
with the calculated D∗, although the values for the two LWIR-bolometers were
calculated from their specifications in their designated operation range in the in-
frared band. Nevertheless, all four cameras assessed in this work can be used for
THz imaging and real-time THz holography, provided that sufficient THz power is
available.

An additional aspect to consider in full-field imaging is the homogeneity of the
response of the camera across its detection area. It has been shown that the response
of a LWIR-bolometer was severely corrupted by uncontrollable interference effects
between the detector plane and the cover window, as well as by diffraction from the
camera housing. In order to suppress such artifacts, additional measurements, e.g.
with and without samples or at partially overlapping camera positions, can be used.
This may limit, however, the possibility to image dynamic scenes.

Unfortunately, the dedicated THz cameras do not yet reach the performance of
the LWIR-bolometers, in terms of number of pixels or SNR.

Based on these considerations, for the experiments presented in the next Chap-
ters, Cam2 has been used, featuring:

• High SNR for both beam profiling and off-axis digital holography experiments;

• Moderate inhomogeneities across its detection area, which can be efficiently
suppressed by combining several images taken in different experimental condi-
tions;

• The smallest pixel pitch, enabling the use of large off-axis angles, which are an
essential requirement for reliable off-axis digital holography reconstructions.
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An example of THz off-axis holographic reconstructions, performed with partially
overlapping camera images, will be reported in the next Chapter.
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5Synthetic aperture THz off-axis
digital holography

The topic of this Chapter is the reconstruction of an object replicating the structure
of human skin. In order to allow its successful reconstruction, we are going to
introduce and implement a resolution enhancement technique in a THz off-axis
digital holography setup.

5.1 Description of the problem
The resolution limit of off-axis digital holography in the Fresnel diffraction regime
expressed by Eq. (2.30) was derived for a point object centered with the detection
plane [Picart and Leval, 2008]. However, when an extended object should be
reconstructed, the same lateral resolution cannot be reached across the whole object
plane, owing to the following reasons, which are illustrated in Fig. 5.1(a).

1. The peripheral regions of the object [shadowed in yellow in Fig. 5.1(a)] will
be reconstructed with worse lateral resolution than its central ones, as the
wavefront diffracted by them is only partially recorded.

2. Wavefronts diffracted by regions of the object lying outside of the reconstructed
region will also be recorded [shadowed in purple in Fig. 5.1(a)], and will
wrongly contribute to the reconstruction.

Both these complications arise from the fact that the size of the illuminated object is
larger than the camera detection area, and thus they can be overcome by increasing
the latter quantity relative to the former.

This Chapter introduces a resolution enhancement technique, known as synthetic
aperture acquisition, to alleviate these issues. It is based on synthetically increasing
the detection area by stitching diffraction patterns collected while stepping the
detector to shifted positions across its plane.

5.2 Methods
The holographic acquisition proceeds as outlined in section 2.3.1, by recording the
superposition Ψ(x) of the wavefront O(x) diffracted by the object and the off-axis
reference beam R(x) at the detection plane, placed at an average distance d from
the object [Fig. 5.1(b)]. We record a set of holograms Ψj(x), j = 1, . . . , J , while
stepping the camera across the x-plane. Each hologram can thus be written as,

Ψj(x) = [R(x) +O(x)] 1j(x) , (5.1)
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Fig. 5.1.: (a) Complications arising when reconstructing an object with a size comparable to
that of the detector. The wavefront diffracted by the outermost regions of the object is shaded
in yellow and is recorded at the top of the detector plane, while the wavefront diffracted
from outside the reconstructed region is shaded in purple and is recorded at the bottom of
the camera. (b) Schematic of the off-axis digital holography setup with synthetic aperture
acquisition in reflection. The object coordinate system (x̂, ŷ, ẑ) is rotated with respect to the
camera coordinate system (x, y, z). The average object-camera distance is indicated with d.
The function 1j restricts the detection area to the region Dj at each position of the camera.

where 1j(x) is the indicator function evaluating to 1 in the camera detection area
Dj and 0 elsewhere:

1j(x) ≡

1 if x ∈ Dj

0 elsewhere.
(5.2)

Each hologram is individually processed as detailed in section 2.3.1, so that J
complex object beam distributions Oj(x) ≡ AOj (x) exp

[
iφOj (x)

]
are retrieved at the

detection plane. All their amplitudes and all their phases are then stitched together,
yielding the object beam distribution across the whole spanned area on the detection
plane, O(x) = AO(x) exp[iφO(x)], via the stitching operator S defined in Appendix
C:

AO(x) = S J
j=1[AOj (x)]; (5.3a)

φO(x) = S J
j=1[φOj (x)]. (5.3b)

Once the stitched object beam distribution has been obtained at the detection plane,
the reconstruction of the object is performed via back-propagation by the distance
d:

o(x) = O(x) ∗ h−d(x) . (5.4)

Finally, because the object is not parallel to the detection plane, a rotational transfor-
mation is required to bring the reconstructed wavefront to the coordinate system of
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the object (x̂, ŷ, ẑ) [see Fig. 5.1(b) again]. On the plane (x̂, ŷ, 0), shortly denoted
with (x̂, ŷ), the reconstructed object ô(x̂, ŷ) is calculated as follows:

ô(x̂, ŷ) = RΘ[o](x̂, ŷ) , (5.5)

where the rotation operator RΘ is defined in Appendix D.

5.3 Experiments
We implemented the THz off-axis digital holographic setup shown in Fig. 5.1(b). The
THz source consisted of the FIRL 100 gas laser described in section 3.3.1, operated
at the wavelength λ = 96.5 µm. In order to assess the capability of our technique to
resolve the microscopic ripple structure of human skin, a convex fingertip imprint
produced on wax [Fig. 5.2(a)] was used. The holograms were recorded with the
Gobi-640-GigE microbolometer camera, featuring 480×640 pixels on a 17 µm pitch
and described in the previous Chapter. Overall, 42 holograms were recorded on a
rectangular grid with steps of ∆x = 1 mm and ∆y = 2 mm along the x- and y-axes,
respectively, thus synthetically increasing the detection area by a factor of about
3.5. To remove the incoherent infrared background emitted by the environment at
room temperature, a dark frame taken by blocking the THz beam with a shutter was
subtracted from each hologram.

5.4 Results and discussion
The amplitude and the phase of the reconstructed object beam ô(x̂, ŷ) are shown in
Figs. 5.2(d) and (e), respectively. While the ripple structure of the object is apparent
from the reconstructed amplitude, a correct interpretation of the reconstructed phase
is less straightforward. We recall that the phase difference between each pair of
reconstructed points arises from the difference between the optical paths traveled by
the wavefronts reflected at the two points. In our 45°-geometry, the phase difference
∆φ experienced by two wavefronts reflected at two points on the object surface
with a height difference of t is ∆φ = 2

√
2π t/λ, which implies a height difference

of about 69 µm per 2π phase cycle at λ = 96.5 µm. Since the height difference
between the apex and the outermost reconstructed regions is much larger than λ,
the reconstructed phase in Fig. 5.2(e) wraps in several fringes with an oval shape
centered at the fingertip apex. The average number of fringes, counted from the
apex to the base of the object, located in the outermost reconstructed regions in
Fig. 5.2(e), translates to a maximum height around 700 µm, which is consistent with
the value measured with a microscope within 15%. We can identify, however, more
subtle reconstructed phase features by subtracting, from the reconstructed phase
of Fig. 5.2(e), the oval fringes isolated with a low-pass filter. The result of this
subtraction in the region of interest bounded by the black rectangle in Fig. 5.2(e),
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converted into height differences and shown in Fig. 5.2(f), reveals the microscopic
ripple structure of the fingertip.

In order to confirm our findings, the same object was measured through pro-
jection moiré profilometry and the results are shown in Figs. 5.2(b) and (c). Note,
that a direct comparison between Figs. 5.2(b) and (e) is not appropriate, owing
to the different origin of the reconstructed phase in the two techniques. Neverthe-
less, after subtracting the low-frequency components in the same way as done in
the holographic reconstruction, a comparable height distribution is obtained [Fig.
5.2(c)].

For this object with such a complicated structure, evaluating the resolution across
the reconstructed area would require too many subjective assumptions. Therefore, a
quantitative estimation of the issues described in section 5.1 also goes beyond the
scope of the work in this Chapter. For a systematic study on the lateral resolution of
THz off-axis digital holography reconstructions with a synthetic aperture acquisition,
the reader is referred to Chapter 7. However, a comparison between a region of
the object reconstructed from one [Fig. 5.3(a)] and 42 stitched holograms [Fig.
5.3(b), corresponding to the region bounded by the green rectangle in Fig. 5.2(d)]
makes it clear that the reconstructed ripple structure is better visible in the latter
image [also see the profiles shown in Fig. 5.3(c), calculated along the red line
in Fig. 5.3(a) and the green line in Fig. 5.3(b)], thus confirming the resolution
enhancement achieved with the synthetic aperture approach. It is worthwhile
mentioning, that such an improvement of the resolution originates from two effects.
First, the numerical aperture has been increased because of the increased detection
area. Second, consecutive holograms in the synthetic aperture acquisition scheme
are strongly overlapping. For example, in these experiments the shifts applied to
the camera between two consecutive images were always less than 25% of the size
of the detector along the direction parallel to the shift. This overlap improves the
reconstruction, in that it increases the signal-to-noise ratio by a factor

√
N in the

regions measured N times, and allows suppressing the unwanted diffraction effects
associated with optics and camera edges, which are often an issue when imaging
with coherent THz radiation (see Chapter 4 and [Li et al., 2019]).
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Fig. 5.2.: Comparison between optical images (left-hand side) and THz off-axis digital
holography reconstructions (right-hand side) of a fingertip replica. (a) Photograph of the
object. (b) Phase from projection moiré profilometry and (c) reconstructed profile of the
microscopic ripple structure after filtering the low spatial frequencies in (b). (d) Amplitude
and (e) phase from THz off-axis digital holography, and (f) reconstructed ripple profile. The
green rectangle in (d) bounds the area shown in Fig. 5.3 (b).

5.5 Conclusions and outlook
In this Chapter, an acquisition scheme for resolution enhancement in off-axis digital
holography, termed synthetic aperture acquisition, was introduced. It relies on
collecting a set of holograms at partially overlapping positions across the detection
plane. It was implemented for the reconstruction of a fingertip replica with THz
radiation in a reflection setup. The reconstructed height distribution of the object
was confirmed by independent measurements performed with projection moiré
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2 mm

Fig. 5.3.: Comparison between the reconstructed amplitude of a region of the fingertip
replica obtained from (a) one and (b) 42 partially overlapping holograms. Profiles along
the red and green line in (a) and (b), respectively, are shown in (c) with the corresponding
colors.

profilometry. A comparison with a reconstruction obtained with only one hologram
demonstrated the benefits of the synthetic aperture approach, which are explained
by higher numerical aperture and signal-to-noise ratio.

We should however note that the use of the THz off-axis digital holography
setup discussed in this Chapter is limited by some practical requirements. First, the
reference beam must not interact with the object, thus a lower limit is set to the
recording distance and consequently to the attainable resolution given by Eq. (2.30).
Although a compensation for this resolution loss can be obtained by increasing the
numerical aperture with the described synthetic aperture approach, two limitations
remain:

1. Because the beam always illuminates the same area of the object, the current
approach can only be used with objects smaller than the beam size;

2. The synthetic aperture approach is effective only if the camera is moved to
regions where the interference between the object beam and the reference
beam can be reliably recorded.

In principle, both issues can be solved by scanning the object while, at each position
of the object, adjusting the reference beam so to optimize the interference pattern
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and recording holograms at different camera shifts. However, this would represent a
cumbersome solution.

Therefore, in the next Chapter we will implement a new THz imaging setup,
whose simple acquisition procedure allows lifting these limitations.
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6THz ptychography

In this Chapter, the first experimental demonstration of ptychographic imaging with a
coherent THz source is reported [Valzania et al., 2018b], thus extending the range of
coherent and lensless THz imaging techniques. Reconstructions of an amplitude and
a phase object will be discussed, achieving sub-mm lateral resolution and µm-scale
depth resolution.

6.1 Experiments
The experimental setup, described in detail in section 2.4, is sketched in Fig. 6.1
with one of the two objects used in this study. The FIRL 100 gas laser was used as
THz source at the wavelength λ = 96.5 µm, corresponding to a frequency of 3.1 THz.
The output power was several tens of mW. The probe was defined by cropping the
THz beam with a circular aperture with a diameter of 3 mm before it impinged
on the sample. Pure amplitude and phase objects were imaged. The former was
a 100 µm-thick metallic 9-spoked Siemens Star with an inner diameter of 4 mm
[see Figs. 6.1 and 6.2(a1)]. The latter was a 2 mm-thick polypropylene (PP) slab
where three intersecting rings of 2.1-mm outer diameter, 1.5-mm inner diameter
and depths ranging from 37 to 234 µm were engraved by laser ablation [see Fig.
6.2(a2), where the wrapped phase map simulated at λ = 96.5 µm and assuming
a refractive index of PP nPP = 1.51 [Jin et al., 2006] is color coded]. Diffraction
patterns were acquired with the Gobi-640-GigE camera. The incoherent infrared
radiation from the environment at room temperature was subtracted by chopping
the incident THz beam.

6.2 Results and discussion
Figures 6.2(a1)-(k1) summarize the experiment on the amplitude object. Because
the object is totally reflective in its metallic regions and totally transparent in its
holes, the validity of the multiplicative approximation [Eq. (2.32)] is trivial. The
object was scanned across a square grid of 7×7 points with a spacing of 0.75 mm,
resulting in a relative overlap parameter of 75%, when approximating the beam
diameter with the aperture diameter [Bunk et al., 2008]. The diffraction pattern
of the aperture without object was also recorded, in order to ease the estimation
of the probe function and of the distance from the aperture to the camera. The
latter was estimated by fitting a simulated diffraction pattern of a circular aperture
to the experimental one. In a similar way, the distance from the aperture to the
object and from the object to the camera was estimated by comparing experimental
diffraction patterns and simulated ones at different distances and choosing the
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Fig. 6.1.: Schematic experimental setup for transmission ptychography. Adapted from
[Valzania et al., 2018b].

values minimizing their difference for each diffraction pattern. Their average and
standard deviation define the distance and its accuracy, respectively. We obtained
an average object-camera distance of 12.2(7) mm and an aperture-object distance
of 3.8(7) mm (standard deviations are given in parentheses in units of the least
significant digits). Although such a method is self-consistent, it is indeed prone to
large variations, especially when comparing strongly diffracted patterns like Figs.
6.2(d1), (e1). While using a ruler is definitely a simpler and possibly more accurate
method, this is not always feasible. In fact, the detection plane of our camera is not
directly accessible, as it is hidden behind a cover plate at a distance which must be
estimated through indirect methods.

Figures 6.2(b1)-(g1) compare simulated and experimental diffraction patterns
at the camera plane when the probe illuminated the three positions highlighted in
Fig. 6.2(a1). Experimental patterns were denoised by setting to zero the pixel values
below a threshold, determined by a statistical calculation performed in regions
with low signal [Wang et al., 2017]. Ptychographic reconstructions, shown in Figs.
6.2(h1)-(k1), were performed with the ePIE algorithm described in section 2.4.1,
initialized by a constant value in both amplitude and phase as the first estimate of
the object and updated with α(o) = 0.1 [Eq. (2.36b)]. Simulated reconstructions
[amplitude in Fig. 6.2(h1) and phase in Fig. 6.2(j1)] were obtained after 100
iterations. The probe, shown in the nearby insets (amplitude in the top left inset
image, phase in the bottom left inset image), was the diffraction pattern of a 3-mm
aperture calculated at the aperture-object distance of 3.8 mm, and it was not updated
during the reconstruction process [α(p) = 0 in Eq. (2.36b)]. Reconstructions from
real data were performed with 200 iterations. The reconstruction of the probe was
initialized with the probe used in the simulation and updated with α(p) = 0.1 starting
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from the 11th iteration. At the end of the last iteration, the metric E [Eq. (2.37)]
always differed by less than 1% from the value calculated at the previous iteration.
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Fig. 6.2.: Ptychographic reconstruction of an amplitude object (label 1) and a phase object
(label 2). (a) Simulated object transmission function, with three positions of the probe from
the scan. Corresponding diffraction patterns obtained from the (b), (d), (f) simulated and
(c), (e), (g) real object. (h) Amplitude and (j) phase of the simulated reconstructions. (i)
Amplitude and (k) phase of the experimental reconstructions. Insets show the probe (top:
amplitude, bottom: phase; left: simulation, right: experiment). All phase distributions share
the same phase scale, shown in (a2). Adapted from [Valzania et al., 2018b].
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Figures 6.2(i1), (k1) and the corresponding insets show the reconstructions of
the amplitude object and the probe. Here, the reconstructed phase is not meaningful
in regions where the amplitude of the transmitted beam is lower than the noise level,
and it is distributed according to a uniform rectangular distribution in the range [-π,
π) rad.

For both simulated and experimental reconstructions, the lateral resolution was
calculated by averaging the squared amplitude along concentric circles of decreasing
radius and evaluating the signal modulation at each step (modulation transfer
function [Boreman, 2001]). It was estimated with the inverse of the spatial frequency
at which the signal modulation falls below the noise-equivalent modulation. The
noise-equivalent modulation was chosen in such a way that the obtained resolution
is the same as half the width, calculated at its first zero, of the reconstruction of an
on-axis point object. We obtained lateral resolutions of 140 µm (1.5λ) and 230 µm
(2.4λ), i.e. 21 and 13 times smaller than the beam diameter, for simulated and
experimental reconstructions, respectively.

Results for the phase object are displayed in an analogous way in Figs. 6.2(a2)-
(k2). Owing to the low diffraction and absorption of the object (absorption coefficient
αPP (3.1 THz) = 1.5 cm−1 [Lee, 2009]), diffraction patterns in Figs. 6.2(b2)-(g2)
are shown with a logarithmic scale. The object was moved across a two-dimensional,
rectangular grid of 21×7 points with steps of 0.4 mm and 0.6 mm, resulting in
relative overlaps of 87% and 80% along x and y respectively, ensuring a correct
reconstruction of all its features. In order to account for refraction through the
PP slab, diffraction patterns were also measured in a region far from the three
rings [Fig. 6.2(c2)]. This allows us to reconstruct an object whose thickness is
the maximum ring depth and not the physical thickness of the slab. Because the
maximum ring depth satisfies the condition from Eq. (2.31), the multiplicative
approximation is valid in this case too. The object was at 9.6(6) mm from the
camera and 12.0(6) mm from the aperture. At the following link † an excerpt from
the experimental reconstruction of the phase object has been made available. One
can see that acceptable lateral and phase resolutions are obtained already after 5
iterations of the ePIE algorithm. A drop of the laser power by a factor ∼2 towards
the end of the scan caused higher noise at the top left corner of the reconstructed
phase and amplitude. In this case the lateral resolution was calculated from the
10% - 90% width of the experimentally reconstructed phase edges of the rings. A
conservative estimate amounts to 170 µm (1.8λ). The results of the three rings and
the regions where they cross are summarized in Table 6.1. The depth t of the rings
was measured with an optical microscope (2nd column in Table 6.1), translated into
phase differences ∆φ at the THz wavelength of λ = 96.5 µm through the refractive
index of PP according to ∆φ = 2π(nPP − 1)t/λ (3rd column), and compared to
experimental and simulated ptychographic reconstructions (4th and 5th column,

†https://figshare.com/articles/_/5630380
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THz phase from ptychography

Region
Depth
[µm]

THz phase from optical
measurements

[rad]
Experiment

[rad]
Simulation

[rad]

Left ring 157(3) 5.2(1) 4.7(2) 5.2(2)
Crossing left/middle ring 234(3) 7.8(1) 7.8(2) 8.1(1)
Middle ring 77(3) 2.6(1) 2.4(3) 2.4(2)
Crossing middle/right ring 117(3) 3.9(1) 3.8(3) 3.7(1)
Right ring 37(3) 1.2(1) 1.2(1) 1.2(1)

Tab. 6.1.: Depth and reconstructed phase of the phase object measured with an optical
microscope (2nd and 3rd columns respectively) and measured with THz ptychography (4th

column). The reconstructed phase of the simulated object is given in the 5th column.
Standard deviations are given in parentheses in units of the least significant digits.

respectively). The same approach was used in [Hack and Zolliker, 2014] to evaluate
the reconstruction performance of THz off-axis digital holography. Note, that a priori
knowledge on the profile of the object is required to determine the number and sign
of 2π-multiples to be added at each phase jump and thus retrieve the absolute phase
of the object from its phase reconstruction.

For this phase object, we estimate the phase resolution with the standard
deviation of the reconstructed phase inside the left and right rings, far more than one
lateral resolution from the ring edges, where it is supposed to be uniform. A phase
resolution of ρφ = 0.1 rad and 0.06 rad was estimated for experimental and simulated
reconstructions, respectively. Finally, we define the depth resolution ρd as the
smallest depth difference which can be inferred from the reconstructed object phase
when the refractive index is constant, namely ρd = λρφ/[2π(nPP − 1)]. Accordingly,
we estimate ρd = 3 µm (≈ λ/32) and 1.8 µm (≈ λ/54) in PP at λ = 96.5 µm from
experimental and simulated data, respectively.

6.3 Conclusions and outlook
In this Chapter we have shown that ptychography can be performed with THz
radiation. It allows reconstructing amplitude and phase objects with ≈ 200 µm
(≈ 2λ) lateral resolution and µm-scale depth resolutions (≈ λ/30) at λ ≈ 96.5 µm.
Note, that comparable performances were obtained with synthetic aperture THz
off-axis digital holography in Chapter 5, thus making THz ptychography a promising
alternative to THz digital holography. Further studies, quantitatively comparing their
resolution limits, will be performed in the next Chapter.
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7Resolution limits of THz
ptychography and THz off-axis
digital holography

Following the demonstration of THz ptychographic imaging reported in the previous
Chapter, here we will study its resolution limits and how they compare to those
of THz off-axis digital holography, used in Chapter 5. The factors impacting the
lateral resolution will be investigated on a pure amplitude object with both simula-
tions (section 7.1) and experiments (section 7.2). The reconstruction of a weakly
diffracting pure phase object, exhibiting features at the resolution limit for THz
imaging techniques, will lead to an estimation of the depth resolution (section 7.2).
Finally, section 7.3 summarizes the results and discusses the applicability of THz
ptychography as an alternative to THz off-axis digital holography.

7.1 Simulations
The binary amplitude mask used in the previous Chapter, namely the nine-spoked
Siemens Star with an inner diameter of 4 mm shown in Fig. 6.2(a1), was simulated
and reconstructed at different THz wavelengths, object-camera distances, and cam-
era array sizes. The simulation values reflect parameters of typical THz imaging
experiments. The wavelengths correspond to two of the most intense emission lines
delivered by CO2-laser-pumped methanol lines in far-infrared gas lasers [Douglas,
2013], namely λ = 96.5 µm and λ = 118.8 µm. The object-camera distance d varied
from 1 to 31 mm, and cameras featuring Nx × Ny = 640 × 480 pixels on pixel
pitches of δx = δy = 17 µm and 25 µm are considered, according to the specifications
of two popular microbolometer arrays which proved to image THz radiation, and
whose performance was reported in Chapter 4.

For each combination of these values, three reconstruction techniques were
applied. The first approach, referred to as the “Forth-and-back propagation” method,
consisted of propagating a plane wave normally impinging on the object to the
camera plane, cropping the complex field distribution according to the camera size,
convolving it with the pixel pitch, and back-propagating it to the object plane. Be-
cause the phase of the object beam is calculated at the camera plane, this approach
does not replicate a phase retrieval experiment. However, it proves useful to sepa-
rate the intrinsic factors impacting the lateral resolution, namely those ultimately
determining the best achievable lateral resolution, from the extrinsic ones, that is,
the factors depending on the specific imaging technique used to solve the phase
problem. The second approach, referred to as the “FFT holography” method, re-
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produced a THz off-axis digital holography experiment. The hologram obtained
from the superposition of the field transmitted through the object and a tilted plane
reference wave was simulated. The angle between the propagation directions of the
object beam and the reference beam was set to 45°. The phase of the object beam
at the camera plane was retrieved from the cropped and re-sampled interference
pattern with a Fourier Transform method (section 2.3.1). Finally, the retrieved object
wave was back-propagated to the object plane. The third approach (“Ptychography”)
reproduced a THz ptychography experiment. A collimated flat-top beam with a
diameter of 3 mm impinged on the object, which was moved across a square grid
of 7 × 7 points with steps of 0.75 mm, resulting in a relative overlap of 75%, as
defined in [Bunk et al., 2008]. The simulated and cropped ptychograms, re-sampled
according to the camera pixel pitch, were used in an ePIE algorithm without probe
updating [α(p) = 0 in Eq. (2.36b)] with 5 iterations and α(o) = 0.1 [Eq. (2.36a)].

For each reconstruction, the lateral resolution was calculated in the same way as
in the previous Chapter, namely by evaluating the modulation of the intensity of the
reconstructed wave at the object plane along concentric rings with decreasing radii,
where the noise-equivalent modulation was determined from the reconstruction of a
point object as explained in section 6.2.

Figure 7.1 shows the calculated lateral resolution ρ, normalized to the wave-
length, as a function of d/(Nδx) = 1/ tan θ, where θ is half the acceptance angle of
an equivalent, square camera with N2 ≡ NxNy pixels seen by an on-axis point a
distance d apart. Each point represents the average resolution obtained at the two
wavelengths λ = 96.5 µm and λ = 118.8 µm and at the two pixel pitches δx = δy

= 17 µm and 25 µm. The different reconstruction approaches are encoded with
different marker types (◦ for “Forth-and-back propagation”, • for “FFT holography”,
and × for “Ptychography”). One can observe that the simulated results can be
approximated by the following resolution function, plotted with a solid line:

ρ

λ
= 1

2 sin θ = 1
2

√
1 +

( 2d
N δx

)2
(7.1)

and corresponding to the diffraction limit ρ/λ = (2NA)−1, with a numerical aperture
NA ≡ sin θ set by the acceptance angle of the camera. Therefore λ and NA are
regarded as the intrinsic resolution factors. This suggests that ptychography and
digital holography share the same intrinsic lateral resolution factors. The presence
of some points around d/(Nδx) = 0.5 lying below the resolution function is caused
by the fact that at those distances the wavefront diffracted by the object can be
fully recorded by the detector, thus mimicking a NA close to unity and independent
of the detector size. We ascribe any difference among the resolutions of the three
methods to different extrinsic resolution factors. For the “FFT holography” method,
these include residual errors in the elimination of the carrier fringes, and in the
optimization of the window used to isolate the first diffraction order from the
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DC component [Kreis, 2006]. For the “Ptychography” method, we mention the
influence of the overlap parameter [Bunk et al., 2008] and the number of iterations.
The “Forth-and-back propagation” method displays the lowest deviation from the
theoretical resolution function, because the number of extrinsic resolution factors is
minimized, thanks to the known phase of the object beam at the detector plane.

As in classical imaging using a lens [Goodman, 2005], the lateral resolution
cannot be pushed below Abbe’s limit ρ → λ/2, which is reached at distances
d � N δx. On the other hand, at distances d � N δx (Fresnel diffraction regime),
the resolution function approaches the expression derived in [Picart and Leval, 2008]
for an on-axis object reconstructed with digital Fresnel holography and introduced
in section 2.3.1, that is, ρ/λ = d/(N δx). As a consequence, part of the analyses in
[Picart and Leval, 2008] can be migrated to ptychography. For example, ptychograms
can be zero padded prior to back-propagation to the object plane, leading to a denser
sampling of the resolution function.

Fig. 7.1.: Lateral resolution (normalized to the wavelength) calculated for a simulated
amplitude object reconstructed with the “Forth-and-back propagation” (◦), “FFT holography”
(•), and “Ptychography” (×) methods as a function of the reconstruction distance normalized
to the camera size. The intrinsic resolution function from Eq. (7.1) is plotted with a solid
black line. The blue filled circle and the red cross indicate the experimental resolution
reached by synthetic aperture THz off-axis digital holography and THz ptychography, respec-
tively (section 7.2). The insets show the corresponding reconstructed amplitudes. Scale bar:
2 mm. From [Valzania et al., 2018a].

7.2 Experiments
In order to experimentally verify the conclusions drawn in section 7.1, synthetic
aperture THz off-axis digital holography and THz ptychography experiments were
carried out on the real binary amplitude object used in the previous Chapter and
simulated in section 7.1. The holograms and the ptychographic diffraction patterns
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Fig. 7.2.: Schematic experimental setup of (a) synthetic aperture off-axis digital holography
and (b) ptychography. Adapted from [Valzania et al., 2018a].

were recorded at the emission line λ = 96.5 µm of the FIRL 100 gas laser and with
the Gobi-640-GigE camera, featuring Nx × Ny = 640 × 480 pixels on a δx = δy =
17 µm pitch.

In the synthetic aperture holographic experiments [Fig. 7.2(a)], holograms
were acquired by shifting the camera across the camera plane as far as interference
fringes could be distinguished. This was achieved by moving the camera across a 11
× 11 grid with steps of 1.6 mm along both x and y, thereby increasing the size of
the camera array by a factor 2.5 and 3 along x and y, respectively. The camera array
was placed at the minimum distance from the object that ensured no interaction
between the object beam and the reference beam, that is, d = 15.4 mm. The phase
of the object beam was retrieved with the Fourier Transform method, followed
by stitching of the holograms and final back-propagation as detailed in Chapter 5.
In the ptychographic experiments [Fig. 7.2(b)], an aperture with a diameter of
3 mm clipped a diverging (full divergence angle of 4.5°), lowest order transverse
electro-magnetic (TEM00) Gaussian laser beam at a distance of 7.3 mm from the
object. The latter was placed at a distance d = 6 mm from the camera, which is
a factor of 2.6 closer than the distance employed in the holographic experiments,
resulting in a comparable NA. The ptychographic diffraction patterns were then
fed in an ePIE algorithm with parameters similar to those used for the experimental
reconstructions of the previous Chapter. For the sake of a fair comparison between
the two imaging techniques, the same number of images was used: the object was
scanned across a 11 × 11 grid with steps of 0.7 mm along both x and y, resulting
in relative overlaps of 77%. Furthermore, identical integration time and procedure
for the correction of the incoherent infrared background were employed, while the
average THz power incident on the object plane differed by less than 10%.

The amplitudes of the object beam reconstructed with off-axis digital holography
and ptychography are shown in the top left inset of Fig. 7.1, and the estimated
lateral resolutions are plotted in colors (blue filled circle for synthetic aperture
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THz off-axis digital holography, and red cross for THz ptychography). Because
comparable results were achieved by the two techniques, we conclude that the
larger reconstruction distance needed to perform off-axis digital holography was
compensated by increasing the synthetic camera size by the same amount. This
conclusion supports the trend predicted with simulations and obtained from Eq.
(7.1). We ascribe the difference between the resolutions of the experiment and
simulation to uncertainties in the estimation of the reconstruction distance, as well
as in the knowledge of the shifts applied to the object or the camera.

The depth resolution was experimentally estimated from a similar type of
comparison, performed on a pure phase object with shallow depth features. This
was a 4 mm-thick Teflon slab where 9 squares with a side of 3 mm each and depths
ranging from 11 to 473 µm were engraved by laser ablation. In order to provide
reference values, its profile was measured with projection moiré profilometry. The
wrapped phase of holographic and ptychographic reconstructions is displayed in
the insets (a) and (b) of Fig. 7.3, respectively. To compensate for tilts of the object
with respect to the camera plane, affecting the reconstructed phase, the average
phase within each square was measured with respect to the average phase within an
adjacent flat surface region. The unwrapped phases were then translated into depths
according to ∆t = λ∆φ/[2π(nT − 1)], where ∆t is the depth variation causing a
phase difference ∆φ in Teflon, with a refractive index nT at the wavelength λ. For
Teflon, nT = 1.45 at λ = 96.5 µm [Lee, 2009]. The extracted depths are plotted
in Fig. 7.3 (blue filled circles for synthetic aperture THz off-axis digital holography,
red crosses for THz ptychography, and black diamonds for projection moiré). Table
7.1 shows the reference depth of each square (2nd column) and the unwrapped
phase reconstructed with the three methods (3rd-5th columns), in the same format
used in Table 6.1. The weak diffraction from this phase object makes the first four
squares hardly resolvable with both THz imaging techniques. We define two squares
as resolvable, if the difference of their average phase is larger than the arithmetic
average of their standard deviations. Accordingly, digital holography can resolve
square 1 from square 3, while ptychography can reliably tell the depth difference of
square 1 and square 4, at most. This corresponds to depth resolutions of ≈ 20 µm
(≈ λ/5) and ≈ 30 µm (≈ λ/3) for THz digital holography and THz ptychography,
respectively.

We would like to point out that, theoretically, any limit of the phase resolution
must be ascribed to the finite signal-to-noise ratio (SNR) in the measurement data
[De Ruijter and Weiss, 1993], as well as to limitations of the experimental setup.
According to the definition of depth resolution ρd given in the previous Chapter, ρd
can also be pushed below any arbitrary value, provided that the SNR is sufficiently
increased. Note, however, that an alternative definition of depth resolution is also
found in literature, and should not be confused with the one used here. This refers to
the depth resolution as the size, along the optical axis, of the point-spread function,
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ρ′d ≡ λ/(2NA2), and it is especially used in digital holographic microscopy [Ferraro
et al., 2011].

(a) FFT holography (b) Ptychography

+π rad-π rad

Wrapped phases

3 mm
1

2

345
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7 8

9

Fig. 7.3.: Reconstructed profile of a phase object consisting of 9 squares with increasing
depths. Black symbols show the result of a reference measurement using projection moiré
profilometry; blue [red] symbols indicate the depths retrieved by synthetic aperture THz
off-axis digital holography [THz ptychography], while the corresponding reconstructed
wrapped phase is shown in the inset (a) [(b)]. Wrapped phases share the same colorbar,
shown at the bottom. The total length of each errorbar is twice the standard deviation of the
retrieved depth within the corresponding square. From [Valzania et al., 2018a].

7.3 Conclusions and final remarks
In this Chapter, we have discussed the theoretical and experimental resolution
limits of THz ptychography, and compared them to the performance of THz off-axis
digital holography. Simulated reconstructions show that the two approaches share
the same intrinsic resolution factors determining the lateral resolution, which is
diffraction-limited. A lateral resolution ρ ≈ λ could be experimentally reached with
both techniques, 20% higher than the diffraction limit because of inaccuracies in the
knowledge of geometric acquisition parameters. In the holographic measurement this
was achieved by a synthetic aperture approach, which compensated the long object-
camera distance needed to couple the off-axis reference beam. In ptychography, a
shorter recording distance could be afforded, because an off-axis reference beam
is not required. It should also be noted that values of ρ/λ on the order of 1 are
obtainable thanks to the strong diffraction properties of THz radiation for this type
of sample structures. This in turn allows recording diffraction patterns with a much
higher NA compared to X-ray diffraction-based imaging techniques [Holler et al.,
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THz phase from THz imaging

Square no.
Depth
[µm]

THz phase from
projection moiré

[rad]
FFT holography

[rad]
Ptychography

[rad]

1 11(4) 0.3(1) 0.2(2) 0.6(2)
2 16(3) 0.5(1) 0.3(2) 0.6(2)
3 28(4) 0.8(1) 0.5(2) 0.7(3)
4 45(3) 1.3(1) 0.7(2) 0.9(4)
5 70(4) 2.0(1) 1.6(3) 2.0(5)
6 113(4) 3.3(1) 2.9(3) 2.6(3)
7 179(34) 5.2(10) 5.0(2) 4.3(4)
8 246(17) 7.1(5) 6.9(2) 5.9(5)
9 473(11) 13.7(3) 14.9(2) 14.2(3)

Tab. 7.1.: Depth and reconstructed phase of the phase object measured with projection
moiré profilometry (2nd and 3rd columns respectively) and phase reconstructed with THz
off-axis digital holography (4th column) and THz ptychography (5th column). Standard
deviations are given in parentheses in units of the least significant digits.

2017]. Also, the relatively long THz wavelength makes experimental requirements
less stringent, allowing close access to the theoretical resolution limits.

Furthermore, depth variations as low as ≈ λ/3 could be distinguished in a flat
and weakly diffracting phase object.

As anticipated in section 5.5, the ptychographic setup lifts some crucial limita-
tions of off-axis digital holography, namely:

1. The reconstructed region is not limited by the beam size, because the object is
scanned across the beam;

2. Since a reference beam is not required, the recording distance can be short-
ened, thereby increasing the numerical aperture and, consequently, improving
the lateral resolution beyond what can be achieved with synthetic aperture
schemes, where the size of the reference beam is a limiting factor.

On the other hand digital holography, being a non-iterative solution to the phase
problem, is computationally less complex than ptychography. In conclusion, we can
confirm that THz ptychography is a valid alternative to THz digital holography for
imaging objects with sub-mm lateral resolution and a depth resolution approach-
ing the µm range. The choice of one or the other must be taken depending on
external constraints, such as the size of the object and the affordable computational
complexity.
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8Coherent reconstruction of an
object hidden behind a
THz-transparent material through
THz off-axis digital holography

This Chapter focuses on the development of a holographic technique for imaging
an object hidden behind a transparent cover in reflection with THz radiation. After
introducing the problem in section 8.1, an imaging technique based on a three-beam
interference model is presented with simulated data (section 8.2) and experimental
confirmation (section 8.3) by reconstructing an amplitude object behind a Teflon
plate. Its advantages compared to previous methods and its applicability will be
outlined in section 8.5, before a summary in section 8.6 ends the Chapter.

8.1 Description of the problem
The problem entails imaging an object hidden behind a transparent and weakly
diffracting cover, using the diffraction patterns of the combined system “hidden
object + cover” and a priori information on the cover. Based on the comparison
between off-axis digital holography and ptychography presented in the previous
Chapters, we opt for the former approach, because we limit our analysis to hidden
objects with a size of a few mm, which can be imaged with a full-field technique
avoiding scanning. Therefore, here we extend the imaging procedure developed in
Chapter 5, used for the reconstruction of a fingertip replica in reflection, to a case
where the incoming radiation illuminates two objects stacked behind each other
[Fig 8.1(a)]. Let the coordinate system be such that the detector plane defines the
xy-plane, shortly denoted as x, and let the wavevectors of all beams mostly lie in
the xz-plane. The cover is assumed to be weakly diffracting, meaning reflecting and
refracting a fraction of the incoming beam without affecting its spatial profile. If
we further assume that a plane wave impinges on the cover before interacting with
the object, the overall intensity measured at the camera plane can be written as the
following three-beam interference:

IROT (x) ≡ |R(x) +O(x) + T (x)|2 , (8.1)

where U(x) = AU (x) exp[i φU (x)], U ∈ {R,O, T}, are the complex amplitudes,
described by the real amplitudes AU (x) and phases φU (x), of the reference beam,
the beam diffracted from the object, and the contribution from the cover material,
respectively, with “T” standing for “Teflon”, since a Teflon plate was used in the
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Fig. 8.1.: (a) Schematic of an off-axis digital holographic setup in reflection with two
samples stacked behind each other. (b) Insight into the three-beam interference arising
from diffraction from the object and reflection from the cover. See the main text for an
explanation of the symbols. Adapted from [Valzania et al., 2017b].

experiments described in section 8.3. Note that, for the sake of brevity, here we
use a slightly different notation than in section 2.3.1, where φU (x) used to denote
the phases observed in a plane perpendicular to the average wavevector of the
wavefront.

Equation 8.1 can be expressed as a function of the real amplitudes and phases
in the following form:

IROT (x) ≡ A2
R(x) +A2

O(x) +A2
T (x) + 2AR(x)AO(x) cos[φR(x)− φO(x)]+

2AR(x)AT (x) cos[φR(x)− φT (x)] + 2AO(x)AT (x) cos[φO(x)− φT (x)] .
(8.2)

The meaning of the terms contained in Eq. (8.2) is clarified with simulations of
three-beam interference patterns. A 9-spoked reflective Siemens Star [Fig. 8.2(a)],
making an angle of 45° with the camera plane, was used as the hidden object. The
reference beam [Fig. 8.2(b)] was approximated by a wave with a Gaussian intensity
distribution and flat phase front. A set of Gaussian beamlets with random phases and
exponential distribution of intensities, on top of a larger Gaussian distribution, was
chosen as a reflected beam T (x), in order to simulate random reflections hindering
the reconstruction of the hidden object. The parameters used in the simulations
reproduced those from a typical experiment (see section 8.3). The angle θOT between
the hidden object and the cover [Fig 8.1(b)] was set to 0° without loss of generality.
The three complex fields were propagated through the propagation kernel of Eq.
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(2.14), rotated to the camera plane as described in Chapter 5 and Appendix D, and
finally summed. The squared modulus of the sum yields the interference pattern
IROT of Eq. (8.2) and it is shown in Fig. 8.2(d).
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Fig. 8.2.: Simulation results. Amplitude distribution of (a) the hidden object, (b) the
reference beam, and (c) the beam T (x). Their interference pattern IROT (x) is shown in (d),
along with the modulus of its Fourier Transform in (e). (f) Interference pattern IOT (x) and
(g) modulus of its Fourier Transform. (h) Interference pattern IRT (x) and (i) modulus of
its Fourier Transform. (j) Intensity distribution of the subtraction performed to retrieve the
hidden object and (k) modulus of its Fourier Transform. All the spectra are displayed on a
common logarithmic scale. Adapted from [Valzania et al., 2017b].
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The problem is an extension of the tilted-beam interference model from two
to three interfering beams. While the former version, discussed in section 2.3.1,
is easily solved modulating the object beam at a large enough carrier frequency
to allow the separation of the diffraction orders, applying the same method to the
latter case is more challenging. The Fourier Transform of IROT (x), whose modulus
is plotted in Fig. 8.1(e), contains contributions:

1. Around the spatial frequency f ≡ (fx, fy) = (0, 0), due to the terms A2
R(x),

A2
O(x) and A2

T (x);

2. Around the spatial frequency f = (±fRO, 0), with fRO ≡ sin(θRO)/λ being
the carrier frequency set by the average angle θRO between the propagation
directions of R(x) and that of O(x), and where λ is the wavelength;

3. Around the spatial frequency f = (±fRT , 0), with fRT ≡ sin(θRT )/λ being
the carrier frequency set by the average angle θRT between the propagation
directions of R(x) and that of T (x);

4. Around the spatial frequency f = (±fOT , 0), with fOT ≡ sin(θOT )/λ being
the carrier frequency set by the average angle θOT between the propagation
directions of O(x) and that of T (x) which, in a reflection setup, corresponds to
the average angle between the hidden object and the cover.

To reconstruct the hidden object, the beam diffracted from it needs to be separated
from the one reflected from the cover. Because both beams are modulated by the
tilted reference beam to the same spectral region, separating them via a filtering
operation in the spatial frequency domain is not feasible. In other words, if we
denote the Fourier bandwidth of O(x) with BO, then we have |fRO − fRT | < BO.

The same problem has been encountered in several applications of optical
interferometry, especially in mechanical engineering [Rastogi and Hack, 2012]. For
example, in order to simultaneously measure the multidimensional deformation
components of an object, an approach consists of illuminating it with multiple
object beams, and recording their interference with a reference beam. Methods
have been proposed to achieve signal separation from a multiple-beam digital
holographic setup with multiple illuminating object beams and a single reference
beam [Rajshekhar et al., 2012; Kulkarni and Rastogi, 2014b; Kulkarni and Rastogi,
2014a; Kulkarni and Rastogi, 2015b; Rajshekhar et al., 2011; Kulkarni and Rastogi,
2015a]. In [Rajshekhar et al., 2011], a spatial carrier in one of the object beams
was introduced. In [Rajshekhar et al., 2012], an alternative approach based on
a piecewise multicomponent polynomial phase formulation was presented, thus
avoiding the need for a spatial carrier. Kulkarni et al. [Kulkarni and Rastogi, 2015a]
proposed an iterative procedure which consists of dividing the interference field
in blocks where the phase has a simple form and applying an augmented matrix
based reconstruction to each block. However, most of these methods exploit the
fact that the intensity as well as the propagation direction of the two object beams
can be independently controlled in the experimental setup. This is not feasible
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in our case, since the multiple object beams come from the cover and the hidden
object, and the ratio of their intensities as well as their phases is governed by their
structural and optical properties like the absorption coefficient and the refractive
index. Therefore, separation approaches based on phase shifting of the interfering
beams fail, as well.

Furthermore, when testing the surface flatness of transparent plates with inter-
ferometric methods, three-beam interferences are measured between a reference
beam and two object beams coming from the front surface and the tilted back surface
of the plate. In order to unwrap the three-beam interferogram, Sunderland et al.
[Sunderland et al., 2014; Sunderland and Patorski, 2015] subtracted a two-beam
interferogram obtained by blocking the reference beam from the three-beam inter-
ferogram in a Twyman-Green or in a Fizeau setup. Finally, they used continuous
wavelet and pseudo-Wigner-Hough transforms to separate the phase distributions at
the front and back surfaces.

8.2 Method
Here, similarly to the method reported in [Sunderland et al., 2014; Sunderland
and Patorski, 2015], the three interfering beams are reconstructed with difference
measurements, however using three interference patterns instead of two. With
our experimental setup, we can record the following interference patterns besides
IROT :

IOT ≡ A2
O(x) +A2

T (x) + 2AO(x)AT (x) cos[φO(x)− φT (x)] , (8.3)

IRT ≡ A2
R(x) +A2

T (x) + 2AR(x)AT (x) cos[φR(x)− φT (x)] , (8.4)

where IOT [shown in Fig. 8.2(f), along with the modulus of its Fourier Transform in
Fig. 8.2(g)] is obtained by blocking the reference beam, while IRT [shown in Fig.
8.2(h), along with the modulus of its Fourier Transform in Fig. 8.2(i)] is obtained by
removing the object and measuring the beam reflected from the cover, superimposed
with the reference beam. We now notice that

IROT (x)− IRT (x)− IOT (x) = −A2
T (x) + 2AR(x)AO(x) cos[φR(x)− φO(x)] , (8.5)

namely the subtraction of the two-beam interference patterns from the three-beam
interference pattern leaves only the beam O(x) modulated at the spatial frequency
fRO, as displayed in Fig. 8.2(j) and in the modulus of its Fourier Transform in Fig.
8.2(k).

At this stage, O(x) can be extracted as explained in section 2.3.1, as long as fRO
is large enough to allow its separation from the Fourier Transform of A2

T (x) centered
at the origin of the spatial frequency space. It should be noted, however, that this
condition is usually met for λ ≈ 0.1 mm, θRO ≈ 45° and upon illuminating a weakly
diffracting object with a plane wave. Therefore AR(x)AO(x) and φR(x) − φO(x)
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are obtained from Eq. (8.5) with the Fourier Transform method. Analogously,
AR(x)AT (x) and φR(x)− φT (x) are obtained using Eq. (8.4). Subtracting the fringe
pattern 2AR(x)AT (x) cos[φR(x)− φT (x)] from IRT (x) yields A2

R(x) + A2
T (x). Once

the sum and the product of A2
R(x) and A2

T (x) are known, AR(x) and AT (x) can
be separated. Finally, this allows extracting AO(x) from AR(x) and the product
AO(x)AR(x). Since φR(x) varies linearly across the camera plane, φO(x) can be
obtained from the phase difference φR(x) − φO(x) by subtracting a phase ramp.
Alternatively, φR(x) can be directly measured from the off-axis hologram of a mirror
in place of the hidden object. Although not strictly necessary, further measurements
can be taken to confirm the retrieved amplitudes. For example, AR(x) can be directly
measured by blocking the beam before it interacts with the cover and the hidden
object. Similarly, AT (x) can be measured after blocking the reference beam in the
setup used to record IRT (x).

The amplitude and the phase of the complex field O(x) at the camera plane are
shown in Figs. 8.3(a) and (b), respectively. The corresponding amplitude and phase
back-propagated by the object-camera distance are displayed in Figs. 8.3(c) and (d),
respectively. The reconstructed phase distribution is flat where the object is present,
because the object is flat. On the background, where the amplitude is within the
noise level, the phase has been thresholded with an amplitude-based criterion and
set to a constant value to improve the visibility of the reconstruction.
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Fig. 8.3.: Simulation results. (a) Retrieved amplitude and (b) phase distributions of the
hidden object at the camera plane. (c) Reconstructed amplitude and (d) phase distributions
after back-propagation to the position of the object. Adapted from [Valzania et al., 2017b].
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8.3 Experiment
The experimental demonstration of the proposed method was provided using a THz
off-axis digital holography setup like the one in Fig. 8.1(a). The THz source was
the FIRL 100 gas laser operated at λ = 96.5 µm. A quartz beam splitter with about
70% power transmission coefficient was used to provide the reference beam, while a
metal mirror directed the beam towards the stacked objects. The hidden object was
the 100 µm-thick metallic 9-spoked Siemens Star with an inner diameter of 4 mm,
placed about 17 mm and at an angle of about 45° from the camera plane. The cover
was a 2 mm-thick Teflon plate, which is known to be highly transparent and weakly
diffracting in the low THz range [Lee, 2009] and which was placed at a distance of
about 2 mm from the hidden object. Reflecting part of the incident beam from its
front and back surfaces, it provided the beam T (x). As in the experiments described
in the previous Chapters, each interference pattern, recorded with the Gobi-640-GigE
camera, was the difference of averaging 20 images with the shutter open and 20
images with the shutter closed, so to subtract the incoherent background radiation
emitted by the surrounding scene at room temperature.

8.4 Results
The experimental interference patterns IROT (x), IOT (x) and IRT (x), are shown in
the top row of Fig. 8.4. The oblique modulation observed in Figs. 8.4(a), (b) is
caused by a non-zero angle θOT between the object and the cover. Besides displaying
the modulation due to the interference between AR(x) and AT (x), the experimental
pattern IRT (x) [Fig. 8.4(c)] also features interference effects along the rim caused
by multiple reflections of the reference beam from the rectangular camera housing.
Furthermore, our 45°-geometry implies that all the experimental images are less
resolved on their left-hand side, where the object and the cover were farther from
the camera.

Simulations of the experiment using the three-beam interference model are
shown in the bottom row of Fig. 8.4. The parameters reproducing the experimental
diffraction patterns best were: a propagation distance of 17.7 mm; interference
angles of θRO, xz = 48° and θRO, yz = 4° on the xz- and yz-plane, respectively; an
angle of θOT, xz ≈ θOT, yz ≈ 7°. These values, especially θOT, xz and θOT, yz, should
be understood as effective parameters, since the Teflon plate had an undetermined
curvature, and its orientation cannot be only described with two angles with respect
to the surface of the hidden object. The modulation in the experimental pattern
IOT (x) was best reproduced with a simulated amplitude ratio AT (x)/AO(x), aver-
aged over all the pixels, of about 0.5. It must be noted that this result is consistent
with our 45°-acquisition, our experimental setup and the properties of our samples,
namely: the Teflon plate had a thickness of 2 mm, a refractive index of 1.45 and
an absorption coefficient of 2 cm−1 at 3 THz [Lee, 2009]; 80% of the total area of
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the hidden object was 100% reflecting, because it was made of metal; the incident
radiation was linearly polarized along the y-axis (s-polarization).

(c) (b) 

2 mm 

(a) 

(d) (f) (e) 

Fig. 8.4.: Top row, experimental interference patterns: (a) IROT (x), (b) IOT (x), (c) IRT (x).
Bottom row, corresponding simulated patterns: (d) IROT (x), (e) IOT (x), (f) IRT (x). Adapted
from [Valzania et al., 2017b].

The reconstructed amplitude and phase, after back-propagation and rotation
of O(x) to the object plane as performed in Chapter 5, are shown in the first and
second row of Fig. 8.5, respectively. In the reference reconstructions shown in Figs.
8.5(a), (b) the object was not hidden, and it was reconstructed with a standard
Fourier transform method. The wavy features observed in some spokes of the object
are likely caused by spurious waves diffracted to the camera from the surroundings.
The same reconstruction approach, however with the object hidden behind the
Teflon plate, leads to the reconstructions shown in Figs. 8.5(g), (h). As expected,
neglecting the reflections from the cover leaves the oblique modulation already
noticed in the patterns IROT (x) and IOT (x) [Figs. 8.4(a) and (b), respectively], and
severely compromises the reconstruction of the hidden object.

After application of the proposed method, an improved reconstruction is ob-
tained. The oblique interference effects due to the cover are reduced and the hidden
object can be clearly seen in Figs. 8.5(d), (e). The reconstruction distance was
optimized to obtain sharp edges. For the reconstructions in Figs. 8.5(a), (b), an
object-camera distance of 17.7 mm was used. Although it was not changed when
placing the Teflon plate, optimization led to an effective optical distance of 16.7 mm
in the case of Figs. 8.5(d), (e). Furthermore, the image is displaced by roughly
0.5 mm along the horizontal axis upon insertion of the plate, and a shift of lesser
extent along the vertical axis can also be observed [compare Figs. 8.5(a) and (d)].
We ascribe these effects to refraction through the plate, and indeed they can be
quantitatively predicted based on the acquisition geometry and the properties of the

76 Chapter 8 Coherent reconstruction of an object hidden behind a THz-transparent ...



samples. All the reconstructed phases have been thresholded according to the ampli-
tude criterion mentioned above and previously used on the simulated reconstructions
of Fig. 8.3.

The phase distributions are not flat because the hidden object had a minor
bending, and the wavefront impinging on the hidden object was slightly curved.
After unwrapping the phase along the black lines shown in Figs. 8.5(b), (e), we
could provide an estimate of a curved profile, plotted in Figs. 8.5(c), (f) for the
reconstructions without and with Teflon plate, respectively (black symbols: experi-
mental data points; red line: fit). Their parabolic fits yielded the same curvature to
within 10%.
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Fig. 8.5.: Experimental reconstructions of the object. Amplitudes (a), (d), (g), wrapped
phases (b), (e), (h), and profiles (c), (f). (a), (b), (c): the object was not hidden; (d), (e),
(f): the object was hidden behind a Teflon plate and the signal separation was applied to
eliminate the contribution from the plate; (g), (h): the object was hidden behind the Teflon
plate, but a standard Fourier Transform method was applied. In the plots (c) and (f), black
symbols represent experimental data along the cross-sections highlighted in (b) and (e),
while red lines show a parabolic fit. (i): colorbar for the wrapped phase. Adapted from
[Valzania et al., 2017b].
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8.5 Discussion
With the developed signal separation method, the wavefront diffracted by an object
hidden behind a THz-transparent cover is reconstructed within a three-beam inter-
ference model based on difference measurements. The quality of the reconstruction
is comparable with that of the same object, when it is directly seen by the camera.
Although a thorough investigation of the attained resolution has not been performed,
we point out that the technique is compatible with a synthetic aperture acquisition,
which enables better reconstructions at the expense of an increased acquisition
time.

The independent control of intensity and propagation direction of each beam,
essential for unraveling three-beam interference patterns in previous methods, is
not needed here. Our procedure subtracts parasitic and unwanted beams reflected
once or multiple times (upon multiple internal reflections) from the surfaces of the
cover, irrespective of their propagation direction and intensity relative to that of the
beam diffracted by the hidden object, under the assumption that all the beams are
stationary in time.

The second requirement is that the incident beam is transmitted through and
reflected from the cover with negligible diffraction effects. This ensures that its
Fourier bandwidth is short enough, not to overlap with the signal modulated at
frequency fRO in Eq. (8.5). It should also be noted, that the proposed three-beam
interference model does not in general reconstruct the hidden object itself. Rather, it
always recovers a wavefront having, in sequence: (i) transmitted through the cover,
possibly after multiple internal reflections; (ii) interacted with the hidden object in
reflection; (iii) transmitted again through the cover, possibly after multiple internal
reflections. As a consequence, eventual inner or surface structures of the cover,
changing the spatial distribution of the incoming plane wave after transmission
through it, would degrade the reconstruction quality of the hidden object. Therefore,
in its current state, the technique is applicable to objects hidden behind a stable and
flat transparent cover, whose reflection properties could also be measured without
hidden object at a calibration stage.

As a short note on a potential improvement of the method, we point out that
comparing the reconstruction of a hidden object to that of a flat reference plate at
the same location may favor its separation, extending the range of applicability to
structured and even diffusing cover materials.

8.6 Conclusions
In this Chapter, a multiple-beam analysis has been developed and experimentally
demonstrated, allowing the reconstruction of an object hidden behind a THz-
transparent cover in the framework of THz off-axis digital holography in reflection.
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Simulations and experimental results confirm the applicability of a three-beam
interference model in order to explain the features observed in the experimental
images. By combining three interference patterns, we have shown that the beam
diffracted by the hidden object can be separated from spurious reflections caused by
the cover, without a priori knowledge about either the intensity of the interfering
beams or their interference angles. Holographic reconstructions, performed on a
metallic object behind a Teflon plate, substantially improved after the application
of the method, and are comparable to the reconstruction of the object when it is
not hidden, thus confirming that the contributions from the cover were properly
eliminated.

At the end of the Chapter, we have drawn our attention to the requirement that
the cover must be weakly diffracting, which is currently limiting the applicability
of the technique to simple cases. A more powerful method, reconstructing objects
behind strongly diffracting covers, will be presented in the next Chapter.

8.6 Conclusions 79





9Coherent reconstruction of a
textile and a hidden object
through a THz phase retrieval
technique

In this Chapter we report a phase retrieval technique, which simultaneously recon-
structs two objects, stacked one behind the other, from relative movements between
them and in a transmission geometry. It is demonstrated by reconstructing a glass
fabric sample and a hidden amplitude or phase object with THz radiation.

9.1 Description of the problem
Figure 9.1 shows the acquisition setup, where a coherent and collimated beam
propagates through an object, represented as a nine-spoked Siemens Star. The
transmitted wavefront impinges on a second object, schematically represented as
a two-dimensional periodic structure, placed at a distance u from the first object
and hiding it from the camera field of view. The intensity of the resultant diffraction
pattern is recorded by the camera at a distance v1 downstream of the second
object. We assume that the interaction of each object with its corresponding incident
wavefront can be described by the “multiplicative approximation” introduced in
section 2.4.1. If a planar wavefront of unit amplitude impinges on the hidden object,
the complex amplitude of the wavefront at the camera plane reads as follows:

Ψ(x) = {[o(x) ∗ hu(x)]t(x)} ∗ hv1(x) . (9.1)

Here x ≡ (x, y) in Fig. 9.1, and o(x) and t(x) are the two-dimensional, complex
transmission functions of the first and second object, respectively, where t stands for
“textile”, because the experiments discussed in sections 9.3 and 9.4 will deal with
reconstructions behind a fabric sample. Despite that, no assumptions on the spatial
distribution of the objects are made.

Although reconstructions behind textiles have already been reported, especially
in the sub-THz range [Cooper et al., 2011], the effect of the textile has been neglected
or simply averaged out so far. However, reconstructing both objects is crucial in
order to assess their interaction, e.g. when monitoring skin healing processes behind
medical gauzes [Taylor et al., 2011; Harmer et al., 2016].
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Therefore, our aim is to reconstruct both o(x) and t(x), by translating one object
across the other one by the amounts xj , j = 1, 2, ..., Nxy across the (x, y) plane. The
obtained wavefronts at the camera plane are thus the following:

Ψj(x) = {[o(x) ∗ hu(x)]t(x-xj)} ∗ hv1(x) . (9.2)

Note, that the problem is formally identical to ptychography, where in Eq. (9.2)
o(x) ∗ hu(x) corresponds to the illumination function, and t(x-xj) plays the role of
the shifted object transmission function. The key to the success of a ptychographic
algorithm is to combine sufficient new information from the different diffraction
patterns with enough redundant information in the regions of the object measured
multiple times, so to allow the iterative phase retrieval. The approach implemented
in Chapters 6 and 7 consisted of using an illumination function smaller than the
object, translated to positions with relative linear overlaps in the range of 60-85%
[Bunk et al., 2008]. An alternative implementation, termed near-field ptychography
[Stockmar et al., 2013], employs an illumination function larger than the object
and structured on a length scale comparable with the diffraction fringes cast at
the camera plane. Although the latter implementation requires fewer diffraction
patterns to scan the object, the diffuser used to structure the wavefront incident onto
the object must be carefully chosen, as a wrong choice may prevent the algorithm
from converging. In the current formulation described by Eq. (9.2), whether the
first or second mentioned case applies depends on the transmission properties of the
unknown object o(x).

To bypass these complications, we implemented an alternative reconstruction
technique, which is detailed in the next section.

9.2 Methods
Our reconstruction technique relies on two steps.

1. Reconstruction of the complex wavefronts exiting the cover object.
These correspond to the quantity ψj(x) ≡ [o(x) ∗ hu(x)]t(x-xj) and, by analogy
with ptychography, we denote them with the term “exit waves”. Their recon-
struction will be accomplished using a set of Nz diffracted intensities along
the z-axis taken at the distances vk, k = 1, 2, ..., Nz, from the second object,
following the SBMIR procedure from section 2.5. Despite it was originally
demonstrated with visible radiation, migrating the SBMIR algorithm to the
THz regime involves no fundamental changes. However, as already pointed out
for THz ptychography in section 2.4.1, Fresnel numbers on the order of ∼10
can be achieved using THz radiation, which makes the far-field approximation
not applicable. This also has an impact on the choice of the recording distances
vk. The reader interested in the optimum acquisition parameters in SBMIR
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Fig. 9.1.: Setup and summary of the implemented reconstruction technique. A collimated
laser beam impinges from the left on a hidden object (here a Siemens Star) and a cover
object (here a schematic textile) at the distance u and with transmission functions o(x) and
t(x), respectively. The intensity of the complex wavefield Ψjk(x) is recorded with a camera
at multiple distances vk from the cover object. This stack of diffraction patterns allows
reconstructing the complex wavefields exiting the cover object ψj(x). By shifting the cover
object by the amounts xj , the two transmission functions are retrieved. From [Valzania et al.,
2019].

reconstructions as well as in the attainable lateral resolution is referred to
Appendix E.

2. Separation of the transmission functions of the two objects from their relative
translations.
The stitching algorithm detailed in Appendix C and used to synthetically
increase the detection area (Chapter 5) will be applied in order to reconstruct
the individual transmission functions o(x) and t(x) from the knowledge of
their product and the applied shifts, as explained in the next subsection.

Thus the complete dataset is written as,

Ψjk(x) = {[o(x) ∗ hu(x)]t(x-xj)} ∗ hvk
(x) ≡ ψj(x) ∗ hvk

(x) . (9.3)

9.2.1 Separation of the transmission functions of the two
objects from their relative translations

We can regard the set of measurements from Eq. (9.2) as a synthetic aperture
experiment, where t(x) is acquired under Nxy viewing angles and is probed by Nxy

strongly diffracted illumination functions, represented by the object function o(x)
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propagated to z = u and translated by the amounts xj . Properly choosing the values
of xj and Nxy allows the diffraction fringes of the illumination function to be washed
out upon averaging in the regions illuminated multiple times, mimicking a slowly-
varying wavefront probing t(x) and thus enabling its reconstruction. Therefore,
our estimates of the amplitude and the phase of t(x) are obtained by stitching the
amplitude and phase of all the ψj(x), respectively, after compensating for their shifts:

|t(x)| ≈ S
Nxy

j=1 [|ψj(x + xj)|] (9.4a)

φt(x) ≈ S
Nxy

j=1 [φψj
(x + xj)] , (9.4b)

where φt(x) and φψj
(x) are the phase of t(x) and ψj(x), respectively, and S

Nxy

j=1 is
the stitching operator defined in Appendix C. It is noteworthy that shifts between
adjacent images on the order of the wavelength λ are enough to average out the
finest diffraction fringes cast by the first object onto the second one. Consequently, a
large overlap among consecutive images is maintained. As already noted in off-axis
digital holography with a synthetic aperture acquisition (Chapter 5), taking partially
overlapping images increases the signal-to-noise ratio by the factor

√
Nxy in the

pixels measured Nxy times, and reduces the diffraction effects contributed by optics
and camera edges.

The final step consists of retrieving the transmission function of the hidden
object from Eq. (9.2) as follows,

o(x) =
〈
ψj(x)
t(x-xj)

〉
j

∗ h−u(x) , (9.5)

where 〈〉j stands for the average over all the configurations with different positions
of the second object. Although not strictly necessary, the average operation helps
mitigate the poor conditioning of Eq. (9.5), as well as errors in the estimation of the
shifts xj .

9.3 Experiments
We demonstrated our proposed procedure by reconstructing a pure amplitude and a
pure phase object hidden behind a textile and illuminated with THz radiation. As a
THz source, the FIRL 100 gas laser was used, operating at λ = 96.5 µm (3.1 THz).
The objects were the same which were imaged in [Valzania et al., 2018b] and in
Chapter 6, namely the 9-spoked Siemens Star and the polypropylene (PP) slab with
three intersecting rings engraved with different depths. The former is shown in Fig.
9.2(a1), while Fig. 9.2(a2) displays the wrapped phase map of the latter, simulated
with λ = 96.5 µm and with a refractive index nPP = 1.51 [Jin et al., 2006], from the
nominal depths given in Table 6.1 (note that in these experiments the phase object
was rotated 90° counterclockwise around the z-axis with respect to the orientation
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at which it was measured in Chapter 6). The textile was a 0.2 mm-thick glass fabric
sample with plain weave pattern, 8 warp ends per cm and 6.5 warp picks per cm
(available from Suter Kunststoffe AG, Fraubrunnen, Switzerland). The diffraction
patterns from the combined system “hidden object+cover object” were recorded
using the Gobi-640-GigE uncooled microbolometer camera, containing 480 × 640
pixels on a pixel pitch of 17 µm, and the subtraction of a dark frame was performed
to suppress the incoherent infrared background. For the reconstruction of both
hidden objects, Nz = 5 diffraction patterns were acquired by stepping the camera
along the z-axis with shifts ∆z = 1 mm. These were employed in a SBMIR algorithm,
started with a flat distribution in both amplitude and phase as initial solution and
further improved with 200 iterations. At each camera position, diffraction patterns
were acquired while moving the textile on the (x, y) plane across a two-dimensional
square grid of Nxy = 20 × 20 = 400 points with steps of 76 µm (≈ 0.8λ).

9.4 Results
The hidden amplitude object and the textile, reconstructed after the separation
procedure, are shown in Figs. 9.2(b1) and (c1), respectively. We estimated the
best reconstruction distances u and v1 by optimizing the lateral resolution of the
reconstructed amplitude object, as displayed in Fig. 9.3. Here the presence of several
good reconstruction distances around (u, v1) coordinates satisfying u+ v1 ≈ 8.6 mm
is caused by both the intrinsic depth of focus of the imaging system, and by the
thickness of the textile, which was neglected as a consequence of the multiplica-
tive approximation. The amplitude object was reconstructed at u = 3.1 mm and
v1 = 5.5 mm (indicated with a red star in Fig. 9.3). At these distances, the lateral
resolution was around 140 µm (≈ 1.5λ), which agrees well with the resolution of a
corresponding unhidden simulated object, reconstructed with the SBMIR algorithm
and with the same reconstruction parameters as in our experiments (see Appendix
E). Figure 9.4 shows reconstructions using 22 (left), 50 (middle) and 100 (right)
exit waves, which were randomly chosen from the 400 exit waves used for the
reconstructions of Fig. 9.2. With Nxy = 100 exit waves, the lateral resolution is
around 170 µm (≈ 1.8λ).

When the hidden object is smaller than the cover, the outermost regions of
the diffraction patterns only bear information on the shifted t(x-xj). Therefore,
cross-correlating neighboring intensities allows us to extract the positions xj , thus
obviating the need for their a priori knowledge. Figures 9.2(d1), (e1) show the
objects reconstructed after retrieving the Nxy = 400 positions of the textile. Overall,
an average error of about 50 µm was made in the estimation of each absolute position
xj .

Nevertheless, knowing the shifts is not necessary in order to reconstruct the
hidden object. If we perform the stitching described in Eqs. (9.4) with vanishing
shifts, i.e. xj = 0, ∀j ∈ [1, Nxy], the amplitude and phase modulations imposed by
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Fig. 9.2.: Experimental reconstructions of the textile and the hidden objects (amplitude
object on the left-hand side, label 1; phase object on the right-hand side, label 2). (a)
Schematic of the hidden object. Reconstructed hidden object [textile] (b) [(c)] using prior
information of the shifts applied to the textile, (d) [(e)] after retrieving the shifts through
cross-correlation, and (f) assuming unknown shifts. (g2) Image of the textile taken with a
microscope in reflection mode. The lower right panels show the colorbars used for amplitude,
phase and complex-valued reconstructions. The reconstructions of the textile share the
same colorbar, where the hue encodes φt and the brightness

√
|t|. Scale bars: 1 mm. From

[Valzania et al., 2019].

the textile are washed out, and the hidden object is revealed, as can be seen in Fig.
9.2(f1). The worse resolution of this reconstruction, compared to the ones in Figs.
9.2(b1) and (d1), is due to the fact that averaging a quasi-periodic pattern, like the
structure of the textile, is not as efficient as averaging a non-periodic object. Since
an integer number of textile periods will be summed up only accidentally, amplitude
and phase modulations may be left on the background after stitching.

The right-hand side of Fig. 9.2 shows the corresponding reconstructions of
the pure phase object. We note that, in all the reconstructions of the textile, its
pattern along y is more visible than the one along x. This feature is ascribed to a
polarization-dependent transmission through the textile fibers, which preferentially
transmit THz radiation with a polarization perpendicular to their alignment direction.
A comparison with an image of the textile taken with a microscope [Fig. 9.2(g2)]
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confirms our hypothesis, as it shows that the reconstructed fibers are oriented along
x, consistently with an independently measured incident polarization along y. Owing
to a lower diffraction by the phase object compared to the amplitude object, for the
former we were able to retrieve the absolute positions of the textile with an average
error as low as 17 µm (1 camera pixel). The phase resolution ρφ was estimated as
done for the ptychographic reconstruction of the same object in Chapter 6, namely
with the standard deviation of the reconstructed phase inside the two rings farthest
from each other, evaluated in regions far more than one lateral resolution from the
edges of the rings, where it is supposed to be uniform. We obtained values of 0.30 rad,
0.31 rad and 0.67 rad with known, extracted through cross-correlation and unknown
shifts, respectively, which translate to depth resolutions ρd = λρφ/[2π(nPP − 1)] of
9.0, 9.2 (≈ λ/10) and 20 µm (≈ λ/5), respectively.

Fig. 9.3.: Lateral resolution of the hidden amplitude object reconstructed at multiple (u, v1)
distances (u: distance between the two objects; v1: textile-camera distance). The red star
indicates the values used for the results on the left-hand side of Fig. 9.2 and in Fig. 9.4.
From [Valzania et al., 2019].

Nxy = 22 Nxy = 50 Nxy = 100

Fig. 9.4.: Reconstructed hidden amplitude object using Nxy = 22 (left), 50 (middle), and
100 (right) exit waves selected at random positions. From [Valzania et al., 2019].

9.5 Discussion
This imaging technique consists of the combination of a known phase retrieval
algorithm, named SBMIR, and a method for the separation of the transmission
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functions of the objects, based on a stitching procedure. It should be noted, however,
that the SBMIR phase retrieval can be replaced by any other phase retrieval approach,
be it iterative or not. For instance an off-axis holographic setup would obviate the
need for the longitudinal camera stepping and thus reduce the measurement time.
As a drawback, this would introduce the limitations already described in section
5.5.

As anticipated, our technique bears a resemblance to ptychography in two
aspects. The first one concerns the experimental method, in that transverse shifts
are used to reconstruct two transmission functions. The second aspect is related to
the mathematical model, since in both techniques a multiplicative approximation is
assumed when describing the interaction between the two transmission functions.
This implies that the first and second object (or, in the ptychographic analogy, the
illumination function and the object transmission function) can be interchanged,
without modifying the mathematical description of the problem. To confirm our
hypothesis, we reconstructed the same objects with interchanged positions, so that
the textile was hidden, and the results are shown in Fig 9.5. The reconstructions of
the textile are worse due to two reasons. First, in these experiments it was farther
from the detector than in the previous ones. Second, its reconstruction distance
cannot be refined by optimizing the resolution of the object, as done previously [see
Fig. 9.3 again].

On the other hand, the fundamental difference between the two reconstruction
procedures is that, while in ptychography the shifts provide both redundant and
new information to solve the phase problem, here they serve as a means to sepa-
rate the transmission functions, once their product is known from phase retrieval.
Furthermore, our method is overall computationally simpler than ptychography,
because it requires neither starting guesses of the solutions, nor fine tuning of the
update parameters. This comes at the expense of a somewhat more complicated
experimental setup, needed to perform the preliminary phase retrieval. Besides
these preliminary observation, we believe that thorough comparisons between the
two techniques are worthwhile.

A fabric sample was chosen as the cover object because of the potential applica-
tion of this method to imaging through wound casts, in the context of imaging the
interface between skin and textiles discussed in Chapter 1, where seeing through
textiles is a crucial requirement. Our results are still preliminary, because a trans-
mission rather than a reflection setup was employed. However, we can already
claim that several features of our method are suited to this use. First, relative shifts
between the two objects on the order of the THz wavelength naturally occur in such
cases. Second, we can account for random shifts. Third, such shifts need not be
known, because they can be either retrieved or neglected, if one is interested in
reconstructing the hidden object only, thus suggesting that fly-scan imaging is also
achievable.
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Interestingly, since no assumptions on the two transmission functions have
been made, further applications of our method go beyond the use of THz radiation
and reconstructions through quasi-periodic objects. For example, Wu et al. [Wu
et al., 2017] reported reconstructions of a multiple scattering medium and an object
hidden behind it within the multiplicative approximation, using diffraction patterns
collected by longitudinally stepping the camera. In order to identify a shift-invariant
point-spread function, they needed the hidden object to be placed within the angular
speckle correlation range of the multiple scattering medium. Our approach could be
an alternative solution to their problem. Although the number of required diffraction
patterns must be increased by a factor Nxy, no speckle correlations must be assumed,
making the experimental constraints more relaxed in terms of field of view, size of
the objects and their relative distance. Such results would represent a significant step
towards imaging through biological tissues, representing the most relevant example
of multiple scattering media. In this perspective, one can foresee reconstructing
hidden objects, such as tumor masses, along with their surrounding environment of
healthy tissue.
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Fig. 9.5.: Experimental reconstructions of the object and the textile hidden behind it
(amplitude object on the left-hand side, label 1; phase object on the right-hand side, label 2).
(a) Schematic of the object. Reconstructed textile [object] (b) [(c)] using prior information
of the shifts applied to the textile, and (d) assuming unknown shifts. The lower left panels
show the colorbars used for amplitude, phase and complex-valued reconstructions. The
reconstructions of the textile share the same colorbar, where the hue encodes φt and the
brightness

√
|t|. Scale bars: 1 mm. From [Valzania et al., 2019].
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9.6 Conclusions
In this Chapter, we described a coherent imaging technique for reconstructing a
scattering object and an object hidden behind it in a transmission geometry, working
in two steps. First, the combined wavefront diffracted by the two objects was
reconstructed through a phase retrieval procedure. Second, relative transverse
shifts between the two objects were implemented and used in a stitching algorithm
to separate their transmission functions, where a multiplicative interaction was
assumed between them. Experimental demonstration was provided with a THz laser,
by reconstructing a glass fabric sample and a hidden pure amplitude or pure phase
object. For the former, we showed that the obtained lateral resolution is close to
the resolution of a simulated and unhidden amplitude object (see also Appendix E).
The applied shifts were shown to be reliably retrievable through cross-correlation
of the experimental images, without any prior knowledge. This aspect makes our
method particularly interesting for the real-life applications described in Chapter 1,
where the relative shifts between two objects, e.g. skin and a textile sample, are not
known. Analogies and differences with ptychography were also outlined. Although a
quantitative comparison is still needed, we believe that the implemented technique
can replace ptychography in some situations, e.g. when the experimental setup
allows for an additional phase retrieval step through a longitudinal camera scan,
as shown in these results, or a reference beam. Finally, potential applications were
discussed in the context of non-invasive imaging technologies, especially for the
investigation of complex biological tissues.
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10Conclusions and outlook

Throughout this work, advancements in full-field, coherent and lensless THz imaging
have been contributed in different aspects, namely:

1. The evaluation of the performance of thermal cameras for real-time THz
imaging;

2. The assessment of THz imaging towards the reconstruction of biological sam-
ples;

3. The development and implementation of new coherent lensless imaging tech-
niques.

In what follows, we are going to discuss the obtained results and their outlook from
the perspective of the application described in Chapter 1, which consists of using THz
imaging to deliver real-time images of skin for health monitoring through textiles
such as, among others, clothes, wound casts, or wearable sensors.

Currently, infrared micro-bolometers can be regarded as the best cameras in the
THz range. Although they are designed for a different frequency range, satisfactory
values of signal-to-noise ratio are obtained upon dark frame subtraction (Chapter 4).
However, this approach limits the frame rate, since the dark frame should be taken as
close in time as possible to the image, so to allow an efficient background subtraction
even in cases where the imaged scene is subject to thermal drifts around room
temperature. To obviate the need for dark frame subtraction, real-time THz imaging
would greatly benefit from the development of THz cameras with comparable
performance to infrared arrays.

The need for better THz cameras was also realized when imaging complicated
objects, like the fingertip replica (Chapter 5). Successful reconstructions were
obtained only with an off-axis digital holographic setup with a synthetic aperture
acquisition, improving the measurement data in two aspects: (i) increase of the
numerical aperture and, consequently, of the lateral resolution, through the increased
detector size and (ii) increase of the signal-to-noise ratio through the redundant
data collected in the regions measured multiple times. One can therefore obviate
synthetic aperture approaches, thereby making the measurements faster, by using
cameras with a larger detector area and a lower noise equivalent power (NEP ).
Although promising THz detectors have been manufactured (see, e.g., [Boppel
et al., 2012]), whose NEP is close to the one of the infrared camera used in our
experiments, the reported array size and frame rate are still far from reaching those
of infrared cameras. Similar considerations are valid for THz sources: in order to
make real-time THz imaging of skin-textile interfaces possible, the portability of
the imaging system is a crucial requirement. While much smaller, on-chip sources
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working at room temperature are currently available (e.g., quantum cascade lasers
[Belkin and Capasso, 2015]), their power is a factor ≈30 lower than that of gas
lasers.

A relevant step towards our goal would be to obtain reconstructions, comparable
to the ones in Chapter 5, on real skin samples. In vivo measurements certainly
provide the most realistic conditions to evaluate the potential of our technique. More
controlled and reproducible experiments can instead be performed with ex vivo and
in vitro studies, although some physiological functions may be altered.

The issue of reconstructing objects larger than the beam size was solved by
implementing ptychography, a scan-based coherent lensless technique which exploits
relative movements between the beam and the object to iteratively reconstruct the
latter (Chapters 6 and 7). It is noteworthy that, in the context of our selected
application, movements of skin against a counter-surface are at the basis of friction
processes. Ptychography can naturally take advantage of such movements to recon-
struct the scene, provided that the camera records partially overlapping images. The
need to deal with continuous movements of the object should not pose a problem,
since ptychography has been demonstrated to achieve fly-scan imaging in the X-ray
range [Odstrčil et al., 2018].

The innovative phase retrieval technique developed and implemented in Chapter
9, reconstructing two objects stacked one in front of the other, also exploits relative
movements between them. It could be further improved by noting that physical
translations of the objects can also be mimicked with tilted illuminations, as in the
reciprocal space variant of ptychography, named Fourier ptychography [Zheng et al.,
2013]. Adding an angular scan would introduce constraints between the diffraction
patterns obtained with translated objects and no tilt in the illumination and those
obtained with steady objects and tilted illumination. It would also be desirable to
allow reconstructions behind objects much thicker than the THz wavelength, for
which the multiplicative approximation used in Eq. (9.1) breaks down. Here multi-
slice approaches, like those employed in ptychography [Tsai et al., 2016], could be
implemented. Yet another improvement of our method is making it applicable in a
reflection setup. Along these lines, one may think of combining it with time-resolved
measurements, which allow discriminating the wavefronts reflected from one object
or the other, based on their arrival time on the detector. For instance, using a THz
photoconductive emitter, like the one manufactured by Toptica [Photoconductive
antennas, Toptica Photonics], in a low-coherence holographic setup would yield a
depth resolution in reflection of about the coherence length of the source, that is,
20 µm. At the currently available average powers, on the order of 10 µW, THz pulses
can penetrate several mm of non-conducting materials, like textiles, while posing no
danger on human health. Once these upgrades are implemented, reconstructions
behind weakly diffracting covers in reflection mode, like the ones reported in Chapter
8, would be achievable without large efforts.
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One of the two tasks related to imaging skin-textile interfaces which still needs
to be tackled [see Fig. 1.1(b)] is imaging the contact area of two objects subject
to friction. This situation introduces a further complication in the reconstruction
procedure devised in Chapter 9, that is, the two objects are not always the same
while they are rubbed against each other, owing to mechanical deformations at
the interface. A possible approach to deal with it consists of assuming the object
functions not to change significantly, except for an overall translation, within close
positions.

The second step, which we have not taken yet towards our application, is
assessing the capability of our techniques to image the interfacial humidity content.
If, on the one hand, the strong absorption of THz radiation by water worsens the
reconstruction of the interface with increasing water content, on the other hand
it can be used as a contrast agent, allowing us to follow the onset of sweating
processes in real-time. What would have to be estimated is the minimum resolvable
amount of water and the maximum hydration level of skin, which still enables its
reconstruction.

As a last word, we would like to stress that the relevance of the methods
implemented in this thesis goes well beyond the application considered here. Further
applications are expected in materials science, e.g., for the investigation of THz-
transparent materials, like plastics and intrinsic semiconductors. Also, our methods
are not restricted to the use of THz radiation, thus giving our studies a broad impact
on the field of coherent lensless imaging techniques, which is currently living an
exciting era.
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AProof of the object update
equation in the extended
ptychographical iterative engine
(ePIE)

In this Appendix, the update equation for the object transmission function of the
extended ptychographical iterative engine (ePIE) [Eq. (2.36a)] will be derived in
three ways. Because of the analogy between Eq. (2.36a) and the update equation
for the probe function [Eq. (2.36b)], the latter can be obtained in the same manner,
by swapping the object with the probe function. The approach adopted by [Maiden
et al., 2017] will be followed.

A.1 First proof: weighted sum of solutions
Let us consider Eq. (2.32), expressing the multiplicative interaction between the kth
estimates of the probe function pk(x) and of the object function ok(x− xk). Applying
the change of variables x→ x + xk, it becomes

ψk(x + xk) = pk(x + xk)ok(x) . (A.1)

A reasonable tentative solution for the new object function ok+1(x) would be the
following:

ok+1(x) = ψ′k(x + xk)
pk(x + xk)

, (A.2)

where we recall that ψ′k(x+xk) is the kth estimate of the exit wave at the object plane,
after correction with the intensity constraint. However, such an estimate is poorly
conditioned when pk(x + xk) is below the noise level. Therefore, a better estimate
consists of maintaining the previous estimate ok(x) in regions where pk(x + xk) is
low and using Eq. (A.2) where it is well above the noise. If we define a weight
function 0 ≤ wk(x + xk) ≤ 1, which evaluates to 1 where pk(x + xk) is high and
approaches 0 where pk(x + xk) is low, the new estimate can be written as follows

ok+1(x) = [1− wk(x + xk)]ok(x) + wk(x + xk)
ψ′k(x + xk)
pk(x + xk)

= ok(x) + wk(x + xk)
p∗k(x + xk)
|pk(x + xk)|2

[ψ′k(x + xk)− ψk(x + xk)] ,
(A.3)
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where the last side has been obtained using Eq. (A.1). Setting

wk(x + xk) ≡ α(o) |pk(x + xk)|2

maxx |pk(x + xk)|2
, (A.4)

with 0 ≤ α(o) ≤ 1, yields Eq. (2.36a).

A.2 Second proof: gradient descent
Let us consider the following error function, evaluating the difference between the
kth estimate of the exit wave at the object plane and its corrected version using the
intensity constraint:

E(res)
k (x) ≡ |ψk(x + xk)− ψ′k(x + xk)|2

= |pk(x + xk)ok(x)− ψ′k(x + xk)|2 .
(A.5)

We aim at finding an object function decreasing E(res)
k (x). To this end, we calculate

the rate of change of E(res)
k (x) when the object changes, by computing the gradient

of E(res)
k (x) with respect to ok(x). Recalling that ∇x|a x − b|2 = 2a∗ (a x − b) and

making use of Eq. (A.1), we obtain

∇ok
E(res)
k (x) = 2p∗k(x + xk) [pk(x + xk)ok(x)− ψ′k(x + xk)]

= −2p∗k(x + xk) [ψ′k(x + xk)− ψk(x + xk)]
(A.6)

The new estimate of the object function will therefore be obtained by changing the
object by the amount γ in the direction opposite to the gradient:

ok+1(x) = ok(x)− γ∇ok
E(res)
k (x)

= ok(x) + 2 γ p∗k(x + xk) [ψ′k(x + xk)− ψk(x + xk)] .
(A.7)

Equation (A.7) is equivalent to Eq. (2.36a) when

γ ≡ α(o)

2 maxx |pk(x + xk)|2
. (A.8)

A.3 Third proof: minimization of a regularized cost
function

In [Thibault and Menzel, 2013] the following regularized error function was consid-
ered:

Ereg
k (x) ≡ |pk(x + xk)ok+1(x)− ψ′k(x + xk)|2 + uk(x + xk)|ok+1(x)− ok(x)|2 . (A.9)
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It is minimized at the stationary point, obtained by setting to zero its gradient with
respect to the new object function

∇ok+1E
(reg)
k (x) = 2 p∗k(x + xk) [pk(x + xk)ok+1(x)− ψ′k(x + xk)]+

+ 2uk(x + xk)[ok+1(x)− ok(x)] .
(A.10)

This yields

ok+1(x) = ok(x) + p∗k(x + xk)
|pk(x + xk)|2 + uk(x + xk)

[ψ′k(x + xk)− ψk(x + xk)] , (A.11)

where Eq. (A.1) has been used once again. Equation (A.11) becomes Eq. (2.36a) if
we choose

uk(x + xk) ≡
maxx |pk(x + xk)|2

α(o) − |pk(x + xk)|2 . (A.12)

Combining Eqs. (A.4) and (A.12) we also get

uk(x + xk) = |pk(x + xk)|2[w−1
k (x + xk)− 1] , (A.13)

from which we deduce that wk and uk have an opposite effect on the update of the
object function. On the one hand, a large value of wk is employed where a change
of the object can be trusted, namely where the probe is much higher than the noise
level. On the other hand, uk can be regarded as a penalty term, which is large where
the probe is comparable to the noise level. As a consequence, in those regions the
cost function E(reg)

k is large and updating the object is not considered reliable.
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BDefinition of some detector
figures of merit used in Chapter 4

In this appendix, some of the figures of merit used to characterize the thermal
cameras compared in Chapter 4 will be defined. The equations that will be provided,
taken from [Kruse, 2001], have been used to calculate the NEP and D∗ values
reported in Table 4.1.

Responsivity

The responsivity R is defined as the ratio between the output signal Sout from a pixel
and the radiant power Pin incident on it, namely

R ≡ Sout

Pin
. (B.1)

Because Sout is usually a voltage or a current, R is expressed in V/W or A/W.

Noise equivalent power

The noise equivalent power NEP , expressed in W, corresponds to the radiant power
incident on a pixel and giving rise to a signal Sout equal to the noise level N within
the device bandwidth. Using Eq. (B.1) with Pin = NEP and Sout = N gives

NEP ≡ N

R
. (B.2)

Noise equivalent temperature difference

The noise equivalent temperature difference NETD is defined as the change in
temperature of a blackbody, giving rise to a change of the signal-to-noise ratio
SNR ≡ Sout/N by 1. Unlike the previous parameters, NETD also depends on the
optics used to produce the image on the detector, as well as the temperature. It is
calculated as follows,

NETD ≡ 4F 2

Topt

NEP

Apix(dI/dT )λ1−λ2

, (B.3)

where F ≡ (2NAopt)−1 is a geometric factor inversely proportional to the numerical
aperture of the optics, Topt is the optics power transmission coefficient, Apix is the
area of one pixel, and (dI/dT )λ1−λ2 is the rate of change of the radiant intensity
emitted by a blackbody, expressed in W/m2, with respect to the temperature T and
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within the wavelength range [λ1, λ2]. For a thermal detector designated in the
infrared band [8, 14] µm, one has (dI/dT )8-14 = 2.62 W m-2 K-1. When the detector
is used without optics, as in the studies performed in Chapter 4, we can set Topt =
NAopt = 1, so that the first fraction on the right-hand side of Eq. (B.3) equals 1 and
the NETD takes the simplified form

NETD′ ≡ NEP

Apix(dI/dT )λ1−λ2

. (B.4)

Equation (B.4) has been used in Chapter 4 to calculate the NEP in cases where
only the NETD′ was available from the camera specification sheet. When the pixel
pitch instead of the pixel size was known, the former was used to calculate Apix.

Specific detectivity

The specific detectivity D∗ can be regarded as the reciprocal of the NEP , normalized
to the square root of the pixel area and of the bandwidth B, namely

D∗ ≡
√
ApixB

NEP
. (B.5)

It is commonly expressed in cm
√

Hz/W, a unit which is also known as Jones. The
values of D∗ compiled in Table 4.1 have been calculated from Eq. (B.5) assuming
B = 1 Hz.
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CDefinition of the stitching operator
S used in Chapters 5, 9

Let us consider two functions f , g: D 7→ R describing two images taken at different
positions of the camera, with D ≡ Df ∪ Dg and Df , Dg denoting the detection areas
while acquiring f and g, respectively. Therefore, they are assumed to evaluate to 0
on either D \Df or D \Dg. We define the sum operator acting on f and g, S(f, g), as
follows:

S(f, g) =


f(x) if x ∈ Df \ Dg

1/2[f(x) + g′(x)] if x ∈ Df ∩ Dg ,

g′(x) otherwise

(C.1)

where g′ is derived from g in a way that ensures that f and g have the same mean
value in their overlap region, i.e. g′(x) ≡ α g(x) + β. The gain α and the offset
β are used to compensate for exposure differences during the acquisition of the
images and are obtained through a pixel-wise linear regression in the overlap region
Df ∩ Dg.

If f and g contain circular data because, for instance, they represent phase
values bound in the range [-π, π), the sum in their overlap region must be carefully
performed. In order to avoid 2π-jumps, the stitched image obtained from f and g,
S(f, g), must be calculated according to S(f, g) = arctan2[S(sin f, sin g), S(cos f, cos g)],
where α = 1 and β compensating for a phase offset between f and g with no physical
relevance.

In all the other cases, the sum operator applied to the two images directly
provides the stitched image, that is, S(f, g) = S(f, g).

Finally, we extend the stitching operation to more than two images by defining
the new, extended stitching operator S , acting on the set of fm. Denoting with 1m
the indicator function of each fm, which equals 1 in the corresponding detector area
and 0 elsewhere in the total stitched image, we define the stitched image recursively
with the following cumulative moving average:

SM
m=1(fm) ≡ S

(
2∑M

m=1 1m
fM ,

2
∑M−1
m=1 1m∑M
m=1 1m

SM−1
m=1 (fm)

)
, with S 1

m=1(fm) ≡ f1 ,

(C.2)
that is, the stitching is performed pair-wise between the new image and the already
stitched image.
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DRotational transformation of the
complex amplitude of a wavefront

We analytically derive an expression for the complex amplitude of a wavefront in a
coordinate system rotated with respect to the camera coordinate system at which
it is usually reconstructed. The approach described in [Matsushima et al., 2003;
Matsushima, 2008] will be mostly followed.

D.1 Definitions
We refer to the coordinate systems shown in Fig. 5.1(b). A wavefront u is described
in the “camera coordinates” r ≡ (x, y, z) after it has been reconstructed via one
of the techniques described in this thesis. Let us assume that its (x, y, 0) plane is
parallel to the camera detection plane and its origin is at the center of the object and
at the distance d from the center of the detection plane. The wavefront u(x, y, z)
may therefore have been obtained upon back-propagating the complex amplitude
retrieved at the detection plane by the distance d. We wish to express u in the
“object coordinate system” r̂ ≡ (x̂, ŷ, ẑ), whose (x̂, ŷ, 0) plane lies on the object. This
coordinate system shares the origin with r and it is obtained by applying a rotational
transformation, described by the matrix Θ, to r, as follows:

r̂ = Θ r (D.1a)

r = Θ−1 r̂ , (D.1b)

where the inverse matrix Θ−1 equals the transpose matrix ΘT . Denoting the matrix
elements of Θ with

Θ ≡


a1 a4 a7

a2 a5 a8

a3 a6 a9

 , (D.2)

then

Θ−1 ≡ ΘT =


a1 a2 a3

a4 a5 a6

a7 a8 a9

 . (D.3)
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We hereby note that if the rotation axis, described through the unit vector b ≡
(bx, by, bz), |b| = 1, and the rotation angle β are known, then Θ takes the more
suggestive form, obtained from Rodrigues’ rotation formula [Mebius, 2007]:

Θ = exp(βB) (D.4a)

B ≡


0 −bz by

bz 0 −bx
−by bx 0

 . (D.4b)

In the following derivation, we will adopt the notation with the general matrix
elements of Eqs. (D.2) and (D.3).

D.2 Angular spectrum representation of u(x, y, z)
We first write the wavefront u(x, y, z) in a convenient way, which will ease the
coordinate transformation detailed in the next section. We begin by expressing
u(x, y, 0) through its two-dimensional Fourier Transform U(fx, fy), namely:

u(x, y, 0) = F−1{U(fx, fy)} ≡
� +∞

−∞
U(fx, fy) exp[2πi(fxx+ fyy)] dfx dfy , (D.5)

where the spatial frequencies of u(x, y, z) along x and y have been denoted with fx
and fy, respectively. We realize that Eq. (D.5) describes u(x, y, 0) as a superposition
of plane waves in the form

Akx,ky exp[i(kxx+ kyy)] , (D.6)

with amplitudes Akx,ky and wavevectors k ≡ (kx, ky, kz), which propagate at the
angles cos−1(kx/|k|) and cos−1(ky/|k|) with respect to the x and y axes, respectively.
For this reason, U(fx, fy) is also referred to as the angular spectrum of u(x, y, 0).
Comparing the integrand on the right-hand side of Eq. (D.5) with Eq. (D.6),
Akx,ky corresponds to the infinitesimal quantity U(fx, fy)dfxdfy, while the x and y
components of the wavevector are kx,y = 2πfx,y. The z component of the wavevector
instead depends on kx, ky, as the modulus |k| must satisfy |k| ≡

√
k2
x + k2

y + k2
z ≡

2π/λ, leading to kz = kz(kx, ky) =
√

4π2/λ2 − k2
x − k2

y. By analogy with fx and fy,
the spatial frequency along z can be defined as fz ≡ kz/(2π), and is obtained from
fx, fy through fz(fx, fy) =

√
λ−2 − f2

x − f2
y . This allows us to write the wavefront

u at any position in space, u(x, y, z), as

u(x, y, z) =
� +∞

−∞
U(fx, fy) exp{2πi[fxx+ fyy + fz(fx, fy)z]} dfx dfy . (D.7)
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D.3 Coordinate transformation
We are now interested in expressing u(x, y, z) in the object coordinate system, and
evaluate it on the object plane (x̂, ŷ, 0). Let us identify this sought quantity with
û(x̂, ŷ, 0). Because the fields u and û must represent the same wavefront, we must
have

û(r̂) = u(r) (D.8)

which, using Eqs. (D.1b), (D.3) and (D.7) and evaluating at r̂ = (x̂, ŷ, 0), yields the
following:

û(x̂, ŷ, 0) = u(a1x̂+ a2ŷ, a4x̂+ a5ŷ, a7x̂+ a8ŷ)

=
� +∞

−∞
U(fx, fy) exp{2πi[(a1fx + a4fy + a7fz)x̂+ (a2fx + a5fy+

+ a8fz)ŷ]} dfx dfy .
(D.9)

Note that the matrix Θ also transforms the wavevector k and, consequently, the
spatial frequencies f ≡ (fx, fy, fz), from the camera coordinate system to the object
coordinate system, as it does for the spatial coordinates r, that is,

f̂ = Θ f (D.10a)

f = Θ−1 f̂ , (D.10b)

Therefore, the first and last sides of Eq. (D.9) can be rewritten as

û(x̂, ŷ, 0) =
� +∞

−∞
U(fx, fy) exp{2πi[f̂xx̂+ f̂yŷ]} dfx dfy . (D.11)

In order to write û(x̂, ŷ, 0) in a form similar to Eq. (D.5), we should now express
U(fx, fy)dfxdfy as a function of the transformed spatial frequencies f̂x, f̂y. Let us
define the following function α(f̂x, f̂y):

α(f̂x, f̂y) ≡ [α1(f̂x, f̂y);α2(f̂x, f̂y)] , (D.12)

with

fx = α1(f̂x, f̂y) ≡ a1f̂x + a2f̂y + a3f̂z(f̂x, f̂y) (D.13a)

fy = α2(f̂x, f̂y) ≡ a4f̂x + a5f̂y + a6f̂z(f̂x, f̂y) , (D.13b)

which were obtained from Eq. (D.10b). The change of variables in the integral of
Eq. (D.11) requires the determinant of the Jacobian matrix Jα(f̂x, f̂y) of α(f̂x, f̂y),
which is

det Jα(f̂x, f̂y) = ∂α1

∂f̂x

∂α2

∂f̂y
− ∂α1

∂f̂y

∂α2

∂f̂x
(D.14)
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and allows us to make the substitution

dfx dfy = |det Jα(f̂x, f̂y)| df̂x df̂y . (D.15)

Finally, the wavefront in the object coordinate system is written as

û(x̂, ŷ, 0) = F−1{Û(f̂x, f̂y)} ≡
� +∞

−∞
Û(f̂x, f̂y) exp

[
2πi(f̂xx̂+ f̂yŷ)

]
df̂x df̂y ,

(D.16)
with

Û(f̂x, f̂y) ≡ U [α1(f̂x, f̂y), α2(f̂x, f̂y)] |det Jα(f̂x, f̂y)| (D.17)

and where in numerical implementations the values of Û(f̂x, f̂y) are obtained by
interpolation on the grid of points where U(fx, fy) is given. If we define the following
rotation operator

RΘ[·] ≡ F−1{F{·}[α1, α2]|det Jα|} (D.18)

then the transformed wavefront on the (x̂, ŷ, 0) plane, shortly referred to as (x̂, ŷ),
can be expressed as

û(x̂, ŷ) = RΘ[u](x̂, ŷ) , (D.19)

which corresponds to Eq. (5.5) for the object function o.
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EOptimum acquisition parameters
and lateral resolution of the
SBMIR technique in the THz
range

The minimum recording distance of a SBMIR phase retrieval experiment can be
obtained using the Nyquist criterion. The smallest period Λ contained in the fringe
pattern produced by the wavefront scattered by the object must be reliably sampled
by the detector pixel pitch δ. For an object of size L at a distance v from the detector,
Λ = λ/[2 sin(α/2)], where λ is the wavelength and α ≡ 2 arctan[L/(2v)] is the angle
under which an on-axis point on the detector sees the object. The Nyquist criterion
requires that 2δ < Λ, or sin(α/2) < λ/(4δ). In the visible range [Almoro et al.,
2006], this limits α to the range of a few mrad, as λvis/(4δ) ∼ 10−2 for standard
CCD cameras. However, using THz radiation sets no limits on α, since λTHz/(4δ) > 1,
namely the object can be placed as close to the detector as experimental constraints
allow, thereby increasing the numerical aperture of the imaging system.

By analogy with ptychography, the SBMIR algorithm requires that each diffrac-
tion pattern collected at a different distance from the object provides both new
and redundant information. The distance along the optical axis z, after which the
diffraction pattern of the object has significantly changed from the pattern at the
distance v, is comparable with the depth of focus εz of the imaging system, defined
as εz ≡ λ(v/w)2, where w is the beam diameter. Therefore a reasonable choice of
the longitudinal shifts ∆z is on the order of εz.

We investigated the lateral resolution ρ of the SBMIR reconstructions with
simulations. The simulated object was the Siemens Star, with an inner diameter of
4 mm, already reconstructed in several Chapters of this thesis. For its reconstruction
we used diffraction patterns taken at Nz = 5 planes perpendicular to the z-axis and
200 iterations, which were started with flat amplitude and phase distributions as the
initial solution. The minimum recording distance v1 spanned the range 1.6−12.6 mm,
resulting in a maximum numerical aperture NAmax ≡ sin θmax between 0.35 and
0.95, where θmax is half the detector acceptance angle seen from an on-axis point
at the distance v1. The diffraction patterns were acquired at equidistant planes
separated by ∆z from each other. The results shown in Fig. E.1 were obtained
for two values of ∆z, which have been expressed in units of a reference depth of
focus ε0 = 0.87 mm calculated at λ = 96.5 µm, w = 4 mm and v = 12 mm. For each
reconstruction, the lateral resolution was estimated with the inverse of the cutoff
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frequency of the modulation transfer function, obtained by averaging the intensity
of the reconstructed wavefront along concentric rings with decreasing radii and
centered with the Siemens Star, as detailed in [Valzania et al., 2018a] and in Chapter
6. Each simulation point plotted in Fig. E.1 is the average of ρ/λ, performed over 8
wavelengths in the range 96.5− 400 µm, while its standard deviation corresponds to
the total length of each error bar. For fixed ∆z and Nz, ρ/λ is shown to be bound
by the resolution limits (2NAmax)−1 (plotted with a black line) and (2NAmin)−1

(plotted with the color of the corresponding ∆z) from below and above, respectively,
where the minimum numerical aperture NAmin is calculated at the farthest recording
plane, at the distance v5 from the object. The light-blue square indicates the lateral
resolution of the experimental reconstruction of Fig. 9.2(b1), obtained with a
real 4-mm Siemens Star behind a glass fabric sample and the same reconstruction
parameters employed here. The experimental resolution is compatible with the
SBMIR reconstruction of the simulated Siemens Star, where no cover object was
present.

Simulations

max

[Fig. 9.2(b1)]

Fig. E.1.: Lateral resolution ρ normalized to the wavelength λ of the SBMIR reconstructions
simulated with Nz = 5 diffraction patterns at relative distances ∆z = 1.1ε0 (blue) and
∆z = 3.4ε0 (red), used in 200 iterations. The estimated normalized resolutions are plotted
with markers, while the resolution limits (2NAmax)−1 (in black) and (2NAmin)−1 (in the
color of the corresponding ∆z) are plotted with lines. The light-blue square shows the
resolution of the experimental reconstruction in Fig. 9.2(b1). Adapted from [Valzania et al.,
2019].
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