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Preface

In this work, we focus on developing the theory of regular variation on general Polish spaces,
i.e. complete separable metric spaces.

We first revisit some familiar results regarding the theory of extremes and regular vari-
ation in R%, d > 1. These results are mainly retrieved from [2], [I7], [48] and [54]. The
reader can find them in Chapter [I] together with some basic theoretical background that is
crucial in our approach (Section . Motivated by [54] and the authors’ approach to polar
decomposition on star-shaped spaces using the modulus, we extend our analysis to a more
general setting. Specifically, we consider spaces that are not necessarily star-shaped and
equip them with a general scaling, modulus, and bornologies generated by the modulus. It
is important to note that these bornologies, as families of bounded sets, may not necessarily
be the families of sets whose closure does not intersect the origin. Moreover, similar to [40],
where the authors remove a fixed closed cone from the underlying space, we often remove a
cone.

In Chapter 2] we introduce the notion of vague convergence on a Polish space with respect
to the bornology on a given space (Section . Using vague convergence, we define regular
variation and show some basic properties that are naturally extended from simpler spaces
and also hold in our setting (Section . We consider reductions to a subcone (Section ,
where the so-called hidden regular variation phenomenon may occur (see [46], and [40] for
the case of a star-shaped space). With the introduction of general scaling and modulus,
the theory becomes more widely applicable. In this context, we present some representative
examples to illustrate its broader scope.

In Chapter [3, we extensively analyse continuous transformations of a regularly varying
random element and show that under certain conditions on the space and the transformation,
the mapped variant is also regularly varying (Section . One such transformation is the
polar decomposition (Section . We also explore the connection of regular variation with
point process convergence (Section and consider set-valued maps as well (Section .
Finally, we investigate an equivalence relation on a Polish space and find conditions under
which the whole class of equivalence is regularly varying as an element from the quotient
space and as a closed subset of the underlying space. Moreover, we examine what happens if
we continuously select an element from a class. All of these topics are covered in Section [3.8]
Throughout the sections, we provide an extensive and detailed list of examples.

In Chapter [l we examine an independent and identically distributed sequence of ran-
dom variables from a certain maximum domain of attraction and investigate the compound



maxima of such a sequence, where the number of observed variables can depend on the ob-
servations themselves (see [34] and [59] for the independent case). By using results on point
process convergence (we refer to [8]), we show that as long as the number of observations
considered in the compound maxima is a stopping time with respect to the natural filtration
of the sequence of observation and the expected number of observations is finite, then the
compound maxima belongs to the same maximum domain of attraction (Section [£.2). We
then apply these results to some marked renewal cluster processes (Section .

For a better understanding of the content, we recommend that the reader consider some
preliminary literature on extreme value analysis, regular variation and cluster models, such
as [17], [38], [42], and [48]. The results presented in this paper originate from two articles
written jointly with Bojan Basrak, Ilya Molchanov, and Petra Zugec, one of which has
been published (see [4] and Chapter {f), whereas the second paper is still in preparation
(Chapters 1-3).



Chapter 1

Introduction

1.1 Preliminaries on maximum domains of attraction

Consider a sequence of independent and identically distributed (i.i.d.) random variables
(X)ien on the same probability space (€2, F, P) with a distribution function F. Let (\/]_, X;)nen
denote a sequence of partial maxima, defined as

(\/ Xi) (w) = max(X; (w), Xo(w), ..., Xp(w)), we.

Let zp denote the right endpoint of the distribution function F', defined as xp = sup{z :
F(z) < 1}. Note that zr may take the value co. To establish convergence in distribution of
a sequence of partial maxima, it is straightforward that

P{\/X,<zp=P{X<az}"»{ 0 " =00
A 0, otherwise.

Due to this simple convergence, it is of greater interest to centre and scale the sequence of
partial maxima and inquire whether, after appropriate normalisation, the sequence of partial
maxima converges in distribution to some non-degenerate distribution.

Definition 1.1.1. Random variable X (or its distribution function F') belongs to the max-
imum domain of attraction of distribution G (X € MDA(G)) if there exists a sequence of
positive constants (a,),eny and a sequence of real constants (by,),en such that

X — by,
P{V’:l—gx}%G(:c) as n — oo (1.1)
Qn
for all x € R continuity points of G, where X;, i = 1,2, ..., are independent copies of X.

Sequences (a,)neny and (b, )nen are called normalising sequences. By saying that X be-
longs to MDA(G) with normalising sequences (a,)nen and (by,)nen, we assume that (1.1))
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holds with the first sequence being the denominator and the second sequence being the cen-
tring sequence. In 1928, Fisher and Tippet in [24] recognised that G belongs to the class of
distributions called extreme value distributions (see also [27] and [I6]). This is a family of
distributions whose distribution function is of the form G.(ax +b), where a > 0, b € R, and
v € R, Here, {G,,7 € R} is a parametric family of distribution functions of the following
type:

G (z) = exp{—(1+~y2) "}, 14~z >0.

For v = 0, G, is interpreted as exp{—e~*}. In other words, after proper centring and scaling,
G belongs to one of the three types of distributions: Fréchet (®,), Weibull (¥,,) and Gumbel
(A). The distribution functions of these distributions (see [48], Proposition 0.3]) are given by

0 <0
O (r) =14 " TS for some a > 0,
exp{—z"%}, x>0,

for some a > 0,
1, x>0,

A(x) =exp{—e"}, z€R.

¥o(o) = {exp{—(—x)o‘}, r <0,

It follows that

Co(z) = Gy((x—1)/7), fora=1/y>0,
Gy(=(1+x)/v), fora=-1/v>0,

The family of extreme value distributions coincides with the family of max-stable distri-
butions, which are distributions that belong to their own maximum domain of attraction.
There exists a functional relation between these distribution. The following equivalences
hold (see [41, Remark 1.4.14))

X ~ @, (Fréchet) <= —X'~U, (Weibull) <= logX®~ A (Gumbel).

Example 1.1.2. Examples of well-known distributions that belong to the maximum domain
of attraction of Fréchet distribution include Pareto, Cauchy, ¢, and F' distributions. The
maximum domain of attraction of Weibull distribution, which consists only of distributions
with a finite right endpoint, includes Beta and uniform distributions. Exponential, Gamma,
normal, and log-normal distributions are all examples of distributions that belong to the
maximum domain of attraction of Gumbel distribution.

For characterisations of maximum domain of attraction of Fréchet, Weibull and Gumbel
distribution, we refer to [17] and [48]. We state some of their main results in the following
theorem, which characterises each of the maximum domains of attraction.

Theorem 1.1.3. [17, Theorem 1.2.1] The distribution function F' is in the mazimum do-
main of attraction of the extreme value distribution G if and only if
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(i) fory>0: xp =00 and

1—F(t
T 7 _F((f)) SaTv ast— oo (1.2)
for all x > 0;
(i1) fory < 0: xp < 0o and
1—F(xp —tx) 1
t 1.
= F(ap— 1) —ax 7 ast—0 (1.3)

for all x > 0;
(iii) for v =0: zp can be finite or infinite and

1—f(_t;(:§§”(t))%ex ast — wp (1.4)

for all real x, where f is a suitable positive function. If (1.4)) holds for some f, then
(1 —F(s))ds < 0o fort < zp and (1.4) holds with

t

JIF (1L F(s))ds

) == 1— F(¢)

The authors of [17] state the explicit form of sequences (an)neny and (b,)nen (see also
[41]) which we mention below. The condition (1.2) is closely related to the definition of a
regularly varying function. A positive measurable function ¢ : (a,00) — (0, 00), for some
a € R, is said to be regularly varying at infinity with index o € R if

g(tx) o
g9(t)

for all x > 0. The family of all functions regularly varying at infinity with index « is
denoted by RV,. A function is said to be regularly varying at zero by letting ¢ | 0 instead
of t = oco. A function is said to be regularly varying at an arbitrary point z, € R if
g(xg — 27 1) is a regularly varying function at infinity. If we denote the tail distribution
function 1 — F by F, then a random variable X with distribution function F is said to be
regularly varying with index a > 0 if F' is a regularly varying function at infinity with index
—a. We say that a random variable X is regularly varying at zo € R if F' is regularly varying
at £o. When we use the term "regular variation,” we usually refer to regular variation at
infinity. If any other case arises, we will explicitly mention it. Some authors use the term
"regularly varying random variable” for variables that have regularly varying tail distribution
functions in a balanced manner (see [2]), so that |X| is regularly varying at infinity and
that there exists p € [0,1] such that P{X > tz} /P {|X| >t} — px~® as t — oo, and
P{X < —ta} /P{|X| >t} = (1 —p)z~® as t — oo for every z > 0.

ast — oo
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Thus, the first statement of Theorem says that Fréchet domain of attraction coin-
cides with the family of regularly varying random variables. Normalising sequences (a,)nen
and (b, )nen from (1.1) are given by

a,=F~(1—-1/n)=(1/F)"(n), b, =0,

where F* is a quantile function F* (a) = inf{x : F(x) > a}. The second statement
of Theorem [I.1.3] states that a random variable X with right endpoint zr belongs to the
Weibull domain of attraction if and only if zp— X has a distribution function that is regularly
varying at zero. Equivalently, (xr — X)™! is regularly varying with index —1/+, which is
further equivalent to X being regularly varying at zr. These statements follow from (|1.3))
and:

I :hml—F(a:F—tx) _ imP{a:F—X < tx} — lim P{(zp — X)) > ty} _
to 1— F(xp—1) to P{zp — X <t} too P{(zp — X)~1 >t}
_ -1
— lim P{X >uzp—(ty)'}
t—00 P{X > SL’F—t_l}

=y,

where y = 1/ > 0 and 7 < 0. Since the MDA of the Weibull distribution consists only
of distributions F' such that xp < oo (as well as some of the distributions from the Gum-
bel domain of attraction), they are considered to be ”light-tailed” and hence are often not
considered when dealing with maximal value since F((L) = 0 for L > zp. Therefore, dis-
tributions whose right endpoint is finite are often omitted in the analysis of the maximum.
The normalising sequences (a, )neny and (by, )nen from in the case of the Weibull domain
of attraction are given by

a,=zp—F"(1—=1/n), b,=uzp.

As already mentioned, the Gumbel domain of attraction consists of distributions whose
right endpoint is finite and distributions whose right endpoint is infinite. For the function f

from (1.4), sequences (a,)neny and (b, )nen that satisfy (1.1) are given by

a, = f(F(1—1/n)), by=F=(1—1/n).

1.2 Preliminaries on regular variation in R?, d > 1, and
star-shaped metric spaces

For any real function f, the set {x : f(z) # 0} is called the support of f, and throughout,
it will be denoted by supp f. The condition is equivalent to the following: for every
x € supp G,

nP{X > a,r+0,} = —logG(x) asn— oo, (1.5)

see [48] page 68]. Let X = supp G. Note that in the Fréchet case, X is equal to R, where
R, = [0,00), while in the Weibull and Gumbel cases, X = R. In the first case, we say
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that a set By C X is bounded if it is a subset of (a, 00) for some a > 0, which is often said
to be bounded away from zero. To be precise, this terminology refers to all sets that are
contained in the complement of a ball centred at the origin. In other words, the closure of
sets does not intersect the origin. Note that in this case, the origin is the single point 0, and
a ball is considered with respect to the usual metric in R;, ||a|| = a. One may wonder if
different metrics and different origins give different notions of boundedness away from zero.
This is indeed the case, and more details can be found in Section [I.3] In the second case, a
set By C X is bounded if it is a subset of (a,00) for some a € R. Therefore, the notion of
bounded sets in X is closely connected to the choice of extreme value distribution G.

We denote by S(X) the family of all bounded subsets of X, by B(X) the Borel o-algebra
on X, and by Cs the collection of all bounded continuous functions f : X — R with bounded
support, as previously defined. A measure 7 : B(X) — [0, oo| is said to be boundedly finite if
n(B) < oo for every measurable and bounded B. The spaces of boundedly finite measures
and boundedly finite point measures on X are denoted by M(X) and M, (X), respectively.

A sequence of measures (7, )nen, M € M(X) (or 7, € M,(X)), converges vaguely to
n € M(X) (or n € My(X)) if n.(f) = [x fdnn — [5 fdn = n(f), for every f € Cs. Vague
convergence of this type will be denoted by 7, — 1 as n — oo.

Note that a Borel og-algebra on M(X) generated by the vague topology coincides with
the smallest o-algebra on M(X) making the maps n — n(f), from M(X) to R, measurable
for all f € Cs. Both M(X) and M, (X) with their respective vague topologies are Polish
(see [48, Chapter 3]).

Using a variant of the Portmanteau theorem for vague convergence [48, Proposition 3.12],
one can conclude that the vague convergence of measures 7, towards n in M(X) can be
characterised using the following condition

na(B) — n(B), B e S(X)nNB(X) such that n(0B) =0,

where 0B denotes the boundary of the set B. It suffices to observe sets (z,00), for z > 0
or z € R, depending on X as before, see [4§]. Thus, the condition (1.5)) is equivalent to the
condition

nP{Xa b"e-}ﬁug(-) as n — 0o, (1.6)
where p denotes the measure induced by the function —log G(z), that is, ug(x,o00) =
—log G(z). Note that ug({z}) = 0. Moreover, [17, Theorem 1.1.2]) shows that instead of
parametrising with n € N, one can use ¢t > 0 and functions a(t) = ayy), b(t) = by, so that
the analogous convergence holds as ¢ — co.

The definition of a regularly varying random variable can also be introduced using vague
convergence. A random variable X is said to be regularly varying with index o > 0 if there
exist g € RV, and a nontrivial measure p € M(X) such that

gt P{t7'X e -} > pu(-) ast— oo (1.7)

It is not difficult to see that these two definitions are equivalent. First, assume that X is
regularly varying in the sense that its tail distribution function is regularly varying. Then, it
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suffices to set g(t) = P {X >t} ", which is in RV,. In that case u(x, 00) = 2~*. Now assume
that X is regularly varying in the sense of and consider the ratio of g(¢)P {X > zt} and
g(t)P {X >t} for some z € R. This ratio equals the ratio of the tail distribution functions
and converges towards u(x,00)/u(1,00). Since the ratio of g(zt)P {X > xt} and the same
term with x = 1 converges to 1 and g is regularly varying, these two facts imply that the
tail distribution of X is regularly varying. Note that under 1 is a-homogeneous in the
sense that

u(tA) =tu(A), AeB(X), t>0.

Definition of regular variation in more general spaces again uses vague convergence of
measures: for example in R? see [47], in the space of non-empty compact subsets of a
separable Banach space with origin excluded, see [44] and in star-shaped metric spaces, see
[54]. We follow the notation as before for the set X = (R U {400})? where set A C X is
considered to be bounded if it is bounded away from zero or, in other words, its closure
does not intersect the origin. Vague convergence v, — v is then defined in the same way, as
convergence of v,(f) to v(f) for every bounded continuous real function f whose support
is bounded. We say that a random vector X is regularly varying in X (see [2]) with a
tail measure p € M(X '\ {0}) if there exists a measurable and bounded set C' such that
w(0C) =0, tC € S(X)NB(X), t € T, where T is dense in (0, 00), and the following holds:

P{Xet-} ,
m—),u() as t — oa.

Note that this can easily be transformed into relation of the type ((1.7). It is often practical
to analyse joint distribution
X
1)
(HX I

for an arbitrary norm ||-|| in X. The mapping = — (x/||z||, ||]) from X\ {0} to S¥* x (0, o),
where S¥t = {2 € X : ||z| = 1}, is called the polar decomposition of x € X\ {0}. This
mapping is a continuous bijection, and the inverse mapping is also continuous. The polar
decomposition is one of the ways to characterise regular variation. A random vector X is
regularly varying in X if and only if there exists a random vector § € S%~! such that for some
a > 0 we have

P{IXI > tu, X/ X[ €} o -
—u *P{le-} ast— oo
P{[[X][ >t}

for all u > 0, where the vague convergence is considered with respect to the Borel o-algebra
on S%1. Note that for u = 1, the term on the right-hand side equals to the distribution of
X/|| X conditioned on ||.X|| > t. The measure P {# € -} is called the spectral measure of X.
Moreover, if X is a regularly varying random vector, then || X || is a regularly varying random
variable. This holds because P { || X|| > ut, X/|| X|| € S} /P {||X|| > ¢} converges to u™®
as t — oo for every u > 0.

Now let X be a general complete and separable metric space with origin 0, and completely
metrisable with metric d. For such a space, the authors of [54] consider a more general polar
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decomposition which uses the so-called modulus instead of a norm. In the following, we
briefly present the results from [54]. To start with, we define scaling (called in [54] the scalar
multiplication) as a map [0,00) x X — X that maps (¢, z) to Tyx continuously in the product
topology, and has the following properties:

(i) TiTsx = Tisx for all t,5 > 0, z € X
(ii) Thx = x for all x € X.

If X is such that for every x € X\ {0} and ¢,s > 0, t < s we have d(0, T;z) < d(0, T,z), then
X is said to be star-shaped. For the rest of this section, we assume that X is star-shaped.
We say that a function f : X — [0, 00) is homogeneous if f(Tix) = tf(x) for all ¢ > 0 and
x € X. The modulus 7 : X — [0,00) is defined as a continuous homogeneous function with
the property that for every ¢ > 0, inf{7(z) : d(z,0) > ¢} > 0. With these notions of scaling
and modulus, polar decomposition is now given by

px) = (Tr@)-rz, (),

as a mapping from X\ {0} to {z : 7(x) = 1} x (0,00). The family of bounded sets S(X) in
this case is a class of all sets bounded away from zero in the sense that B € S(X) if there
exists 7 > 0 such that BN {z € X:d(z,0) < r} = &. In this case, we say that a sequence
of boundedly finite measures (1, )nen € M(X) converges vaguely to v € M(X), denoted by
Uy —= v, if v,(f) — v(f) for all continuous bounded real functions f with supp f € S(X).
On the other hand, for a sequence (1, )y of finite measures on X, we define weak convergence
to a finite measure 1 and denote it by 7, — 1 if n,(f) — n(f) for all continuous bounded
real functions f. The weak convergence arises if the bornology S(X) is trivial, that is, it
contains all subsets of X. Similarly to the previous definitions, a random element X in X is
said to be regularly varying if there exists ¢ € RV, and a nontrivial boundedly finite measure
4 such that
gOP{Ti X €-} " u(-) ast— oo

Let 6, denote the measure on (0,00) with density ay~*'dy. We recall a result on polar
decomposition from [54, Proposition 3.1]:

Proposition 1.2.1. Let X be a random element in X and let o > 0. Assume that a modulus
7:X = [0,00) exists. The following properties are equivalent:

(i) X is regqularly varying with index o > 0.

(ii) The function t — P {7(X) >t} is in RV_, and there exists a probability measure o
on {x:1(x) = 1} such that

P{l,x)X € |7(X)>t} 5o(-) ast— .

(11i) There exists a probability measure o on {z : 7(x) = 1} such that for all u > 0

P{(t7'7(X), Tr(x)1X) € (u,00) X - | 7(X) >t} == (6o®0)((u,00)x - ) ast— oo.
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In that case, we have

P{T,.Xe} ,
P M)

ast — 0o,

where p is determined by

po p t(dr,dp) = ar—* tdro(de), (r,¢) € (0,00) x {z:7(z) = 1}.

In a similar way, regular variation can be defined on some subsets of R? or R®. In such
cases, sets are considered bounded if they are bounded away from some closed set, such as
the origin 0 or some or all of the axes. However, one may encounter the phenomenon of
hidden reqular variation when observing different subsets A and B, where B C A. Hidden
regular variation is discussed in detail in [40], [46], and [50]. Briefly, if a random element X
is regularly varying in A, then it is not necessarily regularly varying in B. If it is regularly
varying in B, then the index of regular variation may differ, but it cannot be smaller,
meaning the tail cannot be heavier. This phenomenon is often referred to as hidden regular
variation and is observed in more detail in several places throughout, including Section
and Example [2.4.8]

1.3 Scaling, bornology and modulus

In this section we introduce general scaling, a family of bounded sets (the bornology), and
a homogeneous positive Borel function (the modulus). The theory presented in this section
is a result of a joint work with Bojan Basrak and Ilya Molchanov.

Let X be a topological space equipped with its Borel o-algebra B(X). Assume that X is
equipped with a group action by the multiplicative group (0, c0), that is, with a family of
B(X) @ B((0,00))/B(X)-measurable maps (z,t) — Tz from X x (0,00) to X which satisfy
the following conditions:

(i) for all z € X and t,s > 0, T3(Tsz) = Tisx,
(ii) for all z € X, Tz = .

The action of T} is called scaling by t, and the space X equipped with a scaling is called a
measurable cone, see [13]. If T, is a scaling, then T}s also defines a scaling for all g # 0. In
particular, T;,-1 is called the inverted scaling, as T,-1 = T, "

For I C (0,00), x € X, and A C X, we denote Tjx = {Tyx : t € I}, T,A={T)x : x € A}
and TTA={Tww:t e l,x € A}.

Definition 1.3.1. A cone in X is a set B C X such that T;B = B for all t > 0. A semicone
C € Xis a set such that T,C' C C for all ¢t > 1, equivalently, T}; .yC = C.

We additionally impose the continuity property on the scaling:
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(iii) (z,t) — Tyz is continuous with respect to the product topology on X x (0, 00).
The closure, interior and the boundary of B C X, we denote by clx B, Intx B and 0xB.

Lemma 1.3.2. If the scaling is continuous, then it is an open and closed map, and clx(T;B) =
Ticlx B, Intx(T;B) = Ty Intx B for all BC X and t > 0.

Proof. If A is open in X, then T,A = Tt’_%A is also open, as the inverse image of A under
continuous map 7;-1. The same argument shows that T; A is closed if A is closed.

The set T;Intx B is an open subset of T;B, so TyIntx B C Intx(7;B). In the other
direction, if x € Intx T;B, then an open neighbourhood U of x is a subset of T;B. Then
T,-1U C B is an open neighbourhood of T}-1x € B, so that Ty-1x € Intx B and x € T} Intx B.
Thus, T} Intx B = Intx(T;B).

For the closure, T; clx B is a closed set, which contains T;B. Then T, clx B O clx(T;B).
Assume that = € T, clg B. Consider an open neighbourhood of U of x. Then U intersects
T, clx B, so that T;-1U intersects B, and U intersects T;B, meaning that = € clx(T;B).
Therefore, T, clx B = clx(T;B). O

The following is our standard assumption in the sequel
(A) X is a Polish space equipped with a continuous scaling.

If there exists an element € X that is invariant under 7} (i.e., Tyx = x) for at least
one t > 0, where t # 1, then z is called scaling invariant or a zero, and the set of these
elements is denoted by 0. In many cases, an element is either invariant under 7; for all ¢ or
not scaling invariant. Remark describes the situation when there are elements that are
only invariant for some ¢ > 0.

Lemma 1.3.3. Assume that holds. Then 0 is an F, set (that is, a countable union of
closed sets). If Tyx = x for at least one t # 1 implies that Tyx = x for all t > 0, then 0 is a
closed set.

Proof. For ¢ € (0,1/2), let A. be the set of x € 0 such that Tyx = z for t € [g,1 — £].
Assume that =, € A., n > 1, and =, — x. Then T} z, = x, for t, € [¢,1 — €]. By passing
to subsequences, assume that t,, — ¢t € [¢,1 — ¢|. By continuity of scaling, we have that
Ti,x, — Tix, so that Tyx = z and x € A.. Finally, note that 0 is the union of A/, for
n > 2. For the second statement, let (x,) be a sequence of zero elements that converges to
some = € X. Then for all ¢t > 0, we have z,, = Tyx,, — Tix, so that Tyx = x for allt > 0. [

If d is a complete metric on X, 0 = {0} is a singleton and if
d(0,Tix) < d(0,Tsz)

for all t < s and = # 0, then X with the imposed scaling is a star-shaped metric space, see
[54].

An ideal S is a family of subsets of X closed under finite unions and such that, if B € S,
the family S contains all subsets of B, see [25]. The ideal S is also called a boundedness,
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see [31), Section V.5]. Note that an ideal may contain also non-measurable sets as well. If S
contains a countable subfamily {B,,,n € N} cofinal in & (meaning that each element of S is
a subset of a certain member of this subfamily), then § is said to have a countable base or a
countable open base if the sets B, are open. Without loss of generality, we can assume that
B,, C B, for all n.

An ideal § is called scaling consistent if B € S implies T;B € § for all t > 0. If S is
scaling consistent, then the union of its sets U(S) = U{B : B € S} is a cone in X. Further
on, we write cl B, Int B and 0B for the closure, interior and the boundary of B € S, with
respect to U(S) and the corresponding subspace topology. An ideal is topologically consistent
if B € S impliescl B € S.

If an ideal S consists of subsets of X and covers X, it is called a bornology on X, see [30].
The sets from S are said to be bounded, and so a bornology is also called a boundedness,
see [38] and [6]. Each ideal is a bornology on its union U(S). In the following we often deal
with bornologies on the space X', which consist of all but zero elements of X, that is,

X =X\ 0.

Remark 1.3.4. A countable base of a bornology on X' is called a localising sequence, see,
e.g., [36, Sec. 1.1]. If a topologically consistent bornology contains a countable open base
(B))nen, then without loss of generality we can assume that the closure of B, is a subset
of Byy1. In this case, the authors of [0] say that S admits a properly localising sequence,
and the space X' is localised. Tt is easy to see that the localisation condition (the existence
of such a properly localising sequence) implies that the bornology is topologically consistent
since for each bounded B, there exists n € N such that B C B, C ¢l B, C B,1, which
means that cl B is contained in B, and thus is bounded.

While many subsequent results hold for all scaling and topologically consistent ideals
with a countable base, we often impose the following stronger condition on an ideal S.

(B) There exists a semicone C' C X such that the sequence (7,,-1C),ey is a base of S,
Ni>11;C = @, and
c(T;C) C Int(T,C), 0<s<t. (1.8)

Then we say that the ideal § is generated by C'.

Condition implies that S does not contain any point € 0, so that all members of
S are subsets of X'. Indeed, otherwise, € T,,-1C' for some n, and T;x = x for some t > 0,
t# 1. If t > 1, find k € N large enough such that t**n=! > 1. Then 2 = Tz € Tjr,1C C C.
If t <1, find | € N large enough so that t'n=' > 1. Then z = T,-ix € Tj—1,,-1C C C, so
that x € C. Hence, x € Ny>1T;C, which is a contradiction.

It is easily seen that condition is equivalent to the fact that the boundaries of T;C'
and T,C are disjoint for ¢ # s. First assume that holds. Then 9(T;C) C cl(T;C) C
Int(7:C), 0 < s < t, so A(T:C) and O(T,C') are disjoint. Now assume that the boundaries of
T, and T, are disjoint for ¢t # s. Since T,C' is also a semicone for each s > 0, then for ¢ > s
we have T;C' = T:T,C' C T,C which implies that clT; C clT,C. Disjoint boundaries imply
that cl(7;C) C IntS:(TsC’).
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Lemma 1.3.5. If holds and the scaling on a topological space X is continuous, then the
semicone C in (1.8)) can be chosen to be open or closed in U(S).

Proof. Note that the closure and interior of a semicone are semicones. If holds, then the
sequence (T,-1 Int C') is localising, since T,,-1 Int C' contains 7T{,,_1)-1C', and

c(TiInt C) C (T3C) C Int(T:C) = T Int C.

The latter equality holds by Lemma m The sequence (7,-1clC) is also localising. By
Lemma [1.3.2}

c(TiclC) =T, el C = c(T;C) C cl(Int(T5C)) = Ts(clInt C) = Ty el C. O

Thus, condition implies that S admits a countable open base, is scaling and topo-
logically consistent. If the scaling is not necessarily continuous, then the semicone C' in
is required to be open, see [13, Item B4)].

Remark 1.3.6. In [38, Appendix B], the following conditions are imposed on the bornology:
(B1) For each B € S and t > 0, we have T, .yB € S.

(B2) There exists an open semicone C' € S such that M173:C = @ and Ui T;C = X',
Furthermore, cl(7:C) C T,C for all s > ¢, and the sequence (7,,-1C),en is localising.

(B3) Each measure p on X', which takes finite values on S, is uniquely determined by its
values on bounded semicones.

The original formulation of (B2) also requires that, for each x € X’ and ¢ > 0, there exists
an sg > 0 such that T,z ¢ T,C for all s < sy. However, this assumption follows from other
conditions, since z ¢ T, .)C for some r > 0, so that T,z NC = @, and T,z ¢ T,C
for all s € (0,1). Lemma [1.3.9 below shows that there is also redundancy in (B1)-(B3).

A function f: X’ — R is said to be homogeneous if
f(Tix) =tf(z), t>0, zeX.

Note that the domain of definition of f does not include scaling invariant elements for at
least one t > 0, t # 1.

Definition 1.3.7. Let U be a cone in X'. A modulus on U is a homogeneous Borel function
7:U — (0,00). For A C U, denote

7(A) = inf{7r(z) : z € A}, (1.9)

and let S; be the family of sets A C U such that 7(A) > 0.
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In the following we mostly assume that a modulus is defined on the whole X', so that

U = X'. Note that S; is the family of all sets A such that A C {z : 7(z) > ¢} for some

e > 0. A modulus 7 is said to be compatible with an ideal S if 7(A) > 0 for all A € S. In

particular, 7 is compatible with S,, which is said to be a bornology generated by 7. The set
defined by

S={z:7(x) =1} (1.10)

is called a sphere or a transversal in X'. It is possible to extend a modulus to a bijection as
follows.

Definition 1.3.8. Let 7 be a modulus on X'. The polar decomposition is the map p : X' —
S x (0,00) given by
p) = (Tr@)-rz,7(2)).

The polar decomposition is a measurable bijection between X' and S x (0, 00) (see [22,
Lemma 3]). If 7 is continuous, then the polar decomposition is also continuous, with S
equipped with the induced topology. The inverse map (u,t) — Tiu, u € S, t > 0, of the
polar decomposition is continuous since the scaling is continuous.

The following result is formulated and proved for a general topological space X.

Lemma 1.3.9. Let X be a topological space with continuous scaling, and let S be an ideal
on X'. Then S satisfies |(B) if and only if there exists a continuous modulus T on a cone
U C X' such that S = {BNU: B € S;}. Furthermore, if S is a bornology on X', then|(B)
is equivalent to (B2), which, in turn, implies (B1) and (B3).

Proof. By changing the space X’ to the union U of all sets from S, it is always possible to
assume that S is a bornology on X', which is done in the proof.

Sufficiency. It is easy to see that S, is closed under finite unions and contains all subsets of
any of its member sets. Condition holds with C' = {z : 7(x) > 1}. Since 7 is continuous,
C'is an open semicone. We show that cl(7;C) = {z : 7(z) > t}. Indeed, {z : 7(z) >t} is a
closed set which contains T;C, and on the other hand, if 7(z) > ¢, then for any sequence (¢,)
converging to 1 from above, we have T}, x — x as n — oo, and T} x € T,C for all sufficiently
large n, so that = belongs to the closure of T,C. The sequence (7,,-1C),en is localising, and
c(T;C) = {z : 7(x) >t} is a subset of T,C for all s < t.

Necessity. Assume that holds and define the modulus by
7(z) =sup{t >0:2 € T,C}, zeX.

It is straightforward to see that the function defined in this way is homogeneous and strictly
positive. For ¢ > 0, the set {x : 7(x) > t} = T;C is open. Thus, 7 is lower semicontinuous.
Next,

{z:7(x) <t} =Usi{z : 7(2) > s} = (N T50)° = (N Al T,0)°.

The last equality follows from since T,C C clT,C' C T,.C for s < r < t. Therefore,
{z : 7(x) < t} is open as a complement of a closed set, so we conclude that 7 is upper
semicontinuous. Thus, 7 is continuous on X'.
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Since C' = {x : 7(x) > 1}, the bornology S contains S,. Finally, since the sequence
(T,,-1C) is localising, each B € S is a subset of {x : 7(x) > t} for some t > 0. Thus, S = ..

Equivalence of [(B) and (B1)-(B3). By Lemma [1.3.5 it is possible to assume that C' is an
open cone. Then, conditions and (B2) become equivalent. The fact that U<, T;C = X'
follows from the requirement that the sequence 7,,-1C, n > 1, is a base of S. Condition (B1)
follows from (B2), since each B € S is a subset of T,,-1C for some n.

Consider the polar decomposition map. Since the family of sets A x (¢, 00) for all Borel
A C Sandt > 0is measure determining in S X (0, 00), we confirm that the family of bounded
semicones Tjy o)A = {z € X' : Ty py-x € A, 7(x) > t} for all Borel A C Sandt > 0is a
measure determining class in X'. Note that T} .)A is Borel due to measurability of the polar
decomposition. Thus, (B3) also follows from (B2). O

The family of all metrically bounded sets in a metric space is called the Fréchet bornology.
For a complete separable metric space X, a bornology S on X can be realised as the Fréchet
bornology with a metric that preserves the topology on X if and only if S has a countable
open base, see [31], Corollary 5.12] and [6, Theorem 2.1].

The family of all subsets of a topological space X which do not intersect an open neigh-
bourhood of the closure of 0 is said to be the topological bornology Sio, on X'. In a metric
space X, the topological bornology is generated by all closed sets which do not intersect
the closure of 0. The topological bornology is topologically and scaling consistent; it has
a countable open base if the closure of 0 equals the intersection of a countable family of
open sets, which is the case in metric spaces. It is easy to see that S;op contains S; for each
continuous modulus 7.

The topological bornology was used in [54] for star-shaped metric spaces, where an addi-
tional condition 7(B) > 0 is imposed for B being the complement of any open ball centred
at 0. This ensures that the topological bornology coincides with S,. Lemma [1.3.9] and con-
tinuity of the modulus guarantee that condition holds in this case. However, in general,
the topological bornology may fail to satisfy .

Remark 1.3.10. It is easy to see that all bornologies with a countable open base contain com-
pact subsets of the underlying space. If the set 0 is rather large (see, e.g., Remark, then
it may be convenient to work with ideals whose union is larger than X', including bounded
sets containing all or some elements of zero. An example is provided by the Hadamard
bornology on X which is generated by all relatively compact sets. The Hadamard bornology
is topologically and scaling consistent and has a countable open base if X is a locally com-
pact separable space. For instance, in R? this bornology consists of all bounded sets and
so contains zero, which is scaling invariant under the standard scaling. This example shows
that the Hadamard bornology does not necessarily satisfy and thus is not necessarily
generated by a continuous modulus.

If 0 is empty, the topological bornology consists of all subsets of X. If a bornology S on
X’ is topologically consistent, then each B € S belongs to the topological bornology. This
follows from the fact that S covers X' and thus sets from S do not intersect 0. If 0 has
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a countable base {U,,n > 1} of open neighbourhoods (which is always the case if 0 is a
singleton and X is metric), then the sets US, n > 1, constitute a base of the topological
bornology.

Consider the following condition:

(T) if 7(x,) — 0 for a sequence (x,)nen, then z,, € G for each open set G O 0 and all
sufficiently large n.

Condition (T) holds if {z : 7(z) < 1} is a compact set. This is in turn the case if 0 is a
compact set and the space X is locally compact.

Lemma 1.3.11. (i) If (T) holds, then S;,, C S;.
(1t) If S; C Siop, then (T) holds.
(111) If T is upper semicontinuous and 0 is a compact set, then (T) is equivalent to S; = Siop.

Proof. Let B have an empty intersection with G which is an open neighbourhood of 0. It
suffices to show that 7(B) > 0. If this is not the case, then there exists z,, € B, n > 1, such
that 7(z,,) — 0. This contradicts (T).

Assume that (T) does not hold, so there exists a sequence (,)nen such that 7(x,) — 0
and x, ¢ G for an open neighbourhood G of 0. Then B = {z,,n > 1} belongs to the
topological bornology, but 7(B) = 0 and B ¢ S,, which is a contradiction. Therefore, (T)
must hold.

If 7 is upper semicontinuous, then each B € S; is asubset of {z : 7(x) > ¢} for some & > 0,
that is, B is a subset of a closed set which does not intersect 0, hence its open neighbourhood
due to compactness argument. If 7 is upper semicontinuous, then {z : 7(z) > ¢} for t > 0 is
a closed set which does not intersect 0, hence belongs to the topological bornology. O]

1.4 Examples

It is worth noting that if 74 and 7 are two moduli on X', then min(a; 7y, asm), max(a;7, as),
and a7 + as7 are also moduli for arbitrary ay,as > 0.

Ezample 1.4.1. The mapping defined by Ty(xq,12) = (271, 19), (v1,72) € R% ¢t > 0, is a
scaling. The set of zeros in this case is given by {0} x R and one possible choice for the sphere
is the set {(1,z) : z € R}U{(—1,2) : x € R}. The modulus in this case is 7(x1, 3) = \/|21]-

Example 1.4.2. The mapping Ti(z1,72) = (t7 w7 1), (z1,20) € R%, t > 0, is another
example of a scaling. The unique zero element is the origin (0,0). One possible choice for
a sphere in this case is the same as in the previous example. The modulus induced by this
sphere is given by 7(x1,x9) = 1/|x1|. However, the ideal induced by 7 is not a bornology on
X,
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Figure 1.1: A bounded set in bornology on (R\ {0}) x R induced by T from Ezample m

Example 1.4.3. Let X = R? be the Euclidean space equipped with the linear scaling, which
is defined by coordinatewise multiplication. More precisely, for x = (z1,...,74) € R? and
t > 0, we define Tyx = (txq,...,txy). In this case, the origin is 0 = {0}. The topological
bornology on R¢ with respect to this scaling consists of all sets whose closure does not contain
the origin. This bornology satisfies and therefore, it can be obtained as S, for many
choices of the modulus. For instance, we can let 7(x) = ||z||, for any £,-norm on R¢ with
p € (0,00]. Note that Tyin(2) = min(|z1], . .., |z4|) is not a modulus on this space because it
vanishes on the axes outside of the origin.

If we equip R? with the inverted linear scaling, so that Tiz = (t7'zy,...,t txy) for
r=(11,...,74) € R?and ¢t > 0, then a modulus is given by 7(x) = 1/||z||, z # 0, where || -||
denotes the Euclidean norm. The corresponding bornology on R?\ {0} consists of bounded
sets in R? with the origin removed.

Example 1.4.4. Let X = [0,00] with the linear scaling. Then 0 = {0,00}. All moduli
on X' = (0,00) are necessarily continuous and correspond to the same bornology, which is
generated by [1,00). While it is possible to extend a continuous modulus to Ry by letting
7(0) = 0, an extension is not possible on the whole [0, co] unless 7 is allowed to be infinite.
In case of the inverted scaling given by Tyx = t~'x, the bornology is generated by (0, 1].

Ezample 1.4.5. Consider X = R? equipped with the linear scaling, and let U = (0, 00)? be
a cone in X. A valid choice of modulus on U is Tyin (21, 22) = min(zy, 25), which is a special
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Figure 1.2: A bounded set in bornology Figure 1.3: A bounded set in bornology
on (0,00)? induced by Tmin from Exam- on R\ {0} induced by Tpar from Ezam-

E ple[L13

case of

Tﬁ('rl? (L’g) = min(xfxé_ﬁ, 1‘&_51‘5% B e [07 1/2]7

for 5 = 0. Another modulus Tyax (71, 22) = max(xy, z5) is the special case of
31, 2) = max(edel P 2 Pe), B e [0,1/2)

for f = 0. Other possible moduli on U are 7(x) = x; or 7(x) = x5. These moduli induce
different bornologies on U. In particular, the bornology S, induced by 75 with 8 > 0 is
strictly richer than &, and the bornology induced by Tyax is strictly richer than S;, for
B > 0. Note also that the moduli 7. and 7(z) = ||z||1 = 1 + 22 (as well as any other
modulus given by a norm on R%) generate the same bornology. On the space X’ = R% \ {0},
the function 77 is also a modulus, while 75 vanishes on the axes and thus is not a modulus.
Note that S;, is an ideal in R? \ {0} which satisfies condition on its union set being
(0, 00)2.

Ezample 1.4.6. Let X = R with the linear scaling. The semicone C' = (—o0, 1] generates a
bornology on X. However, this bornology does not satisfy since Ny»17;C = (—o0, 1] and

so is not empty. A bornology on X' = X'\ {0} satisfying is generated by the semicone
(—o0, —1] U [1,00) and the corresponding modulus is 7(x) = |z|.

Ezample 1.4.7. Let X = (—00,0], and define the scaling by Tyx = t~'z. The modulus
7(x) = 1/|z| generates a bornology on X’ with the corresponding semicone C' = [—1,0). By
translating X by ¢ € R, we obtain the space (—oo, ¢] with the scaling Tyx = t~1(z — ¢) + ¢,
which is important for characterising the maximum domain of attraction of Weibull laws
in the theory of extreme values. The same scaling can also be used on X = R, , which is
important for studying minimum values.
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B,

Figure 1.4: An example of scaling of the Figure 1.5: The sketch of the family (B,,)

vector x = (21, 22) € R under the scaling that forms an open base for the bornology
T; from Ezample where t =t < 1 S from Example|1.4.10.
andt =1ty > 1.

Ezample 1.4.8. Motivated by extreme value theory, let X = X’ = R with the scaling Tix =
x + klogt for some k # 0. A possible modulus on X’ could be taken as 7(z) = */* which
generates a bornology on X’ with the corresponding semicone C' = [0,00) if k > 0 and by
C = (—00,0]if K <0.

Ezample 1.4.9. Define a scaling on X = R% by letting
Ty(z1,32) = (21 + (¢ — 1) min(21, 22), x2 + (t — 1) min(z, 25)).

Then 0 is the set {(z1,72) € R : min(z1, 22) = 0}, which is the union of two semiaxes. A
continuous modulus is Ty (21, 2) = min(zy, x2). Note that the functions (z,y) — = +y
and (z,y) — /Ty are not homogeneous under this scaling.

Example 1.4.10. Let X = (0, 00)? with the linear scaling. Define a bornology S by specifying
its open base as
Bn:{(%1,1’2)GXZ.CE2>R_1(1—{—$1)}7 n>1.

This bornology does not satisfy condition . Indeed, if C' is a bounded semicone from ,
then we should have C' C B,, for some n > 1. This is not possible, since C' contains points
(@ brm), m > 1, with by, | 0 as m — oo, while b,, is not larger than n=!(1 + a,,) for fixed n
and sufficiently large m. However, if the scaling on X is defined by Tyz = (z1,txs), then S
satisfies condition |(B)|

Ezample 1.4.11 (Uplift to counting measures). A scaling on X can be extended to act on
measures on X. Let M, (X', S) denote the set of counting measures m on X', which are
finite on a bornology S = S, generated by a modulus 7. A metric on M, (X', S) can be
constructed as

d(mi, ma) = Z 27"d(mu|p,, ma|B,);

n=1
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where {B,,,n > 1} is a base of § and d(m4|g,, ma|p,) is the distance between finite counting
measures obtained as restrictions of m; and my onto B,, as shown in [53]. A natural
continuous scaling on M, (X', S) is given by Tym(A) = m(T;-1A), that is, any atom x of m
is moved to Tyz. A modulus can be defined as 7(m) = max{7(z) : m({z}) > 1}. Note that
the maximum is well-defined, since only a finite number of atoms of m have modulus larger
than any given positive number.

FExample 1.4.12. Let Y be the family of integrable probability measures m on R,. Each
m € Y corresponds to a random variable ¢, and Tym is the distribution of the random
variable t£. Hence, 0 is the Dirac measure at 0. The metric on Y is chosen to be the 1-
Wasserstein distance, which is the integral of the absolute difference of the quantile functions.
A continuous modulus is given by the expectation. For integrable probability measure on
the whole line, a modulus is provided by the expectation of the absolute value.

Example 1.4.13. The family S of all finite subsets of X forms a bornology on X. While this
bornology is topologically and scaling consistent, it does not have a countable base if X is
uncountable. Moreover, this bornology does not satisfy condition and hence cannot be
generated by a continuous modulus.

Ezample 1.4.14. Let X = RY with the scaling applied coordinatewisely and the usual metric
d~ determining coordinatewise convergence, see, e.g., [40],

= lzs —wil AL
doo(xvy): § %7 $:<x1ax27"')7y:(ylay%"')ex'
i=1

This space does not admit a continuous modulus. To show this, we prove that property
does not hold (Lemma . Assume that a bornology on X’ (which is X excluding the
sequence consisting of all zeros) is generated by a closed semicone C. By pr;C we denote
the projection of C' onto the jth coordinate. Let y; = infpr;C, j > 1. Note that if y; = 0
for some j € N, then inf pr,7;C' = 0 for all ¢ > 1. Moreover, inf pr; N> T;C' = 0. Since
sets T,C' cover X', then (0,00) C pr;T;C, for all t > 1 and (0,00) C pr; N»1 T;C. Thus the
intersection is not empty which is a contradiction so y; > 0 for all j € N. Then C'is a subset
of the set D which consists of all sequences (z,,) such that x,, > y, for all n € N. We claim
that U;~oT;C is a strict subset of X', so that (7),-1C),en is not a base of S. For this, consider
a sequence x = (x,) of strictly positive numbers such that z, /y, — 0. If € T;C for some
t > 0, then z,, > ty, for all n, which is not possible, hence, x ¢ U;~oT;C. Thus, the space
R is not covered by the setting used in [54] and [38]. However, it should be noted that X'
admits a bornology which is topologically and scaling consistent and has a countable open
base. This bornology is generated by the sets {x € X:x; > t}, i € N, ¢ > 0.

The space X = (0,00)> with the same scaling admits continuous moduli. For instance,
a simple example of a continuous modulus is 7(z) = x1, which is just the first component
of . More generally, one can choose a modulus on a finite-dimensional subspace of X. The
authors of [40] considered a subset of RS consisting of sequences (x,,) with at most j non-zero
components. This space admits a continuous modulus given by > x,,, which then becomes
a finite sum.
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Chapter 2

Regular variation in Polish spaces

In this chapter we present general definition of vague convergence of boundedly finite mea-
sures, and regular variation in Polish spaces. We give characterisations of vague convergence
and regularly varying measures, and consider reduction of the space to a subcone. We follow
notation introduced in Chapter

2.1 Vague convergence in general Polish spaces

Recall that B(X) denotes the Borel o-algebra on a topological space X. Fix an ideal S on
X (see Section [1.3). A Borel measure v on X is said to be boundedly finite if v(B) < oo for
all B € SN B(X). The family of such measures is denoted by M(X,S), or by M(U, S) for
measures supported by any cone U C X. We assume that X is equipped with a scaling T}
defined in Section [1.3

Let Cs be the collection of bounded continuous functions f : X — R such that the support
of f (i.e., the set {z : f(z) # 0}) belongs to S. We adopt the following definition from [38]
Definition B.1.16], where it is formulated, assuming that S is a bornology on X', and X' is
localised. The latter property (in case of a bornology) is equivalent to the conditions on S
imposed below, see Remark [1.3.4]

Definition 2.1.1. Let S be a topologically consistent ideal with a countable open base on
a Polish space X. A sequence of Borel measures u, € M(X,S), n € N, is said to vaguely

converge to p € M(X,S) (with respect to S; notation p, — u) if

/fdp,n—>/fd,u asn — 0o (2.1)

for all f € Cs.

In the same way, we can define vague convergence for families of measures () parametrised
by t > 0. However, as indicated by the notation above, the definition of vague convergence
depends on the choice of the ideal S (see Example . It is important to note that the
vague limit is unique only if it is restricted to the union of all sets from S, U(S). For instance,
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it is possible to let p vanish outside of U(S). If S is trivial, that is, S contains X and thus
all subsets of X, then all involved measures are finite and we obtain the definition of weak
convergence denoted by p, — .

A Borel set B is said to be a p-continuity set of a Borel measure p if u(0B) = 0.

Lemma 2.1.2. Let S be a topologically consistent ideal with a countable open base on a Polish
space X. For measures p, i, € M(X,S), n > 1, the following statements are equivalent:

(i) pn = 1.

(ii) There exists a countable open base (Dp)men of S such that w,|p,, — plp,, asn — 0o
for all m, where p|p,, is the restriction of p to Dy,.

(11i) We have p,(B) — p(B) as n — oo for all p-continuity sets B from S.

If S satisfies and is generated by a semicone C' and a modulus T, then it is possible to
let D,, =Ts, C for a suitable sequence s,, — co and the above conditions are equivalent to:

(iv) pn(Tit,00)A) = (Tl,00)A) for all closed A C {x : 7(x) = 1} and all t > 0 such that
11(0T}y,00)A) = 0.

Remark 2.1.3. Note that the assumption above guarantees that any two disjoint closed sub-
sets A and B of X can be separated by a continuous function. In other words, there exists
a continuous function f : X — [0, 1] such that f(z) = 0 for every z € A and f(z) = 1
for every x € B. This result can be derived using several results from [2I]. First, since X
is a separable metric space, Theorem 4.1.16 implies that X is second—countable. Moreover,
by Theorem 4.2.9, every second-countable metrisable space is regular. We can use Theo-
rem 1.5.16 to conclude that X is normal. Finally, Urysohn’s lemma [21, Theorem 1.5.11]
gives the final statement. Note that completeness of X is not necessary for this conclusion.

Proof. (i) = (ii) Let (B,,) be an open base of S. Since S is topologically consistent, we
can assume that cl B, C B,,;; for all m € N, which implies that the closed sets cl B,, and
B¢, ., are disjoint. Using Remark we can separate cl B, and B, by a continuous
function g that takes the value 0 on clB,, and 1 on By, ;. Since p(B,41) < 0o, we have
w(0D,,) = 0, where D,, = {z : g(x) < t} C B,,4; for some t € (0,1). The collection of
sets (D,,) forms a countable open base that consists of u-continuity sets. Suppose h is a
continuous bounded function on D,,,. Then, hlp _ is a bounded function on X with bounded
support, and is discontinuous on a set of y-measure zero. Note that bornology consists of
metrically bounded sets according to [6]. Therefore, by Kallenberg [36, Lemma 4.1], we can
conclude that under the assumption (i), holds for f that is bounded, measurable, has
bounded support, and is p-a.e. continuous. We can now apply this statement to the function
hlp,, to conclude that (ii) holds.

(ii) = (i) If f € Cg, then the support of f is a subset of D,, for some m € N. Hence

[t = [ £1o,din= [ falo, = [ sauln, = [ fin asn—s .
5
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(il) < (iii) This equivalence is well-known for the weak convergence, see, e.g., [12] and can
be easily amended to the vague convergence by taking restrictions of measures onto a base
of §.

(ili) = (iv) = (ii) It is immediate that (iii) implies (iv). Denote by A, the family of sets
Tit.00)A for all closed A C S and ¢ > 0 and such that p(07}.)A) = 0. Condition (iv)
implies that p,(B) — u(B) as n — oo for all sets B from the family A, of sets-differences
of sets from A,. Because the polar decomposition map p(x) = (T;(z)-12,7(x)) is not only
continuous, but also continuously invertible, for any z € X and € > 0, the ball B.(x) contains
aset B e flu, such that x € Int B C B C B.(x).

To show that, let x € X and € > 0 be arbitrary. Since p is continuously invertible, p(U)
in open in S x (0, 00) for every U open in X'. Thus, p(B.(z)) is open in S x (0,00). Since
{Int(p(B)) : B € A,} = {Int(S x (us,uz)) : S CS, 0 < uy <uy < oo} is a base for the
topology on S x (0,00), then p(B.(z)) can be written as a union of such sets. Moreover,
p(x) € p(B:(x)), so we can find B, such that Int(p(B,)) is an element of the base and
p(z) € Int(p(B,)) C p(B,) C p(B.(z)). Applying the bijective and continuous p~! to both
sides yields

z € pt(Int(p(B,))) = Int p'p(B,) = Int B, C B, C B.(x).

Furthermore, the family flu is closed under the formation of finite intersections. It follows
from Theorem 2.2 in [12] that u,|p,, — p|p,, as n — oo for all m such that D, = T, C'is
a p-continuity set and s, — 0. Thus, (ii) holds. O

As shown in the proof of Lemma , we emphasise once again that p, — y if and only
if [fdp, — [ fdu for every bounded p-a.e. continuous function f with bounded support.
It is possible to construct a metric on M (X', §) which generates the vague topology; see the
proof of Proposition 3.1 in [6], cf. Proposition A2.6.11(i) in [15].

2.2 Regularly varying measures

Assume Conditionthroughout, that is, let X be a Polish space equipped with a continuous
scaling T;. The scaling T} on X transforms a measure p on B(X) to its pushforward measure
defined as

(Tip)(B) = w(T-1B), B € B(X), t>0.
Let S be a scaling consistent ideal on X. A measure u € M(X,S) is said to be a-homogeneous
if

(Tin)(B) =t*u(B), BeB(X)NnS,t>0.
If 1 is a-homogeneous and S contains a set B which has a nonempty intersection with 0,
then u(B) = (B \ 0), since otherwise we would have u(B) = oo. Suppose that condition
holds. Then, for any B € § and 0 <t < s < 0o, we have Tj, B € S. Since p is finite
on &, we then have that u(T}; B) < co. Letting s > 1, we obtain

o0

(T B) > (Tl i B) = > s u(T}y,4B) < o0
=0 1=0
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for all B € S. Under , since § is generated by a continuous modulus 7, each a-
homogeneous measure, which is finite on a semicone C, satisfies u({x € C' : 7(z) =t}) =0
for all ¢ > 0. This is because otherwise, we would have p({z € C' : 7(x) = st}) = s *u({z €
C : 7(x) = t}) strictly positive for all s > 0, which is impossible if ¢ is chosen such that
u({x € C:7(x) =t}) > 0. This is because the sets {x : 7(z) = t} are disjoint for all ¢ > 0.

Definition 2.2.1. Let S be a scaling and topologically consistent ideal on X which admits
a countable open base with union U. A measure v € M(X, S) is said to be regularly varying
on S if there exists a B € S such that v(7;B) — 0 and

1
mﬂfll/ i> M as t — oo (22)
for a nontrivial measure p € M(U,S). In this case, we write v € RV(X, S, ) and call p the
tail measure of v.

By definition, the regular variation property applies to the restriction of p onto U(S),
which is equal to X" if § is a bornology on X'. It is important to note that the tail measure u
is assumed to be supported by U(S), and in particular, p € M(X',S) if S is a bornology on
X'. A measure v on X is regularly varying if and only if its restriction on U(S) is regularly
varying (it is worth noting that U(S) is a Borel set, since S has a countable open base). If
v assigns positive mass to 0 and 0 has a nonempty intersection with U(S), then fails.
Furthermore, if holds, the regular variation property is not affected by the restriction of
v to the set {x : 7(x) < ¢} for any constant ¢ > 0.

Let v be the probability distribution of a random element ¢ in X’ or a (nontrivial)
subprobability measure obtained as the restriction to a cone U C X of the distribution of
a random element distributed in X. If v satisfies the regular variation property defined
in Definition then ¢ is said to be regularly varying, and we write £ € RV(X, S, u).
Equivalently,

Piee T s
m—uﬁ() as t — o0,
JOBLATO) — [ fdn ast o0 (2.3)

for a g € RV,, @ > 0, and all f € Cs. Recall that RV, denotes the family of functions that
are regularly varying at infinity with index o € R. That is, RV, is the family of all positive
measurable functions ¢ : (a,00) — (0,00) for some a € R with the property that

g(tr) o

—x ast — oo
g9(t)

for all x > 0.

Lemma 2.2.2. If S satisfies and v € RV(X, S, ), then (2.2) holds with B = C, where
C is a semicone generating S.
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Proof. Lemma [1.3.9] guarantees the existence of a continuous modulus 7 such that S = S..
Let C = {x : 7(x) > 1}. The set C' = T}; yC' is in S; and so has a finite measure. Since
the boundaries 0T;C are disjoint, all but countable number of them have zero measure.
Moreover, since T,,-1C', n € N, form a base for S, and p is nontrivial on S,, we can find
s > 0 such that u(7,C) > 0.

Fixing s, we observe that 71(z) = 7(z)/s is a continuous modulus that generates the
same bornology, such that T,C = {z : 7 (z) > 1} Therefore, without loss of generality, we
assume that C'is a p-continuity set with u(C) >

Since pu(0C) = 0, we have that v(T;C) /v (T, ) u(C) € (0,00) as t — oo. Thus,
v(Ti-) v )v(LiB) s pl(-)
v(

V(TtC)_ (T, B) —>— ast — oo. ]

T,C) (@)

The regular variation property is often formulated by assuming the existence of an in-
creasing sequence (a,)nen Of positive constants such that n(Ta:Ll v) vaguely converges in S
to u as n — oo. A variant of this definition goes back to [32], who also require that the
sequence (a,) is regularly varying; another variant can be found in [38, Definition B.2.1],
where the sequence (a,) is assumed to be monotonic and converging to infinity. Below we
show that this definition is equivalent to ours, see Theorem [2.2.3{(iii).

Theorem 2.2.3. Assume and let S be an ideal on X that satisfies . The following
statements are equivalent:

(i) Measure v is reqularly varying, that is, v € RV(X, S, u).

(ii) There exist an o > 0 and a function g € RV, such that g(t)Ty-1v —— Ly, for some
nontrivial measure ji, € M(X,S).

(iii) There exists a nondecreasing sequence (an)nen of positive constants such that nT, v =
o for some nontrivial measure p, € M(X,S).

If either of these condition holds, then u is a-homogeneous with o > 0, the measures p and
g agree up to a multiplicative constant, and it is possible to choose g such that pu = pg.
Moreover, the sequence (a,) is regularly varying and it is possible to choose (a,) such that

U= Ha-

Proof. The implication (i) = (ii) is immediate by letting g(t) = 1/v(T;C). Define h(u) =
limy o g(ut)/g(t). Then for all except for countably many u,v > 0 we have 0 < h(uv) < oo

and . . .

BT TR gm AR e
which means that h(u) = u®, that is, g is regularly varying (see [55, Theorem 1.3]). For the
converse, (ii) implies that g(t)v(T;D) — py(D) € (0,00) for some D € S. Thus,

= h(u)h(v),

T g(t)T-v s, Hg

WD) g0Tw(D)  mD) ST
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Condition (ii) implies that 1, is a-homogeneous with « being the index of regular variation
of g. Indeed, if B € § and u(0B) = 0, then g(t)v(1;B) — p(B) as t — oo, and for all s > 0
we have

(Tsp)(B) = w(Te= B) = lim g(£)Ti-1v(Te-1 B) = lim o) g9(s™'t)Ty-1v(B) — s°u(B)

in view of the regular variation property of g. Consider a B € S such that p(7} ) B) < 0.
Since p(TiTh,00)B) = t7*1(Th,00)B) is decreasing in ¢ > 0, we necessarily have o > 0. This
establishes the equivalence between conditions (i) and (ii).

The equivalence of (ii) and (iii) is essentially the content of Theorem B.2.2 in [38]. How-
ever, we provide an independent and complete proof for the benefit of the reader, filling in
some details that were omitted, and not relying on the Prokhorov theorem.

Assuming that (ii) holds, let a,, = inf{t : g(t) > n}. Since g is regularly varying with a
positive index «, the number a,, is well-defined for each n. By (ii), we have

g(an)(Ta;W) S Hg -

The regular variation property of g implies that g(a,) ~ n as n — oo, see Section 0.4.1 in
Resnick [48], which yields (iii) with p, = pg. Note that condition is not used for this
implication.

What is left to show is that (iii) implies (ii). We actually show that (iii) implies (i) which
is then equivalent to the required. Let us first show that under (iii), lim, a,, = co. Assume
that sup, a, = s < co. Choose a constant ¢ > 0 such that v(T5iC) > 0. This is always
possible since the union of T;C over ¢t > 0 equals X'. Furthermore, note that for the same t,
the set T;C' is a p-continuity set. Then

n(T,-1v)(T;C) = nv (T4, C) — u(TiC) € (0,00) asn — oo

However, nv(Ti,, C) > nv(T4C) — oo as n — oo, since we assumed v(TC') > 0. Thus we
obtain a contradiction. This shows that lim,, a,, = oo.

Take u > 0 and A C S such that ji,(97},,00)A) = 0. Since a,, is monotonically increasing
to 0o, any t > 0 belongs to a unique interval [ay ), @n()+1). Thus,

V(TiT 00 A) < n(t) +1 n(t)v(Ta,, T A)
v(I;:C) = @) @)+ Dv(Ta,,.,C)

The right-hand side converges to fiq(Tiu,00)A)/1a(C) as t — oco. Applying a similar bound
from below, it follows that the left-hand side above has the same limit as ¢ — oco. By
Lemma , vy — p as t — oo, that is, (i) follows from (iii). O

The regular variation property can often be easily verified by checking the conditions of
Proposition [3.3.3] proved in Section [3.3] As shown in Theorem [2.2.3] the tail measure x is
necessarily homogeneous, and its homogeneity index « is referred to as the tail index of v.
Each a-homogeneous measure on (0, 00) is proportional to the measure 0,(dt) = t=dt.
The following result from [22] specifies a representation of general homogeneous measures.
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Proposition 2.2.4. Assume that X is a topological space with a measurable scaling such that
0=0, and let p € M(X,S) be an a-homogeneous Borel measure with o > 0. Assume that
S is a bornology on X which admits a countable base (By,), such that each B, is a semicone
and UpenT(0,00)Bn = X. Then p is the pushforward of o @ 6, by the map (u,t) — Tyu, where
o 18 a probability measure on X. Equivalently,

w(B) = a/ooo o(TyB)t*'dt, BeSnBX). (2.4)

The measure o is called the spectral measure of p. The condition on S imposed in
Proposition holds if S satisfies and then o can be chosen to be a finite measure
on S = {zr € X: 7(x) = 1}. In this form, also appears in [38], under additional
assumptions that 0 is a singleton and the scaling is continuous. If ¢ is supported by S, then,
for each Borel A C S,

o(A) = u(T1,00)A).-
Note that the spectral measure is not necessarily unique unless its support S is fixed as
above. It is always possible to normalise ¢ to obtain a probability measure supported by
T.S = {x € X: 7(z) = u} for some u > 0.

The following result concerns regular variation with respect to smaller and larger ideals
than the original one.

Proposition 2.2.5. Assume and equip X with a scaling and topologically consistent
ideal § which admits a countable open base. Let v € RV (X, S, u) and let B be the set from

2.

(i) Let S C S be a scaling consistent ideal with a countable base. If u is nontrivial on Sy,

then v € RV(X, Sy, ).

(i1) For each A € B(X) with u(0A) = 0, the ratio v(T;A)/v(TyB) has a (possibly infinite)
limit as t — oo.

Proof. (i) By condition, there is a D € S such that

V(1D)

V(T B)

Thus, (2.2) holds on &; with B replaced by D, similarly as in the proof of Lemma m
(ii) Since v(13B) — 0, we have

V(T A)

/(T.B)

w(D) € (0,00).

v(T(AN0))

— t—
V(ﬂB) oo as © ]

>

if v(ANO0) > 0. Assume that A C X’ and let (B,) be a countable open base of S with
w(0B,) = 0 for all n (its existence is shown in the proof of Lemma [2.1.2]). Then

v(Ti(AN By))

J(T,B) — (AN By).
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By the monotone convergence, we have also

M) = ) = lim (AN B,)

2.3 Reduction to a subcone

It is common in the theory of extreme values to consider not only the basic space X but
also its strict subcones. This phenomenon is well-studied in R% and is called hidden regular
variation, see, for instance, Section 9.4 of [50] and Example below.

Recall that for an ideal S, we denote U(S) = U{B : B € S§}. Let S be an ideal on
X, and let &7 be another ideal such that & € S§. Without loss of generality, we assume
that U(S) = X and U(S;) is a strict subcone in X, denoted by X, so that & and &;
are bornologies on X and Xj, respectively. We equip X; with the topology induced by
X or any stronger topology. By assumption, &; is the subset of the induced bornology
SNX; ={BnNX;: B e S} We assume that all bornologies satisfy condition [(B)] and
denote the semicones generating S and &) by C' and (', respectively. Note that C; € S and
that C'N X generates S N Xj.

If v is a measure on B(X), then v|x, denotes the restriction of v to X;. It is worth
noting that this restriction may be regularly varying even if v is not regularly varying, see
Example [2.4.1}

The following result provides a condition that guarantees the preservation of the regular
variation property when passing to a subcone.

Proposition 2.3.1. Assume and let Xy be a Gg subset of X that is a cone. Endow X
and its subcone Xy with bornologies S and §1 generated by semicones C' and C, respectively.
Let v € RV(X, S, p) with the tail indez «.

(1) If v is nontrivial on the bornology S N X, (equivalently, if n(C NXy) € (0,00)), then
vlx, € RV(Xy, SN Xy, px,) with tail index .

(it) If v|x, € RV(Xy, Sy, p1) with tail index oy, then either u(Ch) € (0,00) and then p; =
(u(C))tu, a1 = a and v]x, € RV(Xy, S N Xy, 1) or u(Cy) =0 and then oy > a.

Proof. Theorem 4.3.23 from [21I] implies that X; is a Polish space.

(i) follows from Proposition [2.2.5]
(ii) We have that

V(Tt : ) s
. : 2.
V(th)—>,u() ast — 0o (2.5)
In particular,
V(Escl)

JT,0) — wW(TsCh) = s *u(Cr) ast— oo
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for all s > 0, hence also for s = 1. Assume first that u(C4) € (0,00). Since (2.5 holds in S

as well, we have
v(T-) v(TiCh) s
— . ast — 0o.
T,0) vme) )

Thus,
Vi, (T+) s, 1

Vi (TC)  p(Ch)

u(-) ast — oo.

If u(Cy) =0, then
V(Escl)
V(T,C)

meaning that the tail index of v|x, is not smaller than the tail index of v. []

—0 ast— oo,

2.4 Examples

Standard examples of regularly varying vectors in Euclidean space with linear scaling are
well-known. In this section, we present various examples and demonstrate the application
of the results shown in previous sections. In many of our examples, we use Proposition |3.3.3
from Chapter [3| to pass to polar coordinates and simplify calculations.

Ezample 2.4.1. Let X = R2 equipped with the scaling T}(21,22) = (tx1, x2), (21,22) € X
and consider the subcone X; = Ry x {1}. We define the modulus 7 by setting 7(x1, x2) = x;.
Therefore, the bornology S, on X is induced by C' = (1,00) x Ry. We consider a random
vector € = (&1 + (1 —€)&, ¢) in X, where ¢ is a Bernoulli distributed random variable with
parameter 1/2; & is a Pareto-1 distributed random variable that is independent of €, and
&5 is a random variable that is independent of both & and e, with distribution function
F(t) =1 — (logt)™'. Note that & is distributed as e for a Pareto-1 distributed random
variable 7. We denote the probability measure of £ with v. For ¢t > 0, we have

v(T,C) = P {r(¢) >t}:%(P{§15>t|5: 1}+P{&>te=0)) == ("4 (logt)™).

DO | —

Equip X; with the induced bornology. Then, for ¢ > 0, we have
1 1
i, (T.0) = P € € (t,00) x {1}} = P {6 > 1) = 317"

Thus, even though the measure v is not regularly varying (see Proposition [3.3.3)), its restric-
tion vlx, is regularly varying.

Example 2.4.2. Let X = R with the linear scaling and the modulus 7(z) = |z|. A measure v
on R is regularly varying if its pushforward by the map x +— |z| is regularly varying on R,. In
particular, it is possible that v restricted on the right and left half-lines is regularly varying
with different indices a. Then the tail measure pu may be supported by a half-line. For
example, consider a random variable X = €Y, + (¢ — 1)Yj, where ¢ is a Bernoulli distributed
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with parameter 1/2 independent of both Y,, and Y3 which are mutually independent Pareto
distributed with indices o and (3 respectively. In this case, 7(X) is regularly varying with
index a A 5. The random variable X is regularly varying with the same index, which means
that its probability distribution is a regularly varying measure.

Ezample 2.4.3. Let X = R3 with the scaling Ty(z1, 22) = (¢t '21,t '22), (21,22) € X. Then
X' = R% \ {(0,0)}. Define modulus with 7(z1,25) = max(zy,22)"'. Note, this modulus
generates a bornology on X'. Let V' = (V1,V3) be a random element in X where 1 and V;
are independent uniform random variables on [0, 1]. It is easily seen that 7(V') is regularly
varying random variable:

P{r(V) >t} =P {max(Vi, Vo) <t '} =t t>1

We use Proposition to conclude that V' is a regularly varying random vector in X with
index 2. To show this, consider A = {1} x [0,a] C S for some 0 <a <1,let u>0andt >0
such that ut > 1. We have

P {p(V) € A x <ut,oo>}=P{m>v2,§3a,vll>ut} _
1

1
:/ P{Vi>s Vi >s/a, Vi < (ut)'}ds=
0

a(ut)~!
:/ P{s/a<Vi < (ut)"'}ds=
0

1
= éa(ut)_2.

The conclusion follows after dividing this term with P {7(V) > ¢} and taking the limit as ¢
approaches infinity, using the symmetry of coordinates.

Example 2.4.4. Let X = (0, 00)? and define the scaling Tyx = (¢ xy,t 7 12s), v = (21, 70) € X.
Then 0 is empty. It is easily seen that X is a G5 subset of a Polish space, since it is an open
subset of R?. Define the modulus by setting 7(z1, z2) = min(xy, ). For the same V with
independent uniform components V3, V4 as in Example [2.4.3] we have

P{r(V) >t} =P {min(V;,Vo) <t '} =1—-(1—-t"")? t>1,

so 7(V) is a regularly varying function with index 1. We can again use polar decomposition
to conclude that V' is a regularly varying random vector: let A = {1} X [a,00) C S for some
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a>1and let u > 0 and ¢t > 0 such that ut > 1. We have
Va 1
P{p(V) € Ax(ut,00)} =P\ Vi < V3, o= >0, Vil > ut =
1

1
:/ P{Vi <s,Vi <s/a, Vi < (ut)'}ds=
0

a(ut)~! 1
:/ P{Vlgs/a}der/ P{Vi < (ut)'}ds=
0 a

(ut) =

= (ut) ™ ~ ga(ur) .

so dividing by P {7(V') > t} and letting ¢ — oo gives us u~!/2, which does not depend on a.
Therefore, we can let a — oo to conclude that V' is not regularly varying in the bornology
generated by this modulus.

Ezample 2.4.5. Let X = C([0, 1]) be the space of continuous functions z : [0, 1] — R equipped
with the uniform metric and the linear scaling applied to functions’ values. Consider the
bornology generated by the modulus 7(z) = ||z||o given by the uniform norm of the function
x. By Proposition [3.3.3, a random continuous function ¢ is regularly varying if and only if
the conditional distribution of £/||¢|| given that ||£|| > t weakly converges to a probability
measure on S = {z € X : 7(x) = 1}. This is the case if the conditional finite-dimensional
distributions of the normalised function converge and the sequence of the conditional dis-
tributions of normalised functions is tight in the space of continuous functions. Regular
variation on the space C([0, 1]) has been studied in [1§] and [26].

Example 2.4.6. Let X = R? with the scaling Tyz = (t¥xy,...,t%1,y) with ay,...,aq € R. To
ease the notation, assume that d = 3 and oy = 1,05 = —1,3 = 0. Then 0 = {0} x {0} x R.
A modulus can be defined as

7(z) = |za| + |2, @ = (21,22, 73).

The corresponding bornology is generated by the semicone C' = [—1,1]° x [—1,1] x R.
A random vector £ = (&,&,&3) is regularly varying if the distribution of (¢71&;, &, &3)
normalised by P {|&1]| > t,|&| < t} vaguely converges.

Ezample 2.4.7. Let X = R with the linear scaling. This space does not admit a continuous
modulus, as shown in Example [[.4.14] Instead, consider the bornology generated by sets of
the form {x € X :z; > t}, 74 € N, ¢t > 0. A random element ¢ in X is regularly varying if the
distribution of T3-1£ normalised by P {T,-1{ € B} vaguely converges for a suitable choice of
B € §. This convergence is verified by checking it for finite-dimensional distributions, as
stated in [35], Proposition 2.2]. For instance, if the components of £ = (§,,) are i.i.d. regularly
varying random variables, then ¢ is regularly varying and its tail measure is supported by the
set of sequences with exactly one nonzero component, see [50, page 192]. In what follows,
we provide more details showing that any finite-dimensional distribution of a sequence with
Pareto-distributed components is regularly varying with induced bornology.
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Let &, be i.i.d. Pareto distributed with parameter a > 0. Then, it suffices to anal-
yse finite-dimensional distributions of the form (&,&s,...,&,), m € N. For each finite-
dimensional distribution (§1,&,...,&m), m > 2, note that the bornology induced on R’}
corresponds to the bornology generated by 7T.x as given in Example [1.4.50 Furthermore,
observe that Tyax (&1, &2, - -+, &m) 1 regularly varying with index o

PV, & >ut) 1= (1= (ut) )"
P{Vii & >t} 1= (1=t
for all w > 0, using L’Hospital rule, for example (starting from ¢ large enough so that

ut > 1). By Lemma [1.3.9] let C' = {z € R™ : Typax(z) > 1}. Then (7,,-1C),en is a base for
the bornology. We now follow [50, page 192]. First define

T ast— o0

— U

(Y = (1! here F(z) = 1— 2=, 2 > 1
w=\1T"% n) = ~ ), where F(z) = % x> 1.

Since F(x) = (1 — )~/ we get the explicit form of the sequence (ay,):
an =n'* neN.
For this choice of a,, it can be easily shown that nP {a ¢, >c} — ¢ ¢ > 0. Let

C1,C2, ..., Cp € (0,00) = supp F, and denote by [0, c| the set [0,c1] X [0,¢2] X -+ X [0, ¢
(we use [50, Lemma 6.1]). We have

where we use the regularly varying property of each coordinate (equation (|1.6) and the
paragraph underneath). All summands except for the first one converge to 0. If there exists
j€{1,2,...,m} such that ¢; # 0 and ¢; = 0 for ¢ # j, we have the marginal distribution:

nP {T,-1(&, &, ..., &m) €[0,¢]°} =nP {g—J > cj} — ;%

Qn

To conclude, the tail measure p, is given by p,([0,¢]¢) = > ¢ %, ¢ = (c1,¢2,...,¢m) €
R\ {0}, where we set 0% = 0.
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As we will see from the following example, it is possible for a measure v to belong to both
RV(X,S, 1) and RV (X4, Sy, p11), where p and 1y are two measures on X and X, respectively,
but the tail index « of p is strictly smaller than the tail index «y of ;.

Ezxample 2.4.8. Consider the space X = R%r and its subcone X; = (0,00)? with the linear
scaling and the moduli introduced in Example . Let £ = (£1,&) be a random vector in
R?, where &, & are independent and both Pareto-1 distributed, that is, P {& >t} = ¢! for
t>1,7=1,2. It is well-known that ¢ is regularly varying of index 1 on X with the bornology
generated by Tpax (see Example . The spectral measure is supported by the axes, it
vanishes on X;, and so Proposition m(l) does not apply. We use the characterisation
from Proposition to easily prove this. For example if we denote by punac the polar
decomposition map that uses 7.y, and if we take A = [0,a] x {1} €S = {2 : Tax = 1},
0 <a<1,u>0 and t sufficiently large so that ut > 1, we have

P {pmax(§) € A X (ut,00)} =P {& > 61, 0<6,/6 < a, § > ut} =

= /autP{& > ut} s 2ds + /OOP{§2 > s/a} s ?ds =
1 a

= (ut) ™~ (ut)

which, divided by P {7yax(§) > ¢}, on the limit as ¢ — oo, gives 2u~'. Since this final term
does not depend on a, we can allow a — 0 to see that the tail measure is supported by the
y-axis. Symmetry and equality in distribution of the coordinates of £ result in analogous
conclusion for other choices of A.

For other moduli and all sufficiently large t,

P {7 (&) >t} =172,
Pir(€) >t} = —— 2 2P s ge0.1/2)
g 1-23 1-23 7 ek
P {r15(¢) >t} =t7*(1 4 2logt),
P {T*(g) > t} — ﬂfl/(lfﬁ) _ #t% B e (0 1/2)
p 1—28 1-28 e

Note that the main asymptotical term for 7/, has also been derived in [34, Lemma 4.1(4)].
These moduli of £ are regularly varying with index 1 or 2 or 1/(1— () in the last case. These
calculations are briefly below. For the first modulus 7, () = min(&, &), it is straightfor-
ward that P {7, (§) >t} = P{& > t}2 = t~2 is regularly varying with index 2 since &, and
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& are i.i.d. Let t > 0 be large enough. For 73 we have
P {75(£1,&) >t} =P {fl <& 477 > t} +P {51 > &, 6677 > t} =
=Pla<&&> g™ +Plaza a> 05"} =
= 2/ P {s < &, & > t%{%H} s 2ds =
1

t [ee)
= 215_% / s%_?’ds + 2/ s73ds =
1 t

L 2 2 3
1-23 1- 23

Since [ < %, we have 1/8 > 2, so the second power term decays to zero much faster than

the first one. This implies that 73(¢) is regularly varying with index 2. For 74/, we have
P{ &6 > t} =P {6 > " ) = / P{& > s} s7%ds =
2 ' [ee]
= / P {51 > t23_1} s 2ds +/ 1-s52%ds =
1 2
=t"2(1+2logt),
which is regularly varying with index 2. For 73 we have
P{ri€) >t} =Pl{a<& ga ">t} +P{a 26 &d7¢ >t} =
= 2/ P {fg > 5,6 > (ts_ﬁ)ﬁ} s 2ds =
1

_ 1 t _B__9 e _3
=2t 5 ST~ ° 4 s 7ds | =
1 t
2

2-20 _ 1

-8 —

S 1-28 1—25t

Since < 1/2 we have 1/(1 — ) < 2 so the second term decays to zero faster. Thus, the
index of regular variation for 73(¢) is 1/(1 — 3).

To establish the regular variation property of &, we will use the characterisation from
Proposition . Let 7 be a continuous modulus on X; and let S; be the unit Euclidean circle
in (0,00)% Since 7 is continuous and 7(z) > 0 for all z € X, it follows that 7(u) > € > 0
for all u € A, where A is any compact subset of S;. Suppose that A is a compact subset of
Sy and A" = {T;(y-1u : v € A} is a subset of {x : 7(z) = 1}. Passing to polar coordinates
yields that the probability that the polar decomposition p(¢) is in A’ x (¢, 00) equals

P {(Tye)-1£,7(8)) € A" x (t,00)} = /Adu/t( )(sul)_Q(suQ)_Qsds = t_z/ uy 2uy 7 (u) " *du

A
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for all sufficiently large ¢, since then ¢7(u)u € [1,00)?, which is the support of £. Note that
the integral over A is taken with respect to the one-dimensional Hausdorff measure on S;.
This integral is finite since A is compact and 7(u) is bounded away from zero. Thus, the
spectral measure on X; exists if and only if 7(§) has a power tail of order 2. This is not the
case for the modulus Ty,.x, but holds for the modulus 7, (2) = min(zy, x2). Therefore, £
is regularly varying with index 2 in (0, 00)? with the modulus 7,;,. This is well-known, for
instance, one can take g(t) = t* in Theorem [2.2.3(ii). In this case, ¢ is said to exhibit the
effect of hidden regular variation, see [49].

It is worth noting that the same result holds for the modulus 75 with 5 € (0,1/2), but it
fails for 715 due to the presence of the logarithmic term. Furthermore, 75(¢) exhibits regular
variation of order 1/(1 — ) < 2, which implies that £ is not regularly varying on X; with
this modulus.

A similar construction that leads to the hidden regular variation phenomenon can be
applied to the space R? with the modulus 7(zy, x9) = min(|zy], |z2|).

Ezample 2.4.9. We adapt the setting of Example [2.4.7. Hidden regular variation on RZ°
has been studied in [40]. Let X; = (0,00)™ x R, which is a subset of X = RY. Then
7(x) = min(zy,...,2m), © = (¥1,T2,...,Tm,...) € R, is a modulus on X;. If we have
a sequence of i.i.d. random variables £ = (¢,) in R, with Pareto tail, then ¢ is regularly
varying in Xi, and its tail measure is supported by (0, 00)™ x {0}°°.

Ezample 2.4.10. Let X be the family of continuous functions z : [ 1] — R, with the
topology generated by the uniform metric and the scaling (Tyz)(u) = t 'z (u), u € [0, 1], for
x € X. Let X be a subcone of X, which consists of all functions x : [0, 1] — (0, 00) with the
induced topology. We consider moduli on X’ and X given by

Tine(2) = inf {z(u) ™" 1w € [0,1]}, zeX,

Taup(2) =sup {z(u) " 1w € 0,1}, zeX|
and the corresponding bornologies, where 0~! = co. The hidden regular variation phe-
nomenon arises by considering a random continuous function {(u) = Viu+Va(1—u), u € [0, 1],

where V; and V3 are two independent random variables uniformly distributed on [0, 1]. Note
that 7in¢(€) = (max(V;, V5)) ™! is regularly varying on R, of index 2 since

P {rl) > 1} = P {max(, Vo) < £} = 12
and Tgp(€) = (min(Vi, V5)) ™t is regularly varying on R, of index 1:
P{r() >t} =P {min(Vl, Vi) < t—l} =1-(1— 12,

The random function ¢ is regularly varying in the bornology generated by 7., which can
be seen by applying the continuous mapping argument from Theorem [3.2.1L To see this, let
¥R\ {(0,0)} — X; be defined as (1, z2) = x1u + z2(1 — u) so that ¢¥(V, Vo) = &(u) for
(V1, V) from Example[2.4.3] The tail measure of £ here is supported by functions au+b(1—u),
where a, b > 0, and its index of regular variation is 2. The random function £ is also regularly
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Vi ('—“)

Va(w) \ Va(w)
V1(UJ) °

Figure 2.1: One realisation of a random Figure 2.2: One realisation of a random
function & from FExample where function & from Example where
Vi(w) < Va(w) for an elementary event Vi(w) > Va(w) for an elementary event
w. w.

varying in the bornology generated by 7y, which can be seen by using Example and
applying Theorem m However, its tail measure is supported by functions au and a(1—wu),
u € [0,1], where @ > 0. These functions are not strictly positive on [0, 1] and therefore do
not belong to X;. Thus, the tail measure p is trivial on X;, and so ¢ is not regularly varying
in X; with the bornology induced by Tyyp.

Ezample 2.4.11. Let X be the family of positive upper semicontinuous functions z : [0, 1] —
R, equipped with the hypo-topology, see [10], [44] and [45], and the linear scaling. Let X;
be the family of continuous functions z : [0,1] — (0, 00), which is a subcone in X. The
topology on X; generated by the uniform metric is stronger than the topology induced from
X. Equip X = X’ with the bornology generated by the modulus sup z. Consider a random
function given by

. u € [0,1],
0, otherwise,

§(u) = {V2(1/V —lu=Ul), [u=-U<1/V,

where U is a continuous random variable on [0,1] and V' is a Pareto-1 random variable
independent of U. Then £ is regularly varying with the tail measure p supported by functions
z(u) = cligy(u) for ¢ > 0 and @ € [0, 1], and the tail index is 1. Since u(X;) = 0, £ is not
regularly varying on X; with the induced bornology.

Another example involving spaces of sets is given later in Example |3.7.6]
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Figure 2.3: One realisation of a random function & from FExample|2.4.11
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Chapter 3

Continuous mapping of regular
variation and regular variation of
random closed sets

In the following chapter, we will discuss continuous transformations of regularly varying
measures. To preserve the regularly varying property, the mapping must satisfy additional
conditions as given in Theorem [3.2.1] Previous results of this type have been observed, for
example, in [32] Theorem 2.5] where the space is assumed to be star-shaped. We apply
our result to polar decomposition map to get a result analogous to [54, Proposition 3.1].
Furthermore, we will observe the inverse mapping 1! of a continuous transformation v as
a set-valued map and derive similar results for mappings of this type. Additionally, we will
discuss quotient maps and selection maps as specific types of continuous transformations.

3.1 Transformations of scaling and bornology

Consider Polish spaces X and Y equipped with continuous scalings 7% and T, and zeros Ox
and Oy, respectively (see Section .

Definition 3.1.1. A Borel map ¢ : X — Y is said to be a morphism of order v > 0 if for
all z € X and t > 0,
B(TFx) = TE(). (3.1)

If v = 1 we omit mentioning the order.

Lemma 3.1.2. If (3.1) holds, then ¢(0x) C Oy and v (TEy) = Ty (y) for ally € Y
and t > 0.

Proof. For y € Y and ¢t > 0,

T~ (y) = {Ti2 (@) =y} = {z : ¥(T72) = y}
={o: T () =y} = {z :¥(2) = Tay} = ¢~ (Try).
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If Tz =  for some t > 0, t # 1, then

y=1v(2) = (Ti'2) = Trv(x) = Ty,
which implies that y is invariant under 7} and so ¢(0x) C Oy. O

Ezample 3.1.3. Let the scaling on Y be the identity, so that Y = Oy. Equation (3.1 yields
that (T;*z) = ¢(x) for all x and ¢ > 0. In this case, 1)(0x) may be a strict subset of Oy.

Lemma shows that the inverse map 1 ~! is a morphism between Y and the family
of subsets of X, and that ¢~'Y’ C X'. If y € Oy, then

VN y) =0 N (T y) = T 0 ().

Therefore, 1! (y) may contain elements from X’ and so 1 ~!(0y) may be strictly larger than
Ox. Furthermore, y = v(x) € Oy if and only if ¢ (T *x) = ¢ () for some ¢t > 0, t # 1.

Definition 3.1.4. Let X and Y be two spaces with ideals S(X) and S(Y), respectively.
A function ¢ : X — Y is said to be a bornologically consistent if =1 (B) € S(X) for all
B e S(Y).

Fxample 3.1.5. Let X and Y be star-shaped metric spaces with continuous moduli, so that
O0x = {0x} and Oy = {0y} are singletons, and the corresponding ideals are topological
bornologies. Recall, this means that they are generated by all closed sets which do not
intersect the closure of 0. Then each continuous morphism v : X — Y is bornologically
consistent. To see this, let B be a closed set in Y that does not contain Oy, which is equivalent
to B € S(Y). If v~ (B) contains Ox, then B contains ¢(0x) = Oy, see Lemma

Remark 3.1.6. If the ideals S(X) and S(Y) are generated by semicones Cx and Cy, respec-
tively, and satisfy condition , then a morphism v is bornologically consistent if and only
if = 1(Cy) C TXCx for some 0 < t < 1. To prove this, assume that 1) is bornologically
consistent. Then, for B = Cy, we have ¥~ }(Cy) € S(X), which implies that there exists
n € N such that ¢=*(Cy) C TX,Cx. For the converse, let B € S(Y) be arbitrary. Then
there exists n € N such that B C 7" ,Cy. Using the fact that ¢ is a morphism, we get
v Y(B) C T, v YCy) C T;*Cx € S(X) for some ¢ > 0. Recall that S(X) contains all

subsets of each set from S (X).

Example 3.1.7. Consider the map (w1, 22) = x1+ x5 from X = (0,00)? to Y = (0,00). Let S
be the bornology on (0, 00) generated by the modulus 7(y) = y, y > 0 (see Definition [1.3.7).
The map 1 is bornologically consistent if the bornology on X contains ¢ '{y € Y : 7(y) >
t} = {(z1,29) € X: 21429 >t} forallt > 0. This is the case if S is generated by the modulus
T(21,x9) = X149 or by the modulus Tyay (21, 2) = max(zy, xs), as well as any other modulus
induced by a norm. However, if we equip X with the modulus 7y, (21, 22) = min(xy, z5),
then 1 is not bornologically consistent. Indeed, ¥ "'(y) = {(z1,72) : 71 + 22 = y}, y € Y,
does not belong to S, . as well as to any other bornology which is compatible with the

hidden regular variation property.
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Proposition 3.1.8. Assume that X and Y are topological spaces with continuous scalings
and that the bornology S(Y') is generated by a continuous modulus Ty. If a continuous map
Y : X — Y is a morphism, then v 'S(Y') = {¢7Y(B) : B € S(Y')} is a bornology on X/,
which satisfies .

Proof. Let C = {y € Y : 7y(y) > 1} and let ¢ be a morphism of order v > 0. Then
C" =¢~1(C) is also an open set, which is a semicone in X, since, for all ¢t > 1,

T = | T () = | v (Thy) = v (TEC) i (C) = C.

yeC yel
The family {7,,-1C",n > 1} is an open base of ¥ 'S(Y’), and

sup{t:x € T C'} =sup{t : x € T H(C)} =sup{t : x € v 1 (T2C)}
— suplt  (x) € TLC)

is a continuous modulus on X' (follows from the proof of Lemma [1.3.9) where for v = 1 we
get Ty (¥(2)). 0

Alternatively to Proposition [3.1.8] it is possible to fix a bornology & = S(X’) on X’ and
identify the largest bornology on Y’ that ensures that v is bornologically consistent. This
bornology, denoted by ¢S, is the pushforward of & under . It consists of all B C Y’ such
that ¥~1(B) € S. Note that 1S is a bornology that does not require ¢ to be a morphism.

Proposition 3.1.9. Let X and Y be topological spaces equipped with continuous scalings.
Assume that ¢ : X — Y s a continuous closed and open morphism of order 1. Let S be a
bornology on X' that is generated by a continuous modulus T such that OxU{zr € X" : 7(z) < 1}

is compact in X. Then ¢S is a bornology on Y' that satisfies .

Proof. We denote
mw(y) =77 (y), yeY, (3.2)

where 7 is defined at (1.9) and we write ¢~ !(y) for v ' ({y}). By (3.1)), 7v is homogeneous.
In order to show that 7y is a continuous modulus, we need to show that 7y is continuous

and non-vanishing on Y’. First, we have

yim) 2 = {y: 0 W) n{e: r@) <t} = 2} = v({o: r@) <1})”

Since v is an open map, the set on the right-hand side is closed, hence 7y is upper semicon-
tinuous. Furthermore, since 1 is a closed map,

{yZTY(y)St}:ﬂ{y;w*1<y)ﬁ{l‘:7'(l’)§t+€}7é@}:m1/1({x27'(x)St—l—&‘})

e>0 e>0

is also closed, so 7y is lower semicontinuous and hence continuous.
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If 7v(y) = 0, then for all n > 1, there exists z,, € ¥~'(y) such that 7(z,) < 1/n. Since
Ox U {x : 7(z) < 1} is compact, there exists a subsequence (ny) such that z,, — = € X. By
continuity of 7, we have 7(x,,) — 7(z), so it cannot be that z € X' since for each z € X',
we have 7(z) > 0. Thus, 2 € Ox, so y = ¢(z) € Oy by continuity of 1) and Lemma [3.1.2]

It remains to show that the pushforward ¢S is generated by the modulus 7y. Indeed,
B € ¢S if 7(¢"1(B)) = 7y(B) > 0. Thus, S consists of sets B C Y such that 7y(B) >
0. O

3.2 Continuous images of regularly varying measures

The following result establishes that the regular variation property is preserved under certain
continuous bornologically consistent morphisms. A measure p € M(X,S) is said to be
nontrivial on §; C S if u(B) > 0 for some B € §;. We follow the notation introduced in
Section [3.1]

Theorem 3.2.1. Let X and Y be Polish spaces equipped with continuous scalings T and T
and ideals S(X) and S(Y), which are scaling and topologically consistent and have countable
open bases. Assume that ¢ : X — Y is a continuous bornologically consistent morphism of
order v. If v € RV(X,S8(X), ) with tail index o and the pushforward ¥ is nontrivial on
S(Y), then v € RV(Y,S(Y), u) with the tail index a/~.

Proof. Since 1 € S(X,8(X)), we have that for every A € S(Y), (vu)(A) = u(¢v=1(A)) < oo
which follows from bornological consistency. Therefore, Yy € M(Y,S(Y)). Note that
for f € Cg,, the function f o is continuous, bounded, and such that the set {z € X :
(fo)(x) # 0} =X\ 1(f710)) ==Y\ f71(0)) belongs to S(X). Consider a random
element ¢ € RV(X, 8(X), 1) and apply Theorem [2.2.3{ii) to conclude that for each f € Cgy)
we have f o € Cgrx) and

Jim gt ES (T(6)) = lim o(s)BS (WT9) = [ (o v, = [ rtiny).

Finally, note that g(t'/7) is regularly varying of order /. Thus, 1(¢) € RV(Y,S(Y), ¥pu),
provided tu is nontrivial on S(Y). O

If 1+ admits a spectral measure o, then 1o is a spectral measure of ¥u: for Borel B in

5(Y), ) )
bu(B) = a / o(TFy~ (B)~\dt = a / o (v (T B,

so that yo is the spectral measure of ¥ pu.

Remark 3.2.2. If ¢ is not continuous, then the statement of Theorem holds if the u-
measure of the set of discontinuity points of ¢ is zero. By (B3.1)), if ¢ is not continuous at
x € X', then it is also not continuous on all points in T{g «)®. Therefore, we can consider dis-
continuity points on the set {x € X' : 7(z) = 1} and require that the spectral measure of this

set vanishes. This version of the continuous mapping theorem appears in [32, Theorem 2.5]
and [38, Theorem B.1.21].
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Remark 3.2.3. Assume that the conditions of Theorem hold and that the map ) :
X — Y is a bijective continuous morphism. Assume that the ideals S(X) and S(Y) on X
and Y are bornologies on X' and Y’ generated by continuous moduli ¢ and 7y such that
Ty(¥(z)) = mx(x). Then ¥(0x) = Oy, and the image ¥(§) of each regularly varying random
element ¢ in X is regularly varying in Y. In this case, the spaces (X,S(X)) and (Y,S(Y))
with the corresponding scalings are said to be indistinguishable.

3.3 Modulus and polar decomposition maps

Assume that the bornology S on X satisfies [(B), equivalently, S = S, for a continuous
modulus 7 (see Lemma [1.3.9). The modulus is a continuous morphism from (X,S) to
(R4, S81), where S; is the standard bornology generated by the semicone [1,00). For a
measure v on X, the pushforward of v under 7 is denoted by 7v. Theorem implies the
following result.

Corollary 3.3.1. If v € RV(X,S, ), then Tv € RV(R,, 81, 7). In particular, if a random
element £ is RV(X, S, 1) of index «, then 7(&) is reqular varying random variable with index
a, and for all u > 0,

gOP{7T(&) > ut} —» pu({x: 7(x) >u}) =cu™™ ast — oo,
where ¢ = p({z : 7(x) > 1}).

The following result deals with the regular variation properties of the polar decomposition
map between X’ and Y = S x (0, o), see Definition The scaling on Y acts only on the
second component, that is, T (u,t) = (u,ts). The space Y does not have scaling invariant
elements. The bornology S(Y) on Y is generated by sets of the form S x [t, 00) for ¢ > 0,
and the modulus on Y is given by 7y(u,t) = t. Recall that 6, is a measure on (0, 00) with
density ay=*"dy.

Remark 3.3.2. Note that the polar decomposition is a bijective continuous morphism that is
also bornologically consistent. Being a morphism comes from the following calculation:

p(Tsz) = (Trrey-1 Loz, T(Tix)) = (Ts-1r@y1 Tyw, s7(2)) = (Tr(ny12, s7(2)) = T p(2),
whereas bornological consistency follows from:
pHAX (t,00) ={z eX :7(x) >, Typ-12 € A} C {z: 7(z) > t},

for any A C'S and t > 0. The set on the right is bounded (belongs to S,) since there exists
n € N such that it is contained in T;,-1C' = {z : 7(z) > n"'}.

Proposition 3.3.3. Assume that X is a Polish space equipped with a continuous scaling Ty,
and let X' be equipped with a bornology S generated by a continuous modulus 7. Let & be
a random element in X', and let o be a finite measure on S defined at . Then the
following are equivalent:
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(i) £ € RV(X,S, ), where pu is given at ([2.4).
(i1) The random variable 7(§) is reqularly varying with index o, and
P{T, &€ |7(&) >t} =5 0(-)/o(S) ast— oo, (3.3)
where the convergence is the weak convergence of probability measures on S.
(iii) We have

P {(Tye)-1&,t717(€)) € A x (u,00),7(€) >t}
P{r(¢) >t}

ast — oo for all Borel A C'S such that 0(0A) =0, and all u > 0. In that case,

P{T,n¢ec -} s
W —>IU(> as t — 00, (35)

where 1 1s determined by pp = o ® 6,.

= (0 ®0,)(A X (u,0)) (3.4)

Proof. By Theorem [3.2.1 ¢ € RV(X, S, ) if and only if the polar decomposition 1 = p(§) =
(Trey1&,7(§)) is regularly varying in (Y,S(Y)). Let o be a spectral measure of &, which
is supported by {z : 7(x) = 1} = S such that holds. Then n has the tail measure
pit = 0 ® 0,. This measure is finite on S(Y), so that Proposition yields for a Borel
ACSand s> 0

oo 1
pi(A X (s,00)) = a/ 0 (T T(1,00) ANt dt = as_a/ 0(T(r00)A)r® Hdr = s7%0(A).
0 0

Thus, the tail measure of 7 is 0 ® 0,.

Since the sets A x (s,00) for Borel A C S such that 0(0A) = 0, and s > 0 are Borel,
bounded in Y, and convergence-determining in Y, the regular variation property of 7 is
equivalent to

gt)P{ne A x (ts,00)} = pu(A x (s,00)) = s “0(A) as t — o

for all Borel o-continuity sets A and s > 0. The regular variation property of g implies that
it suffices to let s = 1. Note that

P{ne Ax (t,00)} =P {5 S T(tyoo)A} =P {TT(g)flf e A T(&) > t} .

(i) < (ii): First, since ¢ is regularly varying which is equivalent to 7 being regularly varying, we
can use arguments from above to obtain

P{T 1é€ -|7(&) >t} = JOP{Tgi€ € - (&) > 1) W, o)

g(t)P {TT(g)—lf S S, 7(5) > t} O’(S)
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as t — co. For the converse, we set g(t) = P{r(¢) >t} " and let A C S be a Borel
o-continuity set, s > 0. Then, we have

g(?)

g(ts) g(ts) P{Tr & € A, 7(§) > ts} — cs “0()

g(t)P {TT(@A{ €A 1> ts} =

as t — 0o, where ¢ = o(S)~!. Properties of ¢ discussed above guarantee that o is a

probability measure and thus ¢ = 1.

(i),(ii) < (iii): From the regular variation of ¢ and 7, for each Borel o-continuity set A C S and s > 1,

we have
P {TT(g)—lf € A, T(é) > St} g
P {r(£) >t}

whereas for u < 0 we have

P {Ty& € A, 7(§) >t}

o(A) ast— oo,

—o(A) ast— .

P {r(¢) >t}
Finally, (3.5) is equivalent to the regular variation of £, given that the normalising
function can be chosen as g(t) = P {r(¢) > t} . O

In part (iii) of Proposition m, it suffices to consider A belonging to a convergence-
determining class on S, which may be smaller than the family of all Borel sets in S.

Corollary 3.3.4. Assume that X' is equipped with a bornology S generated by a continuous
modulus 7. If 1) is a random element in'S defined at (1.10)), and £ € [0,00) is an independent
of n regularly varying random variable with tail measure cf,, then Tgn € RV(X, S, i), where
1 1s the pushforward of o ® cf, under the inverse of the polar decomposition map and o is
the distribution of 0.

3.4 Examples: continuous images of regularly varying
elements

It is well-known that a random variable ¢ belongs to the maximum domain of attraction
(MDA) of the Fréchet distribution if and only if £ is regularly varying with index a >
0 on X = [0,00) in the linear scaling and bornology generated by the modulus 7(z) =
x, up to a multiplicative constant (see Theorem . Moreover, other MDA’s can be
also characterised by appropriate regular variation conditions, see Chapter 1 of [48]. In
some cases, if we are allowed to choose the scaling, this observation can be straightforward,
as illustrated by the following two examples. They also clarify the connection of this to
continuous bijective maps.

Ezample 3.4.1. Let X = (0, 00) with the linear scaling T* and the bornology S(X) generated
by a continuous modulus 7x(z) = z with C' = [1,00). Let ¢(z) = —2~! + ¢ be a map
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from X to Y = (—o0,¢) for some fixed ¢ € R. Equip Y with the scaling given by TYz =
t~'(z — ¢) + ¢ and the bornology generated by the semicone [c — 1,¢), see Example m
This bornology corresponds to the continuous modulus 7y(x) = |z — ¢|™*. The map 7 is a
bornologically consistent morphism, and the spaces X and Y with the chosen bornologies are
indistinguishable:

W(TFz) = —(te) 4, Trp(x)=t"(—a ' +ec—c)+c=¢(Tz), forallt >0, z €X,

and 1y(¢(z)) = | — 27! —c+ |7t = (), for all z € X. By Theorem [3.2.1] a random
variable £ is regularly varying in X if and only if n = —£71 + ¢ is regularly varying in Y. The
tail measure of 7 is given by the pushforward ¥ u of the tail measure p of £. For example,
if ¢ is Pareto-1 distributed, then —¢1 is regularly varying in (—oo,0). The distribution
of —¢71 is uniform on (—1,0) which is in Weibull MDA (easy calculation shows that (i7)
from Theorem holds). More generally, assume that a random variable n = ¥(§) with
distribution function F' has a finite right endpoint ¢ = sup{z : F(x) < 1}. By right
continuity, we have F(c) = 1. If £ € RV(X,S(X),u), then n € RV(Y,S(Y),v¥n) in this
setting, and for any u > 0, we have

P{T ne(c—uc)} 1—F(c—uft)
P{T/ne(c—1,c)} 1-F(c—1/t)

-1

= ()¢ —u,¢) = p(u™", 00) = u
as t — 0o, where a > 0 is the index of regular variation of £ and 7. For an i.i.d. sequence
(n;) with the distribution function F', define M,, = VI n;. Then there exists a corresponding
sequence (a,,) such that

P {T;f_lan <o u} = P {a,(M, —¢) < —u} = (1 - P {ap(n — ¢) > —u})".

Take natural logarithm of this term and use the relation log(1 —x) = —z for x small enough.
Then, using the regularly varying property, we obtain

—nP {a;l(m’ —c) > —u} — —u” as n — oo,

so the term from above converges:

a;l

P {TY M, <c— u} — e asn — oo. (3.6)

As expected, the regular variation of 7 in this setting corresponds to the fact that the tail
distribution function F is regularly varying with index a > 0 at ¢, which is a well-known
necessary and sufficient condition for the convergence of M,, towards the limiting distribution
of the type given in ((3.6).

Ezxample 3.4.2. Consider X = (0, 00) equipped with the linear scaling and bornology gen-
erated by 7x(r) = x, that is, by a semicone [1,00), and let ¥ (z) = klogx be a map from
XtoY =R for fixed k € R, K # 0. Equip Y with the scaling and the bornology from
Example [1.4.8¢

Ty =y+rklogt, t >0, 7y(y)=e"" yeY.
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Then 1) is a bornologically consistent morphism, and the spaces X and Y are indistinguish-

able:
V(TFx) = 1p(tx) = klog(tr) = klogx + klogt = T (x), forallt >0, z € X,

and 7y (¢Y(z)) = e1°8%/% = 7y (z), x € X. A random variable ¢ is regularly varying in X if and
only if n = log¢ is regularly varying in Y, see Theorem [3.2.1] Then 7 lies in the maximum
domain of attraction for the Gumbel distribution.

To show that, let £ € RV(X,S(X), ) and let n = logé&. Denote by F' the distribution
function of n. Then k1 € RV(Y,S(Y),vu). For u > 0 we have

P{T' e (u,00)} 1—F(u+rlogt)
P{TY,ne (0,00}  1—F(xlogt)

au

— () (w1, 00) = pu(e", 00) = e

as t — 0o, where « is the index of regular variation of £ and 7. Similarly to Example |3.4.1]
for an i.i.d. sequence (7;) with the distribution function F' and M,, = V}_;n; there exists an
appropriate sequence (a,) such that for any u > 0

au

P{Tf_angu}:P{Mn—ffjlogangu}—)e_( as n — 00,

which confirms that £ belongs to the MDA of the Gumbel distribution. However, it should be
noted that in general, the Gumbel distribution with distribution function G(z) = e~ “™""",
r €R (u€R, [ >0), arises from a two-parametric (affine) scaling of random variables, and

thus it does not fit our current framework.

Example 3.4.3. Let 1 be a linear map from X = R? to Y = R™ determined by a matrix A
of rang m < d. Assume that X and Y are equipped with the linear scaling and bornologies
generated by the moduli given as the Euclidean norms. Then v is a bornologically consistent
continuous morphism. The condition of Theorem holds if Ay is nontrivial on Y, see
also [3]. This is not the case if the tail measure p is supported by the (nontrivial) kernel of
A, so that ¢ u vanishes on Y’.

Ezample 3.4.4. Let X = C(|0, 1]) be the space of continuous functions z : [0,1] — R with
the uniform metric, and let Y = R. Define the scalings on X and Y as usual multiplications
by scalars and equip the spaces with bornologies generated by the moduli given as the
corresponding norms. Let ¢(z) = fol z(u)du be a map from X to Y. Then

vy lyl > e) ={z e X [Y(z)] 2 e} C{z € Xt lzf| > €}

for each € > 0, so that v is a continuous bornologically consistent morphism. Note that ¢ (z)
may vanish on a function x that is not identically zero. By Theorem [3.2.1} if £ is a regularly
varying random function in C([0, 1]), then ¥ () is a regularly varying random variable, unless
(&) = 0 almost surely. For instance, the latter is the case if {(u) = V sin(2w(u+U)), where
V has a Pareto tail and U is uniform on [0, 1]. We show this by direct calculation:

w(E) = /0 w)du =V / " (2t = E—V(cos(zﬂ +270) — cos(2xU)) = 0.

U ™
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Consider also a map t(z) = sup = — inf z. Since

DMy Yl > e}) ={r eX: |d(z)| > e} C{zr € X |z]lx >e/2},

for all € > 0, the map v is a bornologically consistent morphism. The set @Eil(Oy) consists
of constant functions. Thus, if £ is regularly varying with the tail measure not entirely
supported by constant functions, then ?ﬁ(f ) is a regularly varying random variable. For the
function &(u) = V sin(27(u + U)), we have (&) = 2V, which is regularly varying.

Ezrample 3.4.5. Let £ be regularly varying in X = Ri with the linear scaling and the
bornology S, generated by a continuous modulus 7, see Example for d = 2. Let
U(z) = x1-- x4 for x = (x1,...,24) € X. This map becomes a continuous morphism of
order v = d between X and Y = R, with the linear scaling. If the bornology &, contains
the set {z : @1 --- x4 > 1}, then ¢ is also bornologically consistent (see Remark [3.1.6). Let
¢ € RV(X,S,, u). If ¥p is nontrivial, then () is regularly varying in Y. Assume that & is
composed of i.i.d. random variables. If 7(x) = max(z1,...,x4), then ¢¥u is supported by {0}
and the above argument does not apply.

Note that if 7 is chosen to be min(zy,...,z4), then v is not bornologically consistent,
and thus it is not possible to use the hidden regular variation property to deduce the regular
variation of the product of two i.i.d. random variables, see [34, Lemma 4.1]. It should be noted
that the regular variation of the product &; - - - &; does not imply that £ is regularly varying
in the bornology on (0,00)? generated by the modulus (z; - --4)'/? This is demonstrated
in Example for the case d = 2.

Example 3.4.6. Let £ be a regularly varying random vector in X = R? with the linear scaling,
and let the bornology S on X’ be generated by a norm. Let ¥ : R? — R, be a continuous
homogeneous function. Then x — 1 (x) is a continuous morphism from X to Y = R, , which
is also bornologically consistent if {x : ¥(z) > 1} € S. If £ € RV(R% S, ) and vpu is
nontrivial on (0, 00), then () is regularly varying in Ry (Theorem [3.2.1]).

This argument can be generalised for functions that are homogeneous of different orders
in some of their arguments. For this, we adapt the setting of [20]. We equip X = R% x R®
with the linear scaling. Let ¢ : X — R% be a continuous function that is homogeneous of
positive orders 8; and [ in each of its two arguments. Then (z,y) — ¥(x,y) becomes a
morphism of order v = B; + B2 from X to R% equipped with the linear scaling. Let S; be
ideals on R%, i = 1,2, 3, that satisfy with the corresponding cones C;. Denote by U; the
unions of sets from the corresponding bornologies, by 7; the modulus on U;, and by S; the
corresponding sphere. Assume that the range of v is a subset of Us.

Let S be an ideal on X. The morphism ¢ is bornologically consistent if {(x,y) € X :
T3(¢(x,y)) > 1} € S. This set can be written as

{(;E,y) e X: Tl(x>ﬁ172<y)627—3(¢<Tn(x)—1x7TTz(y)_ly)) > 1}7

where T7 ()12 € Sy, Try(y)-1y € Sp. Assume that

inf{ms(¢(u,v)) :u € Sy,v € Sy} > 0.
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Then v is bornologically consistent if
{(z,y) e X:m(2)"n(y)? > 1} € S.
This is the case if S contains the bornology on X generated by the modulus

T(x,y) = 7 ()P BrrB) 7y (y)) P2/ BrF2). (3.7)

Let & € RV(R%, S, p1s), i = 1,2, be independent random vectors that are regularly varying
of orders a; and «g, respectively. If (£,&) € RV(X,S, i), where S is generated by the
modulus 7 such that (3.7)) holds, then (&1, &) € RV(R%, Ss,¢u), provided +p is nontrivial
on S;s.

Ezample 3.4.7. Let X = R and let Y = C([0, 1]) be the space of continuous functions on
[0,1]. We equip X and Y with the linear scalings and the moduli given by the corresponding
norms. Define a map 1) : X — Y by letting ¢ (z) be the polynomial ¢ (z)(u) = z1 + xou +
o+ x40ul, u € [0,1]. This map is a continuous and bornologically consistent morphism.
To see that it is bornologically consistent, observe that

Tyl =z eh) ={z e X1 @) > e} S{z e X [lz] 2 /(d+1)}

for each € > 0, where ||z|| = max(xy,...,2411) and |[10(x)|| is the sup-norm induced by the
uniform metric. In this case, ¥ "}(0y) = Ox, so 1 preserves the regular variation property.

Ezample 3.4.8. Let X be the space of continuously differentiable functions on [0, 1], and let
Y be the space of continuous functions. The scaling on both spaces are given by multiplying
the function’s values with a scaling parameter. Equip X with the bornology generated by the
modulus 7(z) = ||z|| = ||z]|cc + ||7||oo, Which is the sum of the uniform norm of the function
and its derivative. Similarly, equip Y with the bornology generated by the modulus which
is the uniform norm. Then the map 1 (z), associating a function x € X with its derivative
2', is a continuous bornologically consistent morphism (note that the norm of () = 2’ in
Y is smaller than or equal to the norm of x in X). If v is regularly varying on X and its
tail measure is not supported only by constant functions, then v is regularly varying on Y.
This example can be generalised to higher-order differential operators.

Ezample 3.4.9. Consider X = R? with the scaling defined in Example [1.4.9;

Choose 7(x,y) = min(z,y) as a modulus and let n = (n1,72) be any random vector with
values in S = {(z,y) : min(z,y) = 1}. If  is a regularly varying random variable with index
a, then Tgn is regularly varying in X with the same index, where

Ten = (m1 + (€ — 1) min(ny, m2), n2 + (£ — 1) min(ny, n2)) = (1, m2) + (£ —1,€ = 1),

since min(ny,n2) = 1. Therefore, P{7(Tn) >t} = P{£ >t}, so 7(1T¢n) is a regularly
varying random variable with the same index as &. Thus, the regularly varying property of
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Ten follows from the regular variation of &, since p(Ten) = ((m1,72),€), so for Borel A C S
and u,t > 0,
P {p(Ten) € A4 x (ut, )}
P {7(Ten) > 1}

=P {(m,n) EA}%%PMEA}%F" as t — oo.

If (m1,m2) has a light tail, then T¢n is regularly varying in the classical sense with the spectral
measure concentrated on the diagonal.

Note that a pair (X,Y") of independent Pareto distributed random variables is not regu-
larly varying in the new scaling. Indeed, let X and Y be two independent Pareto distributed
random variables with index 1. Then 7(X,Y") is a regularly varying random variable with
index 2, and P{7(X,Y) >t} =t2. Let p(X,Y) be the polar decomposition of (X,Y). Let
b>a>0,and let A=SN{(z,y) :z+a<y<az+b}. We have, for ¢ large enough,

P{p(X,)Y) e Ax (ut,00)} =P{X +a<Y <X +b min{X,Y}>ut} =
=P{X+a<Y <X+0b X >ut}=
=P{Y>X+a X>ut} —P{Y >X+0b, X > ut}.

Consider an arbitrary ¢ > 0 and calculate,

o ds

PY>X+,X>t:/PY> + —2d:/ — .
{ c ut} y {Y > s+ ¢} s 2ds ey

We can now bound this term as follows:

1(ut+c)2—/m—d8 </°°—d8 </wﬁ—1(ut>2
2 a ut (S+C)3_ ut (S+C)S2_ ut 5_372 .

After applying these bounds to the calculation above, we have
P{p(X,)Y)e Ax (ut,00)} =P{Y >X+a, X >ut} —P{Y > X +b, X > ut}

< ~((ut) ™ = (ut +b)72).

N | —

—~

Dividing the latter term by P {min(X,Y’) > ¢} and taking the limit as t — oo, we have

lim P{p(X,¥) € A x (ut, %0)} < lim 1 (u_2 — (u + IZ))Q) =0.

t—00 P{min{X,Y} >t} T t—o0 2
This implies that the random element (X,Y) is not regularly varying in X.

One example of a regularly varying element in this space is a random vector (X, X + 1),
where X is Pareto-1 distributed and [ > 0 is a constant.
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3.5 Regular variation and point processes

We follow the setting of Example with X = R,. Let S(X) be an ideal generated by
the modulus 7(z) = z (see Definition and Lemma [1.3.9). Recall that M, (X, S(X))
denotes the set of counting measures m on X. A random element in M, (X, §(X)) is called
a point process.

Consider a sequence of ii.d. random elements (§;) on X and a sequence of positive
constants (a,). We construct the sequence of point processes

N, = Z 6Ta;1§i

{i=1,...,n:§;€X’'}

on the state space X'. We ignore the values of & which belong to 0. We typically assume
that &; is regularly varying, and in that case, the sequence (a,) is given in Theorem [2.2.3[(iii).

Endow M, (X, §(X)) with the corresponding vague topology. Recall that a Laplace func-
tional of a point process n € M, (X, S(X)) is a map ¥, (see [48]) that maps a non-negative
measurable function to [0, 1] in the following way:

U, (f) = Ele”"V)].

By [15], Proposition 11.1.VIII], weak convergence in M, (X, §(X)) is equivalent to convergence
of corresponding Laplace functionals for f € Csx).

A Poisson point process with mean measure p or a Poisson random measure will be
denoted by PRM(u). The following theorem is classical in locally compact spaces, but the
same argument applies in our setting as well, cf. Proposition 3.21 in Resnick [4§].

Theorem 3.5.1. Assume that X-valued random elements (&,) are i.i.d. Their common
distribution is RV(X, S(X), ) if and only if N, converges in distribution to a PRM(u) on
X'.

Proof. Let Wy, be the Laplace functional of N,. For f € Csx),

exp {— Z f(Ta;1§i)} = (E [exp{—f(Taglgi)}])” —
i=1

B (1 J(1 = e TP T, ¢ € dx})n

n

‘I’Nn(f):E

which converges towards

exp {— [a- e‘f(””))u(dw)} — Wpmaig ()

if and only if £ € RV(X,S(X), 1), due to the pointwise convergence of composition of se-
quences of functions. O
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An immediate corollary of the theorem above is that
P{T & ¢ B, foranyi=1,...,n} =P{N,(B) =0} — e B asn — oo (3.8)

whenever ©(0B) = 0 for B € S(X). The importance of this simple relation is widely
recognised in extreme value theory. This result can be used in Examples [3.4.1| and [3.4.2| to
simplify the calculations.

The following result concerns the regular variation property on the product space X,
which consists of sequences of points from X that is endowed with the bornology induced by
continuous modulus 7. The scaling on X is applied coordinatewisely to X*°, and a continuous
modulus is defined as

7(x) = sup{r(z;) i €N}, = (21,25,...) € X,

Recall (Example [2.4.7)) that this modulus does not induce a bornology on X* \ {0}, but
only a bornology S on U = U~¢T;C, where C' = {z € X : 7(z) > 1}. We assume that R"
is equipped with the linear scaling and the bornology generated by the modulus 7,, given by

To(Z1, ..y xpn) =sup{r(z;) :i=1,...,n}.

Proposition 3.5.2. If a random element § = (&1,&s, . ..) in X is reqularly varying on S,
then its finite-dimensional projection (&1, ...,&,) is reqularly varying in X" for all n > 1.

Proof. Assume that £ is regularly varying with tail measure p and fix n € N. Let h be
continuous bounded function h : X" — R with support bounded in X". This means that
supph = {(z1,...,2,) : h(z1,...,2,) > 0} is bounded in R™ which is equipped with the
modulus 7,,. Note, 7(supp h) > ¢, for some ¢ > 0. Then the function f : X*° — R defined by

flzy,29,...) = h(xy,29,...,2,)

is continuous bounded with support bounded in X*°, since the support of f is the set
{(z1,29,...) : h(xq,...,2,) > 0}. Hence,

JOBR(T (61 60) = 9OBSTr8) > [ fu= [ by ast = o

where fi(,)(A) = p(A x X*°), for a measurable and bounded set A in X",

Consider now the point process
A
N = Z O,
i=1
where (§;);>1 are i.i.d. in (0,00), and A is a random variable with values in N that has a

finite expectation and is independent of all §;. Recall that the modulus 7 on M, (X, S(X)) is
defined as the supremum of the moduli of each point from its support, so that 7(N) = VL | &;.
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The bornology on M, (X, S§(X)) induced by 7 is denoted by S. Assume that &; is regularly
varying in R, with the linear scaling and the bornology generated by [1,00).

Consider first the case when A = n is deterministic. It is easy to see that the ran-
dom vector (&, ...,&,) is regularly varying in R, with bornology induced by the modulus
max(z1,...,x,) and its tail measure pu, is the sum of the measures cf,(dx;) supported by
each of the coordinate half-lines in R}, where cfl, is the tail measure of §;, see Example
and [50, page 192]. This follows from the fact that the map ¢, (z1,...,2,) = > o 0y, 1S
a continuous bornologically consistent morphism between R’ and M, (X, S(X)). Moreover,
the spaces R} and M, (X,S(X)) are indistinguishable. Thus, N is regularly varying in
M,(X,S(X)) with the tail measure ¢, u,,. The normalising function g can be chosen to be
the tail distribution function of &, that is, g(t) = P {& > t}.

Now consider a possibly random A. It is well-known (see [34, Lemma 5.1]) that 7(N) =
VA & is also regularly varying on R, with the tail measure (E[A])cf,. For each f € Cs on
M, ((0,00), S(X)) we have to check as

1 = P{§1>t} 1 =
s ) = ZP IESTS TR (Tt_1;55i>P{A:n}. (3.9)

The regular variation of 1,,(&1, ..., &,) implies that

E f(ﬂlia&)] —>/fd(¢nun) as t — co.
=1

b
P{&{ >t}

By [34, Lemma 5.1],
P{& >t} _
P{7(N)>t} EI[A]
Since f € Cs, there exists a constant a > 0 such that {u : f(u) > 0} C {p: 7(n) > a},

which means that f vanishes on {p: 7(u) < a}. Hence, f(T;-1N) =0 if \/” 15 <at. If fis
bounded by ¢ > 0, then each term in the sum on the right-hand side of (| is bounded by

ast — oo.

P {VI & > at}
P{Vi & >t}

enP {& > at} P{A =n} nP {& > at}
S PG> tP{A=kl  P{4 >t}

The ratio is uniformly bounded for sufficiently large ¢t. By the dominated convergence theo-
rem,

P{A=n}< P{A=n}.

1
WE [f(T;-1N))] ZP{A—n}/fd Untin) = /fdu,

where

1 o
_m;P{A:”}@/}nﬂn

becomes the tail measure of N.
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Point processes of this type, and more specifically, the maximum of points from such a
process, are further analysed in Chapter 4] Additionally, we also examine marked renewal
cluster models, where each cluster has a representation similar to the marked version of the
processes observed in this section.

3.6 Regular variation of random closed sets and their
continuous maps

When dealing with regular variation of random closed sets, we assume that the carrier space
X is a locally compact separable metric space equipped with a continuous scaling T;. The
family F = F(X) of closed sets in X is endowed with the Fell topology, see [I1} 44]. The Fell
topology is generated by the subbase consisting of the following families:

{F € F: FNG# @}, for all open sets G,
{FeF:FnK =g}, for all compact sets K,

which means that finite intersections of these families form a base for the Fell topology. The
Fell topology on F(X) is a topology in which a sequence (F},) converges to F' if, for each open
set G such that FNG # @ and each compact set K such that KNF = &, we have F,,NG # &
and F,, N K = @ for all sufficiently large n. The Fell topology makes F a Polish space, see
[44, Appendix C]. The Fell topology on F \ {@} is equivalent to pointwise convergence of
distance functions (see [11, Theorem 2.5.4]) and can be metrised by the Hausdorff-Busemann
metric

dr(Fy, Fy) = sup e 9@ |d(z, Fy) — d(z, F)|, (3.10)
zER?
where xq is any fixed point in X, d is the metric on X, and d(z, F') = inf{d(x,y) : y € F} is
the distance function of F. The scaling operation on X is naturally extended to act on F
and will also be denoted by 7;.

Lemma 3.6.1. The scaling on F(X) is continuous in the Fell topology.

Proof. The scaling on a Polish space is continuous if it is separately continuous, that is, the
map x — Tz is continuous on X for all ¢ € (0,00) and the map ¢ — Tz is continuous
on (0,00) for all z € X, see [37, Theorem 9.14]. Let F,, — F as n — oo. Assume that
T, F NG # @& for an open set G. Then FNT,-1G # @, so F,, NT;-1G # @ for sufficiently
large n, taking into account that T;,-1G is open. If T,FFN L = & for a compact set L, then F’
does not intersect the set T;-1 L, which is compact as a continuous image of a compact set.
Thus, T;F,, N L = @ for all sufficiently large n.

Assume that ¢, — 1 as n — oo with the aim to show that 7T} F converges to T1 F = F
for each F' € F. Let F € F, and let G be an open set such that FF NG # @&. Then for any
xr € FNG, we have Ty x € T, F N G for all sufficiently large n, by continuity of the scaling
on X. Therefore, T; F' N G # & for all sufficiently large n. Now assume that FNL = &
for a compact set L. If T; F does not miss L for all sufficiently large n, then Ttnk Tn, €L
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for a subsequence (n;) and x,, € F, k > 1. By compactness of L and passing to a further
subsequence, assume that z,, — . Since F' is closed, € (F'N L), which is a contradiction,
and so T3, F' converges to F' in the Fell topology. O

Ezample 3.6.2. Let X = R? with the linear scaling and the Euclidean distance d, so that
d(Tiz, T,F) = td(z, F'). If 2y =0 in (3.10)), then

dr(TFy, TiF) = sup te”Vl|d(2, ) — d(2, Fy)|, ¢ >0.

z€R4

If C' is a closed cone, then

dx(T,F,C) = sup te’t”m“‘d(x,F) —d(z,0)|.

z€R4

Remark 3.6.3. The family Oz of scaling invariant elements in F is larger than the family of
subsets of 0 in X. For example, all cones are scaling invariant under 7; for all ¢ > 0, as well
as the empty set and X itself. In the space of closed sets, one can easily identify members
which are scaling invariant under 7; only for some ¢t # 1. Let x ¢ 0 and ¢ # 1 be fixed.
Define F' = cl{Tx : k € Z}, where Z is the set of all integers. Then F' is scaling invariant
under 7;.

Remark 3.6.4. The vague convergence on the family of nonempty closed sets is usually defined
by working with the values of measures on the families { ' € F : FNK # &} for all nonempty
compact sets K in X, see [44, page 130]. This choice is motivated by the fact that these
families are compact in the Fell topology on F \ {@}. This family of sets is a topologically
and scaling consistent ideal which covers F\{@}. This ideal is also the Hadamard bornology
on the family of nonempty closed sets and is denoted by Sy. Note that this ideal contains
all nonempty scaling invariant closed sets, and thus does not satisfy property and is not
generated by a continuous modulus. To see why, assume that property holds and denote
the semicone from |(B)| with C. If B € C and T;B = B for some ¢t > 1, then B € T,xC for
every k > 1. Now k£ — oo leads to contradiction.

Denote by F' = F \ Ox the family of all nonempty closed sets excluding those which are
scaling invariant for at least one t > 0, ¢t # 1. While a bornology on F’ can be constructed
as in Remark [3.6.4] it does not seem feasible to define a continuous modulus on the whole
F'. However, it is possible to define moduli on some subfamilies of F’, some of which are
given in Propositions [3.6.5 and [3.6.7. We often impose the following condition:

(C) The space X' is equipped with a continuous modulus 7 and 0 U {z € X" : 7(z) < 1} is
a relatively compact set in X.

Condition (C) implies that, if x,, — x and 7(x,) < a for some a > 0 and all n, then either
7(z) < aorz € 0. It is satisfied in R? with the linear scaling and the topological bornology.

Proposition 3.6.5. Assume condition (C). Then 7 defined in (1.9) is a continuous modulus
on the family F°(X) of nonempty closed sets which do not intersect 0.
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Remark 3.6.6. Note that the family F°(X) does not contain any scaling invariant element.
Indeed, if T,F' = F for some F € F°(X) and ¢ # 1, then we can assume that ¢ < 1. Hence,
for any « € F' we have Tinx € F, n > 1. By (C), this sequence has a convergent subsequence
which converges to a point from 0, so that F' has nonempty intersection with 0.

Proof. We show that the function
#(A) =inf{r(z) v € A}, A€ F(X)

is a continuous modulus on F°(X). This function is evidently homogeneous. First, note
that 7(F) > a if and only if F' does not intersect {z : 7(x) < a}. Indeed, if I intersects
this set, then 7(F) < a. On the other hand, if F' does not intersect this set and 7(F) < a,
then there is a sequence x,, € F with 7(z,,) < a+ 1/n. By (C), (z,) admits a subsequence
that converges to x € F. By continuity of 7, we have either € 0 or 7(x) < a, which is
impossible.

Assume that F,, — F in the Fell topology induced on F°(X). If 7(F) < a for some
a > 0, then there exists an x € F with 7(x) < a. The Fell convergence implies that there
exists a sequence x, € F, such that z,, — z, so that 7(x,) < a and hence 7(F},) < a for
all sufficiently large n. Assume now that 7(F) > a > 0. Then FN{z:7(x) < a} = . If
F,n{z: 7(z) < a} # @ for infinitely many n, then there exists a subsequence z,, € F,,
such that 7(z,,) < a for all k. By (C), (z,,) has a further subsequence which converges
to x with 7(z) < a. By the Fell convergence, x € F', which is a contradiction. Therefore,
F,n{z:7(z) <a} = @, equivalently, 7(F,) > a for all sufficiently large n.

Finally, if 7(F') = 0, then there exists a sequence z,, € F' with 7(z,,) — 0. By (C), there
is a subsequence z,,, which converges to x € F. By continuity of the modulus, = ¢ 0 is not
possible, so that F'N 0 # &, a contradiction, since F' € F°(X). O

The bornology generated by 7 consists of all families of sets whose union belongs to the
bornology S, generated on X’ by the modulus 7. As a result, any scaling consistent ideal on
X transforms into a scaling consistent ideal on F. In the following proposition, we analyse
another subfamily of F(X) along with the corresponding modulus.

Proposition 3.6.7. Assume condition (C). Then T defined by
T(F) =sup{r(z) : x € F} (3.11)
is a continuous modulus on the family Fy(X) of 7 - bounded star-shaped sets in X.

Remark 3.6.8. The family F,(X) consists of all sets F' € F(X) such that T,F C F for all
t € (0,1] and 7(F) < oo. Note that the set of zeros, O, is the family of closed subsets of 0.

Proof. The function 7 is strictly positive and homogeneous on F,(X) \ 0. We will now
show that it is also a continuous modulus. Assume that F,, — F' in the Fell topology. If
T(F) > t for some t > 0, then there exists © € F such that 7(z) > t. By the Fell convergence,
there exists a sequence z,, € F,, such that z,, — x. By continuity of 7, we have 7(x,) > t
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for all sufficiently large n. Hence, 7(F),) > t for all sufficiently large n. Now assume that
T(F) < t, but 7(F,) > t for infinitely many n. Passing to a subsequence, we can assume
that 7(x,) > t, with x,, € F,, and t,, T t. Then

Yn = Trw)-12n € {z €X' 1 7(2) <1}, n>1.

By passing to a convergent subsequence, assume that y,, — y as n — oo. Then 7}, y,, € F,, by
the star-shapedness assumption, since x, € F, and t,7(x,)"' < 1. Hence, T}, y, — Tyy € F
with 7(T;y) = t, which is a contradiction. O

The corresponding bornology is generated by the semicone
C={FeFX): FNC # o}.

Note that if we drop the star-shapedness assumption, 7 is no longer continuous. For example,
let F,, = FU{x,}, where F' € F,(X) and 7(z,) — oo (so that x, eventually escapes any
compact set). Then F,, — F in the Fell topology, but 7(F,) > 7(x,) does not converge to
T(F).

A random element in F with the Borel o-algebra generated by the Fell topology is said to
be a random closed set. The concept of regular variation for random closed sets is introduced
in [44, Definition 4.2.4], implicitly referring to the bornology from Remark . Clearly, if
a random closed set is scaling invariant with a positive probability, then it is not regularly
varying on such a bornology, since the tail measure acquires infinite values. We restrict our
attention to random closed sets taking values from a subfamily D of F(X) \ {@}. Assume
that D is closed under scaling, that is, D is a cone in F. We equip D with an ideal S that
is topologically and scaling consistent and has a countable open base. We then define a
regularly varying random set X by specializing the general definition to the space D with
the ideal S.

By Proposition 2.2.5] if X is a random closed set regularly varying in F with the
Hadamard bornology Sy and X almost surely takes values from D and § is a subideal
of Sy, then X € RV(D, S, u) if the tail measure p is nontrivial on S.

In the following, we consider set-valued maps for which Theorem can be applied.

Let ¢ be a continuous map from X to a Hausdorff space Y. Then ¥(z) = ¢~ (¢(x))
becomes a set-valued map from X to F(X). Equivalently,

U(x)={zeX:¢(z) =¢(z)}. (3.12)

Continuity of ¢ and closedness of singletons in Y ensure that U(z) is a closed set. Examples

of such set-valued inverses arise in the context of quotient spaces in Section [3.8
The map ¥ is a morphism between X and F(X) if (3.1)) holds, that is,

U(Tix) =TV (z), t>0,zeX (3.13)

This holds if ¢(z) = ¥(z) for any z, z € X implies ¢(7T;z) = ¢ (Tix) for all t > 0. To see this,
assume that 1(z) = ¢ (x) implies that ¢(T;2) = (T;z) for each t > 0. Then

V(L) = {z € X1 (=) = p(Ta)} = {z € X : h(T112) = ()}
— {Tiz € X: (2) = ()} = T ().
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Lemma 3.6.9. If vy is a continuous open map, then V is continuous in the Fell topology.

Proof. Let x, — xz asn — oco. If ¥U(z) NG # @ for an open set G, then (z) € P(G).
Since ¥ (x,) — ¥ (z) and ¢ (G) is open, we have that ¥ (x,) € ¥(G), so that ¥(z,) NG # @.
If U(x) N K = @ for a compact set K, then ¢(x) ¢ ¢ (K). Since ¥(K) is compact, being
a continuous image of a compact set, hence, closed, we have that ¢ (z,) ¢ ¢(K) for all
sufficiently large n. m

Lemma 3.6.10. Assume that (3.13)) holds. If 0NV (x) # & for some x € X, then TV (z) =
U(z) for somet # 1.

Proof. Assume that y € U(x) N0 and Ty = y for some ¢t # 1. Then ¢ (x) = ¢(y), and
TU(z) = {Thz s d(2) = ()} = {z: (T '2) = (T 'y)} =
={z:9(2) =¢(y)} = (). O

Therefore, each set from the family D = {¥(z) : z € X} either belongs to 0x or is a
closed set that has an empty intersection with 0, that is, D' = D\ 0 C F°(X). In view of
this, it is possible to use the modulus on the family F%(X) of nonempty closed sets that do
not intersect 0, which is further analysed in Proposition [3.6.5] We define

T(¥(z)) = nf{7(y) : y € X, ¢(y) = ¥(x)}.

This function is clearly homogeneous and does not vanish if ¥(z) is not a cone, that is, if
¥(x) ¢ ¥(0). Since 7 is continuous on D (see Proposition [3.6.5)), 7(¥(z)) is continuous as a
function of x if ¥ is continuous. Therefore, 7 is a continuous modulus if ¥ is continuous.

Theorem 3.6.11. Assume that the assumption holds. Let £ € RV(X, S, u) be regularly
varying with bornology S satisfying . Assume that ¥ defined at 18 continuous in
the Fell topology and satisfies . If the tail measure | attaches positive mass to the
set {r € X : U(z) N0 = &}, then V(&) is reqularly varying in F°(X) with the bornology
generated by T.

Proof. The map V¥ is a bornologically consistent morphism since
{z:7(W(x) >t} = {z:7(y) > t,9(y) = ¥(x)} C {z:7(x) >t}
The result follows from Theorem [3.2.11 O

Remark 3.6.12. It is possible to generalise ([3.12)) as follows. Let @ : X — F(Y) be a contin-
uous function from X to the family F(Y) of closed sets (equipped with the Fell topology) in
a locally compact Hausdorff separable space Y. Define

U(z)={y e X:P(y) NP(z) # }. (3.14)
Note that we recover (3.12)) if ® is singleton-valued. Another possible definition is

U(z) = & (9(x)),
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where

O (F)={ye X:2(y)NF # o}

is the inverse set-valued function to ®. Assuming that ®(z) N ®(y) # @ implies ®(Tix) N
®(Tyy) # @ for all t > 0, property (3.13) and the conclusion of Lemma [3.6.10| hold. If W is
also continuous, then Theorem [3.6.11| applies.

3.7 Examples: random closed sets

An important subfamily of F(X) is the family K(X) of nonempty compact sets in X with the
scaling uplifted from X. The zeroes in K(X) are compact subsets of 0 in X. The family of
nonempty compact sets is metrised by the Hausdorff metric dy. A sequence (K,,) converges
to K € K(X) if, whenever K N G # & for an open G and K N F' = & for a closed F, these
conditions are fulfilled for K, with all sufficiently large n. This convergence is stronger than
one induced on K(X) C F by the Fell topology on F, for instance, K U{z, } does not converge
to K in the Hausdorff metric if z,, escapes to infinity. To illustrate this, consider K to be
the unit ball in R? induced by some metric, and define the sequence (x,) = ((n,0,...,0)).
Then K does not intersect F' = [1,00) x R? but there exists ng € N such that K,, = KU{xz,}
intersects F' for all n > ny.

Ezample 3.7.1. Let K(R?) be the family of nonempty compact sets in R? metrised by the
Hausdorff metric, which makes it a Polish space, and equipped with the linear scaling. Then
0 is only the set {0}, and

7(K) = sup{||z|| : = € K} (3.15)

is a continuous modulus on K(R?). Note that the space K(R?) with this modulus and the
Hausdorff metric is star-shaped.

Let ¢(K) be the Lebesgue measure (the volume) of K € D, so that ¢ : D — R,. If Ry
is equipped with the linear scaling and the bornology generated by [1,00), then ¢ becomes
a bornologically consistent morphism of order d. Indeed, it is not possible that 7(K,) — 0
for a sequence of compact sets K, with ¢(K,) > ¢ > 0. If the tail measure of a random
compact set X is not only supported by sets of volume zero, then the volume of X is a
regularly varying random variable. If X is also convex, similar examples can be constructed
by considering other intrinsic volumes, see [51].

Example 3.7.2. Let D be the family of singletons. Then a modulus on X’ becomes a modulus
on D\ {{0}}, so that a regularly varying random closed set in D is a regularly varying random
element in X.

One can take as D families of closed sets from Propositions or[3.6.7 In X = R? we
also often consider the family of nonempty compact convex sets K .(R?), which is a closed
subset of the family K(R?) from Example , and thus, Polish. The trace of the Fell
topology on K.(R?) coincides with the Hausdorff metric topology, see [52, Theorem 12.3.4].
In the following we concentrate on the case when D is the family of compact convex subsets
of X.
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Example 3.7.3. Let D = K.(R?) be the family of compact convex sets in R? metrised by
the Hausdorff metric and equipped with the linear scaling T} K = {tz : x € K} for K € D
and t > 0. The unique zero element in D is the set {0}. Equip D' = D\ {{0}} with the
bornology generated by the modulus 7 from (3.15)). Let ¢(K) = s(K) be the Steiner point
of K € D defined by

s(K) = Hid /S . b (u) u H (du) (3.16)
where
hi(u) = sup{{u,a) :a € K}, uecS, (3.17)

is the support function of K, kg is the volume of the unit Euclidean ball in R?, and H! is
the (d—1)-dimensional Hausdorff measure on the unit sphere S~ in R?, see [51, Eq. (1.31)].
By [51, Eq. (1.34)], s(K) always belongs to K. Furthermore, 7 from (3.11]) can be expressed
as

7(K) = sup{hg(u) : u € S*1}. (3.18)

Then v : D — R% is a continuous morphism, where the target space R? is equipped with the
linear scaling and the bornology generated by 7(y) = ||y||. Furthermore, ¢ is bornologically
consistent, which follows from the star-shapedness of the spaces. If X is regularly varying
in D, then ¢¥(X) is regularly varying in R? if the tail measure of X attaches positive mass
to the family of sets whose Steiner point is not the origin.

If X is an almost surely nonempty random closed set, then a random element £ in
X is called a selection of X if £ € X a.s. In some cases it is possible to prove that a
regularly varying random closed set admits a regularly varying selection. The discussion in
Example shows that this is the case if X is a random compact convex set and its tail
measure is nontrivial on the family of sets with Steiner point not being the origin.
Consider further continuous maps of random compact convex sets.

Ezample 3.7.4. Consider D = K.(R?Y) from Example m Define a map v from D to
the space Y = C(S%1) of continuous functions on the unit sphere S¢~! by associating each
compact convex set K with its support function hg, see (3.17). The space Y is equipped
with the uniform metric and the scaling being the usual multiplication of a function with
scalar. Equip Y with the modulus

Ty (h) = [[hllec = sup{[A(u)] : [lul = 1}
given by the uniform norm. Recall that
||hK—hL||OO:CIH(K,L), K, LeD,

where dy denotes the Hausdorff metric on D. Then v is an isometry, which satisfies condi-
tions of Theorem [3.2.1] See also Remark [3.2.3] In this case, the space of compact convex
sets D and its image in the space Y are indistinguishable. A random compact convex set
X is regular varying in D if and only if its support function hy is regularly varying in the
family of continuous functions on the unit sphere. In this way, we recover the observation
made in [43].
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Example 3.7.5. In the setting of Example consider a map from D to D that maps
K € D to the convex body L = IIK such that hy(u) equals the (d — 1)-dimensional volume
of the projection of K onto the hyperplane orthogonal to u. The set IIK is called the
projection body of K, see [51l Section 10.9]. The map from K to IIK is a continuous
bornologically consistent morphism that preserves the regular variation property. To see that
it is a morphism, note that hy,x =t - hg for all K € D and t > 0, where the multiplication
on the right is the usual multiplication of function values. Bornological consistency follows
from observing that the set {K : 7(IIK) > ¢} = {K : sup{hnx(u) : v € S¥1} > £} is
bounded in D for every € > 0. This is a consequence of hrx being the (d — 1)-dimensional
volume of projection of K.

The following example concerns passing to a subcone in the family of compact convex
sets.

Example 3.7.6. Let D = K.(R?) with the scaling and bornology generated by the modulus
7, see Example m For a regularly varying random vector £ = (§1,...,&;) in Ri, let

d
X =) ={ueR!: Y gl <1}
i=1

be the ellipsoid with semi-axes given by the components of ¢ where u/0 = 0 if u = 0. If
¢ is regularly varying in R? with the modulus Tiax, then X is regularly varying in D by
Theorem [3.2.1, Note that v is a bornologically consistent morphism, which can be seen
from

P HK €D:7(K)>e} ={£ €RL : sup{hye(u) : ue S} > e}
= {¢ €RY : Taxl(§) 2 2},

where we also note that holds. Assuming now that the components of ¢ are i.i.d., the
tail measure of £ is supported by the axes. Consequently, the tail measure of X is supported
by the family of segments [—ue;, ue;] passing through the origin, where v > 0 and ey, ..., eq4
are standard basis vectors. If Dy is a subcone of D that consists of sets containing the origin
in their interiors, then X is not regularly varying on D;. However, if D; is equipped with the
modulus 7(K) = sup{r > 0: B,(0) C K}, that is, the radius of the largest inscribed ball in
K € Dy, then 7(X) = min(&y, ..., &) = Tmin(§). Moreover, X becomes regularly varying if
¢ is regularly varying in (0, 00)? with the bornology generated by T, that is, if & exhibits
the hidden regular variation phenomenon.

Furthermore, it is possible to equip D; with the modulus 7(K) = Vy(K)Y? where V
denotes the d-dimensional volume. Then X is regularly varying in D; with this modulus if
and only if the product & - - - &, is regularly varying. This condition is satisfied if and only
if ¢ is regularly varying on (0,00)¢ with the bornology generated by the modulus 7(z) =
(z1---14)"9. This can be seen by using the formula for volume of an ellipsoid in R? (see
[39]):



where I' denotes the Gamma function I'(t) = [ 2'"'e %dz, t > 0.

0
Several examples below deal with set-valued maps of random vectors.

Example 3.7.7. Recall the space D from Example Consider i.i.d. copies 1, ...,n, of a
regularly varying random vector € RV(R? S, 1) with the topological bornology S on R<.
Let X be the convex hull of {ny,...,n,}. By Theorem 7 X is regularly varying and its
tail measure is the pushforward of x®™ under the map (x1,...,x,) — conv{zy,..., Ty}

Ezxample 3.7.8. Let ¢ : X — Y be a continuous morphism between a locally compact Polish
space X and a Polish space Y equipped with a continuous scaling. Assume that ¢ is an
open map. Then it is easy to show that the inverse map =1 : Y — F(X) is a continuous
morphism. Continuity follows from

W HFeFX): FNG#£ ot ={yeY: ¢ ' (y) NG # &} =¢(G),
which is open in Y if G is open in X by openness of v, and
W HFeFX):FNK=0}={yeY: ¢ '(y) N K =2} = y(K)",

which is open for compact K. Endow Y with a bornology S that contains all compact subsets
of Y, and equip F(X) with Hadamard bornology. Then ¢)~! is bornologically consistent, as
{yeY: ¢ (y)NK # @} = (K) is a compact set in Y. Let £ € RV(Y, S, ) be a regularly
varying random element in Y. Then X = ¢~!(£) is a random closed set in X, which is
regularly varying in the Hadamard bornology.

3.8 Regular variation on quotient spaces

Let X be a Polish space, and let ~ be an equivalence relation on X. Denote by [z] = {z €
X: z ~ z} the subset of X which consists of all elements equivalent to z. For a set B C X
let [B] denote the saturation of B, which is the set of all y € X such that y ~ x for some
x € B. Equivalently, [B] is the union of all [z] for z € B.

The family of equivalence classes is called the quotient space (or the factor space). The
quotient space is denoted by X and its generic element by Z. The quotient map q : X — X
associates with each x € X the corresponding equivalence class. It should be noted that ¢
is surjective and its inverse ¢~'Z = [x] is a set-valued map. Furthermore, ¢¢~'% = & but
¢ 'qz = [z]. The space X is endowed with the finest topology under which ¢ is continuous;
this topology is called the quotient (or factor) topology. The Borel o-algebra induced by the
quotient topology is denoted by B(X) Since X is sequential, its topological properties can
be described in terms of sequences. It is known that the quotient space of a sequential space
is also sequential, as seen in [21, Ex. 2.4.G].

Remark 3.8.1. The map ¢ being a quotient map is equivalent to the following property:
¢ U is open in X if and only if U is open in X, see [21], Proposition 2.4.3]. This implies that
Fn — @ in X if and only if ¢7'2 NG # @ for an open G in X implies that ¢ 1%, NG # @ for
all sufficiently large n.
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The topological space X is Hausdorff if the quotient map is open (equivalently, [G] is
open for each open G in X) and the set {(x,y) : © ~ y} is closed in X x X see [14]
Proposition 1.8.3.8]. In this case, each equivalence class [z] is closed, being the inverse image
of a closed singleton under continuous gq.

Definition 3.8.2. A B(X)/B(X)-measurable map ¢ : X — X is called a selection map if
gqz € [z] for every = € X.

Note that G is necessarily injective, since it selects an element from different (and disjoint)

classes of equivalences. Moreover,
qqT = T, (3.19)

but the reverse composition ¢q is not necessarily identity since ggr = qqy if © ~ y.

Lemma 3.8.3. If q is an open map and {(x,y) : x ~ y} is closed in X x X, then a selection
map always exists.

Proof. A selection map is indeed a selection of the set-valued map & ~ ¢ 'Z. This set-
valued map has closed values. The set-valued map ¢~' is Effros measurable (see [44, Defini-
tion 1.3.1]), since

{T:¢7'2NG # 2} =qG.
The set ¢G is open and so Borel in X. The existence of a measurable selection follows from
the Kuratowski-Ryll-Nardzewski theorem, see [44, Theorem 1.4.1]. For this, it is essential
that X is Polish. O

In the following we usually require the existence of a continuous selection map.

Lemma 3.8.4. The selection map q is continuous if and only if the saturation [G'N Q)] is
open for all open sets G in X, where Q = {Gx : T € X} is the image of q.

Proof. For open G in X, we have ¢ 'G = ¢7*(G N Q). The right-hand side is open in X if
and only if ¢7'¢7 (G N Q) = [GN Q] is open in X. O

While the quotient space of a metrisable and even Polish space is not necessarily metris-
able (see [I]), the existence of a continuous selection map ensures the metrisability of X as
shown below.

Theorem 3.8.5. Let X be a separable metric space completely metrisable by a metric d. If
there exists a continuous selection map ¢, then X with its quotient topology is a separable
metric space completely metrisable by

d(%,9) = d(q%, G)- (3.20)

Proof. Let &, 7 and Z be arbitrary elements from X. First, a(i, y) = d(¢7,Gr) > 0. Moreover,
if d(z,2) = 0, then ¢Z = ¢y, which implies £ = § in view of (3.19)). Secondly, d(z,7) is

obviously symmetric and the triangle inequality follows from

(@1}

(%,9) < d(qF,32) + d(qZ, G) = d(7, 2) +d(%,9).
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Thus, d is a metric on X.

We now prove that the topology induced by d coincides with the quotient topology on
X. Since every metric space is first countable and hence sequential, it suffices to check
convergence of sequences. Assume that a(i’n,iz) — 0 as n — oo. Then d(¢Z,,Gz) — 0, so
that ¢z, — ¢z in X. Since ¢ is continuous in the quotient topology, and using (3.19)), we
conclude that #, — # in the quotient topology on X.

Now assume z,, — 7 in the quotient topology. Since ¢ is continuous, ¢z, — ¢T as n — oo
in X. Hence d(Z,, ) = d(§#,, §Z) — 0 as n — co. This shows that the topology induced by
d coincides with the quotient topology on X.

Since X is separable, there exists a countable set D that is dense in X. Define ¢D = {qz :
x € D}, and let U be an arbitrary open subset of X. Since ¢ is continuous, ¢~*U is open
in X, so there exists some z € D N ¢ *U. Therefore, gz € ¢D N U, which implies that the
intersection of U and gD is not empty, meaning that ¢D is a countable dense set in X.

The completeness property of X follows from the completeness of X. Take a Cauchy
sequence (Z,) in X. Then the sequence (§Z,) is a Cauchy sequence in X, hence it converges
to some x € X. The continuity of ¢ yields that z,, = q¢z, — qv € X as n — oo. O

From now on assume that there exists a continuous selection map ¢. Assume that the
scaling T; on X and the selection map ¢ satisfy the following condition:

(S) Tygqx = GqTix for every z € X and t > 0.
This condition implies that ¢q : X — X is a morphism.
Lemma 3.8.6. Condition implies the following:
(S') if x ~ vy, then Tyx ~ Tyy for all t > 0.

Proof. For t > 0,
qqTix = Tiqqr = Trqqy = 4q1ry.
From injectivity of ¢ we conclude that ¢T,x = ¢T;y and that Tix ~ Tyy. O

If holds, we equip X with the scaling given by
T,% = qT,jz. (3.21)

For s,t > 0,

T.1;# = TuqTygi = qTsGqTiq7 = qT 1,43 = Ty

Furthermore, B
Tz =qTqr=qqz =12
so (3.21) indeed defines a scaling, which is continuous as it is a composition of continuous

functions. Elements that are scaling invariant in X for some t > 0, ¢ ~# 1 build the set of
zero elements denoted by 0. The family of all nonzero elements from X is denoted by X'.
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Lemma 3.8.7. Assume that holds. Then the set of zero elements 0 in X consists of q
for x €0, i.e. 0= qO.

Proof. By Lemma [3.1.2] m, q0 C 0. Let & = gz for z € X. Assume that 7 is scaling invariant
for some t # 1. Then

gr = & = T,# = qT,4qr = q4qTyx = qTyx.
By applying ¢, we have qqT;x = qqx. By the left-hand side equals T;gqgx, so now

Tigqx = qq.

Thus, Gqz is scaling invariant under T} for some t # 1, that is, ggx € 0. Finally, note that
T = qqqz so T is the image of some y € 0 under q. This gives 0 C ¢0. O

Below we introduce a natural bornology on X’. Let S be the family of sets B C X’ such

that
¢'B={rxeX:qzeB}eS,

where S is the bornology on X’ generated by a continuous modulus 7. The bornology S is
the pushforward of & under ¢, see Proposition [3.1.9, The following result relies on a special
choice of the selection map that relies on selecting an element from ¢~'Z with the smallest
modulus which realises the infimum in 7(¢7'Z). In other words, Ggz is a point y ~ z with
the smallest modulus.

Lemma 3.8.8. Assume that X' is equipped with a bornology generated by a continuous
modulus T and that there exists a continuous selection map q such that holds and

(g '7) = 7(¢x), *eX. (3.22)
Then
7(Z) = 7(qx) (3.23)
18 a continuous modulus on §§’ which generates the bornology S.

Proof. Note that ¢z € X' if # € X'. Indeed, if Gz € 0, then applying ¢ to the both sides we
have Z € 0. By construction, 7 generates S. The map 7 is homogeneous, since

F(Ti@) = 7(4qT14i) = 7(T,qqdi) = tr(GF).

Furthermore, 7 is continuous since it is a composition of continuous maps. It is not possible
that 7(Z) = 0, for Z € X' since then 7(¢z) = 0 for ¢ € X’ which is a contradiction. O

Remark 3.8.9. If X' is equipped with a modulus that takes constant values on equivalence
classes, then (3.22)) automatically holds.

Lemma 3.8.10. Assume that 0 is a singleton and that the selection map G satisfies (3.22)).
If the bornology on X' is generated by complements to open balls (in metric d) centred at
0, then the bornology S on X is generated by complements to open balls centred at 0 in the
metric d.
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Proof. By Lemma 0 is a singleton in §~§ We need to show that the complement to the
ball B,(0) in X of radius r > 0 belongs to S. Then

g 'B,(0)° = {y : qy € B,(0)°} = {y : d(0,dqy) >} = {y : dqy € B,(0)°}.

By Lemma 3.8.8] the set on the right-hand side belongs to S. Now we show that if g *A4 € S,
then A is a subset of B,.(0)¢ for some r > 0. By Lemma [3.8.8]

0 < inf{7r(x):qr € A} =inf{7(¢Z) : T € A} = 7(¢A).

Thus, §A C B,(0)¢ for some r > 0, that is, d(z,0) > r for all x € gA. By (3.20)), &(:z, 0)>r
for all z € A. O

If § is a random element in X, then ¢¢ is a random element in X. If [€] contains at least
one deterministic element, then ¢¢ is also deterministic in X. With the equivalence relation,

bornology, and scaling defined on X, we can consider regular variation on the quotient space
X.

Theorem 3.8.11. Assume that X is a Polish space equipped with a continuous scaling and
bornology S generated by a continuous modulus 7. Let X be a quotient space of X with a
continuous selection map q Satisfyz'ng and (3.22). Let S be the bornology on X' generated
by 7.

(i) If § € RV(X, S, u) and its tail measure p is not concentrated only on [0], then ¢§ €
RV(X,S, qu).

(ii) If § € RV(X, 8, ), then G€ € RV(X, S, ).

Proof. (i) Assume that ¢ is regularly varying in X with a tail measure p that is not concen-
trated only on [0]. The quotient map ¢ : X — X is continuous and since

Tigr = qTidqr = qiqTir = qTiw

for all z € X if follows that (3.1) holds for ¢, meaning that ¢ is a continuous morphism. By
Lemma [3.8.8] it is bornologically consistent.
Let qu be the pushforward of p. For each t > 0,

(ap) ({7 : 7(2) > t}) = plg {7 : 7(q7) > t}) = W([T.C)).

where C' = {z : 7(x) > 1}. Since [T;C] = T;[C] increases to [0]° as ¢ | 0, we have that
w([T:C]) > 0 for some ¢, so that gu is nontrivial on S. By Theorem 3.2.1] ¢¢ is regularly
varying in X with the tail measure q.

(i) Assume that £ is regularly varying in X. By and (3.21)), we have

iTi# = GqT,q7 = Ty4qiz = T4,
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which implies that ¢ satisfies (3.1). Denoting by @ the image of ¢, we have

¢ ({zir@) 2th) =7 {reQ:r(x) 2t}) = ¢ '({gz: 7(q7) > t}) = {¥ : 7(q2) > t}

for all ¢ > 0, so that ¢ is continuous and bornologically consistent morphism. Finally, ¢f is
not supported entirely by 0, since

ga{z: 7(x) > t}) = p({g" 'z : v € Q,7(x) > t})
p({g'qr - 7(qT) > t})
= a({z: 7(@) = t}, t>0.

By Theorem [3.2.1] c]é is regularly varying in X. O]

Now consider the regular variation property of the equivalence classes as random closed
sets in X. For this, we do not need to equip X with a scaling, so it is no longer necessary
to use a selection map. The map = — [x] = ¥(x), which associates to z € X its equivalence
class falls under the scope of Theorem . Namely, ¥(z) = ¢~ 'gx becomes the map ¥ (z)
from if 1 is the factor map ¢. Note that U(x) is a closed set, since ¢ is continuous. If,
additionally to continuity, we assume that ¢ is an open map, then Lemma [3.6.9| yields that
U(x) is continuous as a map from X to F(X) with the Fell topology if the space X is locally
compact.

If € is regularly varying, [£] can contain more than one regularly varying selection, but
does not contain deterministic elements, whereas if ¢ is regularly varying, ¢¢ could turn out
to be deterministic.

Note that we do not assume the existence of a continuous selection map. Instead, assume
that condition holds, so that U satisfies (3.13). By Lemma [3.6.10] ¥(z) = [z] is either
in 07 or has empty intersection with 0. In the latter case [z] belongs to the family F°(X).
The next result follows from Theorem [3.6.11]

Corollary 3.8.12. Assume that X is a locally compact Polish space equipped with a contin-
uous scaling and a bornology S which satisfies . Let ¢ € RV(X,S,, p). If condition

holds and p is nontrivial on the complement of [0], then [£] is a regqularly varying random
closed set in FO(X) with the bornology generated by the modulus 7.

Under conditions of Theorem |3.8.11} if £ is regularly varying in X, then g€ is regularly
varying in X, so that ¢~!¢ = [¢€] is a regularly varying random closed set in F°(X).
Remark 3.8.13. In many examples, the equivalence relation is generated by a continuous
function ¢ : X'+ Y, where Y is a Hausdorff space. Then the image 1(X) can be considered

as the quotient space X with the quotient map ¢ = 1 and the corresponding quotient
topology.

3.9 Examples: quotient maps

Ezrample 3.9.1. Let & be a topological group that acts continuously on a Polish space X such
that x, — x and vy, = g,x, — y imply that g, converges. For instance, this is the case if
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® is compact. Assume that = ~ y if y = gx for some g € &, so that [z] = {gz : g € &}
is the orbit of x € X. The quotient map ¢ is open if ¢~'¢qG = [G] is open in X for all open
G C X, meaning that the saturation of each open set is open. This is indeed the case, since
|G] = UgesgG and gG is open due to the continuity of g, and the fact that gx coincides
with the inverse image of  under the mapping r — ¢~'z. Furthermore, {(z,y) : * ~ y}
is closed in X2, since z, — x and v, — y for z, ~ v, imply that y, = g,z,, so that
x ~ y by the imposed condition on the group. By Lemma[3.8.3] a measurable selection map
exists. If there exists a continuous selection map that satisfies , then Theorem
is applicable.

Ezxample 3.9.2. Let X be a Polish space equipped with continuous scaling and assume that
Ox is empty. Consider the bornology generated by a continuous modulus 7. For z,y € X|
let © ~ y if 7(z) = 7(y). The quotient space can be identified with R,. A selection map can
be defined by fixing any u € X’ and letting ¢ = T;u for Z > 0 and G0 = Ox. The image of ¢
is the set @ = T(o,c)u. It is easy to see that [G N Q)] is open for each open G in X. Indeed,
if v € [GNQ)], then z ~ y with y € GN Q. Hence, Ti_.14-y € G NQ and so the open set
{zeX:7(2)/7(y) € (1 —¢,1+¢)} is an open neighbourhood of z, by continuity of 7, which
is also a subset of [G N Q]. Thus, ¢ is continuous by Lemma m Furthermore, it is clear
that - holds in this case, since all y € ¢'Z share the same modulus. If £ is regularly
varying in X, then ¢§ = 7(€) is regularly varying in X. Conversely, if 5 is regularly varying
in X, then G¢ is regularly varying in X and ¢~'€ = [¢€] is a regularly varying random closed
set.

Ezample 3.9.3. Consider the equivalence relation on a Polish X’ equipped with a continuous
modulus 7 by letting x ~ y if T, 12 = T~y for z,y € X'. The latter is the case if
p(x) = (u,t) and p(y) = (v, s) are polar decompositions of z and y with u = v. The quotient
space is identified as S = {x : 7(x) = 1} with gz = T;-12. A continuous selection map
is the identity gz = 2 for £ € S. In this case, the condition does not hold. Moreover,
all equivalence classes [x] are cones and so are invariant under scaling. Therefore, it is not
possible to define regularly varying elements on this quotient space.

Ezample 3.9.4. Let X = R? with the Euclidean metric d and the bornology generated by the
modulus given by the norm. Consider the linear scaling

Ty(w1,m2) = (toy, try), == (21,22) €X, 1> 0.
Then 0 = {(0,0)}. For z = (z1,22) and y = (y1,¥2) from X, let © ~ y if 2y = y;. Then
[(.731,1‘2)] = {(l’l,t) it e R}

The quotient space is identified as X = R with the quotient map given by q(z1,z5) = 1.
Define a selection map ¢ by
gz = (z,0), zeR.

This map is continuous by Lemma [3.8.4] and both and (3.22)) hold. For the latter, it is
essential that the second component of the selection map is set to zero. By Theorem [3.8.5|
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Figure 3.1: Classes of equivalence from Figure 3.2: Classes of equivalence from
FEzample assuming X = R? with the Ezample which are parallel vertical
usual scaling and modulus induced by the lines and the selection is given as the in-
FEuclidean metric. tersection with x-axis.

X is a Polish space with the metric d(Z,7) = |& The scaling 7, on X becomes T, =
q(t#,0) = t& for # € R, and 0 = {0}. By Lemma E%_S‘ the bornology S on X is generated
by the modulus 7() = |Z|. Theorem [3.8.11| implies that if a random element £ is regularly
varying in X, then §é = (5, 0) is regularly varying in X. For the reverse implication, let
€ = (&,&) be regularly varying in X. By Theorem , g€ = & is regularly varying in
X = R if the spectral measure of ¢ has a mass outside ¢7'0 = {(0,23) : 2o € R}. For
example, the random vector £ = (&1, &) is regularly varying in X if & has a light tail (e.g.,
is normal) and & has a heavy tail (e.g., is Pareto). However, in this case, ¢§¢ = &; is not
regularly varying in X.

Now consider a random vector & = (&;,&:), where & and & are independent random
variables such that &; is regularly varying and & = e" for Pareto-1 random variable n, so
that & has a super-heavy tail. Then the vector & is not regularly varying but & ~n = (£, 1)
is regularly varying. Thus, the equivalence class [{] admits both regularly varying and not
regularly varying selections.

Ezample 3.9.5. Let X = R? with the Euclidean metric d. Define the scaling by Tyz =
(tx1, 9, z3) for & = (x1, 72, 23) € X. Then the zero 0 = {0} x R? is not a singleton. Define
the modulus 7(z) = |z1] and the corresponding bornology S. Let x ~ y if ;7 = y; for
x = (x1,29,23) and y = (y1,y2,y3) from X. The quotient space is then R and a continuous
selection map given by ¢z = (Z,0,0) satlsﬁes . and ( - The scaling on X is defined by
T,z = t&. Then the image ¢¢ of a regularly varying element ¢ in X is regularly varying in X
if the tail measure of £ is not exclusively supported by [0].

Now redefine equivalence so that z ~ y if zo = yo for x = (21,29, 73) and y = (y1,y2, y3)
from X. Then again we can identify X = R. However, now 0 = q0 = {(0,0 ,2) 1z € RY,
so X’ consists of a single point 0 and we cannot talk about regular variation on X. For any
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continuous selection map ¢z = (0,7,y), y € R, that satisfies condition , the condition
(3.22)) is not satisfied since ¢7'7 = R x {Z} x R so 7(¢~'%) = —o0.

Ezample 3.9.6. Let X = C|0, 1] be the family of all continuous functions z : [0,1] — R with
the linear scaling Tix = tx, being the usual multiplication of function’s values by ¢t > 0, so
that 0 = {0} is the function identically equal 0. Endow X with the bornology S generated
by the modulus 7(z) = sup{|z(u)| : u € [0,1]} = ||7]|0o-

For x,y € X, let © ~ y if x — y is a constant function. Then [x] = {x +c¢:c € R}. If
T =qx, let

1
T=x——( Inf z(u)+ sup z(u)).
g 2(ue[0,1} (u) s (u))

Note that the choice of # € ¢'% does not influence ¢Z. The scaling 7; and the selection
map ¢ satisfy , so we define scaling 7, on X by . The zero element 0 in X is the
equivalence class of a constant function on [0, 1]. The choice of the selection map ensures
that

7([z]) = inf{7(z + a) : a € R},

so that holds and
7(7) = 7(q7)

is a modulus on X', which generates the bornology S, see Lemma m Theoremstates
that if £ is regularly varying in C[0, 1] with tail measure p and gqu is not supported only on
(0] (that is, on constant functions), then ¢¢ is regularly varying in X. A trivial example is
provided by the function {(u) = 7, where 7 is a regularly varying random variable. This
function is regularly varying, but ¢¢ is not regularly varying since £ ~ Ox.

A more complicated equivalence relation arises by letting x ~ y if x — y € Py, where P,
is the family of polynomials of degree at most £ for a fixed k € N. Then

7([z]) = inf{7(x + p) : p € By }.

It is easy to see that the infimum is attained at a unique —p = p, (which is actually the
best approximating polynomial of order at most k, see, e.g., [33]), so that the selection map
becomes gqr = — p,.

Example 3.9.7. Let X be the space of continuous cumulative distribution functions (c.d.f.)
of random variables from L*°(R), that is, the space of continuous increasing functions x :
R — [0, 1] such that (—u) = 0 and x(u) = 1 for all sufficiently large u. Endow X with the
uniform metric (which is the Kolmogorov distance between random variables), the scaling
(Tiz)(u) = x(t 'u), and the modulus 7(x) = esssup||, where £ is a random variable with
c.d.f. z. If £ is non-negative, then the modulus represents the right endpoint of x, which is
finite due to conditions on X. The only scaling invariant element is the c.d.f. of the random
variable which a.s. equals zero, but since it is not continuous, there are no zero elements in
X. For z,y € X, let x ~ y if z(u+c) = y(u) for all u € R and some ¢ € R, meaning that the
corresponding random variables differ by an additive deterministic constant. A continuous
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selection map is given by

Gan(u) = (u N essinf (&) + esssup(ﬁ)) rex

2

This selection map selects an element y from the class such that |essinf(n)| = |esssup(n)|,
where 7 has the c.d.f. y. Moreover, for t > 0,z € X, we have

qqTir(u) = (Tyx) (u + essinf(7i¢) J;eSSSUP(th ))

. (t‘lu N essinf(&) —; esssup(f))

= Tygqx(u).

Hence, ¢ satisfies . By the definition of the selection map, it satisfies (3.22)). By Theo-
rem [3.8.11], if z is regularly varying in X, then gqz is regularly varying in X as well, and gx
is regularly varying in the quotient space X.

An example of a regularly varying element in X is the function z(u) = 2%1(175)(10 +
1(¢.00)(u), where £ is a Pareto-1 distributed random variable. In other words, x is the c.d.f.
of the uniform random variable on the interval (1,£). To see that x is regularly varying,
note first that 7(z) = £ is a regularly varying random variable. Let A = SN {z € X :
min(|esssup(&)|, |essinf(£)]) < ¢}, where S is the transversal corresponding to 7, and ¢ > 0.
Then, if we denote by p the polar decomposition, we have

P{p(z) € Ax (ut,00)} =P {&>ut,1/6 < c} =P {€ > ut} = (ut)™*,

for all v > 0 and ¢ large enough. Thus, x is regularly varying by Proposition [3.3.3 By

Theorem [3.8.11} the function gz(u) = %5/21(,5/2,5/2) (1) 4+ L(¢/2,00)(u), which is the c.d.f. of

the uniform random variable on (—¢/2,£/2), is also regularly varying in X.

Ezample 3.9.8. Let X = M, (R% S) be the space of finite counting measures. Here, R? is
equipped with linear scaling, and the bornology S is generated by the norm. The space of
counting measures is equipped with the scaling given in Example [[.4.11] Assume that two
counting measures v and v/ are equivalent if there exists z € R? such that 6,v = v/, where
0.(v)(B) = v(B — z) for all Borel B. In other words, v and v/ are equivalent if they are
identical up to a translation. This quotient space X of counting measures is useful when
considering convergence of clusters of extremes for time series (see [7]) and marked point
processes (see [5]). In these works, measures were translated to move a specified point (called
an anchor) to the origin. However, since this anchoring map is not necessarily continuous,
we work with an alternative map that associates any 7 = gv with the measure gv = 0,v
for z = v = v(R?) ™! [zv(dz), which is the centre of mass for v. This map is continuous
and satisfies condition . In order to ensure the validity of , we endow X with the
modulus given by

w) = 1]+ ([ = rlPutan)
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Figure 3.3: An example of £,mn € X from Example where & ~ 1.

Over all v/ € [v], the first summand on the right-hand side is minimal for ¢qv, while the
second summand is translation invariant. Note that [0] is the family of counting measures
with support being a singleton. If v is a regularly varying random counting measure and
its tail measure is not entirely supported by [0], then gv is regularly varying in X with the
bornology generated by the corresponding modulus 7.

Example 3.9.9. Let X = K.(R?) be the family of convex compact sets in R? equipped with the
Hausdorff metric, linear scaling 7; and bornology S defined in Example[3.7.3| For K, L € X,
let K ~ L if K+ a = L for some a € R", meaning that a translation of K coincides with
L. Note that [0] is the family of all singletons. Let X be the corresponding quotient space,
so that 0 is the equivalence class of a singleton in R?. To fulfil , the selection map ¢
should be such that

7(GgK) = inf{7(K +a) : a € R}

For instance, the Steiner point defined at is continuous and satisfies but does not
deliver the infimum in the above equation. Instead, we define ggK = K — ¢(K), where ¢(K)
is the centre of the smallest Euclidean ball circumscribed around K. This ball is unique by
[51, Lemma 3.1.5]. Then holds, and a bornology on the quotient space can be defined
using the modulus %(qK ), which is the radius of the smallest circumscribed ball around K.

By Theorem | if a random set X is regularly varying in K.(RY) with the tail
measure not excluswely supported by singletons, then the equivalence class is a regularly
varying element in X. If X is regularly varying in X, then ¢X is regularly varying in (R%).

For instance, let X = B, () be the closed ball in R? of radius n centred at . The regular
variation property of X = ¢X depends only on the distribution of 7 if n does not have a
strictly lighter tail than ¢&. Namely, X is regularly varying if and only if 7 is a regularly
varying random variable, which is equivalent to ¢X = B, (0) being regularly varying. If the
tail of £ is heavier than that of n, then X is regularly varying. However, the pushforward
of the spectral measure is concentrated on singletons, so that ¢X is not regularly varying in
the quotient space.
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Chapter 4

On compound maxima and point
processes

When collecting data in various fields, such as non-life insurance, hydrology, climatology
(see [42], [57], and [58]), it is common to observe clustering, where several observations
come in the same observed time interval or geographical area. This type of behaviour can
often be seen in the plot of data, where clusters of data are more apparent. In this section,
we focus on the limit behaviour of the maximum of one cluster that has randomly many
observations from the maximum domain of attraction of some extreme value distribution.
This topic has been studied in [34], where the main assumption is independence between the
observations and the number of observations. Our goal is to examine the scenario where this
assumption does not hold. Similar problem has already been treated in [59] in the special
case of independence. In additional to generalising results therein, we also provide different
mathematical arguments for an analogous results. The results presented in this chapter are
based on a paper [4], which was co-authored with B. Basrak and P. Zugec.

In Section [3.5, we discussed the relationship between regular variation and point pro-
cesses. We examined a point process first assuming the number of observations to be de-
terministic and then allowing it to be random but independent of the observations. In this
chapter, we continue our analysis of this type by considering more general case where the
number of observations is a stopping time with respect to the natural filtration induced by
the observations. Our main focus in this chapter is on studying the maximum of observa-
tions in such a point process. We will also apply the obtained results to marked renewal
cluster processes, as each cluster can be represented as a marked version of the point process
discussed in Section [3.5

4.1 Previous results and setup

In the upcoming section, we will examine the connection between vague convergence in
Polish spaces, point processes and order statistics. Although connection between point
processes and extremes, or point processes and order statistics is very well-known (see [§], [38],
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Chapter 7], [48, Chapter 3]), we present some main ideas and well known results necessary
in some of our proofs. We use the terminology and notation introduced in previous chapters.

As discussed in Section |3.4], concept of regular variation, with different choices of scaling
and bornology, plays an important role in characterising distributions in all of the maximum
domains of attraction.

The Poisson point process, also known as a Poisson random measure, is perhaps the most
commonly used random measure, and it will be denoted by PRM(\) throughout this text.
Here, X is the mean measure of the process defined on the underlying space, and it is assumed
to be boundedly finite (see Section . We denote Lebesgue measure on a subset F of R?
by Leb and Dirac measures will be denoted by 6., for z € E. We often work with a Poisson
random measure and other processes from the space M, (R, x E), which contains all point
processes on Ry x E. Here, R, is the domain for the scaled time component and E = supp G
for some extreme value distribution G. It is worth noting that a set is considered bounded
in Ry x E if it is contained in [0, M] x B, for some M > 0 and some bounded set B C E.
One example of such a process is given by

Ny, = 25(1 Xi~bn), (4.1)

where X; are random variables and a, and b, are sequences of real numbers. Some of
the previous results describing the relation between maximum domain of attraction and
Poisson random measure, as well as the previously defined point process N,, are given in the
following theorems. The first is slightly reformulated (see [48, Proposition 3.21]) to fit in
within our context. Recall that for an extreme value distribution G, the measure pg is given
by pug(x,00) = —log G(z), for x € E.

Proposition 4.1.1. Assume that (X;)ien are i.i.d. random elements in (E,B(E)). Condi-
tion X1 € MDA(G) is equivalent to
N, - PRM(Leb xug) asn — oo,
in M,([0,00) x E).
The fact that X; belongs to MDA(G) is equivalent to a simpler convergence:

Zéxi—bn LN PRM(ug) asn — oo,

i=1

in M, (F). Basrak and Spoljari¢ in [§] studied restrictions of point processes of a similar kind.
Before we present their result (see [8, Lemma 1]) which we use in our further work, note that
the restriction of a measure 7 on a set A, denoted by 7|4, is defined as n|a(B) = n(AN B).
For this purpose, let E’ denote an arbitrary measurable subset of R¢.

Lemma 4.1.2. Assume that N, (Ni)i>o are point processes with values in My(Ry x E').
Assume further that Z, (Z;)i>0 are Ry -valued random variables. If P{N({Z} x E') > 0} =

0 and (Ny, Zy) N (N, Z), in the product topology as t — oo, then

d
Nt‘[O,Zt]xE’ — N|[0,Z]XE/ as t — oo.
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It is worth noting that the lemma mentioned above does not require the assumption of
independence between the point processes N; and the random variables Z;. This lemma
plays a significant role in our main results, which will also be discussed in the following
section. For the sake of simplicity, we will use the notation X, A, etc. to refer to a generic
member of an identically distributed sequence or array, such as (X,,) or (4, ;).

We begin by analysing the limit of the maximum value within a single cluster. Consider
an independent and identically distributed sequence of random variables (X;);en drawn from
MDA(G) for some extreme value distribution G, and let K be a positive random integer with
finite expectation. Let us define

H:@&. (4.2)

While the problem of determining the tail behaviour of sums involving a random number
of observations has been studied extensively (see, e.g., [19], [56]), the current problem, con-
cerning the maximal claim amount, is less common but of practical interest in the insurance
industry. As such, we will often use insurance-related terminology to interpret our results.

When K = k € Nis a fixed integer, H belongs to the same maximum domain of attraction
MDA(G) as X, which follows from the standard extreme value theory: let X € MDA(G)
with the normalising sequences (ay,,)neny and (by,)nen, then holds. Since

n nk
V H; =\ X,
j=1 i=1

for i.i.d. copies Hj, j = 1,2,..., of H where H; is interpreted as the maximum of the j-th
cluster, we have that for all z € R,

Qnk

§x}—>G(m) as n — 00.

Hence, H belongs to the same maximum domain of attraction MDA (G) as X, with normal-
ising sequences (@ )neny and (byk)nen-

The case of a random K that is independent of the sequence (X;);en has already been
studied in [34] and [59], where the authors show that H is in the same MDA as X. A similar
problem in a multidimensional setting has been investigated in [29], where the authors assume
independence as well but consider K that also belongs to some MDA. We extend these results
to cases when K is not independent of the sequence (X;);en, but instead, it may be a stopping
time with respect to the natural filtration of the sequence (X;);en. In such cases, H remains
in the same MDA as X, as long as K has finite expectation. Furthermore, we allow K to be
dependent on an additional source of randomness represented by W in the sequel.

4.2 Main results on compound maxima

Let X be a general Polish space. Assume that ((W;, X;)):en is a sequence of i.i.d. random
elements in X x R. For the filtration (F,)nen = (6{(W;, X;) : i < n})nen, we further assume
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that K is a stopping time with respect to (F,)nen. In this case, the distribution of H can
be rather complicated, as we will see in the following.

Ezample 4.2.1.  (a) Assume (W;);en is independent of (X;);en and integer-valued. When
K = Wj, H has already been studied, for example, in [34] and [59], as mentioned
above, since this is the aforementioned independent case of X and K.

(b) Assume ((W;, X;))ien is i.i.d. as before (note that some mutual dependence between
W; and X; is allowed) and P{X > W} > 0. Let K = inf{k € N: X}, > W}, and see
that for k € N,

P{K=Fk}=P{Xy> Wy, Xpo1 <Wi1, Xpmoa < Wig, ..., X7 < Wi} =
=P{X>W} (1-P{X>WhH

Thus, K has geometric distribution and finite expectation and we will show that this
implies that H is in the same MDA as X.

(¢) Assume (W;);eny and (X;);en are two independent i.i.d. sequences. Let K = inf{k €
N: X, > Wi}, Clearly H = X > Wj. Therefore, H has a tail at least as heavy as
W.

In order to analyse the extremal behaviour of H and prove that H is in the same MDA
as X, we consider i.i.d. copies H; of H and the maximum of n such copies, given by

\/Hz'- (4.3)

Let (W, Xi;))jen, for i € N, be ii.d. copies of the sequence ((W;, X;))ien and define
o-algebras F; ; = o{(W;;, X;;) : 1 < j}. For i € Nlet K; be a stopping time with respect to
the filtration (F; ;) en, such that that for each k£ € N,

{KZ - k} € E,lﬁ

and such that (K, (W;;, Xi;)jen)ien is an iid. sequence with the same distribution as
(K, (Wi, Xi)ien). It is clear that K;, i = 1,2,..., are i.i.d. We assume that K has finite
expectation, i.e.

E[K] < o0, (4.4)

which implies that E[K;] < oo, for every i € N. Here, we interpret (X;1, X;2,..., Xik,), for
fixed ¢ € N, as one of the i.i.d. clusters. Note that every variable from the i-th cluster is
independent of each variable from the j-th cluster for i # j. The aforementioned i.i.d. copies
H; of H are defined as
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Clearly,

i=1 i=1j=1

Our first step is to prove the following lemma:

Lemma 4.2.2. Let K1, Ks, ..., be i.i.d. copies of K as described. Then

Ki+Ko++ Ky

\n/Hzé VX
=1 =1

This equality in distribution implies that even though we need to consider the maximum
of each cluster separately, we can instead concatenate all the observations into a single i.i.d.
sequence. To see why this is true, we align the observations from all clusters in a sequence:
Xi1, X2, ., X1k, Xo1,X22,. .., X2 Kk,,.... We show that this aligned sequence is also
i.i.d., by using two different approaches: one based on the connection between the aligned
sequence and the original sequence, and the other based on the strong Markov property.

Proof. First approach: To start, rename the sequence X1, Xi9,..., X1k, Xo1, Xoo, ...,
Xo Ky, ... into a sequence Y1,Ys, ..., Yg,, Y 41, Y42, - .., YK, 4Ky, - - .. Note that now the
maximum of H; has a representation:

V= \/ Y (4.6)

i=1 =1

Our goal is to show that (Y;);en is an i.i.d. sequence. Once we manage to show that, the
statement of the lemma easily follows. To do that, define auxiliary sequences of random
variables (P,)nen and (Ry,)neny with values in N by

Rn:inf{k:imzn}, (4.7)

=1
Rn—1
P,=n—> K;, neN (4.8)
=1

They give us the information about the "row” number, that is, the cluster number, or the
first index 7, and the position number within that cluster, that is, the second index j. In
other words, on an event {R,, =i, P, = j}, i,j € N, the variable Y;, corresponds to X; ;,
and thus, Y,, = Xg, p,. For an arbitrary natural number n > 2, and Borel measurable sets
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ACR, BCR"! calculate

P{(Y'h}/%-"vyn—l)EBu YneA}:
n n—i+l1

=Y D> P{NYe...Yi)€B Y, €A R =i, B =j} =
=1 j=1
n n—i+l

:Z Z P{<}/h)/277Yn—1)EBaXz,]€A7anlapn:j}

i=1 j=1

In this calculation, we used the fact that since Y, is in the i-th cluster, then there are at
least i — 1 random variables in the previous clusters. Therefore, in the i-th cluster, there are
at most n — ¢ random variables positioned before Y;,. We also note that X ; is independent
of Yy, for k < n. Moreover, the set {R,, =i, P, = j} can be rewritten as a set

i—1 i i—1 i—1
{Zm@z, > K >n, ZKl:n—j} = {ZKl:n—j, Kizj} =
=1 =1 =1 =1
i—1
- {Zm:n—j}m{mgj—uc

=1

The variables K, Ky, ..., K;_; come from the first ¢ —1 clusters and are independent of Xj ;,
since X, ; is a variable from ¢-th cluster. On the other hand, although the random variable
K is not independent of observations from ¢-th cluster, they are independent of all ” future”
observations. Specifically, {K; < j —1}° € F;;_; and this same event is independent of F; ;.
With this said, we can conclude that {X;; € A} is independent of {R,, =i, P, = j}. This
gives

P{(}/b}/%"'?Ynfl) S B7 Yn GA} =
n n—i+l

=Y ) P{X e AAP{(V1,Ys,...,Ya1) €B, Ry =i, P, = j} =

i=1 j=1
:P{XGA}P{(}G)}/%vYn—l) EB}:
—P{Y, € A} P{(Y},Ys,...,Y, 1) € B}

Setting B = R"!, we get the last equality Y, 2 X. This implies that (Y;);ey is an i.i.d.
sequence with the same distribution as the original sequence (X;);en. Therefore, in , on
the right-hand side we have a maximum of i.i.d. random variables with the same distribution
as X, so the statement of the lemma holds. O

Second approach: Since the sequence ((W;, X;))ien is1.1.d., apply the strong Markov property
to see that after a stopping time K| = K, the sequence ((Wg; i, Xx744))ien has the same
distribution as the original sequence. Therefore, it has its own stopping time K7 distributed
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as K7 and such that ((Wgiy ky 46, Xk K4 +4) )ien again has the same distribution. By applying
this argument iteratively, we break the original sequence into i.i.d. clusters

(Wri—1)+1, Xr-141), Wre- 1+2,XT(Z D+2)s -+ Wrgy, Xr@y) )ien,

where T(0) =0, T(i)= ZKJ/ < ZKJ
=1 j=1

Clearly,
(i)

H= \/ X;, ieN,

F=T(i—1)+1
are i.i.d. with the same distribution as the original compound maximum H. Since H; from
(4.5) are also i.i.d. with the same distribution as H, conclude that H 2 H; and

n n Ki+ Ko+ +Kn
d ) d
i=1 i=1 i=1

O
We show one additional auxiliary result before stating our main theorem in this section.

Lemma 4.2.3. Assume that £ = E[K] < co. Then

n Ki

Z ZdXi’j—bLnQ LN PRM(pg) asn — oo.

i=1 j=1 “ng]

Proof. As in the proof of Lemma [£.2.2] we denote the random walk induced by the i.i.d.
sequence (K;);en by T'(n). First note that by Lemma [4.2.2]

n K; T(”)
d
Z Z 0 Xi~bine| = Z 0 Xibne)
i=1 j=1 4nél i=1 4ng]

To use Lemma [4.1.2] let Z = 1, (Z,)nen = (T(n)/(n€))nen be Ry-valued random variables,
denote N = PRM(Leb xu¢q) and define point processes (N) )nen,

Z 5(;{ Xi—blng| )

€N 4 né]

with values in the space [0,00) X E, where FE depends on G as before. By the weak law of
large numbers and by Proposition 4.1.1] since X € MDA(G), we have

Zy -2 Z=1 and N,-LH N asn— oo.
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Hence, by the standard Slutsky argument (see [12, Theorem 4.4])
(N, Z,) =% (N, Z)  asn — oo.
Note that P {N({Z} x E) > 0} =0, so by Lemma [£.1.2]

. N N) .
[0,Zn]xE [0,Z]xE
Conclude that
T(n)
N (0.00) x-) = 3" dxs (-)iuv‘ ([0,00) x -) asn — oo,
"o, 2] T 01}
where the point process on the right is a PRM(u¢), see [8, Theorem 2] for details. O]

We present our main theorem which guarantees that the maximum of a cluster stays in
the same MDA as observations, under our given assumptions. Moreover, we present a very
short and straightforward proof for which we use Lemma [£.2.3]

Theorem 4.2.4. Let (W;, X;)ien be a sequence of i.i.d. random elements in X x R, where
X is a general Polish space. Assume that K is a stopping time with respect to the filtration
(Fr)nen = (0o{(W;, X;) : i < n})pen and has a finite mean, E[K] = & < co. If X belongs to
MDA(G), then the same holds for H = \/fi1 X;.

Proof. For (H;) i.i.d. copies of H, using Lemma and the notation therein, as n — oo

we have
\/:’: Hz—bng n K;
P{ : e <zt =P E 0 %15 bine) (¥, 00) = 0

a|ng) i=1 j=1  °lné]

— P{PRM(u¢)(xz,0) =0} = G(z).

[]

Ezample 4.2.5 (Example continued). Provided E[W] < oo, we recover known results
for example (a). Since E[K] < oo, in case (b) H belongs to the same MDA as X. As we have
seen, case (c) is more involved, but the theorem implies that if W) has a heavier tail index
than X, then E[K] = oo and H ¢ MDA(G). On the other hand, for bounded or lighter
tailed W, we can still have H € MDA(G). For a simulation of H and corresponding QQ

plots, see Figure
Note, the proof of this theorem provides normalising sequences for H:

(Cn)neN = (aLngj)neNy (dn)neN = (bLnfj)nENa (49)

for which the following convergence holds:
nP{H > c,x+d,} — —logG(x) asn— oo, (4.10)
for every x € supp G. Intuitively, H behaves as \/thlJ X; where we consider deterministic

fixed number of elements from the i.i.d. sequence (X;);en.
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(a) Fréchet MDA: independent case. The
number K of observations in a cluster is in-
dependent of X;, K =1+ N, N ~ Poi(5).
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(¢) Gumbel MDA independent case. The
number K of observations in a cluster is in-
dependent of X;, K =1+ N, N ~ Poi(5).
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(b) Fréchet MDA: dependent case. The
number K of observations in a cluster is
K =inf{i: X; > 2}.
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(d) Gumbel MDA: dependent case. The
number K of observations in a cluster is

K =inf{i: X; > 55}.

Figure 4.1: QQ plots with theoretical quantiles of the marginal distribution of the sequence
X, on x-axis and empirical quantiles of the marginal distribution of simulated maximas H =
VE X, on y-azis, where X; are i.i.d. In (a) — (b): observations X; come from Pareto(2)
distribution. In (c) — (d): observations X; come from N(50,10?) distribution.



4.3 Application to marked renewal cluster processes

Even though clusters can appear in various fields, we primarily focus on their application in
non-life insurance, and therefore adopt the terminology related to insurance claims as our
main example (observations are referred to as claims and so on). We apply our results in
analysis of maximal claim size of some cluster processes. Cluster processes are commonly
used in non-life insurance, where, for example after a natural phenomenon affects some
geographical area (for example earthquake or flood), there occur a lot of demands for claims
in a short time period. These clusters are often triggered by the first claim in the cluster,
although the point processes we deal with could be represented so that the clusters are
triggered by an event outside of the point process itself. Models with triggered clusters of
subsequent payments with possible delay are referred to as incurred but not reported (IBNR)
claims models, see [42] for more information.

Let (Y;)ien be a sequence of i.i.d. non-negative random variables and let (A;);en be a se-
quence of i.i.d. random elements in a general Polish space X with distribution (), independent
of the sequence (Y;);en. Assume that

1
ElY] = - < 0.
v

We define a random walk (I';);en generated by the sequence (Y;);en:
Tp=0, [,=Y;+Ys+--+Y, icN.

We then define an independently marked renewal process N° on R, x X by

N°="6r,4.

1€N

The sequence (T';);en represents arrival times (with the sequence (Y;);en representing inter-
arrival times), while (A;);en is a sequence of marks that are often referred to as claims. In
general, marks provide much more information than just the claim size. They can include
all relevant information about the claim, such as its type, size, severity, location, and more.
Recall that a subset of R, is considered bounded if it is contained in [0, M] for some M > 0.
We equip X with an arbitrary family of bounded sets S(X). Subsets of R, x X are considered
bounded if they are contained in [0, M] x B for some M > 0 and B € S(X). Let C be one
such set such that C' C [0, M;] x By, where M; > 0, B; € §(X). Then we have

NC) = 0r,a,(C) <) 6r[0,M] <00 as.,
€N €N

which follows from the fact that (T';);cy is a non-decreasing sequence.

The process N represents the process of all first claims from each cluster, and we say
NV is the parent process. We attach to each mark A;, i € N, at time I';, a complete cluster of
points denoted by G; as another point process from the space M, (R x X). These processes
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(G,)ien are called the descendant processes and they represent clusters without the first claim.
We assume that the clusters G;, i € N, are mutually independent. Formally, we assume that
there exists a probability kernel K from X to M, (R x X) such that, conditionally on the
parent process N, the point processes G, i € N, are independent, almost surely finite
and they have distribution equal to K(A;, -). We emphasise that this permits dependence
between G; and A; for i € N.

We write G; as

K;
GZ - g 5T741,77A741,7’
Jj=1

where K; is a non-negative integer-valued random variable (called also a Z-valued random
variable), (Ti ;) is a sequence of non-negative random variables, and (A; ;) jen is a sequence
of marks representing claims in a cluster. Note that if we take into account the original point
arriving at time I';, the cluster size is K; + 1. Additionally, each mark A;; in a cluster G}
arrives at time I'; + T; ;, as will be observed in our cluster process later on.

Throughout, we assume that processes GG; are independently marked with the same mark
distribution @) as before, independent of A;. This means that all the marks A;; are i.i.d.
Note that K; may depend on A;. We assume throughout that

which ensures that there are almost surely finitely many claims in each cluster. Finally, to
describe the size and other characteristics of all observations (claims) together with their

arrival times, we use a marked point process N as a random element in M,(R; x X) given
by

N = Z Z 5Fi+Tz‘,jaAi,j7 (4'11)

i=1 j=0

where T; o = 0 and A;o = A;. In this representation, the claims arriving at time I'; and
corresponding to the index j = 0 are called ancestral or immigrant claims, while the claims
arriving at times I'; +T; ;, j € N, are referred to as progeny or offspring. Note that IV is
a.s. boundedly finite because I'; — 0o as ¢ — oo and K; is a.s. finite for every i. These
properties allow us to rearrange claims chronologically to get the following representation of
the process N:

N:Z5T AP (4.12)
k=1

where 73, < 73,41 for all K € N and A* are i.i.d. marks which are in general not independent
of the arrival times (7;)ren. This representation, however, ignores the information regarding
cluster structure of the process N. Note also that eventual ties turn out to be irrelevant
asymptotically. We often use both representations of V; the first one from when we
use the cluster structure, and the second one from (4.12)) when we need to analyse claims
that arrive in some time interval, [0, ¢] say, for ¢ > 0.
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In the special case when inter-arrival times are exponential with parameter v, the renewal
counting process which generates the arrival times in the parent process is a homogeneous
Poisson process. Associated marked renewal cluster model is then called marked Poisson
cluster process, see [15], cf. [9].

Recall that marks A;; can contain more information about claims than just the size of
the claim. Numerical observations, i.e. the size of the claims, are produced by an application
of a measurable function on these marks, say f : X — R,. The maximum of all claims in
cluster (5; is denoted by H; and equals

K;
=0

where X;,; = f(A;;) are i.i.d. random variables for all ¢ and j. We interpret H, as the
maximal claim size coming from the ith immigrant and its progeny. Similarly, set X* =
f(A*) and by M (t) denote the maximal claim size in the period [0,¢], t > 0. Note,

M(t) =sup {X": 7, < t}.

We can fit this model in the context of Theorem by letting W), = A*, for k € N. Let
us introduce the first passage time process (7(t)):>o defined by

7(t) =inf{n: I, > t}.

In other words, 7(t) is the renewal counting process generated by the sequence (Y;,),en from
the beginning, and we interpret it as the ordinal number of the first cluster that comes after
time ¢. According to the strong law for counting processes (see [28, Chapter 2, Theorem 5.1]),

for every ¢ > 0,

T(tc) L% e ast— oo
vt '

Denote by
7(t)

M (t) = \/ H;,

the maximal claim size from the first 7(¢) clusters. We can define the leftover effect at time
t denoted by ¢; defined by

gy = maX{Xm 0<TI; < t,t < I; + ,I‘i,j}a t>0.

It represents the maximum of all claims that arrived after ¢ but belong to the cluster whose
at least one claim arrived before t. The number of members in the set above we denote by
Jt:
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Figure 4.2: Simulation of the mized binomial cluster model represented in Example
where T'; ~ Exp(1) is the arrival time of the first observation in cluster i € {1,2,...,7},
K; ~ Poi(8) is the size of clusteri, V; ; ~ Exp(5) are arrival times of observations in cluster
i, and X; ; ~ N(70,30%) are observations in cluster i where those that are in the same cluster
are denoted with the same colour.

Figure [4.2] shows an example of cluster point processes analysed in this section. This
illustration can aid in understanding that for ¢ > 0,

M (t) = M(t)\/ Hpy \/ & (4.15)

Our objective is to investigate the limiting behaviour of the maximal claim size up to time ¢,
given by M(t), and and in the following, we provide sufficient conditions under which M (t)
converges in distribution to a nontrivial limit after appropriate centring and normalisation.
A similar problem in the independent case (where K is independent of A) has been the
subject of study in [59].

Proposition 4.3.1. Assume that H belongs to MDA(G) so that (4.10)) holds and that the

error term in (4.14)) satisfies:
Jt == 0P<t).

Then M — d
M) = dpy G ast— oo (4.16)
Clut)
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Proof. Using the equation (4.15)), we have

M7(t) —d — dju \/ Hry) — dj) \/ €t —
Clut] CL t) Clut)

Clut)
Since for z € F,

0<P{M7(t)—dw >x}_P{M(t)—dw >x}

B Clut] Clut]

H.n—d, g —dp,
SP{M%@}jLP{t_HJ%@}’
CLytJ C|_l/tj

it suffices to show that
MT(t) - dLVtJ

Clut)

HT —d,, . _dz/
limP{M >x} =0, and llmP{u >x} = 0. (4.18)
Clvt)

t—o00 Cl_VtJ

4G ast— oo, (4.17)

Recall that H; represents the maximum of all claims in the i-th cluster (all claims due to
the arrival of an immigrant claim at time I';) and by (4.13)), it equals

Note that (H;);en is an i.i.d. sequence because the ancestral mark in every cluster comes
from an independently marked renewal point process. As in the proofs of Lemma and

Theorem

M7 (t) —d,
P{ng} Z(SH —dj, (2,00) =0

Clut] Lt

— P{PRM(uq)(z,00) = 0} = G(x)

as t — 0o, which shows (4.17). To prove (4.18)), we begin by noting that {7(t) = k} = {I'; <
ST <t D>t = {30y <t,35, Y > t} € o(Y,... Vi), Moreover, for any
Borel subset B of R we have { H;, € B} is independent of o (Y7, ... Y}) for every k, once again

because the marks are independent of arrival times. This implies that H iH 1 € MDA(G)
so the first part of (4.18)) follows easily from (4.10). For the second part of (4.18)), we note
that the leftover effect £, admits the following representation
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for (X;)en 1.i.d. copies of X = f(A). Hence,

e —dy a VI X — dpy
CLytJ CLytJ ‘

Since J; = op(t), for every fixed § > 0 and ¢ large enough, we have P {.J; > §t} < ¢. For a
measurable B = {.J; > 0t} we have

J J
2 Xi—d), X —dy,
P{\/Fl “J>x}§P{B}+P{{\/’—1 “J>x}mBC}

Clwt] Clwt]

L5tJ X
<6+P{V’L:1 ? dLVtJ >I},

Clut
which converges to 0, as 6 — 0. ]

As we have seen above, it is relatively easy to determine asymptotic behaviour of the
maximal claim size M (t) as long as one can determine tail properties of the random variables
H; and the number of points in the leftover effect at time ¢, J; in (4.14]). By applying
Theorem [£.2.4] we can directly obtain the following corollary.

Corollary 4.3.2. Let J, = op(t) and let (X, ;) satisfy (L.1) and the assumptions from the
proof of Theorem |4.2.4. Then (4.10) holds with (c,) and (d,) defined by

(cn) = (ayEr)41)n))s  (dn) = (OE[K)+1)n))- (4.19)

4.4 Examples

Although the results presented in the previous sections may appear straightforward, proving
that J; = op(t) holds can be a challenging task. Nevertheless, this can be accomplished
for several commonly used cluster models, as illustrated in the following examples. For an
application of these results to the case of marked Hawkes process, we refer the reader to [4].

Ezample 4.4.1. [Mixed binomial cluster model] Assume that the renewal counting process
which generates the arrival times (I';),.y in the parent process is a homogeneous Poisson
process with mean measure v Leb for v > 0, on the state space R, and that the individual
clusters have the following form
K;
Gi = ZéVi,]’,Ai,w
j=1

where K is a non-negative integer-valued random variable with finite expectation represent-
ing the size of a cluster. To emphasize the simplicity of the cluster structure in this model
compared to the second example, we use the notation V;; instead of T;;. Assume that
(K5, (Vij)jen, (Aij)jez, )ien constitutes an ii.d. sequence with the following properties for
fixed i € N:
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(Ai,j)jEZ+ are lld7

(Vij)jen are conditionally i.i.d. given A,

(A;j)jen are independent of (V; ;);en,

K is a stopping time with respect to the filtration generated by the (A;;);cz, , i.e. for
every k € Zy, {K; =k} € o(Aip, ... Aig).

Hence, we allow dependence between the random variables K; and (Aiaj)j€Z+’ as well
as between (V; ;)jen and the ancestral mark A; o (and consequently K;). The marked point
process N, whose clusters are G; for ¢ € N, is a marked version of the so—called Neyman—
Scott process, see for example Example 6.3 (a) in [I5]. An illustration of a simulation of this
process can be found in Figure 4.2|

Corollary 4.4.2. Assume that f(A) = X belongs to MDA(G) with normalising sequences

(an)nen and (by)nen so that (1.1) holds. Then (4.16) holds for (c,) and (d,) defined in
[@.19).

Proof. By applying Theorem [4.2.4, we can deduce that the maximum H of all claims in
a cluster belongs to MDA of the same extreme value distribution G' as X. Then, using

Proposition and the fact that J, = op(t), we can conclude that (4.16) holds. To
verify that J; = o(t), we need to show that E[J;] = o(¢). This can be done using Markov’s
inequality,

E[J] = E[#{(i,7) : 0 <T; <t, t <T;+Vi,}

K;
Z th<ri+vi,j] :

0<T;<t j=1

=E

The term in square brackets equals > oo, f(T;), for f(s) = lo<s<t Z]K:H 1y, ,>t—s. Moreover,
this expectation can be rewritten as

E[N(f)] =E { /0 t f(s)N(ds)} . where N = f:ari — PRM(v Leb).

=1

Furthermore, Lemma 7.2.12. in [42] and calculation similar as in the proofs of Corollaries
5.1. and 5.3. in [9], we have

E[Jt]:/OtIE

Ki '
Z 1Vm>t_8] vds = / E
j=1 0

K;
=1
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Use the following facts

K

i
E 1V¢,j>x S Kilmax{Vi,j:lgngi}>z>
j=1

a.s.
Ki]-max{Vi,jzlgngi}>z — 0 asxz — oo,

| Kilmax{v j1<j<kiyse| < K,

to conclude that by the dominated convergence theorem, as x — oo, we have

E [Kilmax{vi,jﬂgjgf(i}n} — 0,

and thus,
K;
E 21%”] — 0.
j=1
An application of Cesaro argument yields now that E[J;]/t — 0. O

Ezample 4.4.3 (Renewal cluster model). Assume next that the clusters G; have the following

representation
K;
Gi = E :5Ti,j»Ai,j’
=1

where (7} ;) represents the sequence such that
Tij=Vir+-+Vy, 1<j<K,.

We keep all the other assumptions from the model in Example 4.4.1}]

A general unmarked model of the similar type is called Bartlett—Lewis model and is
analysed in [I5], see Example 6.3 (b). See also [23] for an application of a similar point
process to modelling of teletraffic data. By adapting the arguments from the Corollary
we can easily obtain the next corollary.

Corollary 4.4.4. Assume that f(A) = X belongs to MDA(G) with normalising sequences

(@n)nen and (by)nen so that (1.1) holds. Then (4.16) holds for (c,) and (d,) defined in
@19).
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Summary

This thesis focuses on regular variation in Polish spaces equipped with the general notion of
scaling, bornology, and modulus. The bornology represents the collection of bounded sets,
while the modulus generalises the metric to an arbitrary continuous Borel homogeneous
function. We define and characterise regular variation and give numerous examples that
show how the choice of scaling and bornology affects this definition.

The main part of the thesis concerns continuous maps of regularly varying elements.
We examine continuous bornologically consistent morphisms and show that, in many cases,
they preserve the regular variation property. We start with a regularly varying random
element ¢ with a tail measure u, defined on the Polish space X endowed with continuous
scaling and topologically and scaling consistent bornology with countable base. We then
map it continuously by a bornologically consistent morphism 1 to a space Y with the same
properties as X. We show that if ¥u is nontrivial on the bornology on Y that satisfies
given properties, then ¢ is regularly varying in Y. This result is further applied to the
polar decomposition map and quotient mapping, among others. As in some simpler spaces,
we decompose ¢ into an "angular” part that belongs to the set of all points with modulus
one, and into a "modular” part and show that this modular part is also regularly varying.
Conditionally on modulus being large, we obtain a nontrivial limit of their joint distribution.
This limit is expressed as a product measure of the Pareto-type measure and the spectral
measure of &.

For the continuous quotient map, we show that even though £ is regularly varying, its
equivalent class as a closed subset of X can contain both regularly varying and non-regularly
varying selections. We show that if the selection map is chosen to be homogeneous with
respect to scaling and if it minimises the modulus of the whole equivalence class, then the
selected element is also regularly varying.

In the last chapter, we consider an independent and identically distributed sequence
(X,) of random variables that belong to some maximum domain of attraction. We consider
H=max{X;:i=1,2,..., K}, where K is a positive random integer with finite expectation.
We show that as long as K is a stopping time with respect to the filtration generated by
the sequence (X,) and possibly some random element independent of the sequence (X,,),
then H is in the same maximum domain of attraction as X;. We apply this result to some
marked renewal cluster processes where we observe the maximum of all the observations
that arrived until moment ¢ > 0. Since this problem often arises in insurance models, it
can be interpreted as a maximal claim problem until time t. We show that after proper

97



normalisation, the maximal claim until time ¢ converges in distribution to the distribution
G if X is in the maximum domain of attraction of distribution G.
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