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Abstract

Emergent descriptions at large charge
by Rafael Moser

Conformal Field Theories (CFT)s play a central role in the study of Quantum Field Theory (QFT). They represent
the fixed point of the Wilsonian Renormalization Group (RG) flow and any QFT is in principle describable as a
relevant deformation of the associated nearby Conformal Field Theory (CFT). This thesis aims to explore the
structure of CFTs with global internal symmetries and beyond via the Large-Charge Expansion (LCE), a semi-
classical expansion applicable for states with large global quantum numbers.

In the first part of this thesis we study CFT and Spontaneous Symmetry Breaking (SSB). We discuss the symmetry-
constraints imposed by conformal invariance on the quantum theory, introduce the concept of CFT data and
the Operator-Product Expansion (OPE). Concerning SSB, we discuss the existence of Nambu-Goldstone (NG)
modes, the general counting rule for the number of NG modes under the spontaneous breaking of global internal
symmetries and a generalization of the Goldstone theorem at finite density.

In the second part of this thesis we discuss the current state-of-the-art understanding of the LCE and systematically
study CFTs with a global O(2) symmetry in the context of the LCE. We present the LCE in the broader context of the
different methods available for accessing CFT data. Particularly, we discuss its relation to large-spin expansions in
CFTs and the description of operators with both large spin and large charge. We discuss the emergence of effective
condensed-matter descriptions, in particular superfluids, in correlators involving states with large global quantum
numbers. Finally, we use the superfluid Effective Field Theory (EFT) description to systematically study two-,
three- and four-point functions for CFTs with a global O(2) symmetry. Using the EFT approach we derive universal
results for the spectrum of scaling dimensions and three-point coefficients at large charge.

In the last part of this thesis we study CFTs in the double-scaling limit of large charge and large N. We discuss the
D =3 Wilson-Fisher (WF) fixed point at large N and derive the leading order asymptotics at large charge Q in the
double scaling limit Q/ N fixed, where scaling dimensions can be studied analytically in the limit Q/2N > 1, where
we recover the superfluid EFT structure, and Q/2N < 1, where we recover the free mean-field limit. These limits
can be connected by resurgent analysis. We also study the spectrum of fluctuations to confirm EFT predictions.
Next, we use a fixed-charge approach to gain access to the leading order effective potential for the ¢* theory, which
we then study for spacetime dimensions 2 < D < 6. In D = 3, we reproduce and extend old results originally found
by re-summing Feynman diagrams. In D = 5, under the assumption of unitarity the ¢*-model does not appear to
be Ultra-Violet (UV) complete. Finally, we discuss the interacting fixed points of three-dimensional fermionic CFTs
in the double-scaling limit of large charge and large N. While the Gross—Neveu (GN) model exhibits a Fermi-sphere
description at large charge, whose fate at finite N is yet to be determined, for the Nambu-Jona-Lasinio (NJL)-type
models we find a Bose-Einstein Condensate (BEC). The large-charge sector of these models is therefore captured
by the superfluid EFT approach.
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Foreword

The bulk of this thesis is based on the following three publications by the author:

[1] R. Moser et al., “Convexity, large charge and the large-n phase diagram of the ¢* theory”, Journal of
High Energy Physics 02, arXiv: 2110.07617 [hep-th], 10.1007/JHEP02(2022)152 (2022)

[2] N. Dondi et al., “Spinning correlators in large-charge cfts”, Nuclear Physics B 983, arXiv: 2203.12624
(hep-th], 10.1016/j.nuclphysb.2022.115928 (2022)

[3] N. Dondi et al., “Fermionic cfts at large charge and large n”, Journal of High Energy Physics 08, arXiv:
2211.15318 [hep-th], 10.1007/JHEP08(2023)180 (2023)

The material presented in this thesis is schematically organized as follows:

e Chapter 1 serves as a short introduction into the main subjects of relevance. It is an original
presentation of textbook materials and existing results on Conformal Field Theories and Spontaneous
Symmetry Breaking. It serves to make this thesis more self-contained and embeds the later
chapters in a broader context within theoretical physics.

e Chapter 2 is separated in two sections. Section 2.1 is a review of the existing literature on the
Large-Charge Expansion in generic Conformal Field Theories. Section 2.2 is based on [2].

* Chapter 3 is separated into three sections. Section 3.1 is a review of the literature on the Large-
Charge expansion in the O(2N) Wilson-Fisher fixed point at large N. Section 3.2 is based on [1].
Section 3.3 is based on [3].

Appendices contain details and further material not included in the main text.
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Introduction

At the beginning of the 20th century — now a hundred years ago — two of the potentially most
significant discoveries in modern physics were made. First came the development of the Theory of
Relativity starting in 1905, which was followed by the advent of Quantum Mechanics (QM) in the 1920s.
Almost immediately, while attempting to quantize the electromagnetic field, in the late 1920s physicists
realized that in order to have a consistent description of nature they would need to incorporate special
relativity, which was born out of classical electromagnetism, into the framework of quantum mechanics.
The resulting theory — Quantum Electrodynamics (QED) — still is one of the most precise theories
of nature. The advent of QED marked the birth of QFT as a subject, which after a few decades of
maturing found its place as the single most successful concept in theoretical physics of the 20th and the
early 21st century. Today, QFT permeates many areas of theoretical physics. High-energy and particle
physics are probably the first and most obvious ones, with the success of the Standard Model of particle
physics as a fundamental theory of nature, but it is also commonly used in condensed-matter physics,
cosmology and inflation, quantum gravity, string theory and of course statistical mechanics. It also has
applications outside of physics, in fields like mathematics, computer science and even finance.

From the modern point-of-view, the emergence of QFT is seen as the single logical consequence of the
union between the principles of special relativity and and quantum mechanics. It naturally introduces
the concept of the anti-particle and describes the phenomena of particle creation and annihilation,
while QM always preserves the number of particles. However, its modern inception is unthinkable
without the development of Feynman’s path integral in 1948 [4]. First introduced in QM, this ”"sum over
infinitely many paths” highlights both the fascinating similarities and the crucial differences between
classical and quantum theory.

Let us consider QM for a moment. The path integral fundamentally encapsulates the relationship
between classical mechanics and QM. Just as in the classical system, the path integral frames the
corresponding quantum problem in terms of the principle of least action, with the action S[g] being
given by the same functional in both cases. However, while the principle of least action determines the
physical evolution of a classical systems from points g; to g, purely in terms of the classical trajectory
g (t) found by minimizing the action S[q], the quantum amplitude instead is given by a weighted sum
over all possible paths g(#) connecting q; and g»,

q2
(ol "= g1y = f@q 2iSlal W
q
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The initial and final states in the path integral specify the boundary conditions of the integration
over the different paths g(z). The quantum propagation of a particle and its classical trajectory are
connected by the observation that different paths g(¢) within the path integral are weighted by their
classical action S[g]. This means that the classical solution g (#) along with the paths close to it
contribute the most to the path integral, while paths far away from the classical solution are washed
out by interference. If the propagation of a particle in a quantum system is well approximated by the
properties of its classical trajectory, say for example we consider photons with wavelengths much
smaller than the characteristic size of the surrounding space 1 « L, then naturally we expect that
the quantum amplitude is well approximated by only considering the paths close to the classical
solution g (t). Hence, the path integral localizes around the classical trajectory and is computable via a
so-called semi-classical approximation. The action is expanded around its classical solution q = g + ¢,

2

1 6 S D ~3
S[q]=S[qC1]+EWq +0(q7), 2)

and the path integral is now given by

-1 625 4 .
(gl e =10 gy = eiS[qcﬂf@@elzqum(q%.

(3)
The boundary condition have to be adapted accordingly. The amplitude is now separated into a classical
contribution given by exp(iS[qc1]) plus quantum corrections. Note that the quadratic contribution in
the quantum corrections — given by (625/8 %) G — just represents the action of a harmonic oscillator.

The path-integral formulation of QM naturally generalizes to QFT, with the small issue of not having
a sound mathematical basis due to the vastly increased amount of Degree(s) of Freedom (DoF) in
QFT. Aside from this problem, the path integral in QFT readily captures all of the important features
of the underlying quantum theory it describes and is often very efficient in simplifying computations
compared to the more traditional formulations of QFT like canonical quantization.

Different quantum systems or even different regimes within the same system can be classified via
the properties of their respective path integrals broadly into two general categories: weakly-coupled
path integrals and strongly-coupled path integrals. The differentiate themselves by the fact that a
weakly-coupled path integral in a certain limit of one or more of its parameters can be approximated
by aleading classical trajectory and the corresponding loop expansion around it, mirroring the semi-
classical analysis in QM in Eq. (3). In a strongly-coupled path integral, however, no generic semi-
classical saddle-point approximation of the full theory is possible.

In QFT and its vast number of DoF, the predictive capabilities of physicists largely rely on the existence
of a weakly-coupled path integral and the associated loop expansion. This is well exemplified in the
Standard Model of particle physics, where for example collisions between particles at the GeV scale
are well studied using loop expansions, but processes involving the strong interaction — described by
Quantum Chromodynamics (QCD) — at the same scale are hard to predict since the corresponding
path integral is strongly coupled there. Any observable & computed in a weakly-coupled path integral
consists of two contributions G = G + Oqy coming from the classical configuration and the quantum
corrections around it. The relative size between the two contributions is relevant, as only observables



Introduction

with larger classical contributions 0 > Oy, are readily computable in a semi-classical approximation.
By definition, for a weakly-coupled path integral there exist at least some observables that are semi-
classical and computable in a loop expansion, while in for a strongly-coupled path integral all observables
are quantum in nature.

Generically, semi-classical observables are associated with states consisting of many quanta and are
far removed from the vacuum state of the theory.! In this case a new emergent description appears in
terms of an approximately free theory around an effective ground state far away from the vacuum of the
underlying theory. Semi-classical methods represent an important tool to investigate non-perturbative
phenomena in QFT like multiparticle production, vacuum decay and instantons. A particular class of
observables admitting a semi-classical description are given by observables possessing at least one
large quantum number under a conserved charge of the theory, like a large spin J or a large global
charge Q. Observables with large quantum numbers are naturally semi-classical irrespective of the
existence of a small coupling in the underlying theory. Therefore, even in strongly-coupled theories, we
expect the existence of a (potentially emergent) weakly-coupled semi-classical path integral description
capturing any observable with a large quantum number independent of the nature of the underlying
theory, at least as an effective description involving the light DoF. The fact that such light modes exist
follows from the fact that states with large quantum number unavoidably break certain symmetries,
which in turn implies the existence of light NG modes [5, 6].

Unsurprisingly, many important problems in theoretical physics are related to strongly-coupled
theories. Luckily, in many instances involving strongly-coupled path integrals it is possible to find
a subset of variables in a certain limit of the theory whose quantum fluctuations are small around
an associated semi-classical trajectory. In that case, it is possible to integrate out the variables with
large quantum fluctuations in the path integral and derive an effective weakly-coupled description
for the remaining DoF. The process of integrating out variables within a theory is deeply tied to
another fundamental concept in QFT, which is perhaps most responsible for its success as a theoretical
framework: renormalization.

In its earlier iterations QFT suffered from a major flaw being that perturbative computations apparently
produced meaningless infinite results. The cause of the phenomenon can be found in the large number
of interacting quantum DoF that we have mentioned already. The solution to this problem and the
correct way to extract a meaningful result out of the divergences turned out to be renormalization.
From the modern perspective, renormalization is a fundamental feature of QFT. Although not the first
ones to describe the phenomenon, the modern understanding of how renormalization in QFT works is
mainly based on the contributions of Kadanoff and Wilson [7, 8].

Let us illustrate the ideas of Wilsonian renormalization. Consider a QFT described by the action
S[®;, gnl, with generic field content {®;} and couplings g,. The fundamental realization of renormalization
is that the bare couplings g and the normalizations of the fields {®;} in the action do not correspond
to the physically measured quantities as they do not take into account quantum effects. To make
connection with reality, observables would have to be rewritten in terms of the renormalized quantities.

10Observables describing small fluctuations around the vacuum are only amenable to a weakly-coupled description if the
system can be approximated by a free theory, i.e. if the theory exhibits small couplings g, accompanying the interaction terms in
the action.
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The bare parameters of the theory, as they are not measurable, can then be used to cancel the infinities
arising in calculations in a process called regularization.

During regularization, the theory is modified by introducing a parameter — called a regulator — which
regularizes the appearing divergences. The seemingly most natural choice here is a scale A cutting off
the momenta allowed within the theory to |k| < Ag, but there are other well-established schemes like
dimensional regularization or Pauli-Villars regularization. The different choices of regulator are called
regularization schemes. Any choice of regularization scheme introduces a characteristic energy scale
— called the cut-off scale M — into the theory, which reproduces the original theory when taken to
infinity. The now cut-off dependent divergences are then cancelled via so-called counterterms, which
are cut-off-dependent parts of the bare parameters in the theory that cancel the appearing divergences.
After cancellation of the divergences the cut-off scale M can be taken to infinity while we recover a
finite result.

If a theory is amenable to this procedure, it is called renormalizable. Renormalizability in QFT can
be determined via dimensional analysis, at least superficially. During the cancellation of divergences,
in principle, a renormalization point is chosen, given by the value of the cut-off scale M at which
divergences are cancelled. At finite values of the cut-off scale M divergent terms in the theory are finite
but cut-off dependent. Changes in the renormalization scale affect how much of a result comes from
the bare parameters and how much comes from the divergent quantities to be computed. This can
be exploited to calculate the variation of a physical parameter with the change in cut-off scale, which
is encoded in the so-called beta functions of the parameters. The general theory of this kind of scale
dependence is the RG.

Historically, the splitting of bare parameters into finite contributions plus counterterms came before
the discovery of the RG, which essentially states that this splitting is unphysical and that all scales enter
in a continuous and systematic way. We return to the QFT with action S[®;, gx] introduced above. In
terms Fourier modes the path integral is written as?

Z(gn) = f [12®; k) e S1@rénl, @
k

Naturally, the partition function suffers from the appearance of infinities and we define the regularized
path integral via a momentum cut-off Ay,

= )l
ZAO (gEZAO)rAO) = fl_[@q)l(k) e_S[':Dlvgn o . 5)
|kl<Ao

The theory is now explicitly regularized by only allowing momenta up to the cut-off 1y, which is also
the renormalization scale, in the action S[®;, gﬁ,AO)]. Note that the couplings gilAO) should be considered
as distinct from the couplings in the original theory since we have removed some DoF. In the Wilson—

Kadanoff renormalization scheme we try to first integrate the modes with momenta A; < Ag. Naturally,

2Naturally, the path integral measure can also be in terms of position space configurations 2®; (x).
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the fields can be decomposed as

dPk  exs A’k exs ) m
D;(x) = fwe D; (k) + fW ek =19 () +y; (%), (6)
[kl<Aq Ar<lkl<Ag

where q)g.l) (x) represents the low-energy part of the field ®;(x) and )(5.1) (x) is its high-energy part. The
path-integral measure likewise factorizes and performing the integral over the high-energy modes
)(E.U (x) produces an effective action for the remaining low-energy DoF,3

(Ag)

_ (1) (0))]
Seitl®", g1 (A1); Aq] := —log f [12®;ik) e 5@ 28T (7)
A1<|k|<A0

This process can be iterated by introducing yet a smaller scale A, < A; and integrating out further
modes,

_orp®@ 4, N0
Seit[®7), gn(A2); Azl = —log f [T2®;) e 5@ 28]

Ax<lkl<Ag

®)

The process of integrating out modes is called changing the scale and Eq. (7) is called the RG equation
for the effective action. Importantly, while changing the scale the couplings in the action for the
remaining DoF do now depend on the new scale. Starting from a generic initial action of the form

S[®;, g M) = f dPx , ©)

D (0)(K)Q; (1) + ) g1V0,(x)
n

where K denotes the differential operator within the kinetic term, the effective action at the scale A
takes the general form

Sestl®”, gn(A1); A1l = f dPx G0

ZMoM* )0 () + Y (ZM) 2 g, (M) O, (x)
n

The form of the interaction terms @,,(x) remains the same and the wavefunction renormalization Z®V
accounts for the fact that the kinetic term may receive correction while changing the scale. At any
given scale a renormalized field (pg.l) =VZ (Al)d)g.l) can be defined. Evidently, the partition function
Zp, (8n(A1); Ap) at any scale A < Ag is still equal to the original partition function Z, (gﬁ,AO) ; Ag), where
Zp,(gn(A1); o) is defined as

Zp, (gn(A1); Ag) := fH@qsl.(k) e—SeffKDﬁ-“vgn(Al);Al]’ a1
[kl<Aq

with the effective action Segr given by Eq. (7). Infinitesimally, this invariance under changes of the scale

3We have [2®; (k)|A1<\k|<Ao — f@x&.l) (x) when switching to position space.
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results in the differential equation

agn(Al)

oAy (12)

AIO_AI +ﬁn(A1)% Zp, (8n(A1);A0) =0, Bn(A1) =M\
called the RG equation for the partition function. It states that the couplings of the effective action
vary to account for the change in the number of DoF in the path integral while changing the scale.
The partition function is then in fact independent of the scale, provided it is below the initial cut-off
scale Ag. The so-called beta function f,,(A) capture the varying — or running — of the couplings
and are hence very important in the context of the RG flow. A generalized statement similar to the
RG equation for the partition function can be derived for arbitrary correlation functions and is called
the Callan-Symanzik equation [9-11]. The overall significance remains the same: the couplings of the
theory and the wavefunction renormalization factors vary in such a way as we lower the scale so that
correlation functions remain unaltered.

As we change the scale, the RG generates a curve in coupling space — or parameter space — which
is called the Wilsonian RG flow g, (A). The RG flow is usually expressed in terms of the beta function
B (A) defined above. The question naturally arises what happens when we are at a point where all the
B-functions vanish. This is a special point of the RG where all the couplings are tuned to some critical

value g = g* such that

‘B”(A)|gn:g; =0, V scales A. (13)

Evidently, the couplings of the particular theories living at such points do not depend on the scale.
They are known as critical points of the RG flow. Using the Callan-Symanzik equation it can be shown
that two-point correlation functions are highly restrained in critical theories,

C(gn)

OO~ o

(14)
where Ag is the scaling dimension of the operator & within the critical theory. This power-law behaviour
is a characteristic of scale-invariant theories, which besides Poincaré invariance also exhibit invariance
under scale transformations

x—Ax. (15)

We conclude that critical theories in the RG flow are always scale-invariant. In fact, almost all scale
invariant theories are invariant under the even bigger conformal group [12].

A QFT which is invariant under the full conformal group is called a Conformal Field Theory (CFT). CFTs
play a crucial role in the context of renormalization, and hence in our understanding of the parameter
space of QFTs, as they represent (almost all of) the critical point in the context the Wilsonian RG. The
concept of the Wilsonian RG flow is the best tool we have to study the relationship between QFTs and
the geometry of the parameter space spanned by them. Particularly, in order to probe the parameter
space of QFTs we can choose a generic QFT and observe its RG flow in both directions of the energy
scale to find its UV (high-energy) and Infra—Red (IR) (low-energy) limits. For a local Poincaré-invariant
and unitary QFT it is generally expected that the RG flow in both directions approaches a critical point

6
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and hence a CFT. As many different QFTs generically flow to the same fixed points, CFTs can be
understood as unifying landmarks in parameter space. In the case where this fixed point is interacting,
we say that the theories which flow to it all belong to the same universality class. On the other hand, by
perturbing — or deforming — a CFT and moving away from the critical point, breaking scale invariance
in the process, the space of QFTs near the fixed point can be studied using the Wilsonian RG. Moreover,
according to the Wilsonian point-of-view, starting from the correct UV CFT the entire RG flow of a given
theory all the way down to the IR fixed point can be described by introducing the appropriate relevant
deformation in the UV. In this sense, all QFT can be found and classified in terms of perturbations of
CFTs. Illustrating this point, it is often stated that in the parameter space CFTs are beacons of light
illuminating the landscape around them.

In addition, CFTs also play important roles in the description of second-order and quantum phase
transitions, in string theory and in the context of the AdS/CFT correspondence for quantum gravity.
Particularly, the general observation that many physical systems with vastly different descriptions
converge and eventually coincide at the point of phase transition is a manifestation of the principle of
Wilsonian universality.

By virtue of conformal invariance, all CFTs lack any dimensionful perturbative expansion parameters in
the theory. Besides free-field CFTs, most of the interacting CFTs found in the space of QFTs and more
broadly in physics are strongly-coupled theories. They do not admit any weakly-coupled path-integral
description in the conventional sense. Fortunately, CFTs are highly constrained due to the extended
spacetime symmetry present, which puts stringent constraints on the form of (local) correlators. The
functional form of two- and three-point functions is completely fixed up to a small set of coefficients
and normalization constants. Four- and higher-point functions can be reduced to a sum of three-point
functions via the OPE, which in CFTs has an infinite radius of convergence. In other words, the local
operators spectrum of CFTs can be defined completely algebraically in terms of a few coefficients
appearing in the two-and three-point functions of the theory called the CFT data. The CFT data
consists of the scaling dimensions A; of the operators and the three point coefficients C; . This
algebraic structure provides many consistency constraints on the CFT data which are exploited by
the conformal bootstrap program [13]. The conformal bootstrap aims to identify and solve CFTs in
terms of the CFT data by restricting the space of their acceptable values, ideally down to a single
point. On the other hand, as certain CFTs are also related to critical points of some lattice models
in statistical mechanics, numerical methods such as Monte-Carlo simulations can also be applied to
study CFTs [14-16].

Naturally, operators in a CFT can possess non-trivial quantum number such as spin or a global
charge Q. As discussed at the beginning of this introduction, QFT and QM observables involving
large quantum numbers generally admit a weakly-coupled description, even in otherwise strongly-
coupled theories. This is a particularly intriguing observation in CFTs, as they do not admit a generic
weakly-coupled description in terms of a dimensionful parameter. As it turns out, it is possible to
describe certain observables involving operators with large quantum numbers under a global symmetry
by an appropriate emergent description in a process referred to as the LCE. In fact, in a CFT with a
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global symmetry correlators of the form
(O (Xou) Ok (x1) -+ 01 ()G (xin)), (16)

where G possesses a parametrically larger charge than the intermediate operator insertions, do often
admit an emergent description in terms of a superfluid EFT that is approximately scale invariant. [17,
18]. This can be exploited for the computation of CFT data from such correlators. In three-dimensional
CFTs with a global O(2) symmetry the scaling dimension of the operator @ Q has the form [17, 18]

AQ) = ¢3/2Q%% +¢120Y% - 0.0937+ Q2. 17)

The scaling dimension can be extracted from the energy of the EFT ground state. The Wilsonian
coefficients c¢; do depend on the specific underlying theory.

The emergence of an EFT description is a consequence of the fact that the presence of a state with large
charge density — which in our case is |0 Q(xin)) — unavoidably breaks certain spacetime and internal
symmetries. The presence of SSB then dictates that the long-distance and low-energy dynamics are
described by the associated NG bosons [5, 6]. In the O(2) example there is a single NG boson present
— called the conformal superfluid phonon — and it possesses a dispersion relation consistent with
conformal invariance. Its fluctuations on top of the EFT ground state describe operators within the
CFT that are located close to @< in terms of their conformal dimensions and share the same charge Q.

Plan of the thesis.

The LCE in many ways bridges the gap between different areas of physics by introducing concepts of
condensed-matter physics into the study and understanding of high-energy physics. In doing so, it
requires an understanding of both subjects, however. In Chapter 1 we start by reviewing two important
prerequisites required to understand the existence of the large-charge program and the structure of
its main results. In Section 1.1 we review CFTs from a high-energy point-of-view and discuss their
structure. In Section 1.2 we discuss the features of SSB, in particular also at finite density, more from a
condensed-matter perspective.

Chapter 2 consists of two parts: a snapshot of the large-charge program and a systematic analysis of the
large-charge sector in CFTs invariant under a O(2) symmetry. In Section 2.1 we present the landscape
of the large-charge program, including many of its main results. We elucidate the interplay between
large charge and other methods of computing CFT data like the conformal bootstrap and large spin
expansions. And we discuss how emergent condensed-matter EFT descriptions arise in the study of
CFT correlators with large-charge insertions. In Section 2.2 we systematically study the large-charge
CFT data in theories hat exhibit a global O(2) symmetry, which can also be a subset of a larger symmetry.
In correlators involving the insertion of two heavy operators possessing a large charge Q under the
global O(2) we perform the LCE via its superfluid EFT approach. We explain what CFT data involving
the insertion of two large-charge operators is within the reach of the large-charge methodology and
particularly the EFT approach, and we systematically compute said CFT data in terms of two-, three-
and four-point functions.

The last part of this thesis — Chapter 3 — is dedicated to the study of the LCE at large N. We discuss
how in the double-scaling limit of Q, N — oo, Q/N fixed the large-charge sectors of strongly coupled
theories become accessible beyond the EFT prescription detailed in Chapter 2. To do so we apply



Introduction

finite-temperature field theory techniques in yet another parallel to condensed-matter physics. We
start by reviewing the WF fixed point of the O(2N) vector model with a quartic interaction in D =3 at
fixed diagonal charges Q =Y ; Q; and large N in Section 3.1. Here, we independently recover all the
important features of the large-charge superfluid EFT approach outlined in Section 2.2. However, at
leading order in N we have access to the scaling dimensions of operators at any value of the normalized
charge Q/2N. Besides the large-Q/2N limit, in which we recover the superfluid EFT description, we
also have access analytically to the small-Q/2N regime, in which results correspond to the free-field
limit. In Section 3.2 we show how large-charge techniques in the O(2N) ¢*-theory can be used to
compute the effective potential of the theory to leading order N also away from the fixed point. We
use this technique to reproduce and expand upon an old computation involving the re-summation
of infinitely many Feynman diagrams in the D = 3 ¢*-theory [19]. We then focus on the dimensions
4 < D < 6 and discuss the effective potential there. In doing so, we find that there is no unitary UV
completion of the (p4-m0del in this range of dimensions, in accordance with earlier results [20]. In D =5
we can compute explicitly results. We show how the effective potential can be interpreted as a complex
function with a branch cut. Using large-charge techniques we can investigate the conjectured non-
unitary/complex interacting UV CFT. In Section 3.3 we return to the fixed point and study fermionic
CFTs in the double-scaling limit. We encounter two distinct behaviours. While in NJL-type models we
find a BEC and the large-charge superfluid predictions apply, in the GN model we encounter no SSB at
zero temperature and a Fermi-sphere ground state arises. The superconducting behaviour in the NJL
models has a neat explanation in terms of Cooper pair condensation. The presence and stability of
the Fermi-sphere ground state in the GN model, however, needs further investigation before definite
conclusions can be drawn.

At the ends of Chapters 2 and 3 we provide a short conclusion and final remarks. The appendices
contain additional materials supplementary to the main part of this thesis and provide technical details
for computations and derivations of results.






1] Prerequisites: Conformal Field Theory

and Spontaneous Symmetry Breaking

This chapter is meant as a short and pedagogical introduction to the two most important frameworks
and ideas underlying the bulk of this thesis.

On one hand, the aim of this chapter is to build the foundation of the large-charge approach to CFTs
and to motivate the research and publications of the author presented in later chapters. It serves to
embed the materials and research presented in the broader context of modern physics, in particular
the systematic study of QFT and CFT.

On the other hand, this chapter serves to make the present thesis more self-contained for readers at
the graduate level and onwards. In particular, the discussion of SSB is important in this context and
includes very recent results from the literature.

Most of the material discussed can be found in many textbooks, reviews and lecture notes, the most
important of which will be pointed out below.

The large charge approach — or LCE — is a systematic way of studying CFTs that exhibit a continuous
global symmetry.! In order to understand the "raison d’étre” of the LCE and its importance in the study
of CFTs it is fundamental to understand the basic structure and properties of said theories. To this end,
the first part of this chapter is a broad introduction to CFT.

To make the discussion more concise, we will focus on specific aspects of CFTs in D = 3. The analysis
of CFTs is a vast and complex subject — especially in D = 2 — and for the purposes of this thesis we
only require knowledge about three or more spacetime dimensions.

The bulk of Section 1.1 deals the implications conformal invariance in QFT, assuming that conformal
symmetry is realized in the quantum theory and is not anomalous. The focus of the presentation lies
on correlation functions, radial quantization, the state-operator map and the OPE. The section ends
with a quick introduction to the conformal bootstrap, as it helps to motivate the large-charge program.
In Appendix A we discuss additional materials for the invested reader. We give a brief discussion of the
Ising universality class in the context of CFTs and phase transitions in Appendix A.1. In Appendix A.3
we discuss some prerequisites from QFT. We give a detailed discussion of conformal invariance in
classical field theory in Appendix A.2.

The presentation of Section 1.1 takes inspiration from an amalgamation of sources, the most important

1n this sense it is complementary to other approaches of accessing CFTs, like the conformal bootstrap [13].
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of which are the lecture notes by Simmons-Duffin [21], the book by di Francesco/ Mathieu/ Sénéchal
[22] and the lecture notes by Rychkov [23]. Additional references of relevance are the lecture notes by
Gillioz [24] as well as the books by Schottenloher [25] and Blumenhagen/ Plauschinn [26].2

The idea of the Large Quantum Number Expansion (LQNE) is to restrict ourselves to sectors of the
theory consisting of all operators with the identical fixed quantum numbers under the global symmetry.
In doing so, we explicitly and spontaneously break global and spacetime symmetries of the theory.
Understanding the structure of the LCE is therefore also predicated on an understanding of the concept
of SSB, in particular its generalization to finite density (and finite volume) systems. Hence, the second
goal of this chapter is to introduce the idea of SSB and discuss the implications of Goldstone’s Theorem.
The second part of this chapter — Section 1.2 — discusses SSB of global internal symmetries as well as
aspects of SSB at finite density, including a brief discussion on finite volume corrections (particularly
for superfluids).

In the first part we discuss the definition and basic properties of SSB — in particular the existence of
massless bosonic modes in the spectrum, the so-called NG modes — and present the most important
historical results concerning the spontaneous breaking of global internal symmetries and the number
and properties of the appearing NG modes. This discussion ends with the presentation of recent results
that imply an exact counting rule for the number of NG bosons under certain assumptions [34-38].
Unfortunately, in the case of spontaneously broken spacetime symmetries there are no simple guiding
principles or counting rules for now. Therefore, in the second part of Section 1.2 we restrict ourselves
to focusing on investigating a particular class of physical systems that tend to exhibit spontaneously
broken spacetime symmetries and prominently appear in the LCE: systems at finite density for a
spontaneously broken charge, in particular Abelian superfluids. We present a modification of the
Goldstone Theorem applicable to this class of theories. Particularly, we prove the existence of gapped
NG modes in the spectrum, in addition to the usual massless NG modes. These NG modes have a gap
of the order of the chemical potential and reappear when discussing the LCE in Chapter 2. Finally, we
end on discussing finite-volume corrections to SSB relevant for the LCE.3

The original presentation of materials on SSB in Section 1.2 is influenced mainly by the reviews by
Brauner [39] and Watanabe [34] as well as their and their collaborator’s important contributions to the
topic. The discussion of aspects of SSB at finite density follows mainly the works and contributions
of Maris [40], Low and Manohar [41], Nicolis et al. [42-44], Watanabe et al. [45] and the thesis by
Cuomo [46]. Finally, the inclusion of the excursus on SSB in finite volume is inspired by the review [47].
For a more comprehensive discussion of SSB in finite systems we refer to [48] and [49].

1.1 Conformal field theory

Traditionally, QFT as a framework is presented in terms of the isometries of the underlying spacetime,
be it flat space or some curved background. However, there are instances where another spacetime
symmetry group is chosen. In this language, a CFT is a QFT whose spacetime symmetries are all
conformal transformations, which includes the spacetime isometries as well as scale transformations

2Fora pedagogical introduction to QFT we refor to the books by Weiberg [27-29], Coleman [30], Schwartz [31], Fradkin [32]
and also Derendinger [33].
3Strictly speaking, SSB — as it is generically defined in the literature — can only occur for systems in infinite volume.
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1.1 Conformal field theory

and special conformal transformations.

CFTs are fundamental to the study and understanding of QFT. As discussed in the Introduction, CFTs
live at the fixed point of the Wilsonian RG flow (points where the beta-function vanishes). But CFTs
also appear at other important cornerstones of modern physics.

e CFTs are fundamental to string theory. The world-sheet of a string is described by a two-
dimensional CFT. Notable references for the reader more interested in the role of two-dimensional
CFTs in string theory are [50-53]. Unfortunately, the LCE is less powerful in two-dimensional
CFTs [54].

* CFTs are connected to our current understanding of quantum gravity via the AdS/CFT correspondence,
i.e. the Gauge/Gravity duality. The AdS/CFT correspondence proposes duality between a
CFT living on the boundary of spacetime and the associated gravitational theory in the bulk,
suggesting that CFTs can be used to study gravitational phenomena. The seminal works on
AdS/CFT — i.e. Gauge/Gravity — correspondence are [55-57], for a well-structured introduction
see [58]. There is some literature on the LCE and its relation to the AdS/CFT correspondence [59-

64].

» CFTs are of great importance in the description of critical phenomena in statistical mechanics
and condensed-matter physics. Continuous — or second-order — phase transitions can generally
be understood using the language of CFTs.

In the language of statistical mechanics a system undergoing a continuous phase transitions is
described by a continuous partition function log(Z) that is either non-analytic or exhibits an
infinite slope at the critical point in configuration space. For a thermal system the critical point at
temperature T, separates an ordered phase at low temperatures T < T, from a disordered phase
at high temperatures T > T.

In general there exists an order parameter (@) that vanishes in the disordered phase (&) = 0
while it is non-vanishing in the ordered phase (0) # 0, hence allowing to distinguish the different
phases.

At the critical point there is a symmetry enhancement and the system becomes scale invariant.
Correlation functions no longer obey a exponential decay but follow a power law and fluctuations
appear at all possible wavelengths/length scales. Long range correlations develop and the
microscopic structure of the system becomes irrelevant. In that sense CFTs are a natural
candidate to describe critical points of condensed-matter and statistical mechanics systems in
the continuum limit since scale invariance generically enhances to full conformal invariance [12].
However, there exist some exceptional critical points that are described by scale invariant theories
that are not fully conformally invariant and there are scale invariant RG fixed points which do not
get enhanced to full conformal invariance [12, 23]. An explicit example can be found in [65]. For
the invested reader we discuss the Ising universality class in the context of CFTs in Appendix A.1.

For the purposes of this thesis we are content with studying CFTs in three or more spacetime dimensions
and Euclidean signature. Unless otherwise specified, we are in D-dimensional Euclidean spacetime
with metric g#¥ = 6#V. There are some intricate issues arising in Minkowski space, for example with
regard to causality. In the context of this thesis these details do not need to be discussed. For a
presentation of CFTs in Minkowski signature see [24].
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1.1.1 Conformal symmetry in the operator formalism of QFT

In QFT scale invariance is a naturally arising symmetry since fixed points of the RG flow by definition
exhibit scale invariance (see the discussion in the Introduction). Although the relationship between
scale and conformal invariance is very intricate [12], in most cases scale invariance enhances to full
conformal invariance. As symmetries are expressed in terms of the conserved charges at the quantum
level — which can be written in terms of the energy momentum tensor T#"(x) — in order for conformal
invariance to be realized at the quantum level it is crucial that there exists a traceless stress-energy
tensor

T, (x) =0. (1.1

This operator equation guarantees the existence of the four additional charges related to invariance
under Special Conformal Transformation (SCT)s in addition to scale and Poincaré invariance and
allows them to be expressed in terms of TH¥, as we will see.* Unless otherwise specified, we always
assume the existence of such a traceless stress-energy tensor as a prerequisite for conformal invariance
at the quantum level [12].

Assuming the existence of a traceless conserved and symmetric stress-energy tensor T allows for the
totality of all conformal charges to be conveniently written as

Q) =- fz dnyey () T (x), 1.2)

where X c RP is an arbitrary D — 1-dimensional hypersurface. The charge in Eq. (1.2) will be conserved
as long as

2
Ou€y +0vey = B(a-e) Ouv- (1.3)
Eq. (1.3) is called the conformal Killing equation. The linearly independent solutions comprising

the conformal group — translations, rotations, dilatations (i.e. scale transformations) and Special
Conformal Transformations (SCTs) — are all encoded by the vector field €, (x),

translations: Pu=0y, €u=ay,
rotations: Myy = Xy 0y — X0y, €u= %wpg (64 x7 =6+ xP) , 1.4)
dilatations: d = x,0,, €u=Axy,
SCTs: ky =2x, (x-0) —x*d,, ey =b" (2x,%, —x*0 )
A solution x* — x'* = x* + ¢ (x) of the conformal Killing equation Eq. (1.3) satisfies
(;i,f =[1+ %(a o) |65+ %(Gveﬂ —odte,) e%s Q) R, (x), RTR=1. (1.5)

Hence, a conformal transformation corresponds to an infinitesimal rescaling times an infinitesimal
rotation and — upon exponentiating — a finite rotation times a local scale transformation. Therefore, a

“4The relationship between tracelessness of T* and invariance under SCTs can also be deduced in a classical analysis, see
Appendix A.2.3.
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1.1 Conformal field theory

conformal transformation rescaling the metric g,y = 6, by an overall factor

0x'® ox'B

8wy Gap 5 5 = X (g (1.6)

Dilatations, translations and rotations, as described in Eq. (1.4), are straightforwardly exponentiated.
More interesting are SCTs. Their finite form reads

. - b ith scale factor: Q?(x) = (1-2(b-x) + b*x%)? 1.7

Xt —, with scale factor: x)=1-2(0b-x x9)°. .
1-2(b-x)+ x2b?

Any SCT leaves the origin invariant but maps x* = b*/b? to point at infinity.? Invariance under SCTs is
crucial as it differentiates scale invariant theories from conformally invariant ones.
SCTs closely related to inversions, which are discrete conforma transformations of the form

I XM Xt = (1.8)

Inversions it lies outside of the identity component of the conformal group, except in the context of
SCTs. As a matter of fact, an SCT is comprised of an an inversion, followed by a translation and then by

another inversion,®
RS R .
x? x2 H o 1-2(b-x)+ x2b%°
Inversions by itself cannot be obtained by exponentiating a Killing vector, but SCTs can.
Since inversions are not continuously connected to the identity, invariance under inversions needs to

be checked on an individual basis.”

(1.9

The conserved charges Q© = Q© () defined in Eq. (1.2) satisfy the conformal algebra,?

[Q(El)’Q(f-'Z)] — Q([€2'€1]) , (1.10)

where [€7,€2] denotes the commutator of vector fields, [e],e]* = e‘l’(aveg ) — eg (avelf ). In terms of the
linearly independent charges associated to translations, rotations, dilatations and SCTs the commutation
relations read

QAP Q5P1=64, Q%ﬂ + permutations, [QLK), QP =26,yD~2M,y,

uv 2 Xpo
Q" Q1 =846 Q) = 5,0, Q, ™, QP 1=QP, (L.11)
Qi Q571 =610 Q) ~8us QY Q7 Q1=-Q°.

All other commutators are vanishing. These are the commutation relations defining the conformal
algebra.

5Flat space plus infinity R U {oo} is Weyl equivalent to the unit sphere SlD . On the unit sphere S? all conformal transformations
are finite, i.e. non-singular.

6SCTs are essentially translations with the points at {0} and {oo} swapped by an inversion.

"There is a neat argument based on the embedding formalism [23, 66] implying that a CFT invariant under parity will be
invariant under inversions and vice versa [23].

8This is a consequence of the comutation relation [Q©), THV] =¢.0THY + (§-¢) THY — 0pe! TPV +(8"ep) TPH, which holds true
under the assumption that conformal invariance is unbroken [21].
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

In the operator formalism of the quantized theory the action of the topological charge operators on
local operators @ (x) of the theory is given by the integral version of the Ward identity,

N
<J“)(x)@1 (x1) - On(XN)) == Y 8(x—x1) (O1(x1) - GOOk(xy) -+ On, (xn)), (1.12)
k=1

with G being the generator of the transformation encoded by €, (x) via the conserved current

JP ) =€) Tyy (x). (1.13)

In its integral form Eq. (1.12) amounts to a commutator equation,’

[Q9,0(x)]=G90 ). (1.14)

Just as the charge Q' can be decomposed into a linear combination of Poincaré transformations,
dilatations and SCTs, so can the generator G 10

whV

+AD+ b K. (1.15)

There is one important detail with respect to the conserved charges and their associated generators
that needs mentioning here. As repeated action of the conserved charges reverses the order of the
associated generators [21],

[Q(Cl)’[Q(EZ),@” ZG(EZ)G(EI)@, (1.16)

the generators in Eq. (1.15) satisfy the commutation relations of the charges in Eq. (1.11) with reversed
signs [21],11

[Myy, Mpg] = 6yp Mgy, + permutations, [Ky, Pyl = —=26,,yD+2Myy
[M‘LLV!PU’] = 6#0Pv _6VLTP/.tr D, P/,L] = _P,ur (1.17)
[Muv’ Ksy] = 6;10Kv - 61/01(;1’ (D, Ku] =K,

Topological charge operators act locally on local operators. The reason is that they can be continuously
deformed to live in an arbitrarily small neighbourhood of the operator insertion. For the sake of
simplicity, for now on we use the same notation for the conserved charge Q and its associated
generator counterpart G, unless it is contextually important to separate them. In the orthogonal
basis of the conformal group in Eq. (1.4) and Eq. (1.11) we identify

Q) ~ Py, QN ~ Myy, QP ~D, QX ~ (1.18)

We only need to be careful as to which sets of commutation relations between Eq. (1.11) and Eq. (1.17)
is applicable in each situation. Finally, we use commutator notation [P, G (x)] and shorthand notation

9After integration the left-hand side of Eq. (1.12) turns into a surface integral and then a commutator. For more details on
Ward identities and a derivation of Eq. (1.12) using the path-integral formalism see Appendix A.3.3.
10Given a Lagrangian description of the theory the associated generators are the differential operators generating the
transformation in the classical theory.
HThese commutation relations are consistent with the classical analysis of the conformal generators, see Appendix A.2.2.
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1.1 Conformal field theory

P, 00 (x) interchangeably.'

The conformal group in R is isomorphic to the Lorentz group SO(D + 1,1). This is best derived by
taking the RP variables xi,..., xp and adding two additional variables X* = (xg+xp+1), X~ = (Xo—Xp+1)-
The isomorphism now reads'®

Juow=Myy,  Jiu=Pul2, J-y=K,2, J,_=DJ2, (1.19)

with J, s —understood to be antisymmetric — being the generators of SO(p+1, g +1). These generators
satisfy the Lorentz algebra,

Uaps Jysl =NayJps + NpsJay = Nas Mpy =NpyJas - (1.20)

The coordinates X", X~ are called light-cone coordinates. The isomorphism gives rise to the embedding
formalism, a convenient way of encoding the action of the conformal group in R? via the action of the
Lorentz group in RP*2 by appropriately embedding R? in RP*? [23, 66-68].

Having access to the conformal charges allows us to classify all operators of the theory into irreducible
representations of said charges. The representation theory of the conformal group is built around
the existence of so-called primary operators, which generate the irreducible representations of the
conformal group.

The operator formalism of the quantum theory identifies primary operators in a CFT by the action of
the symmetry operators at the origin. As D and M, commute, see Eq. (1.11), we can simultaneously
diagonalize them on the space of operators of the theory, so that local operators in a CFT obey'*

[Myy, 0(0)] = iS,6(0),
[D,6(0)] = AG(0),

(1.21)

where S, are the spin matrices encoding the representation of the Lorentz group and hence the spin
of ©(x) and A is the scaling or conformal dimension of the operator @ (x).!> The defining feature of
local primary operators in the space of operators is the action of K,,. The commutation relations in
Eq. (1.11) imply that K, lowers the scaling dimension A of any given operator &' (0) by one,

(D, [Ky,©(0)]] = [Ky, [D,0(0)]] + [[D, Ky1,6(0)] = (A-1)K,0(0). (1.22)

Given an operator ¢'(0) with scaling dimension A’ we can act repeatedly with K, and obtain an

12The notation Py, 00(x) also expresses the geometric procedure of surrounding the operator insertion @ (x) with a topological
charge operator Py, ~ QLP ) inside the path integral.

131n terms of xg, x1,..., Xp, Xp+1 the generators are Joy = (Py+ Ky)/2, Jp+1y = (Pu—Ky)/2, Jp+10 = D.

14The action of a local operator on a given function only depends on a single point x and it is in principle possible to determine
the output value at x solely from the values of the input in an arbitrarily small neighbourhood of x. In radial quantization we
condense these properties and simply define a local operator @(0) to be an eigenstate of the dilatation operator. On the other
hand, the action of a non-local operator does not depend on a single point in spacetime. A large class of (linear) non-local
operators is given by the integral transforms (e.g. the Fourier or Laplace transforms).

1575 @ (x) belongs to an irreducible representation of the Lorentz group — according to Schur’s Lemma — any matrix commuting
with all S# has to be a multiple of 1. Additionally, the group of scale transformations is not compact, hence A is a real number.
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

operator with arbitrarily low scaling dimension, implying that scaling dimensions are not bounded
from below. As in any physically sensible theory this cannot be the case (e.g. this makes it impossible
for the theory to be unitary), this process has to eventually terminate, meaning there exists an operator
0(0) = Ky, o---0Kp, o0'(0) such that

Ky, 0(0)] =0, Yu. (1.23)

Operators satisfying Eq. (1.23) are called primary. For any primary operator € there exists a tower of
descendant operators — or a conformal multiplet — with increasing scaling dimension constructed by
repeatedly acting with the momentum operators Py,

0(0) — Pyy0---0Py00(0), A—A+N. (1.24)

Identifying all primary operators in a CFT is equivalent to identifying all operators in a CFT. As in any
other (flat space) QFT, the momentum operator — or momentum generator — acts as a derivative on
the space of local operators,

[Py, 0 (x)] = pu0(x) = 0,0 (x). (1.25)

Consider the operator insertion € (x) away from the origin. The exponential exp[x - P] translates the
operator €' (0) away from the origin such that & (x) = exp[x-P] o€ (0). This tells us that the local operator
O(x) is an infinite linear combination of descendant operators of @ (0) (and hence clearly not an
eigenstate of D).
Ox) =) Xy, - X, Py 00 Py, 00 (0). (1.26)
n

The conditions in Eq. (1.21) and Eq. (1.23) allow us to construct a representation of the conformal
algebra out of any primary €(0) and its descendants (via Pu).16 Due to the similarities between
conformal multiplets and SU(2) representations we will sometimes refer to the momentum generators
Py, as raising operators and to the SCT generators K|, as lowering operators.

In D = 3 — independent of the existence of a Lagrangian description of the theory — CFTs are
formulated in terms of primary operators (or fields in the Lagrangian description). Primary operators
are defined by their transformation behaviour under conformal transformations in Eq. (1.21) and
Eq. (1.23). Equivalently to Eq. (1.21) and Eq. (1.23), a primary operator of scaling dimension A can be
defined to be homogeneous (of degree A) and transform under a conformal transformations as

A
D

0x )(Cx) R(x)6(x), (1.27)

Ox)—0'(x)= '

where |0x'/0x| = QP is the Jacobian of the (finite) transformation and R(x) encodes the representation
of the field ©'(x) under the action of the rotation group. The equivalence of Eq. (1.27) and Egs. (1.21), (1.23)
has been known for a while and is presented properly in [69]. Eq. (1.27) presents the most general
transformation behaviour under the conformal group that fields can exhibit in physically well-motivated
theories [70-72].

16The action of the conformal generators will never take us out of the conformal multiplet. In fact, it can be shown that any
local operator in a unitary CFT is a linear combination of primary and descendant operators [21].
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1.1 Conformal field theory

The action of the conformal generators on local operator insertions €¢'(x) away from the origin is
encoded by the differential operators in Eq. (1.4),

[Myv,0 ()] = (myy + iSuv)0 (x) = (Xy 0y — X0y + iSuy)0 (X)),
[D,0(x)] = (d+A)0(x) = (xV0y +A)O(x), (1.28)
(K, O (x0)] = xpA+2ixY Syp+ kp)O(x) = QxpA+2ix" Syy +2x, xV 0y —xzap)@(x) ,

in accordance with the usual classical analysis [22] (see also Appendix A.2 for details).!” Conveniently,
the action of all of the conformal generators can be neatly summarized as
© A Loy
[Q“,0x)] = €~6+B(6~€)—§(6 €¥)Suv |O(x). (1.29)

This is the most general form of the conformal generator in Eq. (1.15) and Eq. (1.15). In particular,
this result implies that the stress-energy tensor TH" is primary with A = D [21]. Finally, we repeat that
the condition in Eq. (1.29) at x = 0 defining primaries in the operator formalism is equivalent to the
definition of a primary operator/field in Eq. (1.27).'8 A rigorous proof of this statement can be found
in [69].

1.1.2 Conformal Ward-Takahashi identities

Ward-Takahashi identities are the quantum analogue of the classical conservation of currents associated
to a continuous symmetry via Noether’s theorem. Any local QFT has a conserved stress-energy tensor,

0,TH (x)=0. (1.30)

This condition is satisfied as an operator identity and is modified once we have operator insertions in
the path integral, i.e. if we consider correlation functions. In the presence of operator insertions we
need to include contact terms,

N
6y<T’"“’(x)6’1 (xl) "'@N(XN» = - Z 6(x—xk)6‘,;<@1 (xl) "'@N(xN»- (1.31)
k=1

This is the Ward identity for translational invariance with the associated current j*¥ = T*¥_ It can be
derived as such from translational invariance of the path integral.®
Invariance under rotations — with the associated current j#V° = TH' xP — THP x¥ — produces the Ward

17The action of the conformal charges on operator insertions can be deduced via the formula GO | x= &PGO | =0 e *P In
the computation it is important to keep in mind that the generators satisfy the commutation relations in Eq. (1.17) and not the
ones in Eq. (1.11), see the discussion after Eq. (1.15).

1879 illustrate the equivalence, consider the result in Eq. (1.39), which can be derived using Eq. (1.28) — i.e. Eq. (1.29) — by
noting that the simultaneous action of Q©) on all operator insertions must vanish as moving Q'€ to the boundary at infinity
yields zero. The same result can be derived using Eq. (1.27) or Eq. (A.50) in Appendix A.2.2.

19Eq.(1.31) can equivalently be derived by coupling the QFT to a background metric g near flat space. In this picture the
stress-energy tensor is the response to a small metric perturbation g and we simply demand diffeomorphism invariance near
flat space [21, 73].
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

identity®’

N
(TH (x) = T ()01 (x1) - On(XN)) = — ) 6(x—x1) iS" (O1 (x1) -+ On (xn)) . (1.32)
k=1

This means that symmetricity of the stress-energy tensor — T (x) = TV#(x) — in a Poincaré invariant
QFT is satisfied, except at the positions of operator insertions, where we again need to add contact
terms related to the spin of the insertions.

In a CFT — besides symmetricity and the conservation law — the stress-energy tensor is also traceless
and satisfies Eq. (1.1).! The final Ward identity associated to conformal invariance — that modifies
Eq. (1.1) in the presence of operator insertions — is derived from invariance under dilatations and

reads??
(Tuy (X)01(x1)---On(xN)) = = ) 8(x— x)A(O1 (x1) ---On (X)), (1.33)

i=1

with A the scaling dimension of the operator/field ¢y.

1.1.3 Conformal correlators

Some of the important results in CFT at the quantum level are the constraints imposed by conformal
invariance on N-point correlation functions of primary operators. We will derive these constraints via
the path-integral description while assuming the existence of a Lagrangian description, but we note
that they can also be derived using the operator formalism as presented in Section 1.1.1.

Consider a QFT with field content {¢} and action S[¢]. In the path integral formalism properly
normalized N-point functions are given by

1 _ -
(O1(x1)---On(xN)) = E[@(D@I(Xl)"‘@N(XN)e Sig1, Z:f@(pe Sig1 (1.34)
The path-integral measure 2¢ is a formally defined quantity that can thought of as

2¢px [] dox). (1.35)

xeRP

We assume conformal invariance of the action as well as the path-integral measure. It is important to
point out that (conformal) invariance of the path-integral measure does not automatically follow from
(conformal) invariance of the theory at the classical level. If a theory exhibits a classical symmetry but

the path-integral measure fails to be invariant, then we speak of an anomaly and the symmetry is called
anomalous.?3

Assuming that both the action and the path-integral measure are invariant under a conformal transformation
(assuming quantum conformal invariance) implies that N-point correlation functions satisfy

(01(x]) -+ ON(XN)) = (O] (x]) -+ O (X3, (1.36)

20we apply Eq. (1.31) to get rid of derivatives in Eq. (1.32). The same procedure is applied to extract Eq. (1.33).

21There can be Weyl anomalies in curved space.

22There is no additional Ward identity associated to SCTs. The additional conserved charges QLK] can be constructed from the
traceless stress-energy tensor (see Appendix A.2.3) and do not lead to additional linearly independent Ward identities.

23For details on anomalies interesting references are e.g. [74, 75].
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1.1 Conformal field theory

under a conformal transformation @ (x) — ¢'(x’) (the field content transforms equivalently). For
example, invariance under translations implies that

OCx1+a)--Oxny+a)=(0(x1)-C(xn)) = f(x1 — X2, X1 — X3,..., XN-1— XN), (1.37)

implying that the correlation function only depends on the distance between insertions. The consequence
of Lorentz invariance is that correlation functions only depend on the distance between insertions.
Hence, full Poincaré invariance implies that

(O1(x1)---On(xN)) = flx1 — 220, 1%1 — x3],..., |1 xN-1 — XN]). (1.38)

Even though Poincaré invariance already constrains correlation functions to some extent, the additional
invariance under dilatations and SCTs in fact completely fixes the form of all two- and three-point
functions (between primaries).?*

Scalar two-point functions are completely constrained by invariance under dilatations and SCTs to be
of the form

(O1(x1)02(x2)) =

Co lx1— X722 = |x1 — 2722, ifA{=A=A
{ o, 1%1 — x2| |x1 — x| 1=A . (1.39)

otherwise

We remark that conformal invariance alone does not directly imply the normalization Cgp, of the two-
point function to be 1. However, due to the orthogonality;, it is always possible to pick an appropriate
basis of (scalar) operators such that all two-point functions are properly normalized with Cg, = 1.2°
In the same way the implications of conformal invariance almost completely specify scalar three-point
functions,

Cs,6,6
(O1(x1)02(x2)03(x3)) = N AT (1.40)
A(S) A(3) A(B)
12 X 23 X 31
12 23 31
with xij =% - xjl, A=A 48203, AP =0p+A3-A1, AL =Az+A1-A,.

The three-point coefficients Cg,o 10— since field redefinitions have already been exhausted to normalize

all two-point functions — are physical quantities and cannot be normalized away. They are a defining

feature of a CFT and together with the scaling dimensions of the operators build the conformal data.

The conformal data define a CFT completely via the OPE, as we will discuss later.

Four-point scalar correlation functions are no longer completely fixed by conformal invariance: Once

there are four spacetime points available it is possible to construct so-called cross-ratios,
g = 1z p = X12%s

) , (1.41)
X31X42 X23X41

which are invariant under all conformal transformations. As a consequence, four-point functions are

24Under SCTs the distance between two spacetime points only changes by an overall scale factor.
25This simply amounts to a redefinition 0; — 0;/, /Cg, .
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

only fixed up to a arbitrary function of # and v,

flu,v)

@ A @ W) A0 @
Alz xA23 xA34 xA‘ll xA?)l xA42
12 723 734 41 31 42

- @ _ A
(01(x1)02(x2) O3 (x3) 04 (x4)) = Agy=Ba+0p=) 3 (1.42)
i

For N-point correlation functions there are N(N — 3)/2 cross-ratios that can appear.

Apart from scalar correlation functions, two-point functions of operators with non-zero spin are again
completely fixed by conformal invariance. They are only non-zero if operators have identical scaling
dimensions and spin.?8
The two-point correlation function of spin-1/2 primary operators takes the form?”

Mo ap

©*(x1)0P (x2)) = Co % : (1.43)

X2
where Cp is a normalization that generically depends on the dimension D of spacetime and the choice
of gamma matrices y,,. Again, the normalization of the operators plus the normalization of the gamma
matrices can be chosen such that the two-point function of spinors is properly normalized [66, 67, 77,
78] with Cs = 1.
The two-point function of spin-1 primary operators — i.e. vector fields — with scaling dimension A is
given by

Iy (x12) XX
(Ou(x1)0y (x2)) = c@“;T, T () = Ny —2%. (1.44)
12

The normalization Cp may be relevant, e.g. for conserved currents G,, = j,. The orthogonal matrix
I,v(x) appearing in Eq. (1.44) is called the inversion tensor and also appears under inversions of
spacetime.?®

For higher-spin primaries — interestingly — no new conformally covariant tensors appear. The
fundamental building block I,,, (x) can be used to construct all higher-spin two-point functions. In
particular, for spin-¢ traceless symmetric tensors the two-point correlation function reads

1 (x)---1 (x) + permutations — traces
Oyt (1) 0,0, (X2)) = Cp U, Al e ). (1.45)
12

We need to subtract traces so that the result is separately traceless in the ¢ and v indices (not necessarily
under corrections). The normalization Cs often times can be removed, but for some particular
operators there might be a non-trivial normalization appearing. For example, the normalization

261 orentz invariance by itself already enforces the total spin to be vanishing.

270nce operators exhibit spin the embedding formalism provides a more practical and transparent way to derive the general
form of the correlators [23, 67, 68, 76]. In the embedding space RD+2 operators with spin can be naturally defined via their
representation under the Lorentz group due to the isomorphism in Eq. (1.19). For example, we can define a vector field under the
Lorentz group in RDP+2 that is projected down to a vector field under the conformal group in RD, simplifying the derivation of
correlators via the same projection [23, 66].
Spinors in RP can also be dealt with via spinors in the embedding space, but there are some subtleties arising from the Clifford
algebra in different dimensions and the precise choice of gamma matrices [66, 67, 77, 78].

28Under an inversion x* 2 x'" we have 0x;,/0x" = Q) Iy (X).
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1.1 Conformal field theory

of the stress-energy tensor is fixed by the Ward identities and Cr is physically relevant.

Three-point functions of operators with spin are fixed up to a finite number of coefficients. For example,
correlation functions of the type scalar-scalar-(spin-¢) are fixed up to a single constant,

Cpy ¢ (ZH1--- ZHt — traces) P K ”

Y13 o3
(ﬁl (xl)@z (XZ)@;L]...M[ (X3)> = A0 A%’ A?I) , H— -~ - (1.46)

x X
1 13 *23
X12" Xa3” X31

This formula also applies for the case where 0, = T, the stress-energy tensor. In that case the
three-point coefficient is fixed by a Ward identity [79],

DAy 612
D-1Qp’

Cor0,1 = (1.47)
where Qp is the volume of the unit sphere. A similar statement is true for any three-point correlator
including a conserved current G, = ji,.

In general, there might be several spin structures consistent with conformal invariance. For three-
point correlation functions consisting of multiple operators with spin there can be several linearly
independent structures consistent with conformal invariance. For every linearly independent tensor
structure there is a three-point coefficient, schematically we can include additional spin indices and
write

(m)
0,00,
b b iYjVk
(OF(x1)0] ()0 (x3)) = Y O™ (x1, 20, %3) ———5—— (1.48)
n: tensor A7 A AL
structures X12" Xo3 X4y

where the indices a, b, ¢ are (arbitrary) spin indices and O™ abe(x ¥, x3) denote the different tensor
structures that can appear.

1.1.4 Radial quantization

In the path-integral formulation of QFT symmetries are expressed in terms of conserved charges
Q. (2) that live on codimension-1 hypersurfaces. In the operator formalism these symmetries are
implemented in terms of local (differential) operators. The fact that symmetries act locally is consistent
since the charges Q. (X) are topological operators that can be deformed to live in an arbitrary small
neighbourhood of the operator insertions they act on (i.e. on a sphere 0 B(x) around the insertion point
x with arbitrary small radius).

For any given QFT the spacetime symmetries also dictate the appropriate choices of foliation of
spacetime and hence the quantization scheme. Relating hypersurfaces by a symmetry transformation
guarantees that the associated Hilbert spaces are isomorphic. In a CFT the presence of scale invariance
allows for a particularly convenient choice of quantization called radial quantization. The exponential
of the dilatation operator D — (r/ry) ™" with ry being the radius of some reference sphere Sg’l (usually
ro = 1) — in CFTs on RP maps spheres SP?~! c R? of different radii r into each other. It is therefore
natural to foliate spacetime into spherical hypersurfaces.
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

In the radial quantization picture states live on spheres S?~! and are evolved from smaller spheres
8P~1 to larger spheres S?;i using the dilatation operator D. Each sphere has an associated Hilbert
space and in order to act with a symmetry generator one inserts spherical surface operators Q(S”!)

into the path integral. It is most convenient to work in polar coordinates (r,ng),
ds2, =dr®+r°dQ, ;. (1.49)
Correlation functions are interpreted as radially ordered products,

(O1(x1)---On(xN)) = (Ol R{O1 (x1) --- O (xN)}0) (1.50)
=0(r; —12)0(rp —1r3)---0(ry—1 — rn) 0101 (x1) -+ -On(xp) |0) + permutations.

Initial and final states in radial quantization are vacuum states |0), (0| living at r = 0 and r = oo,
respectively. The radial ordering prescription R{...} is consistent as operators at the same radius and
different angles commute.?’

Naturally, radial quantization can be performed around different points of R”. The same correlator
(O1(x1)---Opn(xn)) will get a different ordering in radial quantization schemes around different points,
but the overall outcomes are isomorphic to each other.3°

The unitary evolution operator U in radial quantization is the exponential of the dilatation operator. It
is most conveniently written using the "radial time” coordinate 7 = rylog(r/ro),

r -b -ID
U= (—) =e 0, (1.51)
To

The conformal transformation 7 = rolog(r/r)®! relates flat space R” to the cylinder R; x S5~ via an

additional local Weyl rescaling of the metric in the cylinder geometry by ez%,

ds?
Ry xsP—1
i =e% L /2 %l 2
0 27 e e, (5% = € 70 ds (152)
ds?, =dr? +r?dQ7 = en (dr?+r2dQ3 ) T = ds?
RD = D-1 = 042Dy = R, xSP-1°

At this point it is important to note that not all local Weyl rescalings of the metric correspond to
conformal transformations. While so-called Weyl invariance implies conformal invariance, the converse
is not necessarily true without additional assumptions [80]. However, all unitary CFTs are believed to be
Weyl invariant (up to the Weyl anomaly) [81]. Under a Weyl rescaling g,y — g;W =0?%(x) guv correlation
functions of local operators in a CFT transform as>?

2 2
©® (x1)---68 (xn)yg = (HQAf (xl-))@{g O(x) 085 & (xw) gz (1.53)
i

29This is analogous to how space-like operators commute in Minkowski space.

30This is analogous to changing the frame of reference in a Lorentz invariant theory in Minkowski space.

31The transformation 7 = rylog(r/ro) satisfies 6r/57 = r/rg = e”/0. Importantly, it does not amount to a pure dilatation with
constant A as it has a spacetime dependency.

3211 even dimensions the partition function Z(® in the geometry g, as defined in Eq. (1.34), can transform with a Weyl anomaly,

2
78 = 7108 Sweyl8], However, this does not affect correlation functions of local operators as they are properly normalized by
a factor of 1/Z(® and the Weyl anomaly cancels out.
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1.1 Conformal field theory

As a consequence, if the scale factors between the two geometries are carefully tracked, radial quantization
in flat space is equivalent to equal-time quantization in 7 on the cylinder.33

In this so-called cylinder interpretation states live on spheres S%‘l and scale transformations r — Ar
become shifts in radial time 7 — 7 +logA. The Hamiltonian HY on the cylinder is given by the

dilatation operator in flat space,
D

HY ==, (1.54)
To

and time evolution is generated by U = e “"_While radial quantization relies only on scale invariance
as an assumption, the cylinder interpretation relies on full conformal invariance of the theory as the
non-trivial local Weyl rescaling cannot be compensated otherwise.
The statement that a CFT on the cylinder is equal to the same theory in flat space modulo scale factors
is non-trivial. Consider the Ising model. Clearly, the Ising model on a cylinder is not equivalent to the
Ising model in flat space. However, at the critical point where the Ising model becomes conformal and
the stress-energy tensor traceless, the theory becomes insensitive to Weyl rescalings and the theories
on different geometries become related.
The cylinder geometry is of particular interest because of the fact that the dilatation operator in flat
space becomes the Hamiltonian on the cylinder. Because of this fact the energy of a state on the

cylinder is the scaling dimension of the associated operator/state in flat space,®*
A
E& = —. (1.55)
o

The Weyl factor for the flat space to cylinder map appearing in Eq. (1.53) is Q% = ¢*% . Given an operator
0 (x) = 0129 () it is therefore natural to define the associated cylinder operator as

W (1,n) = eno @ fan (x), x=rpe’’™n, ne S{)_l. (1.56)

The cylinder field is not an artificial construct, it is the same field as its flat counterpart but correlation
functions are simply measured in a different geometry.

The cylinder is not the only geometry that is related to flat space via a Weyl rescaling. The procedure
outlined around Eq. (1.53) can be applied to other symmetries that are conformally flat. For example,
the stereographic projection gives a Weyl mapping between the D-sphere S’r:(’) and flat space. Consider
the transformation r = rysin¢/(1 — cos )

r=1 ety S

(1—cosp)?

2 3.2, .2:1~2
dsRD =dr°+r°dQp_;

(dq;z + sinz(de%_Q- (1.57)

-~

= 2
=d?,

This geometry is of particular interest in the study of classical conformal transformations as they
are always non-singular in these coordinates. In the quantum theory the spherical geometry is less

33For the map from flat space to the cylinder in Eq. (1.52) correlation functions are related by
— LA 1 1
<@>§ﬂat] (xy)-- '@z(\frlat) ) (flay = (Hi e 70 z)@l(cy)(xl) . '@EY)(XN»(Cyl] ]

34The state-operator correspondence has important consequences here as it guarantees that states on the cylinder are in a
1-to-1 correspondence with operators inserted in flat space.
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

convenient as the associated choices of foliation are cumbersome. For example, if one chooses to
. . . _ oD-1

foliate along ¢, then the hypersurfaces X (¢) are spheres with a ¢-dependent radius, Z(¢) = S| e In

other words, the generator of time translation is not a symmetry of the system. The same holds true for

any other choice of time coordinate on the sphere.

Another geometry of interest is the so-called N-S quantization scheme [23, 24], which is closely related

to the cylinder and is very important in the study of Minkowskian CFTs [24].

1.1.5 State < operator correspondence

Once we understand howlocal (primary) operators behave under the action of the conformal generators
and how radial quantization — including the cylinder interpretation — is set up using conformal
invariance, we are able to prepare states in radial quantization. For any QFT it is possible to define
states via insertions of local operators in the path integral and that is no different for CFTs. Interestingly,
under the assumption of conformal invariance the converse statement — that local operators can be
defined via states in radial quantization — holds true, giving rise to the concept of the state—operator
correspondence in CFT:

"For a CFT states in radial quantization are in a 1-to-1 correspondence with local operators.”

In radial quantization a state |y) in the Hilbert space on some sphere S~! can be prepared by inserting
operators in the interior B, (0) =: B, of the sphere S?~! and performing the path integral over B,. Adding
no operator insertions inside B, and performing the path integral over B, produces the vacuum state
|0y on 0B, = SP~1. The vacuum state |0) is invariant under all symmetries as any topological operator
Q(SP~1) can be shrunk all the way to the point x = 0 inside of B, without crossing any operators,

N

=0. (1.58)
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Consider a CFT described by a Lagrangian £ and a set of fields {¢}. The Hilbert space on any given
spherical hypersurface is spanned by field eigenstates |¢,), where ¢, (n) is a field configuration on
rne SP71. The state |¢p,) and the configuration ¢, (n) are only defined on SP~! and not in the interior.
A general state on SP~1 is a linear combination of field eigenstates and can be represented by a path
integral,

ly) = f@(,br [pr) (prlw) . (1.59)

The coefficient (¢,|0) is given by the path integral over the interior B, with boundary condition ¢, (n),

(pr10) = f P¢(pn) e S

¢(rn)=¢; (n)
p=r

(1.60)
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1.1 Conformal field theory

The insertion of an operator inside x € B, defines a state |G (x)) = 6 (x) |0) on S? ~1 andits overlap with
|¢;) is given by the path integral with an insertion of & (x) at x € B,

|G (x)) = 0(x)]0) = O(x) (P, 10(x)) = (|G (x)10) = f 2p(pn) 6(x) e S (161

p(rm)=¢; (n)
p=r

For every configuration of operator insertions inside B; there exists an associated state on the sphere
SP=1, These states living on the boundary S?~! can be prepared by simply inserting the associated set
of operators in the path integral.

The construction of states from local operator insertions is consistent for any QFT. However, in a CFT
the construction of states from local operator insertions works backwards as well, in the sense that we
can construct local operators from states living on spheres with non-zero radius. Consider an eigenstate
of the dilatation operator |0;). It satisfies

D|0;) = A |0y . (1.62)

The states |0;) generate operators. To see this we cut spherical holes By, (x;) with radii p; centred
around x; out of the path integral.35 The states |0;) are glued at the boundaries of the holes By, (x;),
respectively. The resulting quantity can be shown to behave exactly like a correlator of local operators,

N
(61(x1)---On(xN)) = f [12¢:i (il f Dp(x) e 519,
i=1

Plosp, = ¢ri
x#Bp, (x;)

(1.63)

The path integral D¢ is performed over the region outside of the holes B, (x;) and the path integrals
D¢, are performed over all possible field configurations on the boundaries 0B,, (x;). The expression
Plos,, denotes the restriction of the bulk field ¢(x) to the i-th boundary 0B, (x;).

It seems crucial that the balls B, (x;) do not overlap in this construction, a condition that is seemingly
making this construction non-local. However, if the balls By, (x;) do overlap we can apply a scale
transformation under which the quantity in Eq. (1.63) satisfies

(01(x1) - On(xn)) = AX 2101 (Axy) ---On (Axp)) . (1.64)

For sufficiently large A the holes B, (x;) do no longer overlap and Eq. (1.63) is well defined for any
choice of radii p;. This means that the insertion points x; can be arbitrarily close to each other for an
arbitrary choice of p; and Eq. (1.63) defines a correlator of local quantities/operators.

The construction in Eq. (1.63) can be slightly modified and then used to define a local operator from

35The radii p; should in principle be chosen such that the balls By, (x;) do not overlap.
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D-1

any state |0) on S,

via its correlation functions with all the other operators in the theory,
(O1(x1) - On(xn) O (0)) = (O R{O1 (x1) - - On (xn) O (0)}|0) = (O] R{O1 (x1) - - - On (xN)}O)

=f9¢r (pr|O) f%l)(X) 61(x1) -+ On(xy) eS¢, (1.65)

d)laBr =¢r
x#Br(0)

The initial state |0) lives on the sphere S’rj ~land, in principle, any radius r such that r < r; = |x;], Vi
can be chosen to define the correlator in the path-integral formalism.3® The construction in Eq. (1.65)
is well defined for x; # 0, Vi and completely defines the associated local operator €' (0) via its correlation
functions with other operators.

The ability to construct unique local operators from states in radial quantization allows us define local
operators in a CFT consistently as eigenstates of the dilatation operator D in radial quantization.3”
Under this definition the constructions in Eq. (1.61) and Eq. (1.63) become manifestly inverse with
respect to each other. A primary operator creates a primary state that transforms in a finite-dimensional
representation of the rotation group plus scale transformations and gets annihilated by K, and vice
versa,

0;(0) — 0(0)10) =10;(0))
(K, 0i(0)] =0 — K, 10i(0)) =0 .
Vi. (1.66)
[D,0i(0)] =A;0;(0) — D, 16:(0)) = A; 16;(0))
[Mpv; 0;(0)] = is,uv@i 0 — Mpv |0;(0)) = ispv |0;(0))

The action of the conformal group on states in radial quantization follows from the invariance of the
vacuum state |0) under symmetry transformations. A conformal multiplet is generated by repeated
action of the momentum generators Py, ~ d,

0(0), 0,06(0), 0,0,0(0), ..., — |0, Py|O), PyP,I0), ... 167
desce;dants descencfz;nt states

The conformal algebra acts exactly the same way on states |0 (x)) as on local operators € (x). In fact,
the action of symmetry generators on local operators in any Euclidean QFT can be considered by
surrounding operators with charges supported in spheres, as discussed, a procedure which in a CFT is
essentially equivalent to radial quantization.

The fact that in radial quantization states are in a 1-to-1 correspondence with local operators can be
understood from a geometric point of view. In an arbitrary foliation of spacetime of the form R, x
initial states live on a surface X at time ¢ = —oo, while in radial quantization they live at the origin r =0,
i.e. a single point,

quantization R; x radial quantization

(1.68)
|0)x=0(-00,%)10), x€X, |0) =0(0)10) .

36n practice, the same rescaling argument as in Eq. (1.64) holds such that all choices of 0 < r < r; are equivalent.
37In unitary CFTs the dilatation operator D is always diagonalizable.
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1.1 Conformal field theory

This is to say that in radial quantization the entire Hilbert space can be thought of as living at a single
point. The state-operator correspondence essentially states that in a CFT operators acting locally in
a small neighbourhood of the origin r = 0 create all states in the Hilbert space of the theory. The
analogous picture in a foliation of the form R, x X breaks down as you can no longer think of local
operators acting at a single point in order to get the full Hilbert space back. There is always a map
from operators to states via their action on the vacuum, but only for CFTs does every state correspond
uniquely to a single local operator inserted at x = 0.

1.1.6 Reflection positivity on the cylinder and unitarity bounds

In radial quantization on the cylinder in and out vacuum states — which in flat space live at r = 0,00,
respectively — live at cylinder time 7 = +oo, respectively, and are related to each other via a time
reflection 7 — —1. This property of the vacuum generalizes to all operators of the theory. In fact, in the
cylinder interpretation for local operators on R; x Sgl Hermitian conjugation is equivalent to cylinder
time reflection 7 — —1.

Reflection positivity for a scalar operator in a CFT on the cylinder results in the condition

6N (z,n) =6 (—1,n). (1.69)

It is important to emphasize that Hermitian conjugation in radial quantization is different to Hermitian
conjugation in the usual quantization scheme with time direction 7 = x¢. After a Weyl rescaling, in flat
space Hermitian conjugation is equivalent to an inversion of spacetime,

1\72 X
(flat)t _ (flat)
5 (x) = (_XZ) o (x_z) . (1.70)

Conjugation properties of operators directly carry over to states in radial quantization. A (scalar)
primary state |0) = ©(0) |0) behaves under Hermitian conjugation as

(100" =00 = lim y**©|0(). (1.71)

Eq. (1.70) can be generalized to fields with arbitrary spin. For example, the Hermitian conjugation of a
flat space tensor operator inside the path integral in radial quantization is given by

Vv
X 1.72)

(flat) _ Vi VN s (flat) X V_S Vv
@m...mv(x) - I,Ul "'IMN @Vl-uVN (;) ) IM - 6# -2 X2

Applying Eq. (1.72) to the stress-energy tensor allows us to deduce the transformation property of the
charge operators,

QT = (Mfy=-Mpu),
Ot = _QUeD - QDT = Q) (DT - D) , (1.73)
(P _ ) o
QP =q (Pl =K.
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

We can make use of Hermitian conjugation to compute properties of correlation functions in a purely
algebraic way. For example, consider a scalar two-point function,

yK
@0y =x"2(0lev &P10), (1.74)

where (0| is given by the expression in Eq. (1.71). By expanding the exponentials using the Baker—
Campbell-Hausdorff (BCH) formula and the conformal algebra it is possible to compute the two-point
correlator term-by-term and recover Eq. (1.39) in an expansion in small | y|/ |x|.38

Hermitian conjugation on the cylinder leads to a natural inner product on states in radial quantization.
This inner product can then be used to deduce bounds that must be satisfied by a unitary (or reflection-
positive) theory by demanding that all states in a conformal multiplet have positive norm. For a
scalar operator this results in the following so-called unitarity bounds when considering the first few
descendant states in the conformal multiplet,

16)|* = (0|6) =0, (trivial)

IPo|0)1* = (@1 Ko, Po] 16) = 2A(016) =0, .75

D-2
|P,PH10)|” = 8DA (A— T) ©10)20.

The condition A = 0is satisfied solely by the unit operator 1. The expression (€ |0 is just the normalization
of the two-point function and can be set to 1. As it turns out, higher descendant states do not impose
stronger constraints on the scaling dimension A [72].
Similar unitarity bounds can be computed for spinning primary operators. The most notable unitarity
bounds are [21, 72, 82]

D-2 1 D-1

spinE:Az 5 spinl=1: A=D+1-2. (1.76)

spin0: A=

These inequalities are the best you can do for spinors and traceless symmetric tensors in a generic
CFT. In theories with additional symmetries — like supersymmetry — unitarity bounds can be more
interesting [82].

If the scaling dimension A saturates one of the unitarity bounds in Eq. (1.76) the associated conformal
multiplet includes a null state []; P,,; |O) (state with zero norm).3? For the unity operator 1with scaling
dimension A = 0 this statement is trivial. For a scalar operator saturating the unitarity bound the null
state is P2 |@). This means that the operator O (x) satisfies the condition

30 (x)=0. (1.77)

Hence, O (x) satisfies the Klein-Gordon equation for a free massless scalar field and thus decouples from
the rest of the CFT. For a traceless symmetric tensor operator of spin / the null state is P, |@HH2--H1Y [21],
hence

0,02 H(x) =0. (1.78)

38There is an additional constant of normalization of the form (@|@) appearing which can be set to 1. This is just the
normalization of the two-point function.
39This directly follows from the derivation of the unitarity bounds from the norms of descendant states.
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1.1 Conformal field theory

Therefore, any operator 0##2#! saturating the unitarity bound is a conserved current. Notable
examples here are global symmetry currents with (I = 1, A = D —1) and the stress-energy tensor
with /=2, A=D.

Finally, we note that with a positive-definite inner product it is possible to prove that in a unitary CFT
all operators are linear combinations of primaries and descendants of said primaries. The only other
additional assumption required is that the partition function Z(f) = Trexp[—BD] of the theory on

Sll3 X Sg‘l is finite. In that case the spectral theorem tells us that exp[—fD] is diagonalizable, hence D is

diagonalizable.40 In addition, as D is Hermitian, its eigenvalues are real.

Pick any operator @ that is an eigenvector of D with eigenvalue A.*! Since the partition function Z ()
is finite there is only a finite number of primaries @; with a smaller scaling dimension A; < A. We can
now subtract the projections of & onto the conformal multiplets of the primaries &; using the inner
product. The resulting operator we call @’.

Assume that the operator 0’ after the subtraction of all projections is non-zero @’ # 0. By finiteness of
the partition function, repeatedly acting on ¢’ with the lowering operators K, must eventually yield
zero, hence there exists another primary with scaling dimension smaller than A not part of the set {G;}.
We have a contradiction, hence @' = 0 and @ is a linear combination of the primaries {¢;} and their
descendants.

1.1.7 The operator product expansion

In CFTs — even with a Lagrangian description — it proves useful to study operators rather than fields.
Any CFT contains a distinguished set of primary operators and the conformal multiplets they produce.
In a unitary CFT these are all the operators that exist, i.e. every operator is a linear combination of
primaries and their descendents. In essence, conformal invariance constrains theories so much that
a CFT can be defined purely algebraically by its primary operators and their scaling dimensions {A}
as well as the three-point coefficients Cgf)@j o1 defined in Eq. (1.40), Eq. (1.46) and Eq. (1.48). To fully
understand why this is true, knowledge of the OPE and its peculiarities in CFT is required.

As discussed, a state on a given sphere SP~! is generated by inserting an operator @ (x) inside of the
sphere in the ball B;, i.e. the insertion point satisfies |x| < r. Instead of a single operator insertion
consider the case where there are two operator insertions @; (x)0;(0) in B;. Suppose we consider scalar
operators for simplicity, the resulting state on the sphere S~ is

0;i(x)0;(0)]0) . (1.79)

However — as any state in a unitary CFT can be written as a linear combination of primaries and their
descendants — this state will have an expansion in terms dilatation eigenstates. Via the state-operator
correspondence this implies that the insertion of two scalar operators can be written as an expansion
of single (primary and descendant) operator insertions,

0i(00;0)10) = Y. F§ 6.6, (5, YO (W], 10) . (1.80)
k

401 principle, boundedness of the operator exp[—BD] suffices for D to be diagonalizable.
41We can assume without loss of generality that @ is an eigenstate of D. If not, it is a linear combination of eigenstates.
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

where O can have non-zero spin in general, even though we started with scalar operators. However, by
consistency, the operator 0}’ must transform in a traceless symmetric tensor representation of SO(D) A2
The index k runs over all primaries and the operator Fgl_ 6,6 (x, P) packages together primaries and —

by acting with P, — their descendants.
Eq. (1.80) is exact and can be used equivalently in the path-integral formalism, provided there exists

a sphere such that all other operator insertion except for two lie outside of said sphere. In the path
4344

integral formalism, schematically Eq. (1.80) amounts to

O;(x1)0}(x2) = %ng@j@k (x12,02)0F (x2),  — = % Fg,0,6,(12:02) (77

(1.81)
Alternatively, radial quantization can be performed around a third point x3, slightly modifying the OPE
operators Fj o And finally, operators may have non-zero spin and we need to include additional
iYj
spin indices, so that the most general form of the OPE reads

@fl(xﬂ@]l?(xz) = ZF/@‘%j@k(x13,X23,03)@,€(x3) = ZFg%j@k (X12,02)0F(x2) . (1.82)
k k

Conformal invariance strongly restricts the form of the OPE. For example, consider the scalar case in
Eq. (1.81). Consider the OPE of two scalar operators 0;,0; producing a third scalar operator 0. Acting
with both the dilatation operator D and the generators of the rotation group M, tells us that Fg,06,0,
has an expansion of the form

Fo,6,6,(%,0) o< | x|~ 478 (14 #x-0+#(x-0)* + #x°0° +...) , (1.83)

Eventually, the action of K, completely fixes Fg,¢;0, up to an overall constant. This procedure can of
course be repeated equivalently for fields with spin.

Another way to see why the OPE is fixed by conformal invariance is by taking the correlation function
with a third operator on both sides of Eq. (1.82). This relates a three-point function on the left-hand
side to a sum of two-point functions on the right-hand side, both fixed by conformal invariance. For
simplicity, consider the scalar case in Eq. (1.81) and a third scalar operator 0y, (x3) such that x»3 = x12 in
order for the OPE to be valid,

(On(x3)0:(x1)0}(x2)) = ) Fo,6,6, (X12,02) (O (x3) O (x2)) . (1.84)
k

The three-point function on the left-hand side is given by Eq. (1.40). The two-point function on the
right-hand side is also fixed. Assuming that the two-point functions are properly normalized, i.e. that
we have picked and orthonormal basis of primary operators, it is given by Eq. (1.39). This yields the
condition

C@n@@j - F ( ) —2,
AntDi—B; A+A-D, A+, 10100, X12:02) X5 (1.85)
X31 X12 Xo3

“2Tracelessness arises from restricting to irreducible representations of SO(D).
431n Eq. (1.81) we replace the momentum operators Py, by the appropriate derivatives in Fg_ 6,6, (x,P).
(g
441n the path integral formalism, Eq. (1.81) is valid in any correlator where the insertion points of other operators @, (x;) satisfy
|x2n] = [x12].
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We see that the operator F@i@j@n (x,0) is proportional to the three-point coefficient C@n@i@j. This fixes
the missing factor of proportionality in Eq. (1.83). By matching the small x;,/x,3 expansion on both
sides the result in Eq. (1.83) is recovered again. For example, in the special case of scalar operators with
A; = Aj = A the operator F@i@j@k (x,0) reads

Ap+2 1 Ak 242

1
Fp.6, ,0) =Cp.0; A28 4 —x 04 ————— (x-0)° — — 0 +...
010,0.(%,0) = Cor0,0,1x] 20 B Y T - By
(1.86)
Again, this procedure can be repeated for fields with arbitrary spin.
The OPE can be used to reduce any N-point function to a sum of N — 1-point functions,*®
(01(x1)02(x2) ---ON(XN)) = ) _ Fp,0,0, (X12,02) (O (x2) - On (xN)) . (1.87)
k

We can apply the OPE recursively until the point where we have reduced the N-point function to a
sum of 1-point functions (@) that either vanish if @ # 1is not the unit operator, or are equal to one if
itis. The OPE operators Fg,¢,0, (X12,02) appearing in the last step of this recursive procedure can be
computed from the general form of a two-point function in a CFT,

Fgb ((x12,02) = f*P (x12) xp, 7, (1.88)

where a, b are arbitrary spin indices and f%’(x,) is the spin tensor structure appearing in the two-
point function, with f*?(x;,) = 1 for scalar fields. For the form of the spin structure see e.g. Eq. (1.39),
Eq. (1.43), Eq. (1.44) and Eq. (1.45).

1.1.8 Conformal blocks

Consider the scalar four-point function in Eq. (1.42) in the special case of four identical operators with
scaling dimension A. In this special case it can be written as

(66 ()0 (15)0 (xy)) = EEY (1.89)

12%34

with g(u, v) being an unknown function of the cross-ratios u, v in Eq. (1.41). We apply to Eq. (1.89) the
OPE of two scalar fields in Eq. (1.81), more conveniently written here with the three-point coefficient

extracted as u
O (x1)0(x2) = Z Cooo, F’@@@k (%12, 62)@,?(362) . (1.90)
k

Again, note that in general the primary &} belongs to a traceless symmetric tensor representation
with non-zero spin ¢, hence we can relate the operator F ’g@@k (x12,02) to the three-point function in
Eq. (1.46).46 Assuming that the points x1, X2, X3, x4 are configured correctly, we can perform the OPE in

45we suppress spin indices in Eq. (1.87).
4671t s easily shown that if any primary 6”? is absent in the OPE — i.e. (@]?I@ (x)|0) = 0 — then the whole conformal family
generated by said primary is also absent.
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the scalar correlator in Eq. (1.89) twice,

) 19 (x59)
(O(x1)0 (x2)0 (x3)0 (x4) = ZC@@@kF 660, (X12,02)F'g 666, (x34,04)—
x24 (1.91)

= Xi5 X34 ZC@@@kBAk!k(” V),

where we denote the OPE contractions we have performed by square brackets above the operator
insertions. In Eq. (1.91) we introduce the so-called conformal blocks B, ¢, (&, v) given in terms of OPE
coefficients here by

b
b 197 (x24)
Bue (1, V) = X303, F 661 (12,02 F 606, (X34,00) =53 — (1.92)
X4

with £ denoting the spin of the operator &} (a symmetric traceless tensor). We have chosen and
orthonormal basis of operators and introduced a shorthand notation for the tensor structure in
Eq. (1.45),

Iab
OO0 0) = 86,0, — (X), 1P (x) = (1M1 (x) - "k Y’k (x) + permutations — traces) . (1.93)

The conformal blocks — as defined in Eq. (1.91) — are functions of the cross ratios and are related to
the function g(y,v) in the four-point function Eq. (1.89) by

81,v) =3 Coop, Bage, (1 v). (1.94)
k

In the case of 0! = Oy being a scalar the conformal block satisfies Ba o (u, v) = ubk/2(1 +...). Note that
Bp,e, (1, v) is 1ndependent of the scaling dimension A of the operator € (x) (the operator in Eq. (1.89)).
This is only true because we are dealing with operators with identical scaling dimensions.

Conformal blocks are neatly understood in radial quantization. We pick an origin of radial quantization
such that {|x3|, |x4l} = {|x1], |x2]}, then

(O (x1)0 (x2)0 (x3)0 (x4)) = (0| R{G (x3)O (x4)} R{O (x1)O (x2)} |0) . (1.95)

As conformal primaries and their descendants form a complete basis of the set of operators, we can
decompose the identity operator in terms of projectors Pr(0y) onto the different conformal multiplets,

1=) _Pr(@y), Pr(@y) = ) lig) (il jd ™ Gl - (1.96)
k ik jk =0, POy,...

Inserting this into the correlator yields

(O(x1)0 (x2)0 (x3)0 (x4)) = Z (0| R{O (x3)0 (x4)}Pr(0%) RIO (x1)0 (x2)} 10}

(1.97)
= x5 X34 3 Z C@@@k LIWAURYR
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1.1 Conformal field theory

The conformal blocks in radial quantization are therefore given by

_ xlAfoﬂA4
Bape (w,v) = — (O] R{O (x3)0 (x4)}Pr(C) RIO (x1) O (x2)} |0} . (1.98)
6060}

Since the projector Pr(Gy) commutes with all of the conformal generators, by construction, the object
(0| R{O (x3)0 (x4)}Pr(O) R{O (x1)0 (x2)} |0) satisfies the same Ward identities as the four-point function.
Hence, the conformal blocks are clearly functions of the cross-ratios. In the path-integral formalism it
is instructive to think of Pr(0}) as a surface operator, here inserted on a sphere separating the points
X1, Xo from x3, x4.

An elegant way to compute the conformal blocks is based on the Casimir of the conformal group —
C=- % J% — written in terms of the generators of SO(D +1,1) in Eq. (1.19) [83]. The Casimir acts with
the same eigenvalue A, ¢, = Ar(Ag— D)+ (£ +D—2) on every state in an irreducible representation
of the conformal group, hence

CPr(0y) =Pr(O)C = Ap,, ¢, Pr(0y). (1.99)
On the other hand, the action of the conformal Casimir on the state @ (x;)0 (x,) |0) satisfies
CO(x1)0(x2)0) = ]fg(ff(xﬂ@(xz) [0), (1.100)

where 1
Tio==5Uaply, +Japl U]+, (1.101)

The differential operators J, B | X give the action of the generators of SO(D + 1, 1) on the operator O (x;).
We can then act with C or ]iz on the conformal blocks and deduce constraints on Bx ¢, (4, V). By acting
with C to the left on Pr(0;) — instead of acting with J %,2 to the right on R{G (x1)0 (x»)} — we find that

f%,z (01 R{O (x3)0 (x4)}Pr(O ) RIO (x1)0 (x2)}0) = Ap ¢, (01 RIO (x3)0 (x4)}Pr(O) RIO (x1)0 (x2)} 0} . (1.102)

This can be rewritten in terms of the conformal blocks via Eq. (1.98) and implies that they satisfy
a differential equation. To conveniently write down the differential operator we introduce simpler
coordinates by using conformal transformations to move x4 — oo, x; — 0, x3 — (1,0,...,0 and x» —
(x,¥,0,...,0). In these coordinates the cross-ratios in Eq. (1.41) read

u(z,z)=zz, v(z,2)=(1-2)(1-2), z=x+1y. (1.103)
Written in terms of the variables z, Z the conformal blocks satisfy
D(z, Z)BAkék(u(Z, 2),v(z, 2)) = AAk,ZkBAkék(u(Z; 2),v(z, 2)), (1.104)

where the differential operator D(z, Z) is given by

D-2)zz
D2 =Y 2 (y0-1di -y, 287222 s -2, (1.105)
y=2,2 (z—-2)
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The differential equation Eq. (1.104) together with the boundary condition Bx,o(u, v) = ut2(1+..)
and its generalization to non-zero spin determine the conformal blocks Ba, ¢, (&, V). In even dimension
the Casimir equation Eq. (1.104) can be solved analytically in terms of hypergeometric functions [21].
In odd dimensions there exists no closed formula in terms of elementary functions, but blocks can still
be computed in a series expansion [21].

1.1.9 The conformal bootstrap

The existence of the OPE and its properties imply that correlation functions in a (unitary) CFT are
algebraically determined by its CFT data, which consists of the scaling dimensions {A} of all primaries
and all three-point coefficients {Cgi 0; @k} of the theory. Using the OPE any correlator can be decomposed
into a sum of one-point functions with coefficients written completely in terms of the conformal data
(see the discussion around Eq. (1.87)). Naturally, the question arises whether any set of random
numbers {Ag, Cgi o; @k} defines a consistent CFT. The answer is not necessarily, as there are certainly
constraints imposed on the conformal data by the structure of the OPE. This is where the idea of the
so-called conformal bootstrap originates. The conformal bootstrap refers to a set of analytical and
numerical tools motivated by the structure of the OPE that aim to probe the space of possible CFT data
using these consistency constraints imposed by the OPE. The goal is to restrict the parameter space
{Ag, Cgi o; @C} to the points where consistent CFTs live. In that sense the conformal bootstrap provides a
fully non-perturbative approach to algebraically define CFTs without the need of a Lagrangian.

The most obvious set of constraints on the conformal data comes from the fact that the OPE has to be
associative, which results in the condition

a ab 1a rab b
Z C@I@Z@i C@i@li@j F 010,0; (x12, aZ)F @iﬁsﬁj (x23, 63)@] (x3)
1]

(1.106)

b a ab b

= Z ngﬁs@‘ Cg’l@@j F’@@S@i (x23, as)F,@I@i@j (x13,03)0 (x3),
ij

where we have considered three scalar operators 0 » 3 for simplicity. Diagrammatically, associativity of
the OPE can be represented in terms of OPE contractions the same way as in Eq. (1.91),

—= 1

O1(x1)02(x2)03(x2) = O71(x1)02(x2)03(x2) . (1.107)

Associativity of the OPE can be neatly encoded into constraints on four-point correlation functions,
summarized in the so-called crossing-symmetry equation. At face value, crossing symmetry arises from
the simple fact that in a four-point correlation function OPE contractions can be chosen in different
ways and the results have to match. As it becomes cumbersome to write down constraints from OPE
contractions for four-point functions — even for scalar operators, but in particular for operators with
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spin — often times crossing symmetry is represented diagrammatically as

@’1 @4 @1 @4

y = ¥ o , (1.108)

k k
O 2 O 3 @2 @3

This is the crossing-symmetry equation for a scalar four-point function. End points represent operators
in the correlator, vertices represent the OPE and internal lines represent operators that are summed
over (this refers to e.g. the internal sum in Eq. (1.91)).*7 The diagrammatic representation in Eq. (1.108)
conveniently encodes all constraints on four-point correlators coming from the OPE.

Crossing symmetry is respected by all four-point functions of local primary operators in a unitary
CFT. By choosing different operators @, one can recover OPE associativity from the crossing equation
Eq. (1.108). The fact that all four-point functions in a unitary CFT satisfy crossing symmetry implies
recursively crossing symmetry of all N-point functions.

For higher-point functions the diagrammatic representation in Eq. (1.108) also lends itself to cleanly
represent the constraints imposed on them by crossing symmetry. For example, crossing symmetry
gives the following constraint on a particular five-point function,

(1.109)

The existence of the crossing equation Eq. (1.108) and its implications on correlation functions of local
operators is at the core of the conformal bootstrap program. The crossing symmetry equation has been
known for a long time, but only in 2008 it was realized that, instead of trying to solve Eq. (1.108) exactly,
the crossing-symmetry equation can be used to derive bounds on CFT data by studying its geometric
properties [13].

We return to the four-point function Eq. (1.89) (i.e. Eq. (1.91)) of identical scalars in a unitary CFT. In
this case crossing symmetry is equivalent to the condition that the four-point function is invariant
under 1,2 < 3,4, or equivalently,

A
g(u, V)=(%) gvu). (1.110)

Eq. (1.110) implies that there is an infinite number of primaries contributing to the OPE, and hence
there is an infinite number of conformal blocks in the crossing equation [21]. In fact, this is a general
feature — the crossing equation cannot be satisfied block-by-block.

We will use the identical scalar four-point function in Eq. (1.89) to outline the basic idea of the original

47Note that in Eq. (1.108) there is no possibility to contract the operators 01 and €3 / 02 and 04 in the OPE as there is no sphere
that only includes the two operator insertions we would want and no other insertion. This is a general geometrical statement
satisfied by four distinct points in flat space. Hence, for a four-point function there are always only two out of the three remaining
operators that can be contracted with any given operator in question.

37



Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

conformal bootstrap first presented in [13]. We start by rewriting the crossing equation Eq. (1.108) in
terms of operators for the correlator Eq. (1.110) (we suppress spin indices),*?

2 A A 2 A
%C@@@k (v Bage, (u, ) = u” By, (v, 0) =%C@@@kAAkzk(”’ v)=0. (1.111)

The idea is to think of the functions Aﬁk [k(u, v) as vectors in the infinite-dimensional vector space
of functions of u and v. Keep in mind that the coefficients Cé@@k are positive. The sum runs over all
scaling dimensions and spins in the & x @ OPE. In this language Eq. (1.111) states that lot of vectors
all sum to zero, which may or may not be possible depending on the vectors. The geometric way to
distinguish between cases where it is possible and cases where it is not is to find a separating plane
through the origin such that all vectors lie on one side of said plane.* If such a plane exists, the vectors
Aﬁk ‘0 (u, v) cannot satisfy the crossing equation for any choice of three-point coefficients Cpggp, . This
leads to the following algorithm for bounding operator dimensions:

e Start by making a hypothesis for which scaling dimensions A and which spins ¢ appear in the
OPE.

e Search for a linear functional that is non-negative when acting on all functions Aﬁk ‘0 (u,v).

 If such a functional exists, there is a contradiction found by acting on both sides of Eq. (1.111)
with said functional. In that case the hypothesis is wrong.

This algorithm can be modified so that it can be used to find bounds on the three-point coefficients
Cooo, as well [84].

The algorithm outlined above can be implement by hand for simple examples — like the two-dimensional
Ising model — up to a certain point of precision. However, computerized searches are the state of
the art and numerical techniques can lead to very precise results. Numerical analysis requires the
implementation of a cut-off for terms in the OPE, the discretization of the values of A and ¢ and the
restriction of the search to a finite-dimensional subspace of the space of functions of u, v.

A solution to the crossing equations gives a completely non-perturbative definition for correlation
functions of local operators without the need to refer to any Lagrangian. However, this is not enough to
completely describe the full theory and there are additional constraints and consistency conditions
coming from other considerations. We mention a few selected ones here:

* QFTs in general and CFTs in particular admit extended objects like line and surface operators,
boundaries and interfaces. These objects introduce additional data into the theory. It is possible
to write down OPEs and crossing relations that relate this data to itself and the more standard
CFT data [85].

1 1
48This is best derived via the OPE contractions (O(x1)0(x2)0(x3)0(x4) = (O(x1)0 (x2)0 (x3)0 (x4), using Eq. (1.110) and of
course the definition of u and v in Eq. (1.41).
491n a vector space of functions a separating plane is implemented in terms of a linear functional y such that y(Aﬁk “ (u,v) =20

for all functions A} , (u,v).
ktk
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* On non-trivial manifolds not conformally equivalent to flat space more conformal data is
introduced, like one-point functions of local and extended operators. Theories of interest on not
conformally flat geometries include e.g. theories at finite temperature.

e CFTs in Lorentzian signature exhibit additional interesting constraints, like bounds on energy
positivity [86], causality [87] and dispersion relations [88-91].

In general, the full set of data and consistency conditions that are associated with a given CFT is not
known and there are even examples of constraints on local operators beyond the scope of the OPE and
crossing equations (e.g. modular invariance).

In rough terms the conformal bootstrap program aims to exploit the full consequences of conformal
symmetry — in particular Eq. (1.108) — to strongly constrain or even solve any theory in question. As
the conformal bootstrap provides a fully non-perturbative non-Lagrangian approach to CFTs, perhaps
the most ambitious goal of the bootstrap program is to extend the procedure away from the fixed points
of the RG flow and find fully non-perturbative algebraic description of QFT without any reference to a
Lagrangian description.

Perhaps the most impressive result of the conformal bootstrap program is the numerical analysis
of the three-dimensional Ising model CFT (see Appendix A.1). The three-dimensional Ising model
is probably the simplest model that is, to our knowledge, not exactly solvable and experimentally
relevant. As such, it is an ideal playground for the conformal bootstrap and there exists very precise
data on the lowest operators coming from Monte Carlo simulations. In order to get the most precise
bounds from the conformal bootstrap the fact that the Ising CFT in D = 3 has only two relevant scalar
operators in the theory — usually denoted by 0 and € — is required as an input. Although not proven
mathematically, this is an obvious experimental fact. Relevant scalars are in one-to-one correspondence
with parameters that must be tuned to reach the critical point of some microscopic theory. The fact
that the phase diagram of water is only two-dimensional — the two dimensions being temperature
and pressure — immediately tells us that the critical point of water — the three-dimensional Ising
CFT — has two relevant operators.>® The most relevant works on bootstrapping the D = 3 Ising model
are [92-94].

There is striking agreement between Monte Carlo simulations and the conformal bootstrap, which
is strong evidence that the critical Ising model indeed flows to a conformal fixed point (as opposed
to just a scale invariant one). At this point the island for allowed operator dimensions (A, A¢) is far
smaller than the 68% confidence region provided by the current best Monte Carlo determinations [21].
The hope is that future bootstrap studies might shrink the island (A4, A¢) to a single point and hence
conclusively prove the IR equivalence of all theories in the Ising universality class. This would also be a
strong reassurance of the principle of critical universality.

50For the actual Ising model the parameters in the phase diagram usually are temperature and magnetization.
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1.2 Spontaneous breaking of global symmetries

SSB refers to the phenomenon that in certain physical systems, in particular in QFT, the ground state —
or vacuum — is not invariant under all the symmetries of the theory. In other words, there are several
equivalent vacua connected by the remaining symmetries. The symmetries not leaving the vacuum
invariant and connecting the different ground states are referred to as broken. With the discovery of the
Higgs mechanism the concept of SSB became an important cornerstone of modern particle physics.
However, the first examples of SSB did appear in condensed-matter physics and the idea was then
introduced into particle physics by analogy. In fact, the theory of superconductivity by Bardeen, Cooper
and Schrieffer first presented 1957 [95] — or more specifically its reformulation by Nambu in 1960 [5] —
provided the first paradigm for the introduction of SSB in relativistic QFT.

If nothing else is mentioned we are in D-dimensional Minkowski spacetime with mostly positive metric
Ny = diag(-1,1,...,1). However, we do not require theories to exhibit relativistic invariance. The
results discussed generally also apply to non-relativistic theories and relativistic theories with explicitly
broken spacetime symmetries. Systems without full relativistic invariance appear quite frequently
in nature, most notably in condensed-matter physics [96]. In particular, in the LCE operators with
large internal quantum numbers can be adequately captured by relativistic systems at finite density
with respect to the associated charge Q. Additionally, many of the finite-density systems appearing
in the LCE exhibit the spontaneous breaking of both global and spacetime symmetries [17, 18]. It is
therefore important to understand the full implications of SSB at finite density including the breaking
of spacetime symmetries.

1.2.1 Basic properties of spontaneously broken symmetries

In the study of physical systems the presence of spontaneously broken symmetries results in far-
reaching consequences. In particular, the spontaneous breaking of a continuous global symmetry
implies the existence of a so-called NG boson [6]. The study of SSB and the properties of the appearing
NG bosons is very powerful as the low-energy dynamics of these NG bosons are governed by the
symmetries and are mostly independent of the microscopic structure of the theory [97, 98]. In a
standard setup with Lorentz invariance and spontaneously broken global internal symmetries — like
the Higgs model — there are as many massless Goldstone bosons as there are broken generators.
However, if a theory does not exhibit Poincaré invariance or if some spacetime symmetries are explicitly
broken there can be a mismatch between the number of generators and the number of NG bosons [39,
99-101]. In that case there is still a general counting rule that can be derived [35-37]. Additionally, there
is the possibility that not just global symmetries but also spacetime symmetries are spontaneously
broken. In this case there are several complications at different levels and, unfortunately, it does not
seem to be feasible to write down a general formula for the number of NG in any useful manner. It
seems that they are best analysed on a case-by-case basis [34].

As first shown by Eugen Paul Wigner in 1931 any symmetry transformation in a QFT can be represented
on the Hilbert space of quantum states by an operator U that is either linear and unitary or anti-linear
and anti-unitary [27]. The set of symmetry transformations of a QFT always forms a group, which
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for our purposes will be considered as continuous, since discrete groups groups do not produce any
NG bosons. With the appropriate definition of the adjoint of a linear and an anti-linear operator the
conditions for unitarity and anti-unitarity both take the form U' = U~!. For a symmetry compatible
with the dynamics of the system the operator U commutes with the Hamiltonian H of the theory.
In this language SSB refers to the fact that there exist systems for which the dynamics are invariant
under a given symmetry but the symmetry does not (fully) manifest itself in the spectrum of physical
observables.

Consider a QFT whose action S[®;] is invariant under a continuous group G of symmetry transformations
compatible with the dynamics of the system. Noether’s theorem grants us the existence of a conserved
current j#(x) corresponding to G with the associated charge,

Q= —de‘lij(t,x), (1.112)

serving as the generator of the symmetry transformations in the quantum theory.®' Since Q commutes
with H, the spectrum of eigenstates splits into multiplets of the symmetry and each of these multiplets
corresponds to an irreducible representation of the symmetry group. The ground state |0) of the theory
is assumed to be a discrete and non-degenerate eigenstate of H with minimal energy. A spontaneously
broken symmetry is a symmetry of the theory such that the state |0) is not an eigenstate of Q. Given a
finite spatial domain Q < RP~! we introduce

Qg(t)::—deD_lij(t,x). (1.113)

Mathematically, SSB is formulated as the statement that there exists a (not necessarily local) operator
0B such that®?

(o) := lim (0 [Qa(1),6®]0) #£0, (1.114)

where |0) is in principle any translationally invariant ground state of the theory as there are now several
inequivalent ground states. The expectation value (oy) — in analogy to phase transitions — is called
the order parameter.53 Under the assumption that |0) were an eigenstate of Q it would follow that (o)
vanishes. Hence, the condition in Eq. (1.114) is equivalent to the characterization of SSB that the ground
state is not an eigenstate of Q. Under normal circumstances one identifies Q = limg_. Q, however,
in the case of a spontaneously broken symmetry the operator Q is strictly speaking not well defined:
translational invariance of the vacuum |0) implies translational invariance of Q|0), and therefore

<0|Q(t)Q(t)|0>:—de_1x <0|j°(r,x)Q(t)|o>:de‘1x ©17°(£,00Q(1)10) . (1.115)

This diverges unless Q|0) = 0, which is a contradiction to the assumption of SSB. A spontaneously
broken symmetry is not realized by a unitary operator on the Hilbert space and therefore does not give
rise to multiplets of symmetry in the spectrum. The operator Qq(#) induces a "finite-volume symmetry

51The conserved Noether charges naturally satisfy the underlying group algebra [102].

52The limit "Q — co” should be understood as blowing up Q to the full spatial slice RP~1.

53We remark here that generically we have ([QQ(t),@[SB]]) = (G(Q) 0 (SB)) ~{O [SB]), since the charge Q generates the symmetry
transformation in the quantum theory. Hence, in most practical cases we would consider (o) = <6’(SB)) as the order parameter.
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transformation” Ugq (6, ¢) that connects equivalent vacua |6, t)q,
Ua(,1) = e 00, 16, )q = Uq (6, 1)10) . (1.116)

Hence, for a system exhibiting SSB there exists a symmetry operator that does not leave the ground
state intact, implying the presence of a (continuous) set of equivalent vacua and making the ground
state degenerate. Like Q itself, the operator U = e~??Q( in the limit Q — oo is not well defined and it
can be shown that [39]

Aim 0]10,t)q =0. (1.117)

Hence, in the infinite-volume limit the degenerate vacua — formally connected by a finite-volume
symmetry transformation — become pairwise orthogonal. The same holds for the excited states
constructed above the pairwise orthogonal vacua. As a consequence, these states cannot be accommodated
in a single Hilbert space and there exists a separate Hilbert space for every equivalent ground state

in the theory. All of these Hilbert spaces can equivalently be used to describe the system without any
observable physical consequences.

Finite volume symmetry transformations of observables can be consistently described for theories that
respect micro-causality, requiring that the commutator of any two operators separated by a spacelike
distance vanishes. For any operator A we defineAq (6, £) as follows:

Aq(0,1):= U} 6,0 AU 6, 1) = A+i01Qq (1), Al +6(6?), (Qa(t), Al =f dPlx 0,3, Al (1.118)
Q

If we further assume that A is localized in a finite domain of spacetime, then there exists a (finite) region
Q4 such that the commutator of j°(x) with A vanishes outside of Q 4. This implies that the operator Aq
is well defined as Q — oo. The expectation value of Aq (6, t) on the ground state |0) can be interpreted
as the expectation value of A on the transformed ground state |0, t)q:

(0l Aq(0, 1)10) = 40,11 Al0, D)q . (1.119)

In Lorentz-invariant theories the micro-causality condition is automatically satisfied by relativistic
causality. In non-relativistic theories interactions are often modelled by non-local instantaneous
potentials, and thus micro-causality is not guaranteed. However, the above argument can still be
applied provided that the range of the interaction is short enough, i.e. if it falls off exponentially.

1.2.2 Order parameter space

For any spontaneously broken symmetry there exists at least one order parameter (o) given by the
non-zero Vacuum Expectation Value (VEV) of some operator that transforms non-trivially under the
symmetry group, as defined in Eq. (1.114). The set of degenerate vacua |0, t)q can be labelled by
different values of the order parameter. Demonstrating that a physical system exhibits SSB requires the
identification and computation of an order parameter (o). Identifying (o) is difficult mainly because
SSB is a non-perturbative phenomenon that cannot be captured at any finite order of perturbation
theory based on a symmetry-preserving ground state. Once the appropriate operator is identified,
calculating the order parameter (o) can be achieved in two main ways:

* The first approach would be to find a self-consistent non-perturbative symmetry-breaking
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solution to the Equation(s) of Motion (EoM). The drawback here is that one has to introduce
an Ansatz for the symmetry-breaking solution and then show that it is consistent with the EoM.
Therefore, it is only possible to get solutions that are put in by hand from the beginning.

* The second approach consists of introducing an effective field o (x) with suitable symmetry
transformation properties into the theory. The introduced field o will produce the NG bosons
and its ground state expectation value (o) = (o) serves as the order parameter.54

While the first approach starts from whatever DoF are present and is physically more satisfactory, it
is often times very difficult to perform and the second, more phenomenological approach tends to
be simpler in its implementation. For example, in the case of the Higgs mechanism in the standard
model of particle physics an effective field is introduced by minimizing the quartic Higgs potential and
expanding around its minimum ¢, which is the VEV of the effective field and also the order parameter.
The introduction of an effective field for the NG bosons minimizes the potential V in the Lagrangian
and identifies one of its minima as the order parameter. Hence, the vacuum manifold .4y of the
potential V comprises the set of all possible values of the order parameter (o), also called the order
parameter space.

Consider a theory described by a potential V (¢p) with a vacuum manifold .4 . The potential V (¢) is
invariant under the symmetry group G of the theory. Hence, G acts smoothly on any point (o) € 4y .
The set

H(oo):={g€G: glog) = (o0} (1.120)

is a subgroup of G — called the little group or isotropy group of the point (o) € .4y — and consists of
all symmetry transformations left unbroken under the assumption that the order parameter takes the
value (o). The isotropy groups of two points (gq), (o)’ in the same group orbit G{o¢) := {g(ao) lge G}
are conjugate,

JgeG: H{oo) =g 'H(op)'g. (1.121)

The converse is not always true. The set of all points with conjugate isotropy groups H{o) is called the
stratum Str({o)) of (o). Physically, the stratum is the set of points of the vacuum manifold that exhibit
the same unbroken subgroup under SSB. As the potential V(¢) is invariant under the group action,

V(p)=V(gd), VgeG, (1.122)

itis just a function of group orbits. It follows that the minimization of V' (¢) can be reformulated as a
minimization problem on the space of orbits. In the study of stationary points of G-invariant functions
the following theorem is fundamental [103]:

Theorem (Michel). Let G be a compact Lie group acting smoothly on a real manifold 4 and letme 4 .
Then the orbit Gm is critical, i.e. every smooth real and G-invariant function on . is stationary
on Gm, if and only if Gm is isolated in its stratum, i.e. 3 a neighbourhood Uy, of m € ./ such that
U, NnStr(m) = Gm.

54Again, this is consistent with Eq. (1.114) as the commutator [Q, o] = GQg generates the associated symmetry transformation.
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In the case that .#y is a linear space Theorem(Michel) simply asserts the obvious fact that (oy) =0isa
stationary point of every G-invariant function. However, if 4y is not a linear space Theorem(Michel)
helps us to look for inert states, i.e. states for which the form of the order parameter is fixed up to
a symmetry transformation (like in the Higgs case). In particular, inert states can be found among
stationary points of G-invariant functions on manifolds of order parameters with fixed norm.%®

1.2.3 The Nambu-Goldstone theorem

One of the most important consequences of SSB is the existence of soft modes in the spectrum whose
energy vanishes in the IR limit — the so-called NG bosons — guaranteed by the Goldstone theorem.
Consider the commutator [d, j'“,@(SB)] = 0 of the conserved current j* associated to a broken charge Q
with the operator @® in Eq. (1.114) integrated over €,

o:f delx[aujﬂ,@‘SB)]=aO[QQ(t),@’<SB)]+f dS [n-j,6%?]. (1.123)
Q 0Q

If the operator @ is localized to a finite domain of spacetime and micro-causality is satisfied,”®
then the surface integral in Eq. (1.123) vanishes as Q2 — oo and it follows that the order parameter
(00) = (0] [Q,0°®)]|0) is time-independent. By inserting the identity operator 1in terms of all (multi-
)particle eigenstates of the Hamiltonian H of the theory in the correlator (0| [Qq, @®P]|0) and using
translational invariance we get®’

(SB) dP 1k
0 0,690y = | ———
(011Q(1,6%1(0) f(mm;

e Frict (01 j(2,0) Imo) (| 0P 10y (f dD’lxe"k"‘) (1.124)
Q

— e Eret 016B) |0y (n_y 1°(2,0)10) U dD—lxe—ik.x)
Q

dD—lx eiik-x

In the limit Q — oo the left-hand side becomes the order parameter (o). The function fQ
on the right-hand side of Eq. (1.124) becomes sharply peaked around k = 0 and only states with small
momentum will contribute. As the left-hand side becomes time-independent this is only possible if the

energy of the contributing states on the right-hand side vanishes as k goes to zero,
Ep, — 0 ask— 0, if (0] j°(t,0) ) (m 6P 10y #0. (1.125)

If there were no contributing states in the spectrum the right-hand side of Eq. (1.124) would just be
zero, a contradiction to the assumption of SSB. Hence, there must be at least one bosonic and massless
state coupling to both the broken current j° and the interpolating operator @®®). This is Goldstone’s
theorem:

Theorem (Goldstone). Spontaneous breaking of a continuous global internal symmetry implies the
existence of a bosonic mode Inf(V Gy in the spectrum such that

lim E, e = 0. (1.126)
k—0 "k

55Invariant functions can, of course, have other stationary points than those guaranteed by Theorem(Michel).

561n practice, the operator @P is often even strictly local.

57We assume at least discrete translational invariance in all directions here. Eigenstates of the Hamiltonian have two indices
ng, k denoting the different multi-particle excitation branches in the spectrum as well as the continuous internal momentum
eigenstates. States are normalized such that they satisfy the orthogonality condition (ny|mq) = CmP=16,m6 k- qQ).
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In principle, some isolated states with zero momentum and energy that do not represent NG bosons —
such as other degenerate vacua — can exists and give rise to very small contributions on the right-hand
side of Eq. (1.124) but their contribution is suppressed in the limit Q — oo [104]. The consequences of
the Goldstone theorem cannot be escaped for relativistic theories. But this does not mean that the NG
bosons are necessarily observable, as they may appear in the unphysical sector of the Hilbert space. In
particular, this happens in the case of Lorentz-invariant gauge theories with covariant gauge fixing. On
the other hand, in non-covariant gauges the Goldstone theorem does not apply. For example, in the
standard model of particle physics there are no massless NG bosons present as a result of electroweak
symmetry breaking.

1.2.4 Counting rules for the number of Nambu-Goldstone modes

While the Goldstone theorem guarantees the existence of at least one NG boson in the spectrum, it does
not say anything about the exact number of NG bosons. In the case of unbroken Lorentz-invariance
there exists precisely one NG boson for every broken generator Q,|0) # 0 in the Lie algebra of the
symmetry group G.%® However, in non-relativistic theories and theories with explicitly broken Poincaré
symmetries this is not necessarily the case, as concrete examples — such as ferromagnets or three-
component Fermi gases — show. In these cases there are less NG modes as there are broken generators.
In models with fewer NG modes than broken symmetry generators one encounters NG modes that
exhibit quadratic dispersion relations. This observation lead to the following result by Nielsen and
Chadha relating the number of NG bosons to the number of broken generators [106]:

Theorem (Nielsen and Chadha). We assume that translational invariance is not completely broken
(spontaneously) and that there are no long-range interactions. In this case the energy of a NG boson
is analytic in its momentum. We denote NG modes whose energy is proportional to an odd power of
the momentum as type-I and those NG modes whose energy is proportional to an even power of the
momentum by type-II. In this case the number of type-I NG bosons N plus twice the number of type-1I
NG bosons Ny is greater than or equal to the number of broken symmetry generators Ng,

Ni+2Np= NQ. (1.127)

Theorem(NC) does not specify the precise power of the momentum in the dispersion relation and it
only gives an inequality on the number of NG bosons. Another important result by Schifer et al. relates
the number of NG bosons to the number of pairwise commuting broken generators [39, 107].%°

Theorem (Schifer et al.). Suppose that (0|[Q4, Qpl10) = 0 for all pairs of broken charges Q,, Qp under
SSB, then the number of NG modes Ny is at least equal to the number of broken generators N, i.e.

58The argument here is simple. For a linearly realized symmetry the quantum effective potential Ve is invariant under the same
transformations as the Lagrangian, hence dVeg/0¢pTq¢p = 0 for all generators T, of the symmetry group. After differentiating
this implies that 42 Vest! 0¢? Ta¢| =) = 0. By definition, SSB means that some of the generators do not annihilate the vacuum,
Ta(p) # 0. Assuming Lorentz-invariance this implies that the real vector i T, (¢) is a zero mode of the mass matrix corresponding
to a NG boson. In the case of broken relativistic invariance the number of zero modes of the mass matrix 82 Vyge/ 3¢ is still equal
to the number of broken generators, but no longer coincides with the number of massless modes as they no longer need to satisfy
a Klein—-Gordon (KG) equation [39, 105].

59The charges Qq, Qy are still given by taking the limit Q — oo in Eq. (1.113). They are in principle ill-defined. However, the
commutator (0| [Qg, Qp]10) can be well defined and vanish — (0| [Qg, Qp]10) = 0 — in the case where the structure constants
fape in [Qa, Qpl =i fupcQc are only non-zero if Q. is unbroken.
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NnG = Np.

However, the presence of a non-zero expectation value of the commutator between two charges in
the theory itself is not enough to conclude that the number of NG bosons is smaller than the number
of broken generators Nng < Ng. To conclude this additional assumptions have to be made, such
as the symmetry algebra being semi-simple. Without this assumption the presence of non-trivial
central charges cannot be ruled out. An example of a model where this happens would be the free
non-relativistic particle [39].

Finally, there exists a relationship between non-vanishing charge densities and NG mode dispersion
relations, as first shown by Leutwyler in the context of low-energy EFT [108]. An argument based
just on symmetry assumptions and analyticity shows that the presence of two broken generators
with (0] [Qg, Qp] 10) # 0 implies the existence of a NG boson with non-linear (i.e. at least quadratic)
dispersion relation in the spectrum [39].

Theorem (Brauner). For every pair of broken generators Qg, Qp, such that (0] [Qg, jg(t, x)]|0) #0 there is
a single NG boson coupling to both charges as in Eq. (1.125), and generically its dispersion relation is
quadratic.

For SSB of global internal symmetries there is an interconnectedness between the number of NG modes,
their respective dispersion relations and the number and relative properties of the broken generators.
Unfortunately, the results by Nielsen/Chadha, Schéfer et al. and Leutwyler only provide inequalities
or bounds on the number of soft modes. This problem has been solved only very recently, in the last
decade [34-38, 101]. A precise counting rule can be derived under some rather broad assumptions.
Naturally, SSB is assumed, with a continuous global internal symmetry group G breaking down to an
unbroken subgroup H c G. The unbroken subgroup H c G is generated by the unbroken generators T},
with Qp 0y = 0.5° We do not require relativistic invariance, both theories with non-relativistic spacetime
symmetry groups and theories with explicitly broken Poincaré symmetries (e.g. theories at finite
density) are permitted.®!

In Poincaré-invariant theories the number of broken currents Ny is always equal to the number of
NG bosons Nyg [39], hence knowing the symmetry-breaking pattern G — H is enough to deduce the
number of NG modes. In the absence or explicit breaking of relativistic invariance SSB still implies the
existence of NG modes but their dispersion relations are no longer restricted by Lorentz invariance
and the number of NG bosons can be fewer than the number of broken currents. The symmetry
breaking pattern only gives you an upper bound on the number of NG bosons. In such cases, it is
possible to derive a counting rule for the number of NG bosons by considering the commutators of
(broken) generators. The following result first presented in [35, 36] relates the number of NG bosons
Nng with the number of broken generators N and holds true regardless of the (unbroken) spacetime
symmetries:

1
Nng = Ng - Erank(p) , (1.128)

60The same holds true of course for all the degenerate vacua in Eq. (1.116). Also, to be precise, we require H to be a normal
subgroup, or equivalently we require left and right cosets to be equal gH = Hg.

611n order to be able to use the momentum k as a label we have to assume at least discrete translational invariance in all spatial
directions.
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1.2 Spontaneous breaking of global symmetries

where p is the following real and anti-symmetric matrix with the commutators of (broken) charges as
entries,
011Qaa Qapll0) _ 01Qc10)

] Jim_fape=—2"= ~ fabe 01 ¢ (£,0)10) . (1.129)

== li
Pab:==1 M0 1Ql

Here, |Q| is the volume of the (finite) subset Q c RP~! and f,;,. are the structure constants of the
symmetry algebra. The indices a, b may run over the full symmetry group or just the broken generators
as the rank of the matrix remains the same in both cases. In the same vein, only broken generators
contribute to the right-hand side of Eq. (1.129), i.e. the sum over ¢ can be considered as running only
over the broken generators.®”> We schematically present the derivation of Eq. (1.128) in Appendix A.4.

The real anti-symmetric matrix p can be block-diagonalized by an orthogonal transformation M,

0o A
-A1 0

MTpM = 0 Am , (1.130)

0

where all 1;’s, k = 1,..., m are strictly non-zero and all blank entries are zero. In this form the rank of
P ap is manifestly equal to 2m and therefore the right-hand side of Eq. (1.128) is a positive integer. We
now classify the NG modes into two new categories: type A and type B.

* Type-B modes are associated with pairs of broken generators (Qy;—1, Q2), I =1,...,m in Eq. (A.112),
with each pair of broken generators corresponding only to a single mode. They generically exhibit
a quadratic dispersion relation, though not always as it is possible to fine-tune parameters in
certain models [34].

* Type-A modes are associated to the remaining N —2m broken generators and generically exhibit
a linear dispersion relation. In particular, they are in a 1-to-1 correspondence with said broken
generators.

Written in terms of the number of type-A modes N4 = Ng —rank(p) and type-B modes Np = %rank(p)
the result in Eq. (1.128) gives the counting rule®?

Nj+2Np=Np. (1.131)

Theorem(NC) by Nielsen and Chadha already divides the NG modes in two classes — type-I and type-II
— according to their dispersion relations, and it is worth understanding the relationship between
to two classifications. In fact, the type-B NG modes in Eq. (1.131) are always type-II NG modes in

621t is obvious that p ;, vanishes in Lorentz-invariant theories as j{ is the temporal component of the four vector (j9,j). Also,
in the case where p,j, does not vanish it is an acceptable choice of of order parameter characterizing the spontaneous breaking
of the generator Q.

63n particular, the NG bosons in Lorentz-invariant theories are all of type-A.
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Eq. (1.127) [35]. However, although type-I modes are type-A modes and vice versa in most generic
models, they are in all generality not the same. There exists at least one (trivial non-interacting)
example in which the two classifications disagree [35]. In this example, via a fine-tuning of parameters
in the theory it is possible to construct a type-A mode with a quadratic dispersion relation.%* As a
consequence, this example also satisfies a strict inequality N; + 2Ny > Ng.

Finally, we have to to briefly touch on the spontaneous breaking of spacetime symmetries. Unfortunately,
the derivation of the counting rule in Eq. (1.131) assumes that the associated symmetry transformations
do not act on spacetime. It therefore fails in the case where (some of) the broken generators Q,
represent a spacetime symmetry [34]. In the case of both global and spacetime symmetries spontaneously
breaking the counting can only be applied to the global part or subset of the spontaneously broken
charges (that do not act on spacetime).®® Just as it is the case for non-relativistic systems or systems with
explicitly broken spacetime symmetries, in systems with spontaneously broken spacetime symmetries
the number of independent fluctuations can be fewer that the number of broken generators. However,
naively extending the counting rule Eq. (1.131) leads to wrong predictions [34]. On top of that,
even if there are additional low-energy DoF originating from the spontaneous breaking of spacetime
symmetries, some of them may not actually form a propagating mode as they can become over-damped
via interactions with other modes [34]. There exist attempts at generalizing the counting rule to the
case with spontaneously broken spacetime symmetries [38], however, it seems that at this point in time
it is not possible to write down a general counting rule for the NG bosons in a convenient way.%¢

1.2.5 Broken spacetime symmetries: SSB at finite density

If spacetime symmetries are allowed to be spontaneously broken the zoology of allowed configurations
of NG modes does not seem to be encompassed by a set of simple principles. However, that does
not mean that these classes of theories are not physically relevant. In fact, they are sometimes very
important. A particular class of systems that allow for spontaneously broken spacetime symmetries are
systems at finite density. They are especially relevant in the context of the LQNE [47].

We study systems at finite density for a certain spontaneously broken charge Q. In such systems the
time evolution is governed by a Hamiltonian H and the ground state of the system is the state with the
lowest eigenvalue with respect to the modified Hamiltonian [96]

H+pQ, (1.132)

640ne particular example is the rather simple free theory with the Lagrangian % = (g - ¥« ck<p(—V2)k ¢. The shift symmetry
of this Lagrangian is always spontaneously broken and by fine-tuning ¢y = 6, the type-A NG boson present in this model for
arbitrary cj actually becomes a type-II NG mode.

65Global and spacetime symmetries do commute with each other.

661t is worth noting that spontaneous breaking of local/gauge symmetries occurs in physical systems as well. SSB in gauge
theories works slightly differently and is also not relevant in the context of this thesis. As opposed to global and spacetime
symmetries the spontaneous breaking of gauge symmetries does not lead to massless modes in the spectrum [109]. Instead,
it leads to massive gauge bosons [110]. This so-called Higgs mechanism is fundamental to the standard model of particle
physics [111-113].
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where p is the chemical potential associated to the charge Q.6” Generically, the introduction of finite
density breaks boost invariance and time translations generated by H and of course the internal
charge Q. Besides the breaking of Q there can be an additional set of broken global internal charges
Q1,...,Qp. By construction, the modified Hamiltonian in Eq. (1.132) is unbroken.
There exists a slight modification of the Goldstone Theorem applicable to (relativistic) systems at finite
density [42]. Besides the existence of soft NG modes in the spectrum this theorem also implies the
existence of gapped NG modes in the spectrum. Consider a theory with a global internal symmetry
group G — a compact n-dimensional Lie group generated by the charges Qy,Q>,...,Q, — at finite
density for the charge Q := Q;. We denote by |0}, the state of minimal energy for a given average charge
density of Q labelled by the value of the chemical potential u. The state |0), minimizes the modified
Hamiltonian,

(H+pQ) 0y, = E;™™ |0, . (1.133)

The ground state |0), clearly (spontaneously) breaks boost invariance. Further, in order to guarantee
that rotations and spatial translations remain unbroken we assume that the system is homogeneous
and isotropic. Eq. (1.133) can be satisfied in two crucially different ways:

* The first possibility corresponds to the case where |0}, is an eigenstate of both H and Q separately,
E™™ = Eg+pQp. (1.134)

In this case there is no spontaneous breaking of either H nor Q. Physically, this situation is
realized in e.g. Fermi liquids [44, 117-119]. In this case the internal symmetry at finite density is a
simple U(1), the particle number (in the non-relativistic limit).

* The second possibility corresponds the the case where |0}, spontaneously breaks both H and Q
and is only an eigenstate of the linear combination H + pQ. In particular, this situation is realized
in the description of zero-temperature superfluid phases [96, 115].

We are interested in the the case of broken time translation H and internal charge Q. Additionally, there
may be a number of other spontaneously broken global generators Qy,, ..., Qk,,, with m < n the total
number of global internal generators. We set Q, = Q1 = Q. In particular, all generators that do not
commute with Q must be spontaneously broken as well, since

0 # (01, [Qq, Q1110 = (0, Q"10),, (1.135)

with Q" = if,1;Q; depending on the structure constants f,;. of the algebra. Additionally, some
generators that commute with Q may also be spontaneously broken. By the definition of SSB [39], there
exists an order parameter @}SB) (0) transforming in a non-trivial representation of the global group G
such that

©0)k;1:= (01, [Qk,, O (0)110), £ 0, i=1,...,m. (1.136)

67The charge Q by itself may be thought of as the generator of a global U(1), as this is the only possibility allowed by Lie
theory [114]. Of course, it generically generates a certain U(1) subgroup of a much larger Lie group.

68This is certainly true in all condensed matter states [115]. In particular, this is the symmetry-breaking pattern defining a
zero-temperature superfluid phase [116].
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A similar equation holds for the Hamiltonian H. As H is spontaneously broken, it is not possible to
classify states in terms of their energy eigenvalues. Instead, they are best classified in terms of their
eigenvalues under the modified Hamiltonian H + pQ and the state |0),, represents the ground state
with respect to H + Q.59

We insert the unity operator 1in terms of all (multi-)particle eigenstates of the modified Hamiltonian
H+pQin Eq. (1.136),

01, [Qk,;, 0P 0110y, = f P71 (€0l (6007 ©0) 100~ 01, 0P @), (1,310},

dP-1g . . . . o
Ol g, (00 0) |o>N:fWZe i 01,7 Q) @ QI mo (il 0 )10y €™, (1.137)
n
(SB) /1y, ;0 (9P gt (SB) itpQ 0 (o —ituQ _ikx
Ol O™ 0 fi, (6X)100 = er k01, O™ 0 [n_g) (n_xl e ji_(0)e 0)ue 7.
n

Without loss of generality we have chosen @’;SB) to be Hermitian. The currents themselves do not need

to be written in a real basis. It is crucial to note that e’#? does not commute with jgl in general. Using
1

the algebra of G and the structure constants fj ¢ =: (f1)qc wWe simplify the adjoint action on jgl |70
1

e QR ()" = (e jR(0). (1.138)
We introduce the spectral density for two operators 0 2,

801,020, :=20)_(21)8 (w — Ep,) (01,01 (0) [n5e) (ruc| G2(0) 10),, . (1.139)
n

Using the spectral density we can rewrite (o), 7 Eq. (1.136) as follows: "1

OV k1 = 1 f 4o ot (e™U1))  lim [S(jo,@’(SB);w,p) -5@%, % -w,-p) | £0, (1.140)

o on) 2w kic p—o Ve T e

where it holds that S(@'°®, j%; ~w,-p) = $(j2,0'°®; ~w, ~p)'. The order parameter (o), s is non-zero
due to the spontaneous breaking of Q.
Consider the broken generators Qy, that commute with Q. Without loss of generality we take Q;
Hermitian, hence (et”(f 1) kic = Ok, c- As a consequence, in order to satisfy Eq. (1.140) we require that

lim [su}j_,@}sm;w,p) — S0, 60—, -p)' | = 4mwimy, 16(w). (1.141)
p_.o 1 1

This result implies the existence of a Goldstone mode Inlle) in the spectrum such that its zero-
momentum limit is an exact eigenstate of H + pQ with vanishing energy [104],

E nc =0. (1.142)

The state InEG) has zero matrix element with both the current and the order parameter. As G is a
compact Lie group, all the generators that do not commute with Q (not just the broken ones) can

69There exist other options to classify states [43].
Owe ignore potential t Hooft anomalies as they are irrelevant in the limit k — 0.
7IWe introduce an integration over w and perform the integration over x in the infinite volume limit Q — co.
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generically be split up into pairs of generators QZ such that

[Q, Q%1 = +q,Q%, (1.143)

with the constant ¢, > 0 depending on the underlying algebra [114]. The change of basis to {Q%} is
equivalent to diagonalizing the adjoint action of Q. In particular, this holds true for the set of broken
generators that do not commute with Q, which we now denote by {Q:;’l_} < {Qg;}. The associated currents

we denote by j* ] » and it holds that (] )T = ]
In this basis the adjomt actionof Qi in Eq (1. 138) reads

(etu(fl)) s ]# - e+tl“]a,] ((etu(fl))[ﬁai - e?tllqgi(gaiajy (etu(fl))fa? :0), (1.144)

a; iy i

with g4, being the constant in Eq. (1.143). Now Eq. (1.140) turns into
(o) — i d_(x) _i(wil‘(hi)t lim | S( -0 @(SB)‘(U ) —S( -0 @(SB)‘—LU _ )"' 1.145
0“;”_271 2we p—0 ]“;ﬁ 1 P ]“?’ 1 TemP (1.145)

Assuming definiteness g, > 0 Eq. (1.145) can only be satisfied if2

S(j5-,0°%;0,p) = 4nwi mg-16(w - uqa;), lin(l)S(j2+,@’(SB) w,p) = (1.146)
i i p—

The first condition implies the existence of a gapped NG state Inﬁi’) for every pair of broken generators
Q;ﬁi [42, 43, 120, 121]. In the zero-momentum limit these gapped NG states are eigenstates of H + uQ
with energy linear in p,

E,No| _ = Hda;- (1.147)

Both matrix elements (0|, j° a: In ) and (0|, @(SB) InNG) are non-zero while the matrix element (0|, ] : In )
vanishes in the zero- momentum limit.

As there are non-commuting broken charge operators present, the counting rule around Eq. (1.128)
implies the existence of additional gapless NG modes — of type-B or type-II — for the spontaneously
broken global symmetries not directly guaranteed by the above results. However, we do have to be
careful here as there are spontaneously broken spacetime symmetries and the counting in Eq. (1.128)
can only be applied to the broken global charges that do not act on spacetime.”® In particular, explicit
example of systems at finite density that do exhibit type-II modes appear in the context of the LCE in
CFT [122-124].

Although maybe conceptually useful, any assumption of an underlying Lorentz invariance at zero
density is not required in the proof of Eq. (1.141) and Eq. (1.146). The only requirement is unbroken
rotations and spatial translations [45]. Hence, these results apply independently of the mechanism
responsible for the breaking of boosts. Naturally, one might wonder whether spontaneously breaking
of Lorentz invariance implies additional constraints on the spectrum. Unfortunately, this is not true in
the case of the spontaneous breaking of boosts as has explicitly been shown in [44]. In general, when

72\We make use of the fact that positivity of the spectrum implies that the spectral density vanishes for negative frequencies —
ie. S(jg+ ,@;SB);w,p) =0 for w < 0 — see Eq. (1.139).

1
73Technically, both H and Q are broken. However, the modified time-evolution operator H + uQ replaces H such that there
is only one broken symmetry generator to be counted, which generically should be considered as a global symmetry. This is
certainly true in all the LCE applications.
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spacetime symmetries are broken it can happen that a single physical fluctuation may be described as
the action of several different generators [41].

There is one comment to be made about EFT building in the presence of gapped NG modes. Generically,
the low-energy dynamics of the NG modes are captured in terms of symmetries and a systematic
derivative expansion [97, 98]. The gapped NG modes with a gap of order u are needed to construct
an EFT that is invariant under the full symmetry group. However, in certain examples the chemical
potential itself presents the EFT cut-off (like in the LCE for certain non-Abelian symmetries [17, 18]).
It can be demonstrated that a consistent EFT can be constructed by zooming in on all NG modes at
small spatial momenta [46]. The gapless NG modes are soft while the gapped ones are slow and the
rules are the same as in standard non-relativistic EFTs. The EFT Lagrangian formally preserves gapped
NG boson number conservation, and processes that violate the number conservation are modelled
inclusively by allowing complex Wilsonian coefficients, thus violating unitarity while preserving the
symmetry.

If the cut-off scale A <« p is much smaller that the chemical potential the gapped modes can be
integrated out [46]. Doing this is equivalent to specifying boundary conditions for the gapped NG
modes to vanish at infinity. As a consequence, integrating out the gapped NG modes generically breaks
the non-Abelian symmetry (gapped NG modes can only exist for non-Abelian symmetries) such that
only the U(1) symmetry associated to the chemical potential u remains.”

1.2.6 Abelian superfluids

As an example, we investigate a particular class of finite density systems: Abelian superfluids. More
precisely, we consider a relativistic superfluid with an Abelian U(1) symmetry generated by the broken
generator Q [116]. The minimal field content of an Abelian superfluid consists of a compact Lorentz
scalar that non-linearly realizes the U(1) symmetry via a shift invariance,”

x(x) ~ x(x)+2m, 1(x) — y(x) +a. (1.148)

The most general superfluid Lagrangian is a derivative expansions and reads

Ssp = dex [£10x) +0,ux0vx0*8" x L2 01 +...] (1.149)

where 0y = /0, x0"x and £ , are arbitrary functions.”® The action Sg is a low-energy effective action
and has to be understood as an expansion around the finite-density ground state

() =pt+xo, (1.150)

74This exact behaviour can be observed in the LCE for the O(2N) vector model [46, 47].

75y is generically the phase of a complex field in the underlying theory.

761f the chemical potential y itself sets the cut-off for the low-energy descriptions, then F; and F, are monomials with
potentially non-integer powers: 8" Fy (1) ~ Fy () /™, 8" Fa () ~ Fy (w)/ " +4.
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with yo =const. and p being the chemical potential for Q. More precisely, as only functions that are
2n-periodic in y (x) are well-defined operators, the ground state |0}, satisfies

<0|y ei)((X) |0>[1 — eiﬂt+i7(0 . (1.151)

While the action in Eq. (1.149) is Poincaré invariant, the ground state spontaneously breaks boosts and
time translation H as well as the U(1) charge Q. The linear combination H + uQ remains unbroken.
The energy momentum tensor and the conserved currents are given (to leading order) by
OuX vy ; Oux
Ty = £, (0x) 0y o o NuvL10)), Ju=20y o (1.152)

where 0,,x/0y is the superfluid four-velocity. The background solution in Eq. (1.150) produces a
non-zero ground state charge density

-0 . ;0 _ /

Jw:=j =2 (W). (1.153)

=

The ground state energy density e(u) and the pressure p(u) as a function of i are obtained by inverting
the equation T,y = (e + p)(0,x/0x)(0vx/0)) — pnyuy [125]. On the ground state solution we recover the
zero-temperature thermodynamic identity [126]

wi’w =e(w + pw). (1.154)

Fluctuations 7 (x) are defined by y(x) = ut + xo + 7(x). The action to leading order in derivatives and to
quadratic order in the fluctuations reads

21w
py ()

Ssp > (&) (W +...)dex% [#2 - 2w (Vm)?], 2w = +.... (1.155)
In agreement with the Goldstone Theorem and the results at finite density, the field 7(x) describes
a massless excitation with linear dispersion relation w = c¢s|k| +.... This NG mode is the so-called
superfluid phonon [40].

Generically, it holds that ¢s # 1 and hence 7 (x) does not represent a relativistic field. However, despite
the absence of any NG modes for the broken boosts, Lorentz invariance still constrains the superfluid
action as it requires it to be a function of

Oy =/ T+ w?—(Vm)?, (1.156)

instead of any arbitrary combination of 77 and Vz. Finally, we remark on a simple generalization.
Instead of systems with a single charge Q at finite density, with minimal adaptations, it is possible to
consider systems at finite density for N mutually commuting broken charges Qy, k = 1,..., N. The
U(1) broken symmetry of the superfluid can be extended to a fully broken U(1)"Y symmetry. The most
general form of the modified Hamiltonian becomes

k
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The general low-energy effective action for the U(1)"V superfluid is best formulated in terms of N
shift-invariant compact scalars yx ~ xx +27. The leading order action in the derivative expansion reads

Ssk =dex$1(6Xij)+---, Oxij=1/OuXiOty;. (1.158)

The action is again to be understood as an expansion around the background solution
Xk (X) = UpT + Y ro + T (), k=1,...,.N (1.159)

Upon expanding to quadratic order it is found that the spectrum consists of N massless superfluid
phonons with linear dispersion relations. This is not really surprising as all the broken charges Qy. are
mutually commuting.

1.2.7 Finite-volume effects on spontaneous symmetry breaking

The definition of SSB via the existence of a broken generator in Eq. (1.114) suggests that the phenomenon
can only occur in infinite systems and is absent in any theory living on a finite compact manifold.”
However, in the context of the LCE in CFT and, in particular, in this thesis we often deal with finite-
volume systems that are expected to exhibit SSB and whose low-energy dynamics are dictated by the
Goldstone Theorem. In the LCE — by the state-operator correspondence — the system in flat space
can be mapped to the cylinder, which is by definition a finite-volume setting. As such, the LCE requires
two prerequisites that are seemingly at odds: finite volume and SSB.

For a system exhibiting SSB the algebra of observables of the theory consists of a family of inequivalent
irreducible representations, each labelled by some equivalent orthogonal ground state as defined in
Eq. (1.117). The broken symmetry maps representations onto each other. However, it is not a well-
defined unitary operator. Hence, each representation is endowed with its own non-separable Hilbert
space. The argument against SSB in finite volume systems is that all states in the theory live in a unique
separable Hilbert space. As the charge operator of the (broken) symmetry is well-defined in finite
volume — see Eq. (1.113) — the symmetry is realized by some well-defined unitary operator acting on
the Hilbert space. This operator relates all the possible different minima in Eq. (1.117) (i.e. the other
vacua) to the unique ground state |0).”®

The tension between finite volume and SSB can be somewhat resolved in finite-density systems. As
can be shown (in explicit examples), at finite density for the broken charge finite-volume effects are
generically exponentially suppressed (for D > 2).”% To illustrate this point consider a system with a
global U(1) symmetry at finite density and finite volume V. In infinite volume the U(1) symmetry

7The issue with finite systems hints at a much more foundational problem with our understanding of SSB. By definition, SSB
appears to be an example of asymptotic emergence as no finite system should exhibit it. However, SSB is an observable effect in
nature and there are numerous real systems and materials that have been shown to exhibit SSB in a finite experimental setting.
This seems to put the theoretical description of SSB at odds with physical reality and contradicts the principle that no effect can
be counted as a genuine physical effect if it disappears upon removing the idealizations in the theory [127]. This discrepancy
between formalism and reality can be amended by exponential sensitivity to perturbations of the dynamics as the size of the
system increases, causing the occurence of SSB already in finite but very large quantum systems, thus providing continuity
between finite- and infinite-volume descriptions [49].

78We focus here on some particular aspects of finite-size effects on SSB. For a more comprehensive understanding see [48].

79 Analogously, it can be stated that in a sector of the Hilbert space with fixed quantum number for the broken symmetry the
above mentioned finite-volume effects are exponentially suppressed. Finite density systems and systems at fixed quantum
number are generically related by a Legendre transform [1, 47, 128].
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is spontaneously broken by the ground state of the theory. The fluctuations are described by the
low-energy effective Lagrangian

fw
2

L= (—009)* + cs (W) (Vg)?) , (1.160)
with ¢ being a dimensionless real scalar field, c;(u) being the speed of sound and f (i) being a
dimensionful constant — [f] = (D —2) — that generically depends on the VEV of the initial field
as well as the chemical potential i for the global U(1) charge.®? The U(1) symmetry is non-linearly
realized as a shift,

p—pt+a. (1.161)

If we assume that in the IR the system is adequately described by an Abelian superfluid, then we have
the relationship

_ 3w
pes(w’
with j%(u) = Qo/V being the non-zero charge density of the superfluid ground state. For more details
see the short discussion of the Abelian superfluid in Section 1.2.6. The mode expansion of the field
@(t, %) is®!

fw (1.162)

© ] Lo Lo
P(t,x) = po+mol+ Y (a(k) emiwtrikx ot g e“‘”"k'x) , w = cilkl, (1.163)

=1 V2Vw

The zero modes ¢g and 7y only appear in finite volume. By promoting the field to an operator —
I1(¢,x) = 0p¢p(t,x) — and imposing equal-time canonical commutation relations,

[p(t,%),T1(£,y)] = i6 D x—y), (1.164)

we arrive through the standard covariant quantization procedure at the commutation relations for
creation and annihilation operators [129],82

lak),a' )] =651, [0, o] = é (1.165)

Note that V1/(P~1 is the scale fixed by the geometry. It is convenient to also express the zero modes
¥, o in terms of ladder operators ay, a(‘;,

vl (VI (v lao. gl =1 (1166
ap = ( o0+ (D—l)ﬂo)’ a, = ( 0—1 (Dfl)no)' 0> ol =2 ‘
v v

801n the context of a CFT at fixed charge the constant f can only depend on the scale p!/P~1 fixed by the charge density —
2= cfp(D_z]/(D_D, [cf] = 0 — as there is no other scale.

81Modes are discrete since we are in finite volume.
dP-1x

e eTIX [ (£,%) + iTI(4,%)].

82The creation and annihilation operators are given by (a(k), a’ (k) = e*®? f;,
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Chapter 1. Prerequisites: Conformal Field Theory and Spontaneous Symmetry Breaking

As the non-zero modes integrate to zero, the fluctuation part of the U(1) global charge operator is given
by

Q= f aP-1y 0L lf(#)
6(00<P) \/E

Via the charge operators Q we can introduce the other equivalent vacua of the theory — in the same
way it has been done in Eq. (1.116) — for arbitrary real 6,

o1 (ah - a) (1.167)

10) = 9 |0) :exp( %vw b (ao—ao))IO) (1.168)
The overlap of the vacuum |0) with the Ground State (GS) |0) is computed using the BCH formula and
reads
022 w? 353
(010) = (0l exp ( f\(/li VoD (o - ﬂo)) 0y = wtaw? (1.169)

The overlap between equivalent vacua is exponentially suppressed for large charge densities p = j%(u)
and large volumes V.83 In particular, in the case of a conformal superfluid we can write the overlap
between vacua as

(-2
010y = e T (H) P (1.170)

At finite volume V < oo all the vacua |8) have a finite non-zero overlap and the system will eventually
relax to the true vacuum |0). In infinite volume, as Q is not well-defined, each vacuum |0) belongs to
a different Hilbert space and the system exhibits SSB. The large-charge limit p > 1 lies somewhat in
between: different vacua will have a non-zero overlap, however, in the large-charge limit this overlap is
exponentially suppressed (for D > 2). This means that, for all practical intents and purposes, the system
can be treated as if there was SSB and we can apply the NG theorem up to exponential corrections.

83There is a caveat here as the equation p = p(u) has to be inverted to deduce p = p(p). As long as p(u) is polynomial the speed
of sound is generically constant in u to leading order, see Eq. (1.153) and Eq. (1.155). Additionally, if p(u) to leading order is at
least linear in u the exponent in Eq. (1.169) to leading order is at least constant in p. In that case the overlap is exponentially
suppressed.
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¥4 The large quantum number
expansion in CFT and the O(2) model

CFTs are strongly constrained by the extended spacetime symmetries they respect. However, due to
scale invariance they do not allow for any dimensionful parameters — in particular coupling constants
— within the theory and are generically strongly-coupled. Besides free massless theories there are very
few weakly-coupled CFTs in physics, with one notable exception here being Caswell-Banks—Zaks (CBZ)-
type fixed points [130-132]. Strongly coupled CFTs are also particularly important because they live at
the end points of RG flows and therefore are important landmarks in the space of QFTs.

Besides CFTs there are many other interesting theories that do not possess a small coupling. And
there are plenty of examples of strongly coupled theories in which a weakly coupled description
emerges in some sector of the theory once an expansion parameter is artificially introduced. Notable
examples are small-€ expansions [133] and large- N expansions [134], both rather universal procedures
applicable to many different theories. For CFTs in D > 2, following the advent of the AdS/CFT
correspondence, a novel set of perturbative frameworks has been developed revolving around large
quantum numbers.! Besides large-spin expansions for spinful operators [90, 136, 137] this includes
Large-Charge Expansions (LCEs) [17, 18]. The LCE is generically applicable to CFTs that are invariant
under a global internal symmetry group G, as theories of this type, generally speaking, possess an
emergent perturbative regime described by an effective theory when studying operators with large
quantum numbers under the symmetry G, even though they are often strongly coupled.

This chapter is separated into two parts. The first part serves as an introduction to the description
of CFT operators at large charge and the LCE. It is an original presentation of materials and takes
inspiration from many different places in the literature. A few sources that deserve to be highlighted
are the works by Alvarez-Gaumé et al. [47], Monin et al. [18], Cuomo [46] and Kalogerakis [138].

The second part of the chapter presents an up-to-date analysis of the large-charge sector of O(2)-
invariant CFTs and follows [2]. O(2) models are the simplest working example in which the LCE can
be applied. Nevertheless, this analysis is consequential for important physical theories such as the
O(2) WF fixed point [8, 139] which in D = 3 describes the superfluid transition in liquid Helium.? We
systematically gather and study CFT data by computing two-, three- and four-functions accessible

1 Large- N and small-¢ expansions have been successfully applied to study CFTs as well, see e.g. [8, 135].
2Another example would be bosonic gauge theories with monopole operators [140], where the O(2) symmetry is given by the
associated topological charge.
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

atlarge charge. A detailed outline of the contents will be given separately at the beginning of the section.

All computations in this chapter are performed in Euclidean signature with the dimension D of
spacetime mostly kept arbitrary. As discussed, Section 2.1 represents an original discussion of the
current understanding of the structure of CFT data at large charge. On the other hand, Section 2.2
presents original contributions of the author. It follows closely the material in [2] with some modifications.

2.1 The large charge program: Sectors of large charge in (strongly
coupled) CFTs

We give a brief and general introduction into the most important aspects of the LCE and outline the
current landscape of its applications and interplay with other methods of accessing CFT data. In doing
so, we discuss some of the most relevant and interesting results in the academic literature.

2.1.1 Accessing CFT data

As discussed in detail in Section 1.1, CFTs are highly constrained and all N-point functions of local
operators can essentially be computed from the CFT data. Worded differently, having access to all two-
and three-point functions allows for the recursive computation of any N-point function. However,
this is where issues arise, as in a (strongly-coupled) CFT it is not possible to compute correlators
perturbatively in a small expansion parameter in the way it is usually done in QFT. Hence, for strongly-
coupled interacting CFTs we require other ways of accessing correlators and compute the CFT data.
Non-perturbative methods of accessing CFT data in strongly-coupled theories can be roughly classified
into three categories.

Monte-Carlo methods and simulations

Monte-Carlo methods refers to a loose set of numerical algorithms that rely on recurring random
sampling to attain results. Monte—Carlo methods have been successfully applied to CFT in order to
compute CFT data and critical exponents [141, 142]. They are best suited for (generalized) spin lattice
systems — such as the Ising model — and the corresponding CFTs that are found at the critical points
of such systems.

Results from Monte-Carlo methods for the computation of observables involving light operators — i.e.
operators with small scaling dimensions — are currently less precise than equivalent results from the
conformal bootstrap, which we will discuss next. However, they are more versatile and can be applied
to compute operators with larger scaling dimensions as well [143-146], although with limited accuracy,
in contrast to the conformal bootstrap. Still, Monte—Carlo methods work best and are most widely
used for lighter operators. Finally, it deserves to be mentioned that there are other inventive numerical
techniques used to study CFTs such as fuzzy-sphere regularization [147], which are not directly related
to Monte—Carlo simulations.
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2.1 The large charge program: Sectors of large charge in (strongly coupled) CFTs

Conformal bootstrap methods

As we have extensively discussed the conformal bootstrap in Section 1.1.9, we will be brief here. In
short, the conformal bootstrap exploits the structure of CFTs to analytically constrain and numerically
solve for the conformal data. It is independent of any Lagrangian description and works with the CFT
data as (independent) variables directly, constraining them via the crossing equation Eq. (1.108) [13,
92]. Its numerical constraints give the most accurate predictions for the lightest operators in the D =3
Ising model to date [21].

Generally speaking, the conformal bootstrap is very efficient in computing conformal data of the
lightest operators in the theory. Beyond, for heavier operators, it quickly becomes less viable.> There
is clear overlap between Monte—Carlo methods and the bootstrap as they are used to analyse similar
sectors of the CFT data.*

Artificial perturbative frameworks

Here, we refer to any analytic approach that aims to compute CFT data perturbatively by artificially
introducing or constructing a small expansion parameter in the theory at hand. There are many
different approaches to this end and it is not exactly a unique methodology. Accepting certain
restrictions, the conformal data can then be analytically calculated in an asymptotic expansion in the
small expansion parameter. Examples with widespread use here — not just in the study of CFTs —
are e.g. large- N expansions [134] and small-e expansions [133]. In particular, large quantum number
expansions, which we are interested in, belong in this class of methods.

The interest in large quantum number expansions for CFTs has its origin in the development of large-
spin expansions [136]. The large-spin expansion originates from the fact that it is possible to extract
information about operators with large spin from the crossing equation Eq. (1.110). Written in terms of
the conformal cross ratios z, z— defined in Eq. (1.103) — in the limit z — 0 with Z fixed it is possible to
extract information from Eq. (1.110) about operators with large values of the spin ¢ [90, 149-151].
Evidently, by virtue of the unitarity bounds in Eq. (1.76), the large-spin program probes operators with
large scaling dimensions A(¢) = ¢. To leading order in the large-spin expansion we find a Regge-like
behaviour with scaling dimension [137, 150, 152]

A)=0+.... (2.1)

With the seminal paper [17] and follow-up work [18] it was established that a similar simplification
manifests itself for operators with large quantum numbers under a global O(2)/U(1) (sub-)symmetry.
It was found that scaling dimensions for large-charge operators behave as

AQ) =1 Q¥ +.... 2.2)

3The heavier the operators involved in the crossing equation Eq. (1.108) are, the more computationally involved conformal
bootstrap techniques become.
4Monte—Carlo methods can also be applied to the conformal bootstrap [148].
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

The analytic methods universally applicable to any CFT — the conformal bootstrap, large spin and
the LCE — generically access different areas of the conformal data. Whereas the conformal bootstrap
allows for precision calculations of light operators, the asymptotic expansions associated to large-spin
and large-charge methods compute heavy operator dimensions. The different areas of CFT data that
are accessible by analytical means are schematically shown in Figure 2.1.

The large-spin expansion and the conformal bootstrap both reference the crossing equation Eq. (1.108).
Since the LCE is mainly based on the state—operator correspondence, emerging condensed matter
phases and semi-classical analysis, it has little to do with the crossing equation or the conformal
bootstrap directly. As it became clear rather quickly that the LCE could also be applied to compute
higher-point correlators and especially three-point coefficients [18], Jafferis et al. explored large-charge
operators via the conformal bootstrap [154]. The authors found perfect agreement between the two
methods, which is remarkable as it seems to imply that the emergent condensed-matter phases at large
charge — in particular the conformal superfluid phase — are intrinsically encoded by the corresponding
conformal bootstrap constraints.

As both large-charge and large-spin methods probe heavy operators in the theory, there is a lot of
interplay between the two approaches and there are several different phases emerging along the
trajectory in-between the two limits where either J or Q is parametrically small [152, 155-157]. We will
discuss this in more details in Section 2.1.3.

2.1.2 Large-charge sectors in CFTs and their properties

The LCE is useful for the computation of CFT data, as it allows us to access information about heavy
operators that is not accessible to the same level of precision with other methods. Consider a CFT
invariant under a global internal symmetry group G. We choose a one-parameter subgroup U(1)g, < G
— which is equivalent to selecting a particular generator Q(()G) of G — and we consider the lowest-lying
operator @< with charge Q > 1 under U(1)y — i.e. the operator minimizing the scaling dimension
A = A(Q) at fixed large Q — which is generically a scalar.® The LCE allows us to access and compute
correlation functions involving the insertion of @< or operators nearby in an expansion in Q.5

By the state-operator correspondence, a scalar operator ¢ with charge Q under the U(1), subgroup
corresponds to a state |Q) on the cylinder R; x S’,:;‘l with charge density p ox Q/ réj‘l. The cylinder
compactification scale 1/rq is parametrically smaller than the scale p'/ =V oc QV/°~1/r; introduced
by the charge in the limit of Q > 1.7 In the window described by the parametrically separated scales the
CFT state is expected to correspond to some condensed-matter phase characterized by the spontaneous
breakdown of certain global and spacetime symmetries [18, 115]. Hence, between the IR scale r land
the UV scale p'/(P~V the state |Q) and small excitations around it are accurately captured by an EFT
describing this condensed-matter phase, which in the homogeneous and isotropic case generically is a

5In principle, the operator we consider can exhibit large charges Qy,...,Qy under all the mutually commuting Cartan
generators QEG) Yoo Qg\f) of G. However, imposing homogeneity of the ground state configuration will force all other charges
besides Q; to be parametrically smaller than Q; and vanish [17, 47].

5To be precise, due to charge conservation, we need an insertion of @ Q and 9. With nearby we mean operators with the
same charge Q and slightly higher scaling dimensions.

“The cylinder scale 1/rq is artificial and the CFT physics is independent of rg. In the LCE this manifests itself in the observation
that the hierarchy of scales 1/ry < p” (D=1 jg independent of ry.

60



2.1 The large charge program: Sectors of large charge in (strongly coupled) CFTs

Ao Q3/2
A \\\\,:
Ac;(% éﬁrge §//’
N / arge;,,

4
Large ~< P
2 N p .
Spin ‘.
207,

g,
Bootstrap Q

N

~

Figure 2.1: Diagrammatic representation of the space of conformal data with axes given by the scaling
dimension A, the spin J and the charge Q. Outlined are the accessible areas for A as a function of J, Q.
Figure inspired by [153].

superfluid.® The hierarchy of scales is

1 Ql/(D—l)
— <« A: cut-off scale of the (superfluid) EFT « ——. 2.3)

To o

The superfluid ground state |Q) within the EFT computes the scaling dimension A(Q) of the lowest-
lying operator G°. Excitations on top of the EFT vacuum |Q) describe operators with charge Q and
slightly larger scaling dimensions. These are captured below the cut-off A < p!/(°~1 by the EFT and are
described by the superfluid phonon — a NG mode coming from the spontaneous breaking of the global
symmetry U(1)o c G within the EFT — whose properties are largely independent of the properties of
the underlying CFT. The derivative and the loop expansions within the EFT are controlled by the ratio
between the UV and IR scales, which is given by the charge 1/Q"P~D,

Path integral at fixed charge and symmetry breaking

The implementation of the LCE can be well understood from the path integral. In the following, we will
consider a generic global symmetry group G and not restrict our analysis to O(2).
Consider a D-dimensional CFT described by a path integral that is invariant under a continuous global
internal symmetry G. A primary operator within the CFT carries charges Qy, ..., Qx under the Cartan
generators Q}G) of G.Y Working in Euclidean space, the LCE aims to investigate and extract CFT data
from correlators of the form

(O (Xou) Ok (xi) -+ 01 (1) 6 (xin)) (2.4)

8The class of CFTs with a global symmetry G whose large-charge operators are accurately described by a conformal superfluid
— sometimes referred to as the superfluid universality class — is expected to be large. However, it excludes theories with a moduli
space.

9Equivalently, we can ask @ to transform within a specific representation under the action of G. Representations are labelled
by the Cartan charges of the highest-weight element within the representation.
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

where the conjugate operator G2 ~ @~Q carries the inverse charge —Q = —(Q, ..., Qy). In the context
of the LCE Q will be assumed to be large and G to be heavy while the other operator insertions are
generic and carry quantum numbers of order &(1). Inserted at the origin xiy,our = 0,00 — via the
state-operator correspondence — the primary operator @2(0) |0) acting on the vacuum corresponds
to a (primary) state |Q) = |Qy, ..., Qn) of charge Q on the cylinder R x S{%‘l. In- and out-states on the
cylinder are defined as

AQ@

QM= (Qle T =(Qle" ™ , QM) = Q@I 2.5)

where the cylinder Hamiltonian HY = D is the dilatation operator in flat space and E(Q) = A(Q)/ry.
Hence, up to a trivial rescaling (see Eq. (1.53)), the matrix element

QT ou)| Ok (T, ng) - O1(71,m1) |Q(Tin)) (2.6)

for the theory quantized on the cylinder is equivalent to the flat space correlator in Eq. (2.4). For large
enough values of the charges Q we expect that the path integrals describing correlators of the form in
Eqg. (2.6) are dominated by a semi-classical trajectory. This trajectory specifies a definite symmetry-
breaking pattern, as such a trajectory inevitably breaks the global group G at least down to a subgroup
G'. Operator insertions with small quantum numbers and higher-energy states are expected to be
captured by excitations over the ground state |Q), i.e. the associated classical configuration in the path
integral.

In the limit of infinite separation, Ti,,out — 00, we can infer the symmetries respected by the leading
semi-classical configuration and the ones broken by it.!° The operator insertion @Q at 0 breaks
translations P, while the insertion at co breaks SCTs K},. The fate of the rotation group SO(D) is unclear,
but for a scalar operator insertion it is reasonable to expect that the state |Q) exhibits a homogeneous
charge density.!! 12 The dilatation operator — i.e. the cylinder Hamiltonian — may or may not be
broken. However, the most natural possibility is that the semi-classical ground state at fixed charge
corresponds to a superfluid phase in which both D and the global internal symmetry group G are
spontaneously broken, leaving only the modified Hamiltonian,

Dirg+Y uQ\?, @2.7)
1

corresponding to an intact helical symmetry. Hence, the symmetry-breaking pattern we expect for the
semi-classical trajectory in the presence of two large-charge operator insertions is

SO(D +1,1) x G— SO(D) x (D+ZWQ§G’) xG, 2.8)
1

where G’ c G is the unbroken subgroup of G. The properties of the ground state and the fluctuations on
top will be dependent on the specific symmetry-breaking pattern at hand. In the absence of any higher
symmetries like Supersymmetry (SUSY) [60-63, 161-166] there is a finite gap between the NG modes
coming from the symmetry breaking and any additional DoF, allowing us to compute the path integral

10This corresponds to inserting the operators &Q, 6 at 0,00, respectively.

HSimilar arguments characterize the leading trajectories of operators carrying macroscopic spin [46].

12Imposing homogeneity fixes the operator 62 to be in the associated completely symmetric representation [47] (at least in the
case of O(N) or U(N)). Getting away from the completely symmetric representation appears to require relaxing the homogeneity
condition [47]. Explicit inhomogeneous solutions have been constructed in the O(4) model [47, 158-160].
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corresponding to Eq. (2.6) using a low-energy effective action. In the case of no additional operator
insertions the matrix element in Eq. (2.6) takes the form

Tout

) i
(Qle™H1Tou=Ti)| Q) = f [12x:[127aexp| - Sixnmal - % f dr f dSﬁa] : (2.9)
bTo Tin

where y 1 are the NG fields associated to the Cartan charges QﬁG) and 7 4 are additional DoF that might
be present. The action S[yj, 7 4] is the most general action compatible with the symmetry breaking
pattern. For completeness, Qp refers to the volume on the unit D — 1-sphere,

27.[D/2

Qp = .
D= T(r2)

(2.10)

The boundary term in the action Eq. (2.9) fixes the charge(s) of the initial and final state. In contrast,
the precise value of the boundary condition for the additional modes 7 4 is irrelevant in the infinite
separation limit 7,y — Tin — oo. For large charges Q the path integral in Eq. (2.9) is computable in a
saddle-point approximation around the corresponding semi-classical trajectory mentioned before.

The state |Q) itself clearly breaks neither D nor the Q;G), as it is an eigenstate of all of these operators.
Even though the full path integral is invariant under all symmetries, the existence of a semi-classical
configuration (and the associated ground state) with the symmetry-breaking pattern Eq. (2.8) ensures
that the description of the system in terms of a low-energy effective action for the associated NG
modes is consistent. In particular, integration over the corresponding zero modes guarantees charge
conservation on the cylinder. In contrast, in infinite volume the boundary conditions fix the value of
the zero-modes as they are not normalizable.

There is the possibility that the leading trajectory does not break the dilatation operator. This situation
is generically associated to the presence of a Fermi liquid phase involving fermionic excitations. The
characterization of a Fermi liquid phase in terms of the NG DoF is less clear than for a superfluid
phase [118, 167, 168]. We encounter this possibility in the free fermion CFT as well as in the large- N
GN model (at least to leading order in N), which we discuss later in Chapter 3.

2.1.3 The superfluid universality class and other emergent phases

We discuss the zoology of arising effective descriptions and emergent condensed-matter phases in
the LCE. In particular, we focus on the largest subset of theories which are described by a conformal
superfluid phase at large charge, also referred to as the superfluid universality class of CFTs.'3

The superfluid EFT description has been the first emergent phase found in the large-charge sector of

13The superfluid universality class is not a universality class in the usual sense of the word. Usually, a universality class refers to
the set of sometimes vastly different theories — like the the Ising model and the theoretical description of water —that flow to
the same CFT at the fixed point. Here, it refers to the set of distinct conformally invariant theories that share the same effective
description at large charge.
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

certain CFTs with global symmetries [17, 18]. Besides being the best-studied theories in terms of their
LCE, the class of CFTs whose correlation functions with large-charge operator insertions are accurately
captured by a conformal superfluid — sometimes referred to as the superfluid universality class — is
also expected to be large. For a CFT in the superfluid universality class the homogeneous cylinder
ground state at large charge and the fluctuations on top are captured by a conformal superfluid EFT.
Theories in this class possess a global internal O(2) symmetry, which may or may not be just a subgroup
of a bigger global symmetry group G > O(2).!* Generically, conformal fixed points of scalar theories
like the O(N) vector model [47, 122, 124, 145, 169] belong to the superfluid universality class, with the
exception of the free massless scalar. In addition, the superfluid universality class also includes models
with Yukawa-type interactions [3, 170] and purely fermionic models — such as the NJL model discussed
in Chapter 3 — that exhibit so-called Bardeen—Cooper—Schrieffer (BCS) superconductivity [95, 171] and
allow for a Bose-Einstein Condensate (BEC). Finally, certain bosonic gauge theories with monopole
operators [140, 172-174] are expected to belong to the superfluid universality class when considered at
large monopole magnetic charge. In this case, the U(1) global symmetry is generated by the associated
topological charge.

Theories with non-Abelian symmetries in the superfluid universality class are much richer than their
Abelian counterparts. This is because in non-Abelian CFTs the spectrum of possible symmetry-breaking
patterns and EFT descriptions is distinctly larger and there are more available DoF [122]. For example,
in the O(N) vector model only correlators of operators in completely symmetric representations
[Q=1Q|0...0] are described by a homogeneous superfluid ground state at large charge [46, 122].15
When analysing the spectrum of the EFT it is found that — in addition to the usual O(2) sector with the
superfluid phonon and its massive partner — there are now new NG modes with quadratic dispersion
relations [46, 47, 122, 124] — i.e. type-1I or type-B NG modes — and their massive partners which are the
gapped NG modes found in finite density systems (see Section 1.2.4 and Section 1.2.5). The fluctuations
of these type-II modes on top of the homogeneous ground state are expected to describe operators that
are in representations [Q g2 ... gn] with parametrically small asymmetries ¢»,..., gy < Q [46, 47]. Itis
to be expected that for representations that are no longer roughly symmetric — i.e. if the coefficients
g2, ...,qn become large enough — the homogeneous superfluid EFT description breaks down, just as
it does for large enough spin J o« Q=1 in D dimensions [47, 155], and one or potentially several
new inhomogeneous phases will emerge. We expect to find similar behaviour for other non-Abelian
theories in the superfluid universality class besides the scalar O(/N) models.

These new emergent phases for operators in asymmetric representations are not well studied and there
are no explicit suggestions on how they should look like generically. The only thing that is clear is these
new phases should be associated with spatially inhomogeneous ground states as shown explicitly in
the simplest case of the O(4) vector model [47, 158, 159]. However, even the O(4) model is not properly
understood as recent work has shown that there is a discrepancy between theoretical predictions and
lattice results for the sub-leading conformal dimensions [160]. The fact that these emerging phases
describing anti-symmetric operators have to be inhomogeneous can be illustrated in the case O(N)
vector model with the observation that a structure which is anti-symmetric in the scalar indices requires
the presence of derivatives. As a consequence, anti-symmetric operators are necessarily spinning (and

141 most generic examples the global O(2) symmetry in question corresponds to the U(1) baryon symmetry counting the
number of particles. The fermionic example of the NJL model is more subtle and the relationship with the particle number
symmetry is only seen after a Pauli-Gursey (PG) transformation, see Section 3.3.3.

1570 be precise, large charge in this non-Abelian setting means large dimension of the associated (completely symmetric)
representation.
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potentially descendants).

The picture qualitatively changes in the case of fermionic CFTs. In the presence of fermionic DoF it
is certainly a possibility that the associated large-charge sector might not be captured by a bosonic
superfluid EFT. And in fact, there are some fermionic CFTs that do not exhibit an emergent superfluid
description at large charge and instead the fixed-charge ground state is described by a filled Fermi
sphere. This is the case for the free fermion [168] and the GN model in the strict infinite- N limit [3]. For
interacting systems with a Fermi-sphere ground state there should be a Fermi-liquid EFT description in
the spirit of [118, 167]. A proposed Fermi-liquid EFT needs to be compatible with conformal symmetry
and potentially introduces new universal properties similar to the conformal superfluid EFT. Ideally,
such an EFT description exhibits a BCS instability to account for fermionic models that still acquire a
superfluid ground state.'®

Both the Fermi sphere and the superfluid class of CFTs exhibit a scaling dimension that in D dimensions
to leading order goes like

AQ ~QPT, (2.11)

This is physically significant as it is the only scaling that allows for a non-trivial macroscopic limit. For
a CFT in arbitrary D on the cylinder schematically it holds that

E_AQ _Q°

-, 2.12
%4 I’()V T'OD ( )

Qx ré) 71,0 ,
where, to be precise, we assume that the scaling dimension A(Q) asymptotically scales like Q% for
large charge Q. The associated charge density p introduces the dimensionful parameter p'/®~Y_ The
separation of scales 1/ry < p'/P~Y at large charge indicates the presence of a condensed-matter
phase [115] naturally associated with the state |Q). We assume that such a condensed-matter phase
exists and accurately captures the state |Q) and its nearby excitations. The scale ry of the cylinder
R x SPO’I is unphysical in any CFT and dimensional analysis dictates that

E_AQ oty 2.13)

v o \%4
in order for the energy density A(Q)/(roV) of the corresponding state |Q) to be well-defined in the
macroscopic — or planar — limit ry — oco. If this condition is satisfied, the energy density on the cylinder
neither blows up nor does it dilute in this limit, consistent with the fact that the separation of scales
1/1y < QV®P=D/ry remains intact for ry — oo and hence the condensed-matter description necessarily
does so as well. The universality class of CFTs with a non-trivial macroscopic limit includes both the
superfluid universality class and the Fermi-sphere class and is believed to be very large; essentially any
theory without flat directions and higher symmetries is believed to lie in this universality class.

The exists a distinct number of CFTs for which the energy density of the large-charge ground state

16Theoretically, it is feasible that in addition there exists a class of theories described by a non-Fermi liquid phase [175, 176],
however, in contrast to the Fermi sphere ground state, such behaviour has not yet been observed in the context of the LCE.
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

dilutes in the planar limit. We refer to this set of CFTs whose large-charge operators do not possess
a non-trivial macroscopic limit on the cylinder as the moduli class. Theories in the moduli class do
not exhibit a condensed-matter EFT description. This includes the free scalar theory [154] and A" =2
Supersymmetric Yang-Mills (SYM) models [60-64].!7 In this case the scaling dimension goes like

AQ) ~Q. (2.14)

However, not all supersymmetric models lie in the moduli class. In particular, the A" = 2 supersymmetric
W = ®% model in three dimensions exhibits a scaling dimension A(Q) that goes like Q*'? at large charge
Q [47].

To summarize, in the literature on the LCE we essentially encounter two scenarios. In generic CFTs
we expect and find the operator that minimizes the conformal dimension at fixed charge Q > 1 to
correspond to a finite density state with a non-trivial macroscopic limit satisfying the scaling law
A(Q) ~ QD /D=1) On the other hand, in theories with a moduli space of vacua the lightest operator of
charge Q = 0 generically has vanishing energy density in the macroscopic flat space limit, violating
the above scaling relation. This is in particular the case in many superconformal field theories and
for the free massless scalar where A(Q) ~ Q.'® In principle, for this to occur it suffices there to be
an operator which scales like A(Q) ~ Q% with a < D/(D —1). However, in all known examples this
relationship is linear with a = 1, suggesting this behaviour to represent a universal feature for CFTs
with a flat direction in which SSB is present also in the moduli space of vacua. In this context, there
exists a result from condensed-matter physics proving that a ground state with off-diagonal long-range
order — which is a fundamental feature of SSB present in the moduli space of vacua of the theory
— implies a linear relationship between energy and charge [177]. It is, however, an open problem to
adapt this proof from condensed-matter systems to CFTs. The observation that in the large-charge
literature the conformal dimensions A(Q) of the lowest-lying operators at fixed charge all either satisfy
the scaling A(Q) ~ QP/P~V in generic theories or the linear scaling A(Q) ~ Q in certain theories with
higher symmetries leads to formulation of the following conjecture [178]:

Conjecture: In any CFT in D > 2, the relationship between scaling dimension A(Q) and charge Q of the
lightest operator at fixed charge Q — A(Q) ~ Q% — satisfies either @ = D/(D — 1), in which case there
exists an emergent condensed-matter description, or a = 1, in which case the theory exhibits higher
symmetries and a moduli space of vacua.

The above conjecture can also be formulated in a slightly weaker form by requiring only that 1 < a <
D/(D-1) [178]. As mentioned, the upper bound a = D/(D — 1) comes from the requirement of a finite
charge density in the macroscopic limit on the cylinder, a physically well-motivated assumption. The
lower bound a = 1 represent the smallest value of & for which the scaling dimensions A(Q) still is a
convex function of Q. It has been suggested that convexity of the scaling dimension A(Q) (and hence

17In D = 2 it was demonstrated that the U(1) large-charge sector decouples from the rest of the system and cannot control the
low-energy dynamics [168]. Hence, it is not possible to write down an EFT description there as well. However, it was later shown
that the LCE can be fruitful when paired with an additional controlling parameter and evaluated in the double-scaling limit [54].

1811 these superconformal field theories the lightest operator at fixed charge is the BPS operator which always satisfies a linear
relation between scaling dimension and charge.
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a = 1) follows from consistency of the large-charge EFT under the assumption that said EFT consists of
a single NG boson [179]. It would be certainly interesting and illuminating to establish the claims of
either the weaker or stronger form of this conjecture using non-perturbative techniques such as the
conformal bootstrap.

2.1.4 Connecting large charge and large spin

Large-spin expansions in CFTs have been established well before the LCE. Once the LCE as a method
for computing conformal data has been established — as both methods allow for the computation of
CFT data involving heavy operators — it is natural to try to understand what lies at the intersection
between the two methods. In the following we consider U(1)-invariant CFTs in D = 3.19

The case of large-charge operators in the O(2) model additionally carrying a small non-zero spin J has
already been discussed in the seminal paper [17]. They can be described via the superfluid phonon
excitations on top of the ground state at large charge as long as the total spin J is smaller than the EFT
cut-off ] < A < /Q (in D = 3). The scaling dimension of such an operator goes like

A(Q,])=c1Q3’2+i+..., ] </Q. (2.15)
V2

The validity of the phonon description and the phase diagram of heavy operators have been thoroughly
investigated [155, 156, 180, 181]. For spins larger than the cut-off A <« \/6 the superfluid EFT breaks
down and a new effective description should emerge. On the other end of the phase diagram, for
J > Q%, where a = 3/2 is a real number larger than the power of the leading term in the LCE, the large
spin EFT takes over and there is a Regge-like behaviour [137, 150, 152]. It can be explicitly shown that
the Regge limit is valid for J > Q? and the scaling dimension is [156]

AQ,N=T+YQ+..., J> Q2. (2.16)

In between the Regge limit and the superfluid EFT at least one other phase has to exists. Interestingly,
the phase diagram is richer than originally anticipated and there are three new phases between the
superfluid limit at very large Q and the Regge limit at very large J [155, 156, 180]. The phase diagram is
schematically depicted in Figure 2.2, which in the context of computing CFT data is an extension of the
diagram in Figure 2.1 for the O(2) model in D = 3.

Beyond the validity of the superfluid EFT, for 1/Q < J the superfluid develops vortices.?’ For spins
smaller that Q the ground state corresponds to a vortex-antivortex pair with scaling dimension [155,
156]

Q. J

AQ,N=c1Q¥?+ =log=+..., VQ<J=<Q. (2.17)
661 Q

For J = Q the number of vortices increases and the ground state becomes a vortex distribution. If

19Although it is not understood as well as the D = 3 case, there is some work that has been done in D = 4 [156, 180]. We refrain
from discussing this here.

20This is consistent with experimental observation, as BECs in the lab have been shown to develop an increasing number of
vortices as the angular momentum is increased [182-185].
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Figure 2.2: Phases for the ground state of the O(2) model in D = 3 on the cylinder. Figure adopted
from [156].

the spin increases further to / > Q the number of vortices becomes very large such that it can be
approximated by a smooth distribution. Hence, the ground state for \/6 « J < Q%2 corresponds to a
rigid body — or vortex crystal — and the corresponding scaling dimension is [155, 156]

oz, LS 372
AQ,))=c1Q +2_C1W+“” \/6<<]SQ . (2.18)

For ] ~ Q%2 the angular velocity of the rigid body becomes relativistic, the vortex density grows and
once the velocity exceeds the speed of sound presumably an instability develops. For Q%% « J <« Q% a
giant vortex phase emerges where the superfluid does not extent throughout S%O, butis localized on a
strip around the equator. In its domain the superfluid is spinning relativistically fast and the scaling
dimension becomes [156]

9¢2 03
Q.

3/2 2
an ] Q"< J=Q". (2.19)

AQ N =T+

For J ~ Q? the domain where the superfluid is localized becomes very narrow and the EFT breaks down.
For ] > Q?, in the Regge limit, the EFT describes Q partons spinning around the equator [156].2!

2.2 The O(2) model: Computing CFT data at large charge

In the following we focus our analysis on the superfluid EFT description for the case where the global
internal symmetry in question is Abelian, G = U(1).2? This Section follows closely [2] which attempts to

21The coefficient y in Eq (2.16) is the scaling dimension of one such parton [156].
22 Generically, the group G = U(1) can be part of a bigger symmetry group as long as the associated U(1) generator commutes
with all other generators.
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2.2 The O(2) model: Computing CFT data at large charge

bridge a gap in the literature by systematically computing relevant CFT data. Before the publication
of [2] the primary area of interest was the computation of conformal dimensions within the LCE [17, 18,
46, 47, 122, 186-188] — with some of the results independently verified via lattice computations [143—
145, 160] — and the phase diagram for large spin and large charge operators [155-157, 180]. Some
other conformal data in the form of three- and four-point functions has turned up dispersed in the
literature [18, 46, 47, 154, 168, 187-189] but there is no systematic collection and presentation of results
anywhere. This Section that follows closely [2] bridges that gap in the literature and presents and
extensive but not exhaustive list of conformal correlators and data in U(1) invariant CFTs at large
charge in a systematic way and in a common language.

The plan is as follows. In Section 2.2.1 through Section 2.2.6 we review the basic ideas of the O(2) sector
at large charge, focusing on canonical quantization, path-integral methods, computing the basic two-
point functions of the ground state (Q|Q) as well as the one-phonon state (?2 - |§1 m1> and discussing
the quantum corrections to the scaling dimension from (Q|Q). Additionally, in Appendix B.3, we discuss
the two-loop correction to the scaling dimensions of the primary operator corresponding to the large-
charge ground state in detail. In Section 2.2.7 we present correlators of the O(2) conserved current J
and the stress-energy tensor 7. We improve upon the state-of-the art and compute relevant correlators
here for spinning one-phonon states (?2 o [« I?1 my representing excitations of the large-charge ground
state. Although we do not directly use conformal symmetry, our results are consistent with the expected
form of conformal correlators. Finally, in Section 2.2.8 we give an overview of correlators in which a
small-charge operator is inserted between large-charge states.

In Appendix B.1 we collect important properties and identities of hyperspherical harmonics in D
dimensions and we make the connection to the constraints on correlators from conformal invariance
at large separation. The Casimir energy of the fluctuations is computed in various dimensions in
Appendix B.2. Finally, in Appendix B.5 we give some calculational details for correlators and in
Appendix B.4 we give details for the loop calculations.

2.2.1 Effective field theory for the O(2) sector at large charge

We consider a CFT in D-dimensional flat space with an O(2) internal symmetry which can generically
be a subgroup of a larger global symmetry. The O(2) symmetry is generated by its generator Q = Q(©?),
This set is not empty as it in particular includes the O(2) WF fixed point for 2 < D <4 [8, 17, 47] and,
in particular, this set includes the interacting CFT that describes the superfluid transition in liquid
Helium.

In our presentation we generally work in the cylinder frame R x S°~1. We consider the state |Q) in the
cylinder generated by the scalar primary @< with O(2) charge Q and we are interested in correlators of
such primaries at long distances, which can be expressed on the cylinder as

(Q.001Q,~00) = lim_ Qle Py . (2.20)

By the state—operator correspondence the cylinder Hamiltonian H%Y' = D/ry is the dilatation operator
in flat space. There is strong indication [17, 18, 47] that as the charge Q becomes very large, this
correlator on the cylinder admits a description in terms of a weakly coupled EFT based on the coset
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model

SOD+1,1)xU)q . 1 Ql/(D—l)
, valid for energy scales — <A — ~, (2.21)
SOD) x U(1) p+ug ro o

where ry is the radius of the cylinder R x S{%‘l. The parameter u(Q) will be introduced later as part of
the ground state solution and is best interpreted as the chemical potential dual to the quantum number
Q (the fixed control parameter). The symmetry-breaking pattern of the coset model in Eq. (2.21),

SOMD+1,1)xU()g — SOWD) x UN) p+uq> (2.22)

is known as the conformal superfluid phase.?® We quickly repeat why we expect this symmetry breaking
pattern. The leading trajectory and hence the emergent effective description must have the same
symmetries as the correlator in Eq. (2.20). The insertions of @? and =9 at +co in cylinder time
effectively break translations and SCTs. We assume that @€ is a scalar and rotations remain unbroken
(homogeneity). As |Q) is both an eigenstate of HYY' = D/rg and the charge operator Q = Q(°®) we expect
that the leading trajectory should be at least invariant under some effective time translation operator H’
involving HY! and Q. Thus, the leading semi-classical solution will correspond to a homogeneous state
on SP~! characterized by a large charge density p = Q/ r(? ~1Qp, where Qp is the volume of the sphere.
The simplest option respecting all of these conditions is a generalized superfluid [17, 18] with effective
time translation HY! + Q. Predictions that are derived from this assumption can be independently
verified via lattice computations [143-145, 160].%4

The most general EFT action that non-linearly realizes the symmetry-breaking pattern in Eq. (2.22)
can be systematically constructed via the CCWZ approach [97, 98] in the case of broken spacetime
symmetries [190]. This procedure presents a systematic way to obtain all terms in the derivative
expansion up to a given order. However, invariance under Weyl rescalings of the metric g, — Q%(x) Suv
can be exploited to construct the most general effective Lagrangian in a less systematic but more
convenient way.?

Realizing the symmetry-breaking pattern in Eq. (2.22) does not require any DoF for the spontaneously
broken boosts and translations. It suffices to introduce a single shift-invariant superfluid NG field y
associated to the breaking of the U(1) symmetry,

x=-iput+n(r,n), (2.23)

where 7(7,n) are the fluctuations over the fixed-charge ground state y“ = —iu7. The chemical potential
1 will be determined eventually by the fixed charge Q. The leading order action of the corresponding

23The state |Q) itself is not a superfluid state as it is an eigenstate of the charge operator. To be precise, we just assume that the
two-point function in Eq. (2.20) is dominated by a saddle corresponding to a superfluid state.

24The symmetry-breaking pattern in Eq. (2.22) can be more directly interpreted by taking the decompactification limit ry — co
of the cylinder. The conformal group on R’ = lim;_ oo Rx S%’l can mapped into the original generators on R and vice versa. In
particular, the unbroken generators of SO(D) are mapped into translations and rotations on RP°~1 and the generator of effective
time translations HY + 1Q is mapped into effective time translation P(’) + Q. This is exactly the symmetry of homogeneous and
isotropic condensed matter [115] as conformal invariance and boosts are spontaneously broken due to the existence of a finite
charge and energy density.

25All unitary CFTs are believed to be Weyl invariant (up to the Weyl anomaly) [81].
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EFT in Euclidean spacetime?® on the cylinder in terms of the NG field y can be found by demanding
Weyl invariance and shift invariance for y [17, 18].2” Equivalently, we can specialize the Abelian
superfluid action in Eq. (1.149) to the cylinder and demand Weyl invariance,

Syl =—-¢ dedS (—auxé“)()mz, (2.24)

RxSH-!

where c; is an unknown Wilsonian coefficient that depends on the UV theory (i.e. the starting CFTp)
and dPx /g = drdS = r~'drdQ. Sub-leading higher derivative terms in the action can be constructed
by noticing that the modified metric

& = (01)* guv oy = (~0,x0"x)""* (2.25)

is Weyl- invariant. Now we can build invariant operators by simply replacing the metric g, by g;W while
still respecting diffeomorphism invariance. The building blocks compatible with the modified metric
8, for the EFT action are 0%, 8', V), Z,ypo» Where £, is the Riemann tensor. In this language the
EFT action can straightforwardly be constructed term-by-term and we find

Siyl = _dex\/Q [cl — %+ cﬂ/wayxamm(v/z)l (2.26)
RxSH™!
D D V(oy)?
=—c1 [ drdS (-9,x0"x)? +c fdrds -8, x0My) 2 +(D-1)(D-2)
1[ (~0uxdtx)% +c2 (~0uxdty) e op?

RxS%‘l [RxS%’l

where we neglected terms which vanish on the EoM V;,0*y = 0 of the leading order action in Eq. (2.24).
The c;’s are all Wilsonian coefficients determined by the underlying CFT. The action Eq. (2.26) is to be
interpreted as an action for the fluctuation 7 (7, n) with cut-off A ~ u given by the chemical potential
17 = —ip, so that a hierarchy is generated and controlled by the dimensionless ratio (Ry) > 1.28 All
observables within the EFT are expressed as an expansion in inverse powers of p. In particular, the
ground-state action takes the form

(o]

S7 = (—Tz_ﬁ) Y ar(rowP =, (2.27)
ro r=0

where the coefficients a, depend on cj, ¢, and all other Wilsonian coefficients appearing in the
expansion in Eq. (2.26). Other than the scaling behaviour there is a number of universal predictions
that do not depend on the Wilsonian parameters of the EFT [122, 169, 188].

Technically, we will make use of the fact that the EFT at large charge to leading order is a free theory,
which allows us to perform explicit computations also for a strongly-coupled theory. The leading term
in the EFT only receives corrections sub-leading in Q from curvature terms. The quantum fluctuations

26Qur convention for Euclidean spaceis T = it, so that id; = 0¢.

27The shift-symmetric field y has mass dimension [y] = 0. Due to the shift-symmetry, only the derivatives of y are physically
meaningful.

28The derivative expansion is controlled by the chemical potential i = ((3y)) as well as the ¢;’s. The system becomes strongly
coupled at energies E ~ p.
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arising from the leading term in the EFT are of order (Q)°. In odd dimensions, the tree-level expressions
do not have any (Q)° contribution, so all terms at this order are due to quantum fluctuations and are
universal. In even dimensions, the universal (Q)° term [17, 18] is replaced by a (Q)°log Q term [188].
Studying the structure of the higher-order loop corrections we find in even D logarithmic /-loop
contributions of the form [2]%°

1

A= QU-UDI(D-T)

(ao+a110gQ+...+al(logQ)l). 2.28)
We will now review the classical and quantum treatment of the action in Eq. (2.24) and Eq. (2.26), from
which we will be able to compute important CFT correlators and corrections to the scaling dimension
of the primary 6.

2.2.2 C(lassical treatment

For our purposes we generally neglect curvature couplings and consider only the leading order action
in Eq. (2.24). The first few corrections coming from sub-leading terms in the action do in principle give
corrections with positive scaling in Q, however, they are theory-dependent and do not give universal
predictions. After expanding to quadratic order in the superfluid phonon fluctuations 7(z,n), the EFT
Lagrangian in Eq. (2.24) reads

p2 D=1 (L, 1

PL=—cquP —icuP’ 'Di+c 7
14 14 14 > D—

1(6,-71)2 +0 (uP73). (2.29)

The canonically conjugate momentum to the NG field n is defined in the usual manner from the
quadratic Lagrangian,

= DuP +ieiD(D-DuP 27, (2.30)

lin

R
M=i—
7

To leading order we recover the standard canonical Poisson brackets between 7 and I1 of the free theory.
We start by studying the spectrum of the quadratic Lagrangian. The fields 7 and I can be decomposed
into a complete set of solutions of the EoM [122]:

Ym_ ,—wpT a;m WypT v *
— e Y Yy, () + ety (n))
- iyt +z£,m(v2“’f T oy ‘m 2.31)
7n(T,n) =mp— — — , ’
a1 Qpry T DD - P2 \/c1r(?’1D(D—1)ND72

_ I1 aD(D-1ub-2 wp _ ©

D-1 0 . 1 | ( —wyT * 0 wpT v *

I(z,n) = ¢c; Dy + +1i E —-a —e Yy, (m)+a —e'Y; )],
Qprd1 rD-1 & tm\| m tm\ m

where 7 and Iy are constant zero modes of the fields that we have separated from the other modes,
D/2

Qp = % is again the volume of the unit D — 1-sphere and the Yy,, are hyperspherical harmonics.3°

The dispersion relation associated to the oscillator modes is

o JtesD-2) (2.32)
owy = (D-1) . .

29This result is especially relevant for applications in the context of resurgent asymptotics as in odd dimensions large-Q
expansions are expected to be log-free trans-series with non-perturbative corrections related to worldline instantons [191, 192].

30The index m is a vector index with D —2 components. We collect our conventions and important properties of the
hyperspherical harmonics in Appendix B.1.
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2.2 The O(2) model: Computing CFT data at large charge

Adding higher-curvature terms in the EFT action will add sub-leading corrections in 1/Q (i.e. in 1/u) to
the expression for the dispersion relation in Eq. (2.32). In contrast to the leading contribution, these
corrections will depend on the Wilsonian coefficients c¢; and are therefore not universal [46]. The
complex Fourier coefficients ay,, can be extracted from the fields,

_ 1\, D2
agpm =1/ chZ(D—;)_'Lide [7(1,m)0; (Y, m)e” ") - (0;7(r,m) Y, (m)e“7], (2.33)
Wy I‘O
SD71

o

and the canonical Poisson bracket between m and IT — [x,II] = 1 — corresponds to the brackets
{aem, a},m,} =0 ¢p0 yny for the Fourier modes. The classical O(2) conserved charge to leading order
does not get any corrections from the Fourier modes,

I

b ——, = | dSj"=c;DQ D=1y . 2.34
J 50,1 Qf ji=caDQp(ure)” " +1I (2.34)

The leading contribution to the charge comes from the homogeneous term — the zero mode on the
sphere — which corresponds to the ground state ((0y)) = p. Finally, this relates the EFT scale y — the
chemical potential — to the ground state charge Qg = an:o as

1/(D-1)

_ %0_ __ (2.35)
C1 DI’O QD
Evidently, the O(2) charge is our controlling parameter since Ary << pury ~ Q(I)/ (O=1 and the validity of

the EFT is controlled by 1/(ury). Hence, all observables within the EFT — such as the ground-state
action in Eq. (2.27) — can be expressed as an expansion in 1/41/Qp. To leading order in the fluctuations
7, the charge Q of a generic solution of the EoM depends additively on the zero mode Iy,

Q=Q+Ip. (2.36)

Using the state-operator correspondence, we can now compute the classical scaling dimension of the
operator &< with charge Q ~ Q, from the cylinder Hamiltonian. We find that a generic solution to the
EoM corresponds to an operator with scaling dimension A(Q) = A given by

0 1 0%Ag

AQ~D=r0Eep =N+ Mo+ >————Tl5+7r0 Y wea;, arm, (2.37)
Q ° oa ™t 250030, 0T & O e
where we have defined the quantities
_ Ao 0*Ao 1
Ag=c1(D-1)Q bio b= ==, = . (238
0=ci( ) D(urO) ((/Jro) ) 6Q0 Kro aQoaQO CID(D_I)QD(HrO)D_Z ( )

The quantity Ay corresponds to the leading (classical) contribution to the action in Eq. (2.27). In terms
of the charge Qg in Eq. (2.35) it reads

ca(D-1)Qp

- 6 (100 B3
O—W(Qo)( -)+@’((QO)( —)), 2.39)
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If we include all curvature corrections in Eq. (2.26) that produce terms with a positive Q-scaling the
classical contribution to the scaling dimension is of the form [47]

-2
do +@((Qo)ﬁ]. for D even,
d

D (D-2)
Ap=d_p (Qp)®@-D +d%(Qo)m +~-+{ (2.40)

(D-1)

(Qo)ﬁ +0 ((Qo)('%”) , for D odd.

1
(D-1)

The coefficients can in principle be computed but do depend on the Wilsonian coefficients appearing
in the action Eq. (2.26). For example, in D = 3 the classical contribution in terms of the Wilsonian
coefficients c;, ¢ reads [46]

20 (nm 3/2 2co(4m)
0

- 0 +0(Q"%). 2.41
B (4m)¥2 0 (3c1(4n))1/2Q° (@) (2.41)

Finally, we remark that the Hamiltonian for the field y is shifted w.rz.. the one for 7 by uQ. The effective
time evolution for the fluctuation 7 is generated by HD ~ Hy = Hy + pQ, as expected for a superfluid
phonon.

2.2.3 Canonical quantization

Radial quantization in flat space corresponds to canonical quantization in the cylinder frame, obtained
by 7-slicing and associating a Hilbert space to every fixed 7 € R. This poses no conceptual problems at
all, as the cylinder is a direct product of the time direction and a curved manifold. The coefficients in the
mode decompositions in Eq. (2.31) are promoted to field operators with non-vanishing commutators,

(70, Tlpl =i (zero modes), [@oms @y )= 8008 - (2.42)
The commutation relations in Eq. (2.42) are equivalent to the canonical equal-7 commutator,
[7(r,n),M(r,n)] = i64p-1 (n,n"), (2.43)

where 6§ sp-1 (n,n’) is the invariant delta function on the unit sphere S{) -1, To build a representation of
the Heisenberg algebra on the cylinder we start with a vacuum |Q) that satisfies

arm|Q) =Tlp|Q) =0. (2.44)

Since we are in finite volume, the O(2) charge is not broken — as discussed in Section 1.2.1 and
Section 1.2.7 — and is a well-defined operator acting on the Hilbert space as

Q=fdsn(r,n):ooﬂ+no, Q1Q) = Q1Q) . (2.45)

The non-zero charge Q of the vacuum can be increased by acting on it with the zero mode 7. All other
Fourier modes carry zero charge under the global O(2),

[Q,mo) = —i, [Q,arm] =1Qa}, 1=0. (2.46)
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Starting from the vacuum | Q) we can obtain a state with charge Qp + g and scaling dimension Ag(Qp + g)
that is also annihilated by all modes ay,,,>'

1Q+q) = e™7|Q) = exp Q). (2.47)

iq f
——— | dS7(7,n
QDI‘(?_l (@)

It is important to emphasize that this does not lead to a degeneracy in the spectrum. While these states
are all annihilated by the ladder operators — since [ay,;,, 9] = 0 — they are not annihilated by the zero
mode I1y. Hence, these states are gapped and do not represent degenerate vacua,

Ao(Qo + q) — Ag(Qo) ~ g (1ro). (2.48)

Since g is the only operator in the theory on which the O(2) charge Q acts non-trivially, it has to be
compact,

o ~ o + 27 1. (2.49)
As a consequence, the variable g in Eq. (2.47) is quantized and a natural number,
gez. (2.50)

This clearly shows that the states with charge Qg + g live at the EFT cut-off and will not be discussed
any further.

The commutation relations in Eq. (2.46) allow us to identify i as the chemical potential via a variational
approach. Fixing the charge Q imposes the first-class constraint

(QIQUQ) = Q. 2.51)

The classical system can be equivalently quantized using a variational approach by finding the state |Q)
that minimizes (Q| H (eyh |Q) under the charge-fixing constraint, which is implemented via a Lagrange
multiplier — the chemical potential u — so that the ground state minimizes (H ey 4. ©Q) Q) = E(Q).
The ground state solution (Q|{|Q) = —iu fixes the chemical potential g,

(QIF1Q) = (QIH™Y, ¥11Q) = u(QIQ, ¥11Q) = —ip. (2.52)

The quantized quadratic Hamiltonian D/ry = HY) corresponding to the classical expression of the
scaling dimension in Eq. (2.37) can be written as the sum of a normal-ordered®? operator : H“¥) : plus
a vacuum contribution,

A 1
HO —. g . . 2Ly where  A;:= -

. 5 2 (rows). (2.53)

=1,m

31Ag = Ag(Qp) is defined via Eq. (2.35) and Eq. (2.38).
32Normal ordering refers to the vacuum |Q) where (Q|: H (eyh) Q) = %—g.
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

The vacuum contribution — also called the Casimir energy — needs to be regulated and has physical
consequences. We compute A; in various dimensions in Appendix B.2. It first appeared for D = 3
in [18] and for D = 4,5,6 in [188]. From the point of view of the LCE, the one-loop correction comes
at order @((QO)O). Hence, in principle, in the tree-level computation we also need to keep track of all
the curvature terms that do appear in the action Eq. (2.26) up to this order. In arbitrary dimension D
there will be [(D + 1)/2] terms with positive Q-scaling, see Eq. (2.40), each controlled by a Wilsonian
coefficient [47]. However, there are no new universal predictions that can be extracted from curvature
corrections in the action (at the classical level) and we know the Q-scaling of these curvature terms, so
computing them in terms of the Wilsonian coefficients c; is not necessarily useful.

Within the EFT there is a spectrum of excited states on top of the ground state |Q). The commutators
between HY and the various Fourier modes show which ones generate excited states when acting on

the vacuum: X X
(H'Y, agpn) = —wragm, (HY,a} 1=wa), |
oA %A (2.54)
o HY, o] = —i=—2 —i ==Ly, [H, 1T = 0.
aQO aQ()

The Hilbert space of the theory is given by the Fock space spanned by all the states that are generated
via repeated action of the different creation operators on the vacuum,

al .4l Q) (2.55)

flml Tt kak
A state of the form in Eq. (2.55) has charge Qp and scaling dimension

k
A=Ng+A1+ ) (rowe,). (2.56)
i=1
These states are also referred to as superfluid phonon states in the literature. We finish the discussion
of canonical quantization with some prescient comments:

» From the perspective of the underlying CFTp, the superfluid phonon states in Eq. (2.55) correspond
to primary operators with generically different quantum numbers compared to G9 (the scalar
operator corresponding to the vacuum |Q)) but the same charge under O(2). The only exception
to this rule are states including at least one a‘{m which are descendant operators in the conformal
multiplets. This can be seen from the fact that any operator a}Lm adds energy

AE = rowy = 1. (2.57)

e Superfluid phonon states of the form a;mn ...a;kmk |Q) generically correspond to spinning

primaries in the appropriate reducible representation. This can be seen from the action of the
rotation group SO(D) on the phonon states.>3> The SO(D) part of the cylinder isometry group
acts on the Hilbert space in terms of some unitary operator U. Under the action of U the Fourier

33In the CFTp this is the group of Euclidean rotations.
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2.2 The O(2) model: Computing CFT data at large charge

mode operators transform as

URa), U'(R) = ZDfnm, (R™Yal ReSOD). (2.58)
m

This follows from the decomposition in Eq. (2.31) and the properties of the hyperspherical
harmonics, where Df;l ' is a finite-dimensional irreducible representation of SO(D) that generalizes
Wigner’s D-symbol to D = 3.

It is not possible to describe all phonon states within the EFT. When the ¢-quantum number
becomes too large, their contribution row, can compete with the leading Ag term, breaking
the large-Q expansion. The same issue arises if the number of creation operators describing
the phonon state becomes too large. The leading contribution to the scaling dimension goes
like Ag ~ QP/P~D _ where Q ~ Qy — but higher-curvature terms in Eq. (2.26) will introduce
lower order corrections up to Q'/(°~1. Phonon states with energies w, comparable to the lowest
classical contribution to the scaling dimension should be excluded from the EFT. This sets a
natural cut-off for the /-quantum number in terms of the charge,

gcutoff ~ QI/(D_D . (2.59)

Operators with such high spin should be described by new coset models with more complicated
breaking pattern. The newly arising phases for different (relative) values of charge Q and spin
¢ are well understood in D = 3 [155-157, 180]. We discuss the corresponding phase diagram
extensively in Section 2.1.4.

The structure of the spectrum and the existence of the above-mentioned charged spinning primaries
described in terms of superfluid phonon states is a direct prediction of the superfluid hypothesis for a
generic O(2)-invariant CFTp. Canonical quantization is the appropriate framework for this discussion,
but we will generically expect corrections to scaling dimensions and the spectrum structure coming
from interactions in Eq. (2.29), which correspond to sub-leading terms in the controlling parameter
Q ~ Qq. The sub-leading corrections are best discussed within a path integral formulation, so that
ordinary loop expansion techniques can be employed.

2.2.4 Path-integral methods

The path-integral as a framework is equivalent to canonical quantization but allows for the seamless
incorporation of sub-leading corrections from interaction terms in the Lagrangian. To set up the
path integral we note that an equivalent basis of the Hilbert space at fixed 7 is given by the field and
momentum eigenstates,

X =xmix, IT|IT) = IT(m) [IT) . (2.60)
Their overlap is fixed by the canonical commutation relations and reads
i = et /sl 2.61)
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

Generically, the vacuum of the theory — |Q) — can be expressed as a superposition of momentum
eigenstates with the coefficient of the ITlp-component set to zero (see Eq. (2.45)),

Q) = Ao f DIL5(I1o) W o (ID) |11, 2.62)

where A is a standard normalization factor. In the limit of large separation — i.e in the limit
lim;_., Q(7) |0) — correlators cease to depend on the specific details of the vacuum wave function
W, which in this limit will only affect the overall normalization. Without loss of generality, we choose
Yo =1 and with Eq. (2.45) the overlap of the vacuum |Q) with the field eigenstates is given by

N exp [% dex] if y is constant,

x1Q) = (2.63)

otherwise.

The zero mode component 77 of any field configuration can be extracted by integrating over the sphere
on a given 7-slice, see Eq. (2.31),

Xo = f dsy. (2.64)

The bracket (y|Q) defines the correct boundary conditions for all correlators of the form (Q|...|Q)
computed in the path-integral representation. These boundary conditions generalize the standard
open boundary conditions on a line segment in the special case of D = 1.

With this technology we are able to construct path integrals that compute the norm of the states in
Eq. (2.55) atlarge cylinder-time separation 75 ; — +oo. By the state—operator correspondence, the norm
of a state in Eq. (2.55) computes the two-point function of the corresponding primary in the CFTp.
Unless otherwise specified, we always consider correlators in which the vacuum |Q) is inserted at large
separation 77 — —oo on the cylinder (the same goes for (Q| at 72 — o). In this limit the details on the
boundary conditions that the vacuum imposes are largely irrelevant. However, in the following we
generically write down correlators at finite separation 7, — 7; and the limit 75, 7; — +o0 is implicit. For
insertions at past or future infinity in 7 the insertion point n on the sphere is irrelevant as these 7-slices
correspond to the origin and the point at infinity in flat space, allowing for the shorthand notation
0%(t,m) — 0°1).

2.2.5 Two-point functions

We compute the norms of the vacuum |Q) and the one-phonon states a}m |Q) — and therefore the
two-point functions of the associated operators — in the path-integral formalism.

(Q|Q) correlator

The path integral for the vacuum correlator with cylinder times 7, > 7; can be written using Eq. (2.63)
and reads

(T

(Qle” = (11,T2), (2.65)

— | T2
D)) = |JVQ|2de exp —S[;(]—L drde)‘(
7

QDI‘OD_l
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2.2 The O(2) model: Computing CFT data at large charge

where we have introduced the shorthand notation </ (71, 72) for future convenience. We can consider
the path integral in Eq. (2.65) as the working definition of the (Q|Q) correlator, without referring to the
canonically quantized picture any more and taking the EFT action in Eq. (2.24) as a starting point.
The integral in Eq. (2.65) can be computed in a saddle-point approximation around a field configuration
¥ 7(z,n) that represents a solution to the minimization problem

T2 0% 0ZL iQ T2
0S[y] :f drdS (—6 —)6 +de + 0 (2.66)
= #3600 360 aprdT ) M
The bulk EoM requires the divergence of the (Euclidean) O(2) conserved current,
Ju =1 D(=0,x0" ) P"* oy, (2.67)

" a@ry)

to vanish. The second part of the EoM specifies the appropriate boundary conditions. The general
solution compatible with the boundary conditions is the homogeneous superfluid configuration
x7(r,m) = —iut + mo [17], with m, constant and the chemical potential u fixed by the boundary
condition,

appbl=—9 (2.68)

- D-1"’
QDrO

This is the same relationship that we had already found in Eq. (2.35). The action expanded to quadratic
order in the fluctuations around the ground state y(r,n) = —iut + 7 (7,n) becomes

To—T) paD(D-1) fTZ f 2 1 2 D-3
S=N———+ _ d ds +—=(0; +0 . 2.69
0= C1l 2 N T 7 (D—l)rg( i7) (Tagiy (2.69)

The boundary condition eliminates the linear term in Eq. (2.29) and therefore also the zero-mode terms
appearing in Eq. (2.37), as expected, where the charge Q here in Eq. (2.69) can be identified with Qg in
Eq. (2.37). This ground state is a good starting point for setting up a loop expansion controlled by p .
The normalization factor A( is chosen such that the cylinder correlator takes the form

A (T1,72) = 1y 2B exp ) Ao =AQ), (2.70)

—(Tzr—_om(AﬁAﬁ...)

Aq

which corresponds to the properly normalized two-point function in R”. The first quantum correction
A; introduced in Eq. (2.53) is given by the Casimir energy of the fluctuation 7 around the homogeneous
ground state y 7 = —iut.

By the state—operator correspondence, the reference states |Q), (Q| correspond to insertions of the
associated scalar primaries 09,09" with scaling dimension A(Q) = Ag at 71,2 = Foo:

Q)= lim @91 y)|0), (Ql= lim (0]6%,)", 2.71)
T1——00 Tp2—00

where the spatial dependence n, » is irrelevant at infinite separation and hence omitted. We recall that
conjugation on the cylinder corresponds to time reversal and charge conjugation,

6%, =067-1,n). 2.72)
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

Finally, we repeat the Weyl map from the cylinder to flat space (see Eq. (1.53)),

-A
lel) Q(Ile

_AQ
(@’_Q(xz)@o(xl)>(ﬂat) = (r_o ) (@’_Q(rg,ng)@’Q(Tl,nl)>(CyD . (2.73)

To

Q Q
( Cama | om )y correlator

The second class of two-point functions we study in detail are correlators of one-phonon states obtained

. . . . +
by acting with a single creation operator a,, on the vacuum |Q),

2 y=ah 1Q), where Iy =1Q) . (2.74)

The correlator (?2 o I?l my ) is best computed in the canonical quantization picture, using the commutation

relations of the creation and annihilation operators ay,,, a}[m,

_A(Tngl)
A (11,72) e 0 5
T eTa—Twy 01020mmy = A 00,0,0mimy
0

(Tp-17)
Q Q _ - D
<lzm2|€1m1>_<Q|a[2mze 0 a[leQ)

(2.75)
where A = Ag + rowy is the conformal dimension in Eq. (2.56) for k = 1. The result in Eq. (2.75)
is consistent with the general structure of a conformal two-point function on the cylinder at large
separation 7, — 71 — oo given in Eq. (B.23).

This result holds true up to quadratic order in the Hamiltonian, however, we expect that loop corrections
will shift the spectrum in a complicated way which also depends on the underlying CFTp. For this
reason, it is convenient to formulate the correlator as a path integral by expressing ay;, in terms of the
fields as in Eq. (2.33),

D-2
Q Q _abD-Du f f "
([Z,nZI[lml)——zroD_1 i o dSmy) [ dSm1) Y, . (02) Yy, p, (01)

xof (11,72) lim (wg, —047) (wp, +07) (@' mp)m(z,n1)),  (2.76)
T—T2
T—T1

where the two-point function of the superfluid NG fluctuations is given by

(t2-11) D

-1
<7T(T2;n2)7T(Tlrn1)>=(<Q|e_ 0 IQ>) f.@nn(rz,nz)n(n,m)e‘S[”], 2.77)

where S[n] is the action in Eq. (2.69). Unsurprisingly, the full information about the spectrum is all
contained in the two-point function of the superfluid fluctuation 7. In this formalism, using the
tree-level propagator, the correlator in Eq. (2.77) on the cylinder is computed to be

(m(T2,m)7(T1,M)) = (2.78)

1 x Ze—‘”f”z—“‘ Yomm2)* Yo (1) |72 —71]
c1D(D - 1) (urg)P-2

=1 m 2rowy 2r0Qp |’

and the result in Eq. (2.75) is recovered. The state Il?m> on the cylinder defines a spin-¢ symmetric and
traceless tensor operator of charge Q inserted in the infinite past,

G =, lim 07 @)l0). (2.79)
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2.2 The O(2) model: Computing CFT data at large charge

The procedure outlined for the computation of one-phonon correlators (?2 o |l?1m1> at tree-level —
particularly in canonical quantization — is easily generalized to states with more phonon excitations.
For example, for states with two phonon excitations we find that

(12-771)
Q Q - -5 Dt i
<([2m2)®(5’2mé)l([1m1)®(€’1mi)> =(Qla¢,m, ael,mj € 0 a[’lmi 0im 1Q

_(12—11)(w42 +(.U[/2) (

=4(11,T2) € 6f1526m1m25l'1/’26m1mé +6€1€’25m1m’26€’1€26m'1mz) . (2.80)

In the computation for states with higher numbers of phonon excitations the energy is corrected
accordingly and there is an ever increasing sum over all possible permutations of Kronecker deltas. As
long as none of the /-quantum numbers are equal to one, these states are primary, but they will not
be in irreducible representations like the one-phonon states. For example, in D = 3 — by virtue of the
Clebsch—-Gordan decomposition — we have

(el =((+lo(l+l0'-2)0---a|l-1. (2.81)

2.2.6 Quantum corrections

Quantum correction to the tree-level computation of (Q|Q) and the associated scaling dimension can
be computed in perturbation theory. The perturbation theory for the superfluid EFT action in Eq. (2.24)

is best set up by compactifying the radial time coordinate 7 on the thermal circle Sk and considering the

theory on 8}3 X Sg‘l. The original EFT predictions are recovered in the zero-temperature limit f — oo.

The fluctuations 7 on SE x SP~1 can be decomposed into modes as

n(7T,n) = EZ Y Yemme ™ myem, Ty = D"P20 e (2.82)
T0 neze=1,m

where the appropriate notation for the m-type quantum numbers follows the standard-tree convention
for the hyperspherical harmonics [193], see Appendix B.1. In addition, we have introduced the

Matsubara frequencies w,, given by
2nn

W, =—, (2.83)
p
the bosonic eigenvalues on the thermal circle.>* On Sk x Sf(’)‘l there is a unique zero mode 7y appearing
in the mode decomposition, which we can exclude in Eq. (2.82) as it never appears in the derivative-only
interactions within the EFT. In the space of Fourier modes the propagator can be computed from the
quadratic part of the action in Eq. (2.29) and reads

1
Gpe (=D _ 0 8,8 , Gy i=——,
ch(D—l)(pro)D‘zﬁz ne (—1) n'nO0'¢0—-m'm nt (U%'*'(U?

TTnemTn o) = (2.84)

where w? denotes the dispersion relations in Eq. (2.32) — given by the rescaled eigenvalues of the
hyperspherical harmonics Yy, — and G, is the propagator in Fourier space. The zero mode ),
which remains present at finite temperature, does not mix with the other Fourier modes and has

34standard references for thermal field theory methods are [194, 195].
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Chapter 2. The large quantum number expansion in CFT and the O(2) model

(momo) = constant. It cannot receive corrections at any order in perturbation theory because all vertices
within the EFT contain only derivatives of the field (7, n).

First quantum correction: one- loop scaling dimension A;

We start by reviewing the computation of the first quantum correction, the one-loop scaling dimension
A1 (the Casimir energy) for the primary @9, first defined in Eq. (2.53). In the path-integral formalism this
contribution arises from the Gaussian integration over the quadratic part of the action in Eq. (2.69).3°

On S}B x S2=1 the one-loop contribution A; becomes

Ay = —gg%logzo = %E)Deng) (rowy), (2.85)
where we have performed the sum over the Matsubara frequencies 9, as in Appendix B.4. The result
coincides with the expression from canonical quantization found in Eq. (2.53). We indicated with
Degp(¢) the degeneracy of the /-th eigenvalue A, of the Laplacian Agp-1, see Eq. (B.4). The sum
appearing in Eq. (2.85) and Eq. (2.53) above is clearly divergent and needs to be regularized. To
regularize this sum the use of a momentum-dependent regulator is natural. For convenience it is best
to introduce the family Z(s) of regularized sums defined by

=(9):= lim 3" Degp(£) (row)'e™ ™. (2.86)

~®>0

In this notation, the one-loop scaling dimension is given by A; = %Z(l). We compute A; in detail
for various spacetime dimensions in Appendix B.2. For D odd there is no classical term at the same
order as the Casimir energy A, and hence A is fully calculable as there is no local counter-term that
renormalizes it. For example, in D = 3 the Casimir energy A; is a universal contribution and reads

Aq Doy = —0.0937255. (2.87)
For D even there is a classical term at order (Q)° and A; gets renormalized. However, there is a universal
contribution proportional to log(Q) appearing [188].

As a last remark we note that, generally, in loop calculations the controlling parameter Q — which
defines the EFT UV scale via Arg ~ urg ~ Q/P~D — cuts the phonon states running in internal lines,
as discussed in Eq. (2.59).

D-21ypy_ 2
35As a path integral the first quantum correctionis A; ~ [@m exp | — w JdzdS (7'12 + (331711))TZ )] .
—Hrg
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2.2 The O(2) model: Computing CFT data at large charge

Higher loop corrections

For generic spacetime dimension D the EFT action includes all possible k-point vertices. After
expanding the action im powers of y, the interaction part of the action Sy is of the form

(e
Sine= Y. uP7ks®. (2.88)
k=3

We consider the two-loop correction A; to the scaling dimension. We analyse and compute this
contribution in detail in Appendix B.3 and Appendix B.4. This contribution only gets contributions
from diagrams involving three-point and four-point vertices. These vertices are

B 3 1
s® =i pm- 1)(D—2)f drfds |7+ ——— = @;m?|, (2.89)
6 0 (D-1) r?
sD-1 0
0]
p D
sW=_pp- 1)(D—2)f dedS L(ain)‘* + L (—3)7'12(0,-71)2 + (D=3, (2.90)
24 0 rg(D—1) ra\D-1
SD71
o
and the A;-correction to the partition function is
1
By = —pP 7Sy Sp?P ST, (2.91)

where (...). indicates connected contractions only. As propagators scale as ~ u?>~?, both contributions
enter at order u= P ~ Q‘ﬁ modulo possible powers of (Q)°log Q. Applying this counting to higher
loop corrections reveals that an I-loop diagram produces a term in the scaling dimension of G< that
scales like

¢-1)D

Aj~Q @1, (2.92)

In the limit § — oo, after computing the Matsubara sums appearing in the expression for Ay, the
two-loop scaling dimension of the operator G9 can be reduced to the expression

Ay = ! (ro0)? (D-2)[2D -4+ (D—520)] £0) - o
2T 16c.D(D-1)Qp(urg)? | 67 Vr

(-2

(D-2)?>(1-2(0)X(1)

[(D-2)(2(2) +6Z(0)2(2) + 22(-1)Z@3)) - (56D - 16)2(1)* - 82| |, (2.93)

where A is a smooth cut-off introduced during regularization, X(s) is defined in Eq. (2.86) and @ jsa
sum that cannot easily be reduced to a combination of sums of the form in Eq. (2.86),

Wy, Wy, We
20) ._ b
2C0= N Staeyee Degtyr, — -

_ . (2.94)
Carlp,le Wy, T Wy, + Wy,

For completeness, the symbol Ay, ¢, ¢, guarantees that the SO(D) quantum numbers £, £}, £ satisfy a
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triangle inequality, which essentially corresponds to discrete momentum conservation on Sg‘l,

1 if|ly—-Cy<bl,<lp+f,and ¢.—¢,— ¢} even,
Ala[b[c3: | b a| c b a c a b (2.95)
0 otherwise,

and the symmetric structure Sy ¢, ¢, is defined as

reb-2 R?D2  (D+20,-2)(D+20,—2)(D+20.—2)

—FS =A
(D—Z)QD (aeb[c éaghéc (D—Z)QD

2r(p-1r (% - 1)2

(G + ©F2) (gt D52 (g 4 D72 1 (Larfele , 20o0)

2
r(fgev1)  r(%eer)  r(%eer)  r(fetptesd)

(2.96)

’

2 2

where we have introduced the shorthand notation ¢ ;. = ¢4+ ¢} — ¢.. The sum in Eq. (2.94) can be
regularized and computed in theory, however, we restrict ourselves to noting that it possesses two
divergent regimes. In the case ¢, ~ ¢}, > 1 grows like ~ (1), and in the case ¢, ~ ¢}, ~ £, > 1 it grows
like ~ £(2).36 In even dimensions D the result in Eq. (2.93) is of the form

1
Ay > D (ao+ailogQ+az(logQ)?) . (2.97)

In particular, we have the appearance of a non-universal (Q)’log Q? term. On general grounds we
expect this result to generalize to arbitrary loop order so that in even D the scaling dimension will have
an ¢-loop contribution of the form

1

A= QU-DDI(D-1)

(ao+a110gQ+...+al(logQ)l). (2.98)
This result is of particular importance for applications in the context of resurgent asymptotics. In odd
dimensions, LCEs are expected to produce log-free trans-series with non-perturbative corrections
related to worldline instantons [191, 192]. This is a consequence of quasi-zero mode integration
in quantum mechanics problems [196-198]. As trans-series in general contain logarithmic terms,
the absence of such terms represents an important simplification. It would be interesting to better
understand the appearance of (Q)°log Q terms for LCEs in even dimensions D from the point of view
of resurgence.

2.2.7 Correlators with current insertions

The EFT around the fixed-charge ground state in the LCE has the advantage that, while it is a free theory,
it adequately captures some of the physics at the strongly-coupled fixed point. At tree level, the operator
algebra in Eq. (2.42) is in perfect agreement with the predictions from the path-integral formulation
and we can use Eq. (2.42) by itself to compute three- and four-point functions in the associated strongly
coupled system to leading order in Q.

36The first case corresponds to an equilateral triangle described by two integers and the second case corresponds to a degenerate
triangle described by three integers. These two cases are simply discrete versions of different collinear divergences in ordinary
loop integrals.
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2.2 The O(2) model: Computing CFT data at large charge

In this section, we improve upon the current state-of-the-art and systematically review and compute
three-and four-point functions with current insertions between spinning large-charge primaries @[Qm. A
few of these correlators have already appeared for the case ¢ = 0 in the literature [18, 46, 154, 168] before
the publication of [2]. Although we never directly use conformal invariance to compute correlators,
there is always perfect agreement between our results and the expected structure of conformal
correlators on the cylinder at large separation 7, — 71, which we have collected in Appendix B.1.2.
Our results are to be understood as an expansion in Q and only contain the classical contribution plus
the leading order quantum correction.

Conserved currents and Ward identities in the EFT

The relevant classical conserved currents from the EFT action in Eq. (2.24) read

Jju=caD(=0,x8" pP* o,x, (2.99)
Ty = ¢1 [D(=0a 0" YP'* 710,50y x + guv(—0ax0* nP'?] . (2.100)

Their integrals over the sphere yield the conserved charges of the theory. We expand the above currents
up to quadratic order in the fluctuations 7 around the ground statey ™ = —iur,

. _ _ 2
peim Q@ b popp PZAD=D e GOm0 -8 | 2.101a)
J D-1 2 2 H
Qpry u 2u ro(D-1)
1 i (D-2
ji= % [—a,-n+ Il )ﬁain+@(u_3)] , (2.101b)
QprPt Lur B pro
A D. DMD-1 D-3)(0;m)?
Tyr=— °D 1+i—7- ( 5 ) 7'[2+( 5 )¢ ’”2) +ow |, (2.101c)
pr pooo2p rB(D-1)
A 1 D i D
Tyi =~ | =0+ — —— 0+ O (i) (2.101d)
Qpry’ LHro D=1 K pTo
A hij D. DMD-1 8;m)? D 0;m0;n
1= | =L |1 ( > )(7'12+ 2(’”) )]+ — = row™), (2.101e)
QprP\(0-D 2u (-1 )] D=1 (uro)

where h;; is the metric on the sphere S{%‘l. Homogeneity of the ground state y“ guarantees that
T;; = T;j = 0 to leading order in the fluctuations. We emphasize that the above expressions have
been calculated using only the leading term in the effective action Eq. (2.24). In terms of quantum
corrections, this gives rise to contributions of order (Q)%, while the effect of the sub-leading curvature
terms on the fluctuations is suppressed at large charge.

Discussing correlators with current insertions in canonical quantization suffices to find the leading-
order results. Integrating the insertions of j; and T;; over spatial slices produces the Hamiltonian
H = D/ry and the O(2) charge Q, which are topological symmetry operators. When inserted at
cylinder time 7 these operators measure the scaling dimension dived by the radius ry and the O(2)
charge of any operator insertion that is contained within the half-cylinder (7, —o0) x S’r?)‘l. This fact is
expressed by the conformal Ward identities discussed in Section 1.1.2. We quickly repeat them here in a
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slightly reformulated form:

QOI[oiain)y=-i Y, Qi{[0:in)y, (D@O[][0;;n)y=- 3 A ({[]0:@;n)). (2.102)
i Ti<T i i T;<T i
The Ward identities in Eq. (2.102) are satisfied order by order in a loop expansion and can be used to
constrain certain correlators with current insertions in Eq. (2.101).

Q +Q
( pa—. 1l o ) correlators
The simplest correlators we consider are three-point functions with an insertion of the EFT current
Ju between one-phonon states a;m |Q). In the underlying CFT these matrix elements correspond
to three-point functions of two large-charge spinning primaries @’fm inserted at times 71,7, with an

insertion of the full CFT version of the O(2) current j,(r,n) at time 71 < 7 < 7,.>" To leading order we
find that

-Q . Q _ . Q
(@’[zmzh(%n)@[lml)——lw Ang+rowe, F1,72)0¢,0,8mymy
’ Vo 0;Y:  (m)0; Yy s (1) (2.103)
Ap+rpw rg /Wy, Wy i itéym
AQ 0 [2(Tl,T2|T)(D—1)(D—2)QD#( ; MYy, () - lomy 1my ) )
QFrows, 2DAg 2m2 1 r2(D-Nwy,wy,

. QD-2) Ag+nwy,

y=i—
280rP~1D" Aetroe

ji(T,n)@glm1

©@,°

toms (r1,72I7)

wiz * *
1 / w—gl Y[gmg (n)@iY[1 m @ —(1<2) l s (2.104)

where we have introduced two new convenient shorthand notations,
Angrmor, T1,72) 1= @112 e T gy 1yfr) = e 2D mMETI0 (2105

This generalizes the expression «/ (7, 72) = A (T1,T2), which we have defined via the scalar two-point
function (Q|Q) in Eq. (2.65) (with scaling dimension A(Q) = Ag). The correlator j; in the case £ = 0 first
appeared in [18] and later in [46].

From the above results and Eq. (2.75) we can additionally extract the following relevant OPE coefficient:

-Q. Q
c ~ G, iramO ) —_; Q (2.106)
0 j.6Q0 = -Q 0 © Qprb-1e .
‘m ‘m <@lm01m> DrO

Integrating the insertion j;(7,n) over the spatial slice n € Sf())‘l gives us a non-trivial consistency check
via the associated Ward identity Eq. (2.102),

de(n) <@;2%12 jr (r,n)@’f1 my) = ~1QAn g rop, (T1,72) 87,0,0mym - (2.107)

In the special case ¢; » = 0 — corresponding to the (scalar) ground state |Q) — Ward identities guarantee
that (Q|/;|Q) = 0 to all orders in perturbation theory.
Examining the structure of the j; correlator in Eq. (2.103) we find that it contains a classical piece —
which is homogeneous and time-independent — plus quantum corrections with spatial dependence.3®
Hence, the classical contribution to the three-point function must be proportional to the two-point
function,

o ) = ag 00, T1,T2)00,0,8mym, (2.108)

O

37Recall that in the special case ¢ = 1 the operator @[Qm is not a primary, but a descendant of <.
38Time-independence is a consequence of charge conservation.
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2.2 The O(2) model: Computing CFT data at large charge

The inhomogeneous quantum piece can be decomposed into spherical harmonics and has the same
tensor structure as the left-hand side. In addition, charge conservation enforces its integral to vanish.
The classical piece of the spatial current j; in Eq. (2.101b) vanishes and we are left with only inhomogeneous
quantum corrections. As the large-charge EFT is a weakly-coupled theory, the separation into a
homogeneous classical part plus space-dependent quantum corrections applies to all physical observables.

In the computation of the correlators above we were able to disregard the linear terms in the fluctuations
7 appearing in the expansions for the conserved charges in Eq. (2.101). Generically, we are always
allowed to do this as these terms clearly vanish within one-phonon matrix elements once r is expanded
in Fourier modes. However, if we consider matrix elements between states with a differing number
of phonon excitations, these linear terms do contribute. For example, if we consider matrix elements
between the ground state and a one-phonon state we find to leading order that

Q QD-1) [Qp Towy Ag

(o |]r(r,n)| m = QD"(?_I ) " MAQH[)W (11,7217) Yp,,(), (2.109)
Q __Q [ 1Qp Ag ‘

(O iz, n)l = QDréJ‘l 2D horowy dAQHOw (T1,7217) 0; Yy, (1) (2.110)

Similar results hold true for all correlators with current insertions of T and j. In the following we will
disregard this special case as it is a straightforward modification of the results and formulas presented
in this section.

Generally, all of the correlators we discuss can also be computed for higher phonon states. For example,
the correlator of j; between two-phonon states is given by

Q

(Camp)e(tym |]T(T n)‘(f mpe(l,m, )) =—i—F57 dAQ+r0w[1+row[/l (T1,72)

QDrO

x [(6[1[26m1m26[’1[’26mimé+6[1[’26m1m'61’ 6m’m2)

(D—Z)(D—l)( ) /a)[/zwfll [ / % 0; Yé’ !(n)al [/ ’Z(n)
[l

2DBg | g o) G )Yy @)= 80,0,0mym

rO (D - l)w[/ (l)lll
70 /wé/ Wy,

+Qp

a Yi]ml (n)al [/ /(n)

*
e(T Tl)tw’l_‘“z/) [Yélml (n)yfé’”ﬁ(n) rg(D—l)ww Wy, ]6[2[’ 5m2m
To, /wlzw,/ 0; Y[/ (n)@
€
-1, —w [YW '(n)Yfzmz( - 2 o ]af'flam’ml
e 4 ;) O(Dfl)wizw,/ 2 2
rO\/w[wal 9; Yélml(n)al [zm

[Yeym mY;,,, )= @2.111)

+ - ]5/ X ] .
e(T*H)(w[l*ng) rg(D—l)wézw[ e m2

While technically difficult to compute, these higher-phonon matrix elements pose no conceptual issue
and we will refrain from computing more of them for the rest of this section.
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——— I?1 m,) Correlators

We consider next the case of two insertions of the current j; at cylinder times 7 < 7’ between one-

phonon states generated by @’fm at 1y > 7 > 1’ > 11. For two insertions of the temporal part j; we find
that

2

1 AQ _ Q
Oy, T M (MO0, ) )= —dpgrrgw,, (T1,72) WWMZ Smymy
Do
D-12 ¢ 1t (D+2¢-2) Dy
x [1+ e lrowp————-C2 (n-n
2DA, ; 0 poy G0 M)
!
. AQ+r0w,2( 9 Q%(D-1)?2 T10,/Wg 0y, [zmz(n)Yflml(n)
T1,T2|T
Ag+rowg, T 1T2 20p12D-2p Ao o~ T-Togy

(D—Z)(alyflml W0; Yy, )
(D-1)

=Yy my WY, ) +[(r,n)~(r’,n’)]}, 2.112)

(D-1) r()w[1 wy,
where for ease of notation we have introduced the so-called Gegenbauer polynomials C? /2=1 defined
in Eq. (B.15). The special case ¢ = 0 of the above correlator has appeared first in [46].

We can again perform a consistency check with respect to the Ward identity Eq. (2.102) by integrating
the result over the sphere centred around (7,n), producing a conserved charge and removing the
T-dependence from the correlator,

f dSm) (6220,712jr(Tyn)jT(T’yn,)@2 ) =—1Q©@, h(r n') lm1> (2.113)

We compute the remaining jj matrix elements,

<@,72Q,,,2jr(r,n)],(r n)@;2 ml)—o, (2.114)
2
-Q . d Q _ AQ+r0w[2
<@[2m2], (T ,n )@hml) =ngrror, (T1,7217) 720Dr02D‘2A0D

—\T—T’Iw[ _ D
] (D+26-2) -1 ,
i 61-6].; rowy (D-2)Qp G sy, 8mym (2.115)

a; Y; o 0)0; Yy, 1, M) . O-Y* (n)a i Yo, my @)

(1-1"o —(r— r)w
e Carg [y g, e 1y, /@, wog,

The tree-level contribution to the j; j; correlator vanishes, however, there is no symmetry protection
for this matrix element and we generically expect that sub-leading corrections appear.
In the scalar case ¢; » = 0 the j j matrix elements reduce to

0. . Q< (11,72) _ (D+2¢-2) D
© Q]T(T)n)]T(Tl'n,)@Q>:_(QDVOD_I)Z Z‘” R b-n (“'“/)]' (2.116)
Dy
(D+20-2)C? "(m-n)
<@’Qj,-(r,n)jj(r’,n’)@‘3):M ;9 (el @2.117)
2uQp(D- 1P~ G (D-2)QpwelT T o
©@ 9jra,mj;',nhe) =o0. (2.118)

In this case the correlator j; j; is protected by symmetry and vanishes exactly on the homogeneous
ground state associated to @9 due to rotational invariance. Finally, we remark that all of these
correlators again satisfy the Ward identity Eq. (2.102).
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Q Q
(Gymy| T1g, 1) cOTTElatOrS

We move on to correlators with insertions of the stress-energy tensor T. Here, we analyse matrix

elements with an insertion of T at cylinder time 1 between spinning operators @’?m atty, >7>1). The
matrix element of T;; between one-phonon states reads

Ag+row
QTT0%e A A
> D (Ao 1)5Z2Z15m2m1

@,2 T @med )=
2 pré

fgm llml

1
- Ag+rowg, (T1,72I7) Qi

_3)0;Y)  (m)0; Yy p, ()
(D-3) 71 tamp_ 1 A1 ] (2.119)

Q .
+ TD 0y/@7,07, ((D— DY,y 0¥y ) = 5=

rjwe, g,
We perform a consistency check with respect to the Ward identity Eq. (2.102) by integrating over the
spatial slicen € Sg_l at cylinder time 7. The integration removes the 7-dependence from the correlator,
as expected,

_ 1
de(n) <(r§’€2‘fm T”(T,n)@z ) = ~Fngrowg, (T1,72) r—O(Ao AL+ rowglJﬁglgz(Sml o - (2.120)

The matrix elements involving a single insertion of the other components of T read

-Q . Q y_ gletroer L[ 90« . —1—2)*
(@[ZmZTn(T,n)@’[lm)—dAQ”O% (ngIr)erD e, Yy my 0 Y,y () = (1= 2)7 ], (2.121)
-Q Q _ AQ-H’()LU[Z 1 .
Gy, Tij om0, ) )= Ag+rowr, (leTle)m hij| (Do +A1167,0)6mym
Qpro, /Wy, Wy, 0;Y) (m)0; Yy, 1y, (M)
+#[(D—1)Y;m ) Yy, () - szzz - ]) (2.122)
2 e To@We,@e,

6“' Y;Z my (n)aj) Y[l m (n)

R RVACT N Qp

2
To@We, @y

By conformal invariance, an insertion of the trace of the stress-energy tensor 7;; + hiT; j has to vanish
on any phonon state. This consistency condition is satisfied here as the expression

@2 niT ame? Y=o T (o i — L (D_1)(g+ A,
lomy AT 0my” T T AgHTowe T2 (D—l)QDré) 0T 21J0050,0mam
Qpro /Wy, Wy 0;Y,) (m)0; Yy, ()
2N R (Do 12y )Yy, g, @) - (D —3) — 272 1 (2.123)
2 2m2 T rgwflwfz

sums to zero together with Eq. (2.119). On the scalar ground state |Q) the matrix elements reduce to

Ag +Aq

07T (1m0 =~ (11,77) , (2.124)
( 77T, 1L ) 71,72 QDrOD

© T, (,me9) =0, (2.125)
00T, 1, o) = ZTLT2 ot 2D, (2.126)

— D Ut
(D=1 Qprl

The three-point function of two scalar operators and T%; vanishes due to rotational invariance. Further,
rotational symmetry also fixes the matrix element of T;; to be proportional to the sphere metric.
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— le m, ) correlators

Next, we compute matrix elements with two insertions of the stress-energy tensor T at cylinder times
7 > 7’ between one-phonon states at 7, > 7 > 7’ > 71. There is a total of six correlators to be computed.

The T;; T;; correlator reads

-Q AQ+T0(U[2 AW
<@[ my Trr (7, n)TTT(T ,n)o 0 ml> Ag+rowe, (T1,T2|T)9272D
D’o
D R (D+2¢-2) 21
(A0+2A1+E§e Iz T“”érow,WC[z (n~n,))6[1€25m1m2

D ! e
r()\/uW(Y[”‘zmz(n)yllm1 )T 700 +Y;2m2(“/)yé1m1 me T T)LU[Z)

{dAQ+r0w[2 QpAgro, /Wy, 0y,
+ POV TaTR

Ag+rowy, 71,72[7) 202 2D [(D DY)y Yy, ()

(D 3) 0; Yglml(n)a > mz(n)

+ [(r,n) - (r’,n’)] } 2.127)

S (D-1) Oa)glwgz

Clearly, this correlator is symmetric under (7,n) < (7/,n’). In the scalar case ¢; , = 0 the above matrix

element has first appeared in [168].
The matrix elements comprised of two insertions of T;; and T;; are computed to be

Q Aqtrow Ag

Q 4. [
@ Tij@m) Tin (T, m)0; )= Ao+rowz % (11,72I7) (D120 2D

lomy "]
(D+2[ 2)

D—3 ¢} @-n)|hijhinde,0, 6mym

D /
Bo+201+ Y e
4

DO —t)y -
+TDr0‘/7w[2w[1(Yf*gmg(n)Y[UWI m) e + Y} @)Yy (e a ”“’fz)h”hk"

e QpAoTo /@, B¢, 26(’ ymy ™0y Yeymy (0
1,72
AQ+rowg, 2(D-1)Q2 2P r3(D-Dwg, wp,

a; Yl,zm )d; Vg, ppy ()

g(D—l)wg wp,
Q Aqg+row AoD
o =~ agrrgur, T2 '20 - n2apd
/ !
' elt=T'lor (D120 —2) 24 ' alyézmz (n)anglml(n)
x aiajz C, m-nY8p,0,6mym; + ; 2.129)
7 Towy (D-2)Qp ro\/uwef(rfr Jwp, (2.

a’jy;zm2 ") 0; Yy, jp, @)

T-1thw
10, /@, 0g, 2

(2.128)

)Yy, iy () By

fzmz

hij| hin + [(T,n,ij) - (T',n',kn)] }

©,°

oy Tri(T,n) TTJ' (T’, n)o

+

The Ty; Ty correlator is symmetric under (7,n, i) < (z/,n, j).
The final three correlators are mixed. First, the matrix element of T;; T%; is given by

)= AQ+I‘0LU 2( 7 AoD 1
—of T1,T2|T) ————= ——
Ag+rowg, 1 H2 2Qpr2P (D-1)

_o) D 0)3; Yy, pp, M)
) —lr=7"lwp D+20-2) F-1 @y lzmz 1my
X [a, ;e 7(D—2)Q C[ (n-n )5[2[15”12”11 + w[1 e(r’mwfz

0;Y) m)yY, (n"
_ wll i lomy £1my (D_ 1) * . _ *
V Wy, e —(r— r’)wil D Wy, Y[2m2(n)6, Yflml(n) (1 2)

©,2, T T eyl

lamy

(2.130)
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2.2 The O(2) model: Computing CFT data at large charge

Due to the fact that T;; vanishes on the ground state, to quadratic order this correlators only receives
contributions from both linear terms as well as the quadratic term of T7;.
For the combination of insertions Tr; T we find

“Q 1 omT Q y_ lernen BoD ik
Gy, Tri @MW T @ n)@[ m) = Aoﬂowi (t1,72I7) 201D D12
_ (D+20-2) [0, Yy m, ®)0i Yz, my )
lT— T\w[ ' &
9; Z (D-2)Q CZ (n 0)8z,0,0mymy + wy, e(r—r Yo,
Y, (n)O'Y* (n) _
Wy ymy L 0oymy (D-1) Wy *
Wy o T-Tg D Jyfzmz(“)alyflml m-(1-2)7 || @13D
By conformal invariance, the correlator (@’ T”(T,n) hi*m") Tir(x "'n’' ) 1) is related to the T;; Ty
correlator in the previous equation.
We are left with computing the T, T;; correlator,
6,9 T T 09 y=—a 0000 iy 2o _Mij
( tomy 77(T,M) z](r ,n’) P ”'11) Ag+rowy, (11,72I7) Q%)rgD D-1D
DQp =, D+20-2) D1
x (A0+2A1+ Z[:row e 77T ‘“fmcf m-n)|8s,¢0,0mym
Q i (4!
+ Drow/wizw/l( fsz(n)Yllml( /)e(T en +Y;2m2(n’)yflml (m)e ’ T)wiz)]
AQ+r0w52( | )AOTOx/W]th Y wy, - (D-3) 0,'Y;2m2(n)6,~Y[1m1 (n)
T1,T2I1T) ———————+~— 1N n)Ye ;M-
A ij|Ye
Q+rowe, ZQDY(%D ame i (D-1? rg“’flw/z
% ! !
Aqtrowg, ’ AOro\/wflwfz * / / alY[zm (n )aiyilml(n)
+Towe, 1 T2lT) — 55— hij(Yfzmz(n)Yflml(n) 2 )
Q ZQDro (D—l)rowglwgz
0¢Y,; m)0;)Yy, 1, @)
lomyp 2] 1my 2.132)
(D-Drjwe,wy,

Even though this correlator is not symmetric under (z7,n) < (7/,n’), by conformal invariance, the
correlator (@ TTT (r,m) ki (m) T,](r n)o 1) is.
All of the above correlators satisfy the Ward 1dent1ty Eq. (2.102) for insertions of T;;. For example, the
matrix element with two insertions of T, satisfies

(Ap +A1+T10wy,)

de(n) @, Ter (@) Trr (7, n)@ ) = @, Q ,Tre(@, n)@ ) (2.133)

o
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Finally, the above T T matrix elements restricted to the scalar case ¢, = 0 simplify as follows:

_ A (11,T2) A D rowy (D+20-2) L
Q 1 Ry = £, T2) 20 Py _Towe Wrel=2) -3 '
(O Trr(t,m) T (T, m)0%) = 2 2D [Ao+2A1+ 2 Ez Sl (D-2) ¢, @ n)], (2.134)
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A(11,72) Ao D _ D+2¢-2) D_
@ T, (r,m) Ty (¢',n)6Q) = - (D(T11;§2)2 02D lz lr—t|w, D +20-2) (; - )Cf - 2.137)
d(n,rz)AoDh ik (D+20-2)
-Q . ! e Ry = J —\Trlw[ T/
(O TT,(T,n)TJk(r,n)@’) 72(1)71)29%%1) ,E D-2 Cé, ( n), (2.138)
_ o (11,72) Ay Nij D rowy, (D+20-2) Dy
Q ¢ nheQy = £ T2) 30 Uy _To®We Wrelt=2) -3 n'
(O < T (r,m)T;5(7,M)0O) = Ap+2A1 + E Srrla;  (D-2) C;/ mm)). (2.139)

22 (D-D) 2

The correlator (G~ QT;; Ty, 0?) was first computed in [168] in the macroscopic limit ry — co.

<i2m2| ]|€1m ) correlators

The last batch of correlators we consider contain one insertion of the stress-energy tensor T and
one insertion of the O(2) current j, respectively, at times 7 > 7’ inserted between spinning (primary)
operators @gm at cylinder times 71,7, such that we have the ordering 7, > 7 > 7’ > 7;. There is a total of
six correlators involving the various components which can be computed. We start by computing the
Ty jr correlator,

-Q ) . ’ A0 _ AQ+r0w[2
Gy, itz (T,m00; )= Bo+rowe, (1, 72l7) 7291)%1}1
_ (D+20-2) 02y Yiymy, ™0i Ve, ) (m)
0; Z fr=r'lw, (D+2022) D-20 C, T men) 60,0, Ompmy + 1| —2 —2 (2.140)
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Wey Yito,my l1my ( Wey *)
— +[,/—=Y, n)o;y, n)—(1-2 .
wy T Twg wg, 3my W01 Yoy my (W) ( )

2

As T;; vanishes on the ground state, only linear terms and the quadratic term of T;; contribute up to
quadratic order in the fluctuations.
The matrix element with insertions of j; and T;; results in

-Q . I A0 Towe, Q
<@’é2m2]z(f,n)Tn(T ’n)ﬁhrn1> ldAQ‘H’Ow( (T1,72I7) 729[”3[)_1
D_ ) m"0; Yy, 1, ()
R (D+20-2) 3 L @y [zmz 1my
x 55;2[16,”2,"16,; [7(1) 50 C, (n n)+ e, =T (2.141)

_ [P0 em W Yam®) (-2 [0y oy
o2, e*(Tfr,)w[I D wy, loymy itoym .

Here, up to quadratic order only the linear terms and the quadratic term in j; contribute, since j; itself
lacks a ground-state contribution From the form of the expansion of the currents in Eq. (2.101) it is
evident that this correlator is related to the previous one.
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For the Ty, j; we find that

Ao+r —
- : Q+rowe QD-1)
<@[2QV)12TTT(T'n)]T(T,)n/)@ZQIm> szQ+r0w[2( ,12|1)729Dr2D_1ro,/wgzwgl
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Here, in relation to the Ward identities Eq. (2.102), we have two independent consistency conditions.
If we integrate this result over the spatial slice n’ the quadratic term in the expansion of J; vanishes,
whereas if we integrate over the n the quadratic term in the expansion of T;; remains finite. The reason
for this is that the quadratic term from T;; has to correct the energy by rowy,, in accordance with the
Ward identities Eq. (2.102).

The matrix element for insertions of T;; and j; is given by

-Q Q _ AQ+row[2 Q 1
Gy, i@ n)j;(«',n)0, my) = No+rowe, (T1,72I7) TD%D_I o-D
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As both currents T7; and j; have vanishing ground-state contributions, the only contribution to
quadratic order in the fluctuations comes from the two linear terms in the expansions of the currents.
The correlator with insertions of T;; and j; is computed to be
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M) Yy, yy ()
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When contracted with h'/, by virtue of conformal invariance, this matrix element is related to the
correlator in Eq. (2.142).

The last matrix element includes insertions of j; and T and reads

-Q . B AQ+0 0 Q hj
Oy, Ji W k(@ n)@, my) =1 AQ+rowz (@1,72I7) rl)rgl)—l DD
* n’
_ (D+2¢-2) D 0z, Y, m, ™0 Yeymy @)
lT— T\wg 2 ! 2 2
0; Z D-20p ' n)5€2[15mzm1+\/w[1 =T (2.145)

Or; Yo @0 Yim, ™ (D=2 [0, . ()0; Y7,y ) = (12)*
o, e_(T_T/)")/l D wy, lrmy itoym .

As the quadratic term in the expansion of Tj; only appears to cubic order in the expansion of the above
correlator, it is fully proportional to 1 up to quadratic order. Higher order correction, however, will
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make the tensor structure more complicated.
There is significant simplification in the expressions for the T j matrix elements when restricted to the
scalar ground state £, =0

(11,1 (=", D+20-2) D
Q Qy_ _ # (-thw, YT —2) .3 o
(09T (r,m) jr (7',n)6%) = ZQ2D (%D 1 lz l4 D=2 C; (), (2.146)
d (11,7 _ (D+20-2) L1
Q Qy— _ 1,72) -1"w 2 .
@ i@, T (¢',n)6%) = ZQZD D1 ,Z == ) Cc/ (@), (2.147)
JZf(TLTz)Q(D 1) row, (D+20-2) D . 2(8p+4)
o7, o? cZ 'mnh+ 220U .
( (7,0 jr (7,009 = 200201 Zg"e(rfr’)wz D=z ") D10, (2.148)
¢ C%_l(n n’)
- . A (T1,72) (D+2¢-2) Cy :
0791, j; (' n)0Q) = —i —2 0,0, , 2.149
O Titnmyjmes 2D-DQERRP1TI G (D-2) et-Thorryg, (2149
Qr oy _ Q&f(TLTZ) (Ap+A7) 1 rowy (D+20-2)
(0% Tij(, n) j; (r',n)6%) = Q%) (%D T hij D1 2 2 ;D2 Cf (n n’) (2.150)
b,
_9C2 (n-n)
-Q ;. e 1 Qy Qd(‘n T2) (D+2¢-2) ¢,
(@7 ji@,mTj(r',n)0%) = 292 251 (D_l) ,; GE =T (2.151)

The two correlators with insertions of j;, Ty and T5;, j; have first appeared in [168] in the macroscopic
limit ry — oo.

2.2.8 Heavy-light-heavy correlators

Within the validity of the large-charge EFT it is possible to compute correlators involving the insertions
of (spinning) primaries @9 with small O(2) charges ¢ < Q (and small enough spin). These small-charge
insertions act as probes around the semi-classical saddle-point configurations and do not alter the EFT
description. The computation of these matrix elements has been carried out in [18, 46, 154]. For the
purpose of completeness, we review the computation for some of these correlators here.

Within the EFT, every operator has to be constructed in terms of the NG field y (or the ground state
¥ = —iur plus the fluctuation 7, alternatively). Starting from this observation, we try to match the
quantum numbers of an operator @er with charge g <« Q, scaling dimension A «< A and which
transforms in a representation of spin £ ~ @(1) in terms of the NG boson alone. We find that at leading
order in Q the operator 6’;’;5 must take the form3?

@Z;A k(Al)[q ;;nW('ile...ﬁwx(ax)A_[ei”+..., (2.152)

where k(l) tq is a Wilsonian coefficient that is not determinable within the EFT and is therefore theory-
V] Ve

dependent The operator U,
explicitly given in Eq. (B.19). For simplicity, for scalar operators we will use the shorthand notation

gives the change of basis from Euclidean to spherical tensors. It is

6T .= gD k(Al) — kD

oA, Vg (2.153)

39The sub-leading term in the LCE is also fixed and must take the form k(Az)q (Ei)()A_2 (Z+...) elax, Here, we have neglected
higher-order corrections that are necessary to obtain a Weyl-invariant quantity.
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(@[—Q—q@cI;A@Q ) correlators
212 f1m

We start with the insertion of a scalar operator with small charge g < Q,

(ﬁf_g(il_zq(Tz)@q;A(Tcync)@Q 1)), where [@’q;A(T,n)]T=@_”’;A(—T,n)- (2.154)

l1my

The form of the classical homogeneous contribution to the above three-point function can be inferred
from general symmetry considerations (see Appendix B.1.2),

(12-7¢) (Tc-11)
~wy, (Tz—Tl)e_AQHJ Tc e_AQ Cro . (2.155)

<@(‘2"?n—2q(rz)m;A(Tc,nC) @[Ql o TV =C8 g 0 000, 0mims e

The above expression is consistent with the general form of a three-point function in a CFT at large
separation on the cylinder given in Eq. (B.25). Dimensional analysis tells us that the OPE coefficient
<€3 +0,0,0 includes a factor of roA coming from the insertion of 69 A which can be extracted so that

A AA A
"o Co+q.0.0 = CQ+a,0.0- (2.156)

From the point-of-view of the path integral, the difference between the standard large-charge semi-
classical trajectory governing the usual path integral in Eq. (2.65) and the correlator with an insertion of
09" in Eq. (2.154) is that the insertion of an operator of charge g introduces a source term to the action
in Eq. (2.65) that changes the boundary conditions as well as the bulk EoM slightly. They now read

5tQ
. = —oom) = 55—,
" éS igb(t—1.)0(n—n) ry o
Vit =9, _ , y (2.157)
o0u) Ve (s = +00,1p) = 22" 9)
_] 2 , 112 rOD_IQD ’

where g,y is the metric on the cylinder. Ignoring the boundary condition for a moment, the partial
differential equation in Eq. (2.157) is linear and hence, on general grounds, the solution to it can be
written as a sum of the homogeneous solution y = —iut + 7(7,n), solving the EoM for g =0, and a
particular solution g, (7,n). The particular solution 7, solves the equation Eq. (2.157) for a delta-
function source term and is therefore structurally identical to the Green’s function, i.e. the propagator.
However, considering the the full system of equations, we find that the new boundary conditions
change the form of the constant term in the mode expansion (the ¢ = 0 term within the expansion
in Eq. (2.31)). Fortunately, to leading order the solution to Eq. (2.157) is still given by the sum of the
homogeneous solution y and the particular solution = p.4°

As discussed, the additional source term only appears in and alters the field normalization while the
mode expansion remains equal to the one in Eq. (2.31). Hence, we can still apply the standard canonical

1
4OExpanded in Fourier modes, the particular solution p reads (recall that g Q (P-1 , see Eq. (2.35))

m (nc)f Ylm (n)e~@1 lT-7¢l

i — Y,

i T-T

! C|0(T—TC)+Z !
m,l

DD -DurP2 | 2rQp

np(‘r,n):

’

2row;

where the theta-function 6(r — 1) is required to satisfy the different boundary conditions at 73,1 = too.
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quantization picture around Eq. (2.42) and in the limit of large separation 75 ; — +oo identify *!

Tzligloomlﬁe_;fn‘zq(rz) = (?;ZZI =(Q+4qlag,m, im0y, (1)10)= |£ ) = a;1m1 Q).  (2.158)
To leading order the operator @%* within the EFT is given by (see Eq. (2.152))
0T (T e,m,) = k) p e TTelamTen A Teme) (2.159)

and the correlator in Eq. (2.154) is computed to be*2

1 j i .
©,, Q- q@qA(rc,nc)@Zml):k(A‘)que“q” (Q+qlag,m, (2) e T TenItid ”P(TC'“‘)a}1m1 @I +...

D
A,q A +rowy

- (urO)Ar—AagzglamzmldAsm% L(11,T2|Tc) +... . (2.160)
0

We can generalize this result to the case where we insert an operator @Z;: in a representation of spin
¢ ~0(1). In this case we find the matrix element

('uro)Ak(Al)(q AQ+ +rowy
(Q+qlag,m, 0 gm 2 (Teme) ﬂg my | Q) = T e— (bamy; € m|€ymy) AQJ,W[ 2(ry,12lTe) +.... (2.161)
0

where (¢£,my; € m|¢ m,) represents the appropriate Clebsch-Gordan coefficient. The above expression
gets corrected by quantum contributions, some of which have been computed in [154].

If we limit ourselves to the scalar ground state for ¢, » = 0, by rotational invariance, only scalar small-
charge insertions can have non-vanishing matrix elements. In this case the correlator is given by

<Q+m@*(nmawwxému%ﬂoqubmwa (2.162)

The result for this particular matrix element with scalar large-charge insertions @< has been presented
originally in [18, 188].

The first sub-leading correction to the three-point coefficient C’é +4,:0,Q
particular solution 7, evaluated at (7, n.) which is formally divergent. Including said first sub-leading

corrections the OPE coefficients reads

includes a contribution from the

z [m(nc)Yim(nc)
= k0 (uro)® [ 1- R T o+ 2.163
(kro) 1 DD — 1) (uro) P2 (2.163)

CQ+M Q™

Its divergent sum can be related to the family of infinite sums in Eq. (2.86),

) Yy (n,) Deg;, (¢
Z M To y-Degn@ _ 1o 5y, (2.164)

41Note that the state |Q + @) from the point of view of the EFT lives at the cut-off, see the discussion around and after Eq. (2.47).
The insertion of @72 connects the two states within the validity of the EFT.
42\We expand the leading term further in powers of g <« Q.
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2.2 The O(2) model: Computing CFT data at large charge

The sum X(-1) can be regularized and computed, e.g via dimensional regularization or zeta-function
regularization.*3

In D = 3 the first correction presented in Eq. (2.163) is suppressed by a simple factor of (urg) ~ \/6 and
is therefore dominant compared to the sub-leading correction in Eq. (2.152), which is suppressed by
(uro)?. Further corrections to the OPE coefficient arise from the sub-leading terms in the exponential
e'9X as well as from the term (dx)A. A careful power counting reveals that the expansion in Eq. (2.163)
is valid in the regime A? <« Q*'? [46]. Specializing to the case D = 3 to compute X(—1), the final result

reads [188]

. A 2V12x%
CéHM’QO((Q)Z 1400164523 x TV 0 4. (2.165)

veQ

In D = 4 the leading correction presented in Eq. (2.163) competes with the first correction to Eq. (2.152).
Consequentially, the correction in Eq. (2.163) gets renormalized by a Wilsonian coefficent and there is a
universal logarithmic contribution appearing [46].

(@;Q 6-986T69 ) correlators
2m2 (1my
As a minor adaptation and generalization of Eq. (2.154) we are computing the four-point function

(0,2 147 (1) W (1 4,0g) OV (1,1 OF | (T1), (2.166)

where g, ~ g, < Q. Computations of related four-point functions have first appeared in [154]. Similarly
to Eq. (2.157), the EoM to Eq. (2.166) are given by

85(Q+da+qc)
j”(Tl =-—oo,ny) = ODiilgc ,
. B B ; _ B N
Vyj” _ iga6(t—147)0(n—ngy) + iqe6(t—1.)0(n—nc¢) , 0 D (2.167)
V8 V& ohQ
j”(TZ =+oo,np) = Dol
YO QD
The corresponding matrix element, computed to leading order reads
1) 1)
—Q-4a~49c pqida 5acde Q- Ag+De _Barda Dc e —(T2—T1wy
(@[zmz o o Cﬁglml)—(ﬂro) A TA, 80,0,8mym, € 2
To (2.168)
_A (T2-7¢) _A (Tg-71¢) _A (tc-17)
x e ~Qtda*tdc " r Q+4c ™ ry Q7 4.
Restricting ourselves to the special case g = g, = —g,4 we find
k(l) |2 (t2-11) 0AQ (14-7¢)
-Q —g:A A =Q _ oA TAq A5 455 45— —(12-TDwy
©@pn, @ T2 @4 O ) = (110) rZ—Ae 0 aQ "o 260,0,0mpmy +...,  (2.169)
0
where the correction in g is given by Eq. (2.38)
0Ag 9N (2.170)
——~ —— = Urp. .
20 ~ 90 Ko

The first sub-leading correction to the above result has appeared in [154].

43In zeta-function regularization the sum becomes =(—1) = vVD—1 {(1/218P~1, see Appendix B.1.
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2.3 Conclusions and final remarks

As the state—operator correspondence maps the insertion of an operator G2 (0) of charge Q to a finite
density state |Q), it connects vacuum correlators in flat space to finite density correlators on the cylinder,
and for a large class of theories even to finite-density correlators in flat space again, in the macroscopic
limit. Generically, we can expect operators with large quantum numbers to be composite operators
that naturally produce states of many quanta, which are far removed from the vacuum. In that sense,
it is not surprising that within the LCE there are emergent condensed matter phases which encode
information about charged correlators in high-energy physics.

The simplest case is where the LCE maps charged operators to a conformal superfluid phase. The
conformal superfluid EFT can then be used to study correlators in a 1/Q expansion which leads to
universal predictions for the structure of conformal data in large-charge sectors of CFTs that realize the
superfluid phase. As a consequence of SSB, the EFT spectrum consists of non-relativistic hydrodynamic
NG modes. It becomes particularly simple in the case of a global O(2) symmetry under which the
operators are charged. Importantly, in this case there is a single superfluid phonon in the spectrum.
In the second part of this chapter we have computed an array of correlators and CFT data for the O(2)
model in D dimensions. We have systematically collected three- and four-point functions using the LCE.
Compared to earlier works, we have extended the analysis to correlators of spinning primaries, which
are described by matrix elements with single- and multi-phonon states. For the sake of convenience,
we have mostly computed matrix elements of one-phonon states but the analysis easily generalizes to
multi-phonon states.

We have collected results for correlators of the form H-L-...—H with insertions of light operators
or currents with parametrically smaller charges in-between two heavy large-charge operators. The
insertions of such operators can be thought of as small perturbations around the leading trajectory
coming from the heavy in- and out-states. In principle, the EFT might break down very close to the
insertions of the light operators, but it accurately captures the overall behaviour of such correlators.
While it can be easily argued that such correlators lie within the validity of the EFT, this argument
breaks down once there are more than two insertions of heavy operators. The inclusion of another
heavy operator between the in-and-out states can no longer be considered as a small perturbation and,
in the cylinder frame, the EFT description seems no longer justified. Each heavy operator of charge
Q > 1 creates a superfluid state on a sphere around its insertion point and a correlation function
involving three large-charge operators therefore should describe the transition between three different
superfluids. Hence, said correlator has to be associated to a new classical profile in the path integral.
The key observation is, however, that also here in this case the radial field is locally gapped around
all superfluid states and its corresponding modes are therefore still not excited by the new classical
trajectory [189]. As a consequence, it is possible to compute these correlation functions using superfluid
EFT methods. The result for the H-H-H three-point function was obtained via a numerical solution
in [189]. It might be interesting to study such correlators involving additional phonon excitations.

These results generically extend to the homogeneous O(2) sector of CFTs with a larger symmetry group.
Unfortunately, capturing the full non-Abelian symmetry is more complicated. The first observation we
make is the fact that for non-Abelian symmetry groups only representations are fixable and not charges
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themselves [47]. The homogeneous O(2) sector in this language corresponds to operators in completely
symmetric representations. More precisely, the emergent description for correlators with insertions of
operators in large completely symmetric representations is that of a non-Abelian superfluid which —
compared to the Abelian superfluid — includes new massless NG modes with quadratic dispersion
relations and their gapped NG counterparts. Excitations of these new type-II modes on top of the
superfluid ground state correspond to operators in slightly asymmetric representations [46, 47]. The
Abelian sector remains present and suffices to accurately describe matrix elements without excitations
of the new modes (at least at tree level, i.e. to leading order in 1/Q).

In the case of a non-Abelian symmetry the landscape of EFT structures is richer as the theory includes
more DoF and allows for more diverse symmetry-breaking patterns and thus more potentially allowed
EFT descriptions. Thus far, the superfluid hypothesis is only capable of capturing large-charge operators
in or around the completely symmetric representation — i.e. the homogeneous O(2) sector — and a
new emergent description is needed to describe other operators [46, 47]. Far away from the completely
symmetric representation the corresponding ground state will be inhomogeneous. Heuristically, this
can be seen from the observation that (large) asymmetric composite operators can only be constructed
out of scalar building blocks by using derivatives. To date, there has no satisfactory description been
proposed to describe correlators of operators in asymmetric representations. A first step towards the
goal of developing an understanding for the full the non-Abelian structure of the problem is certainly
to perform a similar analysis to the one for the Abelian superfluid EFT presented in Section 2.2 instead
for the EFT predictions within the non-Abelian superfluid including the additional type-II NG modes
and their fluctuations. In doing so, we can use an EFT construction of the form presented e.g. in [46, 47].

However convincing the arguments are that the superfluid hypothesis is applicable to a large class of
CFTs, given that the superfluid is such a natural option, there is always the possibility that there are
no theories that actually realize it.** Fortunately, there is strong evidence from lattice computations
showing agreement with results from the LCE [143-146, 160]. In this context, since the universal scaling
behaviour of Q%' is only indicative of a condensed-matter phase with a non-trivial macroscopic limit
and not specifically a conformal superfluid phase, it is in particular important to explicitly verify the
universal predictions from the superfluid EFT hypothesis. Consequently, important universal EFT
predictions, like the Casimir energy in Eq. (2.85) appearing at order (Q)° in A(Q) and certain specific
three-point coefficients such as the one for the H-L-H correlator in Eq. (2.163) and the one for the
H-H-H correlator computed in [189], have been independently verified in lattice computations to high
precision [144-146].

Strikingly, in lattice computations the large-charge predictions seem to match even for operators with
small charge [143, 144]. One possible explanation for this comes from Resurgence [199], as it has been
shown in the O(IV) model at large N that the asymptotic expansion at large charge exhibits a double
factorial growth [191], which is stronger than the standard factorial growth observed in regular QFT.
Essentially, if this is a universal feature of the LCE, results can be extrapolated to smaller values for LCEs
than for other asymptotic series in QFT.

For interacting CFTs that are weakly coupled and amenable to perturbative treatments it is sometimes

44The question as to what possibilities there are and how prevalent the superfluid hypothesis is in the description of large-charge
operators within CFTs has also been framed in the context of the conformal bootstrap [154].
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possible to explicitly identify the effective condensed-matter description at large charge in a double-
scaling limit. Examples of theories in this category can be found in the e-expansion [186, 200, 201].
Other interesting cases, where a condensed matter description can be directly identified, are given
by theories at large number of flavours N [1, 3, 124, 128, 191]. For both the bosonic O(N) vector
model [124] and the fermionic NJL model [3] at large N it is possible to match the predictions from the
superfluid EFT and compute the Wilsonian coefficients c; in the double-scaling limit. We will discuss
the LCE in the large- N limit extensively in Chapter 3. Interestingly, in the case of the GN model at large
N a Fermi sphere instead of a superfluid ground state can be identified (at least in the strict large- N
limit), just like in the free-fermion CFT [3, 168].

Finally, we want to mention that the LCE has been successfully applied in the context of non-relativistic
CFTs [202-206]. In this context, the prediction coming from the LCE and the description in terms of
condensed matter phases might even be experimentally testable, in particular for the unitary Fermi gas
in a harmonic trap [207].
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8] The large charge expansion in the
large N limit of QFT

Many non-perturbative features in realistic QFTs are barely accessible and beyond perturbation theory
there is a distinct lack of calculable dynamics. Moreover, a lot of important physical questions are
intrinsically non-perturbative in nature. It is therefore commonplace to look for simpler models or
simplifying frameworks where certain questions can be answered and some intuition for the inner
workings of more complex models can be gained. One popular tactic is to introduce an additional
expansion parameter, like e.g. a small non-integer correction to the spacetime dimension in the e-
expansion [133], and compute observables by expanding in said parameter. In some cases, these
expansions rearrange the terms in the asymptotic loop expansion from standard perturbation theory
and capture certain non-perturbative features.

Large- N techniques and large- N field theories present one such simplifying framework allowing for the
calculation of certain observables and the exploration of theoretical ideas. Historically invented to study
QCD and asymptotically free Yang-Mills (YM) gauge theories by t' Hooft [208], the large- N expansion
nowadays has wide-ranging applications and is used to investigate many problems in physics. Since
the large- N limit of QFT can be interpreted as a thermodynamic limit [209], it is particularly natural in
the field of condensed-matter physics. But it is also still widely used in high-energy physics. For our
purposes, it is a useful framework to test the predictions of the LCE using a more direct approach than
the EFT construction.

We are mainly interested in theories with quartic interactions — like ¢*-theories or GN-type models —
and their interactive fixed points at large N. The corresponding interacting CFTs often lend themselves
to large-charge analysis and it is possible to explicitly recover and identify the condensed-matter EFT
descriptions. Before we introduce large-charge analysis, first, it is worth understanding why quartic
interactions become simpler to deal with at large N. Let us consider explicitly the case of a scalar model
with a quartic interaction (¢} ¢ ;)2. If this interaction could somehow be replaced by (7o) (@; 1),
for example to leading order in an expansion, the theory would be reduced to a free one and hence
would be solvable. There is a variety of schemes like mean-field theory or variational methods that exist
and try to achieve this simplification. However, since these methods often do not possess or introduce
a small expansion parameter, it is usually unclear how to improve upon results, and the domain of
validity of the underlying assumption is generally unknown.

101



Chapter 3. The large charge expansion in the large N limit of QFT

The approximation (¢; ¢ DERS (@] @) (@] ¢;) would be justified, if the fluctuations of the composite
field (¢} ¢;) are much smaller that the fluctuations of the fields ¢; themselves. Large-N techniques
solve this problem via the central limit theorem. For a large number of fields ¢;, i = 1,...,N the
composite field (¢} ¢;) is the sum of many terms and, if said terms are sufficiently uncorrelated, it
has small fluctuations. To put it in other terms, collective excitations generically tend to be classical.
Additionally, the large- N expansion comes with a very natural small expansion parameter given by
1/ N, which organizes well-defined perturbative expansion [134].

The goal of the large- N expansion is to construct an EFT for the identified collective DoF by integrating
out the original fields in the action, a set of fields whose cardinality scales like N, and hence not
only solve the QFT in the (strict) large- N limit but also have access to a systematic 1/ N expansion.
Large- N results tend to complement results from the conventional perturbative RG [134, 198]. The
pertubative RG allows to study the theory around the Gaussian — or free — fixed point, whereas
large N can sometimes capture properties along the full RG flow up to the interacting fixed point. As
with most techniques used to access QFT, the 1/ N expansion has its limitations which are also often
unpredictable. Hence, we should to be careful to discuss it in isolation.!

The plan of this chapter is as follows. In Section 3.1 we investigate the large- N ¢*-theory and the O(2N)
WF fixed point. We derive the leading-order asymptotics of the critical theory at large charge and large
N in D = 3 using thermodynamical reasoning, explain how we recover the superfluid EFT predictions
— including a computation of the leading- N Wilsonian parameters — and discuss the fluctuation
at sub-leading order to extract the universal contribution from the superfluid phonon discussed in
Eq. (2.87). We also quickly comment on the resurgent analysis of the leading-order asymptotics.

In Section 3.2 we explain how the LCE at large N allows us to study the ¢*-theory away from the
conformal fixed point. We deduce and discuss the leading- N effective potential along the full RG flow
in D = 3, generalizing a result first derived along the critical massless trajectory by re-summing an
infinite number of Feynman diagrams in [19]. We extend the analysis to 2 < D < 6 and in particular to
D =5. In D =5 we find tentative results indicating that the ¢*-model at large N appears to not be UV
complete and we uncover a non-unitary — or complex — CFT at the interacting fixed point.

In Section 3.3 we discuss three-dimensional fermionic theories at large N and their large-charge sectors.
We start by discussing the free fermion which already exhibits some interesting behaviour. In particular,
the ground state at large charge exhibits a non-trivial macroscopic limit on the cylinder in contrast to
the free boson. However, there is no SSB and said ground state no longer describes a superfluid but a
Fermi sphere instead. We then move on to analysing the interacting GN model and NJL-type models at
large charge and large N. While the GN model in the strict large- N limit only exhibits a Fermi-sphere
ground state, the NJL-type models allow for a Bose-Einstein condensate and admit a superfluid ground
state in the description of certain large-charge operators.

All of the analysis and the computations in this chapter are done in Euclidean signature, mainly either
in D =3 or D = 5. While Section 3.1 represents mostly a review of the recent and established literature
on the subject, Sections 3.2 and 3.3 present the original work and the contributions of the author,

IFor example, it is absolutely necessary to make sure that the 1/N expansion is both renormalizable and IR finite. If
renormalizability and IR finiteness are not met, large- N results are potentially unstable and the 1/N expansion might not
actually exist.
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with the small exception of the free-fermion CFT at large charge. Section 3.2 is based on [1] (plus its
companion paper [128]) and Section 3.3 is based on [3].

3.1 The Wilson-Fisher fixed point at large charge and large N

The O(N') WEF fixed point is the interacting fixed point for the ¢*-theory in D = 3 accessible at large N'.
In our notation the action reads
Sigpi] = f dPx &

1 r 2
_ AtD: - —hihs 4+ 2 .ch:
26u</>,6 ¢,+2¢1¢,+2N,(<p,<p,) ] (3.1

We divide the interaction term by a factor of N’ so that all terms in the action are of order N'. In flat
space, the IR interacting fixed point is reached in the massless limit r = 0. If N’ = 2N is even, the action
is more conveniently written in terms of complex fields (the index i runs from 1 to N ),2

sigil = [ dPx 0,700 + 979+ & (9701)7] .2

We will generally use this form of the action.?

3.1.1 The Wilson-Fisher fixed point and large N

In 2 < D < 4 the coupling g of the ¢*-interaction is relevant and the theory described by the action in
Eq. (3.2) is free at short distances in the UV and strongly coupled at long distances in the IR where it
can be assumed to flow to an interacting and generically strongly-coupled fixed point called the WF
fixed point. The WF CFT living there is of particular importance in condensed-matter physics and the
description of second-order phase transitions in statistical physics. It describes the critical points of
systems such as superfluid Helium, vapour liquid, ferromagnetic transitions and binary mixtures [134].

Weakly-coupled WF fixed point in small e

There is strong evidence for the existence of the WF fixed point between 2 < D < 4 — in particular also
for the physical dimension D = 3 — and for arbitrary N [11, 135, 221]. Its existence is generally agreed
upon and has first been proven perturbatively in the small-e expansion around four dimensions [8,
133], where significant simplifications occur. In fact, in dimensions D = 4 —¢, for € « 1 the IR WF fixed
point of the ¢*-theory Eq. (3.2) becomes weakly-coupled and accessible via perturbation theory. The
one-loop beta function for the quartic coupling g around the IR fixed point in D = 4 — € for the O(2N)

2Clearly, although not manifestly, this action remains O(2N) invariant instead of just U(N) < O(2N).

3Additionally, we can include a |¢;|8-term in the action Eq. (3.2), which by dimensional analysis is marginal in D = 3. However,
this term is marginally irrelevant in the presence of the |¢; |*-term [19, 135] and hence we omit it. The theory without a |¢b;|*-term
and only including |¢;|8-term is itself interesting and worth studying [210-220]. We leave the large-charge analysis of the
o8 |6—model for future research.
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Chapter 3. The large charge expansion in the large N limit of QFT

invariant theory then reads [222]

2

By=—e+r(N+a) S+ (3.3)
and the WF fixed point lies at the critical value of the coupling?
. Ar
8- T (3.4)
N (N+4)

The anomalous dimension as well as the scaling dimension of ¢»; and the composite field ¢ = ¢;¢; are

3 3
(N+4)

€
Ap=1-=+..., Age =2 €t 3.5)

2
The fact that the IR stable fixed point occurs for g of order € allows for the development of a formal
expansion in e. Higher corrections in € to these results come from higher-loop calculations and are
known up to order €® [223, 224]. The coefficients of the first few terms in ¢ fall off rather rapidly and
setting € = 1 provides an approximation for the critical theory in D = 3 that is in surprisingly good
agreement with experimental and numerical results [133]. In D = 4 the ¢*-theory does not have a
continuum limit and — as the only critical point reachable is the Gaussian free massless theory at large
distances — it is thus known as a trivial theory there.

Weakly-coupled WF fixed point from large N

An approach complementary and similar in spirit to the small-e expansion is the large- N expansion. To
set up the large- N expansion for the O(2N) vector model we consider a theory of 2N real scalar fields
packaged into N complex fields and a O(2N) symmetric action of the form

S[(p]—de 0,7 6“¢,+NY(¢ (P’)], (3.6)

where the potential Y (x) is a generic polynomial.? For large N it can be expected that O(2N) invariant
quantities self-average and hence have small fluctuations.® This observation suggests that it is a good
idea to consider ¢ ¢; as a dynamical variable instead of ¢;. This can be achieved via a so-called
Hubbard-Stratonovich (HS) transformation [134, 225, 226]. The HS transformation introduces two
additional fields A, o while imposing the constraint o (x) = ¢ (x)¢; (x)/ N for every point x in space by a
functional integral over 1(x),

ﬂ—Nf@w ¢rpi—NA) = f@(f@/le o(9jpi-N1). (3.7)

“4Higher-order corrections in e change the critical value g, but not its existence.
5We choose the notation Y instead of V as we write the potential as a function of ¢? instead of ¢.
6By the central limit theorem this assumption relies on the components ¢; to be weakly correlated.
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3.1 The Wilson-Fisher fixed point at large charge and large N

Inserting the representation of the identity in Eq. (3.7) into the path integral for the action Eq. (3.6)
results in the following partition function:

sz@(,bi@d);‘ Do pre S0 S 0, :dex [0upr0di + NY (D) +0(p} pi — NA)].
(3.8)

The functional integral over the fields ¢; in the above representation of the partition function is now
Gaussian and can be performed, effectively removing the dependence in the original fields and making
the dependence on N of the partition function explicit.” The path integral now reads®

sz@a@/le_s[”””, Sla, Al :N/de [Y(A) —oAl+ NTrlog(-V*+a), (3.9
where we have used the identity logdet A = Trlog A. The action Eq. (3.2) corresponds to the potential
Y(x)=rx+gx°. (3.10)

In that case the modified action is quadratic in 1,
Slo, Al = Ndex [rA+gA?—aA] + NTrlog(-V?+0), (3.11)

and the integral over A can be performed, setting
4gl+r=o. (3.12)

This results in a term of the form r? appearing in the action, which is a constant term and therefore part
of the normalization. The new representation of the partition function for the ¢*-theory in Eq. (3.2)
then reads

1
Z:f@ae‘s“’], Sio] :Ndex@ [207 - 0?] + NTrlog (- V? +0), (3.13)

Integrating out the o field and rewriting the trace-log term as a path integral gets us back to the original
theory in Eqg. (3.2), hence the two representations are clearly equivalent. To analyse the WF fixed point
we consider the critical trajectory at r = 0 (in flat space).

Tuning the massless theory r = 0 to the conformal point at the level of the action in Eq. (3.13) is
equivalent to dropping the o?-term. In order to properly organize and perform the 1/ N expansion we
rescale the field o by a factor of 1/VN [227, 228],

o
VN

70Often it is more convenient to integrate only over N — 1 components ¢; and leaving ¢; in the action. In some cases, it is even
worth to leave two original fields in the action [134]. This does not affect the leading- N result but only the 1/N corrections to the
leading result.

8The HS formalism can be generalized slightly in order to be applicable to the most general O(N)-invariant action, which is
found by adding the two terms A(Iqblz/l\l)léu(bl2 and B(I([)IZ/N)Iau(b* -¢7|2/Nt0 the action in Eq. (3.6), where |([>|2 = (p;.‘(/)i and A, B
are two arbitrary functions. After performing the HS transform in Eq. (3.7) these terms become A(0) IO#([)IZ and NB (0)(6”0)2.
The ¢;-integrals remain Gaussian and can again be performed.

9This applies to both the UV free and the IR interacting fixed point [222].

o= (3.14)
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Chapter 3. The large charge expansion in the large N limit of QFT

The trace-log term generates a non-local effective kinetic term for the composite field &.

[e) (_1)k+1
NTrlog(-V?*+6/VN) = NTrlog(- V%) + )
k

~\k
= WTI(GU) , (315)

so that to quadratic order in the field o the partition function is given by

1
:fgéexp 3

where G = G(x — y) is the propagator of the free theory, —~V>G(x—y) =5(x - y),

T (G6)* +06%| . (3.16)

de eil"(x—}’)

Ge-p= [ 555 (3.17)
The quadratic action in o is best expressed in terms of a double integral
1
S[6] = —zdedey F(x)6() Gx—y)?+05°). (3.18)
The square of the ¢ propagator can be evaluated in momentum space,
dD . dD 1 dD zp(x ») (p )g_z
Glx-y)? :f pDew‘(x_y) 65:) 2 2=~ ) y 319)
(2m) (2m) q (P—CI) (27) 2D(4]'[) 7 F(DT)SIH(%)
and can be used to derive the propagator for o,
D-3
L @m "z 2P+1r(BrL)sin (22 2D+2p( L2y sin (22 Cs
(G(-p)&(p)) = (D z)sin(7) . (GG = (G )sin(7) _,_G oo (3.20)
(p?)2 2 niT(Q -2)jx—yt  1x=Vl

This is precisely the conformally invariant two-point function of a scalar operator with conformal
dimension A4 = 2, consistent with the small-e expansion.'°

The simplest way to develop the large- N perturbation theory from here is via the canonical propagator
G(x — y) for ¢;, the propagator for ¢ in Eq. (3.20) and the action written in the form!!

Sl¢;, 61 :dex

1
0,0 p; + ——=06¢7 ;| , 3.21

which is recovered by rewriting the trace-log term in Eq. (3.13) as a path integral (and rescaling the
field o accordingly). For example, the first correction in 1/ N to the scaling dimension of o takes the
form [222, 229-231]

b

1

(=t nD
A5:2+2D_1(D—1)(D—2)wi +O(N%). (3.22)
m:r(L+1) 2N

10The coefficient Cg is positive in the range 2 < D < 6.
1we choose to rescale by 1/v/2N instead of 1/v/N purely out of convenience so that our results are consistent with [222]. There
is no physical difference in choosing one over the other.
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3.1 The Wilson-Fisher fixed point at large charge and large N

After setting D = 4 — € and expanding to first order in ¢, this result agrees perfectly with Eq. (3.5). While
the existence of the O(2N) WF fixed point in D = 3 from the e-expansion is not clear, from the large- N
perspective it exists everywhere for 2 < D < 4 and survives in the limit N — co.!2

3.1.2 Thelarge-N ¢*-model at fixed charge

Large- N analysis provides strong evidence that the O(2N) vector model flows to the interacting WF
fixed point in the IR for 2 < D < 4. The RG flow including the interacting WF CFT survive the large- N
limit and the fixed point becomes a weakly-coupled theory around N — oco. The CFT living at this fixed
point is an ideal playground to test the LCE in a setting that is under perturbative control.

We leave the dimension D arbitrary for now. While fixing the charge in an Abelian model like the O(2)
WEF CFT is straightforward, in non-Abelian theories the global internal symmetry still acts on the charge
matrix Q, so that only the spectrum of Q and hence its representation remain invariant. Importantly, it
has been noticed that the homogeneous finite-density superfluid configuration and the corresponding
symmetry-breaking pattern discussed in Chapter 2 only capture correlators of charged operators in
completely symmetric representations [46, 47, 122].

In the critical O(2N) vector model atlarge N we choose to fix the value Q; of the N Cartan charges/generators
Q;O(zN D i=1,...,N rotating the field ¢; individually, which equals the number of eigenvalues of the
charge matrix Q and hence represents the maximum amount of entries of Q that we are allowed to
fix under the group action. Without using an EFT description this is best achieved by restricting
the path integral to the sector of operators @< with fixed eigenvalues under the Cartan charges,
Q;O(ZN N6Q = Q;0°. This procedure is best discussed in finite-temperature field theory as fixing the
value of the Cartan charges has a very natural interpretation at finite temperature where it corresponds
to fixing the number of particles, i.e. considering the canonical ensemble.'3

We start with the O(2N)-invariant ¢* vector model with action Eq. (3.2) at the WF fixed point on the
cylinder Sb x SP~1, where we have compactified the cylinder-time coordinate.'* The length of the circle

B =1/T is the inverse temperature and we recover the theory on the regular cylinder R x Sg‘l in the
limit 8 — oo. In the following we always implicitly assume the zero-temperature limit to recover the flat
space WF CFT at the fixed point of the RG flow,

SpxSp !~ ﬁlgrolos; xSpt=RxS)h. (3.23)

The diagonal Cartan charges of the Lagrangian in Eq. (3.2) rotating the fields ¢; individually are given

12Besides using small-e and large- N expansions the WE CFTs of three-dimensional O(IV) models have also been studied using
Monte-Carlo simulations [14, 16, 143, 144, 160] and the conformal bootstrap [232, 233]. Detailed information on the spectrum of
light operators is known and there is strong agreement between all of the different methods. As a consequence, the existence of
these conformal theories is widely accepted.

13Naturally, it is also possible to perform all computations in flat space and at zero temperature, see [20].

141 curved space the mass r now also includes a coupling to the Ricci curvature %. Since we consider the theory on the

cylinder Sll3 x S%_l the curvature is constant, % o« 1/ rg.
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Chapter 3. The large charge expansion in the large N limit of QFT

by (7 = xp in Euclidean signature)

Q;O(ZN)) = —f ds [6T(P;k bi —¢?6T¢i . (3.24)

D-1
Sto

The partition function on the thermal circle S}s can be conveniently written as the trace of the exponential
of the Hamiltonian. Bosonic DoF obey periodic boundary conditions on the thermal circle (while
fermionic DoF obey anti-periodic ones), therefore
- —pH| _ pb* e SIoi]
Z=Trg1spon [e g ]— f9¢z Pp; e, (3.25)

periodic

where H at zero temperature 8 — oo and at the fixed point corresponds to the dilatation operator D.
We can restrict the trace over the thermal circle in Eq. (3.25) to operators of fixed diagonal charges Q;
under the O(2N) symmetry. For later convenience we introduce the charge densities p; = Q;/ (rOD‘lQ D))

N
_ cyl!
Zc(p1,--, PN) = TrS}ixs%‘l [e pHY l_[ 5(Q£O(2N)) - Q,)] . (3.26)
i=1

In finite-temperature field theory language this is the canonical partition function at fixed particle
number (as particles carry the charge in this language). Using a Fourier transform we can rewrite the
path integral in Eq. (3.26),

N .
_ —BHED do; igi(Q(O(ZM)_Qi)
Zc(pl,...,pN) TrS}SXS%_l e Fl_[l —27[ e i

(3.27)

= e

)

_ﬁ(H(cyl)_iﬁ—l ZieiQEO(ZN))) ]

ﬁf%e_ieiQi
i=1) 27

where we can identify the grand-canonical partition function Zg, with imaginary chemical potentials
u; = i0;/ B for the fields ¢; by

Tr -
S;j xs% 1

_ cy)_y . ,,.n(02N) N— _ _
[e B(H -5 i Q} )] =% VPV t) |y =D, (328)

Zgc(U1,-. UN) = TrSExSPO’l .

In thermodynamical language, the quantity Q(us,..., un) — given as the logarithm of Zg. in the
thermodynamical limit N — co — is called the grand potential. Note that Eq. (3.28) describes the
partition function for a theory at finite density with imaginary chemical potentials u; = i6;/. Equivalently
to the (conformal) superfluid EFT in Chapter 2, the effective time translation is generated by the
modified Hamiltonian H-); iQi.O(ZN N,

Analogously, the canonical partition function Z; defines the free energy density f.(p) per DoF by

N—
Ze(p1yeaspn) = @ GNPV Ielprpn) Vsp1 =15 Qo (3.29)

which is the ground-state energy at fixed charge. The free energy at zero temperature and at the
conformal fixed point is related to the scaling dimension of the lowest-lying operator of fixed charge,

T . _
A@Qy,...) =—ﬁ15§oﬁologzc(p1,...) pp = @N) Jim Vrofelpa,.. )| +ON b, Qi=pilV. (3.30)
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3.1 The Wilson-Fisher fixed point at large charge and large N

From here on we will no longer differentiate notation-wise between the charge operator Q
the charge Q;,

EO(ZN)) and

shorthand notation: QEO(ZN L Q;. (3.31)

The grand-canonical partition function Zg(u) has a path-integral representation, which will be the
starting point for our analysis. Since the current j* of the O(2N) symmetry depends on the canonically
conjugate momenta of the fields ¢;, the sum over momenta in the partition function and the switch
from Hamiltonian to Lagrangian formalism are non-trivial. The resulting action S, can be understood
as introducing constant background fields for the gauged U(1)" diagonal symmetry in the original
action Eq. (3.2) while keeping periodic boundary conditions within the path integral,

Zye = [ 90297 S0, syt = [ Px [ -pig Or+uigi e Vol g+ Eigt]. c2)

periodic S;} x S%-l

We discuss the detailed derivation of the finite-density action S, for a generic O(2N) vector model
in Appendix C.1. Since we are on a compact spatial manifold, we expect Q(u), and hence fg.(p), to
be smooth and its derivatives to be well-defined. Additionally, CP-invariance implies that the grand
potential Q is an even function of all the 6;-variables.'®

In the thermodynamic limit N — co the quantities in Eq. (3.28) and Eq. (3.27) are computable in a
saddle-proint approximation around the leading semi-classical trajectory.'® The saddle-point equation
for the partition function in Eq. (3.27) reads

. Pi o .. .

—— + B—0Q(i0,/B,...,i0n/p) =0. 3.33
1oON ﬁaei (i61/B,...,iONIP) (3.33)
Importantly, at the saddle point Eq. (3.33) of the canonical partition function in Eq. (3.27) the chemical
potentials 0; are imaginary, due to the fact that the derivative of the grand potential Q with respect to
0, is an odd real function.!” Equivalently, the chemical potentials y; are real. We will therefore change
variables from 6; to y; in the canonical partition function Eq. (3.27),

8|y u0.-1 - _ 0 Qi
Zc(Pl,---,PN) N[[d#ile ﬁ[21ltht ﬁlOngc(Hlv-m,un)] N_’oof[dyl]e (ZN)ﬁ[Zzﬂt 2N+VQ(I~11:~~-’HN)] ,

(3.34)
As u; — —p; is a symmetry, we can assume without loss of generality that y; = 0.

15Under time reversal T the chemical potential transforms as p; — —;. Due to CPT symmetry, under the assumption of CP
invariance, the transformation y; — —; now has to be a symmetry of the theory.

16 Charge quantization implies that the integrand in Eq. (3.27) is a periodic function in each of the 0;-variables. Hence, as they
cancel each other due to periodicity, we do not have to worry about contributions from the end points of the integrals to the
asymptotic expansion around the saddle points.

17Taking the complex conjugate of the saddle-point equation Eq. (3.33) we deduce that at the minimum 6 5 =—0q,as0Q/00; is
an odd function.
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Chapter 3. The large charge expansion in the large N limit of QFT

At the large- N saddle point,'8

N—oo _ N—oo — 0i 0
7. N2 g @NIBVfelp) Zge V2P e GNPVOW) jﬁa—mg(m:o_ (3.35)

the free energy and the grand potential are related by a Legendre transform,

pi pi
felp1,...) =s}1}lp(;uiﬁ +Q(,u1,..-)) =;ui§<[ + Q.. ) (3.36)

This is a non-trivial consistency check of our construction: at the saddle point we reproduce the usual
Legendre transform that relates the two thermodynamic potentials.

The idea is to compute the grand potential Q(u) for the O(2N) vector model in an expansion in large N
and then use the saddle-point condition to relate Q(u) to the free energy f., with the end goal being to
extract the scaling dimension from f,. We consider the action Sy, = S;,[¢;] in Eq. (3.32) and perform a
HS transform of the form in Eq. (3.7). The action becomes

Suli, oAl = dex (07 — i)} O + i) i + IVl + rlpil* + o (1¢piI° — NA) + NgA®],

1 D-1
Sp*Sry

(3.37)

where we have consciously left the mass and curvature term r|¢; |2 untouched by the HS transform.
Integrating out the field A — as it was done in Eq. (3.13) — yields the action

N
Suli ol = dex [(aT — 1) P; Or + ) pi + Vi [* + (r +0)|pil*) — @oz .

Stli xSp-1

(3.38)

The WF conformal point on the cylinder is reached for |g| — co [222] and r of order G (1) [124], where
the action becomes

Sl = f dPx (@ — )P} @r + )b +1Vil2 + (7 + ) pil?] .

S;3 xSP-1

(3.39)

3.1.3 Leading order asymptotics at large charge

We compute the free energy of the O(2N) model restricted to the completely symmetric representation
(the Abelian sector) — which corresponds to the energy of the homogeneous ground state in the sector
of total fixed charge Q [122, 234] — in the double-scaling limit of large N and large Q.

The original fields ¢; only appear quadratically in the critical action in Eq. (3.39) and hence the

18The function exp[—(2N)BVQ(w)] is the leading-order result for the grand-canonical partition function Zgc ina l/N
expansion,
0
Zge(py,..) BV CNIQU G ) +ON®)
This expansion is well-behaved for the usual reasons that large- N expansions with a scalar collective field are. A similar statement

holds true for Z..
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3.1 The Wilson-Fisher fixed point at large charge and large N

functional integral can be performed. Afterwards, the grand-canonical partition function in terms of
the collective field o only reads

N

Zge= f@a e Sull, Sulol =) Trlog(— @r +p)* = Agp-1 +7+0). (3.40)
periodic i=1

In Section 3.1.1, in particular Eq. (3.20), we have discussed and presented evidence that at zero chemical

potential and zero temperature this partition function corresponds to the WF CFT at large N. At N — oo

the conformal dimension A, of the collective field o is equal to 2.

As we are in finite volume, the mode decomposition for the fields ¢; admits a zero-mode, which can
in principle be extracted from the functional determinant [124]. We instead choose to consider said
zero-mode while evaluating the functional determinant in Eq. (3.40). We further assume that o admits
a constant VEV,

o=(oy+6/VN, (o) = const., (3.41)

whose value will be determined by the saddle-point equations. The action can then be expanded in
powers of the fluctuation &,

(o)
Trlo ( (07 + pi)* = Agp- +r+(U)+—)
l; g Tt i sb-1 N
(3.42)
N N oo (- 1)k+l K
=Y rlog( (07 + i) — SD1+T+<U>) ZZ ka/z (Gig)",
i=1 i=1k=2
where G;(x — y) is the propagator associated to the field ¢;,
1
—_ . 2_ . —_ = — —
( 0y + 1) AS%_1+r+(U))G,(x 9 \/ga(x . (3.43)

For completeness, the action for the path-integral representation of the canonical partition function
reads

(- 1)k+l

SQ zﬁzuiQi +S'u zﬁzuiQi +ZTI‘10g(—(ar +/Ji)2—AS[())—1 +r+(0>) Z Z ka/Z 6’)k (3.44)
i i i " i k=2

The large- N saddle point is found by minimizing the ground state action in Eq. (3.44) for 6 = 0. The
functional determinant in the action can be evaluated, which we do in Appendix C.2. The grand

191f the field o admits a homogeneous/constant VEV, then it will correspond to the lowest-energy ground state as any
inhomogeneous solution in comparison will correspond to a (ground) state with higher energy.
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Chapter 3. The large charge expansion in the large N limit of QFT

potential Q(u1,...) becomes?’

1 2 2 1 —Blwo+p) —Blwo—p;)
Quy,...)=—)Y (S |r+oy—ps|+ eg (l)[ w[+—log(1 e PUWeTHi)y (] — o= Pl i)y |
ZN; l( l) (ZN)VZZ D [
, {((l+D-2)
Wp =g T+ (0). (3.45)
0

This result is convergent as long as

luil < vr+{o), vVi=1,...,N. (3.46)

The saddle-point equations are obtained by deriving the ground-state action w.r.t. the variables (o), {;
and p;, where the BEC parameters {; come from the zero modes of the fields ¢;. Since the parameters
{; are a priori note determined, they should be treated as variational parameters related to the charge
carried by the condensed particles, i.e. the ground state.

At zero temperature 3 — co we reach the WF fixed point in flat space,

2
Qu,...) (2N) = 2 GG (r+ o) — i) ZDegD(f)we,

00+ D-2) (3.47)

fc(pl,...)=Zui(2—]in+9(u1,...), Wp= T+,
i 0

The infinite sum in the grand potential is the zeta function {(-1/2| Sg‘l, r + (o)) on the two-sphere,?!

((SISg_l,r):;DegD([)(@+r)_s. (3.48)
0
The saddle-point equations in (o), {; and y; read
(i Ci(r+<a>—p§)= i=1,...,N,
o (ZN) Z(Z 2v 2((1/2|Sg_1’r+<0>) =0 (3.49)
i : (Zp—];) - éLNZ)(i =

The first equation either fixes the chemical potentials i; to be equal to the VEV of the collective field o
or sets {; to zero (the case of no condensate). As all solutions except for the trivial one {; =0, Vi can be
shown to be equivalent, we choose all the y; to be equal,

pr =1+ (0) = p?, i=1,...,N. (3.50)

20This result can be generalized from the sphere S’,DO’1 to any other spatial manifold — like the torus — by simply replacing the

eigenvalues w, — w(p) = \/ E(p)? + r + (o) and the corresponding multiplicities Degp, (¢) — Degp, (p).
21This definition can be of course be extended to arbitrary manifolds by replacing the eigenvalues and degeneracies.
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3.1 The Wilson-Fisher fixed point at large charge and large N

The third equation equation relates the charge densities p; to the BEC parameter (;,
2uili = pi, i=1,...,N. 3.51)

From a statistical mechanics perspective, this equation simply represents the fact that at zero temperature
all Bose particles and hence all the charge reside in the ground state. We define the total charge and
charge density,

pi=) pi=2) wili, Q:=Vp=) Q;. (3.52)
i i i

After implementing the first two saddle-point equations, the remaining equation gives the condition
for the Legendre transform defining the relationship between the free energy density and the grand
potential,

o

u -
an = 2y f021S T = -

190

0
_ D-1 2y _ _ 7
zvau(( 1/2|8P71 %) Q). (3.53)

ou

The final result for the leading- N free energy (density) per DoF at fixed charge Q = Vp for the O(2N)

WF fixed point can conveniently be written as 22
_ R _,Q 1 D-1 2
Vfe(p) = fe(Q)=LT[-VQIQ/2N) = u—+ ={(=1/2] S, 7, ) . (3.54)
2N 2 =22 )

The operator LT[£](x) denotes the Legendre transform of the convex function h, which for a differentiable
function can be written in terms of the derivative of h,

LT[h](x) = sup (xy — h(y)) :xy—h(y)‘ (3.55)
y X

=n'(y)’
If the function # is not convex, then the Legendre transform does not exists. If the function £ is
convex, then LT[A] is convex too and the Legendre transform is an involution LT[LT[A]]1(y) = h(y). As
a consequence, the convexity properties of the grand potential Q(u) are crucial for the theory to be
well-defined (at least in the large- N limit).

The natural parameter is Q/2 N which we hold fixed. The system can be studied both at Q/2N > 1 and
Q/2N« 1.

The large- N result in Eq. (3.54) is a one-loop result capturing the leading quantum contributions. It
allows us to construct a one-loop effective action using thermodynamical reasoning [235]. Given the
physical description of a system in terms of a grand potential Q(u) (always at finite density) we can
write down an effective action capturing the microscopic details of the theory in terms of the NG mode

22The contribution from the zero modes to the energy density vanishes at the saddle-point. In terms of p the free energy
density reads f¢(p) = LT[-Q](p).
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Chapter 3. The large charge expansion in the large N limit of QFT

x coming from the breaking of the global symmetry, the superfluid phonon,
szdex (2N)Q(|0uxaﬂx|”2). (3.56)

The action in Eq. (3.56) has to always be understood as an expansion around the superfluid ground
state Yy = —iut. By construction, on the ground state ¥ “ the EFT Hamiltonian associated to the action
in Eq. (3.56) produces the (large- N) free energy in Eq. (3.54). This observation also connects the large- N
fixed-charge analysis of the Abelian sector in the O(2N) vector model in the limit Q/2N > 1 to the EFT
approach outlined in Chapter 2.

3.1.4 Q/2N>>1and Q/2N < 1

We analyse the leading-order result in Eq. (3.54) for the energy at fixed charge in the O(2N) WF CFT in
the limits Q/2N > 1 and Q/2N <« 1 using analytic methods. We are doing computations explicitly in
D =3 in this section and the next two sections.

Q/2N>1

To compute the free energy in an asymptotic expansion around Q/2N >> 1 we use the Mellin representation
of the sphere zeta function,

AQD—] t
e °n

(3.57)

(0]
1 dr
0

Ap-it
where I'(s) is the gamma function and Tr[e 50! ] is the (trace of the) heat kernel for the Laplacian
on the sphere. Roughly, in the limit Q/2N >> 1 we expect u >> 1 to be parametrically large as well and
hence the t-integral localizes around ¢ = 0, where the heat kernel admits an asymptotic expansion. We
use Weyl’s asymptotic formula expressed in terms of heat kernel coefficients for an arbitrary manifold
A [236-238],

o) n

Tr[ef«'] = Y Knt2 7. (3.58)

n=0
Heat kernel coefficients in the asymptotic expansion are computable via geometric invariants [239, 240].
For a manifold without boundary all odd coefficients vanish. In this case the two leading coefficients
are given in terms of the volume V and the scalar curvature £ of the manifold .4,
1% VR

K

K:—, =
0 % 2 24m

(3.59)

For every consecutive order in the LCE we need another term in the heat kernel expansion.
For the two-sphere in D = 3 there exists an explicit integral representation of the heat kernel [241],

2
Ao t 2e’ u? u
Tr[e 7o ] = r(‘;’—det(frgT . , (3.60)
sin(u)
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3.1 The Wilson-Fisher fixed point at large charge and large N

which can be used to find an integral representation of the zeta function Eq. (3.57) admitting a natural
asymptotic expansion in terms of a conformally coupled scalar with mass term r — 1/ 4r§ [124],%

2 1-s -s -1-s
(187,10 = o[- L LI D SIS (LI 7 S 3.61)
o -1 art 12 42| " 4802 4rt o '

This result allows us to express i and f, — and hence the scaling dimension A(Q) — as a function of
Q/2N,

1

@ =35+ 55 5] e,

2N 2N3 1 3.6
AQ) _ Q)2 1(Q):? -172
N - ol = (ZN) +6(2N) TO@Q ).

In the spirit of Eq. (3.56) we observe that from the conformal dimension A(Q) at large N we can extract
explicitly the form of the Wilsonian coefficients cj, ¢z, ... (to leading order in N) which are outside of
the scope of the EFT approach outlined in Chapter 2 (in particular Section 2.2.2). Additionally, they can
be compared to numerical results from the lattice [143, 144]. For the O(4) model the discrepancy is
already of the order of just 10% [124].

Q/2N« 1

As the saddle-point Eq. (3.54) is valid for any value of the charge — as opposed to the EFT construction
discussed in Chapter 2 which is only valid at large charge — we can also expand the grand potential Q(u)
and the free energy f,(Q) in the opposite limit Q/2N « 1. Contrary to what we would naively expect,
the small-charge limit does not correspond to an expansion in the chemical potential around u ~ 0, but
instead around p ~ 1/2r [124]. The first hint of this fact comes from the form of the expansion of the
zeta function around large values of p in Eq. (3.61), where the natural expansion parameter appears to
be u? —1/4rZ.

The origin of the small-charge expansion around p ~ 1/2ry is very natural from the point-of-view of
conformal invariance. Weyl invariance enforces the curvature coupling of a scalar field on the cylinder
to be non-zero and hence produces an effective mass term rl([>|2 a/ 4r§)|</)|2 The saddle-point
equation for {; in Eq. (3.49) fixes ,u =r + (o), and therefore it is natural to expand p at the conformal
point around the conformal mass r = (1/ 4r§).

In the small-u limit the zeta function in Eq. (3.48) can be expanded in a binomial expansion for
—-1/4<0< u®<3/4,

(umﬁ—i]ﬁ

1
((Slsrg!yf)_ZZ([+—)[[([+1)7‘0_2+”2] _27‘0 Z([+ 1 2s —
=2 0+5

(3.63)

k
_2r0szz(23+2k 11/2)((;”0) _l) ,
k=0 4

23The term —1/ 4r§ is produced from the conformally coupled scalar curvature term EZ|¢|2 which on the two-sphere S%O
becomes -1 /4r§.
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Chapter 3. The large charge expansion in the large N limit of QFT

where ((s; a) denotes the Hurwitz zeta function, formally given by

((sa=) l+a)°. (3.64)
/=0

At next-to-leading order p receives a correction of order Q/N to the conformal value,

1 8
ropQ =3+ (2 +0(Q%), (3.65)

72 \2N

and the conformal dimension reproduces to leading order the result of the (free) mean-field theory,?*

Q_8N ( Q )2 3
AQ) = =—+—|=—=]| +0 . 3.66
Q) =rofc(Q) 2 + 2 \2N +0(Q%) (3.66)
In the small-charge limit Q/2N « 1 we can therefore identify the lowest-lying operator associated to

A(Q) with @<, which has engineering dimension [¢?] = Q/2.

3.1.5 Resurgent analysis at N — oo

It has been observed in lattice results that the predictions from the LCE, at least for the scaling
dimension A(Q), remain accurate for small values of the charge [143, 144]. In fact, only a minimal
number of terms in the effective action Eq. (2.26) and hence the asymptotic expansion of A(Q) suffices
to reproduce lattice results with high precision. This behaviour cannot be explained from the point-of-
view of the EFT but rather in terms of the non-perturbative physics that specifies the optimal truncation
of the asymptotic series, which can be predicted to be at N* = @(\/6) with an error of order G(e™ ™ \/5)
explaining the small error and the small amount of terms necessary to reproduce the scaling dimension
up to Q=0(10) [191].

As it was first pointed out by Dyson [242], perturbative expansions in QM and QFT are usually
asymptotic series and not convergent ones. The LCE is no different in this regard, and at large N
the asymptotic nature of the expansion in Q > 1 is manifest due to its connection to the manifestly
asymptotic expansion of the zeta function in Eq. (3.61). The asymptotic nature of perturbative
expansions implies the existence of non-perturbative contributions and phenomena in the underlying
theory. The modern approach to analytically study non-perturbative corrections is resurgence [243,
244]. Within the EFT construction we do not have access to enough information about the non-
perturbative sector, however, at N > 1 we have access to the full theory and an explicit form of the
energy roA(Q) valid for all values of Q. As first shown in [191], in the double-scaling limit Q — oo,
N — oo, Q/ N fixed there is enough structure to perform a complete resurgent analysis, which also
produces the results for the optimal truncation discussed above.

2470 leading order in large N the WF fixed point is equivalent to a mean-field theory — or generalized free-field theory —
with an action of the form [ (|0¢; % +1¢; 1) 1 Iz). In this theory an operator of charge Q is simply of the form ¢;; ...gbl-Q ~ (pQ.
Importantly, in contrast to the small-¢ expansion around D = 4, the large N expansion of the WF fixed point is not an expansion
around the free — or Gaussian — conformal fixed point.
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3.1 The Wilson-Fisher fixed point at large charge and large N

The resurgent analysis of the LCE in the Abelian sector of the O(2 N) model at large N can be performed
as a result of the Seeley—-DeWitt expansion [245-248] of the heat kernel trace in Eq. (3.57). The trace of
the conformal Laplacian can be written as [191]

1 2 2
(Asz—*o)f] r Ty ﬂrolkl wrolkl

z
=T+ Z(—l)"[——z a7 F(T)], F(z)=e_zzf0 due™ .  (3.67)

Dawson’s function F(z) appearing in the above representation of the heat kernel admits an asymptotic
expansion so that after some formal manipulations the heat kernel can be written as

(ag -)e g ()" (1-2'2MB,, 2
Tr[e Sty 4rg ]~—0 an|—=1 , a, = " —_, 3.68
t n;o "2 " (=1D"*n! Vrn w2t (3.68)

where the divergence is a consequence of the asymptotic expansion of Dawson’s function. As is
standard for asymptotic expansions, this expansion is only formally valid and needs a summing
prescription. Assuming that the series can be completed into a resurgent trans-series implies that the
above expansion gets supplemented by non-perturbative terms of the form

A 2
Tr[e( S%O 4r ]Dzl(ﬂrTO) ( 1)k+1|k| -

Ok)

(3.69)

The relative coefficients cannot be fixed from the resurgent analysis of the asymptotic expansion, which
is a reflection of the fact that any choice of coefficients results in the same asymptotic expansion.

The resurgent analysis of the heat kernel trace directly identifies the structure of the trans-series of the
grand potential

1 _ dt £ —M ¢ sl t
VoW = c( 1/2] 82,12 = 2r(s)f T[ ] (3.70)

s=-1/2

As aresult, the grand potential ) and its Legendre dual — the free energy f. — include non-perturbative
corrections of the form

( 1)k —27‘[#)‘0\]6\ (o) (Yl) - ( Q )z (_1)ke—27[|k|ﬁ
VQ — (2 k , —_—t.... 3.71
W2\ ro————m— PETIRE lzo T (2ol k) fe@>=— o5 PETIRE 3.71)

where the coefficients y; can be computed recursively [191]. This result corresponds to a (2n)!
divergence of the perturbative series of f;(Q).

Importantly, from the EFT point-of-view the (2n)! divergence is a tree-level effect. If we identify the
grand potential with a superfluid effective action as in Eq. (3.56) the Wilsonian coefficients form a
divergent series, whose (2n)! divergence is to be contrasted with the n! divergence that we generically
expect in QFT from the proliferation of Feynman diagrams. Here, the classical divergence is more
important than the quantum one.

The trace of the heat kernel can be Borel re-summed, leading to a closed form expression that includes
the non-pertubative corrections. In general, the Borel re-summation is a prescription from resurgence
that gives meaning to factorially divergent asymptotic series by systematically incorporating the
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Chapter 3. The large charge expansion in the large N limit of QFT

associated non-perturbative terms. There will be ambiguities left associated to the coefficients of
the non-perturbative corrections, which in this case can be fixed by physical inputs (e.g reality of the
heat trace) [191]. This in turn fixes the ambiguities for Q(u) and f.(u). After Borel re-summation, the
heat kernel trace becomes

2
2 ( 67(2—?
PV. .Lﬁi’ d¢ sn@) (3.72)

where 67 is the contour along the positive real axis avoiding the simple poles { = kx, k € N* of sin({)
in the Borel transform of the asymptotic expansion of the heat kernel either above () or below (€ 7).
The prefix PV. tells us to take the principal value of the {-integral. Despite its appearance, the Borel
re-summation prescription in Eq. (3.72) is unambiguous, a property that is mirrored in various systems
involving ordinary differential equations [249].

The results for the scaling dimension derived from the Borel re-summed heat kernel trace in Eq. (3.72)
match the result from the small-charge regime Q/2N « 1 to high precision. For a more detailed
discussion on the resurgent analysis of the large-N and large-Q double-scaling limit in the O(2N)
vector model we refer to [191].

3.1.6 Subleading corrections: the NG modes

We end this Section with a discussion of the sub-leading correction in the large- N analysis of the O(2N)
WF fixed point in D = 3. We consider the O(2N) WF CFT (at |g| — oo in our conventions) in terms of
the action in Eq. (3.39) including the original field ¢; and separate the collective field into its VEV plus
fluctuations,

Su[<pi,al=dex [(aT—ui)¢;‘(ar+ui>¢i+|V<p,-|2+(r+<o>)|¢l-|2+\%Vwmz , @73
SLxsP-1
p77T0

where we have rescaled the fluctuation resulting in a self-consistent 1/ N expansion following the
standard procedure [227, 228]. This introduces a hierarchy among the terms as in Eq. (3.42), which is
important once we go beyond leading order. We are in a regime with two large numbers N, Q, where
N > Q/ N controls the splitting between tree-level and quantum corrections. Additionally, the ratio
Q/N controls an expansion of physical observables at every fixed order in V.

Most importantly, at sub- leading order we expect to encounter the universal Q°-term in D = 3 discussed
within the EFT approach in Section 2.2 — in particular around Eq. (2.53) and Eq. (2.87) — coming from
the superfluid phonon. To do so it is more convenient to choose a slightly different approach to the
one presented in Section 3.1.3 and Appendix C.2. We choose to incorporate the ground state for ¢p; —
the BEC parameter {; — within the action before integrating out the fluctuations ¢; = ¢; — {;e'?i of ¢;.
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3.1 The Wilson-Fisher fixed point at large charge and large N

The action becomes (up to a total derivative)

P o . N (o) io s axe 0o
Suldpi, 01 = dex [(?(r + A=A + P (=07 + u)? + 1 +(0) + GV N)p; + ﬁv(cie Wi, +pr(ie )| .
Sl XSD—]
10

(3.74)
To analyse the fluctuation we integrate out all but one of the fields ¢;. As discussed in Section 3.1.3
around the saddle-point equations in Eq (3.49), there are several equivalent choices of the ground state
that can be rotated into each other. We choose to rotate the BEC parameters so that all of the charge

lies in the condensate of the field ¢ [124],
p=) pi=2) wili=2uN, (1=--=0n-1=0. (3.75)
i i

There are now N — 1 fields with equal dispersion relations and one field that is different. The action
becomes (we also choose e'¥N =1)

N-1
Suli,61= BV (r+ (o) — )%+ Y. dex [</3;“(—(a,+p)2+r+<o>+6/\/ﬁ)¢>,~]

i=1
SLxsD-1
por R (3.76)
A~ N g N N
+/de [¢;‘V(—(61+u)2+r+(U)+6/\/ﬁ)¢)N+ﬁ(N((j)}kv+(,bN)] .
Sl xgD-1
B0

We first discuss the dispersion relations of the fields ¢, ...,¢y_, before we integrate them out later.
Their dispersion relations are all the same and correspond each to a pair of modes — one gapless and
one gapped NG mode — with inverse propagator and dispersion relations (in flat space)

(3.77)

4
= 1 0 w? +p? -2uw w=-2 4+
G(o}(‘”’l’):‘( 2, 2 p e ) { 4wl
2 \w”+p°+2uw 0

w?=-2p® —4u*+....

The first mode is massless and corresponds to a particle with quadratic dispersion relation. These
modes are the NV — 1 non-relativistic NG modes also found in [46, 47, 122], which are naturally arranged
into the fundamental representation of the U (N — 1) subgroup which remains unbroken by the large- N
large-Q saddle-point. Their massive counterparts are the gapped NG modes first encountered in
Section 1.2.5.

We can expand the action in Eq. (3.76) in the fluctuations 6 /v/N and integrate out the fields ¢y, ..., pn-1,

Sulpn,61= BV (r +(a) — )3 + Ny Degp (£) [ [(Ug + %log(l — e Ploctpiyq e‘ﬁ(‘“é"”ﬂ)}
l

00 (N—l)Tr(G(O)[T)k f b [A ) R N & R R ] (3.78)
+Yy ———————+ | d N(=@r + W +T+{(O)+ 6]V +— Nt .
kgz CoF TRz T ) T ONOr 7t )+ GIVNIGN + 5NN+ ON)
SexSp”
B0

As we are interested in the fluctuations and the first quantum corrections, we only care about the
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Chapter 3. The large charge expansion in the large N limit of QFT

quadratic part of the action and drop other contributions.?® In addition, we can express { y and r + (o)
via the saddle-point equations in Eq. (3.49),%6

. 1(N-1 X - R —cr2|1sP=tuyy
3(2)[¢N,U]=_5 Tr(Gy6)% + dex [¢N(—(61+u)2+u2)qb1v+ 2—‘;(’0(¢N+¢N) .
=1+6(N-1) SpxSry !
(3.79)

We of course consider the above quadratic action in the limit § — co where Sll3 — R. The term Tr(G(g)6)?
is non-local and computable in the low-energy limit [124],

1
Tr(Gi0)? = f dPx, f dPx, [6(x1) 6(x2) Groy (2 — 11)?] ~ f dPx 626121507,

3.80

SLxgD-1 gl gD-1 Sl xgD-1 ( )
BV ©p*OT0 B °r0
so that the quadratic action becomes [124]
) . . —cr2|sP=tuyy 1 1.
SEGNE f Ax (G (= Or + %+ 12)dny + || ——— =6y + b - 50 B21 S o).
Shxsh
(3.81)

We now specialize to the case D = 3. There is no kinetic term for & and we can integrate it out.
Additionally, we can use the asymptotic expansion of the heat kernel in Eq. (3.58) to extract via Eq. (3.57)
the leading-order results from the zeta functions [124]. The action in D = 3 becomes

SOig1 = [ x|~ 0, + 0 + 4 + PG+ )

(3.82)
S}5%
and the inverse propagator for the two remaining modes reads
- 2o+ pP P+ ap? 2 ZepPtap® 2
2(;—1:(‘” pwhept gt o ) (@fepteat s 2 ) (3.83
—2Uw wE—puc+pct+pu —21w w°+p

From there we get the dispersion relations of the fluctuations (in flat space),
1.2
—sp°+...
w? = —p? -4y +/16pt + 4p2p? = gp . (3.84)
—-3p?-8ut+...

We recover the conformal superfluid NG mode and hence can also identify the universal contribution
to the conformal dimension A(Q) in Eq. (2.87) first presented in Section 2.2. In the large- N expansion
this contribution appears at sub-leading order @(N°) in N.

25The constant part of the action corresponds to the leading classical trajectory and was already thoroughly discussed in
Section 3.1.3.
26Gyg) satisfies (— (07 + @)? + r + (a)) Gy (x — y) = 5(x — y).
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3.2 Convexity and the effective potential for ¢* from large charge

Working in the double-scaling limit for the O(2 N) vector model introduces a lot of structure that can be
used to perform calculations. We have discussed extensively how this structure can be used to access to
strongly-coupled (for every finite V) fixed point in Section 3.1.1, in particular for the case of the WF fixed
point in D = 3. Perhaps surprisingly, large-charge methods also allow us to study the theory away from
the fixed point purely at the level of the grand potential Q(u) without resorting to Feynman-diagram
techniques [1, 128]. It is possible for us to derive a relationship between the one-loop effective action
and the grand potential (which is also a one-loop quantity) and to describe in a compact way the phase
diagram of the theory with the potential V(¢) = r|¢p|? + (g/ N)|¢|*, generalizing and expanding earlier
works [19, 135, 250, 251].

Beyond analysing the ¢*-theory in 2 < D < 4 and D = 3, where it flows to the interacting WF fixed point,
we are able to analyse the model in 4 < D < 6 and D = 5, where we would expect an interacting fixed
point in the UV [222, 252]. We find that the ¢*-model is not UV complete if we require unitarity, which
is consistent with recent works [20, 253, 254]. Nevertheless, we can compute a possible completion
in terms of a complexified effective potential in D =5 describing the flow to a non-unitary CFT, with
results in agreement with the existing literature [20, 253-255]. Importantly, this complex CFT remains
unstable for both small- and large-charge operators even though in the small-charge regime scaling
dimensions are still purely real [20, 254-257].

In this Section we are mostly content with working in flat space or on the torus. In terms of Weyl’s
asymptotic expansion in Eq. (3.59) and Eq. (3.58) the flat space result will generically capture the leading
order result on the sphere as well, but we cannot access to the sub-leading corrections in flat space.

3.2.1 The effective action in (scalar) QFT and its relation to the grand potential

It is important to understand the underlying reason for the relationship between the grand potential
Q(p) used in Section 3.1.1 to set up the LCE for the WF fixed point at large NV and the quantum effective
potential. For this reason we repeat some important QFT prerequisites about effective actions before
we present the relationship between the two potentials.

The effective potential in QFT and its convexity properties

In this part we mainly review some standard arguments for the properties of effective potentials
in unitary QFTs [105, 258-260]. For simplicity we restrict ourselves to scalar O(2) models, but the
discussion trivially generalizes to O(2N) vector models (and generally other unitary QFTs).

Consider a theory described by a complex scalar field ¢ that is invariant under an O(2) symmetry acting
linearly on ¢,
p—ep. (3.85)
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Chapter 3. The large charge expansion in the large N limit of QFT

Via the standard procedure we add a linear source term for the O(2) symmetry in the path integral to

write the generating functional Z[ ],

) DODP* e SP-Sd7x[* p+j¢*]

Z[]]=<0>j=f e =3
[292¢* e (]

(3.86)

The logarithm of Z[J] is the so-called connected generating functional, the generating functional for all
the connected correlation functions of the theory,

WIj]:=log ZI]l. (3.87)

In analogy to simple probability theory, we can perform a functional Legendre transformation LT[ -]
of W[j] to change the dependent variables from the sources j, j* to field variables ¢, p(©*. The
so-called classical fields ¢, ¢ are defined via the quantum field equations as

%4

(ox _ 2"
¢ = 5j (3.88)

oW

(o) —
(p 6]-*’

The Legendre dual of W is called the effective action 1“[</)“)],

L9 =LT[W][p9] = j* 9 + jpO* —W[j . 3.89
[p*] W1l T=j"¢ j¢ []]‘j:j(fp(d),j*:j*@(c)) (3.89)
By expanding around the value ¢, = const., the effective action I'[¢.] becomes

F[(p(c)] — dex [‘/effu(;b(d D+ Z[¢(C)] 0H¢(C)*6H¢(C) +.. ] , (3.90)

where the function Veg(/¢p“|) appearing in the expansion of I'[¢p], which includes all terms in T'[¢“]
without derivatives, is the so-called effective potential encoding all quantum corrections to the classical
potential V(I([)(C) ) in the original action S[¢]. We note that the O(2) symmetry, which we assume to be
realized at the quantum level, requires all functions appearing in I'[¢p'”'] to depend only on the absolute
value |¢'“|, in particular the effective potential.

If we consider a unitary theory with a positive definite path-integral measure [ 2¢2¢*, the corresponding
generating functional WJ] is a convex function of the sources.?” The argument proving this fact about
unitary QFT is based on Hélder’s inequality. Given a positive measure du and two positive functions f,

g the following inequality holds:

A 1-1
fduf‘gHs [fd,uf] [[dpg] , VosAs<1. (3.91)
In the case of our scalar field theory we can define the normalized measure

@(P@(p* e—S[‘P]

M= W (392)

27n fact, this is more generally true for any parameter that enters linearly in the action S[¢].
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We consider the expectation value
1
(@)= o f Db f D S P X Liaifi®) / dpel PrEiaifi@) 3.99)

with the coefficients a; being functions of spacetime. By virtue of Hélder’s inequality, for 0 < A < 1 the
expectation value

Na+1=1) = fd'uedexZi[)Laﬁ(l%)ﬁi]fi(@ (3.94)

satisfies

Aa+1-1p) < (@' (3.95)
As a consequence, the logarithm of the expectation value, which is related to the generating functional,
satisfies the convexity property,

log{la+ (1-21)B) < Alog(a) + (1 — 1) log(B) . (3.96)

In particular, this property holds for the connected generating functional W{j], making it a complex
function of the sources j, j=*.

As the Legendre transform is an involution on convex functions — meaning that the Legendre transform
of a convex function is convex — hence, the effective action I“[gb(c)] is a convex function of the classical
fields ¢'9, ¢'©). This property has to persist for constant values of ¢'?, so that the effective potential
V(1¢'?]) itself has to be convex, provided the theory is unitary.?®

The grand potential in a scalar theory and its relationship to the effective potential

Under the assumption that in some simplifying limit the effective action I'[¢)('] has a canonical kinetic
29
term,

r[(p(c)] =dex [6p¢(6)*6#¢(6) + Veff(l(p(C)l)] . (3.98)

We can relate the grand potential Q(u) to the effective potential. The conserved O(2) charge is of the
form (7 = xp in Euclidean signature)

Q=- f dP?x [0:9 9% — pO* 0,9 . (3.99)
To study the system at fixed charge, we make the finite-density ansatz>°

lp91=¢, arg(¢p') = —iut, (3.100)

28This property of the effective potential persists in finite volume. For strongly-coupled systems that are generally studied
numerically, it is more convenient to introduce another, closely related quantity, the so-called constraint effective potential U,
roughly defined as

U@ :f@¢@¢>*5(</>—tp) oSt (3.97)

The constraint effective potential U(¢) is related to the effective potential V (|¢(?)]) by another Legendre transform. As a quantity,
U(¢) is in general not convex but coincides with the effective potential in the decompactification limit [261].

29Generically, this is the case if higher-derivative terms in the effective action are suppressed and Z(¢'©) in Eq. (3.90) can be
written as Z(¢(®)) = 1+ sub-leading terms. This is expected to be true for a wide array of scalar theories.

30The imaginary unit in the argument is always due to Wick rotation.
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Chapter 3. The large charge expansion in the large N limit of QFT

which corresponds to a ground state with a fixed chemical potential u (e.g. a superfluid). Notice that {?
is related to the charge of the ground state as

Q| gt genr =20V %, (3.101)

where V is the spatial volume. The modulus { of ¢ — the radial mode — of the field is removed from
the action via its EoM,

d
d¢?)

d

dVesr()
d@®)

=0, 3.102
d¢?) ( )

(047" 0 + Vet (1" D] o _gonr = 57 [=H*C* + Verr (@] = —p* +
Now we can write the VEV of the action and the Lagrangian as a function of the chemical potential p
alone,

—Q() = 2P - Veff(o) (3.103)

=t
The corresponding fixed-charge energy density f;(p) for the charge density p = Q/V is computed using
the momentum associated to i, which is given by said charge density. Given the solution to { = {(u) in
Eq. (3.103), the energy density reads

0Q 2
P= G =2 W), fe(o) = [pp+ QW] o) - (3.104)
Both Eq. (3.103) and Eq. (3.104) describe a Legendre transform relating the effective potential V(() to
the grand potential Q(u) and the grand potential to the free energy f.(p). We introduce the following
notation

Y (191 = Vere (19D, dd) = -Q(u), (3.105)

In this language the chain of Legendre transformations becomes

Verr(10©) = Y(19191%) & LY = 0(u?) = —w) = LT1-Ql(p) = fe(p). (3.106)
For convex functions Vegr, Y, @, Q and f; the Legendre transform is an involution and the arrows can
be reversed. In this case we can compute e.g. the effective potential from and vice versa.
If the convexity condition is not met in some areas of the parameter space, the minimization condition
via the derivative can still be applied and admits in general complex solutions. There are generally
speaking two possible stances we can take with regards to this issue:

Either we define the relationship between different quantities strictly via the Legendre transform and
its supremum definition,
LT[ f1(y) =sup(xy — f(x)). (3.107)
X

In this case LT[ f](y) always takes values on the extended real line R U {+oo} and in intervals where f(x)
ceases to be convex the Legendre transform returns a constant value.

Or, on the other hand, we can simply use the naive definition of the minimization condition via the
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3.2 Convexity and the effective potential for ¢* from large charge

derivative, as seen above in Eq. (3.103) and Eq. (3.104). In general, this leads to a multi-valued complex
function with branch points and cuts. If the function f(x) is convex and differentiable, both definitions
agree, the Legendre transform is an involution and differentiable. The supremum definition also always
results in a convex function.

While it is clear that the supremum definition is the correct one to use in the context of classical
thermodynamics [259], in the case of quantum systems the situation is less clear-cut. In this case also
complex saddles of the path integral have a meaning, a fact which is of particular importance in the
field of resurgence [262].

We stress that of all functions that we have discussed and introduced around Eq. (3.106), only the
effective potential Ve is always convex in a unitary theory. In this Section we will repeatedly make
use of this property as a necessary condition for unitarity of the theory. Particularly, we note that the
convexity of Vo and Y are non-trivially related,

dZY(|¢(C)|2) ~ 1 d2Veff(|¢(C)|) ~ 1 dVeff“(/)(C)D 3108
d[l([)(c)|2)2 - 4|¢(c)|2 dI(,b(C)IZ |¢(c)| d|qb(c)| : .

Effective action and grand potential at large N

As discussed around Eq. (3.56), using thermodynamical reasoning [235], the grand potential Q(u) for
the O(2N) vector model at large NV describes a one-loop effective action. Requiring that the physics of
the grand potential Q(|0, Yo" ¥1'2) is equivalently captured by the one-loop (or leading- N) effective
action T© [</>§.”’], which is manifestly O(2N) invariant, leads to the same relationship between the
leading- N effective potential Ve(?f) and the grand potential Q(y) in terms of the Legendre transform
described in Eq. (3.103) and Eq. (3.106) [128].3! The only difference in this case is that Q(u) at large N,
as defined in Eq. (3.28), is divided by the number of DoF of the theory when compared to the definition

of Q(u) in Eq. (3.103),

e, VRN
Q= - : ) = @ ple) 3.109
) 2N) 14 2N) )MPE-C)I:I(P;C)I(MZ) |9b, | Zl‘,(yb, (»bl ( )

We therefore expect to be able to study and potentially derive the effective potential Ve(?f) = Ve(?f) +0G(N°
atleading order in NV (which is a one-loop observable) via our knowledge of the grand potential Q(u).
The rescaling of Q at large N compared to Q in Eq. (3.103) poses no conceptual issue as the Legendre
transform preserves homogeneity in the variables,

fx)=agx) — LTIf1(y)=alllgl(y/a), fx)=glax) — LT[f1(y) =LT[gl(y/a). (3.110)

Finally, at large N, based on the structure of the large-N expansion, there is very good reason to

31The line of argument here is essentially that the effective action ¥ [</>§.C]] defines a Linear Sigma Model (LSM) and the grand
potential defines a Non-Linear Sigma Model (NLSM), both of them describing the same system (at fixed chemical potential).
Hence, on the ground state they have to agree.
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Chapter 3. The large charge expansion in the large N limit of QFT

expect that the kinetic term in the leading-order effective action I'” [(J)E.C)] is in fact canonical, i.e.
ZlpP1=1+0N ).

3.2.2 ¢"*-theory away from the fixed pointin2<D <6

We want to apply the general considerations presented in the previous Section 3.2.1 to the O(2N)
invariant ¢*-theory between two and six dimensions. As we will show, it is possible to compute the
effective potential Q(u) along the flow for any value of the quartic coupling g and the mass r, and use it
to derive the one-loop effective potential of the theory.

Without setting the coupling to the fixed point value |g| — oo we start our discussion with the action in
Eq. (3.38) in terms of a collective DoF for the ¢*-theory along the flow from the free to the interacting
fixed point,
S —_ dD a * a V 2 2 N 2
ulpi 0l = X |(Or = ) d; Or + ) pi + Vi |° + (r +0) i )‘@‘7 , (3.111)

1 D-1
Sﬁx TL

Instead of the cylinder, for our purposes it suffices to consider consider the theory in flat space S}j x Tf’ -1

where TLD ~1 is the torus of length L and volume V = LP~!, as there is a priori no reason to put the theory
on the cylinder away from the fixed point.3?

Depending on the dimension D of spacetime, the quartic interaction — now replaced by a quadratic
interaction in the collective field o — from the point-of-view of the free theory is either relevant or
irrelevant,

* Between spacetime dimensions 2 < D < 4, and in particular in D = 3, the quartic operator is
relevant. After fine-tuning the mass r to the conformal mass the model flows from a free Gaussian
fixed point in the UV (g = 0) to a strongly-coupled interacting WF fixed point in the IR at g — oo.

* In 4 < D < 6 the quartic operator is irrelevant and, after fine-tuning r to the conformal mass, the
expectation is that the RG flow connects a IR free Gaussian CFT (g = 0) to a strongly-coupled
interacting fixed point in the UV (g — o0).

First we remark that the expression for the grand potential at the WF fixed point that we have discussed
in the context of large-charge asymptotics in Section 3.1.3 is obtained from the grand potential Q(u)
along the RG flow in the limit |g| — oo with r being fine-tuned to the conformal mass rcqnf (zero in flat
space and 1/4rg on the cylinder), Q(,u)|WFFP =limg oo limy—, Q).

We derive the general form of the grand potential. At leading order in N the collective field o does not

32 Alternatively, we could also move to infinite space S;s x RP~1 without any conceptual hurdles. However, it is also convenient
to explicitly see factors of the volume V in our computations and results.
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3.2 Convexity and the effective potential for ¢* from large charge

fluctuate and we can replace it in the action by its VEV,

N
Sulepi, (o)1 = f dPx [(aT—u,-)¢>;f(af+ul-)¢>,-+|V¢>,-|2+(r+<a>)|¢>l-|2)—Q«n2

1, 7D-1
SﬁxTL

(3.112)

The appearance of the running term — ;- (a)2 poses no obstruction to the analysis outlined in Section 3.1.3
and Appendix C.2. At zero temperature we find that the grand potential is given by

2 L _ D—-1 _i 2
Q... (ZN)Z( r+{o)— )+2V(( 121777 r+ (o)) 8g<o>. (3.113)

where V = LP~1 is the volume of the torus. We note that the zeta function on the sphere in Eq. (3.47) is
replaced here by the same zeta function evaluated on the torus. The saddle-point equations in Eq. (3.49)
are modified slightly to incorporate the running term,

(i (i (r+(o) - ?)zo, i=1,...,N,
1
. 2, - = D-1 . —
() : (ZN)Zc 2V2~{(1/2|T THON = @ =0, (3.114)
. Pi 20i p
Hie en  emti

Despite the appearance of the flow term, the saddle point equations are solved equivalently to the ones
in Eq. (3.49) and the grand potential and free energy are given by

_ 1 D-1 1 o
Q(u)—zvi( /21T, r+{o)) 8g<0> , fe(p) =LT[-Ql(p), (3.115)

withp=p; =---=punyand p = (Qq +---+ Qn)/V. Itis convenient to use the Mellin representation of the
zeta function in Eq. (3.57) and apply Weyl’s asymptotic expansion in Eq. (3.58) on the torus,

_ 2 VI(s— D-1
Tr[emTLD 1]:L[,;ﬁﬁ(e‘%), ((s|Tf‘1,p2)_¥ D-1-2s (3.116)
(Amt) "z (4m) "z I'(s)

so that the grand potential can be written as

~2) o, W1’

3.117
2(4m)Drz 8g ( )

Q) =-

If we fine-tune r to the conformal mass, r = 0 in flat space, we expect this function to describe the flow
of the theory from the Gaussian to the strongly-coupled fixed point at leading order in N. The only non-
trivial dependence on the spacetime is in the function I'(—D/2) in the first term in Eq. (3.117). A plot of
I'(-D/2) for relevant spacetime dimensions can be seen in Figure 3.1. It is positive for4n—2 < D <4n
and negative for 4n < D < 4n + 2, while it diverges at D = 2n, n € N, consistent with the fact that there
exists no WF fixed point in even dimensions D = 2,4. We can now apply the technology developed in
the previous Section to derive an expression for the leading-order effective potential Ve(f[? in terms of
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Chapter 3. The large charge expansion in the large N limit of QFT
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Figure 3.1: The function I'(— D/2) from the leading term in the grand potential on the torus for0 < D < 7.
The function is positive for 2 < D < 4, 6 < D < 8 and negative for 4 < D <®6.

2N real classical fields packaged into N complex classical fields (,bg.c) 33 0(2N) invariance implies that
the effective potential only depends on the invariant combination (/)E.C)*(/)gc), which we will indicate as
| (ch) |2.
|¢§c) |2 = Z(PE-C)*QDEC) . (3.118)
1
Lastly, following the chain of transformations in Eq. (3.106), we can turn the convexity of the effective
potential into a consistency condition on @(u?) = —Q(u) by identifying any possible inflection points of

o), D2
N _
dﬂﬂ—aaﬁﬁ

D-4
2

['(-D/2)(14?) (3.119)

+—.

48
This can only be zero for I'(—D/2) < 0, which is satisfied in 4 < D < 6 but not in 2 < D < 4, see Figure 3.1.
In the following we will focus on these particular intervals — 2 < D <4 and 4 < D < 6 — as they are
generally of most interest in physics.

3.2.3 2<D<4

In spacetime dimensions 2 < D < 4 the gamma function in Eq. (3.117) is positive and hence @ (u?) is
always convex for all values of u?.3* The theory fulfils our necessary condition for unitarity, and in
D =3 the effective potential can be computed explicitly [128]. In D = 3 the grand potential reads

3 282
U +w r)

— (3.120)
127 8g

Q) =-

33We emphasize again that Vé?f) is determined by the condition that at fixed charge it must reproduce the physics described by

Q(w) in the double-scaling limit [128].

(D-DI(-D/2) ,D-2 (12p2-4r)
2ambrz M 8g -
In D =3 for r > 0 this has the positive solution u = (/g2 + 1272 r — g)/67. If we take a look at the inverse Legendre transform in
1, then for r > 0 there are regions that cannot be reached when starting from a fixed-charge description. This is unsurprising, as
we expect that the fixed-charge regime is generally different from the fixed-chemical-potential regime [47, 128].

34The same statement is not necessarily true for the grand potential Q(u) itself, as —Q" (u) = D
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3.2 Convexity and the effective potential for ¢* from large charge

We evaluate the constraint of the Legendre transform between Y(I([)E.C) 1) and @ (u?) = -Q(w),

| ('c) |2 | (p) |2 2
i 1y =0l ﬂ+u]=o. (3.121)
2N 2N 8n 4g
Depending on the value of r there are two regimes here:
e For r = 0 there is a unique solution given by
9P g2 2 16m\2 [ glo 12 ¢
2 i i
V=2 |1+ 1+ , =— —+ . 3.122
u(ZN)(4n)[ 77] n(g) 2N 4 ( )
Therefore, the leading- N effective potential is given by
Vit 195D 3 3 3 ’
eff % § 2 32| _ T
= l1+-n+=n"-(1+ -—. (3.123)
2N 3x 2874 2" 817 (1+m) ] 8g
|¢(0)‘2

* For r <0 there exists a solution only for =5~ > —é > 0. For smaller values of the classical fields
the supremum is obtained for the value of y? that minimizes @ (u?), which is y? = 0. For small
values of the classical fields the effective potential becomes constant. For big values we recover
the same form as above,

(©)
©) 150 _r Wil o T
Veir (0;D _J) 88 for 0 (<) Van < 48’ (3.124)
2N g 3., 3,2 3/2 2 19" '
m[l-ﬁ-z'f]-ﬁ-g'f] —(1+T]) ]—g_g for _W> —é.

The regions r < 0 correspond to the broken and unbroken phases of the tree-level potential
Vi = rigil? + S il (3.125)

Particularly interesting is the broken phase here, where the tree-level potential here has the form of the
Mexican hat potential with minima,

il __ 1 (3.126)
2N 4g

The double-well shaped tree-level potential has a flex and ceases to be convex in-between its minima.

The quantum corrections in the effective potential have to correct this, as it is well-understood that the
effective potential is always convex, even in finite volume [258, 259]. We can confirm this here based
on the Legendre transform preserving convexity, as the effective potential becomes constant between

minima and washes out the concave region of the tree-level potential 3% 36

35This is very analogous to the classical Maxwell rule for coexisting phases in thermodynamics [128, 260]. As a consequence,
the effective potential has a cusp in its second derivative at the location of the tree-level minimum.

361t is natural to wonder now what the acceptable vacua of the theory in the context of SSB are, as it is no longer true that
all of the minima (and hence the vacua) of the effective potential are connected by a symmetry. A strong argument for the
actual vacua of the theory to still be at the location of the minima of the tree-level potential can be put forward using cluster
decomposition [128, 260].
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Chapter 3. The large charge expansion in the large N limit of QFT

For the critical trajectory at r = 0 connecting the UV Gaussian fixed point with the IR WF fixed point this
result for the effective potential at leading order in N had originally been found in [19] by re-summing
an infinite number of Feynman diagrams that we managed to avoid.

The expression for the effective potential in Eq. (3.123) at r = 0 becomes more transparent, if we expand
itin the limits g — 0,00:

* In the limit g — 0 Eq. (3.123) reproduces the standard loop expansion at large N around the
Gaussian fixed point [19],

Oy 8 0nl,_ 1 V2Ng
Ve (1; I)—N|¢>,- "1 3 |¢E-C)I +0(g)| . (3.127)

* For large values of the coupling around g — oo Eq. (3.123) produces a perturbative expansion in
1/ g around the strongly-coupled WF point,

1672
V(O)(|¢EC)|) - |¢EC)|6

) |(p(.C)|2 )
i _
off 3N2 1-24n m +0 (g )] . (3.128)

As a last remark, we emphasize that the condition of convexity is only a necessary condition for
unitarity. For example, event though convexity is always fulfilled for 2 < D < 4, it appears that the theory
in D =4 —¢ is not unitary [263], despite the fact that the effective potential is convex there.

3.2.4 4<D<6

In spacetime dimensions 4 < D < 6 the gamma function in Eq. (3.117) is negative and the grand
potential Q(u) = (D(,uz) has a flex for positive values of ,uz,
\(D-)12 2(4mP'

= . (3.129)
gD(D-2)|T'(-D/2)|

(Dl/(lu?lex) =0 ’ for (lu?lex

This flex separates a convex region of the grand potential at small values of g around the IR free
Gaussian fixed point from a concave region around the conjectured strongly-coupled UV fixed point,
see Figure 3.2. We can express the location of the flex in terms of the classical fields Igbg.C) 12,

)

192 (D-4)(4m) p% b=
2N

N

gt (3.130)

= D
D-2 g

2
4(Z D=7 (D-2)5%

o ]

Here, the working definition of the Legendre transform in terms of the derivative leads to a multi-
variable complex function. We can avoid this only by using the supremum definition of the Legendre
transform in Eq. (3.107). For I(pg.c) 12 < |¢§c) Ileex the supremum can still be obtained via the working
definition consisting of differentiating the argument |¢'” |22 /2N - @(u?) at fixed |¢p\”|? and expressing
u? as a function of |(/)§.” 12,

For |¢§c)|2 > |(p§.”)|ﬁex, however, there is no real value of y? such that |(P§~C)|2 = @' (u?), see Figure 3.2.
The supremum in this range is obtained by minimizing @ (u?). However, as the function @ (u?) is not
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3.2 Convexity and the effective potential for ¢* from large charge

bounded from below, the solution is {+o0}.3”

1168120, /2N

Figure 3.2: The function @(u?) (left) and its first derivative @' (u?) (right) in flat space (on the torus)
for D = 5. The grand potential Q(u) = @(u) has a flex at y? = “?1 , which separates a convex region
{u? < y2_} from a concave region {u?> > y2_}. The maximization condition |¢\2_/2N = @' (i?)
admits two solutions in the convex region Ing.C) |2/2N < I(/)g.c) fex/2N =@ (uﬂex) — the physical branch

corresponds to the first intersection (right) — and no real solutions for |¢§C) [2/2N > I(pi.c) Iﬁexl 2N.

Further, for r < 0 — the broken phase — the tree-level potential again takes the form of a Mexican
hat potential. Via the supremum definition of the Legendre transform, the non-convex region of the
tree-level potential is washed out by the leading-order effective potential V(ff), which takes a constant
value there. All in all, we have

rz ¢(C)|2 T
¢(c 2, </>E-”)\2 (pm |ﬂex - for0< <5 <- ig
Y _l72w ,u ¢D(u for 55— < s Y _ ‘(P(c] 2, ) |</>(C)|2 |¢(c |ﬂex
r=0 for 2P |<1> ﬂex r<o I M —0W?) for -y < - < =5,
+00 or SN = N W)gc |2 M)(C)lﬂex
+00 for SN R
(3.131)
Concretely, we consider the case D =5,
5 2 2
o B 2=1)
Q)=o) = W—T, (3.132)
where the flex of @ (u?) is given by
,  4m! 107G @m* 1
Hfiex = ——5 = (3.133)
4g 2N 48g°> 4g

As a consequence, the large- N effective potential Ve(f(? describes a box with infinitely high walls and
width

(¢) (47'[) 12rg2
2l¢; |ﬂex/\/ =2———r Wigh" L=t (3.134)

If we follow the RG flow along the critical trajectory r = 0 in reverse order from the IR free theory

37Technically speaking, we are using the notion of convex conjugate, which is defined on the extended real line R U { +oco}).
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Chapter 3. The large charge expansion in the large N limit of QFT

towards the UV, we can observe the walls closing in on each other. Hence, the UV interacting CFT
cannot be reached. This signals a breakdown of the effective theory along the RG flow g — oo; the theory
is incomplete and requires a UV completion.?® The effective potential Ve(ff) in D =5 is schematically
presented in Figure 3.3.

v /vy v /v AT

r>0 |t r=0 64| r<0 |t

Figure 3.3: Effective potential Ve(?f) in D = 5: unbroken phase (r > 0), critical trajectory (r = 0) and

broken phase (r < 0). The red lines represent the effective potential Ve(?f), which is always convex, while
the dotted lines represent the tree-level potential V. Inside the shaded region the effective potential
Ve(gc) is literally infinite, which signals the breakdown of the theory and the lack of a UV completion.
Between the shaded regions the behaviour of the effective potential is qualitatively the same asin D = 3,

discussed in Section 3.2.3.

Inside the box, the effective potential Ve(?f) can be computed and expressed in terms of trigonometric
functions,

V0N 21048 100+7 _ 49+m 49+7 0+
= 5 ( in( ) +20sin( )+ 10cos( )+ 20cos( )
2N 5u 6 , (3.135)
r
—20005(0)—7)——,
8g
where (c))2 (0))2
lp:71F  24rg? 25
cos(6) =1-2 d()c‘)z - 4rg4 1- (l:;)z . (3.136)
|¢i |ﬂex (4m) |¢l |ﬂex

If we expand around the IR free Gaussian fixed point at g — 0 and r — 0, this result becomes more
transparent and accurately captures all the (infinitely many) leading-N corrections to the quartic
tree-level potential,

Nr5/2
0 @ — (c))2
Veff (|('bl |)— |¢l | r+m...

+
12Nn? 5764

L 2[00V e
&\ T2 96mt

L,

+%(|¢E‘C)|4+

(3.137)

Along the critical trajectory r = 0 this result reduces to an expansion in the only dimensionless

38We note that away from criticality along a massive trajectory r > 0 the inflection point Iqbg.c) IﬁeX2N will eventually become
imaginary.
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3.2 Convexity and the effective potential for ¢* from large charge

combination of quantities within the theory given by g*/2p\")],

S o, N <l T YL
! N 5\ 672V2N 672vV2N | 2\6n2vV2N| 2\6n2V2N

(3.138)

This expansion also has an interpretation in terms of Feynman diagrams computed around the IR free

fixed point.

Under the assumption that the supremum definition of the Legendre transform is the correct one, the
effective potential in the far UV at g — oo becomes infinite everywhere and the theory is in need of a
UV completion. Alternatively, it is possible that the UV theory violates unitarity and hence the effective
potential does not need to be convex, allowing for observables to have non-zero imaginary parts. If we
instead decide to extend the definition of the Legendre transform relating the effective potential to the
grand potential in order to allow for a complex solution of the maximization condition

19\ 1212N =0’ (1%, (3.139)

we find a branch point at |¢§c) 12 = |¢E_c) Ileex. The maximization equation describes a Riemann surface

and the branch point at |<,b5.c) Iﬁex is joined to infinity by a branch cut. We can choose one branch and
expand the complex effective potential in the UV around the location of the conjectured strongly-
coupled UV CFT at g — oo,

2\3 4\3 ol 4\3 i 4

12 (3m 2ni 10 N 5e3 N 20e3 200Nm _

vggw;%:?(_]v) es |pl9)3 [1+(_3 ) = +(—3 ) ST s 3+@( 4)‘
lp:15¢g lp;”13g2  9NP;"1°g

(3.140)

The effective potential is a multi-valued complex function with three branches. Each of the different
branches corresponds to a different choice of phase in the coefficient of the leading |¢)§c) |10/3_term in
Eq. (3.140).%°

3.2.5 The strongly-coupled fixed pointin D=5

We investigate the UV interacting fixed point of the ¢*-theory in D = 5 via the LCE. Based on the results
of the previous section, we expect the theory to behave distinctly different to the O(2N) WF fixed point
inD=3.

As discussed extensively in both Section 3.1.2 and Section 3.2.1, the free energy (density) — the energy
of the system at fixed charge — is obtained via a Legendre transform

— (L —sup (L
fc(Q)‘Z‘i%(zN“VQW”’ fc(P)—ili[g(ZNy+Q(u)) . (3.141)

39The relative phases in the coefficients of the sub-leading terms will change as well. Also note that one of the three branches
corresponds to a trivial phase of e"* = 1 in the coefficient of the leading term. This still represents a complex solution, since on
ponds to a trivial ph. f 2™l = 1 in th fficient of the leading t This still rep pl luti i
this branch sub-leading terms in the coupling g will again come with non-trivial phases.
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Chapter 3. The large charge expansion in the large N limit of QFT

Clearly, as the Legendre transform preserves homogeneity (see Eq. (3.110)), the free energy density as a
function of the charge density f.(p) has the same functional form as the free energy as a function of the

charge f.(Q).

Via the state—operator correspondence, at the fixed points the free energy on the sphere can be identified
with and computes the scaling dimension of the associated operator in flat space,*°

AQ) =1 f(Q). (3.142)

We fine-tune the ¢*-theory to flow to the interacting fixed point by setting r to the conformal mass
(on the cylinder we have reopt = 1/4rg) and g — oco. The running term in Eq. (3.115) vanishes at the
interacting fixed point and the grand potential on the cylinder is given in terms of a zeta function for
the Laplacian on the sphere,

1 _
Q) = ﬁ((—uzwg NTOR (3.143)

where V is the volume of the sphere. In odd spacetime dimensions D there exists both a convergent
series expansion around the conformal mass 7o for small values of ¢ and an asymptotic expansion
for large values of p.

Convexity of Q(u) and convexity of @(u?) — in terms of their second derivatives — are non-trivially
related. Importantly, the existence of non-convex regions of Q(u) does not signal a breakdown
of the theory, in contrast to @(u?). There always exists a proper expression for the free energy
fe(Q) = LT[-VQI(Q) that is convex as a function of the charge Q, with Q assumed to be positive.
At worst, the Legendre transform just tells you that it is infinite.

Regions in which Q(u) is not convex cannot be reached from the fixed-charge regime (see e.g. [47]).
Such concave regions of Q(u) can exist also in well-defined theories [128]. Even if Q(u) is convex
everywhere, the existence of regions that cannot be accessed at fixed charge cannot be ruled out; the
charge is positive and Q = —VQ'(u) has no solutions for values of u where —Q(y) is decreasing. This is
e.g. the case in the WF CFT, where the boundary of the accessible region — with —Q’(u) > 0 — is at the
conformal mass r = 1/4r§.

Interlude: The WF CFTinD=3

We first review the strongly-coupled fixed point in D = 3, which we have extensively discussed in
Section 3.1. In full, the zeta function in D = 3 cannot be expressed in elementary functions. At large
U it can be written as a Mellin transform of the heat kernel and expanded in terms the asymptotic

40Alternatively, we can derive the conformal dimensions directly from the effective potential via the Callan-Symanzik equations,
see e.g. [264].
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3.2 Convexity and the effective potential for ¢* from large charge

expansion of said heat kernel [124, 191],

-1
1 © dtr 2 tA t(A _%) r2 o) (1_21—271)32 ¢ n
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(3.144)

The large- 1 expansion for the grand potential then reads [191]

1 1 3/2 oo Q 1 (_1)k+1 1 3
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In the opposite limit of small i a convergent expansion can be derived from the definition of the zeta
function in terms on the eigenvalues of the Laplacian, see Eq. (3.63),

) (3.146)

g 00
Q —
(u) 14 X—: s=-1/2

1 k
)((23+2k 1; 1/2)(m rO—Z)

where {(s; a) denotes the Hurwitz zeta function. From the explicit form of the convergent expansion we
can deduce that —Q(u) is always convex and has a minimum at the value of the conformal mass, where
it also vanishes itself,

1

1
~2ry ~2ry

Q(w) el = 0, Q' () =0. (3.147)

The Legendre transform can be performed order-by-order, as done in Section 3.1.4. In doing so, we find
a solution to the maximization condition Q = —VQ'(u) for positive values of Q in the region u? > 1/ 4r§,
which is precisely the conformal mass (see Figure 3.4). We quickly repeat the results from Section 3.1.4,

AQ _ Q) 1({Q)\2 AQ Q) 4(Q)
N =rofec(Q) = (ZN) +5(ﬁ) +..., SN =10fe(Q) = (2N)+7?(ﬁ) +.... (3.148)

As discussed in Section 3.1.5, a resurgent analysis can be performed, interpolating between the two
regions [191].

The interacting fixed point in D =5: the zeta function on the four sphere

As we have seen in the previous section, in D =5 the effective potential Ve(?f) obtained via a Legendre
transform from the grand potential ®(u?) exhibits an inaccessible region that hides the expected
strongly-coupled UV fixed point. Based on this observation we expect that — if it exists — the
conjectured UV CFT at the very least violates unitarity, if not worse. We can learn more about the
spectrum of scaling dimensions in this five-dimensional non-unitary CFT using the LCE technology
developed in Section 3.1 originally for the WF fixed point in D = 3, which we have outlined again above.

We start by analysing the trace of the heat kernel on the four-sphere S‘ﬁo. The heat kernel traces on
even-dimensional spheres are all related via a recursion relation to derivatives of the heat kernel on the

135



Chapter 3. The large charge expansion in the large N limit of QFT
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Figure 3.4: The grand potential —Q(u) (left) and its first derivative —Q'(u) (right) in D = 3 computed
on the two-sphere. Evidently, the function —Q(y) is convex for all values of p. It has a minimum at
1 = 1/2ry, where it vanishes. The maximization condition has a positive solution for Q only in the
region {u = 1/2rp}.

two-sphere [265],!
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The coefficients §.,, are defined via the relationship

2s n-3/2
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The relationship in Eq. (3.149) can be used to derive a similar formula for the zeta function on a generic
even-dimensional sphere, relating the higher-dimensional zeta function to a sum of zeta functions on

the two-sphere,*?

2n 5 127 o 2 -2
{(s| St m) = wZﬁ]nZO( )( 1) [u r2 - (n—z) ] ake(s— k|82, m? (n —n)r0 ).
(3.151)
For large values of i, we can again expand the heat kernel trace in an asymptotic expansion for small
values of ¢, as the Mellin integral localizes around ¢ = 0. For the four-sphere the relation in Eq. (3.149)

reduces to

9
1
4r2

e .60;22—%

Trfe *h ]
Irle "0 | =
ﬁ1;2=1

d
[ﬁo;z - ﬁl;zréa] g, (3.152)

41 Similarly, heat kernel traces on odd-dimensional spheres can be related to the trace of the heat kernel on the circle [265].
42To derive this expression we need to perform an integration by parts in the Mellin integral. Hence, it needs to be suitably

2
analytically continued for p? rg (n - —] The value (n - %) is related to the conformal mass in 2n dimensions.
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3.2 Convexity and the effective potential for ¢* from large charge

The term 9/ 4r§ is just the conformal mass on the cylinder in D =5 (the four-sphere). For the asymptotic
expansion on the four-sphere we then find that

2-s

2s(,,2,.2 9 3

(518" i) =2 i3] Loy CDERET 1) By Ts+k-D (2271 -1)  kBpeso
ro’ -

6(s—D(s=2) 24 {21 (2,2 9k TR (2281 -1)  (k+ 1By |’
(3.153)
As this expansion is asymptotic, it can be studied using resurgent techniques, just like it has been done
for the two-sphere in [191] (see Appendix C.3).

For small values of u the zeta function in D =5 on the four-sphere can be expanded in a convergent
series valid in the regime 0 < pry < 3/v/2 using a binomial expansion, similarly to the case D = 3 treated
in Section 3.1.4,

|22, B e 3\ 1 3 9\k
((s|s§0,p2)=2—‘s=% (k)[((zs”k_g;i)_g( 28+2k—1?§)](“2’02‘1)
=0 | Li+3) 2 k=0
( g

(3.154)

The small-p and large-p limits can be connected via a resurgent analysis, as we show in Appendix C.3.
The overall result can be written in terms of the principal value of an integral involving Bessel functions.
The grand potential takes the form

4,3 9 d
o =-"0py f Y
24n'V ysin(y)

0

2Ky (2[,”‘0_}/) + (2 + %) KZ(Z,LH‘()_}/)J . (3.155)
Hery

In the regime at small p, where the convergent expansion is valid and can be trusted, the zeta function
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Figure 3.5: The grand potential —Q(u) (left) and its first derivative —Q'(u) (right) in D = 5 computed
on the four-sphere. The function —Q(y) is only convex for y < ug = 1.266... and concave otherwise.
It has a minimum at prg = Umin’o = 0.9927 and a maximum at ©rg = pmax7o = 3/2. The maximization
condition admits two positive solution for 0 < Q/2N < Qq/2N = —VQ'(ug) = 0.5029... and no real
solution for Q > Q. The leftmost solutions for 0 < Q < Qg results in a convex free energy, but the
expression does not satisfy the consistency condition for the scaling dimension of the unit operator as
10 f¢(0) = VQ(min) = 0.017--- > 0.
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Chapter 3. The large charge expansion in the large N limit of QFT

and hence the grand potential on the four-sphere in Figure 3.5 have a maximum as well as a minimum
and hence also an inflection point, as opposed to the zeta function on the two-sphere in Figure 3.4,
which only possesses a minimum. As a consequence the grand potential —Q(y) in D =5 has a convex
region around its minimum and a concave region around its maximum separated by a flex,*3

3
roMmin = 0.9927..., ropa = 1.266..., ToMmax = > (3.156)

In terms of its supremum definition the Legendre transform is non-trivial (not infinite) only for values

of the charge Q smaller than

Qﬂ i
— =-VQ ~0.05029.... 3.157
N (pg) ( )

For Q > Qq the free energy is infinite as —Q(u) is not bounded from below,

Q
+VQ(u) for 0 < Q/2N < Qq/2N = 0.05029...,
A(Q) anH R Q Qn

v = fQ =

= (3.158)
ZNT()

+00 for Q/2N > Qq/2N.

The function f,(Q) obtained from this procedure cannot possibly describe the conformal dimension of
a fixed-charge operator within a CFT. By virtue of the state-operator correspondence ry fc(Q) at Q =0
has to correspond to the identity operator, which enforces the consistency condition f(0) = 0. We find
instead that

10fc(0) = VQ(tmin) = 0.01699... #0, (3.159)

implying that we are not in a CFT and hence not at the critical point. After expanding in Q, the free
energy is given by

. 2) (2)2
rof+(Q) = 0.01699 +0.9903...(2N +1516...( 7| +ooe. (3.160)

We see that the leading term in Q is linear, implying that we find ourselves in a massive phase here.

Alternatively, we can drop the assumption of unitarity of the theory and decide to ignore convexity
while using the working definition of the Legendre transform in terms of the derivative. Instead of the
minimum, we can also choose to expand around the maximum g2 ,, = 9/(4 rg) situated at the value of
the conformal mass on the four-sphere. In this case we find that the free energy is given by

2
rofth%(%)—%(%) +0(Q%). (3.161)
This result has previously appeared in the literature in [20], where the value of Qq had been identified as
the critical value above which the scaling dimension A(Q) becomes complex. This result is consistent
with the conformal dimension of an operator given by the Q-th power of a field of dimension 3/2 (see
also [255]).

It is important to better understand the meaning of this expression. On one hand, we are discussing

43The value of the flex can be found with quite good precision using an optimal truncation of the large-u expansion. However,
the asymptotic expansion cannot reproduce the whole structure of —Q(u), in particular it cannot reproduce the maximum at
7o Mmax = 3/2.
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3.2 Convexity and the effective potential for ¢* from large charge

a potential UV continuation via a hard-to-justify effective potential that is complex. On the other
hand, we are also expanding around a maximum in the context of the Legendre transform for the free
energy f:(Q), in a concave region of the grand potential —Q(u) that is not expected to contribute to
said Legendre transform.

Finally, we can choose to continue the free energy f.(Q) beyond the critical value Qg to a multi-valued
complex function. The point Q = Qg becomes a branch point and the free energy develops four
branches. In doing so, we can study the large-Q behaviour using the large-u expansion of the zeta
function in Eq. (3.153) for each of the four branches of f,(Q). Using said expansion we find that the
scaling dimension is given by

AQ_ =

3.162
2N ( )

L P V32N

2N
where the complex phases f; and f, can take different values depending on the choice of branch,

WIQ) L9, ]

branch1l branch2 branch3 branch4

fl eiﬂ/4 e*l’ﬂ/4 ei3ﬂ/4 e*i3ﬂ/4 X (3163)
f2 ei3n/4 e—i3ﬂ/4 ein/4 e—in/4

These results agree perfectly with earlier computations found within the scientific literature in [20].
Note that we can reproduce the leading term in Eq. (3.162) from the effective potential in Eq. (3.140).
This can be seen from the fact that the effective potential in Eq. (3.140) at g — oo (and r = 0) directly
computes the fixed-charge vacuum energy ETi‘ on the torus, which by virtue of Weyl’s asymptotic
expansion of the heat kernel in Eq. (3.58) and Eq. (3.59) is equal to the leading coefficient of the vacuum
energy on the sphere (modulo a factor coming from the differing volumes of sphere and torus),

(3.164)

8NV3 Q%4
©) 1 61 = (c)(10/3 — 3/8
Vi ;") =xlp;” , ETf =2 K (2 ) .

Differently said, since the ground state is homogeneous, the leading term in the large charge expansion
of the energy on the four sphere is given by

| =t p,-8Q) (3.165)
ro Qa/4 V;4/4 L To Q5/4

o

A phase transition on the cylinder away from the fixed point

The presence of a complex effective potential can be interpreted in terms of unstable states (see for
example [266]). While following a given state within the theory at hand, it is possible that while changing
some parameter in the theory the state becomes unstable and develops an imaginary part in its energy,
which in term has the interpretation of a decay rate.

If we move away from the conformal fixed point in the critical limit g — oo on the cylinder (along the
critical trajectory with r fine-tuned to the conformal mass r = 9/(4 rg), we observe that something
similar happens in the O(2N) model in D = 5. In the IR at small g the states in the theory are perfectly
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Chapter 3. The large charge expansion in the large N limit of QFT

fine and then become unstable as we move towards the UV. Since we have access to an explicit
convergent expansion for the zeta function on the sphere at small y, we can study this phenomenon
for states with small charges Q and analyse the implications for the free energy on the sphere.

Generally, if a function f(x) possesses a critical point at x = x¢, then its Legendre transform LT[ f](y)
around y = 0 can be expanded and expressed in terms of the local properties of f(x),

LTI = [~ F 00 + Xy + — P+ (3.166)
)= c cy ZfH(JCC)y .
For the free energy f.(Q) on the four-sphere we therefore find that
fe(Q) = VQ(/J)+/J(Q) ! (Q)2+ (3.167)
¢ < eN) 2va(ug (2N N pe=sir) '

If we keep only the first two terms, then Eq. (3.167) corresponds to the free energy of a fixed-charge
state describing a massive particle with mass equal to p.

The grand potential on the cylinder, fine-tuned to the critical trajectory r = reons = 9/4 rg, is of the form

1 4 2 (u 0
Q(,u):ﬁf(—l/ZIS,O,p ) - ——. (3.168)
The zeta function and its first derivative vanish at u? = 9/4rg, and the same evidently holds true for the
RG flow term. The grand potential Q(u) expanded around the value of the conformal mass u? = 9/ 4r§
is given by

1

QW = T

2 (128 9\? #%-12)7? 9)3
i ( r°—1)(p2r2——) +u( Zroz—z) e (3.169)

384\ g 07y 2832

Importantly, we observe that the nature of the critical point at u. = 3/2ry changes depending on the
value of the coupling g. For g < 128r the critical point pi is a local minimum, while for large values of
the coupling along the flow g — oo it turns into a local maximum and a new local minimum appears at
UL < pe =3/2r, see Figure 3.6.

The Legendre transform, in terms of its supremum definition, tracks the position of the minimum.
Hence, for small values of g the free energy is determined via the behaviour of the grand potential Q(u)
around y. =3/2ry

rofe(Q) = 32_; (2

_— 3.170
ZN) ’ (2m)?(128ry - g) ( :

48g Q\?
2]+
as long as the coefficient of the quadratic term in y is positive. At g = 1287 this expression exhibits
a pole and is no longer valid. For larger values of g the free energy f;(Q) then depends on the local
properties of the grand potential Q(u) around the new minimum at . < 3/2ry, which as we have seen
in Eq. (3.160), describes a massive phase in the limit g — co. However, it is important to point out that
this new minimum is only a local minimum and metastable. For large enough charge Q, the free energy
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Figure 3.6: The grand potential —Q(u) on the cylinder R x S?O for different values of the coupling g along
the critical trajectory r = 9/4r§ in D = 5. For g < 1281y, the critical point y. = 3/2ry represents a local
minimum. As we increase the value of the coupling g along the flow to the UV, the point i, becomes a
maximum and a new minimum appears at g, < 3/2rg.

f¢(Q) obtained via the supremum definition of the Legendre transform becomes infinite because the
grand potential —Q(u) is no longer bounded from below for g > 128ry.

On the other hand, for g > 1281y, the naive definition of the Legendre transform allows for the expansion
around the maximum g = 3/2ry which now corresponds to a concave and unstable region of the grand
potential —Q(u), which we have done in Eq. (3.161) in the limit g — oco. The free energy f.(Q) obtained
in this way is still real for small enough values of Q, but the coefficient of the of the quadratic term in
Q is negative which is a sign of instability. Beyond small charge Q, the free energy then develops an
imaginary part, see the discussion around Eq. (3.162), clearly violating unitarity.

Generically, when expanded around a maximum, the free energy f.(Q) as a function of the charge is
concave. It appears as though the absence of convexity is a general feature of any expansion around an
unstable state.

The free energyinD=4+cand D=6—¢

In Section 3.2.4 we have extensively discussed that the conjectured strongly-coupled UV fixed point
cannot be reached for 4 < D < 6, unless we analytically continue the effective potential to a complex
function with a branch cut describing a Riemann surface. We can, however, compute the free energy
f:(Q) on the sphere at the conformal point, which we naturally identify with the scaling dimension
of the lowest operator of a given charge in flat space. In the large-charge limit the zeta function can
be computed perturbatively using Weyl’s asymptotic expansion of the heat kernel in Eq. (3.58), as
discussed extensively in Section 3.1.4 and also in this section, i.e. Section 3.2.5. In arbitrary real
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dimension D we have (in terms of the Legendre transform LT[-])

A 1.1 I(s—21
QO _ e vaiien, vmu)=5c<—5|s€,‘1,u2)— =)

N _WK("S’%’I e (3.171)

where the heat kernel coefficient Kj evaluated on the D — 1-sphere is given in Eq. (3.59). For s = +,
since the maximization condition includes {(1/2 | Sg’l,,uz), the Gamma function I'(s) in the numerator
diverges. We can, however, resort to analytic continuation and study the behaviour around D =4 and

D =6. The geometric invariants have to be analytically continued as well and are given by

m3Ee RS (3.172)
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where y is the Euler-Mascheroni constant.Using the expansion of the Gamma function,

=" _

Te-m=—"—¢ '+o(e), (3.176)

the leading behaviour of the zeta functions in D =4 + +e and D = 6 + € are given by

2 3,4

r r
((1/2|s§0ﬂ,u2)=ie—1%+..., ((—1/2|s§§€,u2)=ie—1%+..., (3.177)
r5 4 r5 6
((1/2|s?§€,u2)=¢e‘1%+..., ((—1/2|S§Oi€,,u2)=¢€_1%+.... (3.178)

Around the physical dimension D = 4 the maximization condition reads Q/N = F(rom)3/(2¢) and, as
expected, there is a real solution for positive charge Q only in D = 4—e¢. The free energies and conformal
dimensions are found to be

4/3
Ae(Q _ 3 1/3(Q _
SN = qm€ (Tv) +... forD=4-¢, (3.179)
B4eQ _ 3 ,in(2k+1)/31/3 Q. 4/3+ for D=4+ ¢ )
2N = 2473 2N = )

where the integer k =0, 1,2 depends on the choice of branch for the analytically continued free energy
f¢(Q). In a similar fashion, around D = 6 the maximization condition reads Q/N = +(ry m)®/(32¢), with
areal solution for positive charge only in D = 6 +¢. The associated conformal dimensions are given by

Ae(Q _ 5215 in2k+1)/5,.1/5 [ Q \®/° _
SN =%5e € o +... forD=6-¢, (3.180)
Are(Q _ 521/561/5 Q 6/5+ forD=6+¢ ’

2N ~ 3 2N = )

where the integer k =0,1,2,4,5 again depends on the choice of branch for the analytically continued
free energy f.(Q). These results perfectly agree with earlier results from the literature in [20, 234].
As expected, in the range 4 < D < 6 the Legendre transform requires an analytic continuation and
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results in conformal dimensions 6 (Q) with non-zero imaginary parts corresponding to complex free
energies f;(Q) exhibiting a branch cut. The theory in D = 4 + € has been scrutinized more closely
in [267], confirming its instability for operators of any value of the charge Q.

3.3 From Fermi spheres to superfluids: Fermionic CFTs at large
charge and large V

When studying bosonic theories at large charge, the superfluid hypothesis underlying the EFT approach
is a very natural one, although there are important outliers not captured by the EFT, like the free
boson [168]. However, once we consider fermionic theories the superfluid description can still be
justified sometimes, but it is no longer the only game in town as options like a Fermi-sphere ground state
are reasonable as well. In particular, the superfluid paradigm does not apply to the free fermion, where
sectors of fixed charge are described by Fermi surfaces [168]. The Fermi sphere, as we will see later, also
has a non-trivial macroscopic limit on the cylinder [168]. Unfortunately, the characterization of the
corresponding EFT description is more complicated and less clear than for a superfluid phase [118,
167, 168].

Beyond the study of bosonic theories, there is a distinct lack of literature on the LCE approach applied
to fermionic CFTs. Only a handful of forays have been made into the domain of fermions [168, 170,
268]. In particular, it is important to better understand the landscape of emergent condensed-matter
phases and possible EFT description in fermionic models. As we have seen in Section 3.1, for the O(2N)
model at large N we recover from general principles the EFT description used to study the O(2) model.
In analogy, it appears to be a good idea to study fermionic models in simplifying limits — like large N
or small €, where the interacting fixed points become perturbative — to potentially gain access to the
EFT descriptions of the large-charge sectors in these models.

This is exactly what we are attempting to do in this section, where we systematically study several
different theories with four-fermion interactions in D = 3 and Euclidean signature, in the limit where
the number N of flavours of fermions becomes large. In this section we review the free fermion CFT
and study the GN model as well as the chiral GN or NJL model and its SU(2) x SU(2) generalization.
Additionally, we discuss the Cooper model, which is related to the NJL model by a Pauli-Gursey (PG)
transformation [269-272].

We find two qualitatively different behaviours. While in the free fermion and the large- N GN model
there is no SSB occurring in sectors of large charge — i.e. large baryon number — and the physics is
that of an (approximate) Fermi surface, the four-fermion interactions in NJL-type models allow for
SSB to occur in sectors of large ”chiral” charge. In this case the large-charge sector is described by the
usual superfluid description and we can verify the prediction from the large-charge EFT discussed in
Chapter 2. For the GN model we could not yet determine whether the Fermi surface persists for finite
N once we include sub-leading corrections.

Besides the discussion of the free fermion CFT, which represents a review of existing material, the
rest of the material covered in this section, which appeared in [2], represents original work by the author.
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Chapter 3. The large charge expansion in the large N limit of QFT

We apply essentially the same technology which we used to analyse the bosonic theories at the
beginning of this chapter (see Section 3.1). For convenience, we repeat the most important points again
here. Independently of the presence of SSB — by the state—operator correspondence — finite-density
ground states in the cylinder in critical theories compute the scaling dimensions of the associated CFT
primary operators in flat space. If @€ is the lightest primary operator of charge Q under a certain global
symmetry Q, then the corresponding state on the cylinder is understood to minimize the modified
Hamiltonian H%' — uQ on the cylinder, with HY! being the dilatation operator/cylinder Hamiltonian
and Q the charge operator. Qualitatively, this picture is expected to be independent of the underlying
bosonic or fermionic nature of the theory. In particular, we expect the lowest-lying operator &< to still
be a scalar in a fermionic theory.

The most convenient way of selecting the correct state on the cylinder that computes the right scaling
dimension A(Q) is to consider the thermal CFT on 8;5 x Sg‘l and study the theory of interest in the
zero-temperature-limit via its grand-canonical partition function Zg.(u),

Zge() = Tr [ PH =1Q] P22 (50150 ¢ PEQ-1Q) (3.181)

where (0¢|0() is a normalization factor and the energy E(Q) in the thermodynamic limit N — co
is equal to the zero-temperature free energy f.(Q) at charge Q of the system first introduced in
Section 3.1.2. In doing so, we proceed in analogy to the discussion around Eq. (3.27) presented in the
context of the O(2N) vector model.** All of the fermionic theories investigated in the present section
possess a path-integral representation of their respective canonical partition function Zg.(u), which
can be computed order-by-order at large values of the number of flavours N. In the thermodynamic
limit N — oo, as usual, the grand canonical partition function is given by the grand potential Q,

Zge(p) 222 g CNIAVOUW (3.182)

which we care for mainly in the zero-temperature limit. When comparing to Eq. (3.181),* we conclude
that for the CFT living at § — co we have

Q ——G—Q (3.183)
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without necessarily needing to reference the canonical partition function (see Section 3.1.2). As usual,
f¢(Q) denotes the free energy. For certain purposes we are content with performing computations on
Sk X Tf ~1 In these instances we will use the same notation as on the sphere and simply replace the
volume V.46

With regards to the large- N methodology, for the interacting theories considered (GN and NJL-type
models) we perform a HS transformation, introducing a (complex) scalar collective field o (@ if complex)
and reducing the four-fermion interactions to Yukawa-type interactions. The field o(®) can both be
kept dynamical and non-dynamical. If o (®) is kept non-dynamical, the interacting fixed pointin D =3
is found in the UV and is only treatable within the context of the large- N expansion. If instead the

4411 contrast to the O(2N) model in Section 3.1.2 and 3.1.3 we do, however, start directly by only fixing the charge associated to
a single U(1) subgroup of the global symmetry, in contrast to the U(1)V-diagonal subgroup fixed for the bosonic vector model.
Note that the homogeneous ground state in the bosonic model also corresponds to the case of a single U(1) subgroup at finite
density, the U(1) baryon charge, see Section 3.1.3.

45The normalization of the state |0q) is irrelevant here for our purposes and can be ignored as a constant contribution.

46We also do not distinguish between a torus of large volume and infinite flat space.
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scalar field o(®) is made dynamical, then we obtain the UV completion of these fermionic models, and
the same interacting fixed point arises in the IR (in D = 3). The large-charge primary 0y, is part of the
CFT spectrum independently of the specific realization chosen.

3.3.1 Fermi spheres in the large charge expansion: The free fermion

Although the class of CFTs whose large-charge sector is described by a conformal superfluid encompasses
many different theories, there are a few important examples that lie outside of it. The simplest and
most obvious example is the free complex scalar theory, which does not lead to a state of finite density
in the macroscopic limit on the cylinder [168]. In the free scalar case the lowest-lying operator of charge

Q is simply
09 ¢?, AQ) =r0E(Q = Q. (3.184)

In the macroscopic limit ry — co on the sphere the charge density p = Q/V remains finite, and hence

the energy density behaves like
EQ) _ AQ
v QD I'OD

0, (3.185)

where Qp is the volume of the unit (D — 1)-sphere. As a consequence, in the large-charge sector of the
free scalar there is no SSB at large charge and also no emergent condensed-matter description. The
same is not true, however, for the free fermion CFT, as we will see.

Comments about notation

Our discussion of the free fermion CFT — besides introducing the Fermi-sphere ground state and
hence a new condensed-matter description at large charge — serves to set up our discussion of the
interacting fermionic models of GN-type, which admit a second-order critical phase transition and are
computable in the large- N limit, in the later parts of Section 3.3. More precisely, the models we will
consider are the GN model and the NJL model along with its minimal SU(2) x SU(2) generalization.
They can all be obtained by deforming the free-fermion CFT with a four-fermion interaction and a
coupling g. As the quartic interaction in the fermionic fields is irrelevant for D > 2, and hence the
theory is not renormalizable in standard perturbation theory, these models are typically studied either
in D=4—-¢or D =2 +e¢ at small € and fixed values of N, or in the large- N limit for 2 < D < 4.4

It has been shown that results from small-e expansions in 4 — € and 2 + ¢ at fixed values of N are
completely consistent with the large- N expansion for general dimension 2 < D < 4, which in particular
also includes D = 3 [273]. Moreover, the conformal phases found in the simplifying limits of large N and
small € are known (or strongly believed, e.g. from lattice studies [274]) to exist in the physical dimension
D =3 also at finite values of N.

Importantly, in particular with regards to the NJL-type models, we rely on some notion of chirality

47These four-fermion models can be understood via their UV completions in terms of Yukawa-type theories, which flow
to the same interacting fixed point now located in the IR (in D = 3). The associated Yukawa-type theories are in principle
renormalizable.
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Chapter 3. The large charge expansion in the large N limit of QFT

within the theory. Of course, in D = 3 there exists no natural notion of chirality. This issue can be
amended by dimensionally reducing the corresponding four-dimensional model in D =4, (3 + 1) down
to amodel in three dimensions, D = 3, and using the four-component fermions from four dimensions.
In D = 3 then, a four-component Dirac fermion V¥ sits in a reducible representation consisting of two
two-component Dirac fermions vy, ;. Additionally, a Dirac fermion in D = 3 + 1 can be decomposed
into two Majorana fermions W = 1; + iA,, so that, so that starting from N Dirac fermion in D = 4 we
obtain a theory of 4N Majorana fermions in D = 3 [2] 48

dim. red.
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In addition, in D = 3 there exist two inequivalent two-dimensional representations of the Clifford
algebra. They are related by a parity transformation and can be identified in terms of a differing sign in
the gamma matrices y,. Therefore, the two representations can be denoted as +y,. As a consequence,
in principle, there are 2N + 1 possible inequivalent choices to arrange the 4N Majorana fermions.
In practice, there are only two interesting situations: either all Majorana fermions are in the same
representation +yy, or half of the fermionic fields are in one representation +7y, while the others sit in
the other representation Fy.*°

Starting from a U (V) invariant theory in D = 4, in the first case the system in D = 3 is O(4N) invariant
while in the second case the system exhibits a O(2N) x O(2N) x Z, symmetry. In the case where all the
Majorana fermions sit in the same representation there is no parity invariance — which is present in
the four-dimensional theory — as all spinors share the same eigenvalue under the operator yyy17y2. For
this reason, since we want to retain the notion of parity because we are interested in the dimensionally
reduced four-dimensional model, we will make the latter parity-invariant choice. Concretely, for the
presentation of our computations and results this means that we will arrange our two-dimensional
(Dirac) spinors ¥;, i = 1,...,2N in D = 3 into four-dimensional reducible spinors ¥; = (¢;,%;+n),
i=1,...,N and use four dimensional reducible gamma matrices of the form

ryzas.@yﬂ:(yoﬂ _(; ) (3.187)
u

In this way we can actually define a I's-matrix in D = 3 and a notion of chirality. Importantly, in contrast
to the four-dimensional theory, after dimensional reduction this chiral symmetry in D = 3 is actually a
flavour symmetry, i.e. it is part of the global symmetry group. For more details about notation we refer
to Appendix C.4.3.

48A Dirac fermion 4 in three-dimensional spacetime can be decomposed into two (symplectic) Majorana fermions 1,1 +
idgo [275-277].

49Somewhat confusingly, in the presence of a standard four-fermion interaction of the form (7y)2 both of these situations are
called GN model in the literature [278].
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

Asymptotics for the free fermion at large charge

We discuss the free fermion CFT in D = 3 (Euclidean) with 2N flavours of Dirac fermions organized into
N four-dimensional reducible spinor representations, as outlined above,

S:Z[d3x 9,T,0MY; =Zfd3x WIrsr,oy;. (3.188)
1 1
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Note that this action is secretly O(4N) invariant and not just O(2N) x O(2N) x Z,, as discussed above,
since there is a product of two gamma matrices appearing in the kinetic term which neutralizes the
difference in sign. Nevertheless, we will stick with this notation in order to be consistent with the rest of
the section.

The large-charge sector of the free fermion has been first studied in [168], where the authors deduce the
general form of the large-charge operator for a single free fermion via the the Pauli exclusion principle
and then perform a combinatorial computation to deduce that the scaling dimension of the lightest
operator of large charge Q has a scaling dimension that behaves like

2 82,1 i

Aps(Q) = Q™"+ — Q" +..., (3.189)
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where the subscript s denotes that the ground state is a filled Fermi sphere and not a superfluid. We
will reproduce the same result using thermodynamical reasoning.

Similarly to the treatment O(2N) vector model in Section 3.1.2, the action in the grand-canonical
partition function Zg(u) is found by introducing the appropriate chemical potential inside the action
in Eq. (3.188) as a (constant) background field in the time direction,

Sul¥;] =fd3x ¥, (1y0% —pul's) ;. (3.190)
3113 XS%O

In analogy with the results for the saddle-point equations of the O(2N) vector model, here we introduce

a single chemical potential u for the global U(1) g baryon number symmetry, which we formally expect

to correspond to the homogeneous sector or the completely symmetric representation like in the

case of the O(2N) vector model (again see Section 3.1.2 for details). Worded differently, we are only

interested in CFT data pertaining to operators charged under the U(1) g symmetry.

As we are dealing with a free theory, the path integral can be explicitly performed using standard
techniques. The cylinder computation at finite temperature via the summation over Matsubara
frequencies is outlined in Appendix C.6. The resulting grand potential is given by

SulN—oo 1 )
Q(.U)=”|L———Z 22j+1) Z

= Bwy +log(1+e‘ﬁ(“"’_“))+log(1+e’ﬁ(“’”“))
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) (3.191)
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Chapter 3. The large charge expansion in the large N limit of QFT

where w? = (j +1/2)?/r. In the zero temperature limit § — oo the grand potential reduces to

oo 2 2 2
Q(p)ﬁ—»—VZ(zjﬂ)wj—v Y @j+D(u-w)=-3 Z(2j+1)wj+u2(2j+1)],
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(3.192)
and now unsurprisingly describes a filled Fermi-sphere ground state of massless fermionic particles
(massless due to conformal invariance). The associated Fermi momentum is given by ury. Using
Eq. (3.183) the charge and energy density are found in terms of the Fermi momentum

[ _ 1

Q = |prol (Lurol +1), 3 Lurol (Lprol + 1) (2prol +1). (3.193)
0
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The floor function in the above expressions implements the fact that on the cylinder the energy levels
w; are discretized. Hence, any chemical potential value urq that lies in between two energy levels
corresponds to the same filled Fermi sphere.

Using the form of the U(1) g-charge in Eq. (3.193) the scaling dimension of the corresponding scalar
CFT operator @FQS in flat space can be expressed in closed form as

3.194
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where we again denote the fact that this operator corresponds to a filled Fermi sphere ground state on
the cylinder — which has a non-trivial macroscopic limit and describes a condensed-matter phase —
by the subscript gs. Further, we have normalized the charge Q and scaling dimension Ags(Q) by 2N,
which is the total number of three-dimensional Dirac-fermion flavours present. The scaling dimension
Ars(Q) is shown later on in Section 3.3.3 in Figure 3.8 as a function of Q. Notably, since the Fermi
shell always has to be filled, only discrete values of the charge Q — specifically Q/2N =0,2,6,... —are
allowed.

We note that the Fermi-sphere ground state is an eigenstate of both the Hamiltonian H) and
the U(1)p charge Q. As a consequence, there is no SSB on the ground state — in accordance with
Section 1.2.5 — and we do not have any NG fluctuations on top of the ground state as in the superfluid
case. The ground state is an eigenstate of both the Hamiltonian H®) and the U(1) 3 charge Q. There
are no phonon states describing new primaries with a gap of order & (1) from the Fermi-sphere primary
@FQS in the CFT context. Instead, there are particle-hole excitations that exhibit the same charge as the
Fermi-sphere ground state and have a gap of order € (1). It would be interesting to see whether there
can be a description in terms of a Fermi liquid for the EFT, in particular with regards to the GN model
which we will discuss in Section 3.3.2.

The Q — oo asymptotics of the expression in Eq. (3.194) for the scaling dimension of the Fermi-sphere
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

operator @Ss can be systematically computed; the first few orders are

Ars(Q) _ 2(2)3/2+i(2)”z_L( Q )_1/2+@>(Q—3/2)’ Q

== — — —00. (3.195)
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After setting the number of flavours N to N = 1/2 — which in our convention of using the reducible
representation described in Eq. (3.187) and Appendix C.4.3 corresponds to a single flavour of fermions
in D = 3 —the finite-density ground state and the associated free energy f,(Q) in Eq. (3.193) correspond
exactly to the parity-even scalar primary operator @FQS first constructed explicitly in [168] within the
single-flavour free fermion.

3.3.2 The Gross-Neveu model at large N: Interacting fermionic CFTs at large
charge

Primarily, we focus in this section on fermionic models in three-dimensional Euclidean space admitting
a second-order phase transition, which are compatible with the large-N limit allowing us to take
advantage of the simplifications in said limit. We start by discussing the GN model.

In the four-dimensional reducible representation we employed — see the beginning of Section 3.3.1
and Appendix C.4.3 — the Gross—Neveu model [279] is described by the action

S= fd3

In this form it has a global O(2N) x O(2N) x Z, symmetry. Out of the global symmetry group we will
denote the diagonal U(1) subgroup — the baryon number symmetry — by U(1)g,

Z W,,00W,; — _(ﬁ )2] (3.196)

Ul)p:¥; — e %y;. (3.197)

As discussed extensively in Section 3.1.1, the standard large- N analysis is carried out via a HS transformation
introducing an auxiliary (real) scalar field o replacing the quartic interaction.’! The resulting action for
the GN model is given by

S= f d3x

The UV critical limit for the GN model is reached by neglecting the o term. It corresponds to a second-
order phase transition which separates the broken and unbroken phases for the breaking of the Z,
chiral symmetry acting as®

N
rﬂaf*+a)\yi+4—ga2 . (3.198)

Y- -Ts5V¥. (3.199)

For finite values of N, the theory in Eq. (3.196) is not renormalizable and the appropriate UV completion
is a Gross—Neveu-Yukawa (GNY) model that is obtained by promoting the collective field o to a

50As we will see, at large N this operator is the lowest primary of U(1) g charge Q even if the CFT is an interacting one (in both
GN and NJL models), due to the fact that the auxiliary field o does not condense.

51The HS transformation can always be applied independently of the nature of the field content of the theory to replace quartic
(self)-interactions. The procedure always looks the same [134].

525ee Appendix C.4.3 for the conventions around the I's-matrix. The use of four-dimensional language here should always be
seen in the context outlined at the beginning of Section 3.3.1.
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Chapter 3. The large charge expansion in the large N limit of QFT

dynamical field [280], resulting in the action

S:fd3x

In the IR limit, the Yukawa coupling gy is relevant and grows large, formally reproducing the critical
action of the GN model as the kinetic term drops out. The critical point of the GNY model becomes
weakly-coupled in 4 — ¢, allowing for a study of the GN critical phase at finite values of N. The theory in
Eq. (3.196) on the other hand is only accessible in a 1/ N expansion. As we will see, to leading order in
N there is no SSB for the GN model in sectors of large baryon number and the physics is approximately
that of a Fermi surface, in the strict infinite- N limit at least. We have not yet determined whether the
Fermi surface persists once we consider sub-leading corrections in N.

_ 1
W, ([u0" +0) ¥, + — 0,00 0 . (3.200)
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Generally speaking, both the GN model as well as the NJL-type models we discuss later in Section 3.3.3
are obtained from the free fermion CFT in Eq. (3.188) via an irrelevant coupling g and a four-Fermi
interaction. Assuming that the model in question has a fundamental UV scale A (given by a specific
underlying lattice discretization), at zero temperature and zero density the irrelevant coupling possesses
a critical value 1/g. ~ A at which we find a scale-invariant theory separating two distinct phases
characterized by some spontaneously broken symmetries.’ In flat space specifically, if we wish to take
a formal continuum limit A — oo for these kinds of models with irrelevant couplings, we run into the
problem that they are not renormalizable in the 1/ N expansion [134]; the associated RG flow only joins
the free fermion CFT in the far IR at g = 0 to the interacting conformal phase at g = g, in the UV. Our
goal is to study these theories — GN and NJL — at the critical limit of the phase-transition point at
finite charge density.

There is evidence — e.g. on the lattice [274] — that these conformal phases at g = g, for the GN and
NJL models survive at finite values of N, however a proper RG flow analysis requires a UV completion,
as these theories are not renormalizable away from any simplifying limit like small € or large N. As
discussed, working UV completions are found in terms of Yukawa-type models [280] with the distinct
advantage that the Yukawa coupling gy is relevant in D < 4. Yukawa-type models in 2 < D <4 are UV
free and strongly coupled in the IR, where we recover the interacting CFT of the associated four-Fermi
model (GN or NJL here). The Yukawa-CFT becomes again weakly coupled in D = 4 — ¢ allowing for the
perturbative computation of conformal data, e.g. at large charge [170]. As we are working in the large- N
limit, it is sufficient for us to consider the minimal models including only fermionic matter, hence we
only briefly comment on the UV completions.

Symmetry-breaking at large N: Leading-order action and gap equation

The presence of a condensate in the large-charge sector is a crucial ingredient determining whether or
not the LCE leads to simplifications, as we have seen in the case of the free boson or the free fermion in
Section 3.3.1. Without the presence of a condensate there is no SSB and no superfluid description. To
see, if this is the case, we start by discussing the symmetry breaking for the GN model.

53The exact value of gc may depend on the geometry of spacetime and the regularization procedure, making certain geometries
and regularization procedures preferable over others. Generically, in zeta-function regularization (e.g. on the sphere) the critical
value of the coupling is 1/g. — 0, essentially obstructing the broken phase. For example, in the three-dimensional O(2N) vector
model discussed in Section 3.1 the value of the critical coupling was g. = co (we have used zeta-function regularization there).
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

We consider the GN model for N reducible four-dimensional Dirac fermions in the representation
outlined in Appendix C.4.3 at finite U(1) g-chemical potential ¢ and finite temperature. To analyse the
symmetry-breaking it suffices to consider the theory in flat space R?. After introducing the auxiliary
field o the action is

S= f d®x

s;jxmez

_ N
‘Pi(FVOV—/,tF3+U)‘~P,-+E02 ) (3.201)

The model needs to be equipped with a cut-off scale A in momentum space in order to be consistent.
At generic values of the parameters of the theory g, 8, 1 the auxiliary field o is allowed to acquire a
VEV, which spontaneously breaks the discrete Z, parity symmetry ¥ — —I's¥. Generically, we can
assume that the o-VEV is given by a homogeneous configuration (o) =const. Under the standard
procedure, the large- N effective action computable in a self-consistent 1/ N expansion can be obtained
by expanding around the saddle o = (o) + 6/ VN [134],

2
Sulé1= N{ﬁv% —Trlog(D®) ™! } + % +0(NY,  (3.202)
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where we have introduced the fermion propagator D (x — y) at finite chemical potential,>*
D (x - y) = (x|(T,0" — uT'3 + (o)) | x) . (3.203)

We find the value of the condensate (o) by minimizing the leading- N part of the action in Eq. (3.202),
which is equivalently found by setting the fluctuation & to zero. Using the summation over the fermionic
Matsubara frequencies discussed in Appendix C.7 and the momentum-space representation D of
the propagator in Eq. (3.203) we find the grand potential Q(u) as defined in Eq. (3.182),

<0.>2 A g2 p
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1
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where we have introduced the flat space energies w% = p2 +(0)2. For consistency, we need to assume
that (o), p < A. The regularized integral over the momenta can be performed and the gap equation
0=0Q/0(c) becomes

wp+ : (3.204)
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We can introduce the critical coupling
gl =2A/m. (3.206)

The trivial solution (o) = 0 to the gap equation corresponds to the free fermion CFT. In order to find a
non-trivial solution to the gap equation we need to solve

1(1 1) 1 1 1
0==[=-—|-={(0) - =log[1+ P _ Zlog 1+ ePlO-H ) (3.207)
Z(g gc) n( p g( ) B g( )

54We use the notation x = (7,x) for points on the spacetime S: x R2.

B
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Chapter 3. The large charge expansion in the large N limit of QFT

The solution (o) to the above equation is given in closed form by

P/ n 2
P — % eﬁ?(?lcfé) —2cosh(Bu) + \/(eﬁ2(glcé) —2cosh(ﬁu)) —4]. (3.208)

At zero density u = 0 and zero temperature 8 — oo there exists a non-trivial solution to the gap equation
only for values of the coupling g that lie in the broken phase g > g.. The solution there reads

~r(L 3.209
<U>‘#'ﬁ71:0—5(g—§)- (3.209)
This corresponds to the well-known and well-understood second-order quantum phase transition
(since it occurs at zero temperature) of the large- N GN model at the critical value of the coupling g = g,
which separates the parity-unbroken from the parity-broken phase.
At zero temperature and finite density, this solution survives outside of criticality only as long as

U< e = <o>|pyﬁ,1:0. (3.210)

For values of the chemical potential i greater that y parity is restored again. Further, at the quantum
critical point g = g, there exists no non-vanishing solution for any value of u. This is consistent with
the fact that within the CFT the chemical potential p is sourcing a parity even primary operator O, as
we will discuss later.%®

In the critical limit, the zero-temperature ground state is a filled Fermi sphere of massless fermions
with (o) = 0. The grand potential there reads

Q(,u)=—f <p, —uf &Ep N_w (3.211)
u<lpl<A (2m)? P Ipl<u (2m)? on 127

Using Eq. (3.183) the U(1) g charge density p = Q/V and the renormalized (free) energy f.(Q) of the
Fermi-sphere ground state reads

2

o _H fe(Q 1 (47[&)3/2.
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This expression computes the leading-order result in the LCE for the scaling dimension Aps(Q) of the
Fermi-sphere operator @I?S [168], which is the lightest primary of charge Q within the theory. In fact,

there is absolutely no difference with respect to the free-fermion CFT result in Eq. (3.194) at this order.

At this point, we want to stress that it is a priori not clear what the implications of the absence of SSB at
leading order in the large- N expansion are. At this order interactions between fermions are suppressed
by the coupling gess = O (1/N) going to zero as N — oco. Therefore, at infinite N the ground state is
described by an exactly free Fermi surface. At finite values of N, however, corrections from interactions
between fermions can in principle be studied in the correct framework of the Fermi surface EFT [118].

551t is maybe worth remarking that the spontaneously broken chiral symmetry of the GN model is discrete, and hence the
Goldstone theorem does not predict the existence of a NG boson in this case.
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

In doing so, the corrections — in addition to their large- N suppression — need to be properly organized
in a large-Q expansion corresponding to the appropriate low-energy expansion in powers of 1/(urg)?.

One distinct possibility is that the physics at the lowest energies remains the one of a weakly-interacting
Fermi surface. But this is not the only possibility, since at finite N we know that the Fermi surface
is never exactly free, and interactions in the Fermi surface are not automatically suppressed at low
enough energies, unlike in the superfluid EFT case [17, 122]. It is well-known that the effect of the
four-Fermi interaction (¥¥)2 runs logarithmically with the excitations above the Fermi surface [118],
hence running to strong coupling as ges o log(u/ Eir) given the existence of any attractive four-Fermi
channel. In particular, this suggests that the Fermi surface may always develop a condensate of Cooper
pairs at an IR scale of L '=FEg~ exp (—(constant) / gUV) U = exp (—(constant) x N) u, which leads to a
gap of order Egap ~ exp (—( constant) x N) \/6/ L in the fermionic sector. This scenario seems to be
somewhat generic, and it would predict that the lowest-lying operator at large charge Q is described
by a purely bosonic superfluid EFT. However, we note that this would be the case only for ultra-large
values of the charge Q exponentially large in N so that the enhancement of the gap by the factor \/6 is
able to overcome the exponential suppression in N.

Since we have not done the analysis of the four-Fermi interaction about the Fermi-sphere ground state,
we do not know which of these two possibilities is actually realized.

Spectrum of fluctuations for the Gross-Neveu model

Now that we have identified the large-charge ground state, we can study the spectrum of fluctuations
on top of it, while still working in flat space for convenience. As the ground state of the GN model is
a filled Fermi sphere and no NG bosons arise, the supefluid EFT predictions from Section 2.2 do not
apply here.

In principle, the fluctuations around the Fermi sphere ground state of the GN model can be both
fermionic and bosonic in nature. The fermionic fluctuations are then clearly of the particle-hole-type,
just like it happens in the free fermion critical theory (i.e. in the massless free fermion). Potentially
occurring bosonic fluctuations on the other hand are due to the collective or composite field o, more
precisely its fluctuations.

In order to understand the effect of the o-fluctuations on the ground state we have to compute the
effective propagator of the 6-field, which is equal to the full o-field as the VEV of o = /v/N vanishes,
(o) = 0. The effective propagator can be read off of the next-to-leading order quadratic effective action
for the 6 ~ o-field in Eq. (3.202). Most conveniently, this action is computed in momentum space®®

d?k
B2m)?

Tr(D®oDW o) = —idzp[f(—P)(r(P)i Tr[DW(K) DM (P-K)], (3.213)

56Here, we use the notation P = (wy,, p) for the momenta on S[lj x R%, where wy, still are the fermionic Matsubara frequencies.
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where we have made use of the symmetry property
DW(x-y)=-D"M(y-x) (3.214)

satisfied the fermion propagator D* (x — y). The expression for the momentum-space finite-density
fermionic propagator is given by

[‘V(p(#))"

D (p) =i
P)=1i (P(#))Z

PY = (w,—iu,p). (3.215)

The one-loop integral in Eq. (3.213) after some simple algebraic transformations can be reduced to

K, p

o~
I Q 1 =2P%I,—4I;, (3.216)
—
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where I, I, denote two scalar master integrals that are computed in detail in Appendix C.7. This

result suffices to be able to obtain the action of the quadratic fluctuations Sfff% in a mass-independent

regularization scheme in which the critical coupling g is given by gz ! = 0. At zero temperature we find

that

vPZ

—_—t = (3.217)
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We note that the non-local action above in fact does not describe stable bosonic fluctuations lying
on top of the Fermi-sphere ground state. In particular, the momentum-independent part cannot
properly be interpreted as actual mass term. Instead, it should rather be interpreted as a decay constant
which is of order ~ y, similar to how it is the case in the unbroken phase of the model [281]. This
is consistent with the fact that the o-field describes fluctuations of a {1 bound state on top of the
Fermi sphere, which is only stable in the broken phase of the theory. As a consequence, it cannot
generate any new conformal primaries within the local CFT spectrum at large charge. On the other
hand, the fermionic particle-hole excitations are stable. The local CFT spectrum therefore only consists
of operators associated with the stable particle-hole excitations.

Conformal dimensions and local CFT spectrum for the GN model

Up to this point we were content with treating the critical GN model in flat space by studying its
finite-density properties in a large spatial box or torus of volume V. This was sufficient for the results
we cared about. However, if we want to compute the scaling dimension of the lightest operator of
charge Q, in order to take advantage of the state—operator correspondence, we have to put the theory
on the cylinder R x Sﬁo. This way the energy of the finite-density ground state — a Fermi sphere in the
GN case — corresponds to the scaling dimension of the corresponding local primary operator within
the CFT living at the critical point.

Fermionic theories — like their bosonic counterparts — can be mapped from flat space R® to the
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cylinder R x Sfo using a Weyl transformation, as outlined in Appendix C.4.2, after which the finite-
density kinetic term for the fermionic fields is given by

S:fd3x (YT ,DH —pul'r +0)¥], with Q:f2 Yr, v, (3.218)
N

RxS2

where I';, D¥ denotes the Dirac operator on the cylinder R x S%O.

Analogously to the results for the grand potential Q(u) of the GN model in flat space in Eq. (3.204) and
of the free fermion model on the cylinder in Eq. (3.191), the thermodynamic grand potential at finite
temperature on the sphere S; x S%O for the GN model is found to be

(0)?

1
Q) = o TV J; @2j+1) [, /w? + 02 + thermal contributions |, (3.219)
—2

where V = 47rr§ is the volume of the sphere and w; = (j + 1/2)/rq are the eigenvalues of the Dirac
operator on SEO. Clearly, the gap equation still does not admit any non-trivial solution (o) # 0 at zero
temperature and at criticality for any value of > 0, just as it did in flat space.’” The zero temperature
grand potential now simply reduces to the free-fermion result in Eq. (3.192)

Q) =-

Y @j+Doj+p Y, @j+D]|, (3.220)

2
47Tr0 wj>p Wj<p

where we have explicitly introduced the sphere volume V = 47 rg. Hence, it describes the Fermi-sphere
ground state for massless fermions, which we have analysed and computed in Section 3.3.1 already. We
briefly repeat the results for the U(1) g charge and the scaling dimension here,

A 1
L i+,  SBQ@

1
N SN —g[ﬂroJ(LlJroJ+1)(2LIJT0J+1)=5(Q) 4(g)+1- 3.221)

2N 2N

Only discrete values of the charge permissible — Q/2N =0, 2,6, ... — since the Fermi shell needs to
always be filled. The floor function implements the discretized cylinder energy levels and the formal
macroscopic limit 7y — oo reproduces the flat space results derived in Eq. (3.212). This limit is of
course analogous to the large-chemical-potential limit y — oco. The ground state corresponds again
to the scalar primary operator Ogs first constructed explicitly in [168] in the free fermion CFT. The
lowest primary Ors in the GN model is exactly the same operator as in the free fermion CFT due to
the fact that there is no SSB and the auxiliary HS field o does not condense, at least to leading order in N.

We reiterate that for the large-charge sector of the GN model there are no NG fluctuations which
describe new primaries with gap of order order ©(1) from the Fermi-sphere primary Ors. Instead, new
generally spinful and fermionic primaries with the same charge Q and a gap of order &(1) relative
to Ofs are created via particle-hole excitations. As we have discussed before, the fluctuations of the

57The sums in the above expression are best regularized in a way as to preserve diff-invariance, e.g. by a smooth cut-off function

like e"¢J/2. Alternatively, zeta-function regularization, as done for the free fermion in Appendix C.6, works as well.

155



Chapter 3. The large charge expansion in the large N limit of QFT

collective field o cannot describe new primaries within some hypothetical EFT description around the
Fermi-sphere ground state. In principle, this is a large- N result and it is important to see if these effects
persist for finite values of N, and if there exists some sort of EFT description in terms of a Fermi liquid
in the spirit of [118, 167].

Finally, we want to stress again that the lack of SSB within the large-charge sector of the GN model to
leading order in N can in principle have two distinct explanations:

e FEither, the four-Fermi interaction around the leading- N Fermi sphere truly is repulsive in every
single channel and the large- N ground state in the GN model truly is a Fermi sphere. This would
actually be the first non-trivial (non-free) example of such behaviour at large charge;

e Or the four-Fermi has at least one attractive channel, therefore runs logarithmically to strong
coupling, exhibits a BCS condensate and also a gap in the fermionic sector of the theory of order
exp(—1/ges), where gegr x 1/N is the effective coupling at the cut-off. This would also mean
that the condensate and the gap are exponentially small and suppressed to all orders in 1/N
perturbation theory.

3.3.3 The NJL and the Cooper model at large N: Superfluid phases in fermionic
CFTs

The Nambu-Jona-Lasinio (NJL) model — or chiral GN model — is a well-established and time-
honoured four-Fermi interaction model exhibiting a continuous chiral symmetry in four spacetime
dimensions. By dimensional reduction, in the language outlined in the beginning of Section 3.3.1 and
Appendix C.4.3, the action in terms of four-dimensional reducible Dirac spinors in D = 3 reads

S:fdsx

In D = 3 the PT5V¥ bilinear is invariant under an Sp(2N) symmetry and hence the total global internal
symmetry group of the model is reduced with respect to the GN model in Eq. (3.196) down to

N N 2 N 2
Z\Pirﬂaﬂ\yi_%[(Z\yi%) (X wirs i) ” (3.222)
i=1 i=1 i=1

[O2N)x OCN)INSp2N)=UWN)=SUWN)xU1)p. (3.223)

In addition, on top of the standard U(1) g baryon symmetry, there now exists an extra U(1) 4 symmetry
that extends the Z, chiral symmetry of the GN model, bringing the total symmetry up to SU(N)x U (1) g x
U(1) 4. We mainly focus our attention on the Abelian U(1)p x U(1) 4 symmetry and take advantage of
the unbroken global SU (V) group factor still present to consider the theory in the large- N limit.

The continuous U(1) 4 chiral symmetry of the model only arises when the two quartic interaction in
Eq. (3.222) are linearly combined with precisely the same coupling g and opposite signs. It acts linearly
on the spinors as

¥ — ey, (3.224)
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

The U(1)-NJL model therefore exhibits a different phase transition compared to the GN model, where
the critical phase of the theory separates two phases in which the continuous U(1) 4 chiral symmetry is
either broken or unbroken (compared to the discrete Z, symmetry defining the different phases for the
GN model). In contrast to the GN model, where the spontaneously broken chiral symmetry is discrete,
in the broken phase of the NJL model a NG boson now arises. As we will see, this broken phase persists
also at finite density.

Later, in Section 3.3.4 we will introduce a SU(2)-generalization of the NJL model given by the action
in Eq. (3.222). For this reason, in order to avoid any confusion, we will refer to the NJL model as the
U(1)-NJL model and to its generalization as the SU(2)-NJL model.

Just as the GN model, the U(1)-NJL model represents a deformation of the free-fermion CFT in
Eq. (3.188) via an irrelevant four-Fermi interaction and is therefore not renormalizable in standard
perturbation theory. At finite values of N, the U(1)-NJL model is tractable via its known Yukawa-type
UV completion in a small-e¢ expansion around D =2 +¢ and D = 4 —e¢. This U(1)-NJL-Yukawa UV
completion of the four-Fermi U(1)-NJL model in 2 < D < 4 encompasses a complex scalar DoF @ and is

given by’®
- 1+T 1-T 1
szdex ¥, (r“ahcp(( 5))+q>*(( 5)))\Pi+—aﬂq>*aﬂq> . (3.225)
2 2 8y
In this action, the U(1) 4 chiral symmetry is realized as
Y; — ey, O — e 2%, (3.226)

The above action can be deduced by performing the appropriate HS transform in the U(1)-NJL action
in Eq. (3.222) replacing the four-Fermi interaction with a scalar collective field ®,

s:[d3x

tuning the the theory to the critical UV limit by neglecting the |®|? term and introducing a kinetic term
for the field @ along with the Yukawa coupling gy. The collective field ® replaces the complex bilinear
¥, ¥, + ¥;T5¥;, while its complex conjugate ®* replaces ¥;¥; — ¥;I's¥;.

(1-Ts)
2

¥, (r,,a“+q>((1+Tr5))+q>*( ))\1/,-+4%|q>|2], (3.227)

The UV interacting fixed point at g = g, of the U(1)-NJL model is recovered as the IR interacting fixed
point is reached at gy — oo of the associated U(1)-NJL-Yukawa theory. As in the GN model, in the IR
limit the no longer dynamical field @ in the Yukawa-type model is identified with the HS collective field
D.

58while the GNY includes a free scalar DoF, the U(1)-NJL-Yukawa comes with a complex one. This not surprising given the
fact that the chiral symmetry in the GN model is Z» while the chiral symmetry for the U(1)-NJL model is a continuous U(1) 4.
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Chapter 3. The large charge expansion in the large N limit of QFT

Cooper model and the PG transformation

As we will see later, the NJL model supports a condensate and a superfluid ground state at large U(1) 4
charge, and just like the GN model no condensate at finite or large U(1) g baryon charge. At first sight,
there seems to be no intuitive way to understand as to why there is condensate at finite density for
the axial symmetry. However, as it turns out, there is a way to understand the presence of the axial
condensate in rather intuitive physical terms. This interpretation comes about from the fact that there
exists a transformation — usually referred to as a Pauli-Gursey (PG) transformation [270, 271] — which
relates the U(1)-NJL model to a model with a Cooper-type di-fermion interaction term [269, 272].

Generically, both GN-type and NJL-type models exhibit a fermion-anti-fermion interaction. Often,
in particular in the context of condensed-matter physics, physical systems are instead described by
a di-fermion interaction. For example, models with di-fermion interactions are important in the
study of superconductivity (arising via the process of Cooper pairing). Generally speaking, large-N
fermionic models intended to study and describe superconductivity at finite U(1) 5 baryon charge
include di-fermion interaction terms of the form

“f)cp = %Z\Pi(}\i{\y}?c%. (3.228)
ij

Additionally, there may also be more standard GN-type or NJL-type interactions present in the action [269,
282]. For our purposes, it suffices to consider the model with just the above Cooper-pair interaction
term (4 f)cp. The full action reads

Szfdsx

In our notation for the four-dimensional reducible representation of the gamma matrices we have
C4 =T'5, for more details see Appendix C.4.3. At criticality — in contrast to the situation in the GN
model discussed in Section 3.3.2 — the Cooper model with the action above exhibits a non-trivial
solution to the gap equation at zero temperature also at finite U(1) g baryon chemical potential giving
rise to a superconducting phase and a finite-density quantum phase transition.

Wi,0M; + %\if,-cpiff‘{f]?cwj . (3.229)

Perhaps surprisingly, the Cooper model at finite U(1) 5 chemical potential turns out to be dual to the
U(1)-NJL model at finite U(1) 4 chemical potential in the sense of [269], shedding light on the physical
nature of the axial condensate appearing in the NJL model. This duality is found by applying the
Pauli-Gursey (PG) transformation [270-272] given by
1 - - 1,
\1/,-~»E[(1—r5)\11,-—(1+r5)c4\yf], \1/,-~»E[\Pi(1+r5)—wfc4(1—r5)]. (3.230)

For a more detailed discussion of the above PG transformation we refer to the Appendix C.5 outlining
the properties of said transformation.

In the following we perform all relevant computations within the U(1)-NJL model at finite U(1) 4 density.
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

Naturally, all computations can be repeated in the Cooper model with action in Eq. (3.229) leading
to the exact same results. The main advantage of the Cooper model is that the physical nature of the
elusive axial condensate present in the U(1)-NJL model at large N becomes much more transparent: it
is in fact a condensate of Cooper pairs, describing a system exhibiting superconductivity. The attractive
di-fermion interaction (4 f)cp gives rise to a Cooper instability within the theory, effectively leading to a
system of condensing bosons at large charge. This nicely explains the similarity of our results in the
U(1)-NJL model to those derived for the O(2N) scalar model in Section 3.1.

We end this segment with a few relevant remarks:

¢ Infact, both the Cooper model and U(1)-NJL model exhibita U(1) 4 x U (1) p symmetry. Importantly,
under the PG transformation in Eq. (3.230) the U(1) g chemical potential term of the Cooper
model gets mapped into (minus) the U(1) 4-chemical potential term of the U(1)-NJL model, and
vice versa. Hence, any results obtained in the U(1)-NJL model at finite U(1) 4 axial chemical
potential necessarily also applies to the Cooper model at finite U(1) 5 baryon chemical potential.

¢ At the critical point, relevant quantities computed in both the Cooper model and the U(1)-NJL
model agree up to a PG transformation. We are able to explicitly check this matching in both
models at leading order in N on the ground-state energy at finite density for the respective U(1)
symmetries.

¢ Finally, the PG transformation in Eq. (3.230) corresponds to a linear involution at the level of
the path integral in the fermionic variables ‘I”;,‘P,‘. As a consequence, it can only affect the
path-integral measure @‘P:.r@‘l’i up to a trivial rescaling.

Symmetry-breaking at large N: Leading-order action and gap equation

As discussed quickly in Section 3.3.2, the presence of a condensate is very important for the efficacy of
the large-charge approach. We investigate this question for the NJL model by discussing the symmetry-
breaking for the NJL model at large N.

We are interested in the U(1)-NJL model, invariant under the above discussed U(1) 4 x U(1) p symmetry,
at finite U(1) 4 axial chemical potential u. After having introduced the appropriate complex HS field ®
the action can be written as

S:

B} N
e \yi(rvav—prgr5+<1>1>++q>*1>_)\11+§|<I>|2 ) (3.231)
ﬁX

where P, = (1 £I'5)/2 denotes the standard four-dimensional chiral projectors. The axial chemical
potential y is sourcing a finite charge density for the chiral symmetry acting as

Y; — el sy, O; — e 2, (3.232)
In the standard large- N methodology the collective field ® at large N exhibits small fluctuations ¢ and
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is decomposed in terms of a constant (i.e. homogeneous) VEV (®) plus fluctuations,
® = (D) +d/VN, o* = (D)* +d*/VN, (3.233)

generating a consistent perturbative 1/ N expansion [134]. The thermodynamic potential Q(u) is found
as the leading- NV contribution to the action in Eq. (3.231) by setting the fluctuations of the collective
field @ to zero, ® = ®* =0,

@y 1A dPp 2 B, 2 po.
Q) = 82 _Ef W w++w_+ﬁlog(l+e )+Blog(l+e ) R (3.234)
where we have introduced a momentum cut-off A and the one-particle on-shell energies
W% = @)%+ (|p| £ 1)° . (3.235)

We see immediately, that (®) can be assumed to be real. Compared to the GN model in Section 3.3.2,
the novelty in the U(1)-NJL model is that — since w+ = 0 — no Fermi sphere solution can arise as
long as (@) # 0. Under the assumption that this is the case we can neglect the logarithmic thermal
contributions in the zero-temperature limit. Hence, the grand potential at zero temperature for (®) # 0
reads

®)2 1 (A d?
lim Q) = @l P
B—oo Sg

2 W . (3.236)

V P+ w2+ @2 4/ (p- w2 + (@2

After introducing the critical coupling g;! = 2A /7, the gap equation for the collective field ® at zero
temperature reads

“5@r "2

8 8¢

%Q 1(1 1) 1
2z ) (3.237)

(@2 + 2 - M'arctanh(\/ﬁ)

We look for a real and positive solution (®) > 0. In the critical limit g = g, we find such a non-trivial
solution to the gap equation and finite value of the axial chemical potential,

(@) = py/x3 -1, (3.238)
where the number x is found to be the solution to the equation
kotanh(xg) =1, (3.239)

and numerically we have
(®)/u=0.6627.... (3.240)

The existence of this solution implies that the finite-axial-density ground state spontaneously breaks
the U(1) 4 symmetry by giving a non-trivial VEV (¢) to the collective field ® — which also plays the
role of the order parameter associated to the spontaneously broken U(1) 4 axial symmetry. Symmetry-
restoration can only occur at zero density u = 0, since conformal invariance prohibits the existence of
another scale separating the broken phase and the unbroken phase.

The renormalized grand potential Q(u) can be computed for a generic constant and complex configuration
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Figure 3.7: The thermodynamic potential Q(u) — which represents the leading- N result — for the
U(1)-NJL model as a function of ® = @, =const. for different values of the chemical potential u. The
two minima appearing at ®. # 0 for p > 0 signal the spontaneous breaking of the U(1) 4 symmetry.

of the collective field ® = @, =const. without minimizing, making the situation more explicit. As the
divergent part of Q(u) is p-independent, we can compute its minimal subtraction and find

W+ + O] g, —2\/P*+ |<1>C|2]
\/%) (12 =200 10 + 422 + 210
cl“+ U

1 [ dp
QW) - Q(0) =—§f—(2”)2
(3.241)

12m

3|®.|*u arctanh

Afterwards, we add again the renormalized value of 2(0), which turns out to be exactly the same integral
already solved for the GN model in Section 3.3.2,

a0 < |12’
0) = (3.242)
67
In the end, the renormalized grand potential Q(u) reads
1 H
QW) = ——— [3l®[Puarctanh | ————— | + (* = 2@ [*)\ /D2 + p2 | . 3.243
(W o |®¢|”parctan ( |<Dc|2+ll2) (u | D)/ | De]® + ( )

As expected, this grand potential is invariant under the U(1) 4 symmetry, but has a U(1)s worth of
equivalent vacua at || = u(x3 — 1)!/2. In Figure 3.7 we plot the grand potential Q(u) as a function of
@, for Im(®.) = 0 and for different values of the chemical potential p.

The obtained ground-state solution for the U(1)-NJL model corresponds to a superfluid of U(1) 4 charge
density p = Q/V and energy density f.(Q)/V, respectively, given by

(3.244)

p _ K%IJZ fc(Q) B 1 ( 0 )3/2 .

— , el 7[_
2N a7 \%4 67[1(8/2 2N
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This ground-state energy computes the leading-order result for the conformal dimension Agg(Q) of
the associated operator @SQF corresponding to the superfluid ground state within the LCE. We use the
subscript sr to denote that the operator corresponds to a superfluid ground state and to distinguish it
from the Fermi-sphere operator @I?S encountered both for the free-fermion CFT in Section 3.3.1 and the
GN model in Section 3.3.2. Importantly, no Fermi-sphere ground state arises in the finite axial-chemical
potential and zero baryon-chemical potential sector of the U(1)-NJL model, as all charge is contained
within the superfluid condensate.

It is important to investigate whether a superfluid ground state also arises at finite U(1) g baryon charge.
Unfortunately, at zero U(1) 4 charge density with chemical potential 4 = 0 and finite U(1) p charge
density with chemical potential up # 0 we recover precisely the same eigenvalues already appearing in
the GN model at finite U(1) g charge density, see Section 3.3.2,

Wy =1/p?+ (D)2 + pup. (3.245)

This again describes a Fermi-sphere ground state with charge and energy density given as in Eq. (3.212),
hence corresponding to the same Fermi-sphere operator @FQS within the CFT.

There exists the possibility that a transition between a superfluid ground state and a Fermi-sphere
ground state occurs somewhere in the (114, tp) phase diagram, where the U(1) 4 symmetry is restored
even for finite values of 11 4. The question as to whether or not this transition exists is certainly interesting
and worth investigating. It will be particularly relevant to describe large-charge operators within the
CFT given by the critical U(1)-NJL theory that are charged under both of the U(1) symmetries. As we
are focussing on operators which are only charged under a single U(1), in the context of this chapter
the existence or non-existence of this transition is irrelevant.

Spectrum of fluctuations for the Nambu-Jona-Lasinio model

After having identified the large-charge ground state at finite U(1) 4 chemical potential as a superfluid,
we can study the spectrum of fluctuations on top if it. In particular, we can expect to find the superfluid
phonon — equipped with the dispersion relation w = —|p|/2 +... and paired with a massive mode of
mass of order u — which is well-known from the discussion of the large-charge EFT description in
Chapter 2 and also found in the O(2N) vector model at large N in Section 3.1.6. To do so, we again work
in flat space.

As we have shown, fixing the axial charge in the U(1)-NJL model leads to a non-trivial VEV (D) # 0
for the field ®. From the form the of the functional determinant in Eq. (3.236) we can deduce that all
fermions in the theory acquire a mass of order y,

my = i + (@) = x5, (3.246)

implying that the U(NN) flavour symmetry remains unbroken, while the U(1)4 axial symmetry is
spontaneously broken.
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

The large-charge EFT predictions outlined in Section 2.2 can be verified in the present model explicitly
by computing the sub-leading in the 1/ N expansion of the functional determinant, which is quadratic
in the fluctuations ®,®* of the collective field and gives the propagator of said fluctuations over the
vacuum (®). For our purposes, it is most convenient to decompose the fluctuations into real and
imaginary parts,

d=6+int. (3.247)

In order to identify the spectrum of fluctuations over the condensate (®), we compute the inverse
propagator of the fields &, 7 at the one-fermion-loop order. The large- N action around the vacuum (®),
which we assume to be real, is given by

Seffod3x

The momentum-space representation of the fermionic propagator reads

_ 1 _ _
\I’,-(FVOV+((I))—,L¢F3F5)\P,-+ﬁv((f‘l’i‘l’i+iﬁ‘l’iF5\Pi)], (@) = /Kk2 1. (3.248)

(0% + k% + (@)% — p? + 2u(iwl3 + Do)T'3T5)
(0?2 + (D) + (1 + k)2) (w2 + (D)2 + (u - k)?)

DWWV (p) = (=il PY + (@) — ul'3T5) ! = (iTyPY +(®) — pul'sT5),

(3.249)

where P = (w, p) denotes the momentum in flat space at zero temperature. Due to the absence of any
Fermi-sphere contribution we can without obstruction directly work at zero temperature  — co and
omit all of the temperature-dependent contributions at the start of the computation. Hence, we can
also consider the Matsubara frequencies as continuous w, — w. Also note that the fermion propagator
is properly anti-symmetric,

D) (-P) = —DEw=@) P). (3.250)

Via the fermionic propagator D% (®) (P) we can derive the inverse propagator for the scalar fluctuations
G, 7 in terms of the following momentum-space loop integrals:

K, pu, ®
—\ 3
- iE . 3
1 1 =G lP) =~ f > ST [DW ) (k) DTH N (P - K], (3.251)
N (27)
P—K,—p,—®
K, p, ®
—_ 3
~ ek - _
I Q irs =Gy r(P)=—i Sl [DWPN(K)Ts DUF= P (P - K)], (3.252)
=—" (2m)
P-K,—p, -
K, p, ®
N 3
- dk _ _
i 1 =Gl =—i f 5 S Te [T D@D (k) DU~ (- K] (3.253)
N 2m)
P—-—K,—p,—%®
K, p,®
—_ 3
~ dk _ _
FQF =G i(P) = / > = Tr [[s DWW P (K) s DR~ P (P - K] . (3.254)
—" (2m)
P-—K,—p, —®
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All of the above loop integrals can be conveniently expanded in the regime (P/u) < 1, which we care
about while extracting the dispersion relations. Note that the zeroth order corresponds to the P =0
result and needs to be regularized by subtracting the corresponding expression at y = 0, since the
divergence is always u-independent. For details on the computations see Appendix C.7.3. The result
for the zeroth order in P of the above loop integrals reads

(G Gi

~—1
G (P)‘@(O)_ Gra©0)  Grr(0)

:M 10 s (3.255)
7 {0 O

where the coefficient x is again given by the solution to kg tanh(kg) = 1 and we have (D) = u K% -1.
Expectedly, beyond the zeroth order no regularization is required any more. The linear order in P reads

~ kKo (0 -1
G\(p) —w—2 : (3.256)
OP/w 2\l O
and the quadratic order is given by
(x5-1)w? (Bx§—2xg—2x5+2)p? 0
A 12 2-1 2473 (k21
G 1 ) = Ko (Kg—1p 7Ky (K2 =1 , G (3.257)
O(P=1p?) 0 Ko oP

an(3-Dp - 8mki-p

The dispersion relations of the fluctuation modes on top of the superfluid ground state are extracted
from the zeroes of the inverse propagator, which is given by the matrix

Kot ZK%(21(%—1)(1}2+g31<82—21(é—21<(2)+2)p2 ko
Alpy | 7 24mx3 (k3—1)p 2 37,3
G (P)= - o(x5-1) opt it | FO(PP11) (3.258)
2 8m(K3—1)p
They are computed to be
2_ 1o
0] ==3P F (3.259)
2 4 6 4_ .2
Kg—1)x 5Ky — 5K, —Kkg+2
w3 =— (02 ) O,f_( Lt 1 )p2+.... (3.260)
(2x5-1) 25 (2x5 - 1)

We directly recognize the expected massless conformal superfluid NG mode with speed of sound
2 = 1/2. Additionally, and also as expected from the EFT approach, we find a gapped NG mode of mass
of order G (1).

The result in Eq. (3.259) can be considered as one of the main results of this section, constituting one of
the main prediction from the EFT approach outlined in Section 2.2 and hence providing strong evidence
for the idea that the large-charge superfluid EFT approach can be applied to the large-axial-charge
sector of the U(1)-NJL model.
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Conformal dimensions and local CFT spectrum for the NJL model

To compute the scaling dimension Agr(Q) of the lowest-lying operator @’SQF of fixed U(1) 4 charge Q
(and zero U(1) g charge) within the CFT living at the critical point of the U(1)-NJL model we now leave
flat space and put the theory on the cylinder R x S%O. On the cylinder we can take advantage of the
state—operator correspondence to relate the superfluid ground-state energy f.(Q) at fixed U(1) 4 charge
to the scaling dimension Agg(Q) of the associated operator.

As discussed, in the U(1)-NJL model the ground state at finite U(1) 4 charge is a superfluid, while at
finite U(1)p charge it is a Fermi sphere. We focus on the superfluid case, as the Fermi-sphere case
works equivalently to the GN model at finite U(1) g charge discussed in Section 3.3.2 and also produces
exactly the same results.

At criticality and in the zero-temperature limit the grand potential Q(u) at finite U(1) 4 density reads

Q( )_—L
W= 2V

T8

(2j+1)

w4 +w_], w2 = (@)% + (0) +p)°, (3.261)

Nl—

where w; = (j +1/2)/rq are the eigenvalues of the Dirac operator on the sphere and V = Qg rg =4n rg is
the volume of the two-sphere. Following the standard procedure outlined in Eq. (3.183), we determine
the axial charge Q and the scaling dimension Agg(Q) of the superfluid large-charge operator @SF,

Q _1§ “’f_ﬂ‘_w]
5N 212(2]4'1) o | (3.262)
-2
Asp(Q) _ T . Q
N === ;(2]+1) W+ ]+(uro)2N (3.263)

2

The assumed to be real VEV of the auxiliary field (®) needs to be evaluated on the solution of the
gap equation ggap ((®)) = 0 on the sphere, (we note that the flat space solution in Eq. (3.238) will only
reproduce the leading-order result for the VEV on the sphere)

1 1]
_—
w4 w_

=0. (3.264)

D=,

1 oo
ggap(<<1>>):=2— Y @2j+1)

[N

While the charge Q is given by a finite expression, the expressions for the scaling dimension Agr(Q) and
the gap equation ggap ((®)) are formally divergent and need to be properly regularized. We choose here
to regularize all expressions by removing the leading divergence in the sums and adding them back
later in a zeta-function regulated version. Following this procedure we find that

Gaap ((@))| ¥ = Z [(2 j+D-

2

1 o0
- [(2]+1)r0
]:

+2(0), (3.265)

Asp(Q)
2N

oew W+ ] 4r3e’ —2r2(@)? r§(¢)2((0)+(uro)%. (3.266)

DI

Since all of the infinite sums are convergent now, the regulated expressions are amenable to numerical
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Chapter 3. The large charge expansion in the large N limit of QFT
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Figure 3.8: Scaling dimensions Ars and Agr of the Fermi-sphere primary operator @’FQS, appearing both
in the GN and NJL models as well as the free fermion CFT at finite U(1) g charge Q, and the superfluid
primary operator @SF, appearing in the NJL model at finite U(1) 4 charge Q (and the Cooper model at
finite U(1) g charge Q). We have divided all expressions by a factor of 2N. Importantly, the Fermi-sphere
operator Ors is only defined for values of the charge Q corresponding to a filled Fermi sphere, see
Eq. (3.221).

analysis for arbitrary values of the charge Q. Additionally, the first few terms in the expansions of Agg(Q)
at Q/2N > 1 and Q/2N « 1 can be computed analytically.

We plot the numerical result for the scaling dimension Agr(Q) at finite U(1) 4 charge Q in Figure 3.8 and
compare it to the scaling dimension Ags(Q) of the Fermi-sphere operator @SS with finite U(1) g charge
Q, which appears both in the NJL and GN model at finite U(1) 5 and zero U(1) 4 chemical potential.

Q/2N > 1

There are three dimensionful parameters appearing in Eq. (3.262) and Eq. (3.264) at finite U(1) 4 charge
— given by p, rp, (®) — but only two dimensionless ratios,

Uro, ro{®). (3.267)
In the large-charge limit Q/2N >> 1 the chemical potential y represents the dominant scale, so that
pro>1. (3.268)

In the limit of large chemical potential the solution (®) to the gap equation ggap ({®)) = 0 in Eq. (3.264)
can be expanded into an expression of the form

K1 K2
r <q>>=,/1<2—1( ro+—+ +...]. (3.269)
’ e TS E
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

Expectedly, this represents an expansion in l/rg since the radius ry of the two-sphere S%O only enters
via the conformal mass involving the scalar curvature £ (which has engineering dimension [Z] = 2).
In order to derive the precise values of the coefficients x; we have to solve the gap equation,

eap (D)) = gap (@)™ + ggap (@)™ =0, (3.270)

where we have conveniently separated the expression for the gap equation into its regular and divergent

parts,
1 1 1
Gaap (@) =Y ¢ + —2 . (3.271)
eap (O) z; V@ prg? + (1o(@)2 /(= pr2+ (@) /22 + (ro(D))?
, 1
Zeap (@) =23 ¢ (3.272)

S VT (r(@)?

We note that in order to write down these expressions we have also shifted the summation convention
in Eq. (3.264) to j = £—1/2. The regular part of the gap equation can now be computed in an asymptotic
expansion around urp > 1 using the standard Euler-Maclaurin formula and expressed in terms of the
coefficients x; in Eq. (3.269),
1 1+12(k2 - D
- — —12xpx1 + —————

—Ko + \/K% — 1+ arccoth(xq)
ko VKi—1

The divergent part needs regularization, which we perform using the zeta-function procedure. This
results in

Geap ()| "°® =201

+— +.... (3.273)
6urg

8aap(@N| M =2 0(0% + 13 (@)
/=1

2 (odr (&
= —f =Y e @t (3.274)
s=12 T'(8)Jo & ;

=1

s=1/2

Evidently, as can be seen from the flat space result in Eq. (3.238) that coincides with the leading
expression on the sphere, in the limit ury > 1 we also necessarily have ro(®) > 1. Hence, the zeta-
function regulated expression for the divergent part ggapl(di") can be obtained in an expansion around
(D)1 > 1. In this limit the zeta-function integral in the above expression localizes around ¢ = 0. The
appropriate expression for the asymptotic expansion is therefore found by expanding the integral
around ¢ = 0 using the standard ¢-expansion formula for the sum over ¢ given by

-1

S e 6
Zée‘”2’=3(2r+5+;+...). (3.275)
(=1

The resulting expression for the divergent part reads

L - ! +....
679(®@)  120(ro(®))3

8eap (@) = —2r (@) - (3.276)

After inserting the Ansatz in Eq. (3.269) into ggap|‘@™ we can now solve the full gap equation ggap| ™8 +
ggapl(di") = 0 order by order in ury and find the precise values of the coefficients ;.

591t can be easily checked that these expansions coincide with the cut-off-independent part in a smooth cut-off regularization
scheme.
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Chapter 3. The large charge expansion in the large N limit of QFT

As expected, the first coefficient x satisfies the irrational equation x tanh(x() = 1. The other coefficients
K ;>0 can be written in terms of the irrational number k¢ = 1.19968,

tanhxg = 1 ! 33~ 165, (3.277)
Kotanhko =1, K1=——5, Ky = —"°, .
o T 27 144018

We can then apply the same strategy to the computation of the divergent sum appearing in the scaling
dimension in Eq (3.262), which comes from the thermodynamic potential Q(u). We therefore divide
Q(u) into two contributions, divergent and regular,

VQ@|™® = = Y €|\ + ure + (ro@)? 41/ (€ - pro)? + (ro(@))? ~ 21/ €2 + (ro<<1>>)2] ., (3.278)
/=1

vow| =2y 01/02 + (rp(@))2. (3.279)
/=1

The regular part can be evaluated using the Euler-Maclaurin formula and to leading order reads

_(TON)3
3

vQ(w|"™® = (30~ D arccoth(xo) + 310 - 25§ + 205 = 7] + ... (3.280)

The divergent part is again treated in zeta-function regularization. After performing the regularization
it reads

| 1

VQ(w 2

3
Aro@)® ro®) 1 ] (3.281)

3 3 607y (D)
which can be written as a function of rou using Eq. (3.269) and Eq. (3.277).

After inverting the expression for the charge Q in Eq. (3.262) we obtain the relation p = p(Q). Since the
sum in the expression for Q = Q(u) is already convergent, we can simply apply the Euler-Maclaurin
formula to invert it. After combining the relation u = (Q) with the result of the gap equation ggap in
Eq. (3.269) and the coefficients «k; in Eq. (3.277) we can finally compute the asymptotic expansion of
the scaling dimension Agp(Q) for the superfluid primary operator @SF in the limit Q/2N > 1,

3/2 12 11— 62 ~1/2
ASF(Q):Z( Q ) 1( Q ) + KO( Q ) " (3.282)

2N 3\2N«kq 6 | 2N« 720k2 \ 2Nk

We note that the leading term is consistent with the expression for the ground state free energy density
fc(Q)/V found in flat space in Eq. (3.244). As usual, we can think of the sub-leading terms in the LCE as
an expansion in the scalar curvature, with the leading term depending only on the volume V = 47 rg of
the two-sphere.

The form of the scaling dimension Agr(Q) is again consistent with the predictions from the large-charge
EFT in Section 2.2: the asymptotic expansion of Aggr(Q) is consistent with the general form of the
classical contribution to the scaling dimension expected from the structure of the EFT Lagriangian. In
the spirit of the discussion around Eq. (3.56), the unknown Wilsonian coefficients c¢; of the corresponding
superfluid EFT describing the large-axial-charge sector of the U(1)-NJL model can be computed to
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

leading order in N and depend on the irrational number x.

The conformal NG mode, whose existence we have demonstrated in Eq. (3.259), is present for any value
of N and gives rise to the same universal contribution to the scaling dimension at order &(Q°) discussed
around Eq. (2.87) within the EFT approach. In the large- N expansion this contribution appears at order
O (NY), consistent with what we find for the O(2N) vector model in Section 3.1. Consequently, the
excitations of the conformal NG mode generate the spectrum on top of the superfluid ground state, i.e.
in terms of the flat space CFT on top of the primary operators ﬁb%.

Q/2N«1

Unsurprisingly, the scaling dimension Agg(Q) is analytically accessible in the limit Q/2N « 1 as well.
Due to conformal invariance, at Q = 0 the free energy has to vanish as this point corresponds to the
conformal dimension associated with the identity operator, which is the unique operator in the CFT
with vanishing conformal dimension. Within the description of the theory in terms of the collective
scalar field ® we have to consider the conformal mass of said scalar field coming from the conformal
coupling to the curved background of the cylinder. This corresponds to a mass m = 1/2r for the field
® on the three-dimensional cylinder. In our description of the theory there is no explicit mass term
present and hence the conformal mass of ® has to come from the chemical potential i (compare this
to the Q/2N « 1 regime for the O(2N) model discussed in Section 3.1.4). In fact, a direct computation
shows that for the chemical potential equal to the conformal mass — p = 1/2ry — the free energy and
the charge both vanish and the gap equation ggap = 0 is solved by a vanishing VEV (®) = 0.

As a consequence, the small-charge expansion has to be performed around the point p = 1/(2r¢) and it
is convenient for us to write u as

1
=—+f. 3.283
H= gt (3.283)

We can then expand all expressions in Eq.(3.262) around f < 1 to find the correct small-charge
expansion of the scaling dimension. At the point {1 = 0 there is full symmetry restoration as the
auxiliary field ® does not acquire a VEV. This observation allows us to write an Ansatz for the VEV of
the field @ of the form

1= p2 (@) ro + pa (@Y rg + ... (3.284)

Evidently, in the limit { <« 1 we have ry(®) <« 1, so that the corresponding charge Q can be expanded in
r0{®) < 1 and becomes

Q7 an?-" 216 O+ T+ 1272~ 2p2) + 48 ®))° 3.285
N = g 0@ = T (n® =~ 16u) ro(@* + T (1t + 1277 445 ~2p2) + 48ua )o@+ (3.285)

We note that this expression manifestly vanishes for (®) = 0. Solving the gap equation order-by-order in
small /1 allows us to determine the coefficients y; appearing in Eq. (3.284). For this purpose, once again,
the gap equation is separated into a divergent and a convergent part. Both of them admit a well-defined
expansion in the limit ry(®) < 1. However, in contrast to the computation in the large-Q regime, we
subtract the fI = 0 contribution instead of the i = 0 contribution. The convergent part becomes

2 2
Seap (©))|"F = %,Uz(ro(q)))z - %(ﬂzuz — 4443 — 219 (r (@) + ... (3.286)
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Chapter 3. The large charge expansion in the large N limit of QFT

The divergent part is regularized order-by-order using zeta-function regularization and reads as follows:

iv s 1
eap (@)™ = Y 2e+1)
r=0 Vi3 + o2
1 —1/2 2k(p, 1\2-3-0)

=2) (¢+=)) (ro{ @) (¢ + =) 2

= 2=\ k 2

-1/2 ot 1, 72 rg(@)?  mt(ro(@)*
=2y | o(@) ((Zk;i):_ > + - F— (3.287)
k=0

where {(s; @) denotes the Hurwitz zeta function. Putting together ggap|™® and ggap @™ we can now
solve for the coefficients y;. The first two coefficients i, u, are given by

72 -8
u2=1, Ha = YRR (3.288)

We then apply the same procedure to compute the divergent sums appearing in the scaling dimension
Asp(Q) in Eq. (3.262), i.e. the grand potential Q(p) since the charge Q is convergent. Again, the grand
potential is divided into two quantities Q|"® + Q| @) oiven by

1 1
vow|*™®=-Y ¢ [\/([ *5 +f1r0)” + (ro (@))% + \/(é -5 [1r0)% + (rg(®))2
=1 (3.289)

1 1
- wm 5) 0@+ \/w— 5) + (ro(@)?

o0

vaw| Y = - Z )\/ 0+ = ) + (ro(®))2. (3.290)

The regular part Q| "8 js dealt with by expanding the expression inside the sum in the limit (ro(®)) < 1.
After performing the expansion, at leading order it reads

vaw|"® = - (3.291)

m? 4
7/.12(1‘()((1))) +...

The divergent part of the grand potential instead is regularized order-by-order using zeta-function
regularization. It can be written in terms of Hurwitz zeta functions {(s; a) and to leading order it reads

2 1.o(1_
. (r0<q)>)2k(€+5)2(2 k)

vaw|™=-2) (¢+3) %
?=0

k=0

/ ) (3.292)
1/2 1
Z ( (To(q>))2k((2k—2;§)=%(r0<®>)4+-m
We are left with inverting the condition Q = Q((®)),
2 1/2 2_16 3/2
ro(@)(Q) = (2?\7) + (%) T (3.293)
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

and the conformal dimension Agp(Q) in the limit of small charge is then given by

Ase(Q _1( Q). 2(QY
e 7(&)*?(&) el (3.294)

As expected, since the collective field ® has charge two, the leading order result at small charge —
Ask(Q) = Q/2 — gives the correct relation for the scaling dimension of the operator ®?/2 in terms of its
charge in the free mean-field limit. This also consistent with the associated result found for the O(2N)
vector model in Section 3.1.4.

3.3.4 SU(2): A generalization of the NJL model

A direct generalization of the U(1)-NJL model is found by replacing the U(1) 4 axial symmetry to a
SU(2)r x SU(2)g symmetry [283, 284]. We refer to this model as the SU(2)-NJL model, but it is also
known as the isoNJL model. It can be constructed by doubling number of fermions present in the
U(1)-NJL model — which is done in terms of introducing two-flavour fermions ¥;, Iz f=12—and
arranging them in an action of the form

N 2 2 3 (N 2 2
(E £ 0w - (L X worroge] ||
i=1f=1 a=1\i=1f=1
(3.295)
where the (2x2)-matrices 0%, a = 1,2, 3 are the three Pauli-matrices, the generators of the SU(2) Lie
algebra. The fermionic fields ¥; r in D = 3 used to write down the action of the model are still given by
spinors in the usual four-dimensional reducible representation, see the beginning of Section 3.3.1 and
Appendix C.4.3 for details. In contrast to the SU(NN) x U (1) g x U(1) 4 symmetry exhibited by the U(1)-NJL
model from the previous Section 3.3.3, the SU(2)-NJL model boasts a SU(N) x U(1)p x SU(2)L, x SU(2) g
symmetry. In particular, the U(1)p x SU(2)1 x SU(2)g subgroup will be of relevance to us, with the
SU(N) part being mostly there to allow for a large- N analysis, just as in the U(1) case.

SI¥; sl =fd3x

i i ! 8
v, THO, Y, ¢ —
i=1f=1 o et N

The global (sub)group SU(2); x SU(2)g acts linearly on the two-flavour four-dimensional fermions
W, ras
. 14T5 a .1-Tg

1 1

wip—e 7w, and Wip—e 7 T, (3.296)
We note that this symmetry can only be present due to the pseudo-real character of the non-Abelian
Lie group SU(2), as for SU(2) the totally symmetric symbol d%’¢ vanishes.

Analogously to its U(1) counterpart, the SU(2)-NJL model is tractable in D =2 +¢, D = 4 —¢ via its
Yukawa-type UV completion. The SU(2)-Yukawa-NJL model is found by introducing a set of four real
scalar fields o, 7%=1"?3 resulting in the action

SI¥;,0,7% = fd3x ) (3.297)

- 1
W, (THo,+0+inoTs)¥; + Tos (auad"a + Oyn“(?“n“)
8y
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Chapter 3. The large charge expansion in the large N limit of QFT

For 2 < D < 4 the Yukawa-type model described by this action flows in the IR to the same critical point
as the SU(2)-NJL model in the UV. Naturally, in the far IR at gy — oo of the SU(2)-Yukawa-NJL model
in Eq. (3.297) the fields o, 7% can be understood as non-dynamical scalar collective fields introduced by
a HS transform in the SU(2)-NJL model in Eq. (3.295). On the action in Eq. (3.297) the SU(2)r x SU(2)g
symmetry acts infinitesimally as

(1+Ts)

6LrY =i( )waaa\l’, (3.298)

Or,r0 = twn?
abcnbwc‘

Orrm? =Fwo +¢

The four scalar fields can be conveniently combined into a quaternionic field ® = o + 7%0* on which
the SU(2); x SU(2) g symmetry in terms of finite transformations acts linearly,

- (14T5) wia® - (1-Ts5) WG
Y, etz w0y, Y, —eTz YO,
(3.299)

aa
O — Qe i@ ", D — el D,

Symmetry-breaking at large N: Leading-order action and gap equation

The symmetry-breaking for the SU(2) 1, x SU(2)r at first glance can be expected to be more complex than
its U(1) counterpart. We have three linearly independent charge densities — U(1)g, SU(2), SU(2)g —
that we can source. At finite U(1) g charge there is no symmetry breaking and the ground state is again
a Fermi sphere, just as in the GN or the U(1)-NJL model, with the difference that the number of DoF is
now doubled (see the discussion of the GN model in Section 3.3.2 for details). Hence, we focus in the
model at finite chemical potential for the o° and I'so® Cartan generators of the SU(2) symmetries. The
critical action in flat space at finite chemical potential for either of symmetry generators reads

I30°
Hvis })\y , (3.300)

S|\¥;,o0,m ]—[d3 3
,LLAF3F50'

1, @2
Sﬂ[R

(rva +o+in 0“1"5—{

where 0%, a =1,2,3 again denotes the Pauli matrices and ¢ itself is one of the auxiliary HS fields. We
assume that the auxiliary fields all admit a constant VEV and can be decomposed into said VEV plus
fluctuations sub-leading in N. The grand potential Q"4 (uy, 4) for the two different choices of chemical
potential is given by

A d2 p
(2m)?

QYA (puv,0) = - f

2 a2 :
G B1og(1 re Py Elog(l + e‘ﬁ‘”YA)] , (3.301)

where we have introduced the one-particle on-shell energies given by

2
oY —\/|<<I>2>|2 (Ve i@oizp ], Qi‘=\/|<d>1>|2+( Pl @ tpa) ,  (3:302)
with [(Dy 2) |2 given by certain linear combinations of the VEVs of the fields o, 7%,

(D)% = (o) + (m3)?, (D)% = (m1)? + (m2)?. (3.303)
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3.3 From Fermi spheres to superfluids: Fermionic CFTs at large charge and large N

In both cases there exists no non-trivial solution for the zero temperature gap equations in which both
linear field combinations @, > acquire a VEV. At finite py chemical potential one finds the solution
(D) =0, {D2)| = vy /K(Z) —1, where «x is precisely the same irrational number found for the U(1)-
NJL model in Eq. (3.238), while at finite u4 chemical potentials the values of the two VEVs (@) ») are
reversed. As discussed, a finite U(1) g chemical potential does not lead to SSB at finite density and zero
temperature.

In both cases uy 4 # 0 the one-particle on-shell energies are positive for any value of the momentum
|pl, hence no Fermi sphere arises. There is a condensate and we find the same superfluid regime as for
the U(1)-NJL model in Eq. (3.238) leading to the same results for the charge and energy density, see
Section 3.3.3 for more details.®? The only difference is an overall factor of two coming from the fact that
there are now twice as many DoF.

Finally, we can compute the ground state solutions for finite left/right chemical potentials uy g, which
are sourcing the charge densities ¥; (1 + T'5)T'30°¥;, respectively. Interestingly, the result in both cases
for ur r # 0 is that the ground state is a filled Fermi sphere, and hence no SSB arises.

Spectrum of fluctuations for the SU(2)-NJL model: Symmetry breaking patterns and NG modes

Analysing and computing the spectrum of fluctuations on top of the superfluid ground state in the
SU(2)-NJL model can be performed analogously to how it is done in the case of the U(1)-NJL model
for both cases py 4 # 0. The main difference is that there are now four real scalar fields instead
of two entering the calculations for the inverse propagator in Eq. (3.251). Fortunately, the inverse
propagator is block-diagonal, consisting of two non-trivial 2x2 blocks. These blocks get exchanged
in the computation for the two cases iy, 4 # 0. One of the 2x2 blocks produces the same spectrum of
fluctuations found for the U(1)-NJL model, the superfluid NG mode and its gapped counterpart. The
other produces two extra degenerate gapped modes with mass of order uy, 4 and dispersion relation
2
w? = a3y’ - w +eoe (3.304)
Ko
Based on these results we can formally conclude that the same conformal superfluid EFT — in the
spirit of Section 2.2.1 — describes the fluctuations on top of the large-charge ground state of both the
U(1)-NJL model and the SU(2)-NJL model.

It appears that the large-charge sectors of the U(1)-NJL and SU(2)-NJL models are identical. No new
NG boson with potentially quadratic dispersion relation is found in the spectrum of fluctuations of
the SU(2)-NJL model, with the two newly-appearing gapped modes exhibiting an unbroken U(1)
invariance. As we will discuss now, this observation is in fact consistent with the NG boson counting
rules outlined in Section 1.2.

601t seems reasonable to expect that there is again a very natural explanation for the presence of the condensate in terms of a
dual model, just like for the U(1)-NJL and the Cooper model. It seems certainly feasible to find a transformation similar to the PG
transformation in Eq. (3.230) for the SU(2)-NJL model.
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Chapter 3. The large charge expansion in the large N limit of QFT

We consider the formal macroscopic limit 7y — oo for the theory situated on the cylinder R x S%O. In this
limit we can label the spacetime generators on the cylinder using a flat-space notation, see [18]. The
actions for the U(1)- and SU(2)-NJL models in Eq. (3.231) and Eq. (3.300) at zero chemical potential
and at criticality possess the total symmetries

{U(l)A (U)-NJL),
SO, 1) cont x SUN) xU(1)g x (3.305)
SUR)LxSUR)R (SU@)-NJL),

including both global and spacetime symmetries. To study the models at finite density we introduce the
respective axial chemical potential terms, where we denote the chemical potentials as p for U(1)-NJL
and as p4 for SU(1)-NJL (since there are two distinct chemical potentials v 4). The addition of these
terms to the respective actions explicitly breaks some of the original symmetries and reduces the total
symmetries of the two models to

UMa (U1)-NJL),

(3.306)
Uy xumy (SU@-NL),

Rz x SOB)rot x SU(N) x U(1) g x {

where R; denotes cylinder-time translation symmetry and SO(3),,; are the isometries of the unit sphere
Sf, and U (l)f’,)v are the global Abelian symmetries generated by the Cartan generators I'so® and o
of the two global SU(2) symmetries in the SU(2)-NJL model (the Cartans of SU(2); x SU(2)g). In
both cases the large- N ground state spontaneously breaks time translation R; and the U(1) 4 global
symmetry, while keeping the linear combination corresponding to the helical generators H + 1Q intact.
This is the typical setting in which SSB of a global internal symmetry group occurs at finite density in a
not necessarily Lorentz-invariant theory.5!

As discussed in Section 1.2.5, in this setting the counting of NG bosons is non-trivial, unlike in the
Lorentz-invariant case [34, 36, 37, 106, 285]. As in both the U(1)-NJL model and the SU(2)-NJL model
we find a single broken generator, there is only one NG mode exhibiting a linear dispersion relation
that can appear. Here, this is the well-known conformal superfluid NG boson.5?

The only difference between the two NJL models is found in the additional gapped sector present in the
SU(2)-NJL model. The fluctuations on top of the ground state in the SU(2)-N]JL additionally contain
two degenerate gapped NG modes which combine into a complex scalar that is charged under the
unbroken U(1) S) symmetry. In the case of the SU(2)-NJL model at finite vector chemical potential this
analysis remains the same, however, the U (l)f) and U(l)g’) symmetries switch roles.

61gtrictly speaking, Eq. (3.306) describes the (Euclidean) cylinder equivalent of a theory that is not invariant under Lorentz-
boost.

62The above argument hides the fact that the underlying CFT is Lorentz invariant. Alternatively, we might think of boosts and
time translation to be spontaneously broken at finite density. In this picture, the counting of NG modes remains consistent as the
spontaneously broken spacetime symmetries (boosts and time translation) do not result in additional NG modes at finite density.
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3.4 Conclusions and final remarks

Conformal dimensions and local CFT spectrum for the SU(2)-NJL model

This is a very short paragraph as all the leading- N computations here are completely equivalent to
the ones for the U(1)-NJL model, hence we do not repeat them here and refer to Section 3.3.3 for
the analysis. In particular, we refer the large-Q and small-Q results for the scaling dimension of the
associated flat-space operator in Eq. (3.282) and Eq. (3.294). The only diffrence we need to be careful of
is the fact that the number of DoF given by 2N appearing all over in these equations has to be doubled
2N — 4N in the case of the SU(2)-NJL model as we are now dealing with two-flavour fermions and
hence twice as may DoF. Beyond this small adaptation, the results match perfectly between the models
atleading order in N.

3.4 Conclusions and final remarks

Strongly-coupled systems can often be accessed by introducing an additional control parameter, with
the goal of of organizing analytic computations of observables perturbatively in the appropriate limit.
Large N represents one such class of techniques, in which a large number of DoF is introduced in
order to take advantage of the central limit theorem and compute observables in a 1/ N expansion
around a semi-classical description at leading order in N. Remarkably, the leading-order semi-classical
trajectory captures many qualitative features of the quantum system.

Introducing an additional control parameter leads to even further simplifications and allows to extract
more physical information from the semi-classical large- N expansion. In the context of the LCE in
CFTs there is a very natural candidate for such an additional parameter, which is the global charge
Q. From the point of view of large N this introduces more structure into the theory, allowing for the
computation of observables in a double-scaling limit

Q,N — oo, Q/N fixed. (3.307)

From the point of view of the LCE, the additional control parameter at large N allows us to access
and study large-charge sectors of CFTs without resorting to the appropriate physically motivated
emergent condensed-matter EFT description. Importantly, only the superfluid EFT description is
well understood, excluding any CFTs not belonging to the superfluid universality from being studied.
At large N we can in principle study the large-charge sectors of theories outside of the superfluid
universality class — which is what we have done to some extent in Section 3.3 — and potentially
even start to develop other EFT descriptions, like for example a Fermi-liquid EFT for models with a
Fermi-sphere ground state [118, 167] compatible with conformal symmetry. Particularly intriguing is
also the possibility of a potential non-Fermi liquid phase [175, 176, 286], if such a phase can in fact be
shown to exist in large-charge sectors of CFTs.%

The most obvious candidate in which to study possible large-charge Fermi-liquid EFT descriptions is
the GN model, which at large N can be distinguished from the free fermion without interactions by the
presence of a scalar mode that does not condense on the ground state of the theory but still appears in
and enriches the local CFT spectrum. However, before the issue of constructing the proper fermionic
EFT description can be addressed, it is first and foremost important to deduce the fate of the large- N

63The EFT-like description of strange-metal phases remains an open problem in condensed-matter physics. However, the
question whether they can arise in large-charge CFTs and are compatible with the constraints of conformal invariance can
certainly be investigated in a setup like large N.
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Fermi-sphere ground state of the GN model. As pointed out, the absence of SSB in the large- N limit of
the GN model either indicates that the physics remains that of a Fermi sphere at all energies and that
there is a transition happening at finite N. Or it holds true that SSB is simply exponentially suppressed
in 1/N, hence making it invisible to all orders in perturbation theory. Which of the two possibilities is
realized can be investigated by analysing the Four-Fermi interaction on top of the Fermi sphere and
observing whether there exists and attractive four-Fermi channel or not. This question needs to be
answered at some point in the near future.

Generally speaking, properly extending the large-charge analysis to next-to-leading order in 1/N is
certainly important for all theories discussed in this chapter, as in addition to the GN model the sub-
leading corrections in 1/ N have not yet been computed neither for the O(N) vector nor the NJL model
(besides extracting the spectrum of fluctuations).

The observation that large-charge methods in the double-scaling limit at large N allow us to access the
full RG flow in the O(2N) vector model represents an interesting and seemingly accidental development
within the large-charge approach. The quartic interaction term in the action responsible for triggering
the RG flow becomes a constant on the large- N trajectory — by virtue of the central limit theorem — and
hence the addition of said term in the computation of the grand potential Q(u) is trivial. After relating
the grand potential Q(u) to the leading- N effective action Ve(?f) in the bosonic theory, the addition
of the flow term becomes very much non-trivial.’** This allows us to reproduce a very complicated
computation involving the re-summation of infinitely many Feynman diagrams with a computation of
just a few lines.

This construction also allows us to study the ¢*-model away from spacetime dimensions 2 < D < 4
where it flows to the WF fixed point. Particularly, the range 4 < D < 6 deserves scrutiny. There we can
show that under the assumption of unitarity, the ¢*-model, now boasting an irrelevant coupling g,
is not UV complete in flat space, consistent with earlier results [20, 253, 254]. In fact, although we
have access to the full RG flow, it is impossible to follow in reverse order along the RG flow back into
the far UV, as the effective potential Ve(?f) becomes infinite everywhere. We can study the conjectured
non-unitary and complex CFT in the UV and outline its pathologies for both small- and large-charge
operators. By analysing the RG flow on the cylinder we find that there is a second-order phase transition
along the flow separating the well-behaved IR phase from the pathological UV phase of the theory. The
new metastable massive phases that arises in the UV might be explored in terms of instantons on the
cylinder, extending the treatment in [253].

It is feasible to extend the spacetime dimensions beyond 2 < D < 6. The range of dimensions 0 < D <2
is of questionable interest and rigour, but in 6 < D < 8 the ¢*-theory can be expected to be convex
based on basic observations from the large-charge approach to the effective potential. However, in this
range the collective field introduced by the HS transformation violates the CFT unitary bounds.
While it might not necessarily be useful to push the spacetime dimensions even further for the ¢*-
theory, this construction could be used to analyse O(2N) vector models with different interaction terms
in the spacetime dimension 2 < D < 6. Particularly interesting could be the ¢®-theoryin 2 < D < 6 [210—
220]. It is known that the sextic interaction is marginally irrelevant in the presence of the quartic term
and hence does not affect the RG flow. Without the quartic interaction the ¢%-model in 2 < D < 4
is conjectured to flow from a IR free CFT to a UV interacting CFT. There is a debate on whether the

64This relationship between Q(u) and Ve(?f) is not reproduced in a fermionic theory like the GN model, unfortunately.
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¢%-model is even mathematically sound and perhaps an analysis of the effective potential using large-
charge techniques could shed some further light on this issue.

Finally, the resurgent analysis deserves mentioning here as well. It can definitely be performed for the
large- N fermionic models discussed in Section 3.3 by analogy with the O(N) vector model, particularly
for the NJL model, although unfortunately numerical techniques will most certainly be required.
Nevertheless, a resurgent analysis of the fermionic models could shed some further light on the for
QFT atypical (2n)! divergence found in the O(2N) vector model.® Further, in the bosonic theory there
exists an interpretation of the results coming from the standard resurgence computations in terms of
a worldline path integral, a quantum mechanical path integral of a spin zero particle moving on the
sphere [191]. It would be interesting to see whether a similar interpretation is found for one or several
of the fermionic theories discussed.

65The results obtained from resurgence are important as they will enable us to extrapolate the large-charge expansion also to
operators with small charge, which in turn would allow for making contact with results from Monte—Carlo simulations and the
numerical bootstrap. In this context, extending the resurgence calculus to much smaller values of N — say the O(2) model —
would be particularly desirable. However, beyond computing sub-leading corrections in 1/ N, it seems much more ambitious to
perform a resurgent analysis in the O(2) model than extending the analysis to other models in the large- N limit, particularly to
those that also exhibit a superfluid ground state.
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Y\ Appendices to Chapter 1

A.1 The Ising universality class

This appendix discusses the Ising model and its relationship to the study of CFTs. Our aim is to motivate
the study of CFTs from a statistical mechanics perspective in the context of the second-order phase
transitions present in the description of different Ising-type models.

To illustrate the role of CFTs in the description of critical phenomena let us consider the Ising model
from statistical mechanics. The Ising model describes the interactions of classical spins on a lattice and
is described by the Hamiltonian

Elol=-]) oj0j-H) 0, A1)

(i) i

where i runs over all lattices sites and (i j) runs over all nearest-neighbour interactions. The Ising
model is the simplest working theory describing classical magnetism and capturing many of the
important properties of ferromagnetic materials. In particular, in D > 1 it exhibits the ferromagnetic-to-
paramagnetic second-order phase transition.

Instead of solving the Ising model for a particular lattice completely, sometimes there is a much simpler
way of finding the critical temperature T, where the second-order phase transition occurs. As it turns
out, there is a set of duality relations that relate the low-temperature ordered regime of Ising-type
models to the high-temperature unordered regime of dual models and vice versa. This structure within
the theory may be abused to derive the critical temperature where the two regimes meet. These so-
called Kramers-Wannier-type dualities are a general feature of any abelian theory [287, 288]. They
are closely related to the Heisenberg principle and identify a variable u; that is dual to the spin o; in
Eq. (A.1).! In this regard, they are important in the understanding of the Ising model for D > 2, where
they might not tell you much about the critical temperature. For example, for the Ising modelin D =3
on the cubic lattice the dual model is a gauge theory [287].

IThe variable ; is part of the description of the dual model and lives on a dual lattice.
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It is important to understand how characteristic quantities behave for a system undergoing a phase
transition. For a spin system the correlation functions I';; = ((0; — (7)) (0 j — {0 j))) — which describe
how different spins on the lattice are correlated with each other — are of particular interest. From
explicitly or numerically solvable models and experimental observations we know that for spin systems
the correlation function behaves like

r(r) "=l p2-D-n (A.2)

at the critical point, where 7 is the so-called critical exponent associated to the correlation function.
There is a whole range of critical exponents describing the behaviour of thermodynamic quantities at
and around the fixed point T,. Critical exponents appear to be universal and do not depend on the
microscopic structure of the system. Instead, the properties of the system at the critical point only
depend on fundamental parameters like the dimension D or the symmetries of the order parameter.
This observation leads to the concept of universality: Many vastly different physical models at their
critical points are accurately described by a small set of scale invariant theories.

As a consequence, systems originating from completely separate corners of physics can sometimes
be described by the same theory at criticality. Because of the fact that CFTs describe critical points
of continuous phase transitions, the concept of universality is intricately linked to the concept of the
Renormalization Group (RG) flow in Quantum Field Theory (QFT). The fact that CFTs are sparse in
theory space and many QFTs flow to the same CFT (IR equivalence) mirrors the idea of universality in
condensed-matter physics and statistical mechanics.

At criticality, due to scale invariance the Ising model (and more generally lattice models) become
independent of the lattice spacing a, which is a microscopic feature. It is then very natural to take the
continuum limit @ — 0, a process that is also necessary to be able to describe the system in terms of a
CFT. To illustrate this point further, we consider the case of the two-dimensional Ising model, which
is solvable. The exact solution to the two-dimensional Ising model has first been provided in 1944 by
Onsager [289]. By now all critical exponents are exactly known and they are rational numbers [290], in
particular we have .

n=y- (A.3)
Having access to the exact solution provides a strong basis for finding and substantiating the correct
CFT description of its critical point. In the continuum limit the spin operator o; of the Ising model is
not adequate to describe the system. Instead, in D = 2 we can introduce operators that are constructed
non-locally out of the spin operators. This is achieved via the so-called transfer matrix method [291] —
a clever reformulation of the partition function as a trace over matrix products — and a Jordan-Wigner
transformation [291, 292]. The resulting fermionic operators 1, ¥ obey the proper commutation
relations. The final result of this procedure is the observation that the two-dimensional Ising model is
equivalently written as a system of lattice fermions. After careful manipulation of the partition function,
it can be shown that in the continuum limit around the critical point it is described by a free real
(Majorana) fermion with the action [22]

1 A = _
S= gfdzz (W + oy + myy), mo (B-PBe). (A4)

The mass term spoils conformal invariance away from the critical point. The resulting two-dimensional
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CFT has central charge ¢ = 1/2 while the fermions have conformal weights (1/2,0) and (0, 1/2), respectively.
In addition, it is possible to identify the spin operator o(z, z) within the CFT as a twist operator with
conformal weight (1/16,1/16) [22, 293]. Consistently, its correlation function is of the form

(0(0,0)0(z,2)) = (A.5)

| Z|1/4 ’
Further, it is also possible to identify a disorder operator (z, z) dual to the spin o (z, z). The operator
1(z,z) can be related to the spin operator o(z, z) it via its OPE with the fermion operator vy (z, z).
Essentially, the disorder operator u(z, z) is the dual variable y; identified by the Kramers—Wannier
duality and its conformal weights are equal to the conformal weights of o(z, 2).

The Ising CFT in D = 2 can also be expressed in terms of bosonic DoF instead of the fermionic fields
that we have discussed up to now. There are several different ways in which this can be achieved,
some of which include a superposition of two Ising models on the same lattice [22]. Independent
of the procedure applied, the end result is that the critical Ising model CFT is equivalent the .43
minimal model, sometimes also referred to as the (4,3) or m = 3 minimal model [22, 293, 294].2 For
completeness, a minimal model is a CFT whose spectrum is constructed from finitely many irreducible
representations of the Virasoro algebra. The discrete unitary series of minimal models .4, have central

charge
6

c=1—-——. (A.6)
plp+1)

The .43 minimal model is made up of only three operators (at least for its holomorphic part): the

identity 1, the spin o and the energy ¢, which can be readily identified with the fermion mass term .

The fact that ./ is equivalent to the theory of a free Majorana fermion lies at the heart of Onsager’s

exact solution to the Ising model in two dimensions.

Beyond D = 2, the Ising model can be related to another field-theoretic model. There is a succinct
argument which shows that the long-range physics of the Ising model in arbitrary dimensions is
captured by the ¢>4 -model [295]. This argument, which we will outline here now, relies on a mathematical
trick called a Hubbard-Stratonovich (HS) transformation. Consider the Ising-model partition function
with the Hamiltonian in Eq.(A.1). We rewrite the interaction term,

BI> oicj=BY 0ilijoj, (A.7)
) ij

where the matrix J;; = Jj; encodes the nearest neighbour interactions. Next, we introduce a factor of
unity in the partition function as follows:

- BT U4 - EA U jAj-BEoi]ijoj+X0iA;
1:f@)Lie 4ﬁif ! :f@ﬂtie 4ﬁij ! ij i ’ (A.8)

where the path-integral measure []; 21; is properly normalized. In the last step we have applied the
transformation A; — A; =23 BJ 4. Introducing this expression into the partition function of the Ising

2More precisely, it can be stated that the two-dimensional critical Ising model’s spin and energy correlation functions are
described by /3.
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model yields
—LZ/’Li(]_l)i.ﬂ'+§a’i(ﬁH+Ai)
- @/11 E e 4ﬁij i i . (59)

{oi} {oi}

ﬁ_ZG’l']ijUj+ﬁHZU’i
e i i

7 =

The spin interactions are removed at the expense of introducing a set of continuous fields A;. This is
the philosophy of the HS transformation: the interaction of one field in the action is removed at the
expense of introducing a new field using a generalized version of the Gaussian integral. The sum over
spins can now be performed explicitly,®

—ﬁz&,—(]’1)ijlj+Zlogcosh(Ai+ﬁH) —BXilijpj+PHL i+ 1ogcosh2fL]ij¢p;)
ZZf@/lie i ! =f@¢)ie 1 ! ! ! ,  (A.10)

where we have performed a field redefinition ¢; = ). iJ -1y; j(Aj + BH)/(2p) in the last step. In order to
actually get to a proper ¢*-action from here we need to consider the limiting behaviour |¢;| < 1 of only
small fluctuations.? By switching to a Fourier representation and expanding the action we find that®

~ - - - 1 . ~ ~ -
Slp1 = Pk (ﬁ](om 2] @)+ 1" —4ﬁ1(0))k2) G-k +BH)_ pI)dko
k k
(A.11)

4O e i g2 6
3N Y Pk Plko)Plks)Pka) By, 411,00 +O K, B2H?, G5).
ki,...

After switching back to real space and taking the continuum limit ¥_; — [ d%x the action now reads®

S[¢p) :fddx

J(0)(1-26](0)) 2, 4647(0)*

_ _ _ _ Y+ BH| . (A.12)
BJ"(0)(1—-46](0)) 3ﬁ]”(0)(1—4ﬁ](0))¢ pHP

% 0)* +

This relates the behaviour of the Ising model at low temperatures to the ¢*-theory, which is a continuum
QFT. The microscopic derivation that we have presented here even relates the coupling constants of ¢*
to the coefficients and the temperature of the Ising model. In particular, the coefficient of the mass
term relates the phase transition of the Ising model to the occurrence of SSB in the ¢*-model.

In D = 2, the fact that the Ising model can be related to the ¢*-model begs the question how the
¢*-theory is related to the minimal model .#. This relationship can be made rigorous and it has been
successfully argued that .4, minimal models describe the critical points of interacting scalar field
theories with interaction terms ¢??~Y [296, 297]. In particular, the .#3 model describes the interacting
fixed point of the scalar field theory with a ¢* interaction. Despite the vast body of knowledge already
assembled on the subject, there is research ongoing in the field of two-dimensional Ising models to this
day, see for example [298-300].

In D = 3, the interacting fixed point of the ¢*- model appears in the description of a range of continuous

3Factors of 2 associated to the hyperbolic cosines and the factor of exp[—(8h2/4) Y ; id -1y j] are absorbed into the integral
measure.

4This is tantamount to working at low enough temperatures such that the exponential weight £ inhibits large fluctuations.

5We are still on a lattice, hence the Fourier representations are ¢; = Yk e~ ikr; ¢ /VN, J; =Xk e il J(K)/N.

SThere is a trivial rescaling ¢ — ¢/1/ BJ" (0)(1 — 48] (0)) that needs to be performed here as well.
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phase transitions besides the Ising model.” For example, in the theory of liquid states the Ising-model
CFT describes the continuous phase transition at the critical point in the pressure-temperature plane,
which is located at the end of the first-order liquid-gas transition line. The order parameter for this
phase transition is the density p—p. instead of the spin o2 It is an astounding fact that the second-order
phase transition of water is described by the same CFT as the three-dimensional Ising model [301]. For
a discussion of the mapping between fluid and magnetic Hamiltonians see [302]. For a general review
of critical phenomena in liquid states see [303].

The Ising model and its critical point are a pure manifestation of the Wilsonian universality principle,
the fact that a sparse number of CFTs lies at the fixed points of the RG flows of completely dissimilar
physical and mathematical systems. The Wilsonian understanding of universality directly translates to
the concept of universality in condensed-matter physics and statistical mechanics. It is reflected in the
fact that at the critical point of a continuous phase transition microscopic properties become irrelevant
and there are many different physical systems converging to an identical description at their respective
critical points. The ubiquity of these equivalences is the phenomenon of critical universality. There
are also many more examples of theories belonging to the Ising universality class, some of which are
important in high-energy physics like the finite transition in the theory of electroweak interactions. For
anon-exhaustive list of examples and references thereof see [304].

Although we only discussed thermal phase transition, there are phase transition that occur at zero
temperature. These quantum phase transitions are not driven by thermal fluctuations and instead by
quantum fluctuations dictated by the Heisenberg uncertainty principle. For a reference to quantum
phase transition see [305].

Further, the examples presented above are all Euclidean CFTs. However, Lorentzian CFTs also appear
in physics, for example thin-film superconductors can be described by the Lorentzian O(2) model [306,
307]. The associated Wick-rotated theory — the Euclidean O(2) model — describes the superfluid
transition of *He [308]. This particular example is beautiful as the critical exponents of the two theories
agree even experimentally, making this an instance of Wick rotation working in nature.

A.2 Conformal invariance in classical field theory

We discuss the consequences of conformal invariance in classical field theory in D = 3. We will focus
on theories with a Lagrangian description £.

A.2.1 Conformal transformations

We analyse the constraints of conformal invariance in a general context and introduce to conformal
group. The conformal group is comprised of all spacetime transformations x — x’ for which the

"The interacting fixed point of the ¢*-model in 2 < D < 4 is also referred to as the WF fixed point.
8However, the liquid-gas transition does not exhibit the Z» symmetry present in magnetic systems. This leads to the
observation of Z»-non-invariant corrections to observables and, in particular, to the critical exponents.
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pull-back metric,

, ox* ax”

8uv = 370 30 800 = Q* (N guv, (A.13)

only differs by a (local) scale factor Q2 (x).? It is a simple exercise to verify that the conformal mappings
form a group on any given (curved) spacetime.'® For our purposes it is enough to work in flat space
R? with a flat indefinite metric 8uv = Ny of signature (p, ). In flat space, it is manifestly clear that the
Poincaré group (isometries) is a subgroup of the conformal group, the case Q?(x) = 1 corresponds to
transformations of the Poincaré group.

To determine the conformal generators we study the properties of infinitesimal transformations x* —
x# + et (x) + @ (e?). Conformal invariance implies that

2 2
0y (X) +0vey(x) = Bdge"mW , Q*(x) =1+ Bage" +0(E%). (A.14)

Eq. (A.14) is the conformal Killing equation. For elements of the Poincaré group the factor of proportionality
— given by 0-€ — is zero. By deriving both sides of the equation and permuting the indices we can
derive the identities

(D-2)
D

1
050,€" =Ueg, 0u0vep = D (MovOu +npudy =1uv0p) €’ (A.15)
Applying another derivative results in the condition
[Nuv + (D =2)0,0,]8,€” =0, (A.16)

implying that in D > 2 the third derivative of ¢, has to vanish.!! There are two special cases to be quickly
commented on:

* Inthe case D = 1 there is no constraint imposed on ¢, i.e. de. Basically, any smooth transformation
is conformal in D = 1.12

» For D = 2 the first condition in Eq. (A.15) becomes 0 = Ue,;. In Euclidean space n,, = 6,y
Eq. (A.14) turns into the Cauchy-Riemann equations,

0ope1 = —01€yp, 0oep = 01€7 . (A.17)

For this reason, conformal invariance in D = 2 is special, as the set of local conformal transformations
is the set of all (anti-)holomorphic functions. Hence, conformal invariance in D =2 is a vastly
more powerful tool than in higher dimensions.'® For more details on CFTs in D = 2 see [22, 293]

X(x)-Y(x)

VX®2Y )2

10Conformal invariance may be discussed on arbitrary semi-Riemannian smooth manifolds equipped with a metric tensor
8uv (X) (see [25]).
1By contracting Eq. (A.16) with the metric the condition (dy¢” = 0 is derived.

9As a consequence, the conformal group preserves angles between vector fields, which are given by cos0xy =

12 _ : : . Xx)-Y(x) _
In D =1 there is no notion of angles, i.e. we have ——=2=—==— = X (x) Y (x).
gl X2 Y (2 (X)Y (x)

137 small caveat here is that not all conformal transformations are globally invertible, only the Mdbius transformations are.
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or any other resource on the subject.

As mentioned, in D = 3 the third derivative of e# has to vanish, hence the infinitesimal transformation
is at most quadratic,
et(x) = a + Axt + 0"V xy + P xyxp (A.18)

We derive the conformal Lie algebra by acting with the infinitesimal transformations in Eq. (A.18) on
smooth functions of spacetime and from there deducing the form of the spacetime generators.

The constant term e* = a# corresponds to spacetime translations and trivially satisfies Eq. (A.14). The
corresponding spacetime generators are

xt— xt +a* = x* +a¥ P, x*, Py=0,. (A.19)

The linear term in Eq. (A.18) separates into symmetric and anti-symmetric parts by virtue of Eq. (A.14).
The anti-symmetric part has to obey
o+ 0" =0. (A.20)

The infinitesimal scale factor in Eq. (A.14) disappears for x* — x* + w""x,. These transformations
are the infinitesimal (proper orthochronous) Lorentz transformations A, = 6, + 0", + G(®w?) in
Minkowski space,'* and in Euclidean spacetime they correspond to infinitesimal rotations. The
associated spacetime generators Ly, are given by

vp
xH - xH 4+

Lypxt, Lyp = Xp0y — X0, (A.21)
An infinitesimal rotation can be integrated to deduce the associated finite transformation,

xH =AMV x,, ATnAa=n. (A.22)
The symmetric part of the term linear in x in Eq. (A.18) — given by x* — (1 + 1)x* — in the form that

we have written it trivially satisfies Eq. (A.14).15 These transformations are scale transformations, also
called dilatations. The generator of scale transformations is given by

xt— xt+ ADgx*, Dy =x"0,. (A.23)
The finite scale transformation associated to the (infinitesimal) parameter A simply is
Xt et it r=1+1+001?). (A.24)

The quadratic term x* — x* + c#"P x, x,, is best treated by considering the implication of the second
condition in Eq. (A.15). After defining by, := ¢¥,,/ D we can bring the transformation into the following

14The proper orthochronous Lorentz transformations form the identity component of the Lorentz group, they satisfy the
conditions det(1) =1, AOO =1.
15The condition in Eq. (A.14) automatically imposes the symmetric part to be proportional to the metric.
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form:
Eq. (A.15)

cPxyx, = 2(x-b)xt - x°bH. (A.25)
A transformation of this form is called a Special Conformal Transformation (SCT). The spacetime
generators of SCTs are given by

xt — xt + by Ky xH, K =2xMx"9, - x*0". (A.26)

The associated finite transformation reads

Ky 2 pht
i x*—x°b

—_—— = xM4+2(b- B x?bM. A.27
x 1-2(b-x) + x2b? X 42(b- 22"~ x ( )

Any SCT leaves the origin invariant but is singular at the point x# = b*/b?, which is mapped to infinity.
For this and other reasons, in CFT spacetime is generally best thought of as the sphere R” U {oo} with
the point at infinity {co} included.'® The conformal group does not generally leave {co} invariant, as
opposed to the Poincaré group.

The scale factor associated with a SCT can be computed and reads
Q*(x) = (1-2(b-x) + b*x*)%. (A.28)

Invariance under SCTs is crucial as it differentiates scale invariant theories from conformally invariant
ones. In fact, the generators of Poincaré together with the dilatation operator D form a subalgebra of
the conformal algebra allowing for the possibility of a purely scale-invariant theory.

Besides the conformal transformations captured by the Lie algebra there is an important set of discrete
transformations that should be discussed. Consider the following discrete transformation:

5 XMt Xt = (A.29)

This transformation is called an inversion and it lies outside of the identity component of the conformal
group. In fact, a SCT can be reproduced by an inversion, followed by a translation and then by another
inversion,

g Xt xH g xF—x?bH

St inte it Tk v ey (430
In that sense, SCTs can be thought of as translations that move the point at infinity while leaving the
origin invariant (as opposed to regular translations that leave infinity invariant and move the origin).'”
Since inversions are not continuously connected to the identity, CFTs may not be invariant under
inversions. Only in the context of SCTs is invariance guaranteed, as these transformations are continuously
connected to the identity and hence captured by the Lie algebra. Invariance under inversions needs to

be checked on an individual basis.!®

16F]at space R U {oo} is Weyl equivalent to the unit sphere Sf) . On the unit sphere S? all conformal transformations are
finite/non-singular.

" Translations and SCTs are analogous to each other, with the points at {0} and {oco} swapped by an inversion.

18There is a neat argument based on the embedding formalism implying that a CFT invariant under parity will be invariant

186



A.2 Conformal invariance in classical field theory

A.2.2 Conformal algebra and the representation theory of fields

As the spacetime generators associated to the conformal transformations have to form a representation
of the conformal algebra, we can use their explicit form to deduce all relevant commutation relations
defining said algebra,

(Myv, Ppl =Nyup Py =1vp Py,

[(Myv, Mpol = Npp My +Nve Mpup = o Myp — vp Mg,
[D, Pyl =—Py,

[D,Ku]l =Ky,

[Myv, Kp) = MoKy =1vpKy),

(Pu, Kyl =2(nuwD + Myy).

(A.31)

The other correlators are vanishing. Any representation of the conformal algebra necessarily satisfies
Eq. (A.31). For completeness and continuation, we compile all the spacetime generators quickly,

Pu=0y, Ky =2x,x" 0y — x°0, My ~ Ly = X0y — Xy, D=x"Py. (A.32)

In D dimension the number of generators of the conformal group is (D + 2)(D + 1)/2. Importantly,
the conformal group in RP with signature (p, g) is isomorphic to the Lorentz group SO(p + 1,4 +1) in
RD+2 equipped with signature (p + 1, g + 1). To see this, we take the RP variables x1,..., xp and add two
additional variables X* = (xo + xp+1), X~ = (X0 — Xp+1). In this language the isomorphism reads'?

Juw=Muy,  Jep=Pul2, JG=Ku2, 9 ~pi2, (A.33)

with /g —understood to be antisymmetric — being the generators of SO(p+1, g +1). These generators
satisfy the Lorentz algebra,

Uap, Jysl =Naylps +1MpsJay —Nas Mpy =M pyJas - (A.34)

The coordinates X*, X~ are called light-cone coordinates. The isomorphism gives rise to the embedding
formalism, a convenient way of encoding the action of the conformal group in R? via the action of the
Lorentz group in RP*2 by appropriately embedding R? in RP*? [23, 66-68].

Having an understanding of the structure of the conformal group and algebra, we can discuss the
field content of a CFT at the level of the classical Lagrangian. Consider a theory with field content {¢b'}
described by the action

S= fde$(¢i, 0y’ x). (A.35)

For simplicity, we suppress the field indices with the shorthand notation ¢ = (¢1, ¢, ..., dx). Just like
the Lorentz group in Poincaré-invariant QFT, conformal transformations in general act non-trivially on
the fields of the theory. Given an infinitesimal conformal transformation as in Eq. (A.18) we are looking

under inversions and vice versa [23].
191 terms of X0, X1,...,Xp, Xp+1 the generators read Joy, = (Pu+ Ky /2, Jp+1y = Pu—Ky)/2, Jp+10 = D.
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for the most general form of the representation T, of the conformal algebra on the space of fields, such
that the field content transforms as

¢'(xX) = (1- e To)p(x). (A.36)

To restrict the form of T, we use representation theory and physical intuition. The end result is that,
besides the notion of spin introduced by the representation theory of the Lorentz algebra, invariance
under dilatations introduces the scaling dimension A, which is defined as the degree of homogeneity of
a given field.

Unsurprisingly, the representation theory of the Poincaré subalgebra is analogous to regular Poincaré-
invariant field theory. The generators of translations — the momentum operators — purely act on
spacetime,

Pup(x) =0,p(x). (A.37)

Every field is a scalar quantity with respect to translations. The physical intuition here is that under a
translation of spacetime x — x’ = x + a it is most natural to identify the value of the field ¢’ (x') at x’ the
field value ¢p(x) at x, hence

¢ (x") = p(x). (A.38)

Having access to the momentum operators P, = d, allows us to study the rest of the algebra from their
action on fields at the point x = 0.2 The momentum operators generate spacetime translations and
define the value of the field at x # 0 via its value at x = 0 by imposing that fields transform in the adjoint
representation of the group of spacetime translations,

o) = e Pp0)eF, (A.39)

with P = (Py,..., Pp). Further, every operator & (x) in the theory should transform in the same way as
the fields, since it necessarily holds true that

G()P(x) =0 () Pp)e ™ £ ePE0)p0)e 7. (A.40)

Generators of symmetry transformations are no exception to this rule and satisfy Eq. (A.39). As a
consequence, we are able to study the representation theory of the conformal group by simply studying
the subgroup that leaves x = 0 invariant, called the stability subgroup or little group. In the case of
the conformal group the stability subgroup is spanned by rotations, dilatations and SCTs. Hence, we
impose

K, $(0) = kup(0), D¢p(0) = A¢p(0), Muvp(0) = iS,,,¢(0), (A.41)
where the matrix-valued quantities {ky, A, Sy} satisfy the reduced conformal algebra,
[kuyA] = _ku; [kp;iS,uV] = _(npukv_npvky) ’ (A.42)

with all other commutators vanishing. The little group in Eq. (A.42) is the starting point to determine

20Translations correspond to the constant term in Eq. (A.18). All other conformal transformations vanish at x = 0.
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the complete action of the generators of the conformal group on any field in accordance with the
standard theory of induced representations [70].

First, we notice that letting k,, # 0 turns out to be inconsistent, both at the classical and quantum level.
Schur’s Lemma enforces A to be a multiple of the identity,?! hence Eq. (A.42) implies that®?

(A, k] =0 =~k (A.43)

Furthermore, the group of dilatations is non-compact. As a consequence, the scaling dimension A is a
real number, as any finite-dimensional representation of a non-compact Lie algebra is non-unitary.

The conformal generators are translated to non-zero values via the adjoint action of the exponential of
P in Eq. (A.39) and the commutation relations in Eq. (A.31),

D=D| _,+x'[Py,D] _,=A+x-P,

Myy = iSpy + Xy Py — x4 Py, (A.44)

Ky =2x,A+2ix" Sy +2x, % P — x*Py,.
These generators satisfy Eq. (A.31) since the matrix-valued quantities A and S, commute with the
spacetime-dependent parts. The spin operators S*¥ encode the (irreducible) representation of the
Lorentz group on the field content {¢;} and hence define the spin of {¢;}.?® Physically speaking, the

choice of representation determines the spin of the field. The scaling dimension A of a field is a real
number and corresponds to the degree of homogeneity of said field,

plerx)=e Ppx). (A.45)

As an example, consider the action of a massless free scalar field in flat spacetime,
S= f dPxd,pot'ep. (A.46)

Under a scale transformation x — e’ x the action transforms as

5= [ae 000 00D a gy g

A.A7
(et xH) O(e’lx ) (A-47)

The action is therefore invariant under dilatations if and only if the scaling dimension A is given by

D-2
A= —— (A.48)

21Demanding that ¢p(x) belong to an irreducible representation of the Lorentz group implies that any matrix commuting with
all of the spin matrices SV has to be a multiple of 1, according to Schur’s Lemma.

22Requiring that the spectrum of operators be bounded from below enforces ki, =0 in the quantum theory [69].

23The spin is given by the square of the Pauli-Lubanski vector, Wy = %EWPUPV (LMY + SHV), which is the second Casimir of the
Lorentz group [33].
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A mass term of the form m?¢? is forbidden by scale invariance. A term of the form ¢" is allowed if

and only if (D —2)n = 2D. For D = 4 this means that a ¢* interaction is allowed, for D = 3 it is a ¢%

interaction. Performing the same exercise for a free spinor field in D spacetime dimensions yields
_D-1

A — (A.49)

In D = 3 — independent of the existence of a Lagrangian description of the theory — CFTs are
formulated in terms of primary operators (or fields in the Lagrangian description). Primary operators/fields
are defined by their transformation behaviour under conformal transformations. A primary operator is
homogeneous (of degree A) and transforms under conformal transformations 7, — [0x'/ dx|2'Pp v

as
AID

0x 0 1 Rl A)] (), (A.50)

Px)—¢'(x) = P

where |0x'/8x| = QL is the Jacobian of the transformation and R[A(x)] encodes the representation of
the field ¢(x) under the action of the Lorentz/rotation group. Note that the transformation behaviour
Eq. (A.50) is equivalent to the general form of the conformal generators in Eq. (A.44) [69]. This presents
the most general transformation behaviour under the conformal group that fields can exhibit in
physically well-motivated theories [70-72]. 24

A.2.3 Conformal stress-energy tensor

For a Poincaré-invariant field theory (with Lagrangian description £) there always exists a symmetric
stress-energy tensor 7, ;BV) , which is derived from translational invariance and supplemented via rotational
invariance and the Belinfante procedure to be symmetric.?® By definition, the conserved Noether
charges corresponding to translations and rotations can be written in terms of said stress-energy

tensor,
— (B) _ (B) (B)
QW =_de "x Ty Qo =—de L (0 Ty, = X Tow ) - (A51)

The conserved charges are closely related to the spacetime generators in Eq. (A.44). In fact, classically,
the Noether charges are the generators of said transformations in the sense that

QP ¢} ~ Pup=0,, Q) ¢ ~ Muyp = (%0 — 5,0y + i), (A.52)

where {-,-} denotes the (equal-time) functional Poisson bracket in the Hamiltonian formalism.2® Given
scale invariance on top of Lorentz invariance, under very basic assumptions, it is possible to define a

24primary operators can be defined in two equivalent ways, either by Eq. (A.50) or via the action of D and K}, on the operators
at the origin [69-72].

25There is a manifestly symmetric definition of the energy momentum tensor from General Relativity (GR) based on variation
of the metric in the action [73]. It coincides with the Belinfante stress-energy tensor.

261 Euclidean space the Poisson bracket can be defined on arbitrary codimension-1 surfaces instead of equal-time
hypersurfaces.
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. © o
symmetric and traceless energy momentum tensor T}, . To do so one defines the so-called virial,

0Z

M=
0(0v¢)

(A +iS*) . (A.53)

Under the assumption that the virial can be written as a total derivative — V# = 9, N — we can define
the tensor?’

2 [(D -1 (nUP NV _ nUﬂN(PV) _ navN(Pu) + T)HVN(UP)) — (7Pt —nHnPY)N®, ]

{OPHY = (A.54)
(D-D(D-2)
The modified traceless stress-energy tensor is then given by
C 1 C
Ty =Ty + 5000p17", T, H=0. (A.55)
The additional term does neither spoil the conservation law or the symmetricity of TLBV), nor does it

change the conserved charges QLP ), Qﬁ\f) in Eq.(A.51). It is traceless because of the conservation of the

current associated to scale transformations j g,
©

T, *=0uj5=0, Jb=THx, +A

0
50,9) $. (A.56)

Given the existence of a traceless stress-energy tensor as described above, the conserved charge
associated to Poincaré and scale transformations can be written as

_ ©)
QP = —de X Ty, 2, QA(LP)

(M)
© > va 7® _ 0 (A.57)

(B)
T ov ov

ov —T

ov

with Q¥), Q™) given in Eq. (A.51). Additionally, tracelessness of the stress-energy tensor allows for the
construction of four additional conserved currents,

= 2T g, 700, QK = f PV x (6 Ty, — 22,27 Ty, ) (A.58)

The charges QLK ) generate SCTs. Hence, full conformal invariance is obtained directly from tracelessness
of the stress-energy tensor in a scale-invariant theory (at the classical level).

Note that the generators of Poincaré together with the generator of scale transformations form a
subalgebra of the conformal group. In fact, conformal invariance implies scale invariance from the
closure of the algebra in Eq. (A.31). The converse is not necessarily true, as discussed.

To guarantee conformal invariance at the quantum level, it is necessary that tracelessness of the stress-
energy tensor also extends to the quantum theory. This is, however, only a necessary condition. To what
extent scale invariance implies conformal invariance remains an open question for D > 2.2 Under

27The notation “¥) denotes symmetrization, i.e. AEY) = (ARY 4 AVHY )2,
28For CFTs in D = 2 there is a rigorous argument that scale invariance enhances to full conformal invariance at the quantum
level under some basic assumptions such as unitarity, causality, a discrete spectrum of scaling dimensions, existence of a scale
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certain assumptions the conformal group is the maximally enhanced bosonic symmetry of space-time
for massless particles [12].

. . . . ©
Generically, we will denote the traceless stress-energy tensor without the index — Ty, ~ T, —and
assume it exists — both classically and quantum — unless otherwise specified.

A.3 Some QFT prerequisites

In this appendix we collect some important QFT prerequisites necessary to discuss CFTs.

A.3.1 Generators and Infinitesimal Transformations

Consider a classical field theory that is invariant under a certain (spacetime) symmetry group. A generic
symmetry transformation acts on the spacetime coordinates,

o) M
XH s M = xF e“% +6E). (A.59)

In addition, the fields {¢p; (x)} comprising the theory are allowed to transform in non-trivial representations
of the symmetry group. As a consequence, symmetry transformations can non-trivially act on the fields
¢;(x) of the theory,

SF..
B (%) — ¢ (x') = i (x) + € ?Zq)j (xX)+ 0, (A.60)

where F(x,e), ; relates the old field ¢; (x) at x to the new field ¢ (x") = F, j®j(x) at x' and hence encodes
the representation of ¢»;. The most obvious examples of fields with non-trivial transformation behaviour
and hence non-trivial representations are fields with non-zero spin.

It is convenient to rewrite the transformation of fields by introducing a set of generators {G,} encoding
the transformation as in

/ _ a 2 _ 6xu6 6 6 L]
D (x) - D;(x)=—¢€ Gaij<l>j(x)+@(e ), Gaij__&e“ W0ij~ Sea (A.61)
or equivalently
It _a oxt 2
D, (x)-D;(x) =€ ﬁauaij—caij D;(x)+0(€). (A.62)

The differential operators {G,} are the generator of the symmetry transformation in the classical theory.
Evidently, the set of generators {G,} form a representation of the Lie algebra on the space of fields
associated to the symmetry group in question. For smooth functions and fields that transform in the
trivial representation of the symmetry group — so-called scalar quantities — the generators {Gg; j}

current and unbroken scale invariance [12]. The conjecture is that this result extends to D > 2 [12].
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reduce to

OxH

aij = Waué\” (A63)

A.3.2 Stress-energy tensor in field theory

Consider a theory with field content {¢;} and Lagrangian description £ (¢;,d,¢;). Under a symmetry

. u 5F;; )
transformation x* — x* +¢% %, ¢i(x) — ¢i(x) +€* 54 ¢ (x) the action transforms as

0&L
0(6;1([’1')

6xY 0% OF;;

oe*  0(0u¢p;) Oe%

65= [ dPxeva,t, jt= dvpi 0", L

;. (A.64)

This is just Noether’s theorem: Any continuous symmetry that leaves the action invariant implies the
existence of a conserved current j&. The associated conserved charge also derived from Noether’s
theorem,

Qa =de‘1xj3. (A.65)

generates the symmetry transformation at the classical level via its Poisson bracket and is therefore
related to the generator of the symmetry G, in Eq. (A.61). We denote the Poisson bracken in the
Hamiltonian formalism by {,}. The Poisson bracket is defined via the conjugate momenta {7} and
functional derivatives,

0F 6G O0F 6G 0«

_—— |, T = .
6m; 6¢p; O¢; Om; ' 0(0ohi)

(G} = f dPlx (A.66)

We note that there is an implicit sum over the field content of the theory in the Poisson bracket. The
fundamental property of the Poisson bracket is {; (x),¢; ()} = 66 d-l(x— ¥). In terms if its Poisson
bracket the conserved Noether charge satisfies

P (%) —pi(x) = —E“ij</>j (x) = €"{Qq, i (x)}. (A.67)

The relationship between conserved charges and symmetry transformations does carry over to the
quantum theory. The stress-energy (or energy-momentum) tensor is the conserved current associated
to translations €” = a” of spacetime,

Ty
Ip 30 )

g - L. (A.68)

The stress-energy tensor is conserved, 0¥ Ty, = 0. In a theory that is not only scale but also rotationally/Lorentz
invariant is possible to find a Belinfante tensor By = —Byqv such that the Belinfante stress-energy
tensor, defined as
B)
Ty =Ty + 0"Bayy (A.69)

is symmetric, still conserved and the Noether charge for translations remains unaffected,

f dPxT,, = f dPx Ty, . (A.70)
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The Belinfante tensor Bgyy is derived from the conserved current associated to Lorentz transformations
.auv

Im
1 i 0Z 0¥ 0
PO Al 7 VI ol o 2 V) U g _ L Vi av ap | g,
=—|T""x" =T " x" +i N ) B = S+ ST+ S .
i =5 30ai) ) =2 00ag0” 300" o0ugn” )"
(A.71)
Rotational invariance and the conservation of the Lorentz current 04 jltf ¥ = 0 imply that
0 0L i S*p; = 3*B 0%Bgyy = TH - T A72
aa(aa(/)i) iS¢ = apvt avp = - . (A.72)

Hence, the Belinfante stress-energy tensor is manifestly symmetric.

A.3.3 Ward identities

We consider a QFT — described by the path integral Z = [ 2¢ exp[—S[¢]] — that is invariant under a
symmetry ¢(x) — ¢'(x'), so that correlation functions satisfy

(O1(x}) - ON(x)) = (01 (x]) - O N (XN, (A.73)

Under an infinitesimal transformation ¢’ (x) = ¢(x) — € G, (x) encoded by the generator G, given in
Eq. (A.61) the action transforms as

5S= f dPxe®a,Jk(x), (A.74)

see Eq. (A.64). Under the assumption that the path-integral measure remains invariant — i.e. that the
symmetry is not anomalous — a correlation function (X), with X = ¢; (x1) --- ¢ n(xn), satisfies 6(X) = 0.
This is just the infinitesimal form of Eq. (A.73). After expanding to linear order in the small parameter
€%, we find the condition

(5X)=(88), 58y = f dPx(e%a,jk X). (A.75)

The variation of X = ¢b; (x1) - - - ¢ (xn) can be rewritten in terms of an integral to match the right-hand
side,

N
56X = _dexea Y Sc—x) P (x) - GF (i) -+ () - (A.76)
k=1
The integrands on the left- and right-hand sides of Eq. (A.75) have to agree, which implies the equality
0 N
@(j(’;‘(x)%(xl) NN == ) 8= xp) (P1(x1) ++ Gapr(xp) -+ PN, (XN)), (A.77)
k=1

for any symmetry G, realized at the quantum level. This is the so-called Ward identity for the symmetry
G, associated to the current j&. The Ward identity essentially tells us how symmetry transformations
act on correlation functions in the quantum theory and how insertions of the associated conserved
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current can be evaluated. In addition, the Ward identity also identifies the associated charge,

Qq =— f dP1x 9, (A.78)

as the generator of the symmetry transformation in the quantum theory: suppose that the spacetime
coordinate x? is different from all other x?, i =2,...,N. In that case we integrate the Ward identity
in Eq. (A.77) over a thin box {x € RP : x° € [_, ]} such that x) € [¢t_, 2,], x?,, & [1—, £;]. Using the

divergence theorem, the left-hand side turns into a surface integral,29 i
((Qa(t)P1(x1) = P1(x1)Qa (£-)) P2 (x2) -+~ PN (xn)) = ((Gap1 (x1)) P2 (x2) -+ P (XN)) - (A.79)
In the limit ¢, — x? we conclude that
[Qa(x9), 1 (x1)] = Gagpr (x1). (A.80)

The fact that the conserved current j4 satisfies the Ward identity in Eq. (A.77) turns the conserved
charge Q, into a topological operator, meaning that it can be freely moved around between different
times x° in the path integral as long as it does not cross any operator insertions in the process.

In Euclidean field theory there is no preferred time direction and charges can equivalently be defined
via an arbitrary closed codimension-1 surface X. For example, the integral of T*" over X returns the
generator of translations,

QL) =- fz dn Tyy (%) . (A.81)

Consider the particular choice £ = 6B, (x;) of a small ball around x; excluding any other operator
insertion. We have

(Q (0Be(x1)) 1 (x1) -+ pn) = By 1 (x1) -+ p) (A.82)

We can deduce that in the Euclidean path integral surrounding the operator insertion ¢; (x;) with the
topological surface operator QP (z)is equivalent to taking a derivative, i.e. acting with the associated
symmetry generator. The action of the conserved charge on ¢; (x;) and the other operator insertions
within the path integral remains unchanged for any arbitrary X separating the operator insertions
(hence it is called topological). Similar statements will hold for any other symmetry of the theory. The
important take-away here is that the existence of a codimension-one topological operator in Euclidean
QFT is equivalent to the presence of a symmetry.3°

A.3.4 Quantization

The process of quantization in QFT divides spacetime R” up into hypersurfaces X plus an additional
”time” variable t — schematically R” ~ Zx[t;, ¢ r] —with a symmetry transformation mapping hypersurfaces
X = X(¢) at different times ¢ into each other. In order to make sense of the quantization procedure, the
theory should be invariant under the spacetime symmetry relating different hypersurfaces. If this is

29 Correlation functions are vacuum expectation values of time-ordered products in the operator formalism.
30There are topological operators with support on manifolds with different codimensions and they correspond to so-called
generalized symmetries [102, 309, 310].
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the case, it is then possible define a Hilbert space on any arbitrary hyperplane and relate the different
Hilbert spaces to each other.

Each hypersurface X is equipped with a Hilbert space and the symmetry generator G; of translations in
t describes the evolution of a system or state between Hilbert spaces. In-states |¥i) at ¢ are created by
inserting operators in the "past” fy < ¢ while out-states (¥, are created by inserting operators in the
"future” f; > t. The (unique) vacuum state of the Hilbert space is denoted by |0). Initial and final states
are generically given by vacuum states in the infinite past and the infinite future, respectively, and they
satisfy (0|0) = 1.3! The overlap of in- and out-states at time ¢ is equivalent to the correlation function
of the inserted operators.3? The time-evolution operator U(t; — ty) = e~ %(1=%) connects in-states at
fp and out-states at #;, so that the associated correlation function — the overlap of |¥i,) and (W ouil —
reads (Woutl U(t1 — fo) [Win)-

Consider a QFT described by an action S and a path integral Z. The path-integral description of the
theory can be interpreted in terms of different time-evolutions into different Hilbert spaces dictated
by the spacetime symmetries of the theory. Every possible foliation of spacetime corresponds to a
quantization of the theory. For example, in a Euclidean theory with rotational invariance on R? any
spatial direction ry is an acceptable choice of time direction. Here, the symmetry transformation
described by the evolution operator G; discussed above is translation in the ry-direction and Hilbert
spaces live on the hyperplanes orthogonal to the chosen direction.

After quantization, correlation functions — described by operator insertions in the path integral — get
interpreted as time-ordered expectation values,®3

(O1(x1)++-On(xn) = 0| T{O1 (x1) ---On(xN)}0) . (A.83)

The time-ordering is performed with respect to the specific foliation chosen during quantization. A
different choice of quantization results in different Hilbert spaces and different quantum operators,
however, results in terms of correlation functions remain equivalent.34

Naturally, the question arises whether the choice of quantization has any consequence on the realization
of the symmetries in the quantum theory. Consider an operator insertion @ (x) at time ¢, two hypersurfaces
2,2 attimes ) < t < f» and a symmetry operator Qg (X,2) associated to a symmetry transformation
respected by the quantum theory. By construction, Q, is a conserved charge and topological. We
are free to move it around as long as it does not cross any other insertions.?®> We are interested in
correlators with insertions of Q4 (Z2) — Q4 (Z1), @(x) and no other insertions in between #; and #,. After
quantization the difference Q4 (Z2) — Q4 (X1) inside any correlation function becomes a commutator
with the operator insertion & (x) as we collide the hypersurfaces X » at time . On the other hand, as
Q is topological, we can also deform the total surface X, — X; to a sphere 0B(x) surrounding & (x),

310ther choices of initial and final states correspond to non-trivial boundary conditions in the path integral.
32For particle scatterings (¥in|Wout) is equivalent the S-matrix.

33Times are ordered with the largest time on the left and the smallest time on the right in the commutator.
34This can be demonstrated explicitly in specific examples, see e.g. [21].

35The fact that Qy is topological is the quantum equivalent to its conservation classically.
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implying that the following expressions are all equivalent:

((Qa(Z2) - Qa(Z1))O(x)...) =(Qa(Z =0B(x)) O(x)...) = (0| T{[Qq, O X)] ...} 10) = (0| T{(GaO (x)) ...} |0},

(A.84)
where Gy is the generator of the symmetry transformation acting locally on the space of operators
in the quantized theory (see Eq. (A.77)). It is evident that this result is independent of the choice of
quantization/foliation. The commutator [Qg, 0 (x)] = G40 (x) is local while the charge Q, (%) itself is
non-local. This is consistent because Q, is topological and — independent of the foliation — can
be deformed such that it is supported on an arbitrary small sphere around the insertion point x. We
conclude that it is justified to replace the charge Q, in the path integral by the local operator G, in
the operator formalism without specifying a quantization scheme. The identifications between the
operator formalism in the quantized theory and the path-integral formalism schematically look as
follows:

z/’ -0 \\
Ga0(x) = [Qe, 0] ~ QeolX) ~ 1 . @x)" : (A.85)
‘\ II Q(X(Z)

The shorthand notation Q, o @ (x) signifies that we surround @ (x) with the surface operator Q,. It can
be interpreted equivalently to a commutator in the operator formalism.3¢ In terms of the generators
Gg, the notation G,0(x) = [G4,0(x)] is valid due to the Jacobi identity (this is the adjoint action).
Alternatively, we can think of states |@ (x)) = @(x) |0) on the Hilbert space. The vacuum |0) is invariant
under all symmetry operators Q, ~ G, of the theory and, with regards to notation, it is true that
Ga0(x)10) = [Ga,0(x)]0).

Finally, the expression Qu o -0 Q; o0(x) means surrounding the insertion € (x) in the path integral
with topological surface operators of increasing size,

‘l . (A.86)

Suppose we want to change the order of the inserted charges/surface operators. In that case the
commutation relations obeyed by the conserved charges tell us how to properly reorder insertions
of said surface operators, as this is equivalent to commuting symmetry generators in the operator

formalism.3?

36The way local operators transform under symmetries is always insensitive to IR details like SSB or compactification in time
(finite temperature), as commutators can always be computed at short distances.
37For the conformal charges these commutation relations are given by Eq. (1.11).
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A.3.5 Hermitian conjugation in Euclidean spacetime and reflection positivity

Unitarity is a fundamental property that a QFT in Lorentzian signature can exhibit. In many physical
situations we require unitarity of the theory in question as it is equivalent to the preservation of
probability [27-29] 38 1In unitary theories conserved charges, including the Hamiltonian, are Hermitian
operators that generate unitary transformations at the quantum level. In Euclidean signature, however,
unitarity for Lorentzian QFTs is mapped into a property called reflection positivity.

Consider a Lorentzian QFT with Hermitian stress-energy generators (H, PEL)) and a local Hermitian
operator @Y (0) = DT (0). It holds that

@(L] (t,x) — eth+iX'P(I‘) @(L) (0) e—th—iX'P([‘) , (A87)

implying that &P (x) is Hermitian as well. After performing a Wick rotation # = —iz, in Euclidean
signature the above relationship turns into

0B (1,x) = "7+ xPY gD () g~ HT-ixPY 6P (1,%):= 6" (-it,x). (A.88)
Therefore, the corresponding Euclidean operator &7 satisfies
0Pt 1,x=0"(-1,%). (A.89)

This property can be generalized to operators with arbitrary spin. For tensor fields, for example,
reflection positivity reads

ol Tx=0,"-0,"0F (-1,%), 0, =6,"-26,°6,". (A.90)

K1 V1.VN I

Operators that satisfy the condition in Eq (A.90) — and are therefore Hermitian in Lorentzian signature
— are sometimes called real operators and we will refer to them as such here.

As can be seen from Eq. (A.90), Hermitian conjugation in Euclidean space becomes a reflection in
Euclidean time. This means that the choice of time direction is important for the definition of Hermitian
conjugation. As a consequence, the conjugation properties of operators depend on how we choose
to quantize the theory. This is fundamentally different to the situation in Lorentzian signature, where
the conjugation properties of local operators are independent of the frame of reference. For example,
we can consider the associated charges to the momentum generators in Euclidean signature and their
conjugation properties in a foliation along the x° = 7 direction,

Q) =~ [axTe00,  — o =qlf, Q" =-q". (a9

Evidently, we can relate the generators QLP ) to their Lorentzian counterparts discussed above as follows:

QP ~Py=H, QY ~p;=irP®". (A.92)

38In Lorentzian QFT unitarity is often formulated as the requirement that the S-matrix is unitary.
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A.4 A schematic derivation of the Nambu-Goldstone mode counting rule

If we had quantized using a different time direction, we would have concluded that the momentum
generator in the new time direction is Hermitian while all the other generators are anti-Hermitian. We
see that Hermitian conjugation is fundamentally dependent on the choice of foliation.

A natural question to ask is what conditions does a Euclidean QFT have to satisfy if it computes a
Wick-rotated unitary Lorentzian theory. First and foremost, in such a theory it is necessarily the case
that the norms of states in the theory are all positive. Given a state of the form

ly) =01(-71,x1)---On (=T N,XN) [0, (A.93)
with operator insertions at negative Euclidean times, the condition of positive norms implies that
(yly) =40101(11,X1) - -ON(T N, XN)O1 (—T1,X1) - ONn (=T N, XN) |0) =2 0. (A.94)

In terms of correlators, this statement is the requirement that time-reflection symmetric correlation
functions have a positive path-integral description. This property is called reflection positivity and it is
anecessary condition for a Euclidean theory to be given by a Wick-rotated unitary Lorentzian theory.
In particular, in the context of CFTs it is very natural to define a theory in Euclidean spacetime, and in
that case reflection positivity always has to be checked.

Beyond the scope of this discussion, there are important distinctions between Lorentzian and Euclidean
signature. For example, out-of-time-order correlators are not very meaningful in Euclidean signature as
the Hamiltonian is bounded only from below and not from above. Hence, out-of-time-order correlation
functions are formally infinite. In Lorentzian QFT, out-of-time-order correlators — so called Wightman
functions [24] — are meaningful and interesting observables because of the additional imaginary unit
in the definition of the evolution operator. In this context, however, it deserves to be mentioned that
both time-ordered correlation functions and Wightman functions in Lorentzian QFT can be obtained
from time-ordered correlators in Euclidean QFT by carefully performing the Wick rotation [21].

A.4 A schematic derivation of the Nambu-Goldstone mode counting
rule

In this Appendix we review the derivation of the general counting rule for NG modes in non-relativistic
systems discussed in Section 1.2.4. The derivation presented here is based on [36]. For more details we
refer to the above publication and also [34, 35, 47, 311, 312]. We only give a rough sketch of proof and
ignore certain more involved details.

The proof and derivation of the general counting rule follows from a more fundamental effective
Lagrangian approach. The effective Lagrangian Zes captures adequately the low-energy long-distance
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fluctuations and the macroscopic order of the theory. The main input for the construction of the
effective Lagrangian is the symmetry-breaking pattern

G—H, (A.95)

where G is the full global symmetry group of the theory and H is the unbroken subgroup at low energies.
As usual in effective field theory, the most general Lagrangian capturing the dynamics of the system in
question is constructed by including all terms — or operators — that respect the symmetries of said
system. Naturally, the low-energy long-distance behaviour is described by fluctuations in the direction
of the coset of G and H,

G/H=1{ghl|geG, he H}. (A.96)

These fluctuations correspond to the massless NG bosons present because of SSB. We explicitly assume
here that we are so low in energies such that there are no other long-distance DoFs present. In our
construction, we introduce one field 7, for each broken generator Tb(lbr). For now we refer to all of
these fields as NG modes, even though in general some of the corresponding modes are not necessarily
independent of each other in the absence Lorentz invariance, as we will see. The NG fields 7, naturally
map spacetime into the manifold G/ H. In the following, we write down the effective Lagrangian for
the NG modes in a systematic expansion in powers of derivatives, which is consistent since higher-
derivative terms become less important at longer distances.

Naturally, the NG fields 7, transform under the action of G. However, since they form a parametrization
of the coset G/ H, the fields 7, cannot linearly realize the full symmetry group G. Instead, they form a
non-linear realization of G. In general, under the action of G the NG modes transform as

89, = ephpa(m), (A.97)

where the generators hy, () can be viewed as vector fields on G/ H,

Ry, (1) = hpa ()04, 04:= (A.98)

The generators hy, satisfy the commutation relations associated to G,
(hp, hel = focaha. (A.99)

where b, c, d refer to generators of G. Crucially for us later, on the level of the action a symmetry
transformation can always change the Lagrangian density by a total derivative.

In the continuum limit (at sufficiently long distances) we assume spatial translational invariance as well
as rotational invariance. If the system exhibits Lorentz invariance, the form of the effective Lagrangian
ZLesr is highly constrained,

1
Left = 5 8ap(MOuT a0 1) + 06%). (A.100)

Invariance under G at the level of the Lagrangian requires that g, (r) be a G-invariant metric on G/ H.
If we drop Lorentz invariance the general form of the effective Lagrangian exhibits substantially more
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freedom,
1 1
Zeit = CaMTta+ 58 DTty + 5 8y (MO a0y + 0 (97,0:07,05). (A.101)

Importantly, spatial isotropy only allows for quadratic terms in the spatial derivatives within the

Lagrangian but permits a linear term in 77,. The coefficients c, (), géll; () and gfb) (7) are dependent

on the symmetry-breaking pattern G — H. Under the action of the symmetry group G the Lagrangian
density in Eq. (A.101) can only change by a total derivative. This is the case if and only if under the
infinitesimal transformation §© 7, = €, hp, (1) we have

(0pCa(m) =B acp(m)) hep(m) = dgec (). (A.102)

Importantly, The functions e () are related to the charge densities of the system. Using the fact that
the variation of the Lagrangian in Eq. (A.101) is given by the surface term

8 Left = €101 (Ca (M) hpa (1) + €p(1)), (A.103)
we can derive the form of the Noether current for the global symmetry, which is given by
je=ecm) - gN) (M hea(m)y. (A.104)
Since the ground state |0) is time-independent, we see that
0172010y = ec(m)|,,_, - (A.105)

In particular, the charge densities must vanish in the Lorentz-invariant case, which is obviously true as
ec is zero if all ¢, vanish. The matrix p;; defined in Eq. (1.129) is now given by

Papi=—i lim 011Qqa» jp(0110) = =i (0l[Qq, jp(X)110) = hacdcep)|,_q- (A.106)

For unbroken generators this vanishes by definition. For the broken generators we can further deduce
that
heahay(0pCa = 0ach)|,—g = Ped (A.107)

This differential equation can be solved around the origin. The Taylor expansion of ¢, () is given by
ca(m) = ca(0) + (Sup + Aap) Ty + O (1), (A.108)

where S;;, and A, stand for the symmetric and anti-symmetric parts of the derivative d,c,lz=0,
respectively. As c,(0) and S, only lead to total derivative terms in the effective Lagrangian Zg, they
can be ignored or dropped. In total we have

Cq(m)7T g = AgpTt 47y + total derivative terms + o). (A.109)
The equation for the anti-symmetric part,

2hcahap|,_gAab = Ped. (A.110)
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has a unique solution which reads
1 _
Calm)itg = Epabﬁ;n;+@(n’3), = 1p(h7(0)),,- (A.111)

As the matrix p,p, is real and anti-symmetric, it can always be brought into a suitable block-diagonal
form,

0o A
-A1 0

MTpM = 0 Am , (A.112)

0

by an orthogonal transformation M. Here, we have 1, # 0 for a = 1,..., m with 2m = rank(p). The
explicit expression of the effective Lagrangian in Eq. (A.101) now includes

m
ca(mity = Zl A (o1 7Thg — Fog Tag—1) - (A.113)
a=

N =

When compared to the standard and familiar form of any Lagrangian on the phase space,?’

de—1x$=piqi—H, (A.114)

this implies that 7}, ,_; and %, are canonically conjugate variables, which together represent a single
Degree(s) of Freedom (DoF) rather than two. This proves the counting rule.

We end this appendix with two remarks. First, we note that the definition of Degree(s) of Freedom (DoF)
used here is the conventional one in physics. In other words, we need to specify both the initial value
of any given DoF itself as well as its time derivative as initial conditions. And second, the Lagrangian
formalism is mandatory in our discussion. If we would want to move to the Hamiltonian formalism, we
then would run into the issue that the presence of the first-order derivative terms affect the definition
of the canonical momenta.

39Here, Darboux’s theorem states that we can choose a local coordinate system in such a way that higher-order terms o' 3)

vanish.
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B.1 Hyperspherical harmonics and conformal symmetry

In this appendix we collect useful formulas concerning hyperspherical harmonics in D-dimensional
space. We mostly follow [193]. In the second part we discuss the constraints imposed by conformal
symmetry on two-, three- and four-point functions introduced in Section 1.1 in the limit of infinite
separations and in the language of hyper-spherical harmonics on the cylinder.

B.1.1 Hyperspherical harmonics and their properties

Hyperspherical harmonics — denoted by Yy, — are the eigenfunction of the Laplacian on S%‘l, D=3,
—Agp-1Yp(n) = Ap Yo (m), Ae:=¢(f+D-2), (B.1)
o

where ¢ =0,1,... is a positive integer and m in D > 3 is a vector consisting of D —2 components which
in the standard-tree convention satisfy

l=mi=my=---=mp_3=|mp_y|. (B.2)

We note that the lowest component mp_» can be associated to the standard SO(3) quantum number
appearing in the spherical harmonics in D = 3. This is also the only component which can be negative.
In our convention we denote the vector with the sign of mp_, switched as the conjugate m*. This is
reasonable, as it appears in the conjugation property of the hyperspherical harmonics,

Y, = (=12 Yy (B.3)

As can be seen above, the eigenvalues A, only depend on ¢ and not on m. The multiplicity Deg, (¢) of
the eigenvalue A, is given by the all the different choices of m and reads
(D+20-2)T'(D+¢-2)

Pegp) = T ro-n B4
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Due to the fact that the Laplacian is self-adjoint, the hyperspherical harmonics Y;,, form an orthonormal
basis of L*(SE1),

Yo Yor) = de Yrm(@m) Y*’m’ M) =8p00 1t » (B.5)
Sp!

where we have defined the rescaled volume element on the sphere as

ds=rP'da. (B.6)

Certain useful identities can be obtained by summing spherical harmonics and their derivatives over
the indices m

D ¢
Y Yom@)Y,, ) = e(gz—D() (B.7)
m D
Yrm@m)o;Y,, (m) =0, (B.8)
‘m
m
. Deg,(¢)
301 Ve (000, Yy, (W) = =22 (1A i ), (B.9)
m D

D/2 . . . . .
where Qp = % volume of the D — 1-dimensional unit sphere. Sums over the eigenvalues 1, — i.e.

the dispersion relations w, in Eq. (2.32) — in terms of Eq. (2.86),

2(s)  C(=s/218p7h)
Qpry  (D-D2r§Qp’

(0+D-2) A
r(D-1)  r2D-1)°

Y ) Yrm@m)Y,, (n) =

,m

w5 = (B.10)

The cut-off independent part of Z(s) (A-independent) is related to the zeta function on the sphere [313],
CISp =Tr | (- agp)°] - (B.11)

For s = 1 we recover the expression for the Casimir energy of the superfluid phonon discussed and
computed in Appendix B.2,

Y w0 YommY;, m) = =0 - 241 (B.12)
‘m £ 6m= em 0Qp  10Qp '
Sums with open derivative indices can be computed analogously,
2(s+2) {(=s/2—-1I1SP7)
030;Yp,,,)0;Y,) (n)= ii= i B.13
[%;,1 eYi [m( ) J [m( ) TSQD ij (D—1)5/2+IFSQD ij ( )
which for s = 1 becomes
1 % rOZ(l) 27‘0A1
—0iYr;m)0;Y, (n)= hij= hij. B.14
&me i Yo m)o;Y, (n) a, Mii=—g hii (B.14)

Another useful tool are the Gegenbauer polynomials, which are defined from the hyperspherical
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harmonics on the unit sphere S°~1ry = 1 as follows:

D-2)Q
¢/ 'm-n) = MZYMm)Ym(n) (B.15)

Monomials on the unit sphere can be decomposed in terms of these Gegenbauer polynomials,

D_14¢-2 -1
( + s)T ( )CD/Z In-n). (B.16)

m-n)’ =
SIT(2+0-5) s

The Gegenbauer polynomials also satisfy an addition property of the form

CD/Z—I(n.nI)CDIZ—l(n.n/)_min%jb)<k|[ 0,y CP'21  (n.n) (B.17)
la lp A ath? “g,+0,-2k , -

with the coefficients (k|¢,¢}) given by

IF(la+¥lp+1-2k)
T(2-1)°T(C,+,-2k+D-2)
T(2+k-1)TWa+l,—k+D=-2T(Ca—k+2-1)T(¢,-k+2-1)

T(k+ DI (Ca+0p—k+2)TWa—k+ DIl —k+1)

D
(kl€alpy = £l —1-2k+40,+7y

(B.18)

We note that this is simply a generalization of angular-momentum addition in D = 3.

B.1.2 Constraints from conformal symmetry

As discussed in detail in Section 1.1, conformal invariance strongly constrains the form of correlation
functions. Here, we care about correlators where the outermost insertion are at infinite separation
which — by the state-operators correspondence — corresponds to matrix elements of states inserted
at 7p,1 = +oo. Furthermore, for spinful operators it is most convenient to work in the spherical tensor
basis and hence in terms hyperspherical harmonics.
In the standard basis in Cartesian coordinates an object which transforms in an irreducible representation
of the rotation group SO(D) is represented by a completely symmetric and traceless tensor Ty, v,.
Naturally, the same object can be consistently represented in the spherical basis as a tensor Ty, labelled
by ¢, m. The operators U;;'l“w which allows us to pass from one basis to the other is represented by the
following integral on the unit sphere:

U =kp f dQn"'...n"Y,, 0), (B.19)

N
where the normalization kp ¢ is fixed by the condition that the operator U squares to one,

Uml® =gy, - Bppv, (U, 7) URHO =1, (B.20)

‘m
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and reads
20 T(2+0)

—_—. (B.21)
Qp 0T(2)

kp,e=

For example, we can consider the simplest non-trivial case given by a vector V, in D = 3, which is
mapped to the object V3, with components

Vl,—l _\/LQ(VI'FI.VZ)
Vip | = V3 . (B.22)
Vi1 \/% (V1—iVo)

We want to discuss the structure of conformal correlators in the limit of large separation. The two-point
function of two primary operators is non-vanishing only if they live in conjugate representations of the
conformal group and hence exhibit the same scaling dimension, see Section 1.1. On the cylinder at
large separation 7, — 71 > 1 the two-point function of the operator ﬁ;’;ﬁ(rl,nl) simplifies to

(0,7 (12,m) 002 (11, 1) = e TN - (n)) = B (11,72 I, (02), (B.23)

where we have made use of the fact that in the limit of large separation the unit vector in the direction
of the separation between the two insertions is given by

x— et2/lp, —eT/hop; 7, ieo
n= 2"V _ %, (B.24)
|x_y| |e12/r0n2_en/ron1|

The tensor structure / r[nﬁz appearing in the two-point function is the intertwiner between conjugate
representations and is equal to the appropriate structure constructed from the inversion tensor from
Eq. (1.44) and written in spherical coordinates (see Section 1.1 for details).

Similarly, the three-point function of scalar primaries — given in Eq. (1.40) — is fixed up to a constant.
In the limit of large separation 72,; — oo on the cylinder the general form of the three-point function
simplifies considerably. Importantly, the dependence on the scaling dimension of the operator insertion
in the middle drops out,

(0% (%) 6°(0) 0" (x1)) — Crepe 2727110 M0 = 72 (1), 7)7) Crp. (B.25)
In the special case where A} = Ay = A the dependence on the insertion point 7/x drops out completely,

(©%(102) 0° (1) 0" (1)) — Creae™ 22TV = 7% (11,75) Cca. (B.26)
The scalar four-point function, given in Eq. (1.42), additionally depends on the conformal cross-ratios
as defined in Eq. (1.41). In the limit of large separation the dependence on the cross-ratios simplifies

and can be collected in a function f,(z' — 7,n-n’) that depends only on the intermediate insertions
0°(x) @d(x’). Furthermore, the large-separation limit of the scalar four-point function can also be
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expressed in terms of the function </ (71, 72). The overall result then reads

(t2-1) @-11)
() 0@ ) =e 0 N R —rnen) = 220,10 o7 ~7mem) . (B27)

For spinful operators the above result have to be supplemented by the appropriate tensor structure [76,
314], see also Section 1.1 for details. For example, for the scalar-scalar-(spin-¢) correlator the result
in Eq. (B.25) has to be multiplied by the tensor structure (V7 . )¢, where ¢ is an auxiliary (complex)
vector that squares to zero to ensure tracelessness and

V0 _ kil 1Xkj1 (g Xk j
= T

(B.28)
leijl - Uxeil® kg

In the spherical basis this object is particularly simple. We note that, by construction, U;;‘;‘W is
manifestly traceless and anti-symmetric. Hence, there is no need to worry about traces and

R _ pypmie iR jk) _ ajn)’
VIR = ght-tey 070yl —kg,DfdQY[*m(n)(n-V”)

¢ 2 2
|k 12 Xk — | Xk 12k [ X 1“ Xk — | Xgi | X j
| 1xk; il o j j (B.29)

kep 1%l xkil f Ll |10k 12 ki — 1 2 x|
On the cylinder — x; = rge™/™n,, xXj = roe™'ny, x; = rpe’’™n — in the limit of large separation

T2,1 = 200, in agreement with representation theory, this expression simplifies to

ik _ 1 . —(ra-1)/
Vo' =5z @ (146 (e ). (B.30)

B.2 Casimir energy in various dimensions

The first quantum correction to the scaling dimension of the scalar primary G is given by the Casimir
energy of the superfluid NG mode within the EFT on R x S2~!. It reads

A=

2\/D_2DegD(€)\/£(€+D 2). (B.31)

In terms of the family of regulated sums X(s) defined in Eq. (2.86) the Casimir energy reads,

2(1) =) Degy (E)M o~ {(+D-2)IN*
¢=1 V(D-1)

We note that a cut-off regularization is very natural for the Casimir energy in Eq. (B.31) as the EFT
is only able to describe phonon states a} |Q) with spin smaller than the EFT cut-off ¢ <« A, which is

(B.32)

given by the charge A ~ rou ~ Qﬁ. Here, we choose to regulate the Casimir energy using a smooth
cut-off [313] for reasons of convenience.

Once regulated, the sum in Eq. (B.31) can be computed in an asymptotic series around A — oco. To do
so we note that for large values of ¢ the summand of the original unregularized can be expanded in
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powers of 1/¢ with the first term given by

Degp(OV0(¢+D-2) —= Y ap(D)¢eP*. (B.33)

k=1

With this in consideration, the regulated sum can be split into three terms,

[o¢]

_ _ 2
Y Degp (D)€€ +D-2)e ! P I =5 i + Biog + Zconv.» (B.34)
/=0

where

o0
Zeonv, = Z

D+1
Degp(O)\V¢(€+D-2)- ) ap(D) Pk | g~ 0(€+D-2)1A%
k=1

=0
- 1 —0(0+D-2)/N\?
Ziog =ap+1(D) ) —e , (B.35)
=?
s} D 2
Sy = Z Z ak(D)gD—k o~ (+D-2)/A*
0=0 \k=1

We discuss all three contributions separately. By construction, the first part 2oy, represents a convergent
series,

D+1
Deg,(/)\/¢(¢ +D~-2)— Zak(D)éD k @([2) as ! — 0. (B.36)

No further regulation is need as we have Zcony, = const. + @ (1/A). Next, the term X, is only non-trivial
in even dimensions D, which can be seen from the fact that the coefficients ay (D) satisfy

(D) x (D-2k+1), VkeN, (B.37)

On the other hand, the coefficients a,j.; (D) do not possess zeroes for any integer dimension D > 2
for all k € N This term leads to a contribution of the form log A first found in [188] in this context.
The correct form of the asymptotic expansion for £, around A — oo can be found via the standard
Euler-Maclaurin formula,

020: L —twsp-210 Nfood_xe—x(x+D—2)/A2+le—(D—l)/AZ i": Boy ( d )2k "1 S x(eD-2)/\?
:14 0 x 2 =1 k) \ox X o1
~ % (y+logA?)+@ (A7),
(B.38)

where y is the Euler-Mascheroni constant. Hence, the X, term is responsible for the existence for a

term of the form
__apn(D)

AliD:even 2D—-1) /_

in the one-loop scaling dimension A; in even spacetime dimensions D. This contribution cannot be
corrected by any classical contributions and therefore represents a universal prediction independent of
the details of the underlying CFT besides its global symmetry group.

In odd spacetime dimensions D the universal contribution is instead simply of the order (Q)°. It is
computed from the other two terms as in (Z4jy, + Zconv.)lconst.. We note that the term Xg;,, also contains

0gQ. (B.39)
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terms scaling with positive powers of the cut-off A. These terms can be absorbed into the Wilsonian
coefficients c; within the EFT. The fact that we have performed the regularization using a symmetry-
preserving regulator guarantees this to be the case. We can estimate which powers of A are going to
appear using the fact that

i 0% {U+D=-2)IN* 11“

AT+ Z ap(@A*F, (B.40)
=0 2

k=1

a+1)

which is valid for any a € N, with the coefficients a(«) being computable order-by-order. For the
lowest few integer spacetime dimensions we find that

\/ﬁ 3 1 -1
i =Y A -—1o (A7), B.41
div|, = i +0(A7) (B.41)
_L1 2 9

> div. e EA += A %m’( h, (B.42)
VT s, Vs 2l 1

Zdiv|, =g s N ro(), (B.43)
5 1 18553

Taiv| = =A%+ AT+ A% - +0 (A7), (B.44)
p=6 12" 24 6 301240

We summarize the relevant results in the computation of the universal contributions to the one-loop
scaling dimension A; for different integer dimensions D in Table B.1.

H D Zdiv|const Zlog Zconv. A1, univ. H

3 -1 0 -0.01509  —0.09372 x (Q)°
4 -3 -3 (£ +1ogA) 0.1106 48flogQ
5 -4 0 -0.1035  —0.1079 x (Q)°
6 —iosss ~1(Z110gA) 01990  -=l-logQ
7 -4 0 -0.1684  —0.1130 x (Q)°
g - 33a9m ~5mg (3 +logA) 02655  ——38—~logQ
9 Lzl 0 -0.2203  -0.1153 x (Q)°

10 -10420087  _22 (Lijogh) 03192 —5ilologQ

11 4TSS -0.2641  —0.1163 x (Q)°

Table B.1: Relevant values from the computation of the sums in Eq. (B.35) for different integer spacetime
dimensions D. We denote the final result for the universal one-loop contribution to the scaling
dimension of the scalar operator oR by A1,univ.

B.3 More details on the two-loop corrections in the O(2) model

In this Appendix we provide more details for the loop computations in Section 2.2.6. As discussed, loop
corrections can be set up at finite temperature on the thermal circle Sllj X Sf;‘l. The CFT predictions
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are obtained in the zero temperature limit f — co. The fluctuations are decomposed into modes as

n(T,m) = EZ Y Yem@e e, Typm = D™ 0 e (B.45)
10 nez¢=1,m

The notation for the m-type quantum numbers here is as outlined in Appendix B.1. The Matsubara
frequencies are w,, = 2rn/ . The unique zero-mode on the thermal circle can be excluded as it never
appears in the derivative-only interactions within the EFT. The propagator in Fourier space is computed
from the quadratic part of the action,

1 1 1
T Tl pl ! ) = —_— 6_!6!-1"”'5_’, B46
( ném n[m) CID(D_D(HTO)D_Z ,32 w%_{_w% n,—n [l( ) m,—m ( )
G
=Gne

where the dispersion relations w’ are given in Eq. (2.32). Further, G, = (0% +w3)™! denotes the
propagator in Fourier space, with w,, being the Matsubara frequencies. The zero mode has constant
norm (y7() = const., does not mix with the other modes and does not get corrected at any order in
perturbation theory since all vertices contain derivatives.

In arbitrary dimension D of spacetime the EFT action includes all possible k-point vertices so that the
interaction is of the form
(e8]
Sine= Y pP7Fs® (B.47)
k=3
In particular, the two-loop correction A, to the scaling dimension of the primary operator &< only gets
contributions from diagrams involving three- and four-point vertices,

@ _ 1L P |2 1 2
S =—61D(D—1)(D—2)f d‘[[dSﬂ T+ —(0;m)°|, (B.48)
6 0 (D-1) 12
SDfl
o
1 p 6 (D-3
SW=——cDD-1 D—Zf d /dS ———(0; 4+—(—)'26- 2+ (D-3)7*|. (B.49
24 PP DID=2) | de rg(D—l)( i) r2\D-1 # O+ (D=3 - (B.49)
sp-t
The overall two-loop correction is computed as
_ 1 ,p_
log Z =log Zy — uP~* (SWy,. + 5 u?P=6(s®s®y (B.50)

where we have indicated with the notation (...). that only connected contractions contribute. As

D
propagators scale like u?~ it is evident that both contributions in Eq. (B.50) enter at order u=? ~ Q™1
modulo powers of (Q)°logQ.!

_(-1D
1Following the same power counting we deduce that an ¢-loop diagram contributes at order Q~ D-1 .
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B.3 More details on the two-loop corrections in the O(2) model

B.3.1 Tadpole (sub)diagrams are vanishing

We start by verifying that all tadpole-type diagrams in the two-loop contribution A, are identically
vanishing.? In particular, this guarantees that the ground state introduced in three different contexts
in Sections 2.2.1, 2.2.2 and 2.2.5 is stable under quantum corrections. This can be understood as a
consequence of the SO(D) x O(2)gpig Symmetry.

For a semi-diagrammatic proof of this statement we note that any tadpole sub-diagram is generated
via contractions from a vertex with an odd number of legs, i.e. (S(Zk_l))c for some k € N. Due to the
SO(D) invariance the quantum-corrected propagator (7,0, 7,/ ¢’ ) TemMains proportional to 8, -
Generically, every term of this kind will contain k pairs of paired hyperspherical harmonics Y*Y and
one unpaired harmonic Y,

(sek-ys Y AS Yo Y, my Yy -+ Yermy Yo, (B.51)

m,my...,mg D-1
o

The sum ¥, Y, Y, is constant (see Appendix B.1), and hence

> dAS YemYe,m Y7, pyy - Yerm Y7y, < ; fs ., dS¥pm =0. (B.52)

m,my...,myJ SP~1

This is a consequence of the fact that the O(2) shift symmetry guarantees that the zero mode ¢ =0
cannot appear in perturbation theory. The same argument applies if derivatives of hyperspherical
harmonics appear, in this case we can use the identities in Eq. (B.7).

B.3.2 Two-loop scaling dimension A,

In the computation of the two-loop scaling dimension we require the family of regulated sums defined
in Eq. (2.86),

2(s):= lim Y Degp, (0) (rowe) e (B.53)

>0

The use of a momentum-dependent regulator is natural as the EFT can only capture phonon state with
small enough values of the £ quantum number. This fact also cuts the allowed phonon states running
in internal limes, as discussed in Eq. (2.59).
For two-loop computations and beyond the regularization procedure needs to take into account the
Matsubara frequencies w,, as well since vertices with derivative couplings generically lead to sums of
the from

I W ]

nez 150 W +wg

(B.54)

where also the Matsubara sum is now divergent. A linear regularization procedure is a convenient
choice here [315],

Reg| ) Y (af(n,0)+pgn,0)

nezZ ¢>0

Y. > fn,0

nez ¢>0

Y Y gm0

nez (>0

= aReg + BReg (B.55)

2More generally, no vertex appearing in Eq. (B.47) generates non-vanishing tad-pole sub-diagrams.
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In addition, it should be symmetric under n — —n and independent of the m quantum numbers. We
again choose a smooth cut-off regularization scheme [313, 316] which now involves the thermal circle
as well,

=Y Y fn,0) e @iredIN, (B.56)

nez >0

Y. > fn,0

nez ¢>0

Reg

Both, the sum over the dispersion relations w, in Eq. (2.32) and the sum over the Matsubara frequencies
wy are separately regularized. After performing the proper regularization, we take the zero-temperature
limit 8 — oo while keeping ry A fixed. In the end we are left with regulated sums of the form in Eq. (B.53).

Finally, standard Feynman diagram techniques can be used in finite volume on S}s x S?O‘l.

First, we consider contributions coming from the quartic vertex in the action. The overall contribution
at finite temperature is found to be

(S“”>=—% 38 6(D- 3)8+(D D(D- 3)8‘ (B.57)
T,

In our notation vertices are black dots, square black dots indicate spatial derivatives d; acting on the
corresponding legs and white dots indicate temporal derivatives d;. In our notation we have also
suppressed the permutation of the derivatives on the legs, which need to be taken into account as
independent Wick rotations. We provide detailed computations for each contribution in Appendix B.4.
We find that

O

2
-4

2

(D-3) ZDeng)

)

_ (D-2)
D-4 o)y _
B S e " 8c,D(D— 1)QD(uro)D(ﬁ)

Y Degp,(0)Gprws
nf

(B.58)
where G, is the propagator in Fourier space and deg, (¢) denote the multiplicities of the eigenvalues
¢. Each sum is regulated as in Eq. (B.56). After performing the sum over Matsubara frequencies we take
the limit § — oo and find the contribution to the scaling dimension from the quartic vertices,

(Aro)?

@ _ _ (D-2) (D-3)—— yo 202 -=(1) ] (B.59)

2 8¢ DD-1)Qp(urg)P

In contrast to the quartic term in the action — at the order we are working at — all contributions
coming from Feynman diagrams involving cubic vertices are appearing at two-loop order. The overall

contribution is given by
+ 6 + ’
re(D-1) rd(D-1)2 ’

where we again omit permutations of the different derivatives on the internal legs. We note that,
as discussed in Appendix B.3.1, there are no contributions involving tadpole diagrams. We present
computations for each Feynman grap separately in Appendix B.4. The final result can be expressed in a

2
C
(S®s®y, = —%DZ (D-1)*(D-2)% (B.60)
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B.3 More details on the two-loop corrections in the O(2) model

completely symmetrized form as follows:

'UZD—G <S(3)S(3)>C - _

2.2 Guot, Gy, Gnee, Seqtye,
[ar[bjc
Ng+np+nc=0

(D-2) ( To )
12¢;D(D-1)Qp(urg)? \ B

2 2 9 2 .
x | 205, 0y, O~ On,Wn,0n, [On, (@7, +©7)" + (cyclic perm.)]

1
2 2 2 212 .
+ Ew”“ (a)[b +tw, —w, )"+ (cyclic perm.)

—Wp,Wp, , (B.61)

w‘;c - (w?a - w%b)z] + (cyclic perm.)

where w,, denotes the Matsubara frequencies and w,, the dispersion relations given in Eq. (2.32). The
symbol Ay, ¢, ¢, essentially corresponds to (discrete) momentum conservation on S?O‘l and enforces
the SO(D) quantum numbers ¢, ;. to satisfy a triangle inequality,

1 if|ly—-¥,<b,<lp+¥,and ¢,—¥¢,— ¢} even,
AR o= Llal le=bytba cTtamth (B.62)
0 otherwise.

The symmetric structure Sy, ¢, ¢, appearing in this expression involves the symbol Ay, ¢, », as well
and is defined in Section 2.2.6 and also in Appendix B.4 in Eq. (B.87). We recover the corresponding
contribution to the scaling dimension of the primary operator @< is obtained in the zero-temperature
limit § — oo while computing the Matsubara sums along the same line as discussed before. The overall
end result including both cubic and quartic contributions to the two-loop scaling dimension reads

Az = : roA)” (D-2) [2D—4+(D—5)Z(0)]Z(0)—M(D—Z)Z(l—E(O))Z(l)
27 16c,D(D - DQp(urg)? | 67 VT
(D-2) 2 @20
- [(D-2E@ +620X@ +25-DEE) - 6D - 1621 8] |, (B.63)

where we have denoted by ) as sum that unfortunately cannot readily be reduced to a combination
of elementary sums of the form 2Z(s),

w[aa)gba)[c

@0 .= Y Statyte Degrye. (B.64)

00,0y 0c Wy, +Wye, + Wy,

As discussed in Section 2.2.6, this sum can in principle be regulated and computed, but we limit
ourselves to observing its two divergent regimes. For ¢, ~ £ > 1 it grows as Z(1) and for ¢, ~ ¢}, ~
¢, > 1 it grows as X(2). These limit just represent discrete version of different collinear divergences
found in ordinary loop integrals.

For even dimensions the result in Eq. (B.63) includes a (non-universal) (Q)°log Q? term,

1
Ay > W (a0 +ailogQ+ ag(logQ)Z) . (B.65)
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We expect this result to generalize to any loop order k, so that in even dimensions there is a k-loop
contribution of the form

1

A= Q*-1DI(D-D)

(ao+a110gQ+...+ak(logQ)k). (B.66)

In odd dimensions, based on resurgent analysis, we do not expect the appearance of any log terms [2,
191].

B.4 Details of the loop computations

In this Appendix we summarize relevant technology required to perform loop computations within the
EFT.

B.4.1 Matsubara sums

Perturbation theory is set up on the thermal circle S;ls x Sg‘l. Summations over the Matsubara
frequencies w, = 2z n/f on the thermal circle can be performed using the identity

;zf(zn%) =ﬂf%(W)+@(e—ﬁ), (B.67)

where the exponential corrections can be neglected in the zero-temperature § — oo limit. In the
computation of the different two-loop contributions there are generally speaking three relevant
Matsubara sums that can appear

2 Gngtq= 50— P (B.68)
g Wy,
Br 1 1 1
Y Gugt Gty =5 |+ — | 5, (B.69)
na+np=~ 2 lwy, wy, wy, + (we, +we,)
B? 1 1
Gue Gnoe,Gnye, = — , (B.70)
; n n,ﬁXn;;:n n tp — Ty WeWy, Wy, Wy +wWe, +We,

where G,y = (0% + a)ﬁ)‘1 denotes the propagator in momentum space, see Eq. (B.46). Other sums
with powers of the Matsubara frequenciesw,,,, w,, in the numerator can be expressed via the sums
above using the linearity property in Eq. (B.55) satisfied by the smooth cut-off regularization procedure.
This reduction procedure works analogously to the reduction of integrals to scalar master integrals in
multi-loop computations [317, 318]. However, because of the derivative interactions here this reduction
procedure may also produce divergent Matsubara sums. Such divergent contributions in our smooth
cut-off regularization are computed in the zero-temperature limit § — oo as follows:

_ @ng)?® B

A
nzl — nZe P22 :m+@’(ﬁ‘1)+.... (B.71)
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B.4 Details of the loop computations

B.4.2 Kinematic vertex factors

In the context of perturbation theory o the sphere Sg‘l we have to compute vertex factors which are
proportional to multiple integrals of hyperspherical harmonics Yy, over the sphere. In the diagrams in
Eq. (B.57) that arise from the four-point vertex in the action we find have

7%(1,2,3,4) := f Yo, my Yeymy Yesms Yeama (B.72)
Sh!

T%9(1,2,3,4) := f Youm Yermy 05 Yoy ms 07 Yoamy » (B.73)
sk

7%9(1,2,3,4) := fa,-YglmlaiYgzmzajyg3m36jyg4m4. (B.74)

D-1
sp

Although these integrals are highly non-trivial in general, in loop computations it is sufficient for us to
compute their contraction with respect to the m-type quantum numbers using Eq. (B.7),

rD—l
Y. 1%(a,~a,b,~b) = >—Deg, (¢ )Degy(¢1), (B.75)
Mg, Mp QD
0 ré)il Agy,
Y. T*°(a,-a,b,-b)= Deg), (¢ a)Degp (0p) —- (B.76)
Ma, My QD 7‘0
Z Tza(a) br —a, _b) = 0) (B.77)
Mg, Mp
rp-1 Ao Ay
Y. 7%(a,—a,b,~b) = ->—Deg,,(¢)Degp, ()~ =L, (B.78)
mg,mp QD I‘O I‘O
rb-1 1 Ae Ay
T%(a,b,~a,~b) = Deg), (£)Degy, (04) —~ —2, (B.79)
m;nb a5 - e ()5

where A, are the eigenvalues of the Laplacian—A sb-1, see Eq. (B.1). The pure two-loop topologies in
the computation of A, appear in the diagrams in Eq. (B.60) involving three-point vertices. In these
diagrams similar structures to the ones discussed for four-point vertices above appear, with some
important differences,

Toa(1)2y3|4r5)6):: f Yélml Y42m2Y43m3 f Y€4m4 YZ5m5 Yf(;mgr (BSO)
Sp! Sp!

T26(1y2)3|4r5;6):: f Yllml Y[zmgylg,m;g f Y[4ﬂl46iY[5M5aiY[6ms! (B81)
SRt Sp!

T46(1,2,3|4,5,6) = f Y[lmlaj Y[zmzaj Yoims f Y0,my0i Yesms0i Yogme » (B.82)
Skt SRt
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Via Integration-by-parts the last two structures T2 and T*? can be expressed in terms of the first
structure 7%,

1
7*(1,2,314,5,6) = ey + 2es = Ay | [ Mg + Ay = 20, | T%01,2,314,5,6), (B.83)

1
729(1,2,314,5,6) = 5 [/1[6 + Mg, — /1[4] 799(1,2,3|4,5,6). (B.84)

Unfortunately, the expression for T% is not as simple as its flat-space counterparts. This is a consequence
of the fact that momentum conservation in flat space is replaced on the sphere S%‘l by SO(D) angular-
momentum addition. Using the properties of the Gegenbauer polynomials introduced in Appendix B.1
we can compute the contraction of T9 in all of its m indices,

2D-2
1 T (D+204—-2)(D+20},—2)
1%(a,b,cla, b,c) = 5 —> Degp (¢
ma%m (@b.cla.b.) =35 5a, (D+20,+2) egp(fe)
min(¢4¢})
X Z (kwa[b) 5(5_[a_[b+2k + (2 perm. in [ulb[(:)' (B.85)
k=0

where the coefficients (k|¢,¢}) are given in Eq. (B.18) and we have included the permutations in
Cg4, 0, ¢ to make the permutation symmetry of the expression manifest. The permutations correspond
to the different choices of applying the Gegenbauer addition formula in Eq. (B.17). The summation in
the above expression can be computed explicitly,

min{lalp) (D+20,-2)T(lc+1)
Y (klaly)o—p—tyr2k =Drg0,0, 5 62 <
k=0 2r(3-1)Ir.+D-2)
Cape | (D=2)) 1(Leab , D=2 1 (fbea , D=2)) 1 (Latlotle |, (2D-4)
F( 3 +T)F( 2b+T)r(bT+ 2 )F( 7t )
X . (B.86)

Labe lea Chea Latlp+le D
1“( 2 +1) F( 2”+1) T(”T+1) F(—Z” +5)
Here, we have introduced the notation 4. = ¢4+ ¢}, — ¢ and the symbol Az ¢, ¢, defined in Eq. (B.62)
which imposes the triangle inequality. Combining these results and using the fact that Ay, ¢, ¢, is fully
symmetric we find that

2D-2

Y 1%@bclabo=0,,, o
T me » Iy » &y alplc (D—Z)QD

(D+204-2)(D+26y—-2)(D+20.-2)

2r(p-1r(%- 1)2

Cape , (D=2) leap , (D=2) lpea , (D-2) latlp+lc | (2D-4)
r(“+ ]r( St )F(T” 2 )F(a 2 2 ] (B.87)

r(fgevr)  r(%eer)  r(%esr)  r(feptesd)

=t——S ,
(D—Z)QD éu[béc

where have now also defined the fully symmetric structure appearing in Eq. (B.61). Sums that involve
Ag,e,e, can be computed as follows,

0o oo min(l40}) 0o
Y Dpgepe, flalp b= ) Y fWalpla+ly=2k) — 3 67,0,fala,0), (B.88)
Calp,0c=1 lalp=1 k=0 lalp=1
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where the second term appears as a consequence of the exclusion of the ¢, = 0 term. As a consequence,
certain sums involving the structure Sy, ¢, ¢, are explicitly computable,

(o)
Y Degyee Seene.=D=2)| Y. Degp(la)Degp(¢y) — Y Degp wa)] : (B.89)
Ca,lp =1 Caly lq
Y Draryee Seaeye. e, =(D=2)| Y Degp(la)Degp(lp)we, —d Degp(la)wy, | (B.90)
Calp,lc=1 Ca,ly l,
oo
Y Dyt Starye, s =2(D=2) Y Degp(£a)Degp (fb)wib. (B.91)
o lp, =1 Ca,ly

B.4.3 Graphs for A,

Using the notation and machinery developed in the previous section we can evaluate the four-point
vertex contributions to A, represented graphically in Eq. (B.57),

2
=5 (E) Y 1%9(1,2,3,4) x (3 contractions)
R nieooma

) (B.92)
o | Y GueA¢Degp(0)|
nt
ﬁ 2
=B (E) Y s, T*(1,2,3,4) x (3 contractions)
{n;,0i,m;} (B.93)
o | Y. GueAeDegp(O| | Y. Guea? |,
nt nl
‘6 2 4
=5 (E) > Sosn | [T@n | T%(1,2,3,4) x (3 contractions)
(n;,0;,m;} 1 i=1
(B.94)

2
X

’

Y Guew’Degp ()
n,?

where w,; denotes the Matsubara frequencies and wy, are the dispersion relations given in Eq. (2.32).
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In similar fashion we are able to evaluate the graphs involving three-point vertices in Eq. (B.60)

B3 Tin=0) &;n=0 1 6
=—p? (_) > > [Ton, 7%(1,2,3|4,5,6) x (6 contractions)
R {ni,0imi}{n;,€;,m;} Li=1 (B.95)
2 2 2
(SN Z wnawnhwnc Z G”a[aanth”c[cS[a[b[c’
ng+np+n:=0 la,lp,le
£)3 Tin=0 &7=0
- ﬁz (E) Z Z Wy Wy Wy Wy T29(1,2,3|4,5,6) x (6 contractions)
{ni,05,mi} nj,€;mj) (B.96)
2 2 2 2
& Z Wy, WnyWn, Z G"a[aG”bth”c[c (wfc +(1)[b _wfa)sla[h[c ’
ng+np+ne=0 la,lp,le
£\ Tin=0 &7=0 )
:—ﬁ2 (_) Z Z W, O, T*9(1,2,34,5,6) x (6 contractions)
R {ni,l;,mi}{n;,€j,m;}
X Z Z Gna[aGnh[bGnc[cS[a[b[C (B97)

ng+np+nc=0¢,,0p,0.

2

X la)'

2 2 2 2 2 2 2 2 2
ana(w[c +a)[h —w[“) —4wnawnh(w[£ +w[“ —w[b)](wic +w[b -w

B.5 Methods and details for the computations in Section 2.2.7

In this section we give details on the computation of three- and four-point functions in Section (2.2.7).
We do this by discussing two explicit examples.

B.5.1 Computing the (0-°T,,G?) correlator

Using the field decomposition in terms of creation and annihilation operators in Eq. (2?)(2.31), the
expansion of T and Q in Eq. (2.101) and the properties of |Q) as a vacuum in Eq. (2.44) we can already
compute the the tree-level results for the correlators in Section (2.2.7). To illustrate the computation of
the three-point functions we demonstrate the computation of the correlator (G, 69,

@0 Ty (1,09 = — DAO <Q|1+i2fr—£2 (D-17%- ;D_S) AT+ QD_?’) o' (nd;m)|1Q). (B.98)
rPap woo2u r3(D-1) ré(D-1)
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For now, we ignore the total derivative term in this expression as we will show later that its expectation
value vanishes. Setting A" :=¢;Qp r0 ~1D(D - 1)uP~2 we find up to quadratic order in the fields that

(D-3)
— A
2D-1)" ””(m'@

(e (1,0 = - (Ql[l+i27'r— 2%[(13_ i -

0

_ JAY) (Tz p lHo ,QD
o rODQD <Q ) [1 Z V lelm(n) alelm(n))]
DD-1) QD .
+ — 2#2 Z,JV wiwy lmazrerlm(n)ermr(n)+almal,m,Ylm(n)Y/ ,(n)

—-— 2= % [ — A Yymm) + a;rmyl*m(n)]

D Qp (D-3) (D-1w?,

P22 2(D-1) & Joor

a

Ay Y @Yy ) + amal, Vi, mYy,, (n)]

'm!

m',l
(D-3) I(l1+D-2) ~ep
To-n™ mzl 2 36, @ Yim () + al,, Yzm(n)] ] Q> . (B.99)

where D is the dilatation operator which on the cylinder is the Hamiltonian, D = H ) Both terms
linear in a;;, and terms involving ITy vanish identically within the expectation value. Hence,

_ _(12-7) D(D—]_)Q *
@ T (1,00 = ——2(Qle” ™ P flj > \/wzwzr[alm,a},m,]lqm(n)y/m/(n)
0P AEN
m/ l!
_(D-3) D Qp (D-1)w? ] e,
T o Jal, 1Y, Y;
(D 1) 2,12 ZW Z \/m [aim, a A 1Y, (n) m (n) 1Q)

ml’

N, (D=DEPDQ[(D-1)-(D-3)]
=—(11,72)

n Y,y ,(n)]
Don " aatpP DD Dpp 2 i,

0 1 *
W-i—ngﬂ)lY[m(n)Y/m/(n) . (B.100)
0 ~<D 0 m,l

= _d(Tl’TZ)

The evaluation of the sum over hyperspherical harmonics can be found and is evaluated in Appendix B.4.

We are left with showing that the total derivative term vanishes,

) o O (Vim0 ¥y, o)

Ao
<Q|0‘(n(r,n)0 n(r,n)) Q) = 4D

rPap 2p?

m,l Wy

mrl,rz)z 1 10'0; Degp(¢)
4P F w220, Qp -

(B.101)
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Therefore, the final result is

A0+A1

D
I‘O QD

@ T (1, M0 =~ (11,T2)

+0 (uP3). (B.102)

B.5.2 Computing the (@;z?nz T:¢ T”@’?1 m1> correlator

We now illustrate the computation of the four-point functions in Section (2.2.7) by< computing the
correlator (@;Z?M (12) Tyr (7, %) Trr (7!, x) @’2 m (t1)). Expanded up to second order in the fields we have

A—%—A—%D—Zﬁ(r n)7 (7’ nf)_Mﬂ[-z+M]

rgDQ% rgDQ% 'uz ’ , rgpgé 2,[12 rOZ(D—l)Z )

_AW0-1 D .2+(D—3)(a,-n)2]
rgDQ% 2u? rg(D—l)2 @' n')

Ty (7,m) Ty (7',0) =
+0 (1*P73). (B.103)

Using this result the four-point correlator becomes

2

A
<Q| a[gﬂ’lg TTT (T)n) T‘[‘L’ (T/; n/) a;lml |Q> = I'ZD;))Z e_w[(rz_rl)d(TerZ) 67}11 mg6[1[2
0 D

A2 D?
- =2 —(Qlag,mrT, Wi’ ,n)a), Q)
rgDQZD IJZ €2m2 ) ) [lml
A2 D (D-3)
__-0 = _1\52 Y (A, 2|t
rgDQZD 217 (Q|(l[2mz[(D 17 (T,n) + 201 (0im(7,m) ]a€1m1|Q)
8 (Ql
- ————(Qlag,m
D 2 21
r2bQ? 2u

(D-3)

200 )
[(D—l)ﬂ (r,n)+m

[Oin(r’,n’))z] a;mu Q). (B.104)

The last two terms are the same and have already been computed essentially in the derivation of the
three-point function (@’;2?”2 g (T,n)@’?1 my)- Using A& :=c1Qp P D(D - 1) P2 we find that

2
Ag(D-1) D (D-3)(0;m)" T
-—p— 53 Qlay — o, 7 Q)
rPap 2p? 2'"2[ ra(D-1)2 ](Tm fm
AoD _0p (D-3) 2 9 _tp +
=———(Qla e o [— 0;m)"+(D-17a“|le o a |Q)
au2rDap (e rg(D—l)( ) oum 1€
_ Qp *
= Zré)—QD&fAQwOwgz (t1,72) (mzl row; Yy, MY, )6y, 6mym
Y[*Zmz(n)Yglml(n) 1 (D-3) al‘Y;Zmz(n)aiY[lml(n)

, (B.105)

+(D-1Dro\/wp, w -
( roy/wr, 0, e~ Ty ~we) g @y, 19(D-1) (T —wy,)
where we have used the property in Eq. (B.1) written in terms of the dispersion relation in Eq. (2.32),

~Agp-1 Y, () = r$(D-1w?Y), m). (B.106)
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A single terms is now left to compute,

A2 p2 AoQnD _ 2D
_ %0 AoQ2pD 20 p
202 12 —5 (Qlag,m, (T, m(r’, n)a[ m Q== 22D 0%, Z rovV@r;(Qlag,me 0
0 D m',I'

ml

(1’—11)

_(1—1/)D - D
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After evaluating the sums appearing in the above expression using the machinery introduced in
Section B.1, the overall correlator is given by
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C.1 The action for the grand-canonical partition function

We derive the associated action in the path integral,
Zge(r, ) =Trgh 4 [e‘ﬁ(H‘“fQi)] = f@cpi@gb;‘ e Sultil Q= —de [0:07 pi —pFa:pi] . (C.1)
M

where .# is some arbitrary spatial manifold. The underlying theory is given by

zzTrS}ix,ﬂ[e—ﬁH] =f@¢>,-@¢>;* e Sl (g = dex [10::2 + 1V 2+ V(ip:D)] . (C2)
Skx.u
B

The obvious guess would be S, S+ 1 Q;, which is wrong. To see this we go to Minkowski space it =1,
where

Svin = [ P (10,112 < 1Vpi 2= V()] ©3)
The corresponding Hamiltonian is
M= o Sk =04}, T = o Sk = 916, H=fds[|ni|2+|V¢i|2+V(lqbilz)]. (C4)
6¢i S LM

Functionally, the Hamiltonian has the same form as the Euclidean action. In terms of the canonically
conjugate momenta the Cartan charges are

Q;= ifds [mipi—Ppin}], (C.5)
and the modified Hamiltonian reads

Hy:= H-piQi = f dS [+ 19 P+ V (1il?) = i (i =77 7) | (C6)
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From this expression we return to the Lagrangian formalism,

1 . . «_ O -
0i = 6_71,-H“ =7m; —ipidpi, 01, = WHM =i+ ipid;, (C.7)

and the action becomes
(S,u)Mink = dex [at()l)i”i +0t(,b;7[;'k] - H,u
=dex [01imi+ 0.} —mim; —=V; Vi = V(7 i) + ipi (mipi — 7} §7) ] (C.8)

:dex

After a Wick roation ¢t = —it to Euclidean spacetime the action becomes

(0:¢07 — ipip}) (0spi + iptichi) = Vp; Vi = V(pf i) | -

Su= dex (0297 — 197 ) (0r i + pips) + Vb Vepi + V(¢ i) - (C.9)

Therefore, there is an extra term ,ulz.gb;.kgb,' appearing in the action, which is due to the momentum-
dependence of the current.

C.2 Functional determinant for the O(/N) vector model

We evaluate the functional determinant Eq. (3.42) appearing in Section 3.1.3,

Zgow) "= [ 90i2¢7 exp |- [ a0 [0, - i)t} @r + s + 1V + (r+ @)iil’] | (€10
Sé xSh-1

The functional determinant can be performed and regularized in terms of the eigenvalues on Sll3 x S%O.

The mode decomposition for the fields ¢); is of the form [194]1

¢i=Lie'? + éz Y. €Yy ) i (6, m), V2 ¢im;0,m) =8 (m;0,m) + "™ (n; 0, m)|,

nezZé,m
(C.11)

where Yy, (n) are the hyperspherical harmonics on the unit D—1-sphere S?O_l (with V being the volume
of the sphere), see Appendix B.1, and w,, are the Matsubara frequencies,
2nn

w, =2 (C.12)
B

Here, the zero modes ; and ¢; are spacetime-independent and determine the full infrared behaviour
of ¢;, i.e (Z),-(O;0,0) = 0. The variable (; in particular allows for the possibility of a Bose-Einstein

1For an arbitrary manifold Sk x # the hyperspherical harmonics are simply replaced by the appropriate eigenfunctions on

. For example in flat space we replace Y, (n) by elPX,
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Condensate (BEC), the condensation of the bosons that reside in the ground state of the system. In
terms of the eigenfunctions in Eq. (C.11) the leading order partition function reads

Zge(w V= f [d; (n;6,m)] (A7 (ms,m)] exp [~pV Y2 (r+ (@ - pd)-F ¥ ¢} -mem™) G; diml,m) |,
i

i ml,m

(C.13)
where G; in terms of the real variables ¢\ (n; £, m), $"™ (n; ¢, m) is given by
- 2+ w?— 12 —2u; (0+D-2
Gi=p? Wy + W, — [ , “12‘“" .| w?= ( . r+{o). (C.14)
21wy, Wy, + Wy, — S
After carrying out the integration we have
Q(u1,...) :—;log(Z IN—oo = ;%’Trlog(—(a — i) = Agp1 + 1 +(0))
, @MpY ’ Toempvis L i (C.15)
1 ) ) 1 1 - '
=— (r+ (o) -y )+ ——=) —log(detG;),
ZNXi:(l (r+ o) — u3) (2N)ﬁV¥2 og(detG;)
The log-det term is evaluated as follows:
~ w? +w? - p? - 24w
log(detG;) = logdet gEl e A
seethy =08 ,Eul_,[n 2piwn  wh 07—
2m |2 2 2m |2
= ZDegD(l) log{((—”n) +(u§—,u2) +4y2(—”n) } (C.16)
{n,0} :B .B
- 5 Desgt0){logs* o+ lor—) 1ous* [ o 7).
{n,0}
There are two important identities that apply here [194],
27n)? + p2x? P de? 1 1 2
log{M}zf S Z—:_(1+ ) (C.17)
(2rn)?+1 1 02+ (2nn)? = @rn)2+6%2 20 ef -1

The term ¥, 7 log{ @2rn)® + 1} is constant and temperature-independent and formally divergent. As it
is independent of all variables, it will become unimportant after regularization and can be ignored. We

2For any other spatial manifold we can simply replace the eigenvalue/energy wy = V(¢ +D-2)rg by the appropriate
eigenvalue E(p).
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compute,

B (wo+pi)?

~ 1 2
log(detG;) = ;DegD(ﬁ) [ fd@z 20 (1 + o
1

1) + Y log(@rn)* +1) + (u; — —,u,')]
n

=2) Degp(¥) [,ng +log(1 — e Pwrttidy 4 1og(1 — e Plrrily
¢ (C.18)

+ Zlog((Zﬂn)erl)—(Zlog(l_e_lHl)]]

Bwg +log(l — e P@tHiy L log(1 — e Pwemriy |

~2) Degp(0)
¢

where we have ignored all constant terms independent of temperature and volume. Finally, the grand
potential Q V= - 10g(Zge)/ (2N)BV) reads

Quy,...) = % ;(f (r + (o) —ylz.) (2N)V ZZ egp(0) |wy + BlOg(l e Blwrtpiyq _ o= Blwe= ul))]

(C.19)
which is convergent as long as |u;| < v/7 + (o). We remark that this result can be generalized from the
sphere to any other spatial manifold .# by simply replacing the eigenvalues w, — w(p) = \/E(p)2 + 1 + (o)

and the corresponding multiplicities Degp, (¢) — Deg, (p).

C.3 Resurgence of the four-sphere

C.3.1 Borel re-summation

In resurgence, Borel re-summation is a tool aimed at transforming an asymptotic series into a resurgent
function (for an introduction see [243]). In resurgence, if we have a factorially divergent asymptotic
series,

_ n N Sk ;6 _
Oy (1) _;ant , an sz Anﬁk+hk ZalkA I'(nfrx+br—1), (C.20)

the general assumption is that said asymptotic expansion can be completed into a resurgent trans-series
of the form
A

_ k
O(Sk, 1) =Do(1) + Y ope Pk 1V Prapy (1), () ~ Y aprt!Pr. (C.21)
k#0 =0

The coefficient o are ambiguities arising from the fact that the full family of resurgent trans-series
associated to different values of o all correspond to the same asymptotic series ().

The standard ways of completing an asymptotic expansion into a trans-series is via a Borel transform
followed by a Borel re-summation. The closed- form Borel transform of a not necessarily asymptotic
series is defined as

ap
o " C.22
Bl ) 7;() T(maxe () -+ maxg(bp) o
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Starting from the Borel transform, the directional Borel re-summation of the series @ is given by

e Ood 7
Fp[Dol(2) = an(ﬁk) f c( ) ‘“’“’5 B[] (). (C.23)

This reproduces the original asymptotic series @, (¢) in Eq. (C.20) for z = te’?, t — 0*. However, the
Borel re-summation now defines a function computable for a wider range of values ¢ and 6.
Ambiguities in the Borel re-summation arise in the case where the Borel transform exhibits singularities
along the contour or ray of integration e[0,00].% In these cases we can define two lateral Borel re-
summations 5”(;—’ obtained by deforming the contour of integration around the singularities, either
below or above the original contour. The new paths of integration created in this way we denote by Cgi.
This behaviour in the case of singularities along the ray of integration indicates the presence of a branch
cut of the directional Borel re-summation .# [®g](z) at z = tel? with the discontinuity across the
branch cut being given by (5’9‘ - 5”;) [Do](2). This discontinuity represents a purely non-perturbative
effect. It includes only the exponential corrections plus the expansions @ () around them. If we are
presented with a Borel re-summable asymptotic series, then the structure of the non-perturbative
corrections in the trans-series (exponential corrections plus the expansions around them) and hence
the structure of the lateral Borel re-summations y(f [®f](1) is provided by and can be read off the
discontinuity along the branch cut. This procedure, however, will not remove the ambiguities in the
choice of parameters UJE’ for the exponential corrections. Hence, in order to promote the asymptotic
expansion into a full resurgent trans-series we generally need to impose extra conditions motivated by
the underlying physics.

C.3.2 Zetafunction on the four sphere

For the interacting fixed point of the ¢* model in D = 5 the large-charge expansion is an asymptotic
expansion related to the heat kernel trace on the four-sphere which can be computed starting from the
result on the two-sphere, see the discussion around Eq. (3.149) in Section 3.2.5. Therefore, we can apply
the exact same resurgent techniques used in [191] in order to study the non-perturbative corrections
and find a closed-form resurgent function for the trace of the heat kernel on S‘,‘O. Using the results
from [191], the asymptotic expansion of the heat kernel in the two-sphere,

(Ao —1/4r2) r2 g
Tr[e ( S0 )] ~ —°q> (D), (C.24)
is given by
" :_(1-2""2MBy, T(n+3) o (D!
d O(t as — a¥ = = 2 . C.25
0 (0= nX>:0 2n n (_1)n+1n! \/7—1. I;) (nk)Zn ( )

Using the relationship in Eq. (3.152) the asymptotic expansion of the heat kernel trace on the four-
sphere,

2
t(AS% —9/(4r0))] ry s

Tr[e ~ 39,1, (C.26)

3Additionally, it can be the case that the behaviour at the endpoints {0, 900} is of importance as well.
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is computed to be

S 1 -DF 1 3, 3 1. (mk)? 1.1 "

Dy (1) =~ — ) -Zr(n+= r(n-l . Co7

o 6+%%me6¢% (e 3) =3t gy =T =3) - €20
#0

From this expression we can extract the heat kernel coefficients (see also [319]). Comparing this
expression with the general form in Eq. (C.20) we see that

S 5/2
>k agre = (DR kP I

2mi
3
Ap=@h?, =3, Pe=1, skaye=(DMURYE, ap2r=0.  (C29)
ok g = (~)FIK|

Hence, the resurgent trans-series of the heat kernel trace on the four-sphere includes exponential
corrections of the form

_ _ [rom)\? _anw? B K2 t 2
exponential corrections ~ 2i| — | e o (=D%k|| —- —=t—a=|- (C.29)
t 6 4rgm® 24rgm?

The Borel re-summation of the heat kernel trace on the four-sphere can directly be derived from
the expression for the two-sphere found in [191]. On the two-sphere the Borel re-summation of the
two-sphere heat kernel trace can be written in the compact form*

2.2
Y

2rp T ye Tt
d .
Ve A Y sin(y)

Sl D 1(1) = (C.30)

Using Eq. (3.152) we can directly infer the form of the Borel re-summed heat kernel trace on the

four-sphere
oo rrg
2r3 e 1
0 [gq Y

T3 A sin(y)

t y2

A2 4
arg 6 24r

S4
Sl 1(1) = . (€31

This integral is ill-defined as it has simple poles at { = kx, k € Z. The discontinuity between the lateral
Borel re-summations are computable via the Residue theorem as

7
_ st 2 r2m)? _ Rt
(F - F) @10 =2i— | 2= | Y (-D¥Ikle” 7
o\t ) iz

|k|? ro t?
6 An?r  24n’ry

(C.32)

This agrees perfectly with the form of the exponential corrections derived in Eq. (C.29). Using this

4In order to avoid dealing with a Borel transform that includes branch cuts we perform the mapping { — ¢2 in Eq. (C.23).
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result, the Borel re-summed trace of the heat kernel on the four-sphere with ambiguities is given by

2.2
Yy
S N

12 4
arg 6 24r;

(o, o9

ra st
Tr[e ~ t—gygf[cbo (1) =

2r] fdy ye._T
vVrt? sin(y)
Cy

Kn? ¢ 2

4+ —
3 25 12r]

7 o.t(_l)k”cl K222
+i(if2) Y e (C.33)

2
k#0 n

In this particular case it is possible to fix the ambiguities in the trans-series expression for the trace
of the heat kernel, which will carry over to all the other quantities that we are interested in. This can
be achieved in two ways here: either we find a path-integral definition in which the structure of the
trans-series arises automatically (see [191]) and the underlying physics fix the ambiguities, or we can
impose the reality of the heat kernel trace.® To keep the discussion short, will choose the latter here.
Either way, the final result can be written in the convenient form

t ¥y 7

t(aa —9/@r?) 2r! e 1oVt
(3 0)]——OP.V.fd A p — . (C.34)
4ry 6 24r,

Tr[e = -
Tt? sin(y)

0

The notation PV. signifies that the principal value of the integral has to be considered.

The trans-series expression for the zeta function can be derived by applying a Mellin transform to the
Borel re-summed trace of the heat kernel (with the reality condition imposed). However, for s = +1/2in
order to change to order integration the integral requires analytical continuation by extracting the first
three terms from the asymptotic expansion. We find that

2
0 Y
2r§s P y ot 2\ 2yt 1S
dt | dy———|= —— |-+ =+
V7L (s) (28 sin(y) 6 4 24 3 18 57400
0 Cal

S L[ 187 12)](5) =

. 1 r(é)lu472s 1 rg”2723 17 o
6(s—1(s-2) 24 (s—-1 2’880”
(C.35)

After exchanging the order of integration for s = —1/2 the result is identified with the (non-standard)
Borel re-summation of the asymptotic series of the grand potential VQ(u),

ram* rdy[ y K32uroy)
FEVQ zo_f_[ (sz +K2 +A)
o [velw 247 +y2 sin(y) [4( HToy) + Ko ,uroy)] (uro)?
0
4y? 17y4) A R V4
+(8- = - —|Ky(2 + =i+ —pPrf—-——pu, (C36
( 3 " o5 |KARHIOY) |+ e o F 5gHTo ~ SaagHy (C36)

where K, (x) denotes the order n modified Bessel function of the second kind. The discontinuity — and

SImportantly, in the general case the reality condition does not completely fix the ambiguities in the non-perturbative
corrections, since it is generally possible that the coefficients 2i D'i possess a real part as well. In our case, however, imposing
reality is sufficient due to the absence of a real part.
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hence the form exponential corrections — given by

(% - [va( __fort 5 Dk k o]+ k
0 0 w=-i 12 il 2[K4(2npr0 )+ Ko Crurgk) | + (“ro)ng(anro )]. (C.37)
k#0

Finally, after imposing the reality condition for the heat kernel trace to remove the ambiguities, the
grand potential can be written in the form

1
(uro)?

Byt 5 d
va = oF P.Vf =)
24m A ysin(y)

(2[K4(2ur0y) + K Curoy)| + K2 (2o y)). (C.38)

For the purpose of this discussion it suffices to consider only the leading-order non-perturbative
corrections that appear in the free energy. To extract these contributions we will use Hankel’s asymptotic
expansion for the modified Bessel functions of the second kind,

T (4a®-1) 1 (4a®-3%) 1 (4a®-5%) T T
Ky (2) ~ —ez[1+ (1+— [1+— (1+... )])] —-3=<arg(z) <3—.
2z 2 8z 3 2 2

8z 8z
(C.39)

Using this result the leading-order non-perturbative exponential corrections of the grand potential are

3,4 2 L k
r _ _
VQ(,U)D—I 0/J (-1 ( 1 2) 1 ef2nr0mk\ - iM%efZTU‘oMM. (C.40)
12 |kl (row= ) \/Aroulk| CLONNTAL

Using only the first term on the result for the order-by-order Legendre transform of the perturbative
part,

% =—(row)*/9, r0fe(Q) :N(Q)TO%"‘%, (C4D
the leading-order exponential correction to the free energy per DoF reads
9017/8
rOfc(Q)Di(m) (D" _Z”fl(%?/)l/4|k| (C.42)

—e ,
Gx/ﬁ |k|3/2

where f; is the leading complex phase in the asymptotic expansion of f,;(Q) discussed in Eq. (3.162)
and Eq. (3.163).

C.3.3 Optimal truncation

As asymptotic series factorially diverge, in order to get a meaningful result out of such a series expansion
we need to truncate it. A commonly used rule-of-thumb to find a truncated sum that is as close as
possible to the ”actual” value is to truncate it at the term which gives the smallest contribution to the
overall sum. This procedure is called optimal truncation. Given an asymptotic series }_ a,x" whose
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coefficients a;, diverge as }_ a,x", the optimal truncation is found at
1
N(x) = EleII/ﬁ. (C.43)

The error we make during optima truncation can be approximated within resurgence and is of the
order
e(x) ~exp [ - (An)VP]. (C.44)

In the special case x ~ 1 it suffices to look at the ratio of consecutive coefficients within the asymptotic
series. At the point where this ratio exceed one, we truncate it.

For the zeta function on the four-sphere { (sIS‘ﬁO,u) at 2 rg - % ~ 1 the optimal truncation depends on s.

It is after the third term for s = %, after the fourth term for s = % and after the fifth term form for s = — %
To go beyond this result we need to rely on our resurgent analysis. For the trace of the heat kernel we

can use the large-order behaviour of the Bernoulli numbers,

(1-2'"2"By, 2 nl
(=) +1p! vnm m2n’

(C.45)

we can deduce that the optimal truncation is given by
N(t) = n%ry°t, e(t) ~ exp(-m°ry%1). (C.46)

By performing a Mellin transform we find the asymptotic expansion of the grand potential Q(u),

4 2 a5(,2.2 9)2°8 Sln+s=2)( 5 5 9)-n
((S|Sr01/~t ) ro (ﬂ rO Z) réoan T( rO Z] ’ (C.47)
5 5
5 2.2 _9)2 2.2 9)\2
1,22 9)3 Sy L(n=3)( 5 5 9\-n_ (“ "o 4) (’u "o 4] 2.2 9\
voau - (W= 3)" ¥ e =2 (i) s Tl )
(C.48)
Qu= ¥ —EDE kD S 3y S Ly TR, (C49)
"G k23 24n 2 2 2 2 2| ‘

This already makes it clear that the coefficients grow like (2r)!. Once we have resolved the double
factorial structure the leading term reads

(¥ 1

Q, =
"G enlkn?nE 121/1K]

[F(Zn—l) +] (C.50)
2

From this result we can read off the optimal truncation of the grand potential,

1/2, e(/xzrg—Z) ~exp[— 27[(/1%5—2)). (C.51)

N(u) = % 2n(;ﬂr§ - %)

231



Appendix C. Appendices to Chapter 3

For p? rg 2 3/2 the optimal truncation for the grand potential is at the first term, hence
-t
VQw) ~ 0 (C.52)
K 451 )

C.3.4 Flex from large charge

Since we know that the grand potential exhibits a flex for a certain finite value of the chemical potential
Uro, it is also interesting to analyse the second derivative of the grand potential. Using the identity
(010w (s|A, u?) = —2us{ (s + 1|4, u?) we find that

1
v () = 5 C(112185, 15 — 123121y, 1) |- (C.53)
Around pry ~, where the flex can be found, the optimal truncation is again deduced by looking at the
ratio of consecutive coefficients, which start to exceed one after the sixth term. Up to this term the
grand potential reads

4,5 2,3 -1 -3 -5
T, T, 29 37 149 179
VQ(H)zi_i_—ﬂ_ 'uz_ H - H =, (C.54)
45 9 45  756r2 15'120r% 55'440r0
and its second derivative is
3 2 - _ _
O = Argp C2rgp 377 149u7° 17977 (C.55)
9 3 378r2 1'260r; 1'848rS° '

Numerically we find that the optimally truncated asymptotic expansion of Q" (u) exhibits a zero at
u1ro = 1.290, implying that the asymptotic expansion of Q(u), which is close to the actual value of pugry =
1.266. The error for the optima truncation of Q(u) at y?r2 —9/4 ~ 1is (u?r2 —9/4 ~ 1) ~ eV2" = 0.08.

C.4 3D Fermions

This appendix aims at collecting important background material for fermionic theories in D =2+ 1 and
D =3 spacetime dimensions. This should make the present thesis as self-contained as possible.

C.4.1 Gamma matrices in the Dirac convention in 3D

The gamma matrices in three spacetime dimensions (D = 2+ 1 and D = 3) are given by the Pauli

matrices,
0 1 0 —i 1 0
o1 = (1 0) » 02 = (l 0 ) » 03 = (0 _1) » (C56)
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as follows:

D=2+1: Y0=i0'3, Y12=01,2, (C.57)
D=3: Yu=0p, p=1,23. (C.58)

Our convention for the Clifford algebra is
{Yu ) YV} = 277;11/ y (C59)

where we have chosen a mostly plus signature 1,y = (=1,1,1) for D = 2 + 1 dimensional Minkowski
spacetime. In this signature the spatial gamma matrices are Hermitian while the temporal gamma
matrix yp is anti-Hermitian. Further, the gamma matrices satisfy

)2

(yi)* =-(yo)* =1, YoYuyo= (' (C.60)

Complex two-dimensional (Dirac) spinors i transform in the standard representation of SO(1,2), SO(3)
generated by these gamma matrices. The Dirac conjugate 1 of the spinor v in our notation is found to
be

d=2+1: w=vy'yo, (C.61)
d=3: v=vylys. (C.62)

The analytic continuation from Minkowski spacetime to Euclidean spacetimes is obtained by a Wick
rotation,

t——it, 0; — i0;, Yo —iv3, Yi—Yi- (C.63)

Under the above transformation rules the action of a massive Dirac spinor is analytically continued in
the following manner:

i f ded®x [ (iy o +im)y] — - f & x [Py ot + my] . (C.64)

C.4.2 Spinorson S;3 x §2

For the discussion of spinors in curved spacetime we follow closely the treatment outlined in [Borokhov_2002].

Spinors in spherical coordinates

In flat space R® the Hermitian Dirac operator is given by
iyu0"=-y-p, (C.65)

where the momentum operator p is given by p# = —i6* and the vector y is comprised of the gamma
matrices y, — i.e. the Pauli matrices o, — in Eq. (C.56) and Eq. (C.57). We can define the generalized

233



Appendix C. Appendices to Chapter 3

angular momentum and the total angular momentum as

L=rxp, J=L+ 2, [Lrl= 1)1 =0. (C.66)
——
=S
We note that both L and p are Hermitian operators. The eigenfunctions of L? are given by the ordinary

spherical harmonics in D =3,

LYy =000+ 1) Yo, Ly Yom=mYem, 0=01,2,..., m=—¢,...,0. (C.67)
—

=L,

Using the spherical harmonics we can build simultaneous eigenfunctions of all four operators 2, J3, L2,82}.
These eigenfunctions are the so-called spinor spherical harmonics,

l+m+1 Yom _ . /l=m Yim
(l)}—mj — 20+1 , ¢;m] — 20+1 . (C.68)

{-m l+m+1 Y,
20+1 1lm+1

20+1 Yom+1
The eigenfunctions gb;—fmj correspond to the eigenvalues j = £ +1/2 and m; = m +1/2, respectively, and

they posses the following quantum numbers under the three operators J?, J3,L?, respectively,

2 pt — +
L0, =0E DD j=l35
Vol =iU+D95, { 2rzrzrt o (C.69)

+ — .hE
]3¢jmj - m](pjmj

The eigenvalue j has a degeneracy of (2 + 1). Any spinor in R® can be decomposed in the orthonormal
basis spanned by c/);—.’m _. For our purposes, it is further convenient to introduce the radial gamma matrix
)

Yr=7-n(wheren=r/re S%). The Dirac operator can then simply be written as

o 1 3
iyuo* =iy, il (]2 —-L2- Z)] , (C.70)

and is diagonal in the basis of spinor spherical harmonics (p;f'm .
]

Weyl map to the cylinder

We can perform the Weyl transformation from flat space to the cylinder R x Sfo as follows:

r=e’, M = 10" v Vg =€ Ypse (C.71)

After foliating radially, the Dirac conjugate of a spinor  is given by ¢ = /y,. After performing the
Weyl transformation, the free Dirac action on the cylinder R x S%O reads

1

0 1
— 7. Aty — 7 7 b= R | O
S—_[Rs Pyuo W—‘[RXS%OWY;JD v, YuD —Yr[ (] L +4)

C.72
ot 1o ( )
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The spinor wave function on the cylinder are given by

\Pijmj (t,n) = e*iwnT(P‘]i_'mj ), (C.73)
where n € $2. In the computation of functional determinants on Sk x S%O we can make use of the

following relations,

1 0
+ gyt s
fsbxsz (‘I’jmj) \I’j,m} —6]r]5m'jmj 0 1), (C.74)
o
0o -1
* t t =0 ; ’
besz (“P]m]) Yr“P],m; —6] ]6mjmj -1 0 )y (C75)
)
0 Wy —iw;
+ T2 Mpt =8 , n j
‘[Ska%O (“P]m]) l')/,UD \P]’m} 5] ]6mjmj wn+iwj 0 ); (C76)

where we have introduced the fermionic Matsubara frequencies w,, and the eigenvalues of the Dirac
operator on the sphere w ;. They are given by

2n+1nm 1
wn: ﬁ ) ('U] =

j+ 1) ) (C.77)

_r—O 5

respectively.

C.4.3 Reducible Representation

For fermionic theories in three-dimensional spacetime with an even number 2N of fermionic fields —
Wa=1,.,2N — it is sometimes convenient to introduce a reducible representation of the Clifford algebra
as follows:

Yu 0 Vi .
I'y=03®y,= , VY, .= , i=1,...,N. (C.78)
#=o38Tu ( 0 —Yu) l (U/HN)

Introducing a reducible representation as defined above allows for a notion of chiral symmetryin D =3
within the theory, which however is actually part of the global symmetry of the theory. For example, we
can choose

1
F5=01®ﬂ=(1] ), (C79)

and an appropriate choice of charge conjugation matrix is given by
Ci=Tr=038C= (02 ) : (C.80)
—0

The four dimensional matrix C4 as defined above then satisfies

Ci=C;'=Cl=-cl=-c;, CaTyCy=—T,)T. (C.81)
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the matrices I's and C; further satisfy
{['s,C4} =0. (C.82)

Importantly, charge conjugation is independent of the signature of spacetime [Wetterich:2011ab].
In terms of the spinor fields ; the reducible four-dimensional representation is constructed of two
two-dimensional irreducible spinors,

Vi = (v, 1!/1'+N)T, ;= ‘P:-rre» = (w%fs, —WLNYs) = (i, —Visn), (C.83)

fori=1,...,N. As a concrete example, we consider the action of the U(1)-NJL model of N reducible
spinors. Written in terms of our reducible representation the action is given by

S:fdsx (\Piruaﬂwi - % ((P; %)% - (\Pirs\yi)z)) ) (C.84)

C.5 U(1) Pauli-Giirsey transformation

In this appendix we return to the the U(1)-NJL model. For simplicity we take N = 1, but the results
discussed here are trivially generalized to arbitrary N. For the U(1)-NJL model with the action

S= f d3x (\ifr”aﬂqf - % ((Pw)* - (\ifr5\1/)2)) (C.85)
we consider the following linear transformation of the fields at the level of the path integral

1 T
Ve —[Q-T5)VP+(1+T5)Cs¥" ],

% (C.86)
¥ 5 [P +T5)-¥TCi(1-T5)].

This is a so-called Pauli-Gursey (PG) transformation. We remark that the precise form of this transformation
depends on the convention depends on the convention for the gamma matrices, in particular I's and
C4. Further, we note that this transformation is an involution as it maps the field ¥ onto itself after
twice applying the transformation.

Under the PG transformation as defined above the kinetic term in the action remains invariant,
f dExPT MY — f dBxPT 00, (C.87)
The Cooper BCS quartic interaction term WC, ¥’ W7 C, ¥ is mapped to the interaction term of the

U(1)-NJL model
v, ¥TvTC ¥ — W1 +T5)P V(1 -T5) Y. (C.88)

and vice versa. The other direction can either be inferred by the fact that the PG transformation is an
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involution or computed directly. In the latter approach we will need the fact that

WIsC, P =viTsC ¥ =0, (C.89)
which holds true in our convention for the gamma matrices.
Interestingly, the PG transformation also maps the U(1) g fermion number chemical potential term into

the U(1) 4 chiral (axial) chemical potential term within the action, and vice versa of course. Concretely,
this means that

YT3u¥ — P(-T3lsw)Y¥, YIalsu¥ — P (-T3u)W. (C.90)

In total the PG transformation, as defined above, yields the following map U(1)-NJL model to the
so-called Cooper model,

S:fd3x [\P(rya”—prgrs)\y—%((\if\}f)z—(\i/rs\y)z)]
:fd3x [\P(rua”—prgrs)\y—%\if(nrs)\y\if(l—rs)\y] (C.91)
— fdsx [\P(Fuaﬂwry\m%\PQ\PT‘{'TC&] :

The converse statement is of course true as well. For completeness, written in terms of collective fields
atlarge N, the Cooper model is given by

S=fd3x

C.6 Computation of the free fermion determinant

= " (D T T (D* T N *
Wi (08 + T Wi +io WG] +i Ca¥it 2070 (C.92)

We want to compute the path integral with the action in Eq. (3.190). Spinors possess no zero modes
because of the anti-periodic boundary conditions they obey within the path integral. At finite temperature,
the Matsubara frequencies implement the anti-periodic boundary conditions,®

wn=Q2n+ 1)%, — W(0,ron) = ¥ (B, ron), neS2. (C.93)

The action S, remains quadratic after the inclusion of the U(1) 3 chemical potential and all spinors
can be integrated out analogously to how it is done in Appendix C.2. The resulting grand-canonical
partition function to leading order in N reads

~10g(Zge() = ~Nlogdet [T's (I,0" - uT's) | = = NTrlog| s (T - uT's) |, (C.94)

6Compare the Matsubara frequencies for spinors here to the ones for bosonic DoF (scalars) in Appendix C.2.
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where we used the fact that Grassmann variables satisfy
‘[dmdn]; o andnJ]rve"fD" =detD. (C.95)

Using the Matsubara frequencies we can write down the trace-log term of the above operator in terms
of the eigenvalues on the sphere, which are given by (see Appendix C.4.2)

. . (j+1/2)2
spec[Fg (Fu()“—yl"g)] = { +i/(wn+ l,u)2+w§}, w? = ]r—g, (C.96)

where j =1/2,3/2,... and n € Z. The multiplicities of the eigenvalues j are (2j +1). The log-det term
can now be computed to give [194]

Su=-NTr(ap) Y (2j+1) Y logp*
j

(wy, + ip)2 + wz-]
J
ne”z

(C.97)
=-4NY @j+1 Y {log [@n+1)2*n% + B2 (w) + w?] +log[@n + 1?n* + B (w; — w?] }
j

n=0

The determinantal operation is performed over both the frequency-momentum space and the Dirac
indices, with Tr(6 5 5) = 4 being the trace over the unit matrix in spinor space. This result is logarithmically
divergent and needs to be regularized. To do so we use will use zeta function regularization (here {(s; a)
denotes the Hurwitz zeta function),

d 1 2
221 _ o _ . e —
golog [@n+17n*) = -2 ;;0 AT |~ B [log(Zn)((s, 1/2) = (s; 1/2)] _ ~log@.
(C.98)
where we have used the results
((0;a)= % -a, {'(0;a) =log(T (@) — %log(Zn). (C.99)

The regularized action reads

@n+ 127 + B () + w)?

2 12 2 2 L 2
Su:—4NZ(2j+1)(210g2+Zlog @n+1)n°+ f*(w;j— ) ])
i

=0 2n+1)272 @2n+1)2x2
(C.100)
We can apply the identities’
B2 (0 £)?
@n+1)2%7? +/32(wj iu)z _ 7 ! 1 Z 1 _ n(cotmx —cotmy)
@2n+1)272 02 +(@2n+1)272’ oy (n—-x)(n—y) (y—2x) '
(C.101)
to derive that
Cn+1?m?+fPw;+w?] B
=y —Blojrw) _
golog R TeR =3 o] + 1) +log 1+ e ) log(2). (C.102)

“The second identity can further be used to show that ) ;7 m = % (% - ﬁ),
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The constant factor precisely cancels the factor from the zeta function regularization and the grand
potential now reads

log(Zgc(w) 1 Bl _

et Y 2127 +1 logl1 Blwe=w) 11001 Blwe+p)

eN)BV ﬁngl §( Jj+ );;0 Pwe + Og( +e )+ Og( +e )
2

yeur

QW) =

’

(C.103)

We quickly remark that the computation of the log-det term for the GN model and the NJL-type models
in Sections 3.3.2, 3.3.3 and 3.3.4 are computed analogously after adding the appropriate mass and
chemical potential terms, at least in the limit N — co.

C.7 Finite-density loop integrals and Matsubara sums

Here, we collect some important machinery used in the computation of finite-density loop integrals, in
particular for the GN model in Section 3.3.2.

C.7.1 Fourier transforms on Sk x R? and Matsubara sums

In the following we denote a point in Sk x [R2 by x = (7,%) and a point in Fourier space by P = (v, p),
where w, = (2n+1)n/ B denote the fermionic Matsubara frequencies. In our normalization conventions
for Fourier transforms we have

d’p i , drd®x _; ,
_+h = —iP-(x—x") , _ = —ix-(P—P")
S(x—x" j Bon)? e , Spndlp—p) Ben? , (C.104)
B dcp  _ipys ~ o dtd®x  py
fo)= j —ﬂ(Zn)Z e fp, fpP)= —,6(27'[)2 e f(x). (C.105)

In computations of Dirac determinants we will encounter sums over the fermionic Matsubara frequencies.
Generally speaking, these can all be performed using the following formula:

2n+1)2%7% + A%

— | = A+2] 1 -4, C.106
& @2n+1)2n2+1 +2log(1+e™) ( )

> lo

nez

C.7.2 GN scalar integrals at finite y, 5

In the present appendix we collect scalar integrals required to obtain the results for the fluctuations
within the large-N GN model discussed in Section 3.3.2. One-loop integrals computed at finite
temperature and chemical potential can generically be derived from the following massive scalar
integral [195]:

= (m?)~*+2 (C.107)

fddk 1 1 T(a-d/2) d
@emd K2 +m?%  4m$ T

Using the notation K* = (w, — Iy,k) the first scalar integral appearing in the computations in

239



Appendix C. Appendices to Chapter 3

Section 3.3.2 can be computed as
k1
BRm)d (K(,u))z Jeo

_ra-d/2 1

Cum? e - i F g

_T(-d/2) (2m\ 24 1

g 0 P

da _d
(47'[)2 [(n+%—l,3,u/(2n))2]l 2

d=2

r(1-d/2) (2m\~2H 1 1
- (—d)(—”) [((Z—d,——iﬁu/(Zn))+((2—d,—+iﬁu/(2n)) (C.108)
(4m)2 p 2 2 d=2
At zero temperature after setting d = 2 this result becomes
lim I = -+ (C.109)
f—o0 4n

The I, integral is slightly more involved as it includes three scales: 8, u and P, where P = (w,,p) is the
external momentum. However, it can still be computed similarly to I; after a Feynman parametrization
is used to merge the two propagators in the denominator. We find that

:i d’kd’q 6(K+Q-P)
(Bm?)* (K®)*(Q®wt)?

[ods |

2
xA=-0)p?+ (1= x) Wy — iw)?+x(@m — w0y + i,u)z)]

_ d-4
_re df) (%r) f ax Y 1 -
p(4m)>2 0 ez [(n+l—iﬂﬂ—xﬁ'” )’ +x(-x(BL )2+(ﬁ'”'")2)] ¢ ld=2
_T@-dm (2n)d 4/ 1
pan)? n€Z[(n+A)2+B] 7 4o
_ d-4
:m—d{f)(z—”) / dx —+F(2-d/2;AB)+F(2-dl2;-A,B) ,  (C.110)
pums \PJ Jo1azi gt d=2
where we introduced the quantities
1 ek 0Om — (1 RV Wm.o
A= =i —xp, B=x(1-2)| (b5 )" +(p52) ] (C.111)

The functions F denote a family of special zeta function which can be found in [237]. At zero temperature
and after setting d = 2 the I,-integral reduces to

. 1 1
lim I, = = . (C.112)

p—oo 8 /w%n+p2 8V P2
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C.7.3 NJLloop integrals

In the computations for the fluctuations within the NJL-type models discussed in Section 3.3.3 we have
to evaluate the following integrals:

3
Goo(P) =~ f (g—lzTr[D(“'@” (K) DA (p-K)], (C.113)
Gon(P)= - f o Tt [DW P (k) T5 DU~ (P - K)], (C.114)
-1 & k A D) gy 7y(—H— (@)
Go(P) = f(Zn)3 Tr [Ts D (K) D'H (P-K)], (C.115)
-1 &’k 7y (1, (D)) 7y (=i, — (D))
Gm(P)=f(2m3 Tr[[s DY (K) Ts DR (P-K)], (C.116)

where the fermion propagator in momentum space D*{®) (P) is given by

D(u,@))(p) = (_irupll + (D) _Hrsrs)_l
_ (@ +p*+ (@) —p? + 2u(iwls + (P)T3Ts) (iTyP* +(®) — uT'sT's) (C.117)
" {02+ @2+ (et pD?) (0 + @2+ (=) - HEsTa)-

The gamma matrices used here are the ones from the reducible representation defined in Appendix C.4.3.
Since we only need to compute the quadratic order in P, we can evaluate these integrals in an expansion
in P/u.

Zeroth orderin P/u

To zeroth order in P/u the above integrals read

-1 p )‘ f d?kdwy 1 1
6(0) 2m)3

4(D)2 5+ 5 (C.118)
[+ 2+ 02 +@)2]7 k- 2+ 0? + @)2]

2 2
K -2+ 0+ @2 (K2 0k + (@2 ]

Gan(P)|, 0= (C.119)
G,;U(P)‘mm: , (C.120)
1 )‘ fdzkdwk 2 . 2 C.121)

Grn(P)| 0y = @m3 | (kl+ w2 + 0 +(@?2 (k-2 +0f +(®)? '

First, we can perform the residue integrals over wy,
d’k (k| — p)? (k| + p)? 122
oo (P )|@(0) (2m)? 2 213/2 * 2 213/2 (C.122)
[(KI - )% + (®)2] [(K] + )% + (@)?]

-1p )| &’k ! + ! (C.123)

O Plow =] @n? | i mrs @2 | iR @ '
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The remaining integrals over k are both divergent. However, the divergence is independent of p and
hence these integrals can be regularized simply via subtraction of the expression for u = 0. After
regularization, the divergent integrals to be subtracted give

d’k 2k? 1 k? 2 d’k 2 (D)
z—f k———————— = —— (D), —_— = (C.124)
@n)? (k2 +(@2)*? 7 (k2+ @)2)*2 " 7 @ Vi@+@z 7
After performing the remaining spatial integrals over the momentum k we find that
U
24/ 2 + (D)2 tanh | ———— C.125
o0 (P )‘@(0) 7 [2VH (@)~ parctan (\/m ( :
/2 2
( )‘ 00 [ + (D) parctanh( \/W (C.126)
After applying the EoM,
P 1
(@) =+/xg5—1pu, arctanh(—) =Ky, (C.127)
Ko
the final result reads
)| =2, (P : (C.128)
o0 U oo

First orderin P/u

To linear order in P/u we find that for two elements of the inverse propagator the integrand is and odd
function of the coefficients of k. Hence, they identically vanish

~—1 _ ~—1 _
Gl )@(P/m =0, GLp) )@(P/m =0. (C.129)

The remaining two integrals are computed as follows:

_ [ dkdoy 4uw [—3k4 + 2K (—0k + p? = (@)?) + (0f + p* + (@)2)2]
on! )|@(P/u) f

(2m)3 24,2 212 24,2 212 ’ (C.130)
(K| = )2 + @’ + ()] [kl + W)? + wF + (D)?]

ol - fdzkdwk 44100 [ ~3K! + 20 (~ 2 + 12 = (@) + (02 + 1 + (@)’ s
ot S @0 (k- 2 + w2 + (@27 [k + )2 + 0 + (@)2] '

We again perform the residue integrals over wy, first. The result is not divergent, as expected, and can
be directly integrated over the momenta k,

o (2= e+ (@)2) 1 o (20 B+ (@)% +p)
== g( +1), Grg (P ——lg(

Gl =—1Ilo = 0
on )@(P/m an (D)2 OPlw  4m (D)2

+ 1). (C.132)
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After using the EoM the final result we end up with reads

Kow ~_
- Gra(P)

_ _ KoWw
owlwy 21’

A1
G, (P) s wal (C.133)
Second order in P?/u?

Due to rotational invariance, the integrand for the quadratic order in P/u must be of the form
A(Ik) * + B(k) @ (k- p) + C(Ik]) p* + D(Ik]) (k- p)°. (C.134)

The B(|kl|)-piece is identically zero due to being an odd function. In the same vein, the cross-term in
(k- p)? identically vanishes. Hence, the part of the integrand that contributes is

A(k]) 0* + C(K|) p* + D(KI) (k p? + k3 p3). (C.135)

Given the symmetry property of the integral under the exchange k; — k, after evaluation the integral is
afunction of p? = p? + p3 (and w?). We therefore split the computation into two parts, one proportional
to w? and the other one proportional to p?. After performing the residue integral over w. the non-trivial
parts of the integrals proportional to w? are given by

o 7 [ &k p2(9)2 (-, (k+p? ] (C.136)
2 emrt W) | [k w2+ @2 [0k + w2+ @] ]
w T [ d*k z(w)z 1 1 ]
=—= uol—= + . (C.137)
o2l @t ) ok w2 @2 [k - )+ @)2]
We can then perform the integral over k and use the EoM to find that
PR i L [, = K0 (C.138)
o7 120 — 12n1<gp ' o 4n,u—4m<3p ) '

We simply repeat this procedure for the term proportional to p?. The final result reads

” - (3xg — 2k — 25 +2) p? - &P (C.139)
oo = 372 ’ T 2., '
247k (k53— 1) p 87— 8K

with the other terms vanishing. Putting both contributions together we find that

2_ 92,2 6 _9yd _ o2 2
Gao (P)( o (8o = 21y — 20 +2) p (C.140)
OPpE?)  12mKop— 127K 1 24y (k3 -1)
2 3,2
~ Kow K
Gran(P)| T Lo (C.141)
OWP ) Amp—4mkgu  8mwu—8wKgu
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