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CHAPTER 1

Introduction

The first three sections of this chapter constitute a brief (non-exhaustive) over-
view of well-known results and previously developed methods in the spectral theory
of non-selfadjoint operators and operator matrices. To put the mathematical con-
tributions in this thesis into a context within the area of research, they are shortly
introduced in Section 1.4 and further illustrated in Section 1.5 based on their out-
lined application to a particular spectral problem. While the subsequent chapters
contain a more substantial summary of the results achieved in the course of this
thesis and are thus more technical, the present chapter is intended for a reader who
might not be fully familiar with spectral theory.

1.1. Mathematical physics and spectral theory

In the past centuries, fundamental research has led to an incredible progress
in science by interpreting phenomena and patterns in the nature surrounding us.
The ground to this understanding is for instance laid in theoretical physics, where
certain processes are modeled with systems of differential equations. To gain further
insight, it is then crucial to determine whether or not these equations have solutions
and describe the latter, if existent. This is one instance when mathematics and
physics interact, when mathematicians are given an equation to analyse it in a
suitable context or setting.

For ordinary differential equations involving functions of only one variable,
questions like solvability, stability of the solutions or their continuous dependence
with respect to the data are historically well understood in a certain classical sense.
However, for partial differential equations involving functions of multiple variables,
analogous problems are much harder to address, especially as there is already quite
some freedom in the mathematical definition of a solution.

Certain types of linear (partial) differential equations can be written as a so-
called abstract Cauchy problem

Opu(z,t) = Au(x,t), reQCRY, t>0, u(+,0) = up. (1.1)

The above can be viewed as an initial value problem in the time variable ¢ with
a differential expression A on the right hand side, which contains all derivatives
with respect to the spatial variable x and is understood together with a boundary
condition, like e.g. a so-called Dirichlet boundary condition

u(z,t) =0, x € 09, t>0. (1.2)
In case that A € C is only a scalar, the solution of (1.1) can easily be found by
means of the exponential function as

A g (), x€Q, t>0. (1.3)

u(t,z) =e
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Following this idea, the standard approach to the analysis of (1.1) is to associate a
linear operator with the differential expression A which acts in a suitable function
space, whilst respecting the boundary condition (1.2); an appropriate notion of
solvability for (1.1) can then be related to a generalisation of the formula (1.3).
The existence of the latter depends on qualitative and quantitative properties of the
differential operator A, in particular on the structure and location of its spectrum
and the behaviour of its resolvent norm.

While the described approach leaves quite some room for flexibility, the choice
of the functional space and the specific realisation of A therein are particularly
challenging as they can dramatically influence the (spectral) properties of the re-
sulting operator. In fact, since the considered differential expressions typically lead
to unbounded operators, choosing their domain of definition is already a crucial
part of the analysis. In the sequel, we describe a selection of important aspects of
spectral theory in relation to the Cauchy problem (1.1) and highlight some of the
challenges therein, in particular the ones addressed in this thesis.

1.2. Non-selfadjoint spectral theory

For further details about the following well-known results, we refer the reader
to the standard literature on operator and semigroup theory, see e.g. [Kat95, EE87,
ENO00, Dav07, Hel13].

1.2.1. The selfadjoint case. Consider again the Cauchy problem (1.1) and
suppose that the differential expression A therein, together with the underlying
boundary condition, is formally symmetric in a Hilbert space . Then one can
give rise to a sensible solution by finding a self-adjoint realisation of A (if it exists),
i.e. by identifying a suitable domain on which A becomes selfadjoint in H.

Indeed, already on abstract level, the spectral theorem for selfadjoint operators
has numerous powerful implications, which can go very far when applied to a specific
problem. In particular, the selfadjoint functional calculus for A justifies (1.3) as
a solution of the Cauchy problem, provided that the initial condition wug lies in
the domain of A. The norm and in-/stability in time evolution (with respect to
perturbations of the initial value ug) of this solution are governed by

Je'A =€, a= sup A, t>0, (1.4)
A€o (A)
including the case a = oo where the exponential above is an unbounded operator.
Note that similarly, if A = —i B with a selfadjoint operator B (which is the case
e.g. for the Schrodinger equation in quantum mechanics), formula (1.3) defines a
unitary solution operator, which can be understood even for negative times.

Once a suitable selfadjoint realisation of A is found, by (1.4) the further analysis
essentially reduces to locating the various parts of o(A). It is well-known that the
spectrum of a selfadjoint operator is a closed, non-empty subset of R, consists only
of point and continuous spectrum, and is purely discrete if and only if the resolvent
is a compact operator. Moreover, due to the identity

1
dist(\, 0(A))’
finding the location of the spectrum is equivalent to determining the behaviour
of the resolvent norm. Finally, in the semi-bounded case, the powerful min-max
principle, see [Hell3, Thm. 11.7], even provides a variational characterisation of

IA=27 = A€ p(4),
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the eigenvalues below or above the essential spectrum (which can have intuitive
interpretations in particular in quantum physics).

1.2.2. The non-selfadjoint case. While self-adjoint problems are motivated
by quantum physics and have historically been most relevant, the spectral theory of
non-selfadjoint operators is recently gaining importance driven by several applica-
tions; these for instance include magnetohydrodynamics, fluid mechanics, damped
systems, superconductivity or even MRI, see e.g. [BT20, MT07, GGHT12, AHP13,
GH18], as well as [Tre08] and the references therein. In absence of the spectral the-
orem, however, for non-selfadjoint (or rather non-normal) operators the situation
becomes much more complex. Nevertheless, an analogous connection between A
and the Cauchy problem (1.1) still prevails via the following result due to Feller,
Miyadera and Phillips (which generalises the classical Hille-Yosida theorem for con-
traction semigroups, see [EN0O, Thm. II.3.5]).

Theorem 1.1 (JENOO, Thm. I1.3.8]). Let M > 1 and a € R. A linear opera-
tor A in a Hilbert space H generates a strongly continuous one-parameter semigroup

T() =€, T < Me®,  t>0, (L5)

if and only if A is closed, its domain is dense in H and the powers of its resolvent
are bounded on a semi-axis by

M
(@—A)m

While a suitable Hilbert space A might be indicated by the physical model
itself, the first truly non-trivial task in view of the above is to determine an appro-
priate dense domain for the differential expression A such that (together with the
boundary condition) the resulting operator is closed and has non-empty resolvent
set. Further information about the possible semigroup generation and the behaviour
of the solutions of the Cauchy problem can then be obtained from the location of
the spectrum and the behaviour of the resolvent norm. The strong relation between
the latter and the long time behaviour of the semigroup is enforced by the classical
Gearhart-Priiss Theorem (which was further generalised, e.g. in [BBT16]).

Theorem 1.2 ([Hell3, Thm. 13.26]). If the resolvent of the generator A of a
strongly continuous semigroup on H is uniformly bounded on a half plane, i.e. if

H, ={Ae€C:ReX>a}Cp(A), sup [|(A— )Y < oo,
A€H,

[(A=XN)""< A€ (—o0,a) C p(A), m € N.

with some a € R, then there exists M > 0 such that (1.5) holds.

Note that unlike in the selfadjoint case, the spectral properties of a non-
selfadjoint operator can be arbitrarily non-trivial within the framework described
above. Some pathologies can for instance be illustrated based on Schrédinger op-
erators of the form

A=—-0%+iz"
in the space L?(R), starting with the imaginary Airy operator (k = 1) which has
empty spectrum and generates a strongly continuous semigroup whose norm decays
super-exponentially in time, see e.g. [Hel13, Sec. 14.3]. Moreover, the Davies oscil-
lator (k = 2) shows that the resolvent norm cannot be bounded above in terms of
the distance to the spectrum as in the selfadjoint case, see [Dav99]. For the imagi-
nary cubic oscillator (k = 3), even though A has real and purely discrete spectrum,
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the operator —i A does not generate a semigroup (and thus certainly not a unitary
group as in the selfadjoint case), see [KSTV15].

1.2.3. Form representation theorems. A standard and widely successful
approach in constructing operators with the above described desirable properties
is the representation by their sesquilinear form. Roughly speaking, the idea is to
consider the sesquilinear form associated with the differential expression A (with re-
spect to the underlying inner product) on a suitable set of functions and to formally
integrate by parts. If one can associate the resulting formula with a sesquilinear
form in H having certain properties, the latter gives rise to a closed, densely defined
linear operator in H with non-empty resolvent set. A classical method to achieve
this connection is the following Lax-Milgram theorem.

Theorem 1.3 ([Hell3, Thm. 3.6]). Let V and H be Hilbert spaces such that
V C H is continuously embedded and dense in H, and let a be a bounded sesquilinear
form on V. If a is coercive, i.e. if there exists m > 0 such that

a(f, Nl =mlfl.  feV,
then the operator A in H defined by
domA:={feV:3InreH,VgeV, alf.9) =09 n}
Af =y,

is boundedly invertible and its domain is dense in V and H.

(L.6)

The above theorem can for instance be employed to introduce (non-selfadjoint)
Dirichlet realisations in the space L?(Q) of the Schrédinger operator

A=-A+V

with a sectorial complex-valued potential V', see e.g. [Kat95]. For accretive poten-
tials, i.e. if the range of V' is contained only in a complex half plane, the domain V
of the form can in general not be chosen such that the latter becomes coercive.
A generalisation of the Lax-Milgram theorem due to Almog and Helffer, which in
particular covers the described case of accretive potentials, reads as follows.

Theorem 1.4 ([AH15, Thm. 2.1, Thm. 2.2]). Let V and H be Hilbert spaces
such that V C H is continuously embedded and dense in H, and let a be a bounded
sesquilinear form on V. If there exist m > 0 and ®1, P2 € B(V) which extend to
bounded operators on H such that

la(f, )+ a(f, @20)] = ml| I3,

then the operator A in H defined by (1.6) is boundedly invertible and its domain is
dense in'V and H.

fev, (1.7)

In case of the accretive Schrodinger operators in [AH15], the estimates in (1.7)
are achieved by correcting the indefinite imaginary part of the potential by a mul-
tiplier ®; = ®5 which is essentially the sign of Im V. Further generalisations of the
Lax-Milgram representation theorem can be found in [McI68, BBDCZ10, GKMV13,
Sch15, tESV15].
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1.2.4. The numerical range. Besides its obvious importance in numerical
computations, the numerical range

W(A) ={(Af, flw : f € dom A, || fllsx =1} € C,

of a linear operator in a Hilbert space is also a powerful tool in its a priori spectral
analysis. Knowing fairly little about the operator, it offers information on the
location of the (approximate) point spectrum via the enclosures

op(A) SW(A),  gap CW(A). (1.8)

Moreover, provided that every connected component of C\ W (A) contains a point
in the resolvent set, it gives an enclosure of the full spectrum and even an upper
bound for the resolvent norm,

1 1 T
||§m» Ae C\W(A);

note that the numerical range is convex and the complement of its closure thus con-
sists of at most two connected components. The above properties are in particular
useful in non-selfadjoint spectral problems due to the non-trivial relation between
spectrum and resolvent norm therein. For instance, considering the Hille-Yosida
theorem, it follows that if —A is m-accretive, i.e. if ReW(A) < 0 and the open
right half plane contains a point in the resolvent set, then A generates a strongly
continuous contraction semigroup.

o(4) CW(4), (A=)

1.3. Operator matrices

Details on the following, as well as an extensive collection of results about opera-
tor matrices together with several examples can be found in the monograph [Tre08].

1.3.1. Spectral equivalence. Many applications in physics lead to systems
of equations where the differential expression on the right hand side of the Cauchy
problem is in fact given by a matrix acting on a two component vector function, see
e.g. [Tre08] and the references therein. In these cases, the basic spectral analysis
described in Section 1.2 becomes substantially more complicated. However, we
point out that the challenges are not necessarily due to a lack of symmetry with
respect to the underlying inner product, but rather intrinsic to the matrix structure
of the problem. For instance, even if the differential expression is symmetric and
the diagonal entries are semi-bounded, the resulting matrix expression need not be
semi-bounded; no standard variational principles for the discrete spectrum are thus
available, while analogous min-max principles for operator matrices are already
quite involved, see e.g. [Tre08, Sec. 2.10].

More generally speaking, even having suitably well-behaved operator realisa-
tions of the entries A, B, C and D at hand (acting between the respective Hilbert
spaces H; and/or Hs), the resulting operator matrix

A= (é g) :H D domA = (dom ANdomC)® (dom BNdomD) — H, (1.9)

defined naively on the domain above in the product space H = H1 & Ho, can have
arbitrary properties in general. Actually, even if the entries are all densely defined
and closed, it is unclear if the matrix domain is dense in H, or if it is large enough
such that A is closed; in fact, A might not be closable at all. Several ill-behaved



6 1. INTRODUCTION

examples can be found in the pioneering work [Nag89| on operator matrices, or
in [Tre08] and the references therein.

A successful approach to the above issues was proposed in [Nag89| and has
been employed ever since in different variations. Inspired by the properties of scalar
matrices, the author suggests to relate the qualitative and quantitative properties
of the operator matrix to its Schur complements. The first one of the latter can be
employed whenever D is invertible and is the following operator family in #;

Si(\)=A—-X—-B(D-\"'C, A € p(D),
dom S;(\) = {f € dom ANndomC : (D — \)"*Cf € dom B};

the second Schur complement Ss(-) is defined analogously. Indeed, for A € p(D), a
relation between the inverses of A— X and S;(\) is provided by the Frobenius-Schur
factorisation of the matrix resolvent, which is the following formal identity

(A== (1.10)

_ Si(A)~ —S1(A\)7'B(D =\t
= (—(D NS ()L (D= AL 4 (D — A)1CSy (A) 1 B(D — /\)‘1) :

In order to give sense to the above representation on operator level, typically
suitable patterns of relative boundedness are assumed within the matrix entries.
For the notion of relative boundedness, which essentially measures the unbound-
edness of an operator with respect to another, we refer the reader to e.g. [Kat95,
Sec. IV.1.1]. The first result of this type employs both Schur complements under
the assumption that the off-diagonal of A is relatively bounded with respect to its
diagonal.

Theorem 1.5 ([Nag89, Thm. 2.4]). Let A be closed and let C and B, respec-
tively, be A- and D-bounded. Then on the common resolvent set of the diagonal
elements, the spectra of A and both its Schur complements coincide, i.e.

o (A) N p(A) N p(D) = o(S()) N p(A) = o(Sa() Np(D).  (L.11)
In the above, the spectrum of an operator family is defined as usual, e.g.
o(51(1) ={A € p(D) : 0 € 0(51(N))}-

Without going into further details, we mention that imposing various other domi-
nance patterns and employing one or both Schur complements, also the closedness
and closability of A, as well as different parts of its spectrum (point, continuous,
residual, essential), can be related equivalently to the analogous notions for the con-
sidered Schur complement. Moreover, similar results hold employing the so-called
quadratic complements of the operator matrix. For a concise collection of these
spectral equivalence results, we refer the reader to [Tre08, Sec. 2.2 — 2.4].

Due to this approach to the analysis of the matrix via its Schur complements,
one can find a closed operator matrix realisation of .4 with non-empty resolvent set
for instance by applying the representation theorems in Section 1.2.3 to S7 () and
S2(A) with a suitable A € p(A) N p(D). The various parts of the spectrum of the
operator matrix can then further be analysed in terms of the Schur complements.
Moreover, by formula (1.10) and its analogue for Sa(-), even the resolvent norm
of A can be related to the latter.
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1.4. Contributions

In this section, we briefly sketch the main ideas behind the works [Ger21,
GT21, GS21] which constitute this thesis, and put them in relation to the issues
and methods in the previous introductory section. A more extensive and detailed
summary of the presented research work can be found in Chapters 2 — 4.

1.4.1. Schur complement dominance. It is crucial to observe that in order
to rigorously justify the Frobenius-Schur factorisation of the resolvent, the matrix
entries themselves do not need to be in direct relation to each other. Indeed, it
suffices that e.g. the first Schur complement dominates the neighbouring factors
in (1.10) in a suitable sense. This approach, which was applied successfully in
[ELO7, FST18, IST16, Ibrl7, IT17] to particular problems, inspires us to introduce
a new abstract framework for the study of operator matrices in Chapter 2 below.
Besides the new non-standard dominance structure therein, we go even further and
do not require the matrix entries to act as operators in the respective Hilbert spaces
(which in particular allows for problems with distributional coefficients).

The idea of extending the entries to take values in spaces of distributions
has been employed before in several matrix problems, e.g. for damped systems
in [JTTV18, AN15]. In fact, this method is already hidden behind the represen-
tation theorems in Section 1.2.3 and has proven to be essential whenever a formal
sum of unbounded operators needs to be implemented. However, so far only the
work [ELO7]| seems to share our approach to determine the distributional spaces
according to the properties of the Schur complement. Indeed, in other works the
involved spaces have consistently been determined by the entries themselves accord-
ing to the underlying patterns of relative boundedness (e.g. as the form domain of
one of the entries and its dual space in [JTTV18, AN15]); see Section 2.1 for more
details on the above.

We point out that the operator matrices constructed by our method (together
with e.g. the representation theorems in Section 1.2.3) in general do not have a
domain which decomposes as in (1.9) with respect to the underlying product space,
compare also [Nag90] for operator matrices whose domain is non-diagonal due to
the imposed boundary conditions.

1.4.2. The pseudo (quadratic) numerical range. Having established a
spectral equivalence between an operator matrix 4 and e.g. its first Schur comple-
ment S1(-) on p(D) similarly to (1.11), there are several possibilities to employ nu-
merical ranges for locating the spectrum of A. The most straightforward approach
is to directly study the numerical range of the matrix itself; nonetheless, since the
latter is convex and contains the numerical ranges of the diagonal elements, it can
be quite large and might not lead to satisfactory results.

Another (often more successful) possibility to locate at least the part of o(A)
in p(D) is to employ the numerical range of its Schur complement,

W(S1(-)) ={r € p(D) : 0 € W(51(N))}-

For non-trivial operator families, however, the relation between the numerical range
and the spectrum can be more complicated than in the operator case discussed in
Section 1.2.4. While the numerical range still contains the eigenvalues, its closure
might fail to include the approximate point spectrum. In order to overcome this, we
introduce the new notion of pseudo numerical range for families of linear operators.
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With this new notion, indeed both the enclosure property for the approximate
point spectrum, as well as the relation to the resolvent norm prevail in general, see
Section 3.2.1 below.

For operator matrices with diagonal domain, i.e. if A admits a matrix repre-
sentation as in (1.9) in the underlying product space H = H; @ Ho, the quadratic
numerical range can provide a tighter spectral enclosure than the numerical range.
By its definition

_ (Af, D (B,
WHA) = U Up(<0f7g>:2 <Dg,g>:2)’ (1.12)

(f,9)€dom A, ”f”Hl :”.(1”712:1

the quadratic numerical range exploits the matrix structure of A and is indeed
contained in the usual numerical range. The above notion was originally introduced
in [LT98] (for bounded off-diagonal entries, see also [Tre09, TW03, RT'18] for further
generalisations).

Nevertheless, even though the point spectrum remains inside the quadratic nu-
merical range, the approximate point spectrum is in general no longer contained
in the closure of the latter. Unlike for the numerical range, this might happen not
only for families of operator matrices, but already in the operator matrix case. We
resolve this issue by introducing the pseudo quadratic numerical range for operator
matrix families (which trivially includes the operator matrix case) along the lines
of the pseudo numerical range. Indeed, this new notion shares both the spectral en-
closure property and the connection to the resolvent norm with its scalar analogue,
see Section 3.2.4 below.

1.4.3. Schrédinger operators with accretive potentials in weighted
spaces. In Chapter 4 below, we employ the form representation Theorem 1.4 to
construct, Dirichlet realisations of Schrodinger-type operators

Ap = -V - (PV)+V (1.13)

with sectorial matrix functions P and accretive potentials V' in suitably weighted
function spaces. In our analysis, the admissible weights w have to satisfy certain
regularity and growth conditions related to the coefficients, see Assumption 4.1. De-
pending on the imposed admissible weight w, we investigate the spectral properties
of the operators A, ; in particular, we study the Schatten class of their resolvent,
prove the invariance of their discrete spectra and eigenfunctions with respect to the
weight and describe their operator domain.

Concerning the spectral analysis of operator matrices, the constructed weighted
operators are of significant importance. In applications where the Schur comple-
ment is given by operators of the type (1.13), the Frobenius Schur factorisation of
the resolvent might contain terms of the form

w1 (=V - (PV) + V) tws

with multiplication operators w; and ws, see (1.10). In order to give rise to a
resolvent operator by the latter formula, a successful approach can be to implement
the Schur complement in a suitably weighted space, see also Theorem 4.4 where
bounded extensions of operator compositions as above are discussed. We employ
this particular method to a second order matrix differential operator in Section 4.3.1
below; notice that for the wave equation in Section 1.5.3, we realise the Schur
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complement in a weighted space for another reason, namely due to the fact that
the underlying Hilbert space itself carries a weight.

1.5. Linearly damped wave equation

We illustrate the results achieved in this thesis by revisiting a particular spectral
problem several times throughout the subsequent chapters, see Sections 2.2, 3.3,
and 4.2 below. More precisely, we consider a linearly damped wave equation

O2u(t, x) + 2a(x)Ou(t,z) = (Ap — q(z))u(t,z), t>0, z€Q, (1.14)

with non-negative damping a and potential ¢ on an open set Q@ C R™. After
standard transformations, the corresponding Cauchy problem reads

ur(t,z) \ 0 1 uy(t, x)
O < ua(t, x) > N ( A, —q(x) —2a(x) ug(t,x) )’ (1.15)
where the matrix differential operator on its right hand side is traditionally imple-
mented in a certain product Hilbert space W(Q) @ L?(Q), see (2.2).

1.5.1. Semigroup generation. The first goal is to find a Dirichlet realisation
of the operator matrix in (1.15) without imposing any relation between damping and
potential, under the sole assumption that the latter are locally integrable (which is
the natural minimal assumption to apply the standard form representation methods
in Section 1.2.3 to the Schur complement).

While the case where the damping is relatively bounded with respect to A — ¢
has been studied extensively, see e.g. [AN15, JTTV18|, to our knowledge non-
standard dominance patterns allowing stronger dampings have been considered
only in the works [FST18, IT20] so far. In [FST18], the spectral equivalence to the
dominant second Schur complement and the Lax-Milgram representation theorem
were employed to define the operator matrix and establish its semigroup generation.
However, since no distributional approach was taken, the operator domain of the
Schur complement had to be described, resulting in seemingly unnatural restrictions
on the regularity and growth of the damping, see [FST18, Asm. I]. In the second
work [IT20] on the other hand, a different (non-spectral theoretic) approach was
taken to construct a unique weak solution and show a polynomial decay of its norm
in time.

Assuming merely the minimal assumptions mentioned above, we use our new
results on Schur complement dominance to introduce a Dirichlet realisation of the

operator matrix
0 I
A= (A —q —2a>

in the space W(2) @ L?(). We therefore employ the spectral equivalence to its sec-
ond Schur complement, which is the Dirichlet realisation (due to the Lax-Milgram
theorem) of

SQ(A):—i(—A+q+2)\a+)\2), AeC\ {0}, (1.16)

acting in the space L?(§)). We show that not only is the resulting operator matrix
closed, densely defined and has non-empty resolvent set, but that actually —.A
is m-accretive and A thus generates a strongly continuous contraction semigroup
according to the Hille-Yosida theorem. Under the more restrictive assumptions
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imposed in [FST18], we show that the generator defined therein coincides with our
realisation of the operator matrix; for more details, see Section 2.2 below.

1.5.2. Spectral enclosure. By the above described spectral equivalence, the
matrix problem can be reduced to the analysis of the Schur complement in (1.16).
In Section 3.3 below, we derive an enclosure for the spectrum of the latter by
employing its pseudo numerical range. To this end, we assume a certain form
subordination property (3.5) of the damping with respect to the term —A+q. Notice
that this assumption implies relative form-boundedness of order zero (see [Kat95,
Sec. VI.1.5] for relative boundedness of forms) and is used to obtain an estimate
for the pseudo numerical range of S3(-), while no relation between damping and
potential is assumed for the spectral correspondence and semigroup generation
described in Section 1.5.1.

As mentioned before, instead of studying the Schur complement, one can of
course directly investigate the operator matrix. In general, however, the numerical
range of A is the whole left complex half plane (even if the damping is form-
subordinate as described above). The quadratic numerical range of A, on the other
hand, can give much tighter enclosures, see [JTTV18| for the case of accretive
(—A + g)-bounded damping.

1.5.3. Accretive damping in a weighted space. Combining our results on
Schur complement dominance with the weighted Schrédinger operators constructed
in Chapter 4, we can study the case of accretive dampings in weighted spaces. More
precisely, in Section 4.2 below, we consider another wave equation

uge(t, ) + 2(a1 (z) + iaz(z) — Vi - (ao(2)Va))ue(t, ) = Ayu(t, x) (1.17)

for x € Q and ¢t > 0. While in comparison to (1.14), we choose the potential to be
zero, on the other hand we allow accretive (differential) damping, i.e. we assume a;
to be non-negative and the matrix function ag to be positive semi-definite. On the
right hand side of the corresponding Cauchy problem, we find the following matrix
differential expression

A— 0 1
o (A —2(a1 +1ias — V- (aoV))> )
For a suitable weight w, we introduce a Dirichlet realisation of A in the weighted
product space W,,(2) & L2, (12), see (4.13) for the weighted analogue of W(2), and
show that it generates a strongly continuous semigroup. We therefore employ the
dominance of its second Schur complement

1

So(N) = —X(—v ((Icn + Xag)V) + 2X(a1 +ias) + A?), A e C\ {0},

which we implement in the weighted space L?UQ (©) by means of Theorem 4.2 below.
The arising conditions on the damping and the admissible weight can be found
in (4.12), (4.14) and (4.16).



CHAPTER 2

Schur complement dominant operator matrices

The results in this chapter are based on the research paper [Ger21]. While in
Section 2.1 the abstract results obtained in the latter are summarised, in Section 2.2
we sketch their application to the damped wave equation. Section 2.3 contains a
layout of further applications to second order matrix differential operators with un-
bounded and/or singular coeflicients and to Klein-Gordon and Dirac operators. We
stress that not all results from [Ger21] are included below and the ones mentioned
are widely simplified.

2.1. Main results

We implement (unbounded) operator matrices Ay acting in the orthogonal sum
H = H1DHo of two complex Hilbert spaces H1 and Ho. More precisely, we identify
a domain dom Ag such that the resulting operator is densely defined, closed and
has a non-empty resolvent set. To this end, we establish an equivalence of (point
and essential) spectra of Ag and its first Schur complement Sy(+), which is a family
of (unbounded) operators acting in Hj, see Theorem 2.3 below. Note that we
employ only one Schur complement (which we denote by Sp(-)). The presented
results hold accordingly for the second Schur complement and can be translated in
a straightforward way, see [Ger21, Rem. 2.4].

The core concepts of our approach are on one hand the dominance of the Schur
complement over neighbouring terms in the Frobenius-Schur factorisation of the
resolvent. On the other hand, we extend the action of the matrix entries and of the
Schur complement to certain distributional triplets of Hilbert spaces

Ds®Dy CHCD_5®D_s, Ds CHi1 CD_g,
before restricting the resulting operators to their maximal domains in the original
spaces H and H;.
2.1.1. Assumptions. Our simplified set of Assumptions engaging the first

Schur complement is the following.

Assumption 2.1 ([Ger2l, Asm. 3.1]). (i) Let Dg, D3, D_g and D_3 be
complex Hilbert spaces satisfying the inclusions

Ds C Hy1 € D_g, Dy C Hy € D_o,

with continuous canonical embeddings which have dense ranges.
(ii) Let A, B and C be bounded between the following spaces

Ae B(Ds,D_S), Be B(DQ,D_S), Ce B(Ds,D_Q).

11
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(iii) Let Dy € C(Hz) such that dom Dy C Dy is dense in Dy and assume there
exists an extension D D Dj with

D € B(Ds, D_s), (D—-XN"t€B(D_2,Ds), A€ p(Dy) #0. //

Note that the assumptions in [Ger21, Asm. 3.1] are more general. In fact, we
allow A and B to map to a larger space D_; O D_g and thus widen the range
of applicability of our results; see Sections 2.3.1 and 2.3.3 where D_g is a proper
subspace of D_;. Moreover, instead of (iii) above we merely assume that Dy — A
has a generalised inverse with a suitable extension property, see [Ger21, Equ. (3.2)].

While several applications in [Ger21, GS21] suggest that Dg and D_g, respec-
tively, are given as the form domain of the Schur complement and its anti-dual
space, this is not always the case. Indeed, this can be seen in [Ger21, Sec. 7.2] or
Section 4.3.1 below, where in the latter, Dg is the operator domain of the Schur
complement, which is implemented in the weighted space D_g.

2.1.2. Definition of matrix and Schur complement. The operator matrix
and its Schur complement are initially defined as bounded operators (with values
in distributional spaces). However, we point out that the resulting operators Ag
and So(-) which act in H and H; are in general unbounded.

Definition 2.2 ([Ger21, Def. 3.2]). We define the operator matrix

A B
A= ( C D ) EB(Ds@DQ,D_SEBD_z),

and its (first) Schur complement
S(\):=A—B(D-\)"'C e B(Ds,D_s), A € p(Dy),
acting in the respective triplets
Ds@®Dy CHCD_sdD_s, Ds CHy CD_s.

The operators Ay and Sp(-) are then defined as the maximal restrictions of A4 and
S(-) to the original spaces H and #;, respectively, i.e. to their respective domains

domAO = {(fvg) S DS X DQ . A(fag) S H}a
dom So(A\) :={f € Ds: S(\)f € H1}, X € p(Dy). //
2.1.3. Main result. Our main result is the equivalence of (point and essen-
tial) spectra between the operator matrix and its Schur complement, which allows
to construct the desired densely defined, closed realisation of Ay with non-empty

resolvent set; here we consider the second out of five definitions of essential spectra
in the sense of [EE87, Chap. IX].

Theorem 2.3 ([Ger21, Cor. 3.4. (ii), Cor. 3.5-3.6]). Let Assumption 2.1 be
satisfied and Ay and So(-) be as in Definition 2.2. If, for every A\ € ¥ C p(Dy),
there exists z) € C such that

(S()\) — Z)\)71 € B(D_S,Ds), (2.1)
then the (point and essential) spectra of Ao and Sy(-) coincide on %, i.e.
O(p/e2) (AO) nx= O(p/e2) (SO()) nx.

Moreover, if p(So(-))NXE # 0, then dom Ajg is dense both in D and H. In particular,
this implies that Ag is densely defined, closed and has non-empty resolvent set.
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Notice that the equivalence of point spectra and one implication
A€ a(Sy(r)) = A€ oa(A)

also holds for A € p(Dy) \ ¥ without (2.1), see [Ger21, Prop. 2.6, Thm. 2.7 (i)]
and also Theorems 2.4 and 2.6 below. If Dg is the form domain of the Schur
complement and D_g is its anti-dual, then condition (2.1) can be established e.g.
by the representation theorems in Section 1.2.3. The last claim of the theorem in
particular holds if z) can be chosen zero for some A\ € X.

Actually, instead of (2.1) it suffices that Sy(\) — z) has a generalised inverse
with a suitable extension property, see [Ger21, Cor. 2.9, Rem. 2.10]. Moreover, we
derive another sufficient condition for the density of dom Ay in [Ger21, Cor. 3.4 (i)].

2.2. Semigroup generation for damped wave equations with singular
and/or unbounded damping and potential

For details concerning this section, see [Ger21, Sec. 4]. We employ Schur com-
plement dominance to introduce a Dirichlet realisation of the matrix differential
expression in (1.15) on Q@ C R™ in a suitable Hilbert space. Under the weak regu-
larity assumption that the damping a and potential ¢ are non-negative and locally
integrable (which allows for strong dampings unrelated to the potential), the latter
generates a strongly continuous contraction semigroup, see Theorem 2.4 below.

We implement Ay in the standard choice Hilbert space H = W(Q) @ L*(Q),
where W(Q) is the completion of C§° () with respect to

(f,9)w = (V. V)2 + (4% f,q% ) 2, fr9 € C5°(Q); (2.2)

the space W(2) @ L?(2) was chosen also in [FST18] and it coincides with the
considered Hilbert space in [AN15, Chap. 1.2.1] or [JTTV18] if the potential is
uniformly bounded below. We define the matrix and its Schur complement as

Ay = <A0_q _§a>, So(N) ::—%(—A+q+2)\a+)\2), AeC\ {0}, (23)

in W(Q) @ L*(Q) and L?(f2), respectively, on their domains
dom Ay := {(f,9) € W(Q) x Ds : (A = q)f — 2ag € L*(Q)}, 24
dom Sy(\) := {f € Dg : (A —q—2Xa)f € L*(Q)}. '

Here Dg is the form domain of the Schur complement
Dg := H}(Q) Ndom¢? Ndoma?Z.
Theorem 2.4 (|Ger21, Thm. 4.2]). Let a,q € L, () with a,q > 0 a.e. in

loc

and let Ay and So(-) be as in (2.3) and (2.4). Then Ay generates a Cy-contraction
semigroup on W(Q) @ L?(Q) and dom Ay is dense in W(Q)) @ Ds. Moreover, the
(point and essential) spectra of Ay and So(-) coincide on C\ (—o0, 0],
(p/e2)(Ao) \ (=00,0] = o(p/e2) (S0 (+)) \ (=00, 0],
and on (—o0,0) we have
a(Ap) N (=00,0) 2 a(So(-)) N (=00,0),
ap(Ao) N (=00,0) = 0p(S0(-)) N (=00,0).
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If [FST18, Asm. I] is satisfied, our realisation .4y coincides with the semigroup
generator G introduced in [FST18], see [Ger21, Rem. 4.3]. We also mention that our
approach allows for distributional dampings like e.g. a(z) = d(z — z¢) considered
in [AN15, Chap. 4].

2.3. Further applications

We demonstrate our results based on three other spectral problems addressed
in [Ger21]. While Section 2.3.1 is more substantial, the applications in Sections 2.3.2
and 2.3.3 are more of illustrative nature and are only briefly mentioned.

2.3.1. Second order matrix differential operators with singular and/
or unbounded coefficients. In [Ger21, Sec. 6], we study second order differential
operator matrices of the form

~A+q Vb
AO:—( c~Vq p > (2.5)

in the Hilbert space L?(Q)® L?(Q) with an open set  C R" and Dirichlet boundary
conditions, see also [BM20, Ibrl7, IST16, IT17, Kon98, KLNO§] for problems of
similar type. Without imposing further restrictions on the coefficients, the matrix
entries lack any structure of relative boundedness between them, which in previous
results enforced assumptions on either the particular structure or the regularity
of the coefficients, see e.g. [IST16] where latter were essentially assumed to be
continuously differentiable.

We employ Theorem 2.3 to establish suitable realisations of Ay and its first
Schur complement

So(A) i= =V - (w(AM)V) +q— A, A €O CC\essrand, (2.6)

see (2.7), and in Theorem 2.6 we show the equivalence of their spectra under fairly
general assumptions. In case that ¢ and d are sectorial and ¢ = b, we show in
Theorem 2.7 that A, generates a strongly continuous contraction semigroup.

2.3.1.1. Spectral equivalence. Due to our distributional approach, we are able to
reduce the imposed regularity of the coefficients to a minimum which is required to
ensure a dominant Schur complement and the applicability of standard sesquilinear
form methods to the latter.

Assumption 2.5 ([Ger21, Asm. 6.1]). Assume that the following hold.

(i) Basic assumptions on coefficients: Let b,c : @ — C™ be measurable and
q e L%OC(Q)’ d e L?:C(Q).
(ii) Regularity of w on ©: Let © C C\ essrand be connected and assume
w(\) i=Icn + (d— N (b®c) € LL. (™™,  Ae€o. (2.7)

(iii) Sectoriality of Schur complement on ®: For the set ) # ® C © and all A € @,
assume there exist wy € (—m, 7| and v, > 0 such that both

G =gty wA) = (N,
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are sectorial (with vertex zero) in the sense of [Kat95, Sec. V.3.10] and that
Re7(A) is positive definite. For all A, u € ®, let my ,,, My, > 0 such that

myuReq(p) < Req(h) < My, Req(p),

2.8
mxuRew(p) < Remw(A) < M), Re7(p). 28)

(iv) Dominance of Schur complement: For all A € ®, assume that
(d — X)~! max <|(Re7~r()\))’5b|, |(Re7~r(/\))*5é|) € L™(Q). //

The regularity assumptions in (i) and (ii) above essentially ensure that the
sesquilinear form of the Schur complement is densely defined, while its sectoriality
(after shift and rotation) for parameters A € ® is provided by (iii). Property (2.1)
can then be established for such A by the standard representation theorem for m-
sectorial operators, see [Kat95, Thm. VI.2.1]. The required dominance of the Schur
complement, however, is guaranteed by the boundedness of the combination in (iv).
Note that the local boundedness of d is assumed for the sake of simplicity and can
be relaxed; see [Ger21, Rem. 6.2] for more details on the above.

Under the assumptions above, our realisation of the operator matrix Ag in (2.5)
and its Schur complement Sy(-) in (2.6) are defined to act on the domains

dom Ay := {(f,9) € Ds x Dy : (A—q)f —V-bge L3(9),
c-Vf+dge L*(Q)}, (2.9)
dom Sy(A\) :={f € Dg : (V- (w(\)V) —q)f € L*()};

here the space Dg is the closure of C§°(£2) with respect to

1£1% = [Re T (Ao)) 2V f|I22 + [[Re (X)) 2 f1122 + [IfII22,  f € C§o(9),

where A\g € ® is fixed arbitrarily and D, is the weighted space
Dy 1= L2(Q,|d — Mow™?),  w:=max (1, I(Re wo)—%a) .

We point out that (as topological spaces) neither Dg nor Dy, and thus neither Ag
nor Sy(-), depend on the choice of Ao, see (2.8) and [Ger21, Lem. 6.11].

Theorem 2.6 ([Ger21, Thm. 6.3]). Under Assumption 2.5, the (point and
essential) spectra of Ay and Sy(-), defined as in (2.5), (2.6) and (2.9), are equivalent
on the set ®, i.e.

O'(p/eg)(Ao) NnNé = 0(p/e2)(SO(')) no. (210)
On the remaining part of ©, they satisfy

op(Ao) N (O\ @) = (O\ @) Nop(So(-)),

a(Ag) N(O\ @)D (0\®)Na(Se()). (2.11)

A sufficient condition on the density of dom Ag in L?(2) & L*(Q) can be found
in [Ger21, Thm. 6.3].
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2.3.1.2. Semigroup generation. We consider the case that ¢ = b and that ¢
and d, respectively, are sectorial with semi-angle 6, and 6; (and vertex zero) in
the sense of [Kat95, Sec. V.3.10]. In this setting, the Schur complement is sectorial
(without rotation or shift) and Ay and Sy(-) can be defined as above with the choice

Ao = —1, T =, q:=q. (2.12)

The analogous spectral equivalence to Theorem 2.6 (on certain sectors © and P be-
low) then leads to the m-accretivity of —Ag, and thus to the semigroup generation.

Theorem 2.7 ([Ger21, Thm. 6.5]). Let Assumption 2.5 (i) hold with ¢ = b
and sectorial ¢ and d as above. Let Ay and Sp(-) be as in (2.5), (2.6) and (2.9)
with (2.12) therein, where 7 is as in (2.7). If the following holds

(d+1)""(b®b) € L, (™", (d+1)"'(Rew(=1))"7b e L®(Q)", (2.13)

then Ay generates a strongly continuous contraction semigroup on L*(Q) @ L*(Q),
its domain is dense in L*(Q) ® L?(Q) and the relations (2.10) and (2.11) hold with

O:={NeC:|arg)\| > 04}, O :={AeC:|arg A\ > max(f,,04)}.

We mention that, similarly to (2.13) above, for Theorem 2.6 it suffices that As-
sumption 2.5 (iv) holds only in an arbitrary point Ay € ®, see [Ger21, Rem. 6.2 (iv)].

2.3.2. Klein-Gordon equations with purely imaginary potential. We
consider the Klein-Gordon equation with purely imaginary potential, where the
latter is only assumed to be locally square integrable, see [Ger21, Sec. 5]. Our
analysis relies on relating the problem to a suitable wave equation and employing the
previously established spectral equivalence in Theorem 2.4. We thereby show that
the resulting operator matrix is closed, densely defined and boundedly invertible,
see [Ger21, Thm. 5.1].

In [Ger21, Ex. 5.2], we conclude that for the special potential V(z) = iz in
one dimension, the operator matrix has empty spectrum, which corresponds to the
analogous result for the Airy operator in case of the Schrédinger equation.

2.3.3. Dirac operators with potentials satisfying a Hardy-Dirac in-
equality. Selfadjoint realisations of certain Dirac operators with Coulomb-type
potentials were established in [EL07], which we show to be a particular case of our
abstract construction. The coercivity of the Schur complement therein is provided
by a Hardy-Dirac inequality, which was established in the earlier works [DES00,
DELV04]. In [Ger21, Sec. 7.1], we illustrate the underlying spaces and operators in
our framework, and thereby recover the result in [EL07]. In addition, we obtain the
spectral equivalence to the first Schur complement, see [Ger21, Prop. 7.2, Rem. 7.3].



CHAPTER 3

Pseudo numerical ranges and spectral enclosures

This chapter is based on the work in [GT21] and contains a brief (and non-
exhaustive) summary of the latter, where the stated results are mostly simplified.
Section 3.2 consists of the main results, which are applied in Section 3.3 to the
damped wave equation while in Section 3.4 further results from [GT21] are sketched.

3.1. Preliminaries

We recall crucial notions which were already briefly mentioned in Chapter 1.
For a domain © C C and a family of linear operators T'(A), A € ©, in a Hilbert
space H, the spectrum and resolvent set are defined as

o(T()) ={re@:0ea(TN)},  p(T())=C\a(T()),

and analogously for various parts of the spectrum, as well as the numerical range,
see e.g. [Mar88, Sec. 11.2, Sec. 26.3]. Analogously, for a family £(\), A € ©, of
linear operators admitting a (A-dependent) matrix representation with respect to
the decomposition H = H; & Hs of the underlying Hilbert space, see (1.9), the
quadratic numerical range is given as

W2(L(:)) ={A € ©:0 e W(L()} € W(L());

the above notion was introduced in [Trel0] (for holomorphic families of bounded
operator matrices), cf. [RTW14] for the block numerical range. Note that, consid-
ering the trivial families T(\) = A — A and £L(\) = A — A, X € C, these definitions
include the corresponding ones for linear operators and operator matrices.

3.2. Main results

In order to minimise the notations and best convey the idea behind the in-
troduced notions, we restrict ourselves to the case n = 1 and n = 2, i.e. to the
notions of pseudo numerical and pseudo quadratic numerical range. The definition
and properties of the pseudo block numerical range for arbitrary size n € N are a
straightforward generalisation of the case n = 2 and can be found in [GT21, Sec. 4].

3.2.1. The pseudo numerical range. The convenient properties of the nu-
merical range of an operator A in a Hilbert space H mentioned in Section 1.2.4
are based on the fact that its e-approximate point spectra are included in the e-

neighbourhoods of the numerical range, i.e.
Uap,s(A) = {)\ ceC:3 f S dOHlA7 ||fH’H = 1, (3 1)
(A =N fll <e} € B (W(4)),

see e.g [Nev93, Def. 2.2.5]. Aiming to recover the above property in a suitable
sense for an operator family T(A), A € O, we introduce the following notion; the

17
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corresponding one for families of sesquilinear forms is omitted here and can be
found in [GT21, Sec. 2].

Definition 3.1 ([GT21, Def. 2.1]). The pseudo numerical range of T'(-) is
defined as the intersection

Wy (T(-) = (W(T(), Wo(T():= |J W(T()+B), e>0. //

e>0 | Bl|<e

Like its classical counterpart, the pseudo numerical range is in general neither
connected nor bounded (even for bounded operator values). By definition, it always
contains the classical numerical range and the inclusion might be proper, see [GT21,
Ex. 3.2].

The set W.(T'()) above in fact coincides with the e-pseudo numerical range
previously introduced in [ET17, Def. 4.1], leading to the equivalent characterisa-
tion (3.3) below. The advantages of our definition of W,(T'(-)) become evident in
higher dimensions, see Section 3.2.4 below.

Proposition 3.2 (|[GT21, Prop. 2.3]). For every e > 0, we have
Wo(T()={re©:3 fedomT\), [Ifllx =1, (TN, fHiul <e},  (3.2)

which then leads to the equivalent characterisation

We(T() = {A€©:0eW TN} (3.3)

The identity (3.3) above provides the invariance of the pseudo numerical range
with respect to closures and Friedrichs extensions, see [GT21, Prop. 2.4. (i), (iii)].
We point out that the set in (3.3) was recently used in [BM20] to study linear
(non-monic) pencils of operators.

In the simplest case T (A\) = A — A, A € C, the pseudo numerical range by (3.3)
coincides with the closure of the numerical range. For general families however,
Wy (T(+)) is neither open nor closed in ©, see [GT21, Ex. 3.2 (i), Ex. 2.9], and
neither the closures nor the interiors of pseudo numerical and classical numerical
range in the relative topology of © need to coincide, see [GT21, Ex. 3.2].

For the pseudo numerical range, the e-neighbourhoods in (3.1) are replaced
by the sets W_(T(+)), implying that the enclosure (1.8) for the approximate point
spectrum continues to hold not only for the trivial family T'(\) = A — A, but also
for arbitrary families.

Proposition 3.3 (|[GT21, Prop. 3.1]). For any ¢ > 0, we have

_ 1
Tap,e(T(-)) S We(T (), TN < = A€PT)\NW(T()),
and hence for the approximate point spectrum that

Gapp(T(+) € W (T(-).

Like for the classical numerical range, more assumptions are needed such that
Wy (T(+)) encloses the full spectrum o(7'(+)); sufficient conditions for the latter are
given in [GT21, Prop. 3.1, Rem. 3.7]
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3.2.2. Relation between Wy (7T'(-)) and W(T(-)) N O. In general, there is
no relation between the pseudo numerical range and the closure of the numerical
range in O, see [GT21, Ex. 2.9, Ex. 3.2]. Nevertheless, one inclusion holds for fam-
ilies of m-sectorial operators with constant form domain under a certain continuity
assumption.

Theorem 3.4 (|[GT21, Thm. 2.8]). Let T(-) be a family of m-sectorial operators
such that the associated forms t(-), see [Kat95, Thm. VI.2.1], have constant form
domain Dy. Suppose that, for each g € O, there exist r, C >0 and

w : Br(Ag) — [0, 00), )\lgr)\l w(A) =0,
such that for all X\ € B.(X\g) and f € Dy we have
[tA0)(f5 1) =tV (S, N < w(X) ([RetNo)(f, /)l + ClIFIZ) -

Then the following inclusion holds

W(T(-)nO CW(t()Ne < Wy(T().

Employing the analogous notion of pseudo numerical range for form families,
the statement above can in fact be formulated more generally, see [GT21, Thm. 2.8]
for details. However, the assumption on the constant form domain cannot be omit-
ted even if the family is analytic, see [GT21, Ex. 2.9].

The reverse inclusion, which by Proposition 3.3 automatically gives a spectral
enclosure, is true for operator polynomials whose leading coefficient is uniformly
bounded below in a certain sense.

Proposition 3.5 ([GT21, Prop. 2.7]). Let T(-) be an operator polynomial of
order n € N with (possibly unbounded) coefficients, i.e.

T(\) =Y NAy, domT(\) = () domA, AeC.
k=0 k=0
Then the following holds

0 W(An) = oapp(T())) € Wu(T()) CW(T())NO.

This generalises the analogous result for bounded operator polynomials in
[Mar88, Thm. 26.7]; see also [Wag07, Prop. 3.3] for the block numerical range.

3.2.3. Spectral enclosures for holomorphic families. We employ the
pseudo numerical range to prove a spectral enclosure for type (B) holomorphic
operator families in the sense of [Kat95, Sec. VII.4].

Theorem 3.6 (|GT21, Thm. 3.3]). Let T'(-) be type (B) holomorphic, associ-
ated with a type (a) holomorphic family t(-). If there exist k € Ny and p € © such
that

0 ¢ WM (), (3.4)
then the pseudo numerical range of T(-) and the closure of the standard numerical
range of t(-) in © are equal and the following spectral enclosure holds

o(T()) € We(T()) = W(t()) N 6.
If, in addition, T(-) has constant domain, then

o(T(-)) € We(T())) = W(T(-))Nne.
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In fact, it suffices to assume (3.4) only on a core of t(u), and Wy (T(-)) # ©
implies (3.4) with k& = 0, see [GT21, Equ. (3.2), Rem. 3.4. (i)]. For type (A)
holomorphic families in the sense of [Kat95, Sec. VIL.2], the analogous result holds
without making use of the pseudo numerical range.

Theorem 3.7 ([GT21, Thm. 3.5]). Let T'(-) be type (A) holomorphic . If there
ezrist k € Ny and p € © such that
0 ¢ W(TH®) (),
then the following spectral enclosure holds
app(T(-)) S W(T(-)) N 6.

Both Theorems 3.6 and 3.7 generalise the classical result [Mar88, Thm. 26.6]
for bounded holomorphic families, see also [Wag07, Thm. 2.14] for its generalisation
to the block numerical range. Examples where the assumptions above are violated
and the spectral inclusion fails can be found in [GT21, Ex. 2.6, Ex. 3.2].

3.2.4. The pseudo quadratic numerical range. We introduce the pseudo
quadratic numerical range of an operator matrix family.

Definition 3.8 ([GT21, Def. 4.1]). The pseudo quadratic numerical range is
defined as the intersection

= (W2(c(),  WLE) = |J wAee)+8),  e>0. /)

e>0 ||Bl|<e

Note that the quadratic numerical range and the pseudo quadratic numerical
range are clearly related in the same way as their classical counterparts, i.e.
Wi (L() € Wu(L()),

see [GT21, Prop. 4.6 (i)]. The concept to obtain possibly tighter spectral enclosures
by exploiting the matrix structure of L(-) is thus transmitted from classical to
pseudo numerical ranges.

Regarding the alternative characterisation of Wy (T(+)) in Proposition 3.2, sev-
eral other ways of defining the pseudo quadratic numerical range might seem nat-
ural, see [GT21, Def. 4.3]. For instance, inspired by (3.3), one can consider

Wi o(L():={A€©:0e W2(L(N))}.
A straightforward generalisation of (3.2) would be
Wi 1 (£() = [{} € ©:3(f,9) € dom L(N),

e>0
£l = llgllae, = 1, [det(L(A)pq)] <€},

where L£())f,, denotes the (A-dependent) scalar matrix analogous to the one in
(1.12), see [GT21, Def. 4.1 (i)]. Another possibility is to consider only diagonal
perturbations

Wi (L) =) | W(L()+ diag(By, Bp)).
e>0|Bil|<e

Recall that for the pseudo numerical range, the analogous notions above coincide. In
the quadratic case, they are in general only nested between the classical numerical
range and the pseudo numerical range.
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Proposition 3.9 ([GT21, Prop. 4.4]). The following inclusions hold.
W2(L(-)) C Wg 1(L()) S WG o(L() € W 5(L(-)) € WE(L()).

In [GS21, Ex. 4.5], we show that these alternative notions all fail to enclose the
approximate point spectrum of £(-) in general. For the set W\%,O(ﬁﬂ)), and thus
for W§ ,(£L(-)), this is also reflected in the fact that

Wi o(L()) = W2(L(:)) = W2(A)

for the trivial family £(\) = A — A, A € C. Indeed, this means that their spectral
enclosure fails whenever it fails for the closure of the quadratic numerical range.
However, by our particular choice from the non-equivalent definitions above, the
pseudo quadratic numerical range exhibits precisely the same convenient properties
regarding the spectrum and resolvent norm as the pseudo numerical range.

Theorem 3.10 (|[GT21, Thm. 4.10]). For any € > 0, we have

Tap,e(L()) S WZ(L()), 1L < é, A€ p(L() \W2(L()),
and hence for the approximate point spectrum that
Tapp(L(+)) C© WE(L()).

As usual, additional assumptions are needed for the enclosure of the full spec-
trum, see [GT21, Rem. 3.7, Prop. 4.10] for sufficient conditions.

3.3. Spectral enclosure for damped wave equations with p-subordinate
damping

We revisit the spectral problem for the damped wave equation, see Sections 1.5
and 2.2. Assuming that the damping satisfies a certain form-subordination condi-
tion (3.5) with respect to —A + ¢, we establish an enclosure for the spectrum of the
Schur complement of the semigroup generator Ay in Theorem 2.4. More precisely,
we consider the following abstract spectral problem; details can be found in [GT21,
Sec. 7].

Suppose that tg and a are densely defined sesquilinear forms in A such that tq
is closed, to > ko > 0 and a > «g > 0. Assume there exist k < kg, p € [0,1) and
Cp > 0 such that

alf, ) < Cp((bo— )£, /) (IFIZ)F,  fedomty C doma, (3.5)

i.e. such that a is p-subordinate to to — x in the sense of forms, cf. [Mar88, Sec. 5.1]
for operator subordinacy. Consider the following quadratic pencil of forms
t(\) i=to+2 a+ A% domt()\) := domto, AeC. (3.6)

The correlation to the Schur complement Sy(-) in Theorem 2.4 is then given by
considering H = L?(R™) and the particular forms

a(f, f) 5:/ alf? dz, doma :=domaZz,
' (3.7)

to(f, f) 5:/ |Vf|2dx+/ qlfI? da, domty := Hl(Rn)mdomqév
Rn Rn

such that for A # 0 one has t(A) = —Asg(\) on domt(A\) = domsy(A) = Dg, where
so(+) denotes the family of forms associated with the Schur complement, see [Ger21,
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Prop. 4.11]. Notice that when assuming (3.5), which implies relative form-boun-
dedness of order zero, the assumptions of Theorem 2.3, and thus the equivalence
of (point and essential) spectra of Ay and Sy(+), hold on whole C\ {0}. The point
A = 0, however, has to be considered separately (and exhibits different behaviour
depending on the underlying potential ¢, see also the last part of Example 3.12).

Employing Theorem 3.6 to the operator family associated with (3.6) and using
condition (3.5) to localise its pseudo numerical range, we obtain the following spec-
tral enclosure. The latter in particular implies that the spectrum lies in the left
half of the complex plane, which agrees with the m-accretivity of —Ay obtained in
Theorem 2.4.

Theorem 3.11 (|GT21, Thm. 7.1]). Let t(-) be as in (3.6) such that (3.5) is
satisfied. Then t(-) is type (a) holomorphic in the sense of [Kat95, Sec. VIL4| and
the corresponding type (B) holomorphic family T(-) satisfies the following.

(i) The non-real spectrum of T(-) is contained in

o(T())\RC {z € C : Rez < —ay, |z| > /Ko,

1
|Im z| > \/max{O,C'p p|Rez|% — |Re z|? +H}}.

(i) Ifp < %, orifp:% andCé <1, orifp:% andC’% =1 and k > 0, then
c(T)NR=10 Y o(T)NR C [s7,sT].
(iii) If p > %, orifp:% andC% >1, orifpzé andC’% =1 and k <0, then
o(T)NR C (—oo,rT|U[s7,s7] v a(T)NR C (—o0,s7].

In (ii) and (iii) above, the interval bounds co < r* < s~ < st < 0 depend on
the problem parameters p, Cp, ko and k; see [GT21, Thm. 7.1] for more details,
including a separate discussion of the case k = 0.

25 20 15 10 5 0 -20 -15 -10 -5 0 14 -12 -10
Re Re

-8 -6 -4 -2
Re

(A) p=04,C, =13, k=-2, (B) p=0.5,Cp, =0.7, k=3, (¢) p=0.65, C, = 0.5,
ag =25, ko =25 apg =0.5,kp =6 k=-5 a=1,k0 =0

FIGURE 1. Enclosures in Theorem 3.11 for o(7") \ R in (i) (blue) and
for o(T) NR in (ii) and (iii) (red in (A) and (c), empty in (B)).

We remark that the enclosure for the non-real spectrum in [JT09, Thm. 3.2, Part
5] is a special case of Theorem 3.11 (i). The enclosure for the real spectrum in [JT09,
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Thm. 3.2, Part 5], however, can substantially be improved by Theorem 3.11 (ii),
since the latter gives o(T'(-)) NR = 0, see [GT21, Rem. 7.3].

Example 3.12 ([GT21, Ex. 7.5]). We apply Theorem 3.11 to a particular
example. In the space H = L?(R") with n > 3, we consider (3.7) with locally
integrable a and ¢, such that the damping is non-zero and bounded by

a(z) < Z\w — 2|7 @) + (),

where m € NU {0}, t € [0,2) and v € L*(R™). The first two terms are then
subordinate to the gradient in ty, and we assume the third term to be subordinate
to the potential by

v(z) < crq(x)" + c2,

see [GT21, Ex. 7.5] for details. We prove that the assumptions of Theorem 3.11 are
satisfied and provide formulas for the parameters p, x and C, therein (depending
on the constants involved), see [GT21, Equ. (7.17)]. In the particular case that

a(z) = |z*,  ke0,2), qz)=z2, zeR"

the above simplify and we determine the precise enclosures emerging from Theo-
rem 3.11, see the last part of [GT21, Ex. 7.5]. Finally, we mention that in this case
A = 0 is in the resolvent set of the semigroup generator Ag in Theorem 2.4; this can
be shown analogously as in the proof of [Ger21, Thm. 5.1], using that the harmonic
oscillator —A + ¢ in L?(R") is boundedly invertible.

3.4. Further applications

The remaining results in [GT21, Sec. 5, Sec. 6] are spectral enclosures for
operator matrix (families) under the assumption of suitable relative boundedness
relations within their entries. Since this thesis is centered around non-standard
dominance patterns, these results will be mentioned only briefly in this section.

3.4.1. Spectral enclosures in terms of pseudo numerical ranges of
Schur complements. The detailed results in this section can be found in [GT21,
Sec. 5]. Assuming that a family of operator matrices £(-) is pointwise either diag-
onally dominant or off-diagonally dominant with boundedly invertible off-diagonal
elements, see [Tre08, Sec. 2.2] for the notion of (off-)diagonal dominance, we show
that

Tapp(L(-)) N p(A() N p(D(-)) € W (S1() UWe(Sa(-)) € WG H(L(:),

see [GT21, Thm. 5.1]. Moreover, we show that if dim?; > 2 and £(-) has point-
wise symmetric corners, i.e. C(-) C B*(-), and if A(-) and —D(-), respectively, are
accretive and sectorial in the sense of [Kat95, Sec. V.3.10], then

Tapp(L(-) N p(D(:)) € Wa(81(-)) UWe(D(-)) € Wi 5(L()),

see [GT21, Thm. 5.3] for analogous results assuming similar structures. The above
spectral enclosures are possibly tighter than the general one by the pseudo quadratic
numerical range in Theorem 3.10. We point out that our results do not restrict the
size of involved relative bounds.
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3.4.2. Structured operator matrices. We apply the results from the pre-
vious section to operator matrices A with a particular structure in [GT21, Sec. 6].
More precisely, we therein assume that C' C B* and that A and —D are at least
accretive (possibly sectorial) and their numerical ranges are separated by a strip

ReW (D) <d§ <0< a<ReW(A).

see [GT21, Equ. (6.2)] for the detailed assumption. Supposing for instance that A
is diagonally dominant and that A and —D are m-accretive, i.e. essentially that the
imaginary axis is in both their resolvent sets, we show in [GT21, Thm. 6.1] that
the approximate point spectrum of A satisfies the enclosure

Oapp(A) C (=2 UX)N{z€C:Rez ¢ (J,)};

here the set ¥ is the smallest sector containing both W(A) and W(—D). This
generalises [Tre09, Thm. 5.2], where the order of diagonal dominance was assumed
to be zero. Finally, in [GT21, Prop. 6.5], we give sufficient conditions in terms of the
relative bounds for the enclosure of the whole spectrum in the above double sector.
Several other dominance and structural patterns arising from [GT21, Thm. 5.1,
Thm. 5.3] are treated analogously.



CHAPTER 4

Schrodinger operators with accretive potentials in
weighted spaces

This chapter is based on the work [GS21], where more details on the following
can be found. In Section 4.1 we summarise our main results and in Section 4.2 we
illustrate them on the example of a wave equation with accretive differential damp-
ing in a weighted space. Moreover, brief outlines of various further applications can
be found in Section 4.3.

4.1. Main results

Let 2 C R™ be open and non-empty. For a suitable weight w : Q@ — R, we
introduce a realisation of the differential expression

Ty=-V-(PV)+V

with Dirichlet boundary conditions in the weighted space L2,(f2). Here the matrix
P :Q — C™*" is sectorial, the potential V' : Q@ — C is accretive and the admissibil-
ity of a weight w depends on P and V', see Assumption 4.1 below. In the sequel,
we denote

1 1
Pii=ReP=_(P+P%), Py:=ImP=_(P-P) (4.1)
1

The weighted operator Ty, is introduced by means of the generalised form rep-
resentation methods in [AH15]. More precisely, we consider the sesquilinear form

tw(f7g) = <PVf, V(gw2)>L2 + <’U)Vf, wg>L27 domtw = V’un (42)
where the Hilbert space V,, is the closure of C§°(§2) with respect to the norm
1 1
1713, = PET S, +IIVIEFIZa, + 112 (43)

equipped with the corresponding inner product; cf. [GS21, Lem. 4.1] where we show
that t,, is continuous with respect to [-|y, on C§°(€2) and can thus be extended
uniquely to V,,. The result in Theorem 4.2 below is then obtained by splitting the
real and imaginary parts of the potential into their regular and singular parts, see
Assumption 4.1 below,

ReV =U, + Us, ImV =V, +V;, (4.4)

and applying Theorem 1.4, in particular establishing the lower estimates (1.7)
therein, with the following multiplier

Py =Dy =P := S VR L®(QR); (4.5)
VI+VZELU?

see [GS21, Thm. 3.2] for more details.

25
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4.1.1. Assumptions.

Assumption 4.1 ([GS21, Asm. 3.1]). Assume the following regularity of P,
(the regular part of) the potential V' and the weight w, see (4.4),
P e L, ()™, VeLL®), U,V,eWyX(QR), we W (QR,).

Moreover, suppose that the following hold, see (4.1) and (4.5).
(i) Sectoriality of P: There exists Cp > 0 such that

(P&, e 20, [(P§,&)cn| < Cp(Pi€,§)cny, £€C
(il) Accretivity of V', sectoriality of ReV +1Vy: There exists Cs > 0 such that
ReV >0, [Vi| < CsRe V.
(iii) Control of VU, and VV,.: For every £ > 0, there exists C. > 0 such that

U, |V, | max{| P 2 PVU,|,|P] % P*VU,|}
S+ V2 + U2 ((ReV)? +2(V;)% 4 C),

. L (4.6)
(1+ U2) max{|P, * PVV,|,|P; 2 P*VV,|}
<1+ V2+U)3(e(ReV)? +e(®V,)? + C.).
(iv) Admissibility of w: There exist ky, 0, > 0 and C,, > 0 such that
|72 PV (w?)] < w?(ko (ReV)E + 0y (BV,)F +Cy). //

We point out that our assumptions include sectorial potentials V = U + iV
and mention that, in fact, in (iii) above it suffices to assume (4.6) with ¢ smaller
than a certain critical value €44 > 0, see [GS21, Rem. 3.3 (i)]. Moreover, in the
generic case V = iV, the condition (4.6) simplifies substantially; indeed, it reduces
to assuming that for every € > 0, there exists C. > 0 such that

max{|P; * PV, |,|P, *P*VV,|} < e[V;|? + C-,
see [GS21, Rem. 3.3 (ii)].

4.1.2. Definition of T,,. Our first and most fundamental result is the defini-
tion of the object we study in this chapter.

Theorem 4.2 ([GS21, Thm. 3.2]). Let Assumption 4.1 be satisfied with K.,
ow, Cp and Cs small enough such that there exists 0 < f < min{1/Cp,1/Cs}
satisfying the inequality

46(1 — BCp)(1 — BCS)
(1+5)2 '

Let tyy, and Vy, be as in (4.2) and (4.3), respectively. Then the operator
domTw = {fGVw : E'?]f GLiz(Q),Vgevw,tw(fag): <77f,g>Li2}7
wa =0fs

acting in the weighted space qug (), has non-empty resolvent set and dense domain
both in V,, and L?,(12).

Bz + (1= BCy)ay, < (4.7)
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In our setting, condition (4.7) is equivalent to the applicability of Theorem 1.4;
see [GS21, Rem. 4.4] for more details where the origin of (4.7) is explained. For
V =iV, we show in [GS21, Rem. 3.3 (ii)] that (4.7) simplifies to

- 1
Y14 Cp

Notation 4.3. In what follows, we say that a weight w is admissible if it

satisfies the assumptions of the above theorem (with respect to P and V). By T,

we denote the therein defined Dirichlet realisation of —V - (PV) + V acting in
L?,(Q) and write T := Ti; notice that w = 1 is admissible for any P and V.  //

ag

4.1.3. Boundedness of compositions. Employing a suitable weighted op-
erator T,,, we construct bounded extensions for certain types of operator composi-
tions. The latter appear in the Frobenius-Schur resolvent factorisation of various
(Schur complement dominant) operator matrices.

Theorem 4.4 (|GS21, Thm. 3.4]). Let my,m2,V : Q — C and P : Q@ — C™*"
be measurable and let

e Wh™(Q,R,) (4.8)

be an admissible weight with respect to P and V, i.e. let the assumptions of The-
orem 4.2 be satisfied with P, V and the weight in (4.8). Assume that there exists
C > 0 such that

fmamal < C(V] +1).
Then there exists Ao € p(T') and a bounded extension
ml(T — Ao)ilmg Q S)\o S B(Lz(ﬂ))

The operator Sy, above is constructed via the resolvent of T,,; a precise formula
can be found in [GS21, Lem. 4.7]. Its extension property is far from trivial and
relies on the fact that the T,, are compatible for comparable weights, i.e. that we
have Ty,, 2 T, if the weights satisfy w; < we, see [GS21, Lem. 4.6].

4.1.4. Schatten class. In Theorem 4.5 below we show that if the form domain
of T is embedded in L?(Q2) with an embedding in a certain Schatten class Sap,
then the resolvent of the weighted operator T, for any admissible weight, is of
Schatten class S,. The proof is conducted by showing that the family of transformed
operators

So 1= W Tyreaw™ @, aeC, (4.9)

in L2(2), which are unitarily equivalent to T,,re, emerges from a family of forms
via Theorem 1.4 on the constant form domain V;, see [GS21, Lem. 4.9, Lem.4.10].

Theorem 4.5 ([GS21, Thm. 3.5]). Let the assumptions of Theorem 4.2 hold
and let 0 < p < oo. Then

idy, € Sp(V1,L2(Q)) = ((Tw — N7 € Sp(L32(Q)), A€ p(Tw)) -

In particular, the above theorem gives a sufficient condition for T, to have
compact resolvent.
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4.1.5. Invariance of discrete spectra and eigenfunctions. Our next re-
sult contains a sufficient condition for the discrete spectra (including algebraic mul-
tiplicities) of T and Ty, to coincide. Moreover, we show that generalised eigenfunc-
tions of T are also generalised eigenfunctions of T;,, which in particular implies a
certain decay of the eigenfunctions of 7.

The proof of Theorem 4.6 below relies on the analyticity of the family in (4.9)
on a sufficiently large domain, see [GS21, Lem. 4.10], Theorem 4.5 together with
a compactness argument based on Rellich’s criterion, see [GS21, Rem. 3.7 (i)], the
identity theorem for holomorphic functions and a slight modification of the Agmon
type estimates in [KRRS17].

Theorem 4.6 ([GS21, Thm. 3.6, Thm. 3.9]). Let the assumptions of Theo-
rem 4.2 be satisfied, Py > 6p > 0 a.e. in ) and suppose that the potential satisfies

lim essinf |V(z)| = 0. (4.10)
R—oo |z|>R,z€Q

Then both T and T, have compact resolvent, their (discrete) spectra coincide and

forall X € o(T) = o(Ty) and k € N we have
Y eker(T — N = o €ker(T, — M.

In particular, the (finite) algebraic multiplicities of X as an eigenvalue of T and T,
coincide, and all generalised eigenfunctions of T lie in qug Q).

The invariance of the discrete spectrum and algebraic multiplicities holds also
without the additional assumptions on P and V', merely assuming that 7" and T,
have compact resolvent, see [GS21, Thm. 3.6]. For the result about the eigenfunc-
tions, it is then sufficient to assume (4.10) in addition, see [GS21, Thm. 3.9].

We point out that without the assumption on compact resolvent, the invariance
result of the discrete spectrum fails in general. Indeed, in [GS21, Ex. 3.8] we show
that an isolated eigenvalue of the family S, in (4.9) might disappear when touched
by the essential spectrum, see also [GS21, Rem. 3.7 (ii)].

4.1.6. Domain and graph norm separation. Our final result is the domain
and graph norm separation of the weighted operators T,. In [GS21, Sec. 5.1], we
employ Theorem 4.8 below to derive the completeness of the eigenfunctions of
certain Schrédinger operators with regular purely imaginary potentials in weighted
spaces. We also mention that separation results of this type are crucial for the
convergence analysis of domain truncation methods, see [BST17, SS21].

The following additional set of assumptions is required.

Assumption 4.7 ([GS21, Asm. 3.10]). Let Assumption 4.1 hold, let

Ve wl>e@)

loc
and assume the following.
(i) Combined accretivity of V and P :

Re(e™'*8Y P¢ &)en >0,  £eC™
(if) Control of VV : There exist ey > 0 and Cy > 0 such that

max{| P, P*VV, [P EP*Y|V||} < ey|V]E + Oy
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(iii) Admissibility of w: There exist €, > 0 and C,, > 0 such that
PPV (0?)] < wl(eulV]E + Cu). /]

In a certain sense, Assumption 4.7 is stronger than Assumption 4.1, see [GS21,
Rem. 3.11] for a comparison. In particular, in the latter we justify that for the
generic case V = iV,., Assumption 4.1 follows from Assumption 4.7.

Theorem 4.8 ([GS21, Thm. 3.12]). Let the assumptions of Theorem 4.2 hold,
let Assumption 4.7 hold with ey + &, < 2 — /2, suppose that P € W1 (Q)nxn
and that Py > 6p > 0. Then there exists ay,, > 0 such that, for all f € domT,,,

ITuf ez, +1flz2, = ava (IV - (PYDllsz, + 1V Sllsz, + 1£122,)
and as a consequence
domT,, ={f €V, : V- (PVf) € L2:(Q), Vf e L?:(N)}.
4.2. Damped wave equations in weighted spaces with accretive

unbounded damping

For more details on the following, we refer the reader to [GS21, Sec. 5.4], see
also Section 1.5.3. We consider the matrix differential operator

0 I
Ao 1= (A —2(ay +iag — V- aOV)> (4.11)

arising from the damped wave equation in (1.17) on an open set 2 C R” in the
space Hy, := W, (Q) & L2 (), where we choose a suitable weight

w € Wil (R4) (4.12)
and W,,(2) is the closure of C§°(Q2) with respect to the norm
17y, = V713, + 11, € G, (413)

We assume that the coefficients in the damping satisfy
a1 € LL(Q), a1 >0, as € WL(R), ap € LL ()Y, ag >0, (4.14)

and introduce a Dirichlet realisation of (4.11) which generates a semigroup on H,,.
To this end, we follow the procedure in Section 2.2 and employ the dominance of the
second Schur complement together with the weighted differential operators defined
in Section 4.1. The domain of the resulting operator matrix Ag is then given by

dom Ag :={(f,9) € Wu() x Dg : Af —2(a; +1ias2)g
+2V - (agVyg) € L22(9)},
where Dg is the closure of C§°(2) with respect to

1 . 1 (o)
1713 = (Zen +a0) 313, + llas +iaalBfI3a, + 1F132 . f € CR(@).

Proposition 4.9 ([GS21, Prop. 5.3]). Assume that ag,a1,a2 and w satisfy
(4.14) and (4.12), and in addition that

(4.15)

1
(Icn + a0)? Vas| < c(1+ |azf*) (a2 + |as|? + 1),
V(w?)| < cw?(af +agl? +1), (4.16)

1
g V(w?)| < V2ew?(ar + ¢0)?,
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with ¢ > 0, g9 € (0,2) and co > 0. Then the operator matriz Ay in (4.11), (4.15)
generates a Cy-semigroup in H,, and its domain is dense in W,,(Q) ® Ds and H.,.

4.3. Further applications

In this section, we briefly sketch three applications from [GS21] which illustrate
the previously stated results therein. In particular, the matrix differential operator
in Section 4.3.1 shows the connection between the works [Ger21] and [GS21].

4.3.1. A Schur complement dominant matrix differential operator
with highly non-symmetric corners. For more details on the results in this
section, we refer the reader to [GS21, Sec. 5.2]. We therein employ Schur comple-
ment dominance (with respect to the first Schur complement) to obtain a densely
defined and closed realisation of the differential operator matrix

—02 + isinh(52? v
Ag = (2 ) (4.17)
e® 9, + e3% 0
in L?(R) @ L?(R) with non-empty resolvent set. Indeed, this can be achieved for
the matrix A defined on
dom Ay == {(f,g) € Ds x L3(R) : f" +isinh(522)f +e* g€ L2(R)}, (4.18)

where Dg is the closure of C§°(R) with respect to the norm

IFIIE == le™ f7lIz> + 1™ fll72,  f € C(R),

by applying Theorem 2.3 to obtain spectral equivalence on C\ {0} to its Schur
complement. The latter is the following operator family acting in L?(R)

1 2 2
So(A) := =02 +isinh(52?) — A + —e” (e® 0, +e37),
., A A eC\{0}. (419
dom Sp(A) := W*%(R) N dom e,

Proposition 4.10 (|[GS21, Prop. 5.2]). The operator matriz Ay in (4.17),
(4.18) is closed, has non-empty resolvent set and its domain is dense in Dg ® L?(R)
and L*(R) @ L?(R). Moreover, with So(-) as in (4.19), we have

ap(Ao) 2 0(Ao) \ {0} = o(So()) = 7p(So(-))-

We point out that the off-diagonal of Ay is highly non-symmetric and the Schur
complement has to be realised in a suitable weighted space to satisfy the conditions
of Theorem 2.3. The remaining spaces therein are given by

D_s:=L?,:(R), Dy:=D_y:=LR).
In fact, for the result above we employ Theorems 4.2 and 4.8 to originally define

the Schur complement in the weighted space D_g with operator domain Dg.

4.3.2. Diagonally dominant matrix Schrédinger operator in a weigh-
ted space. The precise results in this section can be found in [GS21, Sec. 5.3].
Similarly as in the previous section, one can employ Schur complement dominance
to find a closed, densely defined realisation of the operator matrix

—02 +iz? x
AZ( 4 2 6
T -0 +x
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in L2(R) & L?(R) with non-empty resolvent set. Following a different approach,
however, one can consider the product weighted space

Li}f (R) D qug (R)7 wy = <.13>, wa = <l‘>71, S R;

in which A in fact naturally becomes diagonally dominant of order zero; see [GS21,
Sec. 5.3] where Theorem 4.2 is employed to introduce the Dirichlet realisations of
the diagonal elements in the respective weighted spaces and the resulting diagonal
dominance is shown using Theorem 4.8.

Placing A in a product weighted space can equivalently be understood as a
conjugation with the (unbounded) diagonal matrix diag(ws,ws), see also [RT18]
where suitable constants wy,ws > 0 were chosen to balance off-diagonal terms.

4.3.3. Completeness of eigensystems for Schrédinger operators in
weighted spaces. For more details about the following, see [GS21, Sec. 5.1]. Let
the assumptions of Theorem 4.2 be satisfied with Q = R", P = I¢n, a regular
purely imaginary potential V' =iV, such that

Ve@)+12 (@), v>0,

and an admissible weight w. Using Theorem 4.5, we show in [GS21, Sec. 5.1] that
for the Dirichlet realisation

Ty, = —A+1iV,
in the weighted space L2, (R™) it holds that
24+
(T — N1 €S,(L2:(R™),  Aep(Tw), p> 27%.

Moreover, we use [GS21, Lem. 4.3] and [DS88, Cor. XI1.9.31] to conclude that if
n =1 and v > 2, then the eigensystem of T}, is complete in L2, (RR) for any of the
admissible weights

w(z) = exp(£(x)®), O<a<l+ % (4.20)
For the particular choice V,.(x) = 23, the above generalises the completeness result

for the eigensystem of the imaginary cubic oscillator in L?(R) which was established
in [SK12] to weighted spaces with weights as in (4.20) such that 0 < a < 1+ 3/2.
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SCHUR COMPLEMENT DOMINANT OPERATOR MATRICES

BORBALA GERHAT

ABSTRACT. In mathematical physics, matrix differential operators arise nat-
urally in applications as coupled systems of partial differential equations. Up
to now, the spectral analysis of such problems has commonly been tackled
assuming certain patterns of relative boundedness within the matrix entries.
We propose to view operator matrices in a more general setting, which allows
our results to abstain from perturbative arguments of this type. Rather than
requiring the matrix to act in a Hilbert space H, we extend its action to a
suitable distributional triple D C ‘H C D_ and restrict it to its maximal do-
main in H. The crucial point in our approach is the choice of the spaces D
and D_ which are essentially determined by the Schur complement of the ma-
trix. We show spectral equivalence between the resulting operator matrix in
H and its Schur complement, eventually implying closedness and non-empty
resolvent set of the operator matrix. Finally, we apply our abstract results to
the damped wave equation with possibly unbounded and/or singular damping,
as well as to second order matrix differential operators with certain minimal
restrictions on their coefficients. By means of our methods, the previously
used regularity assumptions can be weakened substantially in both cases.

1. INTRODUCTION

Motivated by a wide range of applications, operator matrices emerge from cou-
pled systems of linear partial differential equations and have been of considerable
interest, see e.g. the pioneering work [26], the monograph [29] and the references
therein. Typically, the spectral analysis of such problems is rather challenging,
starting with the non-trivial task of determining a suitable domain of definition on
which the resulting operator matrix is closed and has non-empty resolvent set. An
often fruitful approach is to establish a certain spectral correspondence between the
operator matrix

A B
Az(c D):’7'-lDdOIn.A—>?‘—l7 H=H1 D Ho,

and one of its (two) so-called Schur complements S(-), the (scalar) operator family

SA)=A—-X—B(D—-\)"'C:H;D>domS(\) — Hi, A € p(D).

2010 Mathematics Subject Classification. 35L05, 35P05, 47A56, 47D06.

Key words and phrases. Schur complement, operator matrices, distributional triplets, essential
spectrum, semi-Fredholmness, damped wave equation.
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2 BORBALA GERHAT

Although the latter gives rise to a non-linear spectral problem, in general, more
methods are available for its analysis.

Up to now, the spectral correspondence described above has mainly been achieved
by taking advantage of certain patterns of relative boundedness between the entries
of the operator matrix, see e.g. [25]. There are several results in [12, 13, 15, 16, 17],
however, which seem to abstain from this type of perturbative argument. Inspired
by their methods, we propose a more general framework for operator matrices and
allow a systematic approach to the spectral analysis of a wider class of problems.
We point out that even though our approach was inspired by the conceptual obser-
vations and ideas in [13, 15, 16, 17], its scope goes beyond the latter; not only are
our results due to their abstract nature much more versatile, but even applied to
particular problems in the mentioned references, they allow much weaker natural
and in some sense minimal (even distributional) regularity of the coefficients, see
the applications in Sections 4 and 6.

Our method combines a distributional setting with the assumption that, in a cer-
tain sense, the Schur complement dominates all other terms in the Frobenius-Schur
factorisation of the resolvent. Said distributional approach consists of extending
the operator matrix to a suitable triplet of Hilbert spaces

DCHCD._,

where each of the above inclusions represents a continuous embedding with dense
range. More precisely, we define the action of .4 on a space of test functions D with
values in a space of distributions D_ and consider its restriction Ay to the maximal
domain

domAg={xeD: Ax € H}.

This method has been employed successfully in the past; however, except in [12],
the spaces of test functions and distributions have consistently been determined by
the underlying patterns of relative boundedness within the operator matrix, e.g. as
form domain of some entry and its dual space in [4, Chap. 1.2.1] or [19].

The key novelty in our approach is to choose the spaces D and D_ in a way
that the Schur complement S(-) consists of bounded and boundedly invertible op-
erators between their first components Dg and D_g. This choice guarantees the
required dominance of the Schur complement and allows us to relate invertibility
and semi-Fredholmness of Ay to invertibility and semi-Fredholmness of Sy(-) de-
fined as family of maximal operators in H;. We thus obtain equivalence of their
(point and essential) spectra, which in applications might eventually lead to desired
properties like closedness and non-empty resolvent set of the operator matrix and
its semigroup generation, see Sections 4 and 6.

Although not closely related to our framework, we mention another non-standard
approach in [27] towards the spectral analysis of operator matrices. The setting
therein, however, covers problems of different type and essentially aims at incor-
porating mixing boundary conditions. Moreover, from a structural point of view,
the latter is more restrictive than our approach and requires diagonal dominance of
the underlying operator matrix; note that the dominance assumption therein was
relaxed in [5] to less restrictive patterns of relative boundedness within the matrix
entries.

We apply our abstract results to the linearly damped wave equation on 2 C R™
with Dirichlet boundary conditions and non-negative damping a and potential g,
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which gives rise to the operator matrix

A:(Ao—q —I2a> (L.1)

in a suitable Hilbert space. Unlike in most of the previously existing results, see e.g.
[4, 14, 19], we allow the damping and potential to be singular and/or unbounded
at infinity and do not require the damping to be relatively bounded with respect to
A — q. To the best of our knowledge, this case has only been covered in the works
[13, 18]. In [13], assuming that a € W,L>°(©) and essentially that for every ¢ > 0
there exists C. > 0 with |Va| < a2 + C., see [13, Asm. I] for the precise more

general assumptions, the spectral equivalence of A to its Schur complement

S(\) = f§(7A+q+2)\a+>\2), A e C\ {0},

as an operator family in L?()) was established, leading to the generation of a
contraction semigroup and thus existence and uniqueness of the solutions to the
underlying equation. In [18] on the other hand, an approximation procedure is
performed to construct a unique weak solution, whose norm and total energy are
shown to decay polynomially in time.
Merely assuming a,q € Li (), our methods provide spectral correspondence
between matrix and Schur complement, as well as the generation of a contraction
semigroup. We thereby significantly generalise [13], where technical assumptions on
growth and regularity of the damping are needed in order to describe the operator
domain of the Schur complement. Notice that under the latter more restrictive
assumptions, our realisation of the operator matrix (1.1) coincides with the one
defined in [13], see Remark 4.3. Moreover, we point out that our method can
equally be employed to realise distributional dampings as considered e.g. in [4], see
Remark 4.4.

As another application of our results, we present second order matrix differential

operators of the form
—-A+qg V-b

as(Bpr TP "
on 2 C R™ with Dirichlet boundary conditions and low regularity coefficients.
Problems of this type arise in areas like magnetohydrodynamics or astrophysics
and have been previously studied in e.g. [7, 15, 16, 17, 21, 22] and the references
therein. Our methods allow us to avoid typical technical assumptions like ¢ € C(Q),
b,c € C1(Q)" and d € C*(Q), see e.g [16]. Under certain natural weak regularity
conditions on the coeflicients, see Assumption 6.1, we are able to define a closed
realisation of the operator matrix (1.2) in the space L?*(Q) @ L?(2) with non-
empty resolvent set. We show spectral equivalence to its Schur complement and,
imposing additional assumptions on the structure of the matrix, that it generates
a contraction semigroup.

We further apply our results to study Klein-Gordon equations with purely imag-
inary, (merely) locally square integrable potentials. The physically relevant case of
real potentials, in which the problem exhibits an indefinite structure, was studied
in many works using several different methods, see e.g. [23, 24] where Krein spaces
were employed or [30] where for linear potentials a different approach via oscillatory
integrals was taken. The case of (purely) imaginary potentials, however, seems to
have not been considered so far. In fact, the problem is then equivalent to a wave
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equation with suitable damping and potential and can be treated by applying our
previously obtained methods. We thereby show the spectral equivalence between
matrix an Schur complement and conclude that the resulting operator matrix is
densely defined and boundedly invertible, see Theorem 5.1. In the particular case
of the potential V(z) = iz in one dimension, we show in Example 5.2 that the
spectrum of the operator matrix is empty; this is not surprising considering similar
results related to the complex Airy operator in e.g. [2, 3].

In order to further illustrate the impact of our construction, we consider Dirac
operators with certain Coulomb type potentials. A self-adjoint realisation of the
latter which was introduced in [12] can indeed be recovered as a special case of
our abstract framework. The key step in the analysis in [12] is a Hardy-Dirac
inequality for a class of Coulomb-like potentials, see (7.2), which was derived in
[9, 10]. We translate the existing results to our setting, where the mentioned Dirac-
Hardy inequality ensures that the Schur complement is bounded and boundedly
invertible between the required spaces Dg and D_g.

Finally, we show that our method is not limited to applications where the spaces
Dg and D_g are given by the form domain of the Schur complement and its dual
space. We demonstrate this fact based on a constant coefficient differential operator
matrix where Dg = H*(R") and D_g = H2(R"), while the natural form domain
of the Schur complement

S(\) =A - X+ A%A - N"W-A, AeC\ (—o0,0],

is H3(R™), see Section 7.2. We stress that this example serves an illustrative
purpose only and is kept as simple as possible; relevant problems with similar
structure can be found in [15, 16, 17].

This paper is organised as follows. In Section 2, we present our main abstract
results and lay the ground for the spectral equivalence between Ay and Sy; the
main theorems are Theorem 2.7 and 2.8, where we show that invertibility or semi-
Fredholmness of Ay and Sy, respectively, imply invertibility or semi-Fredholmness
of Sp and Ay. In Section 3, we translate the results of Section 2 into several corol-
laries providing spectral equivalence between the operator matrix and its Schur
complement as an operator family. In Section 4, we apply the established spec-
tral equivalence to the damped wave equation with unbounded and/or singular
damping and potential; in particular, the main Theorem 4.2 states the generation
of a contraction semigroup for the underlying problem. While Section 5 concerns
the spectrum of the Klein-Gordon equation with purely imaginary potential, Sec-
tion 6 contains the application of our results to second order matrix differential
operators with low regularity coefficients; the main results in the latter are Theo-
rem 6.3, which states spectral equivalence between matrix and Schur complement,
and Theorem 6.5, which shows the generation of a contraction semigroup under
some additional structural assumptions. Finally, Section 7 further illustrates the
nature of our results on Dirac operators with Coulomb type potentials and a con-
stant coefficient matrix differential operator.

1.1. Notation and preliminaries. Let n € N be the spatial dimension, let (-, -)¢n
be the inner product and |-| the euclidean norm on C". We denote the real scalar
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product and tensor product on C™, respectively, by
En=) &m,  E@n=(&m)k€CV", EmeCn
j=1

For 2 C R™ and a measurable function m : Q2 — C, we denote by domm the
maximal domain of the corresponding multiplication operator in L?(£2). Moreover,
recall the definition of the essential range

esstanm = {z € C: \"(m~*(B.(2))) > 0 for any ¢ > 0},

where A" is the n-dimensional Lebesgue measure.
The space of matrix-valued locally integrable functions will be denoted

Lige (™" = {M = (Mj)j k- @ = C" s Myg € Ligo(Q), 1 <5,k < n};

note that this is equivalent to || M|| € L, () for any norm ||-|| on C"*". The spaces
L (Q)™ and LE (2)" shall be defined analogously. Moreover, L?(£2;w) shall denote
the weighted L?-space on € with non-negative measurable weight w.

Let Gy, Go and G be Hilbert spaces. The set of closed linear operators from G,
to G, will be denoted by C(G1,Gs), the space of everywhere defined and bounded
operators by B(G1,G2) and the space of compact operators by K(G1,Gs). Moreover,
as usual, we write C(G) = C(G, G), B(G) = B(G,G) and K(G) = K(G, 9).

We denote the duality pairing and anti-dual space of G by

(@, flgexg =0(f), feG, ¢€G ={¢:G— C: ¢ antilinear, bounded};

note that we hereby adopt the conventions in [11] and work with antilinear func-
tionals, which allows us to identify bounded sesquilinear forms on G with bounded
linear operators G — G*. This convention includes defining the space of distribu-
tions on Q C R™, denoted D'(Q), as antilinear continuous functionals on the space
of test functions C5°(2).

The resolvent set, spectrum and point spectrum of a linear operator T in G will
be denoted by p(T), o(T) and o,(T), respectively. We use the following (one of
five in general non-equivalent) definitions of the essential spectrum

O'QQ(T) = {)\ eC:T—-X ¢ .7:+(g)},

here the semi-Fredholm operators in G with finite nullity and deficiency, respec-
tively, are defined in the following way

F1(G) ={T €C(G) : ranT closed, dimkerT < oo},

F_(G)={T € C(G) : ranT closed, dimcokerT < oo}.
Here the co-kernel of T is the closed subspace coker T = (ranT)*. If T € C(G) and
ranT is closed, one can define the generalised inverse of T as

T# = (T‘domTﬁkerT*)_l € B(g)7 (13)

recall that, if P and @, respectively, denote the orthogonal projections on kerT
and coker T, then

ranT# Cc domT, TT#=I1-Q, T#*T cI-P. (1.4)

Note that, since T is closed, both ker T and coker T are closed and the projections
above are bounded.

Throughout the entire paper, H; and Hs denote complex Hilbert spaces and
H = H1 @ Hs their orthogonal sum. The canonical projections of H on H; and
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‘Ho, respectively, are denoted by 7 and mg; their adjoints 7] and 75 are the corre-
sponding canonical embeddings of H; and Hsy in H.

Finally, we write < or 2 if the respective inequalities hold with a multiplicative
constant depending only on quantities which are fixed and the dependence on which
is thus irrelevant.

2. MAIN ABSTRACT RESULTS

We present a new abstract setting for the spectral analysis of operator matrices.
Under fairly general assumptions, our approach allows to establish a correspondence
between semi-Fredholmness and invertibility of an operator matrix and one of its
Schur complements; the latter provides a relation between (point and essential)
spectra of matrix and Schur complement as an operator family, see Section 3.

Our strategy is the following. Rather than directly defining an operator matrix
in the product space H = H1 @ Ha, we consider its entries acting in suitable triplets
(2.1) and restrict the matrix action to the maximal domain in H, see Definition 2.3.
A crucial point of our construction is the choice of spaces Dg and D_g, such that
the Schur complement S : Dg — D_g is bounded and boundedly invertible. Notice
also that we construct a generalised Schur complement, which unlike the classical
definition does not require the entry D to be boundedly invertible but merely to
have a generalised inverse, see Assumption 2.1 (iii) and (1.3), (1.4).

Proofs of the results in this section can be found in Section 2.5.

2.1. Assumptions and definitions. We work exclusively with the first Schur
complement; clearly, all results in this section hold under analogous assumptions
for the second Schur complement, see Remark 2.4.

Assumption 2.1. (i) Let Dg, Do, D_g, D_; and D_s be complex Hilbert
spaces. Assume that

Ds C Hy CD_g, Dy C Hy CD_s, (2.1)

where the corresponding canonical embeddings are continuous and have dense
ranges. Moreover, let D_g C D_; be continuously embedded.
(ii) Assume that the operators A, B and C are bounded between the spaces

A€ B(Ds,D_4), B € B(D2,D_1), C € B(Ds,D_3).

(iii) Let Dy € C(Hz) have closed range in Hs, let dom Dy C D, be dense in Dy
and assume that there exist extensions

Do C D e B(Dy,D_y), DI cD'eB(D 5, Dy). //

Remark 2.2. We point out that D_g = D_; in the applications in Sections 4, 5
and 7.2. However, allowing A and B to map to a larger space widens the range
of applicability of our assumptions, see e.g. Sections 6 and 7.1 where D_g C D_;.
While D_g plays an essential role and is determined by the Schur complement,
the auxiliary space D_; merely provides an environment for the operations needed
in order to define the latter; notice that in Sections 6 and 7.1 it is clear from the
construction that D_; can even be chosen arbitrarily large in a certain sense.

The operator matrix Ay and its first Schur complement Sy are defined as the
following maximal operators in the underlying Hilbert spaces. We emphasise that,
although their extensions A and S are assumed to be bounded between suitable
spaces, Agp and Sy are in general unbounded in H and H1, respectively.



SCHUR COMPLEMENT DOMINANT OPERATOR MATRICES 7
Definition 2.3. Let Assumption 2.1 be satisfied. We define

A= ( é g ) € B(D,D_), S:=A—-BD'C e B(Ds,D_,), (2.2)

where D := Dg ® Dy and D_ := D_; & D_5. Moreover, let the corresponding
maximal operators Ay := Aldom 4, in H and Sy := S|dom s, in Hi be defined on
their respective domains

dom Ay :={(f,9) € D: A(f,g9) € H}, dom Sy :={f€Ds:S5feH}. //

Notice that if 0 € p(Dy), then D* = D! and the definition of S reduces to the
standard formula for the Schur complement, see Lemma 2.12 below.

Remark 2.4. All results in the present section hold analogously for the second Schur
complement. The assumptions have to be translated in a straightforward way as
follows. One assumes the following inclusions between the Hilbert spaces

D) C H1 C D_q, Dg CHe CD_g CD_g,

where the corresponding canonical embeddings are continuous and all except the
embedding D_g < D_5 are assumed to have dense range. Moreover,

B € B(Dgs,D_1), C € B(D1,D-_5), D € B(Dg,D_5).
The operator Ay € C(H1) has closed range in H;, dom A is dense in D; and
Ay C Ae B(Dy,D_y), Af c AteB(D_, D).

Then the matrix A is defined as in (2.2) with D = D; ® Dg and the second Schur
complement is given by

S =D - CA'B € B(Ds,D_»).

With domains analogous to the ones in Definition 2.3, Ag and Sy, respectively, are
the corresponding maximal operators in H and Ho. //

2.2. Dense domain and point spectrum. We start our analysis of the relation
between Ag and Sy by providing sufficient conditions for the matrix A, to be densely
defined in H.
Proposition 2.5. Let Assumption 2.1 be satisfied.

(i) Let coker Dy = {0}, let dom Sy be dense in Hi and assume with

dom By := {f €Dy Bf S Hl} (23)

that dom By Ndom Dy is dense in Ho. Then dom Aq is dense in H.

(ii) Let D_s = D_q, let 0 € p(Dy) N p(So) and let dom Sy be dense in Dg.
Moreover, assume there exists z € C such that ran(Sy — z) is closed in H,
with coker(Sy — z) = {0} and such that there exists an extension

(So — 2)* c St € B(D_s,Ds). (2.4)
Then dom Aq is dense in both D and H.

If Dy is boundedly invertible, the kernels and thus point spectra of Ay and Sy
are related as follows.
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Proposition 2.6. Let Assumption 2.1 be satisfied and 0 € p(Dy). Then
0 € op(Ay) <= 0€0,(5)
and the following identities hold
ker Ag = {(f,—D7'Cf) : f € ker Sy}, dim ker Ay = dim ker Sp.

2.3. Semi-Fredholmness and bounded invertibility. We proceed by estab-
lishing a relation between bounded invertibility /semi-Fredholmness of the matrix
and bounded invertibility /semi-Fredholmness of its Schur complement. This in turn
provides a connection between the (essential) spectra of Ay and Sy(+) as an operator
family, see Section 3. Proofs of the following results can be found in Section 2.5.

Theorem 2.7. Let Assumption 2.1 be satisfied.
(i) Let 0 € p(Dyg). Then

0€ p(Ag) = 0€ p(S).

(ii) Let So € C(H1) and assume either that coker Do = {0} or that Dy € F_(Hz)
with coker Dy C dom C§ and dom Cy is dense in Dg, where

Cp = C‘dOmC(p dom Cy := {f € Dg : Cf S H2}

Then
Ay € .7:+(H) = Sy € .7:+(H1).

We establish the reverse implication, i.e. bounded invertibility /semi-Fredholm-
ness of Sy implying bounded invertibility /semi-Fredholmness of Ag.

Theorem 2.8. Let Assumption 2.1 be satisfied and assume that S € B(Dg,D_g)
and B(dom Dy) C D_g.
(i) Let 0 € p(Dy). If S™' € B(D_g,Ds) (which by the continuity of the embed-
dings Dg — H1 < D_g implies that 0 € p(Sy)), then 0 € p(Ayp).
(ii) Let dom Sy be dense in Dg, let Dy € F4(Hz) and Sy € F4(Hi1) such that
there exists an extension S > SI¥ with St € B(D_g,Ds). Then Ay € Fy(H).

Finally, we provide a sufficient condition for the existence of the extension S*
above; a corollary of Theorem 2.8 then reads as follows.

Corollary 2.9. Let Assumption 2.1 be satisfied, let S € B(Dg,D_g), let dom Sy
be dense in Ds and B(dom Dy) C D_g. Moreover, assume there exists z € C such
that ran(Sp — z) is closed in Hy with coker(Sy — z) = {0} and such that there exists
an extension St as in (2.4).

(i) Let 0 € p(Dy). Then
0 € p(So) = 0 € p(Ao).
(ii) Let Dy € Fy(H2). Then
So € ]:Jr(’Hl) = Ay € ]:Jr(H)
Remark 2.10. The claims of both Proposition 2.5 (ii) and Corollary 2.9 remain
true for finite dimensional coker(Sy — z) # {0} if the orthogonal projection on
coker(Sp—2z) in H; has an extension in B(D_g, H1). Analogously, Proposition 2.5 (i)

still holds if coker Dy # {0} is finite dimensional and the orhtogonal projection on
coker Dy in Hs has a bounded extension in B(D_q, Ha). //
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2.4. Technical lemmas. We start by stating and proving some auxiliary results.

Lemma 2.11. Let G1, Go and Gs be Hilbert spaces such that Go C G3 is continuously
embedded. If T € B(G1,Gs) and ranT C Gs, then T € B(G1,G2).

Proof. Since T € C(G1,G3) and G5 is continuously embedded in Gs, we also have
T € C(G1,G2). The claim now follows from the closed graph theorem. O

Lemma 2.12. Let G1, G and G_1 be Hilbert spaces such that
GicgGcg

and the corresponding canonical embeddings are continuous. Let Ty € C(G) have
closed range in G, let dom Ty C G1 and assume there exist extensions

Ty CT€B(G,G1), Tf CTHeB(G-1,G1).

Let P and Q, respectively, denote the orthogonal projections on ker Ty and coker Ty
in G. Then

TTHg =1-Q
and, if G is dense in G_1, then coker Ty = {0} implies TT* = I. If dom Ty is dense
G1, then

T*T =T — P|g,
and ker Ty = {0} implies T*T = I. In particular, if 0 € p(Ty), G is dense in G_;
and dom Ty is dense in Gy, then TT =T-1.

Proof. Using relation (1.4) and since ran Tg& C dom Tp, we obtain
TTHg = TWTY =1-Q.

If G is dense in G_; and coker Ty = {0}, then TT* = I follows from the above

identity and from TT* € B(G_1).

Let dom T be dense in G;. From Lemma 2.11, we obtain P € B(G,G1). Conse-
quently, again using (1.4), we see that T*T € B(G,) and I — P|g, € B(G,) satisfy

T4 T |aommy, = T To = (I = P)|aomt, = (I — Plg,)|dom T

Hence, T*T = I — P|g, is a consequence of the density of dom T} in G; and clearly,
T*T = I holds if ker Ty = {0}. The last claim is now immediate. O

Lemma 2.13. If Assumption 2.1 holds, then ker D = ker Dy and ran D¥ 14,
ker D().

Proof. We first show ker D = ker Dy. Let f € ker D. Since dom Dy is dense in
D, there exists a sequence { f,, },n C dom Dq such that f,,, — f in Dy as m — co.
Consequently, from D#DO C D*D € B(Dy) and Df = 0, with g,, := (I—D?Do)fm
we conclude

lgm = Fll3z S N9m — Fllpa < Ml fm = fllps + 1D*D frnllp, — 0, m — oo

Note that I — D#DO is the orthogonal projection on ker Dy in Hs, see (1.4). Hence,
the closedness of Dy and g, € ker Dy, m € N, imply f € dom Dy and D f = 0.

It remains to show ran D¥ 14, ker Dy. However, since Hs is dense in D_o and
DY : D_, — D, is continuous, we have

ran D} = D¥ (HigD_2> C Di(’Hz)D2. (2.5)



10 BORBALA GERHAT

Moreover, from Dy being continuously embedded in Hs and (1.3), we conclude

ranD#D2CranD#H2J_ ker D
G K #, ker Dy. (2.6)

Considering D¥|y;, = D#, the claim now follows from (2.5) and (2.6). O

2.5. Proofs. We start by proving Proposition 2.5 (i); for technical reasons, the
proof of (ii) is given at the end of this section.

Proof of Proposition 2.5 (i). By Lemma 2.12, we have that DD* = I. Moreover, it
is straightforward to check the following inclusion

{(f,h — D*Cf): f € dom Sy, h € dom By N dom Dy} C dom Ay. (2.7)
Let (u,v) € H with (u,v) Ly dom Ag; we need to show u =v = 0. By (2.7),
(fyu)p, + (h— D¥Cf,v)p, =0, fedomSy, hedomByndomDy. (2.8)

Setting f = 0 in (2.8), from the density of dom By N dom Dy in Hs it follows that
v = 0. Hence, (2.8) implies v 1. dom Sy and we obtain u = 0 from the density of
dom Sy in H;. O
Proof of Proposition 2.6. By Lemma 2.12, 0 € p(Dy) implies D* = D~ Let
(f,g) € ker Ay, i.e.
Af+ Bg=0, Cf+ Dg=0,
where f € Dg and g € Dy. Applying D! to the second equation and inserting it
in the first one, we obtain
g=-D7'Cf, 0=Af-BD 'Cf=S5f=5f.

Conversely, f € ker Sy and g = —D~'Cf clearly imply 0 = A(f,g9) = Ao(f,g)-
The equality of dimensions now follows immediately. ]

Proof of Theorem 2.7. (i) We show that S;' = L := m.Ay'nt € B(Hy), thus
implying 0 € p(Sp); recall that m; and 7o, respectively, denote the canonical pro-
jections from #H onto H; and Hy. Let therefore f € dom Sy. Since D = D=1 by
0 € p(Dp) and Lemma 2.12, we have (f,—D~'Cf) € dom A and
Ao(f,=D7C[) = (Sof,0) = 7{So .
By applying m1 Ay ! to the above identity, one obtains f = LS, f.
Conversely, let f € Hy be arbitrary. Then
(£,0) = Ao Ay '} f = (ALf + Bro Ay 'y f, CLf + Do Ay 't f). (2.9)
Applying D~ to the second component of (2.9), we obtain
Ay tni f = —~D'CLY.
We insert this identity in the first component of (2.9) to conclude
H,1> f=ALf - BD 'CLf = SLf,

which in turn implies that Lf € dom Sy and SoLf = f.

(ii) Let us proceed by contraposition, i.e. let us show that if Sy ¢ F. (1), then
Ao ¢ F1(H). Assume that Ay is closed, since otherwise Ay ¢ F.(#H) by definition.
Since Sy is closed, there exists a sequence {fm,}m C dom Sy with ||fn |z, = 1,
m € N, such that

Sofm 250, fm -0 in Hi,  m— oo, (2.10)
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see [11, Thm. IX.1.3 (i)] and the preceding paragraph (note that the density of the
domain is only needed for part (ii) of the Theorem).

We construct a singular sequence for Ay and conclude Ag ¢ F4 (#H) by [11, Thm.
IX.1.3 (i)]. Define the sequence {X,, := (fm, —D*Cf)}m C D, then

1%mllae > fmllss =1, AxXp = (Sofm, (I — DDH)Cf,),  meN. (2.11)

We show that x,,, € dom .4y and Apx,, — 0 in H as m — oo. If coker Dy = {0},
then Lemma 2.12 implies DD = I and consequently,

Axpn = (Sofms0) = Aoxm —5 0,  m — oo.
Consider the case that
{0} # coker Dy = span{¢,}1<;j<r C dom Cy;

recall that dimcoker Dy < oo as Dy € F_(Hsz). Then, using that C'f € Hsy for
f € dom Cy C Dg, that DD*|y, = DOD# and relation (1.4), we obtain the identity

k

k
(I-DDYHCf = (Cf. ¢ uatbs = > _(fCidi)m, 5, [ €domCo.  (2.12)

Jj=1 Jj=1

By density of dom Cy in Dg and since both left and right hand side of (2.12) are
continuous in f with respect to ||-||s (with values in D_5), formula (2.12) is valid
for all f € Dg. We can thus extend

k
(I-DDYHC CK:=> (,Cidj)n,d; € K(H1, Ha),

Jj=1

hence (2.11) gives x,,, € dom A and (2.10) implies that AoX,, = (So fin, K fm) — 0
strongly in H as m — oo. Since ||x;,|l > 1, in both cases coker Dy = {0} and
coker Dy # {0}, we obtain an H-normalised sequence

~ Xm

X € dom Ay, A% 550, m — 00. (2.13)

 emlla

It remains to show that {X,, },» has no convergent subsequence in H. We assume
the opposite, i.e. that there exists (f,g) € H and a subsequence (again denoted by
{Xm}m) such that X,,, — (f,g) in H as m — oo. Consequently, from ||x,,[% > 1
and (2.10) it follows for arbitrary u € #H; that

(o] = tim mwrl g e 2,

mse ||l mosso
thus f = 0. Since Ay is closed, (2.13) and X,, — (0, g) imply
(0,9) € dom Ay, Ag(0,9) = (Bg,Dg) =0,

in particular g € ker D = ker Dy by Lemma 2.13. Since by construction moX,, €
ran D¥, Lemma 2.13 ultimately leads to the contradiction

L=l [Rnlld = gl = lim (m%om, g)oe, = 0. 0

The proof of Theorem 2.8 is based on constructing a (left approximate) inverse
for Ap. Its main ingredient is the following proposition.
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Proposition 2.14. Let the assumptions of Theorem 2.8 (ii) be satisfied. Then

Sy ~StBDY
= D 2.14
. ( -ptcsy DY + DrcstBDY € B(#,D) (2.14)
satisfies LAy = I + K|dom 4,, where

= ( DiCPs —Pp— D'CSEBPp ) € K(#,D) (2.15)

has finite rank. Here Ps and Pp denote the orthogonal projections on ker Sy in Hy
and on ker Dy in Ho, respectively.

Proof. From Lemma 2.11, it follows that Ps € B(H1,Dg) and Pp € B(Hs,Ds).
Moreover, B(dom Dy) C D_g implies ran BPp C D_g and again by Lemma 2.11
we obtain BPp € B(Ha,D_g). Altogether, we have KL € B(H, D). Since ker Sy and
ker Dg are finite dimensional, K has finite rank and is thus compact.

We next show that £ is well defined and in B(H, D). Notice therefore that, by
Lemma 2.11 and (1.3),

DY = Di|y, € B(Ha, Dy), S# = S|y, € B(H1,Ds).

Hence, from B(dom Dy) C D_g, we conclude that ran BD(’)‘7£ C D_g and, applying
Lemma 2.11, that BDF;’é € B(H2,D_g). This shows the claimed boundedness.

It remains to prove that
LAS9) = (F9)+K(f,9),  (f,9) € dom Ay.
Since SS# c St and DZ)§E C DY : D_y — D,, and since C'f, Dg € D_,, we can write
T LAo(f,9) = SHAf + Bg — BD¥*(Cf + Dg)) = S*(Sf + Bg — BD*Dg). (2.16)
Applying Lemma 2.12 to Sy and Dy, we obtain the identities
S*S =1 — Ps|pg, D*D =1— Pplp,.
Using this, identity (2.16), S*: D_g — Dg and Sf, BPpg € D_g5 gives
mLA(f,9) = S*(Sf+ BPpg) = f — Psf + S*BPpg = [ + mK(f,9).
The proof of maLAg(f,g) = g + mK(f, g) is analogous. O

Employing the above proposition, we are now able to prove Theorem 2.8.

Proof of Theorem 2.8. (i) We apply Proposition 2.14. Note that all the assumptions
are satisfied with S* = S—!; the density of dom Sy in Dg follows from the density
of Hy in D_g and S—1le B(D_S,Ds).

From 0 € p(Dy), we conclude D(’f = Dy*', Pp = 0and D* = D~! by Lemma 2.12.
Moreover, Lemma 2.12 gives 7' = S5 and Ps = 0 since 0 € p(Sp). Hence K =0,
i.e. the operator matrix

r_ St ~S~'BDy!
-D7'CcS;' Dyt +D7'CST'BDy!
from Proposition 2.14 is a left inverse for Ag. We show that £ € B(H, D) is also a

right inverse for Ap; as D C H is continuously embedded, 0 € p(Ap) then follows
from

A;t =L e B(H).
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Let (f,g) € H, then we have L£(f, g) € D and, using D;' € D™ and Sy ' € 571,
we can write

mAL(f,g) = A(STLf — ST'BD™g)
+B(-D'CS7'f+ D g+ D 'CST'BD ).
Since A : Dg — D_q and B : Dy — D_1, we can break the parentheses in the above
identity and obtain
mAL(f,9) = (A—BD'C)S™'f+ (I - AS~ '+ BD'CS™")BD g
and further conclude
M AL(f,g) =SS f+(I—-SS " )BD g =f.

In the same way, one shows that mAL(f,g) = ¢g. Hence, AL(f,g) = (f,g), which
implies ran £ C dom Ay and AoL = Z.
(ii) By Proposition 2.14, the identity

L-AO :I+]C|dom.Ao (217)

holds true with £ € B(H, D) and K € B(H, D) as in (2.14) and (2.15). We first show
that Ag is closed in H. Let therefore {(fm, gm)}m C dom Ay and (f, g), (u,v) € H
such that (fm,gm) — (f,g9) and Ao(fm,9m) — (w,v) in H as m — oo. The
continuity of £ and X imply

(Frs ) = LAo(Fms Gm) — K(for gom) = L(u,v) — K(f,g), m — o0,

and so the sequence {(fm,gm)}m is convergent in both H and D. Since D C H is
continuously embedded, the limits must coincide, thus (fi, gm) — (f,g) in D as
m — oo. Consequently, A € B(D, D_) implies

Ao(Frs gm) = Alfoms gm) —= A(f,9), m — .

Hence, {Ao(fm,gm)}m is convergent in both H and D_, which, since H C D_
is continuously embedded, gives the equality A(f,g) = (u,v) € H. This in turn
implies (f,g) € dom Ay and Ay(f, g) = (u,v).

By the continuity of the embedding D C H, we have £,K € B(#H). Moreover,
it follows from Proposition 2.14 that K has finite rank, thus K € K(#) and from
(2.17) we see that £ is a bounded left approximate inverse for Ag. Finally, from
the closedness of Ag, (2.17) and [11, Thm. I.3.13], we conclude Ay € FL(H). O

Proof of Corollary 2.9. Let Sy € F(H1); note that this in particular holds if 0 €
p(So). We start by deriving a resolvent type identity for 5’# in order to construct
an extension

S(:)# C Si S B(D_S,Ds).
Let P denote the orthogonal projection on ker Sy in H;. From (1.4), we conclude
(notice that coker Sy = {0} and thus Q = 0)

(So—2)#—S# = (87 So+P)(So—2)* =S¥ (So—2)(So—2)# = (25F +P)(So—2)*.
We can thus define an extension
S§ C St — (287 + P)St = S*.

By Lemma 2.11, one has zS¥ + P € B(H1, Dg). Moreover, St € B(D_g,H,) since
Dy is continuously embedded in H;. Altogether, S* € B(D_g, Dg) is shown.



14 BORBALA GERHAT

The statements (i) and (ii), respectively, now immediately follow from Theo-
rem 2.8 (i) and (ii); notice that in (i) the assumption 0 € p(Sy) together with
Lemma 2.12 implies S~! = S*, (]

It remains to prove Proposition 2.5 (ii).

Proof of Proposition 2.5 (ii). Notice first that the assumptions of Theorem 2.8 (i)
are satisfied and that S=! € B(D_g, Ds), see the proof of Corollary 2.9 (i). More-
over, since D_g = D_y, the inverse £ in the proof of Theorem 2.8 (i) has the
following bounded extension

. 51 ~S-1BD-1

L= (chsl D14 chsprl) € B(D-. D).

It is straightforward to check that L = A, which by the density of H in D_
immediately implies the density of dom Aj in D. The density of dom 4 in H then
follows from the density of D in H and the continuity of its canonical embedding. O

3. SPECTRAL EQUIVALENCE BETWEEN OPERATOR MATRIX AND SCHUR
COMPLEMENT

We apply the results from Section 2 in order to obtain spectral correspondence
between the matrix Ag and its Schur complement Sy(-) as an operator family. More
precisely, we assume that © C C is a set such that, for a fixed A € ©, Assumption 2.1
is satisfied with A — A\, Dy — X and D — X instead of A, Dy and D, respectively.
(In this case, we will say that the assumptions of the theorem are satisfied in a
certain point A € ©.) Our main theorems (which correspond to the case A = 0)
then apply to the matrix A — A and its (generalised) Schur complement S(\), see
(3.1). This relates semi-Fredholmness/bounded invertibility of Ay — A to semi-
Fredholmness/bounded invertibility of Sp(A) and thereby provides an equivalence
of the type

A€ a(p/e2)(Ao) < 0€ 04 ) (50(N) <= A€ ope)(So())
Recall that the spectrum of the operator family {So(A\) : A € ©} is defined as
a(So()) ={r€0:0€a(So(N)};
its resolvent set, essential spectrum and point spectrum are defined analogously.

Assumption 3.1. Throughout this section, we assume the following.

(i) Let Assumption 2.1 (i) and (ii) be satisfied.
(ii) Let Dy € C(H2) such that dom Dy C D, is dense in D, and assume that there
exists an extension

DyCDEe B(DQ,'D,Q). //

The assumptions above allow us to introduce the operator matrix A and its
maximal restriction A4 in H analogously to Definition 2.3. Moreover, we can define
the Schur complement S()\) for a subset © of spectral parameters A € C such that
Dy — X and its extension D — X satisfy Assumption 2.1 (iii). Notice that, in line
with Assumption 2.1 (iii), we do not require 0 € p(Dg) but allow A € C such that
Dy — X merely has a generalised inverse, see (1.3) and (1.4).
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Definition 3.2. Let Assumption 3.1 be satisfied and define A € B(D,D_), dom Agy
and A as in Definition 2.3. Moreover, define the following family of operators

S(\) := A— X — BD¥\)C € B(Ds,D_1), A\ €O, (3.1)
where the set © C C satisfies
O C {AeC:ran(Dy— A) closed in Ha,
3 extension (Do — A\)# € D¥(\) € B(D_y,Ds)}.
Let the corresponding family of maximal operators in H; be defined as
So(A) = S(N)|dom so(n), domSo(N) :={f € Ds: S(N\)f e H1}, Ae€O. //

Remark 3.3. Notice that the spaces in Assumption 3.1 (i) are chosen such that,
independently of A € O, the results of Section 2 apply to A— X and S(\). However,
if the spaces and operators in Assumption 3.1 may depend on A € O, our method
defines an operator matrix valued family

_ (A B
e = (20 by

whose domain dom Ly(A) C H in general depends on the spectral parameter.

(3.2)

> € B(D(A),D_(N), Xe€©,

Let us state the first of four corollaries, which are a translation of the results in
Section 2 to the present setting. Namely, if the assumptions of Proposition 2.5 are
satisfied in one point \g € ©, then A is densely defined in H and/or D.

Corollary 3.4. Let Assumption 3.1 be satisfied and let Ay, Sy and © be as in
Definition 3.2.

(i) Let dom By Ndom Dy (with dom By defined as in (2.3)) be dense in Ha. As-
sume there exists \g € © such that coker(Dy — Xg) = {0} and such that
dom So(Ao) is dense in Hy. Then dom Ag is dense in H.

(ii) Let D_g = D_1 and assume that there exists Ao € © such that Dy — Ao and
So(No) satisfy the assumptions of Proposition 2.5 (ii). Then dom Ag is dense
in both D and H.

Proof. The assumptions imply that Assumption 2.1 is satisfied with A—\g, Dg— A
and D — )\ instead of A, Dy and D, respectively. Hence, the claims in (i) and (ii)
follow from Proposition 2.5 (i) and (ii) applied to Ag — Ao and Sp(Ng) and from

dom Ay = dom(Ag — Ap), dom Dy = dom(Dg — Ag). O
The point spectra of Ay and Sp(-) correspond on © N p(Dy).

Corollary 3.5. Let Assumption 3.1 be satisfied and let Ay, Sy and © be as in
Definition 3.2. Then

op(Ao) N p(Do) NO = a;,(So(+)) N p(Do).
Proof. Let A € © N p(Dy). By Proposition 2.6 applied to Ag — A and Sp()N), we
conclude that 0 € ker(Ag — A) if and only if 0 € ker Sp(A). Hence,
op(Ao) N p(Do) N O = (So(-)) N p(Do) N O = a,(So(+)) N p(Dy). O

On subsets of © where the assumptions of Theorem 2.7 are satisfied, we obtain
an inclusion of the (essential) spectrum of So(+) in the (essential) spectrum of Ay.

Corollary 3.6. Let Assumption 3.1 be satisfied and let Ay, Sy and © be defined
as in Definition 3.2.
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(i) The following inclusion holds
a(So(+)) N p(Do) C a(Ap) N p(Do) NO.

(ii) If the subset X C © is such that Ay — A and So(\) satisfy the assumptions of
Theorem 2.7 (ii) for all A € ¥, then

0e2(So(*)) NE C gea(Ag) NX.

Proof. The statements in (i) and (ii), respectively, follow similarly to the proof of
Corollary 3.5 by applying Theorem 2.7 (i) and (ii) to Ap — A and Sp(A) (with fixed
A€ p(Dp)NO in (i) and A € ¥ in (ii)). O

The reverse inclusions are obtained from Corollary 2.9.

Corollary 3.7. Let Assumption 3.1 be satisfied and let Ay, S, Sy and © be defined
as in Definition 3.2.
(i) If the subset ¥ C © is such that Ag—X, S(\) and So(N) satisfy the assumptions
of Corollary 2.9 (i) for all A € X, then

o(Ay) NS C a(So(-) N E.

(ii) If the subset ¥ C © is such that Ag—X, S(A) and So(N) satisfy the assumptions
of Corollary 2.9 (ii) for all A € 3, then

Ueg(Ao) N C JEQ(S()(')) n.

Proof. The statements follow similarly to the proof of Corollary 3.5 by applying
Corollary 2.9 to Ay — A and Sp(A) (with fixed A € X0). O

4. DAMPED WAVE EQUATION WITH TRREGULAR DAMPING AND POTENTIATL

As an application of our results, we consider the linearly damped wave equation
O2u(t, z) + 2a(z)Ou(t, v) = (A, — q(x))u(t, z), t>0, z€Q, (4.1)

on {2 C R", subject to Dirichlet boundary conditions, and with non-negative and
possibly singular and/or unbounded damping a and potential ¢q. Equation (4.1)
can be written as the following first order Cauchy problem

at( Zigg > N ( A, ’ q() —261z(x) > ( Ziﬁii? ) (4.2)

Spectral properties of the operator matrix above determine existence, uniqueness
and behaviour of the solutions to (4.1) and have been studied extensively. While
the majority of results relies on relative boundedness of a with respect to A — g,
see e.g. [4, 14, 19], the recent results [13, 18] do not follow standard patterns and
allow stronger damping. Combining a distributional approach similar to [4, 14, 19|
with structural observations from [13], our method enables us to not only omit
the assumption on relative boundedness of the damping but also to substantially
lower the regularity of the coeflicients. We thereby close a gap which was left open
between the technical assumptions in [13] and the minimal ones suggested by the
applied sesquilinear form techniques therein, see Remark 4.3.

The main result of this section is Theorem 4.2; assuming only that a, g € Llloc(Q),
we therein define an m-accretive realisation of the operator matrix on the right
hand side of (4.2) in a suitable (standard choice) Hilbert space and show spectral
equivalence to its first Schur complement. By semigroup theory, this guarantees
existence and uniqueness of the solutions to the underlying Cauchy problem. We
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thereby cover the essential part of [13], where the generation of a semigroup was
shown under more restrictive assumptions, see Remark 4.3. Moreover, we point
out that our method can also be employed to realise distributional dampings as
considered e.g. in [4], see Remark 4.4.

4.1. Assumptions and main result. We make the following natural low regu-
larity assumptions.

Assumption 4.1. Let Q C R” be open and let a,q € L () such that a,q > 0

loc
almost everywhere in (). //
In the following, we denote |-|| := [|-|[z2() and (-,-) := (-,-)12(q) and use the
same notation for norm and inner product in L?()™ if no confusion can arise.

4.1.1. Spectral correspondence and generation of contraction semigroup. We estab-
lish the operator theoretic framework behind the Cauchy problem (4.2) under As-
sumption 4.1. Let W(Q) be the Hilbert space completion of C§°(£2) with respect
to the inner product

(9w = /Q V- Vgdo+ /Q afgde,  fgeCEQ):  (43)
recall that ¢ > 0 and a > 0 a.e. in . Moreover, define
Ds := Hj(Q) N dom ¢ Ndoma?. (4.4)

Let Ap and Sp(-) be the (family of) maximal operators in W(Q)® L?(Q) and L?(Q2),
respectively, corresponding to the differential expressions

A= (Ao_q _éa), S(A)::—§(7A+q+2>\a+>\2), AeC\ {0}, (4.5)

on their respective maximal domains
dom Ag := {(f,9) € W(Q) x Ds : (A —q)f — 2ag € L*(Q)},

; (4.6)
dom Sy(A) :={f € Ds: (A —q—2X a)f € L*(Q)}.

Here the above operations are understood in a standard (antilinear) distributional
sense; see Definitions 4.5, 4.8, 4.10 and Remark 4.12 below for details. Notice that
the Schur complement Sy(-) coincides with the usual definition by means of its
quadratic form.

The main result of this section reads as follows and is proven in Section 4.3.

Theorem 4.2. Let Assumption 4.1 be satisfied and let Ay and Sy(-) be as in (4.5)
and (4.6). Then —Ay is m-accretive, thus Ay generates a strongly continuous con-
traction semigroup on W(Q) @ L?(Q2) and its domain is dense both in W(Q) @ Dg
and in W(Q) ® L?(Q). Moreover, the (point and essential) spectra of Ay and Sy(-)
are equivalent on C\ (—o0, 0],

T(p/e2)(Ao) \ (—00,0] = 0(p/e2)(S0(+)) \ (—00,0], (4.7)
and the following relations hold on (—o0,0)
o(Ap) N (—00,0) D a(Sp(:)) N (—00,0), (4.8)

03(Ao) N (~00,0) = 0,(So(-)) N (~00,0), (4.9)
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Remark 4.3. If the assumptions on damping and potential in [13] are satisfied, the
operator GG introduced therein coincides with A4y. Assuming essentially that for
every € > 0 there exists C. > 0 such that

a € I/Vlifo(ﬁ), |Va| < cas + C.,

see [13, Asm. I] for the precise more general assumptions, the authors define G as
the closure of the operator matrix Gg in W(Q) @ L?(Q2) given by

0 I
Go = (A _y —2(1) , dom Gy = (dom(—A + q) 20y N doma)?;

here (—A + q)r2(q) shall denote the Friedrichs extension of —A 4 ¢ on C§°(Q2).
They show that, independently of A € C\ (—o0,0],

dom Sp(A) = dom(—A + q)2(g) Ndoma C W(2) N Dg.

From this it follows easily that dom Gy C dom Ay and their actions clearly coincide.
Since both —G and —A( are m-accretive, see [13, Thm. 2.2], their equality already
follows from the inclusion G C Ay, see e.g. [20, §V.3.10]. //

Remark 4.4. Our setting is more general than the perturbative framework in e.g. [4,
19] and can equally be employed to cover distributional dampings studied therein,
see e.g. [4, Chap. 4] where a(z) = §(x — x¢) is discussed in one dimension. //

4.2. Realisation of matrix and Schur complement. In line with Sections 2
and 3, we present our approach to the underlying spectral problem. Note that since
we use the second Schur complement, the roles of the spaces H; and Hs, as well as
the matrix entries acting in them, are reversed correspondingly, see Remark 2.4.

4.2.1. Definition of spaces. We introduce the spaces for Assumption 3.1 (i).

Definition 4.5. Let Assumption 4.1 hold, let H; := W(Q) with W(2) as in The-
orem 4.2 and Hy := L?(Q). Let the space Dg defined in (4.4) be equipped with the
inner product

(fg)s = [ VF-Vgdo+ [ afgdo+ [ afgdos [ fgdo. fi9eDs (@10
Q Q Q Q
notice that ¢,a > 0 a.e. in ). Moreover, define
Dl = D,1 = W(Q), D,Q = D,S = Dg //

Proposition 4.6. Under Assumption 4.1, the spaces in Definition 4.5 satisfy As-
sumption 3.1 (i) according to Remark 2.4. Moreover, C§°(Q2) is dense in Dg and
one can embed Dg C W(Q) continuously.

Proof. Since q € L{. (£2), the Hilbert space completion of C§°(£2) with respect to
the inner product in (4.3) is well-defined. Clearly, all other spaces in Definition 4.5
are also well-defined and Hilbert. The inclusion C§°(2) C Dg is clear from the
assumption a,q € L (£); its density can be shown using standard techniques. It
thus follows from the construction of W(Q2) and the inequality [|-|[w < ||-||s that
one can clearly embed Dg C W(Q2) continuously.

It remains to show that Dg C L*(Q2) C D%, where the corresponding embeddings
are continuous with dense range. The density of Dg in L?(f2) is a consequence of
C5°(Q2) C Dg, and since we have |-| < [|-||s by construction, it is continuously
embedded. Upon identification of L?(£2) with its anti-dual space, we further obtain

Ds C L*(Q) = L*(Q)* C Ds. (4.11)
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The second inclusion in (4.11) is realised by the continuous embedding
LQ(Q) > f= <f7> = <f7 '>‘Ds € D.*S (4-12)

Indeed, since Dg is continuously embedded in L?(Q), the map in (4.12) is well-
defined and bounded,; its injectivity follows from the density of Dg in L?(Q).

For Assumption 3.1 (i), it remains to show that L?(12) is dense in D%. It suffices,
however, to observe that the embedding in (4.12) is nothing but the adjoint operator

I, L*(Q)* = D§
and that ran I is dense in D since ker Ipg = {0}, cf. [11, p. 170]. O

Remark 4.7. The restriction of every functional in D} to C§°(Q2) C Dg is a distribu-
tion, i.e. one can embed Df C D’'(Q); indeed, since a,q € Li, (), the convergence
of test functions in D(?) clearly implies their convergence in Dg. Moreover, the
density of C5°(£2) guarantees injectivity of the embedding D§ — D'(Q).
If n > 3 then we also have the inclusion W(Q) C D’(Q2); this follows from
W(Q) € BN Q) € L72(Q) C Lo (9),

where H'(Q) denotes the completion of C5°(Q) with respect to ||V-||, i.e. the first
order homogeneous Sobolev space, and the second inclusion is a consequence of the
Gagliardo-Nirenberg-Sobolev inequality. //

4.2.2. Definition of matriz entries. We introduce the remaining objects needed for
Assumption 3.1.

Definition 4.8. Let Assumption 4.1 be satisfied and define the following operators
Ag=A = 0 e BIW(Q)), B:= I €B(Ds, WD),
C:= A—-q e€BW(HQ),Dy), D:= —2a € B(Ds,D¥);
see Definition 4.5. Here the operators A — ¢ and a are the unique extensions of
(A=0)f9)pgn, == [ V1 -Vgdo— [ afgaa,
f,9€C(Q),  (4.13)
(a’fmg)Dngs = /Qafgd%
see Proposition 4.9 below for details. //

Proposition 4.9. Under Assumption 4.1, the operators defined in Definition 4.8
are well-defined and satisfy Assumption 3.1 according to Remark 2.4.

Proof. Since Dg C W(Q) is continuously embedded by Proposition 4.6, clearly
0€BW(Q)), Ie€B(Ds,W(Q)).

It remains to show that C' and D are well-defined by (4.13) and bounded between
the claimed spaces. For f,g € C§°(£2), we have the inequality

(A=) f,9)psups| < IfIwliglw < Iflwllglls- (4.14)

Taking into account (4.14) and the density of C§°(Q2) in Dg, see Proposition 4.6,
the formula (4.13) determines a unique bounded antilinear functional on Dg

(A—q)f € Dg, f e Cse(Q).
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Moreover, from (4.14) it follows that f +— (A — q)f is a bounded map from W(§2)
to D% and therefore, by density of C§°(€2) in W(f2), has a unique extension

A —qeBW(©Q),Dy).
In the same way, by deriving the estimate

1 1 oo
[(afs 9)py sl < a2 fllllazgll < | fllslglls,  f,9 € C57 (%),
one shows that a € B(Dg, D) is well-defined. O

4.2.3. Definition of matriz and Schur complement. We proceed analogously to Def-
inition 3.2, cf. Remark 2.4.

Definition 4.10. Let Assumption 4.1 be satisfied. Define the operator matrix
0 I X
A= ( A-q -2 ) e BW(Q) @ Ds, W(Q2) & DY)

and its second Schur complement
1
SO i=-20- A+ (A= q)lp; € B(Ds,D5), A€ O:=C\{0}; (415)

see Definitions 4.5 and 4.8, as well as Definition 3.2 and notice that © satisfies
(3.2) therein. Let Ao and Sy(-), respectively, be the corresponding (family of)
maximal operators in W(Q) & L?(Q2) and L?(Q2); more precisely, Ay := A|dom A,
and So(A) := S(A)|dom so(x) With their respective domains

dom Ag := {(f,9) € W(Q) x Ds : A(f,9) € W(Q) x L*(Q)},
dom Sy(\) := {f € Ds : S(\)f € L*(Q)}. //

The following proposition shows that (4.15) agrees with the standard definition
of the Schur complement via its quadratic form.

Proposition 4.11. Let Assumption 4.1 hold and let S(-) be as in Definition 4.10.
Then, for every A € C\ {0} and f,g € Dg,

(S()\)f7g)D§XDS = —% (/QVngda:—&—/qugdx—i—2)\/9afgdx+)\2/9fgdx).

Proof. Considering Definitions 4.8 and 4.10, it is clear that the claimed identity
holds for f,g € C§°(€2). Since C§°(Q?) is dense in Dg and both sides of the formula
are continuous with respect to convergence in Dg, it remains valid for f,g € Dg. O

Remark 4.12. Under Assumption 4.1, the actions of A and S(-) introduced in Def-
inition 4.10 coincide with their standard distributional definitions, cf. Remark 4.7.
Indeed, taking into account that ¢ € L{ .(Q2), clearly

loc
Af—qf e Llloc(Q)’ Ie CgO(Q)’ (4.16)

is a regular distribution and coincides with C'f € D as defined in (4.13). The action
of C' on the completion W(2), however, is constructed by continuous extension,
see (4.13), and is thus given as a limit of regular distributions of the form (4.16);
notice that convergence of functionals in D¥ implies their convergence in D’'(12).
Finally, the following distributions

ag € Llloc(Q)v 7% (7Af + Qf + 2Aaf + )‘2) € D,(Q)a A € C \ {0}7 fag € DS7
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are well-defined and coincide with Dg € D¥ and S()\)f € D¥ asin (4.13) and (4.15),
respectively; see Proposition 4.11 and notice that Dg C dom a® Ndom q%. //

4.3. Proof of Theorem 4.2. We first formulate a crucial ingredient for the proof
of Theorem 4.2 as a lemma. For every A € C\ (00, 0], it provides the existence of
an extension as in (2.4); this is needed in order to apply Corollaries 3.4 (ii) and 2.9.

Lemma 4.13. Let Assumption 4.1 be satisfied and let So(-) be as in Definition
4.10. For all X € C\ (—00,0], the domain dom So()\) is dense in Dg and there
exists zx € p(So(N)) such that

(S(\) — z0) "' € B(DE, Ds). (4.17)
Moreover, if Re A > 0, then one can choose z) = 0.

Proof. Fix A ¢ (—00,0]. Analogously to the proof of [13, Lem. 2.3|, one can show
that there exists z) € C such that S(\) — z) corresponds to a bounded and coer-
cive sesquilinear form on Dg; cf. the proof of Theorem 5.1 and also the proof of
Lemma 6.15, where the analogous statement is proven in a different setting. By the
Lax-Milgram Theorem, see e.g. [11, Cor. IV.1.2], we conclude (4.17), z5 € p(So(N))
and density of the maximal domain dom(Sy(\) — zx) = dom Sy(A) in Dg. Finally,
from the proof of [13, Lem. 2.3], it is clear that one can choose z) = 0 in case that
Re A > 0. d

Proof of Theorem 4.2. We start by pointing out that, by Propositions 4.6 and 4.9,
Assumption 3.1 is satisfied, the objects in Definition 4.10 are well-defined and the
results of Section 3 applicable. Moreover, Ag and Sp(-) as in Definition 4.10 coincide
with their definition in (4.5), see Remark 4.12. Considering this, the description of
their domains in (4.6) follows immediately from Definition 4.10.

Let us show the identities (4.7) - (4.9). To this end, we refer to Remark 2.4 and
apply the results from Section 3 correspondingly. First, since p(4p) = © = C\ {0},
Corollary 3.5 implies

op(Ao) \ {0} = op(So(-))- (4.18)
We proceed by showing that the assumptions of Corollary 3.7 are satisfied. Let
A€ X :=C\ (—00,0] be arbitrary. Since D_g = D_s, one clearly has

S()\) € B('Dsfpfs)7 C(dOInA()) cD_g.

Moreover, according to Lemma 4.13, dom Sp(A) is dense in Dg and there exists
zx € p(So(N)) such that

(So() = 22) 71 € SH) i= (SN — 20) ! € B(D_g, D). (4.19)

Considering that 3 C p(Ap), we can thus apply Corollary 3.7 to conclude
7 (e2)(Ao) \ (=00, 0] C 0(e2) (So(-)) \ (=00, 0]. (4.20)

Furthermore, from Corollary 3.6 (i) with p(4y) = © = C\ {0}, we obtain
a(Ao) \ {0} 2 (S0 ("))- (4.21)

Moreover, since ¥ C p(Ag) and since, for all A\ € 3, Lemma 4.13 implies that
p(So(X)) # 0 and thus So(A) € C(Hz), the assumptions of Corollary 3.6 (ii) are
satisfied and we conclude

e2(Ao) \ (—00,0] D 7e2(So(+)) \ (=00, 0]. (4.22)
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In summary, (4.7) follows from (4.18), (4.20), (4.21) and (4.22); the inclusion (4.8)
is a consequence of (4.21) and the identity (4.9) follows from (4.18).
We continue by showing that —A4 is accretive, i.e. that

R‘e<A0(f>g)’(f>g)>H SO; (fag) Gdoon.

To this end, let (f,g) € dom.Ay. By the density of C5°(£2) in Dg, see Proposi-
tion 4.6, and by construction of W(Q), there exist {fm }m, {gm}m C C§°(R2) such
that f,, — f in W(Q) and g,, — ¢ in Dg as m — oco. Moreover, Dg C W() is
continuously embedded, see Proposition 4.6, and we conclude

(9, fhw = 1m_ (Vg V) + (a3 g, a2 fn)) (4.23)
One can easily show from the definitions in (4.13) that
((A=q)f —2a9,9)pywp, = — lim_ (<me, Vgm) + (42 fimn: 42 gm)

+2<a%gma a%gm>) .
Using this, (4.23) and (h,")p. ,p, = (h,") for h € L?(Q), we further derive
(Ao(f,9), (f9))n = (g, Nlw + (A = q)f — 2ag,9)

=—-2i lim Im ((me,ng> + <q%fm,q%gm>)

m— o0

—2 lim (a%gm,a%gm>.
m—0oQ

Finally, the accretivity of —A¢ then follows from
Re(Ao(f.9), (f,9))x = —2 lim (a*gum,agn) <0.

Next we note that, by Lemma 4.13, we have S(\)~! € B(D%, Ds) and thus
0 € p(So(A)) whenever Re A > 0. By taking complements in (4.20), we conclude

{AeC:ReX >0} Cp(So(+)) C p(Ap).

This implies that —Ag is m-accretive; the generation of a strongly continuous con-
traction semigroup then follows from a standard result in semigroup theory, see e.g.
[20, §IX.1].

It remains to show that dom.A4g is dense in W(Q) @ Dg and W(Q) & L?(Q).
This, however, follows from D_g = D = D_5 and Corollary 3.4 (ii), since we have
shown already that the assumptions of Proposition 2.5 (ii) are satisfied in any point
A€ C\ (00,0], see (4.19). O

Remark 4.14. The density of dom A in W(Q) & L?(2) (which already follows from
its m-accretivity, see [20, §V.3.10]) can equally be shown by employing Proposi-
tion 2.5 (i). Let therefore (A — ¢)12(q) denote the Friedrichs extension of A —¢ on
C5°(€2). One can show that

dom(A — q) 20y C dom Cy = dom Ag N dom Cy,

where we used dom Ay = W(2) and where dom Cj is defined analogously to (2.3).
Moreover, one can prove that dom(A — ¢)r2(q) is dense in W(), which by means
of Proposition 2.5 (i) gives the claimed density. //
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5. KLEIN-GORDON EQUATION WITH PURELY IMAGINARY POTENTIAL

We consider a Klein-Gordon equation on R™ with potential V' and mass m > 0
(0 =iV (@) u(x,t) = Agu(z, t) + mPu(z,t) =0,  x€R", ¢>0;

here the involved physical constants are normalised for the sake of simplicity, see
e.g. [30] for the full generality. The equation above has been studied in a large
number of works, employing various (operator theoretic) approaches, see e.g. [23,
24, 30]. After suitable transformations, one arrives at the following first order
Cauchy problem

5 ( up(t,x) ) _ ( 0 1 > ( up(t,x) ) (5.1)
P\ un(t,z) ) A, +m?—V(x)? 2V(z) us(t,x) ) ’

We mention that also another system of equations arising by means of different
transformations has been of interest, for instance in [24, 30]. Motivated by the
underlying physical problem, the potential is assumed to be real-valued in all works
above. This results in a certain indefiniteness of the problem, which makes its
spectral analysis less straightforward, see e.g. [23] where Krein spaces together
with a smallness condition for the potential were employed.

For purely imaginary potentials V' = iW with real-valued W, however, the
problem can be reduced to a suitable wave equation, see (5.8) below; note that
the latter has a special structure since the damping W is relatively bounded with
respect to the term —A + m? + W2, Assuming only that the potential is locally
square integrable, we define the matrix expression

0 I
A= (—A+m2+w2 QiW) (5:2)

on the right hand side of (5.1) as a densely defined, boundedly invertible opera-
tor in a suitable Hilbert space and show spectral equivalence to its second Schur
complement,

S() = % (CA+m? +(W+AD?),  AeC\ {0} (5.3)

see Theorem 5.1. Moreover, in Example 5.2 below, we consider the special case
W (z) = x in one dimension and show that the spectrum of the resulting operator
matrix is empty, which is in line with the analogous results for the Airy operator
in case of the Schrédinger equation.

We denote [|-|| := ||-[|z2») and (,-) := (-,-)2(rn) and, if its meaning is clear
from the context, adapt the same notation for norm and inner product in L?(R™)".
The operator matrix and its Schur complement are defined as follows

Ao = A'dom.Am SO()‘) = S()\)|dom Sos reC \ {0}’ (54)

acting in the underlying Hilbert spaces W(R") @ L*(R") and L?(R"), respectively,
with A and S()) as in (5.2) and (5.3) understood in the standard distributional
sense, on their respective domains

dom Aj := dom Sy x W(R"),

dom Sy = {f € WR") : (Af — W?)f € L2(R")): (55)
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notice that the domain of Sy(A) is independent of A € C\ {0} and that the domain
of Aq is diagonal. In the above, the first component of the product space is

W(R") := H(R™) N dom W
considered as Hilbert space equipped with the inner product
(f.9)% = [ VfVgda+ [ W?fgdz+ [ fgdz,  f,g€ WR"). (5.6)
R® R R
Theorem 5.1. Assume that W € L2 _(R™,R) and let Ay and So(-) be as in (5.4)

loc

and (5.5). Then Ay is closed with 0 € p(Ap) and its domain is dense both in
WR™) & W(R") and in W(R"™) & L?*(R"). Moreover, the (point and essential)
spectra of Ay and Sy(-) are equivalent, more precisely,

U(p/eZ)(AO) = CT(p/eg)(So(')). (5.7)

Proof. We relate the problem to a certain damped wave equation and apply the
results in Section 4. In detail, for A € C we have

Ay — X =idiag(1,i) " (Ay — i \) diag(1, 1)
with Ay being the following linear operator in W(R") @& L2(R")

I 0 I
O\ A - (m2+ W) 2w

This clearly gives the equivalence

) , dom Ay := dom A. (5.8)

A€ 0(pye2)(Ao) = 1A € 0(p/e2) (o). (5.9)

We apply Theorem 4.2 to .Zo and its second Schur complement §0(~) in a suitable
way, i.e. with € := R", the potential ¢ := m?+W? and the damping a := W therein.
Even though the latter might be indefinite, it is relatively bounded with bound
zero with respect to the potential in the sense of quadratic forms, and the spectral
equivalence can thus be implemented analogously. Indeed, merely the following
adjustments have to be made.

Instead of (4.3), (4.4) and (4.10), define W(2) := W(R"™) and ||-||w as in (5.6)
and set Dg := W(R™); notice that (4.3) and (5.6) give equivalent norms and
W(R"™) is in fact independent of choosing either one of them. Taking into ac-
count these modifications, Propositions 4.6, 4.9 and 4.11 remain valid. Moreover,
since W(R™) C dom W, the domain of Ay defined as in (4.6) indeed coincides
with dom A in (5.5). In view of Lemma 4.13, we consider the Schur complement

~ 1
S(\) = -5 (—A+m? +W? + 20W + A?) € BW(R™), W(R"™)*),
and the restriction So(-) to its maximal domain in L2(R™), see (4.5) and (4.6),

which since W(R") C dom W, is given by
dom Sy(A) = dom Sy, A € C\ {0}.

In order to apply Theorem 4.2, it thus suffices to justify that dom Sy is dense in
L?(R™) and that, for every X\ # 0, there exists z) € C such that (4.17) holds and
zx = 0 can be chosen if A > 0 is sufficiently large. This, however, follows in a
straightforward way from the order zero form-relative boundedness of the damping
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with respect to the potential. More precisely, using Cauchy-Schwarz’ and Young’s
inequalities, one shows that for every § > 0 it holds that

1
[owiseas < g [ wAspdes o [ |Pds £ € dom(w?),
. 2 Jen 2% Jan
Hence, for A € C\ {0} and f € W(R"), the above gives

Re(=ASO\)f, Hwemyown- = [VFI? + (1= [X8)[W f]*

+ (m® + Re(N?) — (A5 ™H[I £,
implying the existence of zy € C such that S()\) — zy is coercive on W(R™) and
that z) = 0 is a possible choice for any A > 0. The claimed invertibility in (4.17)
now follows from the Lax-Milgram-Theorem, see [11, Cor. IV.1.2]; cf. the proofs
of Lemmas 4.13 and 6.15. ~Combining the above, Theorem 4.2 implies the claimed
density of dom Ay = dom Ay and

0#Xe U(p/eg)(./ztvo) — A€ O'(p/eg)(§0(~)). (5.10)
It remains to show that Ay is boundedly invertible. The equivalence (5.7) then
follows from (5.9), (5.10) and since for A # 0 clearly
0e 0’(p/eg)(§0(i)\)> — 0 e 0’(p/eg)(50()\)).
To show 0 € p(Ay), in view of (5.9), it suffices to prove that
=27;'w =15t

.ZOl:R::( I 0

) e BW(R™), L*(R")

where Ty is the linear operator in L?(R™) given by
Ty := —A+m?+W?2, dom Ty := dom Sj.
However, the claimed boundedness of R readily follows from
W e BW®R™), IAR™Y), Ty e BLA(R™), W(R™)),
and the proof of .ZOR = Lyy®r)@L2(rn) and R.Zo = Zdom A, is straightforward. O
Example 5.2. For the one dimensional purely imaginary potential V = iz, our
realisation of the Klein-Gordon Cauchy problem (5.1) has empty spectrum. More
precisely, we show that if n = 1 and W (x) := z, x € R, then o(Ay) = 0.
By Theorem 5.1, we have that o(Ag) = o(So(+)), where
1

SoN) = 5 (=02 +m*+ (z+1iN)?),  AeC\ {0},

is the operator family in L?(R) on the (A-independent) domain
dom Sy = H*(R) N dom(x?);
see [8, Prop. 2.6. (i)] for the domain separation property and note that
dom(m? 4 (xz +i))?) = dom(z?).
The claim thus follows if we show that o(Sg(-)) = (). It is easy to see that
T(A\) :=ASo(N\), T(0):=—-02+m?+2*, domT()\):=domSy, Xe€C,

is a holomorphic family of type (A) in the sense of [20, Sec. VII.2]; notice that in
fact T'(-) is also type (B) holomorphic, see [20, Sec. VIL4], with form domain W(R)
as in (5.6). Since for every A # 0, the operator T'(\) is a bound zero perturbation
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of T'(0) and the latter has compact resolvent, see [28, Thm. XIIL.67], also T'(\) has
compact resolvent; see [20, Thm. IV.1.16] and note that

(T©0) =) =0,  p——oc.

Due to the analyticity of T'(), the isolated eigenvalues (of finite multiplicity) of T'(\)
depend analytically on A € C, see [20, Sec. VII.1.3, Thm. VII.1.8]. Considering that,
for A € iR, by unitary equivalence we have

a(T(0)) = o(=0% +m* + (z — |A)?) = o(T(N)),
the spectrum of 7'(\) remains unchanged in A € C and thus, for A # 0,
A (So(N) = o(T(N)) = o(T(0)).

Since it is well-known that o(7°(0)) does not contain zero, this gives o(Sp(:)) = 0.

6. SINGULAR COEFFICIENT MATRIX DIFFERENTIAL OPERATORS

As another application, we study the spectra of generic second order differential
operator matrices of the form
—-A+4+q V-b

with irregular coefficients acting in the Hilbert space L?(Q) & L*(Q) with Q C R
while imposing Dirichlet boundary conditions. Operator matrices with this partic-
ular structure appear in several problems in mathematical physics, see e.g. [7, 15,
16, 17, 21, 22]. Due to the apparent independence of their entries, however, their
spectral analysis is not straightforward and previous results typically rely on the
regularity or special form of coefficients. Our approach merges the conceptual idea
of a dominant Schur complement in [15, 16, 17] with a distributional framework,
which enables us to substantially reduce the required regularity of the coefficients.
In particular, we allow the latter to be singular and/or unbounded, as long as
they satisfy certain (in some sense minimal) conditions arising from our setting in
Section 3, see Assumption 6.1.

The main results in this section are Theorems 6.3 and 6.5; the former provides
spectral equivalence of our realisation of the operator matrix (6.1) and its Schur
complement, whereas in the latter we show that if ¢ and d are sectorial and ¢ = b,
then the resulting operator matrix is m-accretive and generates a strongly contin-
uous contraction semigroup.

6.1. Assumptions and main results. We impose the following low regularity
assumptions on the coefficients.

Assumption 6.1. Let 2 C R” be open.

1) Basic assumptions on coefficients: Let b, c : 2 — C™ be measurable and
p )

g€ L (Q),  de Li5.(Q).

loc

(ii) Definition and regularity of w on ©: Denote by I € C™**™ the identity matrix,
let © C C\ essrand be connected and let

w(\) =T+ (d—\)"b®c) e L (Q)"*", A€ 6. (6.2)
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(iii) Sectoriality of ¢ and ™ on ® (after rotation and shift): Let O # ® C ©. For
all A € @, assume there exist wy € (—m, 7] and 7, > 0 such that both

G\ == g+, w(\) = el“r (N, (6.3)

are sectorial; more precisely, a.e. in €2, let Reg(A) > 0, let the matrix Re 7w (A)
be positive definite and let Cy > 0 be such that

[Im g(A)] < CxReq(A),
Im7w(A\)S - €| < CaRem(N)E-€,  geCm

Moreover, for all A, u € ®, assume there exist constants my_,, My, > 0 such
that a.e. in Q the following holds

mauReq(p) < Reg(A) < My, Req(p),

6.4
my Rem(p) < Rew(A\) < My, Rew(p). (64)

(iv) Dominance of Schur complement: For all A € ®, assume that
(d — X)~! max <|(Re7~r()\))*%b|, |(Re77r(>\))7%6|) € L>*(Q). //

Remark 6.2. (i) The assumptions ¢ € L. () and w()\) € L{ (\)"*™ are natu-
rally minimal and guarantee that the generalised quadratic form of the Schur
complement is densely defined for A € ©. Assumption 6.1 (iii), however,
translates into sectoriality (after shift and rotation) of the Schur complement
on the set of parameters .

(ii) The assumption d € L2 () is made for the sake of simplicity and can be
relaxed. It is a sufficient condition for the following

W(d - A)_lb € Lfoc(Q)n7 w e L120c<Q)’ (d - )‘)w_l € LIQOC(Q)7

where A € ® and w is defined in (6.6) below. The first two of the conditions
above guarantee that our realisation of the operator matrix in (6.1) and its
Schur complement coincide with their standard definition in the distributional
sense, see Remark 6.14. The third condition ensures that C§°(£2) C Ds, where
D; is defined in (6.6) below.

(iii) Assumption 6.1 (iv) is essential; it ensures that, on the set of parameters @,
the Schur complement dominates the neighbouring factors of the Schur-Fro-
benius factorisation of the resolvent in a suitable way, cf. Corollary 3.7.

(iv) By (6.4) and Lemma 6.11 below, it is equivalent to assume (6.2) or Assump-
tion 6.1 (iv), respectively, only in an arbitrary point A\ € @ or A\g € &.  //

From now on, we write [|-|| := ||-||z2(q) and (-,-) := (-, ) £2(q); the same notation
will be used for norm and inner product on L?(2)" if no confusion can arise.

6.1.1. Spectral correspondence. Under Assumption 6.1, we place the spectral prob-
lem for the operator matrix (6.1) in a suitable setting and apply the results from
Section 3. Fix an arbitrary point A\g € ® and set go := q(\p) and mg := 7(\o),
see (6.3). Let Dg be the closure of C§°(2) with respect to the inner product

(f.9)s = / RemoVf - Vgdx +/ Reqofgdz + [ fgdz, f,9€C5o(Q); (6.5)
Q Q Q
recall that g > 0 and Remg > 0 is positive definite a.e. in 2. Moreover, define

Dy 1= L2(Q,|d — Mow™?),  w:i=max (1, I(Re no)—%a) . (6.6)
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We emphasise that, as topological spaces, Ds and Dy do not depend on the choice
of Ag. Indeed, by (6.4) and Lemma 6.11 below, their respective inner products
generate equivalent norms for distinct choices of Ay € ®.

Let Ag and So(-) be the (family of) maximal operators in L?(Q2) @ L?(2) and
L?(Q), respectively, corresponding to the differential expressions

A;—(‘é‘;q Vc'lb), SN = -V-r(AV+a—A A€O, (6.7)

see (6.2), on their respective maximal domains
dom Ay :={(f,9) € Ds x Dy : (A—q)f —V-bge L*(Q),
c-Vf+dgeL*(Q)}, (6.8)
dom Sy(A) :={f € Dg: (V-7T(NV —q)f € L*(Q)}.
Here the above operations are understood in a standard (antilinear) distributional
sense, see Definitions 6.6, 6.9, 6.12 and Remark 6.14 below for details. Note that
So(+) coincides with the standard definition of the Schur complement by means of
its quadratic form on the set of parameters ® were the latter is sectorial.
The first main result in this section, the spectral correspondence between oper-

ator matrix and its Schur complement, reads as follows; its proof can be found in
Section 6.3.

Theorem 6.3. Let Assumption 6.1 be satisfied and let Ay and So(-) be as in (6.7)
and (6.8). Then the following identities and inclusions hold

op(Ag) N O =0, (Se(-)) N O, (6.9)
o(Ap)NO D a(Se(-))NO (6.10)
o(Ag)N® C a(So(-)) N, (6.11)

0e2(Ag) NP = 002(Se()) NP (6.12)

If dom By Ndomd is dense in L*(S2), where
dom By = {f € Dy : V-bf € L*(Q)},
then dom Ay is dense in L*(Q) @ L?(9).
Remark 6.4. If e.g. b € W,22(Q), then both domd and dom By contain C§°(Q),

loc

thus dom By N domd is dense in L?(Q2) and dom Ay is dense in L*(Q) & L*(2). //

6.1.2. Generation of contraction semigroup. When imposing additional assump-
tions on the structure of the problem, the resulting operator matrix proves to be
m-accretive and thus generates a strongly continuous contraction semigroup, see
Theorem 6.5 below.

More precisely, besides Assumption 6.1 (i), we require that ¢ = b and that ¢ and
d are sectorial, i.e. that there exist 0 < 04,04 < /2 such that a.e. in

Req >0, |Im¢| < tan6, Regq,
(6.13)
Red >0, Im d| < tand;Red.
The above structural assumptions imply Assumption 6.1 (iii) with certain sets

©:={AeC:larg)| > 05}, @:={\eC:|arg)| > max(f,,04)}, (6.14)



SCHUR COMPLEMENT DOMINANT OPERATOR MATRICES 29

where arg : C\ {0} — (—m, 7] and arg0 = 0. Moreover, the regularity and domi-
nance Assumptions 6.1 (iii) and (iv), respectively, reduce to

7o = I+(d+1)" (b®b) € LL ()", (d+1) " (Remy) 2b € L®(Q)"; (6.15)
see Remark 6.2 (iv) and notice that Re 7y > I is positive definite, see (6.33) below.

Applying Theorem 6.3, we thereby obtain the following theorem; its proof can be
found in Section 6.4.

Theorem 6.5. Let Assumption 6.1 (i) hold, let ¢ = b, let q and d be sectorial
with semi-angle 0,,0,4 € [0,7/2), see (6.13), and let (6.15) be satisfied. Let © and
O be defined as in (6.14) and let Ay and So(-) be as in (6.7) and (6.8), where =
is as in (6.2), and we set \g := —1, qo := q in the definitions (6.5), (6.6). Then
(6.9) - (6.12) hold and — Ay is m-accretive, thus Ay generates a strongly continuous
contraction semigroup on L?(Q) @ L?(Q). Its domain is dense in L*(Q) © L?(Q)
and satisfies

my dom Ag C dom |d|%. (6.16)

6.2. Realisation of matrix and Schur complement. In the more general set-
ting of Assumption 6.1, we provide the appropriate framework to the spectral prob-
lem for the operator matrix (6.1) such that the results of Section 3 apply. We
therefore need to define the objects in Assumption 3.1 in a suitable way.

6.2.1. Definition of spaces. We introduce the spaces needed for Assumption 3.1 (i).

Definition 6.6. Let Assumption 6.1 be satisfied and let Hy = Ho = L*(Q).
Moreover, let Dy and w be as in (6.6) and let Dg and D, respectively, be the
closure of C§5°(£2) with respect to the inner products in (6.5) and

(frg)1 = /Q |d — Xo| 2w (b®@b)Vf - Vgdx

+/Affgdx+<f,g>s, [,9 € C5°(Q);
Q

notice that (b ® b) > 0 is positive semi-definite a.e. in Q. Finally, define
D_g:=D%,  D_1:=D;, D_g:=L*Quw?). //

Proposition 6.7. Under Assumption 6.1, the spaces in Definition 6.6 are well-
defined and satisfy Assumption 3.1 (i).

Proof. By assumption, Remo € L, (Q2)™*™ is positive definite and Re g € Li ()
is non-negative a.e. in Q. Considering this, it is easy to see that Dg is a well-defined

Hilbert space. Moreover, from d € L{° (2) and Assumption 6.1 (iv) it follows that

loc
(Remo) " 2¢ = (d— Ao)(d — Ao) " "(Remo)~2¢ € LS.(Q)", (6.17)
which in turn implies w € L2 (). From mg € L (2)"*™ and Assumption 6.1 (iv),
we further derive that
w(d—Xo)"'b = w(Rem()?(d — \) " (Remwo) b € L2 (Q)", (6.18)
and thus also D, is a well-defined Hilbert space.

Analogously to the proof of Proposition 4.6, from the density of C§°(£2) in L*(Q)
and since ||-|| < ||||s by construction, we obtain the inclusions

Ds C L*(Q) C Dk
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where the corresponding embeddings are continuous and have dense range. Sim-
ilarly, it follows that D; C Dg, and thus D§ C Di, are dense and continuously
embedded.

Clearly, the weighted spaces Dy and D_5 are Hilbert spaces. From )\g ¢ essrand
and Assumption 6.1 (iv), it follows that

|d — X\o|*w™ = min (\d — Xol%, | (d - )\o)*l(Reﬂ'o)*%E\*Q) > 1,

thus Dy C L%(Q) is continuously embedded. Moreover, this implies that, as a topo-
logical vector space, Dy coincides with the weighted space L?(Q, 1+ |d — \o|?w™2),
i.e. with dom((d — A\g)w ™). Since the maximal domain of a multiplication operator
by a measurable function is dense, see e.g. [6, Ex. 4.3.3 (a)], the density of Dy in
L?(Q) follows. Analogously, from w > 1 a.e. in 2 we conclude that L*(Q) C D_ is
dense and continuously embedded. O

Remark 6.8. Due to Assumption 6.1, the spaces Dj and D_5 in Definition 6.6 can
both be understood as subspaces of D’(2), cf. Remark 4.7. Indeed, since w is locally
bounded by (6.17), we have

D 5 =L*(Qw?) C LL.(Q) C D(Q).
The embedding of Df in D’(2) can be shown analogously to Remark 4.7. //

6.2.2. Definition of matriz entries. We introduce the operators needed for Assump-
tion 3.1 (ii) and (iii).
Definition 6.9. Let Assumption 6.1 be satisfied. Define the following operators
A= —-A+q €B(Ds, D7), B:= V-b € B(Dy,Dj),
C:= c¢-Vf €B(Ds,D_s), D:= d €B(Ds,D_2),

see Definition 6.6 for the spaces involved. Here A and B are determined uniquely
by the defining identities

(AL-Doyup, = [ V1 Vado+ [ afgde, feCF@. geCF@),

(6.19)
(Bf>g)pf><pl IZ—/Qbf'Vigdx, f €Dy, 96080(9)7
and the operator C is the unique extension in B(Dg,D_2) of
Cf:=c -V, fe s, (6.20)
see Proposition 6.10 for details. Finally, define Dy := D|qomaq as the maximal
multiplication operator by d in L?(Q). //

Proposition 6.10. Let Assumption 6.1 hold. Then the operators introduced in
Definition 6.9 are well-defined and satisfy Assumption 3.1 (ii) and (iii). Moreover,

(D—\)"! € B(D_2,Dy), A€o, (6.21)
where © C C\ essrand is the connected set in Assumption 6.1 (ii).

The following elementary lemma will be needed several times, including for the
proof of (6.21) in Proposition 6.10.

Lemma 6.11. Let © C C\ essrand be connected and A\, i € ©. Then there exist
constants Cy ,,, C |, > 0 such that a.e. in

Capuld —pl <1d =X < O3 ,ld = pl.
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Proof. 1t is easy to see that, for every fixed \g € O, there exists a set N C 2 with
measure zero and a radius § > 0 such that

§|d(x) — v <d(z) — do| < 2ld(z) —v], veEBs(N), z€Q\N. (6.22)

The claim of the lemma then follows from a standard compactness argument by
connecting A and p with a path in © and using (6.22) locally. O

Proof of Proposition 6.10. Integration by parts and sectoriality of gy give

(AL, 9)p;xp, | S IFIAGI + [[(Re go) 2 fIIl|(Re go) 2 gl + 1 Flllgll < I fllsllgllx

for f,g € C§°(R), see Assumption 6.1 (iii). Analogously to the proof of Proposi-
tion 4.9, this implies that A € B(Dg, D7) is uniquely well-defined by (6.19). Simi-
larly, for f € Dy and g € C5°(92),

[(Bf,9)p; xp, | < I1F(d = X0)w ™ lI(d = Xo)"'wb - Vgl < [|fllp, llglh

implies that B € B(Ds, D7) is uniquely well-defined by (6.19). For any f € C§°(Q),
we moreover obtain the chain of inequalities

Icrl3 , < /Q 1@,V Flen Pw2 da

< /|(Re71'0)_%6\2|(Re7r0)%Vf\2w_2 dz (6.23)
Q

Fll%:

notice that the right hand side of the above inequality is finite by definition of w.
It now follows from the density of C§°(2) in Dg that the operator defined in (6.20)
has a unique extension C' € B(Dg,D_3).

We next show that D and Dg satisfy Assumption 3.1 (ii). From the definition
of Dy and D_s, it is obvious that D € B(Dy, D_s) and, as maximal multiplication
operator in L?(€), its restriction Dy is closed in L?(Q2). Moreover, since both |d—\g|
and w are uniformly positive a.e. in €, the topological vector spaces L?(€2, |d|? +1)
and L?(Q, (w? + 1)|d — Xo|?*w™2) coincide. It follows that dom d can be understood
as the maximal domain domp, w of the multiplication operator by the measurable
function w in the weighted space D> and is thus a dense subspace of the latter, see
e.g. [6, Ex. 4.3.3 (a)] and note that the weighted Lebesgue measure with weight
(d— Xo)*w=2 € LL (Q) is o-finite. cf. Remark 6.2 (ii). Finally, for fixed \ € O,

loc

relation (6.21) holds since by Lemma 6.11 with p = Ao for all f € D_5 we have

Id— N F3, =/Id—AI‘QIf\QId—Ao\Qw‘Z)dx§/Ilew_de:Hfll%,z- 0
Q Q

_ _1_
< Jlw™t(Re o) 2CH%O@(Q)”

6.2.3. Definition of matriz and Schur complement. Analogously to Definition 3.2,
we now introduce our realisation of the operator matrix (6.1) and its Schur com-
plement. Note that, by Proposition 6.10, the set © satisfies inclusion (3.2).

Definition 6.12. We define the operator matrix

—A+ V-b "
AZ: ( cvq d > EB(DS@DZa’Dl EB’D_Q)

and its first Schur complement
S(\)i=-A+qg—A—(V-b)(d—AN)""(c-V)eB(Ds,D;), AI€O,
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see Definitions 6.6 and 6.9 for the spaces and operators involved. Let the (family

of) maximal operators Ag in L?(Q) @ L2(2) and Sp(-) in L?(12), respectively, be
defined as the restrictions of A and S(-) to their respective maximal domains

dom Ag := {(f,9) € Ds x Dy : A(f,g) € L*(Q) x L*(Q)}, (6.24)

dom Sp(\) := {f € Ds : S(\)f € L*(Q)}. //

The proposition below shows that the Schur complement acts according to the

formula obtained from naively integrating by parts. On the set of parameters ®

where it is sectorial, our definition of the Schur complement coincides with its

standard definition by means of its quadratic form with form domain Dg and core
C5°(€2) and is bounded between Dg and its anti-dual D.

Proposition 6.13. Let Assumption 6.1 be satisfied and let S(-) be as in Defini-
tion 6.12. Then, for all A € © and f,g € C3* (),

(SO\)fag)D;xDl = /QWO\)VJC'de‘*‘/QQf?dx—)\/Qfﬁd% (6.25)
Moreover, if A € ®, then S(\) € B(Dg, D).
Proof. Fix A € © and let f,g € C5°(Q). Since (d — \)"tc- Vf € Dy, it follows by
definition that

(SOV-9)pm, = | V1 -Fgde+ [ afgda=x [ faaa

+/(d— N e Vf)(b- V) da.
Q
Formula (6.25) is then easily derived from the definition of 7w(\) and

(c-&b-&=dboc)-& £eC
Now let A € ® be fixed. Using formula (6.25), multiplying it by the unimodular
factor e!“» and employing Assumption 6.1 (iii), we conclude

(SO S, S [ ReFOTSTF ot [ Rea|fPdor [ 7P do < 113
for f € C5°(R2). By a straightforward polarisation argument, it follows that

(SN 9)prwp, | S I fllsllglls,  frg9 € C5o (). (6.26)

Since C§°(Q) is dense both in D; and in Dg, S(A) € B(Dg,D;) and Dy C Dg is
continuously embedded, the inequality (6.26) remains valid for f € Dg and g € D;.
However, this implies S(\) € B(Dg, DY) for all X € . O

Remark 6.14. The actions of A and S(-) can be understood in a standard distribu-
tional sense, cf. Remark 6.8 and also Remark 4.12 for the damped wave equation.
More precisely, by Assumption 6.1 (i), the distributions
“Af+af € Lip(Q), V-m(NVf+aef =AfeD(Q), [feC5F(Q), (6.27)
are well-defined and coincide with the functionals Af € Df and S(\)f € D,
respectively, see definitions of the latter in (6.19) and formula (6.25). Moreover,
Cf=c-VfeD_yCLL.(Q), [ €CE(Q). (6.28)

Since the actions of A, C' and S(\) on Dg are obtained by continuous extension,
see (6.19) and (6.20), they are given as limits of distributions of the form (6.27)
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and (6.28); notice that the convergence of functionals in D or D_y = L?(Q, w?)*
implies their convergence in D’(Q2). From (6.18), we see that

bg = w(d — \o) 'bg(d — Xo)w™ € LL ()", g€ Dy = L*(Q,|d — Mo|*w™?).

Hence, the distributional divergence V - bg € D/(Q2) is well-defined and clearly
coincides with Bg € D7 as in (6.19). Finally, it is clear that D = d is a standard
multiplication operator between the weighted spaces D2 and D_s. //

6.3. Proof of Theorem 6.3. The statement of Theorem 6.3 can be obtained from
the results in Section 3; the following lemma is needed in order to apply Corollar-
ies 3.6 and 3.7 therein.

Lemma 6.15. Let Assumption 6.1 be satisfied and Sy(-) as in Definition 6.12.
Then, for every X\ € ®, there exists z\ € p(So(N\)) such that

(S(A) —21)~" € B(Dg, Ds)
and dom Sp(A) = dom(So(A) — zy) is dense in Dg.

Proof. Let A € ® be arbitrary but fixed, then S(\) € B(Dg,D¥) by Proposi-
tion 6.13. Moreover, multiplying (6.25) with the unimodular factor e'“*, we obtain

Re (e SOV )y, = [ ReFNVS- V] da
+/Rea<A>|f|2dx—m+eiw\||f||2
Q

for f € C5°(£2). Using (6.4), we further derive
Re (> SN, ) pyyp, = CLllFI5 = CallFI? f € CF(9Q),

where C1,C5 > 0 depend on A but not on f. From this it is easy to see that there
exists z) € C such that

"> ((S(N) = 20 f, Flpgxpsl 2 N5, f € CE(Q). (6.29)

By the density of C§°(f2) in Dg, the continuity of the embedding Dg C L?(£2) and
S(X\) € B(Ds, Dy), the above inequality remains valid for f € Dg, i.e. S(A\) — 2z
corresponds to a bounded and coercive sesquilinear form on Dg. By the Lax-
Milgram Theorem, see e.g. [11, Thm. IV.1.1], we conclude z) € p(So(A)),

(S(A) = 2)~" € B(Dg, Ds)
and density of the maximal domain dom(Sp(\) — z)) = dom Sy(A) in Ds. O

Proof of Theorem 6.3. By Propositions 6.7 and 6.10, Assumption 3.1 is satisfied,
the objects in Definition 6.12 are well-defined and the results of Section 3 are
applicable. We point out that our realisations of A4y and Sy(-) in Definition 6.12
coincide with their standard distributional definitions in (6.7), see Remark 6.14.
The description of their domains in (6.8) then follows from their definition in (6.24).

We show the claims in (6.9) - (6.12). Since © C C \ essrand = p(Dy), the
identity (6.9) is a direct consequence of Corollary 3.5. Let us proceed with using
Corollary 3.7 in order to show (6.11) and

ea(Ao) N D C 0e2(So(-)) N . (6.30)
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To this end, let f € domd and g € C§°(2). We can estimate
(BF.0)pgn, | < [ 17110, Va)er|da

s/|<d—Ao>f||d—Aorl|<Re7ro>*%b|\<Rewo>%v9|dz (6.31)
Q

< [(d = 2o) FIII(d = Ao) " (Re 7o)~ b)| oo (cryn

notice that the right hand side of the last inequality is finite due to Assump-
tion 6.1 (iv). By the density of C5°(f2) in Dg and since D; C Dg is continuously
embedded, both left and right hand side of (6.31) are continuous in g with respect
to ||-|ls. Hence, B(domd) C D¥ and (6.31) holds for all f € domd and g € Dg.
The remaining assumptions of Corollary 3.7 with ¥ = & C © are a consequence of
® C p(Dy), Proposition 6.13, Lemma 6.15 and

(So(A\) — 2x) "t € SH\) i= (S(\) — 2x) "' € B(D%, Ds).

The inclusions (6.11) and (6.30), respectively, follow from Corollary 3.7 (i) and (ii).
The statement in (6.10) is obtained immediately from © C p(Dg) and Corol-
lary 3.6 (i). Moreover, the inclusion

O'EQ(A()) NnNdé > 092(50(')) no

follows from Corollary 3.6 (ii) with ¥ = ®; here it suffices to note that ® C p(Dy)
and that, for every A € ®, Sp(\) has non-empty resolvent set by Lemma 6.15 and
is therefore closed in L2(£2). The claims (6.9) - (6.12) are thus proven.

Finally, assume that dom By Ndom d is dense in L?(Q2). Then Lemma 6.15 with
A = Ao implies that dom Sp(XAg) is dense in Dg. Consequently, since Dg is dense
and continuously embedded in L?(2), it follows from Corollary 3.4 that dom Ay is
dense in L2(Q) @ L2(9). O

glls;

6.4. Proof of Theorem 6.5. In preparation for the proof of Theorem 6.5, we show
that the hypotheses of the latter imply Assumption 6.1.

Lemma 6.16. Let the assumptions of Theorem 6.5 be satisfied. Then Assump-
tion 6.1 holds with ©, ® as in (6.14).

Proof. We only need to show Assumption 6.1 (ii)-(iv). However, (ii) is clearly
satisfied since the set © C C\ essrand in (6.14) is connected and (6.2) follows from
the first assumption in (6.15), see Remark 6.2 (iv). Recall the formula (6.2), which
in this case reads

(A =I+(d—)\"'B, Aeo,

where B := (b® b) > 0 is easily verified to be positive semi-definite a.e. in Q.
For (iii), let A € ® C © be arbitrary but fixed. Set wy := 0 if |arg A\| > 7/2 and
_ sgn(arg\)

wy = f(w —max(0y, 0q) — |arg A|), |arg A| < 7/2,

where the above is well-defined since A # 0 ¢ ®; recall that arg : C\ {0} — (—m, 7]
in our convention and notice that |wy| < 7/2 since max(6q,604) < 7/2. It then
follows from elementary geometrical considerations that

d(\) == (d =N GA) =elerg,
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are both sectorial; in particular, we can set v, := 0 in view of Assumption 6.1 (iii).

Moreover, by the sectoriality of d(A) and |wy| < 7/2, also
7(A) 1= r(\) = A T+ d(N)B (6.32)
is sectorial and its real part is positive definite a.e. in §2 since we have
Rem(A\) > coswyI > 0. (6.33)

It remains to show (6.4). The first chain of inequalities therein, i.e. the equivalence
of Req()) for different A € @, is easily derived from the sectoriality of g(A) and

Reg(A) = |g| cos(argq(})), A e ®.

Using Lemma 6.11, one obtains the analogous inequalities for d(A) in a similar way.
The second chain of inequalities in (6.4) then follows easily from the decomposi-
tion (6.32) and |wy| < /2.

Finally, Assumption 6.1 (iv) follows from the second assumption in (6.15), see
Remark 6.2 (iv). O

By the lemma above, Theorem 6.3 is applicable in the present setting and can
be used in order to prove Theorem 6.5. Before doing so, we first describe Dg and
certain actions defined on it.

Lemma 6.17. Let the assumptions of Theorem 6.5 be satisfied. Then
Ds = {f € Hy(Q) : (Rem)2 V[ € L*(Q)", (Req)?f € L}()}. (6.34)

The formulas (6.20) and (6.25) remain valid with f = g € Dg and A = —1. More-
over, for f € domd and g € Dg, the action of Bg € D% is given by

(BF.9)ps s = —Afb.de. (6.35)
Proof. In order to show (6.34), we point out that, by (6.33), we have
IVAIP +IIReq)2 £IP + IF1° S IFIS: f € G529 (6.36)

Since C§°(2) is dense in H}(Q), this implies Dg C H} (). The claims
(Remo)2Vf e LQ)",  (Req)®feL*(Q),  feDs,
then follow by standard arguments from the definition of Dg; indeed, if
fe€Ds,  Afmtm (), Nfm—flls =0,  m— oo, (6.37)

then by (6.36) also f,, — f in H'(Q) as m — co. Since {(Re ()2 V fn }m is Cauchy
in L?(Q)™ by (6.37), it has a limit A in L?(2)". For any test function ¢ € C§°(Q)",
we derive the following

(hy0) = lim ((Remo)>V fun, o)
= lim (Vfm, (Remo)2¢) = (V/, (Remo) 2 ) = (Remo) 2V f, o).
This in turn implies (Remo)2Vf = h € L2(2) by density. Analogously, one shows
that (Req)2 fn — (Req)2 f € L2(2) converges in L2() as m — oo. Formula (6.25)

with A\ = —1 then immediately extends to f = g € Dg, given that the sectoriality
of 7ty and ¢ implies continuity of both sides in f with respect to convergence in Dg.
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In order to show that (6.20) holds with f € Dg, consider a sequence as in (6.37).
By construction of C' and since (Re )2V f,, — (Remo)2 V[ in L2(Q)™ as n — oo,
for all test functions ¢ € C§°(€2) we have

(@ 'Cf,p) = lim (W b Vim, ) = lim (Rem)?V fon, (Rem)” Tbw ')
m— o0 m—o0
= ((Reﬂ")%Vf, (Rew)_%bw_lgo)
= (w'b-Vf,¢).
By density, one concludes w™!C'f = w 'b - Vf, i.e. that (6.20) holds. The claim
(6.35) can be shown similarly, cf. (6.31). O

Proof of Theorem 6.5. By Lemma 6.16, Assumption 6.1 is fully satisfied and the
claims (6.9) - (6.12) follow from Theorem 6.3. It only remains to show that Ay is
m-accretive in L?(Q)® L?(Q2) with (6.16); the density of dom A and the generation
of the semigroup then follow from classical results, see e.g. [20, §V.3.10, §IX.1].

In order to show that Ay is accretive, let (f,g) € dom.4y. Then from the
sectoriality of mg =1+ (d+ 1)7!B, from f € Dg and (6.34), it follows that

|(d+1)"'BVf-Vf| SRemoVf-Vf+|VS? e LY(Q). (6.38)

Since (D +1)"'Cf + g € domd as (f,g) € dom Ay, applying formula (6.35) and
(6.20) according to Lemma 6.16, we further conclude

(B(D + n=Cf+9), f)%ws =— /Q((d+ H)™'b-Vf+g)b-Vfde

:—/(d+1)_1BVf-de+/gb-de;
Q Q

here in the second equality we used (6.38), which then also gives gb - Vf € L}(Q).
Consequently, formula (6.25) according to Lemma 6.16 gives

(Af+ By, f) = (S(=1)f, Npyxps + (BUD+1)7'C +9), f)pe s,
— 951+ [ alfPdo+ [ ab-TFae
Using gb - Vf € L}(Q), it follows from (6.20) with Lemma 6.16 that
<C’f+Dg,g>:/QB-Vfgdx+/Qd|g|2dx; (6.40)

this in turn gives d|g|? € L'(Q), thus g € dom(Red)? by the sectoriality of d and
(6.16) is shown. Combining (6.39) and (6.40), we obtain accretivity of Ay as follows

Re(Ao(f, 9), (f 9))w = [V FI + /Q Reql £ dz + /Q Red|gl de > 0.

In order to conclude m-accretivity of Ay, we show that p(Ag) N (—o0,0) # 0, see
e.g. [20, §V.3.10]. This however, follows from taking complements in (6.11) and the
proof of Lemma 6.15, where one can easily show that, if A < 0 is small enough, then
(6.29) is satisfied with z) = 0, i.e. that S(}) is coercive on Dg and thus 0 € p(Sp(N))
for sufficiently small A € (—o0,0). O

(6.39)

7. FURTHER EXAMPLES

We schematically illustrate our results based on two more examples.
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7.1. Dirac operators with Coulomb type potentials. In [12], an approach
essentially corresponding to our method has been taken to construct self-adjoint
realisations of Dirac operators with certain Coulomb type potentials. The key tool
in their analysis is a Hardy-Dirac inequality (7.2) which was derived in |9, 10] and,
translated to our framework, ensures coercivity of the first Schur complement on
its form domain. Since our method widely agrees with what is proven in [12], we
only sketch the underlying structure of the problem according to our setting in
Section 3.

In this section, (-, -) and ||-|| shall denote the inner product and norm on L?(R?)2.

Example 7.1. We define a self-adjoint realisation of the Dirac operator

V+1 —ioc-V
A_<—10~V V—1> (7.1)

in the Hilbert space L?(R3)? & L?(R3)? with a real-valued potential satisfying a
certain Hardy type inequality (7.2). As usual, we denote

3
c-V = ZU‘jaj
7j=1

with the Pauli matrices o;, j = 1,2, 3, given by

0 1 0 —i 10
e O e ) A (]

We assume that the potential V € L2 (R3,R) is bounded above with

loc

I' :==esssup V(z) < o0
z€R3

and that there exists a constant A > I" — 1 such that the following holds true
(0 - V) f? / 2 3\2
d V+1-A dz >0, € C§°(R7)~. 7.2
[ pars [ vai-nifFarz0. fecr®E. (1)

It was shown in [10, 9] that the above Hardy-Dirac inequality is satisfied for certain
Coulomb type potentials, in particular for V(z) = —v/|z| with v € (0,1]; in the
latter case, ' = 0 and A = /1 — v, see [9, Thm. 1, Cor. 3].

By means of the construction in Section 3, the self-adjoint realisation in [12] of
the operator matrix (7.1) can be reproduced. Moreover, the spectral equivalence
to its first Schur complement on (I' — 1, 00) can be established, see Remark 7.3.

Proposition 7.2. Let Ay := Aldom 4, with A given in (7.1) where its action shall
be understood in the standard distributional sense and

dom A = { (f,g) € Dg x L*(R*)? :
Vi—i(o-V)g, —i(o-V)f+Vge L*R%?}.
Here the space Dg is defined as the closure
“os7maal o0
Dsi=Ce(R)2T, |15 =snlfI+ 1117 feCE®RY?,
where A\g € (I' = 1, A) is arbitrary and

(7.3)

o - 2
sxo[f] ::/Rgmdx+/ﬂg3(v+l—)\o)|f2dx>0. (7.4)
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Then Aq is independent of the choice of Ao in (7.4). Moreover, it is densely defined
and self-adjoint in L?(R3)%2 @ L2(R®)? and has a spectral gap

o(Ap) N (T = 1,A) = 0. (7.5)

Sketch of proof. For A € (I' — 1,00), let the quadratic forms sy be defined on
C§°(R3)? analogously to (7.4). We first make the essential observation that (7.2)
translates into s, being non-negative for A € (I'—1, A] and that the norms sy + ||-||?
are locally equivalent for A € (I' — 1, A). The latter holds true since, similarly to
Lemma 6.11, one can show that for all A, 4 € (I' — 1, 00) there exist my ,, My, > 0
such that a.e. in R3 and for all f € C§°(R3)? the following holds

mauSulf]+ (= MIFI? < salf] < Magsulf] + (u = NIFIP. (7.6)

Most importantly, the above chain of inequalities guarantees that Dg and thus Ag
are independent of the choice of \g.

In order to apply the results in Section 3, we proceed by indicating the remaining
spaces and operators needed for Assumption 3.1. Clearly, H; = Ho = L*(R?)? and
we set D_g := D% and D_; := D} with D; defined as the closure

Dy =GR, |IfIF = I3+ IV DA+ VAP, f e O R,

and further introduce the spaces

Dy = L*(R?)?, D_y:=LA*R% (1 + X — V)22

Analogously to Propositions 4.6 and 6.7, one can show that the above defined spaces
are well-defined and satisfy Assumption 2.1 (i). Notice that sy, > s¢o > 0 such that
indeed Dg C L?(R3)2. Similarly to Lemma 6.11, one shows that also D_5, and
hence all appearing spaces, do not depend on \g.

We proceed to defining the action of the entries of A. Analogously to the con-
structions (4.13) and (6.19) in Sections 4 and 6, the operators

A=V +1€B(Ds,D;), B:=—io-VeB(L*R*?D;),
shall be defined as unique bounded extensions of

(Af, 9 prwp, = / (V +1)f gde,
T e f.g € C(R)2.

(Bf:9)p: xp, =1 . f(o-V)gdaz,
The entry C := —io-V € B(Dg,D_») is given, analogously to (6.20), by the unique
bounded extension of
Cf=—ilc-V)f, feCF®R?,
see [12, Prop. 6] for the proof of the inequality corresponding to (6.23). Finally, let
D:=(V—1)€B(L*(R*)* D_3), Dg:= Dl|dgomp,; dom Dg:= (domV)2.

One can show that the operators defined above satisfy Assumptions 2.1 (ii) and
3.1 (ii), cf. Propositions 4.9 and 6.10, thus Assumption 3.1 holds. Moreover, we set

D¥*(\) := (D — \)7! € B(D_s, L*(R?)?), A€ O := (T —1,00) C p(Dy),

and point out that © satisfies the inclusion (3.2), cf. Lemma 6.11 regarding the
claimed boundedness of D and D*()\).
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The matrix Ag and its first Schur complement Sy(-) are well-defined by Defini-
tion 3.2 with dom Ag as in (7.3). It is obvious that the action of Ay coincides with
its standard definition by distributional operations and it thus remains to explain
that Aq is densely defined, self-adjoint and that (7.5) holds. Since the numerical
range of Ay is a subset of R, see the proof of [12, Thm. 4], it suffices to employ
Corollaries 3.4 (i) and 3.7 (i) in order to conclude the density of dom .4y and (7.5);
the self-adjointness of Ay then follows readily from (7.7) below. To this account,
we sketch the proofs of the required assumptions.

Let A € (I' — 1, 00) be arbitrary but fixed. Considering the inequalities in (7.6),
one shows that

S(\) € B(Ds,D5),  (SNf. flpzxps =salfl,  f € G (R%)?,

cf. Proposition 6.13. Moreover, (7.6) can be employed to show that there exists a
shift z) € R such that

(SO = 20F, Dpgups| R FIE f € CERY?,

which implies that S(\) — z, is coercive on Dg; here it is important to note that if
A€ (I'=1,)\), then obviously z), = 0 can be chosen. Hence, by the Lax-Milgram
Theorem, see e.g. [11, Thm. IV.1.1], we conclude

ST = (S(A) —2\) ' € B(DE,Ds),  2x € p(So(N)),
and that dom S()) is dense in Dg and thus in L*(R3)?; in particular, this implies
(' =1, ) C p(So). Moreover, Ay is thus densely defined by Corollary 3.4 (i) and
C5°(R3)? € dom By N (dom V)2,
For the remaining assumptions of Corollary 3.7 (i), it suffices to point out that
(0-V)(V —1-X) ! € B(LA(R*)?, D),
cf. [12, Lem. 7], which implies B((dom V)?) C D%. Finally, combining the above
and applying Corollary 3.7 (i) with ¥ := (' — 1, Ag) gives
a(Ag) N (T'—1,X0) C a(So) N (T —1,X) = 0; (7.7)
since Ag was arbitrary and Ap is independent of A, (7.5) follows. O
Remark 7.3. Besides the spectral gap (7.5) found in [12] in order to establish the

self-adjointness of 4g, our method provides the equivalence of (point and essential)
spectra of Ag and its first Schur complement on [A, c0), i.e.

T(p / e2)(Ao) N[A,00) = 0,/ e2) (S0 (+)) N [A, 00),

see Corollaries 3.5, 3.6, 3.7 and the arguments sketched for the proof of (7.5).
Note that, due to the self-adjointness of Ay, we have only considered real spectral
parameters. For A € (I' — 1, 00), our realisation of the Schur complement is thereby
defined as the restriction Sp(A) := S(A)|dom s,(x) Where

SA)=V+1=A+(c-V)(V-1-)N)" o-V)
dom Sy(\) :={f €Ds: Vf+(0-V)(V-1-X)"(o-V)f € L*(R?)?}.

We point out that, by construction, the above operations can be understood in the
standard distributional sense; more precisely, the action of S(\) on Dg is obtained
by continuous extension, i.e. as a limit in D’(R?)? of distributions of the form

Vi+f=A+ (- V)V-1=-XN)""c-V)feDR?, [ecCR?
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cf. Remarks 4.12 and 6.14. //

7.2. A simple constant coefficient differential operator matrix. In many
applications, e.g. in Sections 4 — 6 or in case of the Dirac operator in the pre-
vious subsection, the spaces Dg and D_g are given by the form domain of the
Schur complement and its anti-dual. However, the latter is not always the case, as
we demonstrate in a model problem where Dg = H!(R") and D_g = H %(R"),
while H %(R”) is the form domain of the Schur complement. We point out that
this example is of illustrative purpose and chosen as simple as possible; examples
of similar structure can be found e.g. in [17] where the entries are more general
pseudodifferential operators.

Example 7.4. In the Hilbert space H = Hy & Ho = L*(R") & L*(R"), we consider

the operator matrix
A —A?
A= ( JE A ) (7.8)

and the corresponding first Schur complement
S(\) =A - A+ A%(A - N)"WV-A, AeC\ (—o0,0], (7.9)

acting in L?(R™). Note that in this particular case, it is not difficult to explicitly
determine the spectra of the operator matrix and its Schur complement above; how-
ever, we emphasise that the purpose of this example is not their spectral analysis,
but the illustration of spaces and operators underlying the spectral correspondence
developed in Section 3.

Proposition 7.5. Let Ay := Aldom 4, with A as in (7.8) and
dom Ag := {(f,9) € H'(R") x H*(R") : Af — A?g € L*(R™)}. (7.10)

Moreover, let So(\) = S(A)|dom so(0); A € C\ (=00,0], be the family of mazimal
operators in L?(R™) where S(\) is as in (7.9) and

dom Sp(\) := {f € H'(R") : Af + A2(A —1)"'W=Af € L*(R")}. (7.11)

In the above, the square root of —A is defined via functional calculus. Then Ay is
densely defined and closed in L*>(R"™) & L*(R™) with

{AeC:ReX >0} C p(Ay) (7.12)
and the following relations for the (point and essential) spectra hold
I(p/e2)(Ao) \ (=00,0] = o5 /c2)(So(-))- (7.13)
Sketch of proof. We indicate the objects needed for Assumption 3.1. Let
Dg := H'(R"), D_g=D_,:=H %R"),
D, := H*(R"), D_y:= L*(R™).

Using the distributional Fourier transform, one can easily check that the following
operators are bounded between the claimed spaces

A= A eBH\R"),H'(R"), B:= —A? ¢ B(H?(R"),H *[R")),
C:= V-A e BH\R"),L2(R"), D= A €B(H*R"),L3(R")),
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see e.g. [1, Thm. 3.41]. Since H ~!(R") embeds continuously in H~?(R"), Assump-
tion 3.1 is satisfied with Dy := D and we can define Ay and Sy(+) as in Definition 3.2
with
D*A):=(D-XN""  A€®:=p(Dy) =C\ (00,0

One easily verifies that dom Ay and dom Sp(A) coincide with (7.10) and (7.11).

For the proof of (7.13), we outline the assumptions of Corollaries 3.6 and 3.7.
Let therefore A € C\ (—o0, 0] be arbitrary but fixed. It is not difficult to see that
there exists z) > 0 such that the inverse of S(\) — zy is bounded on H ~2(R"); this
follows from the fact that S(A) is unitarily equivalent to the multiplication operator
by the symbol

€1°

\(E) = I = A~
in the Fourier space. Indeed, it is elementary to prove the lower bound
sx(&) =zl 2 lEP+1,  €eR”,
if zy > 0 is large enough, which implies
SHA) = (S(A) — 2) ™" € B(H(R"), H'(R™)).

Moreover, dom Sy(\) contains C§°(R™) and is thus dense in H!(R™). The relations
in (7.13) then follow from Corollary 3.5 and Corollaries 3.6 and 3.7 with

Y:=0=C\ (—00,0] = p(Dy).

The density of dom Ag in L?(R™) @& L?(R™) is a consequence of Corollary 3.4 (i)
and the fact that both dom By and dom Dy clearly contain C§°(R™). Finally, if
Re A > 0, then one can easily derive the following lower bound

|sx(€)] > Re X >0, £ eRY,
which implies 0 € p(Sp(A)) and in turn (7.12) by (7.13). O

£ eR”,
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PSEUDO NUMERICAL RANGES AND SPECTRAL
ENCLOSURES

BORBALA GERHAT AND CHRISTIANE TRETTER

ABsTRACT. We introduce the new concepts of pseudo numerical range
for operator functions and families of sesquilinear forms as well as the
pseudo block numerical range for nxn operator matrix functions. While
these notions are new even in the bounded case, we cover operator poly-
nomials with unbounded coefficients, unbounded holomorphic form fam-
ilies of type (a) and associated operator families of type (B). Our main
results include spectral inclusion properties of pseudo numerical ranges
and pseudo block numerical ranges. For diagonally dominant and off-
diagonally dominant operator matrices they allow us to prove spectral
enclosures in terms of the pseudo numerical ranges of Schur complements
that no longer require dominance order 0 and not even < 1. As an appli-
cation, we establish a new type of spectral bounds for linearly damped
wave equations with possibly unbounded and/or singular damping.

1. INTRODUCTION

Spectral problems depending non-linearly on the eigenvalue parameter
arise frequently in applications, see e.g. the comprehensive collection in [2]
or the monograph [19]. The dependence ranges from quadratic in problems
originating in second order Cauchy problems such as damped wave equations,
see e.g. [13], [11], to rational as in electromagnetic problems with frequency
dependent materials such as photonic crystals, see e.g. [8], [1]. In addition,
if energy dissipation is present due to damping or lossy materials, then the
values of the corresponding operator functions need not be selfadjoint.

While for operator functions T'(\), A € Q C C, with unbounded operator
values in a Hilbert space #H the notion of numerical range W(T') exists,

W(T):={\eQ:0eW(TN\)}, (1.1)

a spectral inclusion result o,,(7") € W(T') N Q for the approximate point
spectrum is lacking. Even in the case of bounded values T'()\), spectral
inclusion only holds under a certain condition that is not easy to verify.
Moreover, spectral inclusion results are even lacking for the most important
case of quadratic operator polynomials with unbounded coefficients, one of
the most relevant cases for applications.

In the present paper we fill these gaps. To this end, we introduce the novel
concept of pseudo numerical range of operator functions T'(A\), A € Q C C,
with unbounded values,

We(T) = We(T), WoAT) :=Jperoy W(T+B), >0,

>0 I1Bl<e
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2 BORBALA GERHAT AND CHRISTIANE TRETTER

and analogously for families of unbounded quadratic forms t(A), A€ QCC.
The sets W.(T'), € > 0, can be shown to have the equivalent form

We(T) ={reQ:3 fedomTQ), [[fl =1, [(TA)F, /) <e};
hence they coincide with the so-called e-pseudo numerical range first con-

sidered in [9]. As a consequence, the pseudo numerical range Wy (1) can
equivalently be described as

Wy (T)={AeQ: 06 W(T(N))} =: Wy o(T). (1.2)

One could be tempted to think that the condltlon 0€W(T(N)) in Wy o(T)

is equivalent to A¢ W (T'), but this is neither true for operator functions with
bounded values, as already noted in [29], nor for non-monic linear operator
pencils for which the set Wy o(T") was used recently in [3].

One of the crucial properties of the pseudo numerical range is that, without
any assumptions on the operator family,

oap(T) € Wu(T),
see Theorem 3.1, and that the norm of the resolvent of T' can be estimated by
TV <7, A€ p(T)\ WalT) C p(T) \ Wa(T).

Not only from the analytical point of view, but also from a computational
perspective, the pseudo numerical range seems to be more convenient since
it is much easier to determine whether a number is small rather than zero.

Like the numerical range of an operator function, but in contrast to the
classical numerical range of an operator, the pseudo numerical range need not
be convex. An exception is the trivial case of a monic linear operator pencil
T(A\)=A—-M\I, AeC, where the pseudo numerical range is simply the closure
of the numerical range, Wy (1) =W (1) =W (A). In general, we only have the
obvious enclosure W (T') C Wy (T). Neither the interiors nor the closures in
Q of Wy (T) and W(T') need to coincide andthere is also no inclusion either
way between Wy (T') or its closure Wy (T) N in © and the closure W(T)NQ
of W(T') in §; we give various counter-examples to illustrate these effects.

In our first main result we use the pseudo numerical range of holomorphic
form families t(\), A € Q, of type (a) to prove the spectral inclusion for the
associated holomorphic operator functions T'(\), A € €, of type (B) of m-
sectorial operators T'(A). More precisely, we show that if there exist k € Ny,
€ Q and a core D of t(u) with

0 ¢ W(EP],), (13)
then (7)) C Wy (t) = W(t) N Q and, if in addition, the operator family T
has constant domain, then
o(T)C Wy (T) =W (T)NQ, (1.4)
see Theorem 3.3. Note that, due to (1.2), condition (1.3) for k =0, i.e.
0¢ W(t(u)‘p) for some p € C, is equivalent to Wy (1) # Q.
For operator polynomials T'(A) = Y_7_, A* A4 with domain domT'(\) =
Ni—o dom Ag, A € C, we prove that, if 0 ¢ W (A,), then
oup(T) € W (T) CW(T) N,
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see Proposition 2.7. The inclusion (1.4) follows if, in addition, o(T'(\)) C
W(T(X)), AeC, which is a weaker condition than m-sectoriality of all T'()).

The second new concept we introduce in this paper is the pseudo block
numerical range of operator functions £(A), A € Q, that possess an operator
matrix representation with respect to a decomposition H = Hi; ® --- D Hy,
n € N, of the given Hilbert space H. This means that

L) = (Lig(N){,_y»  dom L(X @ ﬂ dom L;;(\

with operator functions L;;(X), A€, of densely deﬁned and closable linear
operators from H; to H;, 1,5 =1,...,n

Extending earlier concepts we first define the block numerical range of L as

W™(L) = eameey 00 (LN (1)), LN =L\ fy, f) €T

I £; 1=
for bounded values £(A) see [21] and [26] for n = 2, for unbounded operator
matrices £L(A\) = A — Ay see [22]. Then we introduce the pseudo block
numerical range of L as
= ﬂoo wrL),  WrL) = Uﬁ%ﬁ“‘) W™L+B), ¢>0.
<e

For n=1 both block numerical range and pseudo block numerical range
coincide with the numerical range and pseudo numerical range of £, respec-
tively. For n>1, the trivial inclusion W™ (L) C W{(L) and the characteri-
sation (1.1), i.e.

WhL)y={reQ:0e W"(L()}, neN,
and a resolvent norm estimate

[N <e™, Aep(L) \ W2 (L) Sp(L) \ Wi(L), neN,

see Theorem 4.10 for both, continue to hold, but otherwise not much carries
over from the case n=1. The first difference is that, for the simplest case
L) = A= My, A € C, we may have Wy (L) # Wn(L) for n > 1, see
Example 4.5.

More importantly, for n>1 the relation (1.2) need not hold for the pseudo
block numerical range; here we only have the inclusion

W2(L) D {AGQ 0e W”(ﬁ()\))} — Wio(L), neN,

see Proposition 4.4. Therein we also assess two other candidates W\’I}Z(ﬁ) =
Moo WZi(L£), i=1,2, for the pseudo block numerical range for which W2 (£)
is deﬁned by the scalar condition det L(\)(y,) <e and W5 (L) by restricting
to diagonal perturbations B € L(H) with ||B|| <e. In fact we show that

W™(L) € Wy, (L) € Wg o(L) €Wy (L) € Wy(L), (1.5)
and that, like the pseudo numerical range, the pseudo block numerical range
Wg (L) has the spectral inclusion property, i.e.

Uap(T) - W&J’L(‘C) - WlIf(T)> n €N,
but, in general, none of the subsets of Wg(L£) in (1.5) is large enough to
contain o, (1), see Example 4.5.
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Our second main result concerns the most important case n =2, the so-
called quadratic numerical range and pseudo quadratic numerical range. Here
we prove a novel type of spectral inclusion for diagonally dominant and off-
diagonally dominant £(\) = (Lij()\))%j:l in terms of the pseudo numerical
ranges of the Schur complements S7, Sy and, further, the pseudo quadratic
numerical range of L,

gap(£) \ (0(L11) Uo(Laz)) € Wy (S1) U Wy(S2) € Wi(L),

see Theorem 5.1, where S1(\) = L11(A) —L12(\)Laa(A) "1 La1(A), A€ p(La2),
and similarly for Sy with the indices 1 and 2 reversed. For symmetric and
anti-symmetric corners, i.e. Laj(A) C +L12(A)*, A€, we even show that

Tap(L) SWy(S1) U Wy (La2),

if L11()\) is accretive, FLoa(\) is m-sectorial and dom Log(A) Cdom Lia(N),
see Theorem 5.3/Corollary 5.4, and similarly for the Schur complement Ss.

As an interesting consequence, we are able to establish spectral separation
and inclusion theorems for unbounded 2x2 operator matrices A = (AZ])Z2 =1
with ’separated’ diagonal entries; here ’separated’ means that the numerical
ranges of Aj; and Ago lie in half-planes and/or sectors in the right and left
half-plane C; and C_, respectively, separated by a vertical strip S:={z€C:
d<Rez<a} with § <0<« around iR. More precisely, without any bounds
on the order of diagonal dominance or off-diagonal dominance we show that,
if ¢, 9 €[0, 5] are the semi-angles of Ay; and Az and 7:=max{p, ¢}, then

Oap(A) C (X, UZ)\S =%, X,:={zeC:|argz| <7},

and o(A) C X if p(A) N (C\ X)#0, see Theorem 6.1. This result is a great
step ahead compared to the earlier result [25, Thm. 5.2] where the dominance
order had to be restricted to 0.

Moreover, even to ensure the condition p(,A) N (C\ X)#( for the enclosure
of the entire spectrum o(A) in Theorem 6.1, we do not have to restrict the
dominance order as usual for perturbation arguments. Our new weak condi-
tions involve only products of the columnwise relative bounds d; in the first
and do in the second column, see Proposition 6.5; in particular, either d; =0
or 02 =0 guarantees p(A)N(C\X)#0 in Theorem 6.1 and hence o,p(A) C 3.

As an application of our results, we consider abstract quadratic operator
polynomials T'(\), A€ C, induced by forms t()\) =tg+2Aa+\? with dom t(\) =
domty, A € C, as they arise e.g. from linearly damped wave equations

wg(z,t) 4+ 2a(x)uy (2, t) = (A — q(@)) u(z,t), zeRY t>0, (1.6)

where the non-negative potential ¢ and damping a may be singular and/or
unbounded, cf. [10, 11, 12, 13] where also accretive damping was considered,
and for which it is well-known that the spectrum is symmetric with respect
to R and confined to the closed left half-plane.

Here we use a finely tuned assumption on the 'unboundedness’ of a with
respect to tg, namely p-subordinacy for p € [0,1), comp. [18, §5.1] or [27,
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Sect. 3] for the operator case. More precisely, if to > ko >0, a> a9 >0 with
domtyCdoma and there exist p€[0,1) and Cp >0 with

alf] < Cp(tol/N(IF17)' 77, f € domto,

we use the enclosure o(T) C Wy (T) = Wy(t) = W(t) to prove that the
non-real spectrum of T satisfies the bounds

U(T)\]RQ{ZEC: 2| > \/Ro, Rez < —ao, 1
-1 1
|Im z[22max{0, C, 7 |Re z|7—|Re z|? }}

and the real spectrum o(T)NR C [—o0, 0] is either empty or it is confined to
one bounded interval, to one unbounded interval or to the union of a bounded
and an unbounded interval, see Theorem 7.1 and Figure 7.2. Moreover, we
describe both the thresholds for the transitions between these cases and the
enclosures for o(T") N R precisely in terms of p, Cp, £ and kg. As a concrete
example, we consider the damped wave equation (1.6) with

n
a(x) SZ |z —x;| " u(z)to(z), v(z)<cig(x) +eg for almost all z€RY,
j=1
where n € Ng, x; cR? for j=1,...,n, uc L*(R?) with s> %, vE L%OC(Rd),
t€0,2), ¢1, c2>0 and r€[0,1). For the special case q(w):|x\2, a(:r):\x|k,
r€R? with k€[0,2), the new spectral enclosure in Theorem 7.1 yields

o(T)\R C {zE(C :Rez<0, |2|>Vd, ]Imz|2\/max{0, |IRe z]%—\Rez\Q}}

and, with to = max { (k(2 — k)) 77, d},

=10 if kel0,1),
C (—o00, —Vd| if k=1,
g(—oo,—\/t’o’“ﬂ/t’g—to} if ke(1,2).

The paper is organised as follows. In Section 2 we introduce the pseudo
numerical range of operator functions and form functions and study the re-
lation of Wy (T') and W (T) N . In Section 3 we establish spectral inclusion
results in terms of the pseudo numerical range. In Section 4 we define the
block numerical range W™ (L) and pseudo block numerical range W (L) of
unbounded n xn operator matrix functions £, investigate the differences to
the special case n =1 of the pseudo numerical range Wy (£) = Wy (L) and
prove corresponding spectral inclusion theorems. In Section 5 we establish
new enclosures of the approximate point spectrum of 2 x 2 operator matrix
functions by means of the pseudo numerical ranges of their Schur comple-
ments. In Section 6 we apply them to prove spectral bounds for diagonally
dominant and off-diagonally dominant operator matrices with symmetric or
anti-symmetric corners without restriction on the dominance order. Finally,
in Section 7, we apply our results to linearly damped wave equations with
possibly unbounded and/or singular damping and potential.

Throughout this paper, H and H;, i=1, ..., n, denote Hilbert spaces, L(H)
denotes the space of bounded linear operators on H and Q2 CC is a domain.

o(T)NR
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2. THE PSEUDO NUMERICAL RANGE OF OPERATOR FUNCTIONS AND
FORM FUNCTIONS

In this section, we introduce the new notion of pseudo numerical range for
operator functions {T'(\) : A € Q} and form functions {t(\) : A € Q}, respec-
tively, briefly denoted by 7" and t if no confusion about €2 can arise. While
the values T'(\) and t(A) may be bounded/unbounded linear operators and
sesquilinear forms in a Hilbert space H, the notion of pseudo numerical range
is new also in the bounded case.

The numerical range of T and t, respectively, are defined as

W(T)={AeQ:0eW((T\)}, WEt)={AeQ:0eW(t(\N)},

comp. [18, §26.6]. In the simplest case of a monic linear operator polynomial
T(\) = Ty — My, A € C, this notion coincides with the numerical range
W (Tp) of the linear operator Tp, and analogously for forms.

The following new concept of pseudo numerical range employs the notion
of e-pseudo numerical range W.(T'), € > 0, introduced in [9, Def. 4.1]; the
equivalent original definition therein, see (2.1) below, was designed to obtain
computable enclosures for spectra of rational operator functions.

Definition 2.1. We introduce the pseudo numerical range of an operator
function T and a form function t, respectively, as

Wy (T) == (| We(T),  Wa(t) = [ We(t),

where e>0 >0
W.(T) := U W(T+B), We(t):= |J W(t+b), >0
BeL(H),||Bll<e [Ib|l<e

here [|b[| = supj|f|—g/=1 [P[f g]| for a bounded sesquilinear form b in H.

Clearly, for monic linear operator polynomials T'(\) = A— Ay, A € C, the
pseudo numerical range is nothing but the closure of the classical numerical
range W (A) of the linear operator A, and analogously for forms.

The pseudo numerical range of operator or form functions, is, like their
numerical ranges, in general neither convex nor connected, and, even for

families of bounded operators or forms, it may be unbounded.

Remark 2.2. (i) The following inclusions may be proper, see Example 3.2,
W(T) C Wy(T), W(t) C Wyg(t).

(ii) In general, the pseudo numerical range need neither be open nor closed
in 2 equipped with the relative topology, see Examples 3.2 (i) and 2.9,
respectively.

(iii) Neither the closures nor the interiors with respect to the relative topol-
ogy on ) of the pseudo numerical range and the numerical range need
to coincide, see Example 3.2 (i) and (ii).

The following alternative characterisation of the pseudo numerical range
will be frequently used in the sequel.
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Proposition 2.3. For every e > 0,
We(T) ={AeQ:3 fedomT(N), [If|l =1, [(TNf, )l <e}, (2.1)
We(t) ={AeQ:3 fedomt(N), [[f]| =1, (NSl <e},

and, consequently,
W@(T):{)\GQ:OEW(T()\))}, W\y(t):{/\eQ:OEW(t()\))}. (2.2)

Proof. We show the claim for W, (T'); then the claim for Wy (7T') is obvious
by Definition 2.1. The proof for W.(t) and Wy(t) is analogous.

Let € > 0 be arbitrary and A € W.(T'). There exists a bounded operator
B in ‘H with ||B|| < € such that A € W(T + B), i.e.

(TN ) =—=(Bf,f), fedomTQ), |[fll=1.

Hence, clearly, |(T'(A)f, f)| < ||B]|| < €, thus X is an element of the right
hand side of (2.1).

Conversely, let A € 2 such that there exists f € domT'(X), || f]| = 1, with
(TN f, f)] <e. Setting B := —(T'(\)f, f) I, this gives A € W(T + B) and
|BIl = [(T' (M) f, f)| < e, hence A € W(T). O

The following properties of the pseudo numerical range with respect to
closures, form representations and Friedrichs extensions are immediate con-
sequences of its alternative description (2.2).

Here an operator A or a form a is called sectorial if its numerical range lies
in a sector {z € C: |arg(z —~)| < 9} for some v € R and 9 € [0, §), see [15,
Sect. V.3.10, VI.1.2]; if, in addition, p(A) N {z € C: |arg(z — )| > ¥} # 0,
then A is called m-sectorial.

Corollary 2.4. (i) If the family T' or t, respectively, consists of closable
operators or forms (and T or t denotes the family of closures), then

Wy (T) = Wy (T), Wy (t) = Wy (t).

(i) If the family t consists of densely defined closed sectorial forms and T
denotes the family of associated m-sectorial operators, then

Wy (t) = We(T).

(iii) If the family T' consists of densely defined sectorial operators and Tk
denotes the family of corresponding Friedrichs extensions then

Wy (T) = We(TF).

Proof. (i) The equalities follow from Proposition 2.3 and from the fact that
W(T(N) = W(T(N) and W(t(N)) = W(t(N)) for A € Q, see [15, Prob.
V.3.7, Thm. VL.1.18].

(ii) The equality follows from Proposition 2.3 and the identity W (t(\)) =

W(T(X)) for A € Q, see [15, Cor. VI.2.3|.
(iii) The claim is a consequence of (i) and (ii). O
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The alternative characterisation (2.2) might suggest that there is a relation
between the pseudo numerical range Wy (7)) and the closure W(T') N Q2 of
the numerical range W(T') in 2. However, in general, there is no inclusion
either way between them, see e.g. Example 3.2 where Wy (T') € W(T) N2
and Example 2.9 where W(T)NQ € Wy (T).

In fact, it was already noted in [29, Prop. 2.9], for continuous functions of

bounded operators and for the more general case of block numerical ranges,
that, for A € Q,

AeW(T) = 0 W(T(N);
the converse holds only under additional assumptions. More precisely, for
families of bounded linear operators however, the following is known.

Theorem 2.5. [29, Prop. 2.9, Prop. 2.12, Thm. 2.14]

(1) If T is a (norm-)continuous family of bounded linear operators, then

W(T)NnQ C Wy(T).

(ii) If T is a holomorphic family of bounded linear operators and there exist

k € Ng and p € Q with
0 ¢ W(TH (), 2.3)

then
o(T) CW(T)NQ=Wy(T).

The following simple example from [29, Ex. 2.11|, which is easily adapted
to the unbounded case, shows that condition (2.3) is essential both for the

equality W(T')NQ = Wy(T) and for the spectral inclusion o(7') C W (T')NAQ.

Example 2.6. Let f : Q — C be holomorphic, f # 0, A a bounded or un-
bounded linear operator in H# with 0 € o(A4), 0 € W(A)\ W (A) and consider

T(A) = f(MA, domT(\) :=domA, XeQ.

Then (2.3) is violated because, for any k € Ng and p € Q, we have T®) (1) =
F®) () A with domT® (X) = dom A, A € ©, and so 0 € W(T®) (p)) since

0€W(A). Further, it is easy to see that

oT)=Q, W) =WT)NQA={z€Q: f(z) =0} £Q, Wy(T)=0.

Thus neither W(T')NQ = Wy (T') nor the spectral inclusion o(7') C W (T)NS2
hold, while o(T) = Wy(T).

In the sequel we generalise Theorem 2.5 (i) and (ii) to families of un-
bounded operators and/or forms, including operator polynomials and sec-
torial families with constant form domain. In the remaining part of this

section, we study the relation between Wy (7T) and W (T') N Q; results con-
taining spectral enclosures may be found in Section 3.

Proposition 2.7. Let T be an operator polynomial in H of degree n € N
with (possibly unbounded) coefficients Ay : H O dom Ay, — H, i.e.



PSEUDO NUMERICAL RANGES AND SPECTRAL ENCLOSURES 9

T(A):=> MNA;, domT(N):=[)domA,, AeC.
k=0 k=0
If 0 ¢ W(A,), then

Wa(T) C W(T) N,
and analogously for form polynomials.

Proof. Let A\g € Wy (T). By Proposition 2.3, there is a sequence { fy,}m C

domT'(N\g) with || fim|l = 1, m € N, and (T'(\o) fm, fm) — 0 for m — oo.
Since 0 ¢ W (A,,) by assumption, the complex polynomial

Pm(N) = (TN frns fn) = Y (Akfms ) A", A €C,
k=0
has degree n for each m € N. Let AT*,..., A" € C denote its zeros. Then

A€ W(T),j=1,...,n, and p,, admits the factorisation

n

pm(>‘) = (Anfmvfm) H()\*)\gn), AeC, meN.
j=1

Since pm(Ao) — 0 for m — oo and 0 ¢ W (A,,), there exists jo € {1,...,n}

with A7 — Ao, m — oo, thus A € W(T) and Ao € Wy (T) C Q. O

Next we generalise Theorem 2.5 (i) to families of sectorial forms with
constant domain which satisfy a natural continuity assumption, see [15, Thm.
VI1.3.6]. This assumption is met, in particular, by holomorphic form families
of type (a) and associated operator families of type (B).

Recall that a family t of densely defined closed sectorial sesquilinear forms
in H is called holomorphic of type (a) if its domain is constant and the
mapping A — t(A\)[f] is holomorphic for every f € Dy := domt(\). The
associated family T of m-sectorial operators is called holomorphic of type (B),
see |15, Sect. VI1.4.2] and also |28]. Sufficient conditions on form families to
be holomorphic of type (a) can be found in [15, §VIL.4].

Theorem 2.8. Let t be a family of sectorial sesquilinear forms in H with
constant domain Dy := domt(\), A € Q. Assume that for each Ay € €,
there exist v, C > 0 and w : By(Ag) — [0,00), limy_,», w(A) = 0, such that

[t0)Lf] = 61| < w) (RetQo)IAl +CIA?)  (24)
for all X € B,(X\g) and f € Dy. Then

W(t)NQ C Wy(t).
In particular, if t is a holomorphic form family of type (a) with associated
holomorphic operator family T of type (B) in H, then

W(T)NQC We(T), W) NQC Welt). (2.5)

Proof. Let \g € W (t). Then there exist {A\,}, C Q and {f,}n C D¢ with
Ifull = 1, t(An)[fn] = 0, n € N, and A\, — Ao, n — oo. We show that
t(X\o)[fn] — 0 for n— oo which, in view of (2.2), implies A\g € Wy (t). By (2.4),
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[£(X0) [fnl = [£(A0)[fn] = t(AR)[fn]] < w(An) ([Ret(Ao)[fu]| +C), neN.

Since [Ret(Xo)[fn]] < [t(Xo)[fn]] and w(A,) — 0, n — oo, we obtain that,
for n € N sufficiently large,

w(An)

tO0lfll < 000

Now suppose that t and T are holomorphic families of type (a) and (B),
respectively. We only need to show the second inclusion, the first one then
follows from W(T) C W(t) and Corollary 2.4 (ii). The second inclusion
follows from what we already proved since for holomorphic form families of
type (a), after a possible shift t+c¢ where ¢>0 is sufficiently large to ensure
Ret(Ag)>1, [15, Eqn. VIIL.(4.7)] shows that assumption (2.4) is satisfied. O

— 0, n — oc.

Theorem 2.5 (i) does not extend to analytic families of sectorial linear
operators with non-constant form domains, as the following example inspired
by [15, Ex. VII.1.4] illustrates.

Example 2.9. Let H = L%(0,1). The family T'(\), A € C, given by
T f = —f"=\f,
domT(A) := {f € H*(0,1): f(0) =0, Af'(1) = f(1)},
is a holomorphic family of m-sectorial operators, but not holomorphic of
type (B). Below we will show that
0 W(T) S Wy(T),  0¢& Wu(T);
note that, since Q2 =C, this implies that Theorem 2.5 (i) does not hold and

that Wy (7T') is not closed in C.
Indeed, it is not difficult to check that the forms associated to T'(A), A € C,

1
t(0)[f] = IIF1%  tNU =117 = AIfIIP - X\f(l)\Q, A €C\{0},
are densely defined, closed and sectorial, but have A-depending domain
dom t(0)=H{(0,1) and dom t(A\)={f € H'(0,1) : f(0) = 0} for A € C\{0}.

The holomorphy of the family follows from the holomorphy of the integral
kernel, i.e. the Green’s function, of (T'(\) — u)~!, which, for A € C and

w € p(T(N) # 0, is given by

L sin(V/E ) sin( VAR —g) — WEF R eos(VEFA(1—p)))
G(x7 ya ,U,, /\) - .
VA (sin Vi — A/ ut+ A cos Vit N)
for0<z<y<1and G(z,y; u, \) = G(y,z; u, A) for 0 <y <z <1, cf. [15,
Ex. V.4.14, VIL.1.5, VII.1.11] where the family T(A) + A, A € C, was studied.

For fixed A € C, the spectrum of T'(\) is given by the singularities of the
integral kernel G(-, -; i, \),

o(TN) =0p(T(\) ={peC: A\/p+A=tan\/u+ A}, XeC.
For A € (0,00) the operator T'(\) is self-adjoint and unbounded from above,
and for A€ (0, 1) it has an eigenvalue py € op(T(X)) € W(T'(N)) of the form
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Uy = —A— /@i < 0 where k) is the unique positive solution of tanh k = k.
Thus 0 € W(T'(\)) for A € (0,1) due to the convexity of W(T'(\)), which
proves (0,1) € W(T) € Wy(T) and thus 0 € W(T'). On the other hand,

0 ¢ W(T(0)) = [7%,00) and so Proposition 2.3 implies 0 ¢ Wy (T).

3. SPECTRAL ENCLOSURE VIA PSEUDO NUMERICAL RANGE

In this section we derive spectral enclosures for families of unbounded
linear operators T'(A), A € €, using the pseudo numerical range Wy (T)).
The latter is tailored to enclose the approximate point spectrum.

The spectrum and resolvent set of an operator family T'(\), A € Q, re-
spectively, are defined as

o(T):={AeQ:0€a(TN\)} CQ, p(T):=Q\o(T),

and analogously for the various subsets of the spectrum. In addition to the
approximate point spectrum

Oap(T) :={A € Q:3F{fn}n SdomT\), || full =1L, T(N) frn = 0,n — oo},
we introduce the e-approzimate point spectrum, see [20] for the operator case,

Oape(T) :={A€Q:If edomT(A), [fl =1, [T Sl <e}.  (3.1)
The latter is a subset of the e-pseudo spectrum

0o(T) := 0ap(T) U (T),

which was defined for operator functions with unbounded closed values in
[7, Sect. 9.2, (9.9)], comp. also [6].

Clearly, for monic linear polynomials T'(\) = A—AIy, A€ C, these notions
coincide with the spectrum, resolvent set, approximate point spectrum, e-
approximate point spectrum and e-pseudo spectrum of the linear operator A.

Proposition 3.1. For any operator family T(\), X € Q, and every € > 0,
Gupe(T) CWAT), [TV 2 A€ p(T) \ WD),
and hence
oap(T') € Wy(T).
If o(T(\)) CW(T(N)) for all X € Q, then
o(T) C Wg(T).

Proof. The claims follow easily from (3.1) and Definition 2.1 together with
Cauchy-Schwarz’ inequality and (2.1) in Proposition 2.3. O

The following simple examples illustrate some properties of Wy (T') versus
W(T) N, in particular, in view of spectral enclosures.
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Example 3.2. (i) Let A>0 be self-adjoint in H with 0€o(A). Then, for

(i)

the non-holomorphic family T'(A\) = AHsin |, A€ C, it is easy to see that
W (T) = o(T) = {kr - k € Z} ¢ W(T) N Q = 0;

notice that this implies Wy (T) N Q # W(T) N €, i.e. the closures of
Wy (T) and W(T) in £ do not coincide.

Let A be bounded in H with ReW(A) > 0,0 € 0(A) and 0 ¢ W(A).
Consider the holomorphic family of bounded operators in H & H

AA 0
T = < 0 ALog(A+1)Iy

here Log : C\ (—00,0] — {2z € C: Im z € (—7, 7]} denotes the principal
value of the complex logarithm.
This family does not satisfy condition (2.3) in Theorem 2.5 since

0 € W(A) by assumption. It is not difficult to show that

>, AEQ:=C\ (—o0,—1];

Wo(T) = o(T) = C\ (00, 1]  W(T)NQC B (—1)\ [-2, —1].

In fact, the claims for Wy (7)) are obvious. If A € W(T'), then \ €
C\(—o00, —1] and there exists z=(f,g)' e H D H, (f,9)" # (0,0)", with

(T(N)z,z) = M(Af, f) + (In|A+ 1| +iarg(A +1))(g,9)) =0
or, equivalently, noting that A # 0 implies g # 0 as 0 ¢ W(A),

Re(Af. /) _m(4r,1)y
(9,9) (9,9) 7/

A=0V (’)\+1|ZGXP (— )/\arg()\—i—l):

Hence, since Re W (A) > 0,
W(T)\ {0} C{z€C\ (—o0, 1] : [z+1]| € (0,1)} € B1(—1) \ (-2, —1].

Moreover, choosing g = f, we see that

(r (oo CG7) ) 6) () =

This shows that {exp(—z)—1:2z¢€ W(A)} C W(T) and since exp
is entire and non-constant, W(A)° # 0 implies that W(T)° # 0 by
the open mapping theorem for holomorphic functions. So in this case
Wy (T)° # W(T)° and both are non-empty.

Wy (T)*=C\ (o0, —1], 0 # W(T)° € Bi(=1)\ (=2, ~-1].

In the following, we generalise the spectral enclosure for bounded holomor-
phic families in Theorem 2.5 (ii) to holomorphic form families t of type (a)
and associated operator families of type (B), i.e. t(\) is sectorial with vertex
v(A) €R, semi-angle J(\) €0, 5) and A-independent domain dom t(\)=Dx.

12

Here, for k € Ng, we denote the k-th derivative of t by
tP N[ = OO, f € domt® (V) =Dy = domt()), e
note that t(*)()\) need not be closable or sectorial if k > 0.
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Theorem 3.3. Lett be a holomorphic form family of type (a) with associated
holomorphic operator family T of type (B) in H. If there exist k € Ny, p € Q
and a core D of t(u) with

0 ¢ WEP ()], (3.2)

o(T) C Wg(t) =W(t)NQ.
If, in addition, the operator family T has constant domain, then
o(T)C Wg(T) =W(T)NQ.
Remark 3.4. (i) Since t(\) is densely defined, closed and sectorial for all
A€, condition (3.2) for £ = 0 has the two equivalent forms
0¢W(t(uly) < 0¢&W(T(n);
hence, by Proposition 2.3 a sufficient condition for (3.2) is
Wy (T) # €.

(ii) For operator polynomials T, which are holomorphic and have constant
domain by definition, see Proposition 2.7, no sectoriality assumption is
needed for the enclosure

then

0up(T) € We(T) S W(T) N Q.

By Propositions 2.7 and 3.1, the above holds under the mere assump-
tion that 0 ¢ W (A,,) where A, is the leading coefficient of T'; note that
then (3.2) holds with & = n and arbitrary pu € C. This generalises the
classical result [18, Thm. 26.7| for bounded operator polynomials; see
also |29, Prop. 3.3| for the block numerical range.

(iii) In general, neither the assumption on holomorphy nor condition (3.2)
in Theorem 3.3 can be omitted, see Examples 2.6 and 3.2.

Proof of Theorem 3.3. First we show that if condition (3.2) holds for some
core D of t(u), it also holds for D replaced by Dy = domt(A), A € Q.
Without loss of generality, we may assume that Ret(u) > 1. From the proof
of [15, Eqn. VIL.(4.7)], it is easy to see that the second inequality therein
holds for t(*), i.e. there exists a constant Cy > 0 such that

1 1
€S (W)[f, 9| < Cu 6112 [()[g]12,  frg € De. (3.3)
To prove the claim stated at the beginning assume, to the contrary, that

0 € W(t®)(u)), i.e. that there exists a sequence {fn}n C D, ||fall = 1,
n € N, such that t(u)[fn] — 0 as n — co. By the core property of D for t[u]
and by [15, Thm. VI.1.12|, for fixed n € N, there exists { fp m}m C D with

frm = fns C(W)[frm—Fa] =0, (@) [fam] = t(p)[fnu], m—o0. (3.4)
Applying (3.3), we can estimate

) (40) o] =5 (1) [l | < €9 (10) s From— Ful |+ €2 () L= Froms £
< C 160 [frnm— ] |2 (1602) o] |2 [6 () [fr] ).
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Since || fn|| =1, n €N, it follows from (3.4) and the above inequality that
there exists m,, > n such that

1 1
[fnmall = 55 |6 P @ Fnm,]| < [¢ P @]+ =
In view of t()(u)[f,] = 0, n — oo, this implies the required claim
0€ W(t(k)(ﬂ)‘p)'
This completes the proof that (3.2) holds with Dy instead of D.

By Corollary 2.4 (ii), we have Wy (t) = Wy (T') C Q. Thus, due to (2.5),
for the claimed equalities between pseudo numerical and numerical ranges it
is sufficient to show Wy (t) C W (t) and Wy (t) C W (T'), respectively.

Let Ao € Wy (t) = Wy (T). Then 0 € W(T'(X\o)) by Proposition 2.3 and
hence there exists {fn}n Cdom T(A\g) CD¢ with || fn]|=1, n € N, such that

(T(X0) fn, fr) = t(Xo)[fn] = 0, n — oo (3.5)
Define a sequence of holomorphic functions
on(N) =t(N)[fn], A€Q, neN.
Let K C € be an arbitrary compact subset and let v > 0 be such that
Re(t +7v)(No) > 1. By [15, Eqn. VII.(4.7)], there exists bx > 0 with

(& + )V < brl(E+7)(M)IFl, A€ K, feDy
Using this, || fn|| =1 and (3.5), we find that, for all A € K,

[on (V] < br [(E 4+ 7) (M) [fu]| +7 < bx sup [£(A0)[fn]l + (br + 1)y < o0.

Consequently, {¢p}, is uniformly bounded on compact subsets of 2. By
Montel’s Theorem, see e.g. [4, §VIL.2|, there exists a subsequence {yy,}; C
{¢n}n that converges locally uniformly to a holomorphic function ¢. Now
assumption (3.2) with Dy, which we proved to hold in the first step, implies
. dak .
o) = 7 m oo, (V)] = lim {0 () = Tim 60 (u)[f,] # 0

j—oo Y j—roo

and thus ¢ #Z 0. By (3.5), we further conclude that ¢()\g) = 0. Then, by
Hurwitz’ Theorem, see e.g. [4, §VII.2|, there exists a sequence {)\;}; C Q
with A\; — Ao for j — oo and
OZSOnj(/\j):t()‘j)[fnjL JEN.
Hence, \; € W(t) for all j € N and so A\g € W(t) N2, as required.
Now assume that the operator family T has constant domain. Then, in
the above construction, we have f,,; € domT()\g) = domT'();) for every

J € N. It follows that A\; € W(T), j € N, and thus \g € W(T') N Q.
The enclosures of the spectrum follow from Proposition 3.1 and from the
fact that o(T'(X)) C W(T'(\)) since T'(\) is m-sectorial for all A € Q. O

As forms are the natural objects regarding numerical ranges, it is not
surprising that the inclusion Wy (7') C W(T') N2 in Theorem 3.3 might cease
to hold for more general analytic operator families where the connection to
a family of forms is lost. Nevertheless, using an analogous idea as in the
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proof of Theorem 3.3, one can prove the corresponding inclusion for the
approximate spectrum.

Recall that an operator family 7" in H is called holomorphic of type (A) if
it consists of closed operators with constant domain and for each f € Dy :=
dom T'(\), the mapping A — T'(\) f is holomorphic on . Here, for k € Ny,
the k-th derivative of T is defined as

TENf = @TOHPWN), fedomT® () :=Dp, Xe.

Theorem 3.5. Let T' be a holomorphic family of type (A) in H. If there
exist k € No, p € Q and a core D of T'(u) with

0¢ WITP(],). (3.6)
then

ap(T) € W(T) N Q.

Proof. In the same way as in the proof of Theorem 3.3, using the analogue of
[15, Eqn. VII.(2.3)] for the k-th derivative of T' and Cauchy-Schwarz’ inequa-
lity, one shows that (3.6) holds with Dy =dom T'(\), A2, instead of D.
We proceed similarly as in the proof of Theorem 3.3. Let Ay € 0,p(T).
There exists a sequence { f, }, € D with || f,|| =1, n € N, and T (Ao) fr, — 0

as n — 0o. Define a sequence of holomorphic functions
onA) = (TN fns fn), A€Q, neN.

Analogously to the proof of Theorem 3.3, one uses Cauchy-Schwarz’ inequal-
ity, equation [15, Eqn. VII.(2.2)], lim;,—o0 T'(A0) fn = 0 and (3.6) with Dz in
order to show uniform boundedness of {¢,}, on compacta, extract a locally
uniformly converging subsequence with limit ¢ #Z 0 and infer p()\g) = 0.

One then obtains \g € W(T) N in the same way as in Theorem 3.3. O

Remark 3.6. Theorems 3.3 and 3.5 generalise the classical result [18, Thm.III.
26.6] for bounded holomorphic families (which follows from Theorem 2.5 (ii)).

Like for the numerical range of unbounded operators, cf. [15, Sct. V.3.2],
additional conditions are needed for enclosing not only the approximate point
spectrum, but the entire spectrum o(7") in Wy (7).

Remark 3.7. Let T be a family of closed operators in ‘H and let T be con-
tinuous in the generalised sense. If o,,(7) € © C Q and all connected com-
ponents of 2\ © contain a point in the resolvent set of 7', then o(7") C ©.
In particular, if all connected components of 2\ Wy (7') have non-empty
intersection with p(T), then

o(T) € Wy(T).

This follows from the fact that the index of T'(\) is locally constant on the
set of regular points, see [15, Thm. IV.5.17].
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4. PSEUDO BLOCK NUMERICAL RANGES OF OPERATOR MATRIX
FUNCTIONS AND SPECTRAL ENCLOSURES

In this section we introduce the pseudo block numerical range of n x n
operator matrix functions for which the entries may have unbounded opera-
tor values. While we study its basic properties for n > 2, we study the most
important case n = 2 in greater detail.

We suppose that with respect to a fixed decomposition H = H1D---DH,
with n € N, a family £ = {L()) : A € Q} of densely defined linear operators
in H admits a matrix representation

L) = (Li;(N)"._, + H D dom L) — H;

ij=1
here L;; are families of densely defined and closable linear operators from
Hjto Hi, i, j=1,...,n, and dom L(X) = D1(A) @ - - © Dy (N),

n
D]()\) = ﬂdOle](A), jzl,...,n.
i=1
The following definition generalises, and unites, several earlier concepts:
the block numerical range of n X n operator matrix families whose entries
have bounded linear operator values, see [21], the block numerical range of
unbounded n xn operator matrices, see [22], and in the special case n=2, the
quadratic numerical range for bounded analytic operator matrix families and
unbounded operator matrices, see [26] and [17], [25], respectively. Further,
we introduce the new concept of pseudo block numerical range.

Definition 4.1. (i) We define the block numerical range of £ (with re-
spect to the decomposition H = Hi @ --- ® H,,) as

WH(L) = U ooy
fedom L(A)NS™
where §" = {f=(fi)l., € H : ||fil =1,i=1,...,n} and, for f =
(fi)i—, edom L(N\) NS™ with A€ Q,
L)y = (Li;(N) 5, fi) € T
(ii) We introduce the pseudo block numerical range of L as
Wg(L) = (\WHL), WL := |J WL+B), e>0.
e>0 BeL(H),||B|l<e

Note that, indeed, if £L(A) = A-AIy, A € C, with an (unbounded) operator
matrix A in ‘H, then W™ (L) coincides with the block numerical range W"(A)
first introduced in [22]| and, for n =2, in [25]. While the pseudo numerical
range also satisfies Wy (L) = W(L) = W(A) this is no longer true for the

pseudo block numerical range when n > 1; in fact, Example 4.5 below shows
that W2 (L) # W2(L) = W2(A) is possible.

Remark 4.2. 1t is not difficult to see that, for the block numerical range and
the pseudo block numerical range of general operator matrix families,
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AeW™(L) <= 0 W"(L(N)) (4.1)
and W™(L) C Wg(L).
There are several other ways to define the pseudo block numerical range.

In the following we show that, in general, they inevitably fail to contain the
approximate point spectrum of an operator matrix family.

Definition 4.3. Define

W (L) ::{)\GQ 0 m} L WAL= (WL, i=1,2,

e>0
where, for € > 0,

gl(ﬁ) ={AeQ:3fecdomL(N)NS", |det(L(N)f)| <€},
Iy (L):= U W™(L 4+ diag(Bi, .. ., By)).
B;€L(H;),||Bill<e
While for the pseudo numerical range, analogous concepts as in Defini-

tion 4.3 coincide by Proposition 2.3, this is not true for the pseudo block
numerical range. Here, in general, we only have the following inclusions.

Proposition 4.4. The pseudo block numerical range Wy (L) satisfies
W™(L) S Wy (L) S Wy (L) S Wy o(L) S Wg(L). (4.2)
Proof. We consider the case n = 2; the proofs for n > 2 are analogous. The

leftmost and rightmost inclusions are trivial by definition. For the remaining
inclusions, it is sufficient to show that, for every ¢ > 0,

W2,(L) C {)\ cQ:0e Bﬁ(w%c(x)))} CW2,(L).  (43)

Then the respective claims follow by taking the intersection over all € > 0.
Let e >0 and X € Wﬁl(ﬁ). Then there exists f € dom £()\) N S? with

a(LN)5) = {1, A} SWALON), (M| [Aef = |det LOA)g] <e.
Now the first inclusion in (4.3) follows from
dist(0, W*(L(N))) < min{|[\], [X2]} < VE.

For the second inclusion, let A €  with dist(0, W?2(L()))) < /&, i.e. there
exists p€C, |u| < /e with 4 € W2(L(N)). By (4.1), the latter is equivalent
to 0 € W2(L(A\) — uTy) and hence

A e WAL — uTy) S W2, (L). O

Clearly, in the simplest case £L(A) = A — Ay, A € C, with an n X n
operator matrix A in ‘H we have
Wy (L) = Wn(L) = Wn(A); (4.4)

this shows that Wy , (L) fails to enclose the spectrum whenever W (A) does.
The following example shows that, already in this simple case, in fact none
of the subsets Wy, (£) C Wg ,(£) € Wg ,(£L) of the pseudo block numerical
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range Wy (L), see (4.2), is large enough to contain the approximate point
spectrum o, (L).

Example 4.5. Let H=/*(N) ® (>(N) and L(\)=A — Ay, X € C, with

: 2 1.
A::(O diag(m®—1: meN)

0 0 > , dom A:=/¢*(N) ® dom diag(m?-1 : meN),

where diag(m? — 1 : m€N) is the unbounded maximal multiplication oper-
ator in £?(N) with domain
dom diag(m®—1: meN) := {H{zm}m € C(N): {(m*=Dzpm € EQ(N)}.
We will now show that
{0}: W\%,l(ﬁ):W\%,O(ﬁ):W\%J(ﬁ) i W\%(ﬁ):Uap(ﬁ):C

By (4.4) and since A is triangular, we have W§ ((£) = W2(L) = W2(A) =
W2(A) = {0}. Since W2 (L) C W (L) by (4.2), the first and second
equality from the left follow. The third equality from the left follows from
the definition of W2 (£) and W2 ,(L) since A is triangular. To prove the
two equalities on the right, and hence the claimed inequality, let A € C be
arbitrary. If A=0, then A € W2 (L) by (4.3). If A#0, we define the bounded

operator matrices

— diag(2 8y : mEN) 0
B = 5 , keN,
- diag(%&mk :meN) diag(%émk :meN)

where d,,;; denotes the Kronecker delta. Then ||Bg|| — 0 as & — oo and a
straightforward calculation shows that

7 ke
(A= My) fe=Brfr, [fri= fk €domA, fr= ( A k), ke N.
1% Ck

On the one hand, for arbitrary € > 0, this implies that there exists N € N
such that ||By|| < e and 0 € (A — X — Byn) = 0p(L(A\) — By), whence
A€ 0p(L — By) CWL — By) CW2(L)
and thus A € WZ(L) by intersection over all € > 0. On the other hand,
A € 04p(L) since the normalised sequence { fx}r C dom L£(\) satisfies
(A =N fell = [Brfell < 1Bkl =0, &k — oc.
With one exception, we now focus on the most important case n=2 for
which the notation
_ (A B(})
c=(e6) by
dom L()) :=(dom A(X\) Ndom C(A)) & (dom B(A) Ndom D(N)),

) in H=Hi D Ho, (45)

is more customary. We establish various inclusions between the (pseudo)
quadratic numerical range W(2\11) (£) and the (pseudo) numerical ranges of
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the diagonal operator functions A, D, as well as between W(Q\I,)([,) and the
(pseudo) numerical ranges of the Schur complements of L.

Proposition 4.6. (i) The quadratic numerical range and the pseudo qua-
dratic numerical range satisfy

W2(L) CW(L), Wg(L) S We(L).
(i) Let Qq:={X € Q:D1(A) =dom A(N\)} and suppose dimHg > 1. Then
W(A) N2 CWAL), Wy(A) N CWE,(L) C WE(L);
if Di(A)=dom A(X) for all \e W(A) or A\e Wy (A), respectively, then
W(A) S W2(L), Wa(4) S Wi ,(L) C Wi(L).
(iii) Let Qo:={A€Q: Dy(N\)=dom D(\)} and suppose dimH1 > 1. Then
W(D)N Qe CW?(L), We(D)NQy CWg,(L) C Wi(L);
if Da(N)=dom D(X) for all \ée W (D) or N\é Wy (D), respectively, then
W(D) C W3(L), Wy(D) S W§,(L) S Wi(L).
Proof. The claims for the quadratic numerical range are consequences of
(4.1) and of the corresponding statements [25, Prop. 3.2, 3.3 (i),(ii)] for
operator matrices. So it remains to prove the claims (i) and (ii) for the pseudo
quadratic numerical range; the proof of claim (iii) is completely analogous.
(i) The inclusion for the quadratic numerical range in (i) applied to £+B
with || B|| < e yields W2(L£) CW.(L) for any € >0. The claim for the pseudo
quadratic numerical range follows if we take the intersection over all € >0.
(ii) Let Ae W-(A) N with >0 arbitrary. Then there exists a bounded
operator Be in H; with ||B.||<e and Ae W (A + B.). Since dom(A(\) + B:)

= dom A(X\) € dom C(\), the inclusion for the quadratic numerical range in
(ii) applied to £ + diag(B:, 03,) shows that

A € W2(L + diag(B:, 0y,)) € W25 (L) C WZ(L).

By intersecting over all € > 0, we obtain A € W\%Q(E) C W2(L). The second
claim is obvious from the first one since then Q) C Wy (A). O

Both qualitative and quantitative behaviour of operator matrices are close-
ly linked to the properties of their so-called Schur complements, see e.g. [25];
the same is true for operator matrix functions, see e.g. [26] for the case of
bounded operator values.

Definition 4.7. The Schur complements of the 2 x 2 operator matrix family
L={LA): A€ Q}in H="H & Hsasin (4.5) are the families

S100) = A(N) = BOD(N)'C(N), A€ p(D),

$2(0) = D(A) = CVAN) 'B(Y), A € p(A),

of linear operators in H; and Ha, respectively, with domains
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dom S1(A) := {f € D1(\) : DIN) 'C(A\)f € dom B(\)}, X € p(D),
dom So(A) := {f € Do(A) : AN) ' B(N)f € domC(\)}, X € p(A).

The following inclusions between the numerical ranges and pseudo numer-
ical ranges of the Schur complements S7, Sy and the quadratic numerical
range and pseudo quadratic numerical range, respectively, of £ hold.

Proposition 4.8. The numerical ranges and pseudo numerical ranges of the
Schur complements satisfy

W (S1) UW(S2) CW3(L), Wy(S1)UWy(S2) € Wgo(L) C WE(L).

Proof. The first claim follows from (4.1) and the corresponding statement
[24, Thm. 2.5.8] for unbounded operator matrices.

Using the first claim, the second claim can be proven in a similar way as
the claim for the pseudo numerical range in Proposition 4.6 (ii). O

The following spectral enclosure properties of the block numerical range
and pseudo block numerical range hold for operator matrix functions. They
generalise results for the case of bounded operator values from [29], see also
[26] for n = 2, as well as the results for the operator function case, i.e. n = 1,
in Proposition 3.1.

Proposition 4.9. Let L be a family of operator matrices. Then
op(L) S W (L) € Wy (L).

Proof. The proof of the first inclusion is analogous to the bounded case, see
[29, Thm. 2.14] or [26, Thm. 3.1] for n=2; the second inclusion is obvious
by definition. O

Theorem 4.10. Let L be a family of operator matrices in H = H1®D- - -SHy.
For every € >0,

_ 1 n

Tape(L) SWE(L), [N < o AEPLANWI(L),  (4.6)

and hence
aap(£) € Wy (L);
if, for all X € Q, a(L(X)) T Wn(L(N)), then
o(L) € Wi o(L) € Wi(L).

Proof. First let A€ o,p-(L£). Then there exists f. €dom L()\), || fe||=1, with
IL(N) fz]] <e. The linear operator in H given by

Bﬂ:{ﬂﬂwzﬁf=uﬁewwﬁ,

0 if fLf,
is bounded with ||B||=||L(\) fz|| <e and (L(A)-B) f-=0, i.e. \€ 0,(L-B). By
Proposition 4.9 and since ||B|| <e, we conclude that Ae W™ (L—-B)CW (L),
which proves the first claim.

The resolvent estimate in (4.6) follows from the first claim and from the
definition of oap (L), cf. the proof of Proposition 3.1.
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Taking the intersection over all € > 0 in the first claim, we obtain that
gap(L) € Wy (£).

Finally, the assumption that o(L£(X)) CWn™(L(A)) for all A€ implies that
(L) € Wy (L), see Definition 4.3. Now the second inequality in the last
claim follows from the inclusion Wg o(L£) SWg(L) by Proposition 4.4. [

5. SPECTRAL ENCLOSURES BY PSEUDO NUMERICAL RANGES OF
SCHUR COMPLEMENTS

In this section we establish a new enclosure of the approximate point
spectrum of an operator matrix family £ by means of the pseudo numerical
ranges of the associated Schur complements and hence, by Proposition 4.8,
in W\%,Q(E) and in the pseudo quadratic numerical range W2 (L£). Compared
to earlier work, we no longer need restrictive dominance assumptions.

Theorem 5.1. Let L be a family of operator matrices as in (4.5). If A €
oap(L) \ (0(A) U (D)) is such that one of the conditions

(1) C(N) s A(N)-bounded and B(X) is D(X)-bounded;

(ii) A(X) is C(N)-bounded, D(X) is B(\)-bounded and both C(\) and B(\)

are boundedly invertible;

is satisfied, then X\ € 0,5(S1) U0oap(S2). If for all X € p(A) N p(D) one of the
conditions (i) or (ii) is satisfied, then

oap(£) \ (0(A) Ua(D)) C 0ap(S1) U gap(52)

C Wy (S1) U Wy (S2) € Wi o(L) S WE(L).

Proof. Let A € 0,,(L). Then there exists a sequence {(un,vpn)}n € dom L£(N)
with [|un||® + [|lva]|* = 1, n € N, and
AN up, + B(A)vy, = hyy = 0, n — o0, (5.2)
CNup + D(N)vy, =1 kyy, — 0, n— o0. (5.3)

(5.1)

The normalisation implies that liminf,, o ||uy|| >0 or liminf,, . ||vy] > 0.
Let lim inf,, o ||un|| >0, without loss of generality inf,,cy ||uy|| >0. We show
that, if A € p(D), then X € 0,p(51); if liminf, , [|vn|| > 0, an analogous
proof yields that, if A € p(A4), then A€ o,,(52).

First we assume that \ satisfies (i). Since A € p(D), (5.3) implies that

vy, = DN 'k, — DON)'C(N)u,, n€N.
Inserting this into (5.2) and using dom D(\) € dom B(\), we conclude that
S1(Nun + BODN) Yky =hy, — 0, n— oc. (5.4)

Due to (i) B(A\)D()A)~! is bounded and hence B(A\)D(A\)~tk, — 0, n — oo.
Then (5.4) yields that S1(A\)un, — 0, n — oco. Because inf, ey ||up| > 0, we
can set w

fni=—=€Di(\) =domSi()\), neEN,

~ual
and obtain that S1(\)f,, — 0 for n — oo, which proves A € 0,4,(S1).
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Now assume that A satisfies (ii). Since C'()) is invertible, (5.3) shows that
Up = CN) ey —CN)IDNv, = CN) Yky —w,, neN,  (55)
where w,, := C(A\)"'D(\)v, € dom S1()) for n € N since
w, € D1(A) =dom C()\), D) C(Nwy, = v, € Do()\) = dom B(\).
Inserting (5.5) into (5.2) and using dom C'(\) C dom A()\), we obtain that
ANCN) Lk, — Si(Nwy =h, — 0, 1 — 0. (5.6)

Since C(\)~! is bounded, it follows that C(\)~'k, — 0, n — oo. Thus
inf,en ||un|| > 0and (5.5) show that we can assume without loss of generality
that inf, ey [|wy| > 0. Let us set

Gn = n_ ¢ dom S1(A), mneN.
[[wn]]

By (ii) A(A\)C(A)~!is bounded and hence A(A\)C'(A\) ™'k, — 0, n — co. Now
(5.6) shows that S1(A)w, — 0 and thus S1(\)g, — 0, n — oo, which proves
AE oap(Sl).

Finally, the first inclusion in (5.1) is obvious from what was already shown;
the second inclusion in (5.1) follows from Proposition 3.1 and the last two
inclusions from Proposition 4.8. U

Remark 5.2. If under the assumptions of Theorem 5.1, the Schur comple-
ments S7 and Sy satisfy the assumptions of Theorem 3.3 or 3.5 on every
connected component of p(D) and p(A), respectively, then

gap(£) \ (0(A) Ua (D)) € W(S1) UW(S2) € W2(L),

see Proposition 4.8 for the second inclusion.

For operator matrix families £ with symmetric or anti-symmetric corners,
we now establish conditions ensuring that the approximate point spectrum of
L is contained in the union of the approximate point spectrum of one Schur
complement and the pseudo numerical range of the corresponding diagonal
entry, i.e. S1 and D or Sy and A.

Theorem 5.3. Let L be an operator matriz family as in (4.5).
(1) If A€ o0up(L)\a(D) is such that C(X) C £B(X)*, A(X) is accretive,
FD(A) sectorial and B(X) is D(X)-bounded, then X\ € 0,,(S1)UWy (D).
If these conditions hold for all A€ p(D), then

Tap(£)\0(D) Coap(S1)UWy (D) S Wy (S1) U Wy (D); (5.7)
if dimHy > 1, then
gap(L)\o(D) C W§ 5(L) SW(L). (5.8)

(ii) If A € oap(L)\o(A) is such that C(N) C £B(N)% A(X) is sectorial,
FD(A) accretive and C(X) is A(N)-bounded, then A€ 0,p(S2) UWg(A).
If these conditions hold for all A€ p(A), then

Tap(L£)\0(A) C 0ap (52) UWy (A) S Wy (S2) U Wy (A);
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if dim Ho > 1, then
oap(L£)\o(4) C W\%Q(ﬁ) - W\%(ﬁ)

The following corollary is immediate from Theorem 5.3 due to Proposi-
tion 4.6 and Proposition 4.8.

Corollary 5.4. Under the assumptions of Theorem 5.3, if in (1) additionally
o(D)CWyg(D), then

Tap(L) Coap(S1)UWa (D) S Wy (S1) U We (D) S Wi (L) SW§(L),
and if in (ii) additionally o(A) CWg(A), then
2)

Tap(L) S 0ap(S2) UWa (A) S W (S2) U Wa (A) SWE 5(L) SWE(L).

Proof of Theorem 5.3. We only prove (i); the proof of (ii) is analogous. Let
A € oap(L)\ (D). In the same way as at the beginning of the proof of
Theorem 5.1 we conclude that if liminf,, o [|u,|| >0, then A € 0,5(51). It
remains to be shown that in the case liminf,,_, ||vs| > 0, without loss of
generality inf,en ||vn|| >0, it follows that Ae Wy (D).

Taking the scalar product with u, in (5.2) and with v, in (5.3), respec-
tively, we conclude that

(AN, up)+(BN)vn, up) = (hn,uy), neN, (5.9)
+(tp, BN vn)+(D(AN) vy, vy) = (kp,vyn), n €N, (5.10)

By subtracting from (5.9), or adding to (5.9), the complex conjugate of
(5.10), we deduce that

(AN tn, un) F (D(A)vn, vn) = (hn, un) F (kn,vn) =0, 1 — oo,
Taking real parts and using the accretivity of A(\) and FD(\), we obtain
0 < Re(FD(N)vn, vn) < Re(A(N)up, un) FRe(D(AN)vp,vs) = 0, n — oo.

Since FD(A) is sectorial by assumption, this implies (FD(\)vy,v,) — 0
and hence (D(A)vy,,v,) — 0, n — oo, which proves that A € Wy (D) by
Proposition 2.3.

Finally, the first inclusion in (5.7) is obvious from what was already proved;
the second inclusion in (5.7) follows from Proposition 3.1. The last claim in
(5.8) is then a consequence of Propositions 4.6 (iii) and 4.8. O

Remark 5.5. (i) Sufficient conditions for the inclusions o(A) C Wy (A) or
o(D) C Wyg(D), respectively, may be found e.g. in Theorem 3.3 or
Proposition 3.1.

(ii) An analogue of Remark 5.2 also holds for Theorem 5.3; the details of
all possible combinations of assumptions and corresponding inclusions
are left to the reader.
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6. APPLICATION TO STRUCTURED OPERATOR MATRICES

In this section, we apply the results of the previous section to prove new
spectral enclosures and resolvent estimates for non-selfadjoint operator ma-
trix functions exhibiting a certain dichotomy.

More precisely, we consider a linear monic family £(\) = A— Xy, A € C,
with a densely defined operator matrix

A:(é g), dom A= (dom ANdomC)®(dom BNdomD) (6.1)

with C C B* in H=H1 @ Ha. We assume that the entries of A are densely
defined closable linear operators acting between the respective spaces Hi
and/or Ha.

In the following, we denote the closed sector with semi-axis R} and semi-
angle w € [0, 7/2] by

Yo:={z€C:largz| <w}, we][0,7/2];

here arg : C — (—m, 7] is the argument of a complex number with arg0 = 0.

The next theorem no longer requires bounds on the dominance orders

among the entries in the columns of A, in contrast to earlier results in [25,
Thm. 5.2| where the relative bounds had to be 0.

Theorem 6.1. Let A be an operator matriz as in (6.1) with C C B*. As-
sume that A and —D are uniformly accretive, i.e. there exist o, § € R and
semi-angles @, € [0, /2] with

ReW(D)<é<0<a<ReW(4), W(A) CX, W(D)C-%, (6.2)

Suppose further that one of the following holds:

(i) A, —D are m-accretive, C is A-bounded, B is D-bounded,
(ii) A, —D are m-accretive, A is C-bounded, D is B-bounded and B, C are
boundedly invertible,

(iii) =D is m-sectorial, i.e. v <m/2, and B is D-bounded,
(iv) A is m-sectorial, i.e. p<7/2, and C is A-bounded.

Then, with 7 := max{p, ¥},
ap(A) C (=2, UX)N{z€C:Rez ¢ (§,0)} = % (6.3)
if, in addition, p(A) NXC # 0, then o(A) C X.

The proof of Theorem 6.1 relies on Theorems 5.1 and 5.3, and on the fol-
lowing enclosures for the pseudo numerical ranges of the Schur complements.

Lemma 6.2. Let A be as in (6.1) with CC B* and let A € C.

(i) Suppose A, —D are uniformly accretive,

ReW (D) <0 <0< a<ReW(A). (6.4)
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FIGURE 6.1. The set X (green) enclosing o, (.A), see (6.3); inside
the sets ¥4 :=%,\S (bounded by red line) enclosing W (A) (red,
dashed) and ¥ p:=—-%,\S (bounded by blue line) enclosing W (D)
(blue, dashed), separated by S:={z€C: Rezec (4, a)}, see (6.2).
If Re X € (4,), then
A€ p(D) = ReW(S1(\)) > a—Rel >0,
A€ p(A) = ReW(S3(\)) <6 —Rel <0.
(ii) Suppose A, —D are sectorial,
W(A) TS,  W(D)C -3,
with @, €[0,7/2) and let T:=max{p,}. If argAe€(r,m —7), then
Aep(D) = arg(W(Si(N) +A) € [-arg A, 7],
Nep(A) = arg(W(S2(\) + ) € (~m, —arg | U [7 — 7, 71];
if argAe(—m+7,—7), then
Aep(D) = arg(W(Si(V) +A) € [-7, —arg )],
Nep(d) = arg(W(S2(\) + ) € (~m, —7 + 7] U [—arg A\, 7.
Proof. We show the claims for Sy, the proofs for So are analogous. It is
easy to see that it suffices to prove the claimed non-strict inequalities for

W(S1(N)). Let A € p(D), f € dom S;(A) C dom A Ndom B* with || f|| = 1,
and set g := (D — X\)"!B*f. Then

(St f) = (Af, f) = A= (Dg,g) + Xgll* - (6.5)
(i) If Re XA € (J, ), then (6.5) and (6.4) show that
Re(S1(A)f, f) > a—ReA+ (=6 +Re)) [|g]* > a — Re A > 0.
(ii) We consider arg A € (7, 7—7), the case arg A € (—m+r, —7) can be shown

analogously. By assumption, |arg(Af, f)| < ¢ <7, |larg(—Dg,g)| < <.
Together with arg(X ||g||?) = — arg A€ (—n+7, —7), it follows from (6.5) that

arg ((S1(A)f, £)+A) =arg ((Af, f)+(—Dg,9)+ X |lg|?) € [~arg A, 7]. O
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Proof of Theorem 6.1. First we use Lemma 6.2 to show that if A or —D are
m-accretive, respectively, then

Wyg(S2) €Y or Wyg(S;) CX. (6.6)

We prove the claim for S7 by taking complements; the proof for S5 is anal-
ogous. To this end, let A € ¢ C p(D). Then Re\ € (d,) or |arg \| €
(1,7 — 7); note that the latter case only occurs if both A and —D are sec-
torial, i.e. if 7 < /2. If Re A € (4, ), Lemma 6.2 (i) implies 0 ¢ W (S1(\)),
ie. A ¢ Wy (S1) by (2.2). In the same way, if |argA| € (7,7 — 7), then
A ¢ Wy (Sh) follows from Lemma 6.2 (ii); indeed, otherwise we would have

0 € W(S1(A\)) and hence, e.g. if arg A € (1,7 — 7),
arg(0 + \) = arg\ € [—arg\, 7| N (1,7 —7) =0,

and analogously for arg A € (—m + 7, —7). This completes the proof of (6.6).

We show that assumptions (i) or (iii) imply (6.3); the proof when assump-
tions (ii) or (iv) hold is analogous.

Assume first that (i) holds and let A € o,p(A). If A € 0(A) Uo(D) C 3,
there is nothing to show. If A ¢ o(A) U o(D), then Theorem 5.1 (i) shows
that A € Wy (S1) U Wy (S2) and we conclude A € ¥ from (6.6).

Now assume that (iii) is satisfied. Then —D is m-sectorial and o(D) C
W(D) C 3. In order to prove (6.3), we show o,p(A) N X = (). To this end,
it suffices to prove that

Gap(A) N1 5¢ C Wi (S1) UWe(D — Iy, ); (6.7)

here, in the sequel, we write D — -Ij, for the operator family D — Ay,
A € C. Indeed, if (6.7) holds, then Wy (D — -Iy,) = W(D) C 3 and (6.6)
yield that oap(A) NEC C 3 and hence the claim.

For the proof of (6.7), we will use Theorem 5.3 (i). To this end, for A € X¢,
we define a rotation angle

W()) = 0, Re X € (4, a),
" | sen(arg \) 5 —larg M|, ReX ¢ (§,a)A|arg)| € (1,m—7);

note that the second case only occurs if A is sectorial, i.e. if 7 < 7/2; and
that then A # 0 and |w(\)| € (0,7/2 — 7). It is easy to see that the rotated
operator matrix family £ defined by

L(\) := diag (eiw()‘), e W J(A—AIy), dom L(\) :=domA, e

satisfies 0ap (L) = oap(A) N XC. It is not difficult to show that the angle
w(A) is chosen such that €M (A — \Iy,) is accretive, —e N (D — \Iy,)
is sectorial and e @) €' CewN) B* for every A€ X°. In fact, if Re A € (6, ),
the claim is obvious. If Re A ¢ (0, ) and |arg \| € (7, 7 —7), elementary geo-
metric considerations show that the sectoriality of A, ReW(A4)>a >0 and
the choice of w()\) imply that ¢“() A is sectorial and, since Re(e*® ) <0,
so is €M (A — Al3,). Because —D is sectorial, ReW(—=D) > § > 0 and
Re(e () X) > 0, the proof for —e X (D — Xy, is analogous.
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Therefore L satisfies the assumptions of Theorem 5.3 (i) and, because
o(e™(D — Iy,)) =o(D)NX¢ =0, (5.7) therein yields that

Gap(A) N T = 04p(L) € W (S1) UWeg(e (D = T, ),

where S) is the first Schur complement of £. Now the claim (6.7) follows
from the above inclusion and from the fact that, since () £0),

0eW(S1(N) = 0eW(ew® §1(N)=e“N W (S, (\)) <= 0€W(S1(\))

for A € ¥¢ and analogously for the family e (D — -I3;,). This completes
the proof that (i) and (iii) imply (6.3).

Finally, if p(A) N3¢ # 0, then A is closed and o(A) C X follows from
oap(A) C X, see (6.3), and from the stability of Fredholm index, see [15,
Thm. 1V.5.17). O

In Proposition 6.5 below, we derive sufficient conditions for p(A) NXC # ()
in Theorem 6.1 for diagonally dominant and off-diagonally dominant opera-
tor matrices. For the latter, we use a result of [5], while for the former we
employ the following lemma, inspired by an estimate in [15, Prob. V.3.31]
for accretive operators.

Lemma 6.3. Let T be an m-sectorial or m-accretive linear operator in H,
i.e. assume there exists w € [0,7/2] with o(T) C W(T) C X,,. Then

1
o A x
TN < — =] (g Ny TEME@ WD) o0
mer(arg A) 1, larg A| € [w+7, 7,

Proof. Let A ¢ ¥, and ¢ € (0,|A|) be arbitrary. Then A € p(T'), —e € p(T),
A # —e and we can write

TT -\ =T +e)(T+e—\+e)—e(T - N1,
=4 (T+e) ' =M+ ) =T = N1 (638)
Since € > 0, it is easy to see that T'+¢ is m-accretive or m-sectorial with semi-
angle w and hence so is (T +¢)71, cf. [15, Prob. V.3.31] for the m-accretive
case. Thus, by [15, Thm. V.3.2] and (6.8), we can estimate
A +el™t n €
dist (A +¢e)"1,%,)  dist (A, Xy)

The claim now follows by taking the limit € — 0 and using the estimate

17 -0 <

sin(Jarg A| — w)
A ’
1
Al

of. [14, Thm. 2.2]. O

larg A| € (w,w + %) ,

dist (A\71,5,) > (6.9)

larg \| € [w+ %,71’] ,
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Remark 6.4. The inequality in Lemma 6.3 is optimal, equality is achieved
e.g. for normal operators with spectrum on the boundary of X,.

Proposition 6.5. Suppose that, under the assumptions of Theorem 6.1, we
strengthen assumptions (i) and (ii) to
(i) A, —D are m-sectorial, C is A-bounded with relative bound 64 and B
18 D-bounded with relative bound dp such that

dadp < sin(Oy — ) sin(Oy + ) =: My, € (0, 1]
where
max { T+ 25% 7}, p <,
0o := IO O O . o .
m1n{§+T,7r—T}, Y < p;
(ii") A, —D are m-accretive, C'= B*, A is C-bounded with relative bound d¢,
D is B-bounded with relative bound 5 with

5350 < 1,

B, C are boundedly invertible, and the relative boundedness constants
ac, QBZO; bC; bBZO n

[Az|?* < ag x| + 08| Cx|?, = € domC,
IDy|* < apllyl? + b3(1By|?, y € dom B,
satisfy

VORIB 2+ 02 a3 B2 + 13, < 1.
Then p(A) N3¢ # 0 and hence
o(A) C (-2, UX;)N{z€C:Rez ¢ (0,a)} = X.

Proof. By Theorem 6.1, it suffices to show p(A) N X # ().

Suppose that (i') holds and let A=r ¢! with >0 and # € (1,7—7) to be
chosen later. Then A€ p(A) N p(D). Since ﬁ&Aép <1, there exists € >0 so
that ’

7 _8(5,4 +e)(0p +¢) < 1. (6.10)

Due to the relative boundedness assumption on C, there exist a4, bg > 0,
ba € [04,04 + €) such that

[CA=N"H <aal(A=X)71+ba|AA=NTY. (6.11)
Since A is m-sectorial with semi-angle ¢, we have the estimate

1 1
A=\ < <
H( ) H — dist(A\, W (A)) ~ rma(6)’

with m4(0) defined as in Lemma 6.3, see [15, Thm. V.3.2] or (6.9). Conse-
quently, by (6.11), (6.12) and Lemma 6.3, we obtain

aa . ba
rma(0)  ma(0)

(6.12)

lea-2"" <
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Similarly, since —D is m-sectorial with semi-angle ¥ and using Lemma 6.3
as well as (6.9) and |arg(—\)| = m — 6, we conclude that there exist ap,
bp >0, bp € [5D,5D —I—E) with

-1 ap bp
L T ey R o)

with m_p(m — @) defined as in Lemma 6.3 and hence
_ —1y_ babp [ aa ap
A-NT'BD - NS (41 1). 1
HC( ) ( ) H_ My (TbA+ )(TbD+ ) (6 3)

Here the function
[90771- - ?1)] — [Oa 1]7 0 — M9 = mA(Q)m_D(TF - 9)7

is continuous, monotonically increasing for 6 < 6 := 5+ % € lp,m— Y]

and decreasing for 6 > 6. Hence, the restriction of 6 — My to [r, 7 — 7]
attains its maximum at 0y and we can choose § > 0 such that My, —e < My
for 0 € (6g — 0,00 + ) N (1,7 — 7). Now we fix such a §. Using (6.13) and
(6.10), we conclude that there exists r > 0 so large that

]

This implies 1 € p(C(A—A)"!B(D—X)~!) and hence A\ € p(A) by [24,
Cor. 2.3.5).

Suppose that (ii’) is satisfied. By the assumptions on B, C, the operator
S:=38) is selfadjoint and has a spectral gap (—|| B!~ | B~ ~!) around 0.
Then [5, Thm. 4.7] with 7 = 1/ ||B~!|| therein implies that iR C p(A). O

1C(A = N B(D — A1) < ¢ a—D+1)<1.

rbp

7. APPLICATION TO DAMPED WAVE EQUATIONS IN R? WITH UNBOUNDED
DAMPING

In this section we use the results obtained in Section 3 to derive new
spectral enclosures for linearly damped wave equations with non-negative
possibly singular and/or unbounded damping a and potential g.

Our result covers a new class of unbounded dampings which are p-subord-
inate to —A+¢, a notion going back to [16, §1.7.1], [18, §5.1], cf. [27, Sect. 3].

Theorem 7.1. Let t be a quadratic pencil of sesquilinear forms given by
t(\) :=to + 2 a+ A2, domt(\) :=domty, Xé€C,

where ty and a are densely defined sesquilinear forms in H such that tgy is
closed, tg > kg > 0, a > ag > 0 and domty C doma. Suppose that there
exist k < ko and p € [0,1) such that a is p-form-subordinate with respect to
to — k>0, i.e. there is Cp, > 0 with

alf] < Cp((to — RN (IFI2) 7, f € domty. (7.1)
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Then the family t is holomorphic of type (a). If T denotes the associated
holomorphic family of type (B), then

o(T) C Wy(T) C {z€C: Rez < 0}
and the following more precise spectral enclosures hold:

(i) The non-real spectrum of T is contained in

o(T)\RC WW(T)\RQ{ZE(C: Rez < —a, |2| > /Ko,

1
|Im 2| > \/max{O, Cp " |Re z\%— |Re z]2+/<c}};

(ii) if p<3 orif p=5 and CL<lorifp=3 and C
real spectrum of T satzsﬁes either

=1 and k > 0, the

N[

oT)NR=0 or o(T)NRC[s,sT]

zfp>2 or if p= 5 (de’1>1 orzfp—f andC1 =1and k <0, the
real spectrum of T satzsﬁes either

o(T)NR C (—oo,rT|U[s7,sT] or o(T)NRC (—o0,st],
where 0o < 1T < s7 <sT <0 depend on p, Cp, ko and k.

(ili) if K =0 and p < &, then

1

o(T)NR =0 if (C2)T=2 < kg,
(T)mRC[ Cyth — 1/ CBteP —to, Cnoﬂ/c%gp—mo)}
if (C2)7% > o,

1
where ty := max { (4C§p(1—p))_T—1, ﬁo},'
(iv) if k=0 and p = %, then

o(T)NR=10 ifC%<1 and ko >0,

a(T)NR C {0} ifC%<1 and Kko=0,
1 .

O'(T)ﬁRQ(*OO,*(C%* C’ifl)ﬁ;g} zfcézl;

(v) if k=0 and p > 3, then

o(T)NR C <—oo, —Cth + \/Cgt?f’—to} if 1o > 0,
o(T)NR C (—oo, —Cpth + ,/Cgtgp—to} U {0} if ko =0,

where ty := max{(4C’3p(lfp))_#—1, Ko}
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10f

10t . A
25 20 15 10 5 0 -20 -15 -10
Re Re

-14 -12 -10 -8 -6 -4 -2 0

(a)p=04,Cp,=13,k=-2, (b)p=0.5,C,=0.7, k=3, (¢)p=0.65,Cp=0.5,k=—5,
ap=2.5,kp=5 ap=0.5,k0=6 ap=1,k0=0

FIGURE 7.2. Enclosures for o(T)\R in Theorem 7.1 (i) (blue) and
for o(T) NR in Theorem 7.1 (ii)-(v) (red in (a), (c), empty in (b)).

Proof of Theorem 7.1. Clearly, t is holomorphic. For arbitrary € > 0, apply-
ing Young’s inequality to (7.1), we obtain

p
€ p (PP 2\1-p
alfl < (£) (-0l (2) Gulls17)
P\T5 ~T5
<e((to—m)f) + =) (£) 7 7 1P
for all f € domtg, i.e. a is tp-bounded with relative bound 0. Hence, for
each A\ € C, the form t(\) is densely defined, sectorial and closed, see e.g.

[15, Thm. VI.1.33]. This shows that t is a holomorphic family of type (a).
Since all enclosing sets in Theorem 7.1 are closed and

o(T) C Wy (T) = Wy (t) = W(t)

by Theorem 3.3 with k¥ = 2 and p € C arbitrary, it suffices to show that
W(t) \ R and W(t) N R satisfy the claimed enclosures.

Let Ao € W(t), i.e. there exists f € domty, || f|| = 1, with t(Xo)[f] = 0.
Taking real and imaginary part in this equation, we conclude that

to[f] +2Re Xgalf] + (ReXg)? — (Im \g)? = 0, (7.2)
2Tm A a[f] +2Re Ao Im \g = 0. (7.3)

First assume that A\g €W (t) \ R. Then a[f]?— to[f] <0. Dividing (7.3) by
2Im Ao (# 0) and inserting this into (7.2), we find

ReXp = —a[f] < —ap <0,
Xol? = (Im Ao)? + (Re Xg)? = to[f] > ko.

Using these relations and assumption (7.1), we can further estimate

_1
(Im X\o)? = to[f] — | Re Ao|> > max{0,C, * |Re)\0\% — | ReXo|* + K},
and hence \g€ W(t)\R satisfies all three claimed inequalities in (i).
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Now assume that Ao € W(t) NR. Then a[f]?—to[f] >0 and thus, in par-
ticular, a[f] > max{ao, \/ko}. Moreover, since Im A\g=0, equality (7.3) triv-
ially holds and (7.2) implies \g=—al[f] £ y/a[f]?—to[f] < 0 because to>0.
This, together with a>ag and assumption (7.1), yields that

max {ad, ko} < max{a?, tol[f]} < a[f]* < C2((to — ). (7.4)

If we define

1

d(x) = Cp_gl’ﬁ—l‘—kl{, z€l0,00), D<g:= {xG[Ho,OO) dd(z) < O},
then it is easy to see that

to[f]€ D<o, Ao = —al[f] £ V/a[f]* — to[f]; (7.5)

in particular, D<o = () implies W (t) "R = (). An elementary analysis shows
that d has either no zero, one simple zero or two (possibly coinciding) zeros
on [0,00), which we denote by =4 and x_ < x4, respectively, if they exist.
Then

1 1
p<§orp:§,0%<1orp:§,0%:1,/<a>0 (7.6)
—> D<o=0 or D< is bounded, D<¢=|ro, 24| or D<o=[z_,24],
1 1 1
p>§orp:§,(§’%>1orp:§,0%:1,/1§0 (7.7)

= D<o #0 is unbounded, D<o=|kp,00) or D<g=|z4,00)
or D<o=[Ko,z_]U[z4,00).
Which case prevails for fixed p€ [0, 1) can be characterised by means of in-

equalities involving the constants kg, x and Cj,. For estimating Ao in (7.5)
while respecting the restrictions in (7.4), we consider the functions

fa(s,t) = —s£Vs2—t, s€lag, ), tE€ kg, o0), t§s2§05(t — k)%,

It is easy to check that f is monotonically increasing in s and monotonically
decreasing in t, while f_ is monotonically decreasing in s and monotonically
increasing in ¢ and hence, since s < C,(t — k)P,

er(Svt) < f+(cp(t - "{)pvt) = ng(t)?

f=(s,t) > [-(Cp(t — k)P, t) =: g_(t).

We distinguish the two qualitatively different cases (7.6) and (7.7) and
use (7.4), (7.5) and (7.8) to obtain enclosures for W (t) N R.
If (7.6) holds, then there are the following two possibilities:

(1) If d has no zeros on [0, 00) or if d has at least one zero and x4 < kg, then
D<p = 0 and thus

(7.8)

W(t)NR = 0.
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(2) If d has at least one zero x4 and x4 > kg, then D<g is one bounded
interval and
WE)NR C[s™,sT], s :=min ¢g_(t), s :=max t);
( ) —[ } tGDSog ( ) tEDggng( );

here if d has only one zero x4 or if d has two zeros z1 and x_ < kg, then
D<o = [ko,z+] and if d has two zeros and z_ > ko, then D<o = [z_, z4].

If (7.7) holds, there are the following two possibilities:

(3) If d has two zeros x4 on [0, 00) and z_ > kg, then D<= ko, z_]U[x 4, 00)
and we obtain

W(t)NRC (—oo,rT|U[s7,sT], rT:= max gy(t), sT:= max g(t),

te[zy,00) te€(rko,z—]

s7:= min g_(t);

IS
here g4 attains a maximum on [z, 00) since g4 (t) tends to —oo as t — oo,
and analogously in the next case.
(4) If d has either at most one zero x4 or two zeros x4 on [0, 00) and z_ < Ko,
then D<o = [max{ro,z+},o0) and we conclude that

WE)NRC (—o0,sT], st:= max g+(t).
t€[max{ro,z+ },00)

This proves claim (ii).

Claim (iv) for k=0 and p =% follows from cases (1), (2) and (4) above
if we note that then d(x) = (C7?—1)x, z€[0,00), is either identically zero
or has the only zero 4 =0 and, for case (4), g4 (t)= —t2 (Ci+,/C3-1)is
montonically decreasing so that s™ = g (ko). ’ :

Finally, if k=0 and p # %, the function d has the two zeros z_ =0 and
Ty = (C’g)@ on [0,00), and the respective bounds r*, s* above can be
determined explicitly to deduce claims (iii) and (v). More precisely, claim
(iii) follows from cases (1) and (2) if we note that, in (2), D<o = [Ko, Z+], 9+
is monotonically decreasing on [0, z1] and g_ attains its minimum on [0, z]
at t = (4Cgp(1—p))_ﬁ. Claim (v) follows from cases (4) if kg > 0 and
(3) if ko = 0; note that, for k=0, case (3) where p>1/2 can only occur if
o =0. In both cases, we use that g, attains its maximum on [z4,00) at
t = (4C2p(1—p)) 1. O

Remark 7.2. If (7.1) holds with k < kg and p € [0, 1), then it holds for every
q € (p,1) with k1 < k such that k1 < ko.

Indeed, then tg—k <tg—k1 and tg—k1 > kg— k1 >0 which implies that
(IF112)7P < (ko—r1)P~ 9 ((to—r1)[f])* " f€domty. Hence (7.1) holds with
¢, k1 and Cy = Cp(ko—k1)P 1.

Remark 7.3. As a special case of Theorem 7.1 we obtain the enclosure for the
non-real spectrum proved in [13;, Thm. 3.2, Part 5| (where the damping was
only assumed to be accretive) and we considerably improve the enclosure for
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the real spectrum therein since we obtain that the latter is, in fact, empty.
The assumption in [13, Thm. 3.2, Part 5] is that

ve osp  —2UL ) (7.9)

fedomto\{o} bo[ 12| £
The parameters ag, 5 and v in |13, (5) and p. 83| correspond to the following
special choices in Theorem 7.1 and assumption (7.1):

1 v B 9 B

=3 C’%—? k=0, Ko=ay>0, a =5

Under the assumption (7.9) made in [13, Thm. 3.2, Part 5|, Theorem 7.1 (i)
yields the spectral enclosure

4
o(T)\ R Q{ZE C: Rezg—g, |z| >ap, [Imz|> ﬁ_l |Re z| }

This enclosure is the same as in [13, Thm. 3.2, Part 5|. However, since v <2
is equivalent to C1 <1, the enclosure o(T) "R C (—o0, =% — 41%0] in [13,
2
Thm. 3.2, Part 5] is considerably improved by Theorem 7.1 (iv) to
o(T)NR = 0.
Remark 7.4. In the second case in Theorem 7.1 (i), ie. if p> 3 or p= 13,
Ci>1lorp=4%, Ci=1, k<0, the set W(t) N (—o00,0] used to enclose the
2 2
spectrum can, indeed, be unbounded if so is tg.
In fact, if W (to) = [ko, 00), we can choose a = Cy(tg — k)P. Then there
exist f, €domty, || fn||=1, with to[f,] >n for n€N. The conditions on p, C,

and k ensure, comp. (7.7), that C2(to[fn] — £)* — to[fn] > 0 for sufficiently
large n €N and thus

W (£)N(—00,0] 3 Ao =—to[fulP—/to[fn]?* —tolfn] < —to[fn]? < —nP — —o0,

and hence inf (W(t) N (—o0,0]) = —o0.

In the next example we apply Theorem 7.1 to linearly damped wave equa-
tions with possibly unbounded and/or singular damping.

Example 7.5. Let H = L?>(R%) with d > 3 and a, ¢ € L} _(R%), a # 0

loc
and a,q > 0 almost everywhere. If dom a2 and dom q% denote the maximal

domains of the multiplication operators a and q% in L?(R%), respectively,
we define the quadratic forms a and to in L?(R?) by

a[f] ::/ alf?da, doma := doma%,
Rd

to[f] ::/ \Vf|2dw+/ q|f? da, domtg := Hl(Rd)ﬂdomq%.
R Rd

Suppose that, for almost all z € R,

a(z) < Z |z — x| 7" 4 u(z) +v(x), v(z) < c1q(x)" + ca, (7.10)
j=1
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where v € L*(R?) with s > d/2, ve LL _(R?), t €[0,2), n € Ny, z; € R?
for j=1,...,n, c1, c2 >0 and r € [0,1). Then a, ty are closed, a, tg > 0
and, without further assumptions, we only know that ag > 0, kg > 0 in
Theorem 7.1. In order to verify (7.1), let f € domty with || f| = 1. By

Hoélder’s and Hardy’s inequality, for 1 < j < n,

} . i
Lje=ai i ar < ([ Jo-a2irRar) < 2wt @

Moreover, by Gagliardo-Nirenberg-Sobolev’s inequality, there exists a con-
stant G4 > 0 depending only on the dimension d such that
2d
)
where 2* > 2 is the critical Sobolev exponent for the embedding H'(R%) <

L (R%). Since d/s€(0,2), we can use Holder’s inequality with three terms
to estimate

£l 22 gay < GallV SN, f e H'(RY), 2°:

—d

2 d _2s % (2_4) 2s 2823
ul f[*dx < HUHLS(Rd) |f|sa=2dx |f] s)Zs—ddx
R4 R4 Rd

This inequality, together with the relations

d2s . d-2_ d (_d> %,
sd—2 ’ 25 2%s’ s) 2s—d ’
and || f|| = 1, yields that
[ 2 < Ve 11 oy < Wl G5 1901 (712
Rd

Next the bound on v in (7.10) with r € [0,1), Holder’s inequality with
1/re (1,00],1/(1 =r) € [1,00) and || f|| =1 give

/v|f]2d:c§cl/ qr\f|2dx+02§cl </ q|f]2d9:) + co. (7.13)
Rd R4 Rd

Combining the inequalities (7.11), (7.12) and (7.13), we arrive at
n2t

(d-2y
= (VAP a1 5 vas ([ alrde) v

d d r
alf1< gy VA1l G 1951 4 ([ alfPae ) e

(7.14)

In order to further bound (7.14), we estimate aya}'+agzh? +azah®+ a4 with
x; >0, pi€l0,1),i=1,2,3, and o; >0, i =1,2,3,4; note that 1 =x9 =
IV £|?in (7.14). If we set p:=max{p1, p2, p3} and maximise 6(z):=zPi —zP,
x €[0,1],i=1,2,3, we find that
0 if pi = p,
e <al+6;, 6= _Pi_ i=1,2,3. (7.15)

b (%)p_“ if pi < p,
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If max{ay, a9, a3} # 0, then
Y i= a1 (1401) +az(1402) +as(1403) +ay # 0. (7.16)
If we use (7.15), the concavity of x+—zP on [0, 00) and x1 =z, we obtain

a1z +aoah? +azal +ay < oq (@l +61 Hag(zh+02) +ag(ah+03)+ay

e a o 101 + apdo+a3d3 + o
:%(71#1;_1_72%4_7330?4_ 101 202 T (303 4)
Tp Vp Tp Tp

« « « 101 + agdo+a303 + g \P
S’yp(—lm—i——za:g—i——ga:g—i— 101 202 T 303 4)
Yp Tp Tp Tp

= ’Y;*p (a1 + )z +asrs + a101 + agds+asds + a4)7’

_ o101 + agdo+a303 + g \P
o o !
<7, Pmax{a; + az, a3}’ (21 +z3+ max{an + as, a3}
If max{n, |lul|;sgay,c1} #0, we can apply this estimate to (7.14) with p; =
t/2, po=d/(2s), ps=r, 0;, i=1,2,3, as in (7.15) to obtain that domty C
dom a and assumption (7.1) holds with the parameters

t d _ n2t d P
p:max{i,%,r}, Cp:’y; pmax{m—i-HuHLs(Rd)Gj,cl},

d
02461 + (d — 2)(|[ull o gty €5 6 + 105 + ) (7.17)

R=— 4 ,
max{n2'+(d—=2)" [[u s (ga) G (d = 2)%, e1}
where, according to (7.16),
_ n2t
= a2y
If max{n, |lullpsgay,c1} =0, i.e. n =0, u =0 and ¢; = 0, then the damping
a = v is bounded, our assumption a # 0 implies co > 0 and (7.1) trivially
holds with p = 0, Cp = ¢2 = ||al]| and k < d = kg arbitrary.
The constants in (7.17) in the general case max{n, ||u[|sga),c1}7#0 sim-
plify substantially if either n =0, u=0 or v =0. If e.g. two of n, u or v

vanish, the constants p, C}, and &, which may be read off from (7.11), (7.12)
or (7.13), are also obtained as special cases of (7.17). For instance,

d
(1401) + |l s ey G g (1+02) +c1(1+03) +-ca.

2t
p:%, C’%:(dn_2)t, k=0 ifn#0,u=0and v =0,
d 4 .
P=5 C%:HuHLS(Rd)Gds,m:O ifn=0,u#0and v =0,
p=r, C,=(c14ec)'7"¢], m:—i—? ifn=0,u=0and v #0, ¢c; >0;
1

in (7.17) these are the 3 cases 01 = 0 with ¢; = co = r = 0 and s sufficiently
large such that d/(2s) < r, 6o =0 witht =c¢; =co =r =20, and 63 =0
with ¢ = 0 and s sufficiently large, respectively. The cases where only one of
n, u or v vanishes are similar and are left to the reader.
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As a special case, we consider
a(z) = |z|F with k€[0,2), q(z)=|z[*, zeR%
Here cg=0 and we can choose kg > 0 as the ground energy of the harmonic
oscillator, cf. [23, Sec. XII1.12], i.e.

B i to[ﬂ . tO[fO] _
= 2 — 2
fedomtg ||f|| ||f0||

where fo(z) = exp(—|z[*/2), = € R%, is the (non-normalised) ground state of
the harmonic oscillator. Moreover, in this special case a satisfies (7.10) with

Ko

)

n=0, t=0, wu=0, v=a, 7‘25, =1 c2=0,
and by what was shown above, condition (7.1) holds with
k
p:§, C,=1, k=0

Hence the results in Theorem 7.1 (iii), (iv) and (v) yield that

o(T)\R C {ZE(C :Rez<0, |z|>Vd, |Imz|> \/max{O, |IRe z|%—\Re z|2}}
and

=0 if k€ [0,1),
o(T) "R { S (o0, —Vd] if k=1,
C (~o0, — V& +y/ti—to]| it ke (1,2),

where in the latter case ty = max { (k(2 — k:))_klj,d}.
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SCHRODINGER OPERATORS WITH ACCRETIVE POTENTIALS
IN WEIGHTED SPACES

BORBALA GERHAT AND PETR SIEGL

ABSTRACT. We analyse Schrodinger operators with accretive potentials in
weighted spaces. We find conditions on potentials and weights for which the
Dirichlet realisation, introduced by generalised form methods, has non-empty
resolvent set. We establish a domain and graph norm separation property,
as well as sufficient conditions for the compactness and Schatten class of the
resolvent. Moreover, we investigate the relation between discrete spectra and
eigenfunctions of operators in standard and weighted spaces. As applications
we extend results on the completeness of eigensystems of operators with accre-
tive potentials from standard to weighted spaces and analyse operator matrices
exhibiting a Schur dominance property, in particular, related to a wave equa-
tion with strong accretive damping.

1. INTRODUCTION

Both in classical and more recent works, the spectral properties of Schrodinger

operators
T=-A+V

in the space L%()) with (possibly unbounded) complex potentials V' on an open
set 2 C R? have been studied extensively, see e.g. [29, 20, 16, 26, 44, 12, 21]. These
operators arise in several applications, ranging from superconductivity [40, 2, 6],
Bloch-Torrey equations [25, 3], hydrodynamics [23, 7, 5], optics with gains and
losses [48, 18] to damped wave equations [22, 8, 28] and many more.

In particular for accretive potentials, i.e. for V : Q — C with ReV > 0, which
satisfy V € W, >°(Q) and

Jey €[0,2-v2), IMy >0, |[VV|<ey|V|?+My aein@Q, (L1

it is known that the Dirichlet realisation of —A +V in L?(£2) is m-accretive. More-
over, the operator domain has the separation property, i.e.

Dom(T) = Dom(—Ap) N Dom(V),

where Dom(—Ap) is the domain of the self-adjoint Dirichlet Laplacian in L?(),
see (2.1), and the corresponding separation of the graph norm holds

ITFI? +1F1* = av (IAFIP + VAP +11£11*),  f € Dom(T), (1.2)

with ay = av(ey, My) > 0; for details see [4, 11, 30, 27, 41] where also further
extensions, e.g. for an additional magnetic field, can be found.

The separation (1.2) allows for reducing questions on the compactness and Schat-
ten class of the resolvent of T" to the properties of the self-adjoint operator —A+|V|,
which can be further employed to investigate the completeness of the eigensystem
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2 BORBALA GERHAT AND PETR SIEGL

of T, see [42, 4, 45]. Moreover, (1.2) is also a key step in the analysis of the spectral
convergence of domain truncations, see [11, 41].

In this paper we analyse T,, = —A 4+ V with an accretive potential V' in the
weighted space L2,(Q). The considered weights w : € — (0,00) are assumed to
satisfy an admissibility condition relating the weight and potential, see Assump-
tion 3.1 for details, which allows for (super)-exponential weights if the potential is
unbounded at infinity. It is crucial to observe that, due to the possible unbound-
edness of w and/or w™?, the connection between the operators T, in L?.(£2) and
T in L?(Q) can in general be quite loose. Equivalently, this applies to the relation
between T and S = wT,w~! in L?(Q), i.e. the unitary transformation of the oper-
ator Ty, to L?(£2). On the level of differential expressions, however, the conjugation
by w can be viewed as “unbounded” similarity transform (which can be also inter-
preted as adding a complex magnetic field, see e.g. [32]) and might suggest a closer
relation between T and T,,.

In order to illustrate the possibly occurring non-trivial effects in the relation
between T" and T, consider first the one-dimensional operator

T:78§+|I|Bv B227

which is self-adjoint in L?(R), and the corresponding weighted operator T, in
L?,(R) with weight w(z) = exp(z), z € R; see [34] for a detailed study of the
unitary transform S = wT,w™! in L?(R) of the latter. The spectra of T and T,
coincide, consist of discrete simple real eigenvalues and the corresponding eigenfunc-
tions are complete both in L?(R) and L?,(R). Nevertheless, the eigenfunctions do
not form a basis of Liz (R) and the norms of the corresponding spectral projections
Py, diverge at the rate

L log ||

im —————

o gk = Cﬁ > 0
more details, e.g. the explicit constant C's and analogous results for various poten-
tials and weights (even of very slow growth), can be found in [34].

As a second ill-behaved example related to the advection-diffusion operator, see
[38, 15, 31], consider the one-dimensional operator T = —92 + V in L?*(R) with

compactly supported real-valued potential V' € L (R;R) and the weights
wg(x) =exp(Bz), BER, zeR.

It can be readily seen that the essential spectra of T and the corresponding weighted
operator T, differ. Even more importantly, however, the point spectra of T" and
T, might not coincide either, see Example 3.8 below for details.

The study of transformed operator problems as described above dates back to
Whittaker [47] and Sommerfeld [43]. Among many others, it appears in the spec-
tral analysis of the bi-stable potential in quantum mechanics [37], the hypoelliptic
Laplacian studied by Bismut and Lebeau [10, Chap. 16], see also [35], the Hill op-
erator with a two-term potential [17], the Ornstein-Uhlenbeck operator [33] or the
Black-Scholes operator [9].

Our analysis is focused on fundamental properties of weighted Schrédinger op-
erators T,, with accretive potentials V' (and —A possibly generalised to —V - (PV)
with a sectorial coefficient matrix P). We identify conditions on the coefficients V'
and P and on the weight w allowing us to find a Dirichlet realisation of

T,=-V-PV4+V

in the weighted space L?,(Q) with non-empty resolvent set, see Theorem 3.2, as
well as to establish the graph norm separation, see Theorem 3.12. As the key
technical ingredient we employ the notion of generalised coercivity of the associ-
ated sesquilinear form introduced in [4], see also Section 2.2. In Theorem 3.4, the
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boundedness of compositions of the type
wi (=V - (PV) +V + 1)ty

is addressed. Furthermore, in Theorem 3.5, we study the compactness and Schatten
class of the resolvent of T;,. The invariance of discrete spectra and eigenfunctions
is discussed in Theorems 3.6 and 3.9.

As examples of applications of our results, we first investigate the completeness
of eigensystems of Schrodinger operators with imaginary potentials, see Section 5.1,
in particular extending the results in [4]. Next, we show how our results enter the
analysis of operator matrices with non-symmetric differential entries which exhibit
Schur complement dominance, see Sections 5.2 — 5.4. In particular, the last ex-
ample in Section 5.4 deals with a wave equation in a weighted space subject to
strong accretive damping, for which we prove the generation of a Cy-semigroup
(and thereby generalise results in [22, 28, 24]).

The paper is organised as follows. In Section 2, we collect the used notation
and preliminaries. The main results are presented in Section 3 and their proofs are
given in Section 4. Section 5 contains examples of applications.

2. NOTATION AND PRELIMINARIES

2.1. Notation.

e For an open set 2 C R? and a measurable function m : Q — C, we define the
corresponding multiplication operator in L?(€2) on the maximal domain

Dom(m) := {f € L*(Q) : mf € L*(Q)}.
e The Dirichlet Laplacian —Ap is defined as usual via its quadratic form, i.e.
Dom(Ap) == {f € Wy*(Q) : Af € L*(Q)}. (2.1)

e The norm and inner product in L2(2) and L?(Q)¢ are denoted by | - ||, (-, ).
e For a weight w € W, (€ R,.), we introduce

loc

L2,(Q) = {f 10— C : fis measurable and || f|[z2 < oo},

sz, = ( [ 1#Pu?az)” = gL

and the related inner product is denoted by

gz, = [ Jautdo = (wf.ug)

o We write
() :=(1+z[>)2, zeR%
e If not specified otherwise, all inequalities between measurable functions {2 — R
are understood a.e. in €.
e The essential spectra of (non-selfadjoint) operators in a Hilbert space H are
defined as in [20, Sec. IX.1]. We shall mainly use the second definition therein

O ={A€C : T—X¢ Fr(H)}.
Here A € F(H) if A is closed, has closed range and dim Ker(A4) < co.
e For © C C, the spectrum of an operator family {T'()\) : A € ©} is defined as
o(T()={A€eB:0e€a(T(N)}

and analogously for the resolvent set and various other parts of the spectrum.
e We write a < b if there exists a constant C' > 0, independent of any relevant
variable or parameter, such that a < Cb; the convention for a 2 b is analogous.
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2.2. Generalised coercivity. We first recall the following generalised representa-
tion theorems from [4].

Theorem 2.1 ([4, Thm. 2.1]). Let V be a Hilbert space and let a be a bounded
sesquilinear form on V. Assume that there exist ®1,P9 € B(V) and m > 0 such
that for all f € V we have

a(f, f)l + a(@if. )] = m| £l
a(f, /)l + |a(f, @2 f)| > m| fI} .

Then the corresponding bounded operator A given by
A\GB(VaV*)v <A\f79>v*xv = a(fvg)v fagevv (22)
is boundedly invertible, i.e an isomorphism between V and V*.

If V C H is continuously embedded and dense in another Hilbert space H, then
upon the standard identification of H and its (anti-)dual H*, one can consider

Hf=(f, )y eH, VCH=H CV*
In the above Hilbert space triplet, the operator A in (2.2) then naturally defines a

maximal restriction in H which is formally given by
A= (id}) ' Aidy . (2.3)

Here idy denotes the continuous embedding V < H and its adjoint idj, is the
restriction operator V* D ‘H* — H*. Under additional assumptions, 7" is boundedly
invertible in H.

Theorem 2.2 ([4, Thm. 2.2]). In addition to the Assumptions of Theorem 2.1,
assume that V C H is continuously embedded and dense in another Hilbert space
H and that &, & extend to bounded operators on H. Then the operator A in H
defined by
Dom(A):={feV :3ImpeHH,VgeV, a(f,g9) = 1n,9n},
Af =mny,

is boundedly invertible and its domain is dense inV and H.

(2.4)

To obtain the results for Schrédinger operators with complex potentials V' in
L?(92) mentioned in the introduction, ®; and ®3 can be selected as the following
multiplication operators

I
B im By = by — Y
1+|V|?
2.3. Schur complement dominant operator matrices. We recall claims from
[24] which are relevant for the applications in Sections 5.2 — 5.4. They allow us

to introduce operator matrices with non-empty resolvent set in the product space
H :=H1 ® Hs of two complex Hilbert spaces Hi and Hs.

Assumption 2.3. (i) Let Dg, Dy, D_g, and D_5 be complex Hilbert spaces
such that the inclusions

Ds C H1 C D_g, Dy C Ho C D_g,

hold and the corresponding canonical embeddings are continuous and have
dense ranges.
(ii) Suppose that the operators A, B and C are bounded between the spaces

A€ B(Ds,D-s), B € B(D2,D_5), C € B(Ds, D-3).
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(ii) Let Dy € C(Hz) such that Dom(Dy) C Dy is dense in Dy and assume that
there exist an extension Dy C D and A\ € p(Dy) such that

D € B(Dy,D_3), (D —Xo)~ ! € B(D_2,D5).

Under Assumption 2.3, we define the operator matrix A and its first Schur
complement {S(\) : A € p(Dy)} as

A= ( é g ) € B(D,D_), S(\):=A—-B(D-\"'CeB(Ds,D_s), (2.5)
where D := Dg®Ds and D_ := D_g@®D_5. We point out that Assumption 2.3 (iii)
implies that D — X is boundedly invertible for any A € p(Dy), such that the above
formula for the Schur complement is indeed well-defined. Finally, we define the cor-
responding maximal operators Ag := A|pom(4,) in H and So(A) := S(A)|pom(se(r))
in H; on their respective domains

Dom(Ao) :={(f,9) € D: A(f,9) € H}, Dom(Sp()) :={f € Ds: S(\)f € Ha}.
Then the spectra of Ay and Sp(+) are related by the following theorem.

Theorem 2.4 ([24, Cor. 3.4 (ii), Cor. 3.5, Cor. 3.6, Cor. 3.7]). Let Assumption 2.3
be satisfied. Assume that, for every A € ¥ C p(Dy), there exists zy € C such that
(S(A) = 23) " € B(D_s, Ds).

Then the spectra of Ag and So(-) are equivalent on X, more precisely,
o(Ag) NE =XNa(S()),
op(Ag) NE =3 Nop(So(-)),
oe2(Ag) N E =X Noea(So(+))-
Moreover, if p(So(-)) N2 # 0, then Dom(Ay) is dense in both D and H.

3. MAIN RESULTS

We introduce a Dirichlet realisation of the second order partial differential op-
erator
Tw=-V-(PV)+V
with accretive potential V' in the space LZ ,(€2) with suitable weight w : Q@ — (0, c0)
and show that it has non-empty resolvent set. Employing the constructed weighted
operators T,,, we discuss bounded extensions of certain compositions of the type

wi(T = X) ™ w, A€ p(T).

We derive sufficient conditions for the Schatten class of the resolvent, as well as
for the invariance of the discrete spectra and generalised eigenfunctions of T3, and
the Dirichlet realisation 7' = Ty in L?(Q2). Finally, we give sufficient conditions for
the domain and graph norm separation property of T, and thereby generalise the
result (1.2) for Schrodinger operators to more general second order operators and,
most importantly, to weighted spaces.

Our first main set of assumptions is written below. It lays the ground for the
following theorems on the Dirichlet realisation T,,, the Schatten class of its resol-
vent, the invariance of spectra and eigenfunctions, as well as the boundedness of
mentioned compositions.

Assumption 3.1. Let ) # Q C R? be open. Let the real and imaginary part of V'
be decomposed into a regular and singular part, respectively, as follows

ReV = U, + Us,
ImV =V, +V,,

U, Ve € WES(Q;R), U,V € LL.(R).

loc
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Moreover, let P € LL (2)?4 and write
1 1
Pli=ReP=_(P+P"),  Pp=ImP=_(P-P)
i

Let w € Wl’oo(ﬁ; R4 ) and suppose that the following conditions are satisfied.

loc
(i) Sectoriality of P: Assume there exists Cp > 0 and a set Np C Q with zero
measure such that for all z € Q\ Np and all ¢ € C?
(Pr(2)€,6) 20, [(P2(2)€,6)] < Cp(Pi(x)S, ). (3.1)
(ii) Accretivity of V: Let U, > 0 and Ug > 0.
(iii) Sectoriality of V' —iV,.: Let Cs > 0 be such that |V5| < CsReV.
Define the multiplier

bim " [M(QR), (3.2)

VI+V2+U?

and further assume the following growth conditions on the admissible weight and
the regular part of the potential.

(iv) Control of VU, and VV,.: Suppose that for every £ > 0 there exists C; > 0
such that

U, Vi | max{|P_ % PVU,|,| P * P*VU,|}
<+ v N U2)3(e(Re V)2 +£(DV;)2 + C.), 5.3
(1+U2)max{|P; ? PVV,|,|P, * P*VV,|}
<(1+V2+U2)3(e(ReV)? +e(®V,)? + C.).

(v) Admissibility of weight w: Assume there exist £, 0y, > 0 and C,, > 0 such
that

1P PV (w?)] < w(ko (ReV)F + 0y (BV,)F +Cy). (3.4)

In Theorem 3.2 below, we introduce the weighted operator T,, using the repre-
sentation theorems in Section 2.2. The latter is done via the form

tw(f,9) = (PVf,V(gw?)) + (wV f,wg), Dom(ty) = Vu, (3.5)

where the space V,, is the closure of C§°(£2) with respect to the norm
2 3 2 L2 2
1713, o= PRI, +IIVIEAIZs, + 1713 (3.6)

see Lemma 4.1 for the extension of (3.5) from C§°(2) to V,,. In the sequel, we refer
to T,, as the Dirichlet realisation of =V - (PV) + V in L2,(2) and write T := Tj.

Theorem 3.2 (Dirichlet realisation of T,). Let Assumption 3.1 be satisfied with
K, 0w, Cp and Cs small enough such that there exists 0 < 8 < min{1/Cp,1/C,}
satisfying the inequality

4p(1 = pCp)(1 — BCs)
(1+5)? '

Let the form t,, be as in (3.5), let Vy, be as in (3.6) and let ® be as in (3.2). Then
there exists A > 0 such that Theorems 2.1 and 2.2 hold for

Br2 4+ (1 — BCy)o2 < (3.7)

a;:t,,,+A||.\|§iQ, Vi=V,, & =00:=p0 H:=L2(Q).
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The operator T, := A — X in L?UQ (Q), where A is obtained from Theorem 2.2, is
closed, has non-empty resolvent set and its domain is dense both in V,, and L2 (£2).
Moreover, T,, is independent of A with

Dom(Ty,) = {f €V : Anp € L2:2(N),V g €V, tu(frg) = <77f,9>L12“2}7
wa=77f-

Remark 3.3. (i) For the statement of Theorem 3.2, it is sufficient to assume
that (3.3) holds with ¢ € (0,eqyt) and C. > 0. Here the critical value
€erit > 0 depends on the remaining parameters K, 0, Cy, Cp and Cs,
as well as 8 in (3.7), and can be obtained from a thorough analysis of the
inequalities in the proof of Lemma 4.3; see also Lemma 4.12, where the
condition ey + &, < 2 — V/2 arises in a similar way.

(ii) For sectorial potentials V € L{ (€2), i.e. in the case U, =V, = 0, Assump-
tion 3.1 (iv) is trivially satisfied.
For regular purely imaginary potentials V' = iV}, the condition (iv) in
Assumption 3.1 above can be substantially simplified. Indeed, it reduces
to assuming that for every € > 0 there is C. > 0 such that

max{|P{ * PYV,|, [P F PV} < eV lE 4,

which improves the previously used assumption (1.1) (for P = Ica and
w = 1). The condition (3.7) on the weight also simplifies to

41— pCp) 1
max = :
o<p<i/ce (14 )2 1+Cp
In other words, in this particular case, assuming that o, < 1/(1 + Cp) is
sufficient for condition (3.7).

(3.8)

O <

(3.9)

Employing a suitable weighted operator, the following theorem allows us to
construct bounded extensions of certain conjugations of the resolvent of the non-
weighted Dirichlet realisation 7.

Theorem 3.4 (Boundedness of compositions). Let my,m2,V : @ — C and P :
Q — C¥4 e measurable, let mo and V be such that

1)z _
w = (vi+1)z c Wéfo(QaRJr)
ma|

is an admissible weight according to (3.4) and let the assumptions of Theorem 3.2
be satisfied with P, V and w. Let T be the Dirichlet realisation of —V - (PV)+V
in L?(Q) and assume that there exists C > 0 such that
|mims| < C(|V] +1). (3.10)
Then there exists Ao € p(T) and a bounded extension
ml(T — /\0)71m2 C S)\O S B(LQ(Q)),

see Lemma 4.7 for the precise formula for Sy, .

Our next result gives a sufficient condition for the Schatten class of the resolvent
of T,,. Indeed, independently of the admissible weight, it is sufficient that the

embedding of the form domain of the (non-weighted) Dirichlet realisation in L?(£2)
is of the respective Schatten class.

Theorem 3.5 (Schatten class of resolvent). Let the assumptions of Theorem 3.2
be satisfied, let T, be the Dirichlet realisation of =V - (PV) +V in L2,(Q), let V
be as in (3.6) with w =1 and assume that

idvl S Sgp(vl, LQ(Q))
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for some p € (0,00]. Then
(Tw—N)"'e Sp(LiQ(Q))a A€ p(Tw).

If both the weighted operator T;, and the standard Dirichlet realisation 7" have
compact resolvent, their (discrete) spectra coincide and the (finite) algebraic mul-
tiplicities of their eigenvalues agree.

Theorem 3.6 (Invariance of discrete spectra). Let the assumptions of Theorem 3.2
be satisfied, let T and T,,, respectively, be the Dirichlet realisations of —V - (PV) +
V in L2(Q) and L?,(?). Suppose in addition that both T and T, have compact

w?
resolvent. Then their (discrete) spectra coincide and
Ma (T, A) = mg (T, A), A€ o(T) =o(Ty), (3.11)

where mq (T, \) and mq(Tw, \), respectively, denote the (finite) algebraic multiplicity
of an eigenvalue A\ of T and T,,.

Remark 3.7. (i) The resolvent of T and T, is compact e.g. if
lim essinf |V (z)| =00 (3.12)
R—oo |z|>R,z€Q

and P; > dp > 0 a.e. in 2. This follows from Theorem 3.5 and a standard
compactness argument based on Rellich’s criterion, see [39, Thm. XIIIL.65,
XIII.67], which implies that V; is compactly embedded in L?(€).

(ii) The invariance of a discrete eigenvalue A € o(T") remains valid also when the
resolvents of T and T, are not compact if we assume in addition that \ stays
separated from the rest of the spectrum of T, for a € (0, 1] (see the proof of
Theorem 3.6). However, a simple example below (see Example 3.8), related
to an advection-diffusion operator, see [38, 15], shows that an eigenvalue
can disappear when touched by the essential spectrum.

Example 3.8. We sketch and slightly adapt an example in [31, Sec. VIL.CJ.
Consider the standard self-adjoint realisation of T := —92 + V in L?*(R) with
V € L*®(R;R) supported in [—1,1] and assume there exists a simple eigenvalue
0 > Ao € 0aqisc(T); the existence of such potential V' follows by well-known min-
max arguments, see e.g. [39]. Note that it follows from the condition on the support
of V' that the eigenfunction 1y corresponding to A satisfies

Yo(x) = exp(—v/ —Xolz|), |z| > 1.
Consider the family of admissible weights wg(z) = exp(B8z), 8,z € R. We deter-

mine the essential spectrum of T',, by passing to the following family of unitarily
equivalent operators in L?(R)

Sp = waTw,wy' = =02 + 260, — B2 +V, Dom(Sz) := W»*(R).
Then the Fourier transform and a stability argument for essential spectra yield
0ci(Twy) = 0ei(Sp) = {k* —2Bik — % : keR}, i=1,...,4,
see e.g. [20, Sec. IX] for details. Note that if 52 > |\g|, then ¢ ¢ Lij?i (R). Since no
other solution of =" + V¢ = Agt) lies in L2, (R) for 5% > |Al, the eigenvalue Xy is
lost when the essential spectrum of Ty, toughes Ao (which happens for 52 = |\o|).

Our next result complements Theorem 3.9 on the invariance of discrete spectra.
If, in addition to the assumptions of the latter, the potential satisfies the growth
condition (3.12), then every generalised eigenfunction of T is also a generalised
eigenfunction of Ty,. In particular, this provides information on the decay of the
eigenfunctions of the non-weighted operator T. The proof is based on a slight
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adaption of the Agmon type decay estimates in [30]. These can be extended also
for cases without (3.12), see [30] and [41, Appendix].

Theorem 3.9 (Invariance of generalised eigenfunctions). Let the Assumptions of
Theorem 3.6 be satisfied and suppose in addition that V satisfies (3.12). If X € o(T)
and k € N, then

Y eker(T — N = o €ker(T, — M. (3.13)
In particular, all generalised eigenfunctions of T lie in Li}Q(Q).

Our last result on the domain and graph norm separation of the weighted oper-
ators T, requires the following additional set of assumptions.

Assumption 3.10. Let Assumption 3.1 hold. In addition, assume the following.

(i) Combined accretivity of V and P: Suppose there exists a set Ny C Q with
zero measure such that for all x € Q\ Ny and all ¢ € C?

Re(e 128V @ p(r)¢, €) > (3.14)

(ii) Control of VV: Let V € Wlicoo( ) and assume that there exist ey > 0 and
Cy > 0 such that

max{|P_ 2 P*VV|,|P, 2 P*V|V|]} < ey [V} + Oy (3.15)
(iil) Admissibility of the weight w: Assume there exist €,, > 0 and C,, > 0 with
PP )] < w?(eulVIE + Cu). (3.16)

Remark 3.11. If (3.16) is satisfied, then (3.4) holds with o, = k., = €,,. Moreover,
if P = P*, then assumption (3.15) implies that (with U, = ReV and V, =ImV)

drev

UT|VT|P§VUT|§(1+UE+W2)3< Uf + SV (V)3 + CV),

201 2
(1+ U2)PEVV,| < (1+ U2+ V23 (epUZ + 6,(0V,) + ey + Cy),

where 61,02 > 0 can be arbitrary. The Assumptions of Theorem 3.2 are thus
satisfied if ey and €, are small enough, see Remark 3.3 (i). If moreover U, =
o(|Vr] + 1) or |V,.] = o(|JUr| + 1) as |z| — oo in Q, then even condition (3.3) is
satisfied (with arbitrarily small € > 0).

In particular, in the special case V' = iV, considered in Remark 3.3 (ii), the
above shows that assuming ¢,, < 1/(1 + Cp) is sufficient for the assumptions of
Theorem 3.2; notice that then x,, can be selected arbitrarily small.

Theorem 3.12 (Domain and graph norm separation). Let the assumptions of
Theorem 3.2 hold, let Assumption 3.10 be satisfied with ey + €, < 2 — /2 and
suppose in addition that P € Wb (Q)¥*? and that P, > 6p > 0 a.e. in Q. Let T,
be the Dirichlet realisation of =V -(PV)+V in L2,(2). Then there exists ay,, > 0
such that for all f € Dom(T,,)

ITuflie, + 1022, > ava (IV - (PY DNz, + IV Flzz, + 1122,
and as a consequence

Dom(T,) ={f €V : V- (PVf) € L2,(Q), Vf € L2:(Q)}.
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4. PROOFS
4.1. Weighted coercivity.

Lemma 4.1 (Boundedness of t,, on V,,). Let Assumption 3.1 be satisfied and let
ty and Vy, be as in (3.5) and (3.6), respectively. Then t,, is a well-defined and
bounded form on V.

Proof. We show the boundedness on C§°(€2), the claim then follow by density and

continuous extension. Let f € C§°(Q2) and note that
(PVf,V(fw?)) = (wPVf,wVf) +(PVf, fV(w?)) 1)

1 1

= |lwP?Vf|* + i(wPV f,wV f) + (PV f, fV(w?)).

Using (3.1), we have
[(wPVf,wVf)| < CpllwP? V[l (4.2)

and from (3.4), Cauchy-Schwarz’ and Young’s inequalities, we obtain
1 _1
PV V()] < (IPPV f| [Py 2 PPV (w?)] | f])
< (WP VS| w(kuReV)E + o @V +Culf)  (43)
1 1 1

S NwPP VI + [hw(Re V)2 112 + [[w|Ve 2 £ + [lw .
From (4.2) and (4.3), we see that the right hand side of (4.1) is bounded by || f]|3, .
Hence, the boundedness of t,, on V,, finally follows from

(wV f,wf)| < [[w|VIEFI? < |IFIR, . m

Lemma 4.2 (Boundedness of ® on V,,). Let Assumption 3.1 be satisfied and let
the space Vy, be defined in (3.6). Then the multiplication by ®, defined as in (3.2),
is a bounded operator on V.

Proof. We show the claimed boundedness on C§°(2), the full claim then follows by
a density and continuity argument. Clearly |®| < 1, thus for all f € C§°(Q),
1

[wVIZQf| + [wefl < I flIv.

and moreover . ) .
lwP? V(R )| < lwPEVf| + [[wPy (V) f]].
To estimate the second term above, one easily derives the identity
1+ U2)VV, - U,V, VU,
(1+ U2 +V2)2

Vo =

which using (3.3) implies that

max{|P_ 2 PV®|,|P, *P*VO|} < 2(c(ReV)* +2(®V,)% +C.).  (4.4)

Hence, applying Cauchy-Schwarz’ and Young’s inequalities with d1,ds2,03 > 0, we
arrive at

|lwPE (V) f||2 < |(wP(V®) f,w(V®) f)| < (w|PF (VD) f|,w| Py * P*VP||f])
< 2(w|PE (VD) f|,w(e(Re V)? +(V,)F + CL)|f])
< (e + by + ey [wP (V@) + - w(Be V) £

3 1 CE
+ = w(@V)2 f* + == lwf|.
P 03
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Note that the full generality of the above inequality will be useful only later in the
proof of Lemma 4.3. Choosing d;, d2 and d3 small enough such that
0< m = €dy + &g + 0553 <1 (45)
leads to the estimate

1 £ 1 S 1 CE
(1 —m)llwP? (V@) f[? < 5, lw(Re V)Zf]? + gHw@Vr)?fIF + gl\wfll2 (4.6)

and thus to the boundedness of the multiplication by ® on V,, by combining the
estimates above. O

Lemma 4.3 (Generalised weighted coercivity of t,,). Let the assumptions of The-
orem 3.2 be satisfied. Then there exist my,ma, 71,72 > 0 (depending continuously
on B and the parameters €, Ky, 04, Ce, Cy, Cp and Cs) such that, for all f € V,,

Rety(f, f) + Imty, (BRFf, f) + 71 |wf|? > mal|lfII, .
Rety(f, f) + Imty, (f, BOf) + alwf|? > ma||fII3, -

Remark 4.4. The proof of Lemma 4.3 provides more information on the constants
in (4.7). More precisely, we therein prove the following sufficient claim. For every
€ > 0 there exist v1(g),72(e) > 0 such that

Rety(f, f) +Imt, (B f, f) +n(e)|wf]?
> (L= =) |wPf VI + (1= 2 = 9)[w(Re V)2 |1
+ (8 = 3 — e)l|w(@V) 2 1%,
Rety (f, f) + Imty, (f, Bf) +ra(e) |wf]?
> (1= — &) [wPE V2 + (1= pa — ) Juw(Re V) £
+ (8 — s — £)|[w(@V,) = £
Here the constants p1, us € (0,1) and us € (0, 5) are given by

(4.7)

! 1 + Raw 1+ Ow
o= (14 B) 0w+ 8'0) + 60, o= CE oy LD
where §,6’ > 0 are such that the following inequalities are satisfied
Kw(1+ B) , _ ow(l1+5) / 1-3Cp
6> § > Ok +0' 0w < ————-
>4(1—503)’ > 18 , Ky T 0 0y < 143

We point out that the existence of §,0’ > 0 satisfying the above inequalities is
equivalent to the assumption (3.7).

Proof. We show the estimates in (4.7) for f € C§°(Q2), the full claim then follows
by density and continuity. We start by estimating Re t,, (f, f). Taking the real part
of (3.5) and using (4.1), we obtain

Rety(f, f) > [wPEVS]® + [w(Re V)3 f? = [(PYf, fY(?)].  (48)
By the second row of (4.3), we further have
PV LIV @) < wlPEV Sl w(r(ReV)? +0u(@V)F + Co)lfl).  (49)
In order to estimate Imt,,(®f, f), we use Assumption 3.1 (iii) to derive
Imt, (®f, f) = Im(PV(®f), V(fw?)) + Im{(wV e f,wf)
> [w(@V;)2 fI* — Cillw(Re V)= £ (4.10)
— [Im(PV(®f), V(fw?))l
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and further using the product rule
| Im(PV(@ ), V(fw?))| < (wPa(Vf)®,wV )| + (P(VF)®, fV(w?))| (4.11)
+ {wP(VO)f,wV f)| + (P(VO)f, FV(w?))].

We split & = &, — &_ where both & > 0 and ¢, - ®_ = 0 and estimate the first
term on the right of (4.11) using (3.1) and &, +®_ = [®| < 1

KwP(V )2, wV )| < [{(wPa(V )@y, wV )| + [(wPe(V )P, wVf)|
< Cp(wP (V) (@4 + ), wVf) (4.12)

1
< CplwP?VF*.
Using that |®| < 1, the second term on the right of (4.11) can be estimated analo-
gously to (4.3) and it gives
(P(VHB, fV(w?)] < (WP V], w(kwRe V) +0,(8V,)F + Cu)lf]). (4.13)

We estimate the third term on the right of (4.11) as follows using (4.4)

(wP(V®)f,wV f)| < (w| P 2 PVD||f|,w|PEVf])

1 1 ) (4.14)
< 2w(e(Re V)3 + £(BV,) % + CL)| f], w| PEV£]).

For the fourth term in (4.11), we use (3.4), Cauchy-Schwarz’ and Young’s inequal-
ities with dy4, d5, dg > 0 to obtain

(P(V)f, FV(w2))] < (|PE (V)| Py 2 P*V(w?)]|f])
< (WP (VD) f|, w(ko(Re V)? + 00(BV,)? + )| f])
K Ow Cuw
< <454 + 5 T
+ aw65uw<<1>vr>ff||2 + Cuubis w2

Using (4.6) with 1, d2,d3 > 0, this leads to
(P(V®)f, FV(w?)] < nsllw(Re V)E fII? + nallw(@V,)2 £ + nsllwfl?  (4.15)

where we require 1 < 1, see (4.5), and we have set 12,93, 74,75 > 0 to be

; Fw + Ow 4 %
1—7]1 454 465 466

) |wPE (V) fI? + ruballw(Re V) £

€
N2 = > . M3 i= Kywls + 12—,

01

C.
N5 1= Cyle + 12—

19
N4 = 005 + N2, 5o
3

P
Combining (4.8) — (4.14) and (4.15), we arrive at
Rety,(f, f) + Imt, (B2, f)
> (1— BCp)|[wPEVFI? + (1 = B(Cs + ms))[w(Re V) £
+ B(1 = na)|[w(®V,)? £
— (Ru + Blru +26)) (W PEV f], w(Re V) 3| f])
— (0 + Blow + 20)w| PEV fl, w(®V;) 2| )
— (Cu + B(Cu + 2C)) (w] PV £, w| f1).
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Using Cauchy-Schwarz’ and Young’s inequalities with d7,dg,dg9 > 0, we therefrom
finally obtain the estimate

Rety (f, f) + Imty, (Bf, f) +nollwf|?
> (1= ng) [[wP?VF|? + (1= n7) [w(Re V)2 £I2 + (8 — ns) [w(@V,)? £
with the constants ng, 17, s, n9 > 0 given by
ne = BCp + 07(ky + B(kw + 2€)) + ds(0w + B(ow + 2€)) + d9(Cyy + B(Cyw + 2C%)),

1

= E(K’w + B(Hw + 25)) + B(Cs + 773)7
7

n7 -

1
78 ‘= 7(071) + B(Uw + 25)) + Bna,
405

1
N9 := — (Cw + B(Cy + 2C%)).
469

From (3.7) it follows elementarily that one can select 67 and dg such that

fu(1+ B) ou(1+ B) 1 BCy

67>4(1—5C5)7 dg > 13 , Ok + 080y < 143
are satisfied. We fix J7 and g as above. In view of Assumption 3.1 (iv), by an
arbitrarily small choice of ¢, it is not difficult to check that (for fixed dy,...,d6)
the constants n3 and 74 can be selected arbitrarily small. Considering (4.16), one
can thus achieve that ng,n77 < 1 and ns < S by a sufficiently small choice of €. The
constants in (4.7) can then be chosen as

(4.16)

my = min{l —ng, 1 —n7, B —ng} >0, 1 :=mn9+mq >0.

Their continuous dependence on the parameters therein is obvious.
To verify the second inequality in (4.7), we analogously to (4.10) estimate

mt,,(f,@f) > [w(V,®)? f[|* = Csw(Re V) fI|? — | Im(PV £, V(@ fw?))|. (4.17)
Next we estimate the third term using the product rule
Im(PVf, V(@ fw?)] < |(wPVf,w(V®)f)| + |(wP,V f,wdV f)]
+ [PV, 0fV (w?)].

The second and third term on the right of (4.18) have appeared before in (4.12)
and (4.13). For the first term, we use (4.4) to arrive at

(4.18)

WPV f,w(V®)f)] < (w|PEV |, w|P; 2 P*Va||f])
< 2w|PEV S|, w(e(ReV)F +(@V;)% + Ca)|f]).
Combing the estimates (4.8), (4.9), (4.17) — (4.19), (4.12) and (4.13), we deduce
Re t,(f, f) + Imt,,(f, &)
> (1 - BCp)|[wPEV|2 + (1 — BC)|[w(Re V)2 £ + Bllw(®V;)} £
— (R + Blry +29)) (| PEV fl, w(Re V)| )
— (00 + Blow + 20)) (W PFV f|, w(®V;) | ])

— (Cu + B(Ciy + 2C)) (w]| PEV £, wlf)).

We can thus employ Cauchy-Schwarz’ and Young’s inequalities with d1q, 011,12 < 0
to finally arrive at

Rety(f, f) + Ity (f, Bf) + millwf|?
> (1= mo) [wP (VA2 + (1 —nuy) Jw(Re V)5 FI2 + (8 — ma) [ w(@V,) |2

(4.19)
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with the following constants
Mo := BCp + 810(kw + B(Kw + 2€)) + 011 (0w + B(ow + 2¢))
+012(Cw + B(Cyy +2C1)),

1
mi = F(Hw + B(Hw + 25)) + Bcsa
10

1
M2 = E(Jw + B(Jw + 25))7

1
13 = 7(Cw + B(Cw + 205))
4612

The justification of the second inequality in (4.7) is now analogous to the first
one. O

Proof of Theorem 3.2. Setting A := max{v1,v2} and m := min{mi,ms}, the as-
sumptions of Theorem 2.1 are justified by the Lemmas 4.1, 4.2, 4.3, the observation

la(f, /)l + [a(B®f, )] > Rety(f, f) + Tmty, (BRf, f) + Awf]?

and the analogous estimate for the second inequality in (4.7). Moreover, since
the multiplication by the bounded function ® extends boundedly to L2.(Q), the
assumptions of Theorem 2.2 are also satisfied. The description of T}, in (3.8) and
the claimed independence on A are then obvious from (2.4). ]

4.2. Boundedness of compositions.

Lemma 4.5 (Inclusion of W2 (Q) in V,,). Let Assumption 3.1 be satisfied. Then

comp
1,00 o 1,00 . i

Weomp () :=={f € W>>(Q) : supp f compact in Q} (4.20)

is a (dense) subspace of Vy, and the formulas (3.5), (3.6) remain valid on Wis, (€2).

Proof. Fix f € W2 (€2). Let € > 0, let ¢ be a standard mollifier on R? and set
fe == f * ¢, cf. [1, Def. 2.28, Thm. 2.29]. Then f. € C§°(2) and supp f. C K
for sufficiently small €, where K is compact in 2 and independent of €. Moreover,

f- — fin L?(Q2) as ¢ — 0 and

[felloo < 1 fllocs IV elloo = IVF * delloc <V flloo (4.21)

due to the boundedness of f and Vf. While the local boundedness of w clearly
implies wf. — wf in L?(Q) as ¢ — 0, the limits

/|V|\f—f6|2w2d:r—>0, /(Plv(f—fg),V(f—fE))ande—>0, £ 0
Q

follow from the dominated convergence theorem, see e.g. [1, Thm. 1.50], the bounds
in (4.21), V. € LL (Q), P € LL ()% suppf. C K (and extracting an a.e.
pointwise convergent subsequence of f.). Altogether, this proves that f. — f in
V. as € — 0, and in consequence f € V,, with its norm given in (3.6). The validity
of the formula (3.5) for f,g € Wi (Q) then follows from the continuity of both
sides with respect to convergence in V,,, cf. the proof of Lemma 4.1. O

Lemma 4.6 (Extension property for comparable weights). Let the assumptions
of Theorem 3.2 be satisfied with two admissible weights w1 and wo. Assume that
wy < Cwg with some C > 0. Then

tuw, (f UJSQ) = tu, (f, wfg), I € Vu,, g€ Wclc;?r?p(ﬂ)7

see (4.20), where ty, and t,, are as in (3.5). Moreover, let Ty,, and T, be the
Dirichlet realisations of =V - (PV)+V in L?U%(Q) and Li;(Q), respectively. Then

Twy C Ty,
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Proof. Clearly, the assumptions on w; and ws imply

gEWL> (Q) = wig,wigec WL> (Q).

comp comp

Due to Lemma 4.5, we thus have
tu, (f,wig) = (PVf,V(wiwig)) + (Vf,wiwig) = tu,(f, wig)

for f,g € W1>°(Q) with compact support. Since w; < Cws a.e. in Q, by construc-
tion V,, is boundedly embedded in V,,,. Hence, the above identity is continuous in f
with respect to [|-[|y,,, and can thus be extended to all f € Vy,. For f € Dom(T,,),
this gives

tw1 (fa g) = <Tw2f7 w%w2_29>L22 = <Tfa g>L12uZ, g€ Cgo(ﬂ)a

w2 1
which, since Ty, f € L2,(Q) C L2,(Q) and since C§°(Q2) is dense in V,,,, implies
2 1
that f € Dom(T,, ) with Ty, f = Tw, f- O
Lemma 4.7 (Construction of extension Sy). Let the assumptions of Theorem 3.4

be satisfied and let T,, be the Dirichlet realisation of =V - (PV) +V in L2,(Q).
Then

Sy i=mi(Tyy — Nid}, idy, ) tmg € B(LA(Q), A€ p(Tw), (4.22)
see also (2.2), where mo is defined as
(Maf, Y= xv, = (wmaf,w) € V5, f€L*(Q). (4.23)

Proof. We show that (4.23) indeed defines a bounded functional on V,,. This follows
from the fact that, for f € L?(Q) and g € C§°(Q), the choice of w and Cauchy
Schwarz’ inequality give

(2 f, 9)vs xval < I Iw(V]+1)2gll < [ £]llg]

The above, however, implies mq € B(L?(Q), Vi) by the density of C§°(Q) in V.
We now fix A € p(Ty,). By Theorem 3.2, there exists Ag € p(T,,) with

Vw

(T — Xoid}, idy, )™ € BV, V).
Using the resolvent identity,
(Tw—=AN)""=(Tw—20)"" +A=20)Tw—A)""(Tw—2) ' CR
where the extension R € B(V},V,,) is given by
R:= (T, — Aoid}, idy, ) ™" + (A = Xo) (T — N)"HT — Ao id3, idy, )"
From the boundedness of the compositions
R(T, — \id}, idy,) € BOVy), (T — Aidy, idy, )R € B(V}),

and the fact that they equal idy,, on the dense subspace Dom(T,,) of V,,, and idys
on the dense subspace L2, () of V}, respectively, we infer

R= (T, — A\id}, idy,) "' € B(VE, V).
Finally, from (3.10) and the choice of w it follows that

[mifl S lw(VI+ D2 <M flve, ] €V,
i.e. that m; € B(Vy, L2(£2)). Altogether, this shows that Sy € B(L?(Q2)). O
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Proof of Theorem 3.4. With Sy defined as in (4.22), we show that
my(T —N)"tmg C Sy, A€ p(T) N p(Ty).
To this end, it is clearly sufficient to show that
(T —N)"may € (T, — Aid, idy,) e, (4.24)
We define an auxiliary weighted operator with bounded weight
w = x1(w) € WHO(Ry),

where X3 is the cut-off defined in (4.43) below. One can then easily show that
w satisfies condition (3.4) (with the same constants k.o, and C,), is thus an
admissible weight and the operator Ty in L%Q(Q) is well-defined by Theorem 3.2.
Moreover, T' C Tz by Lemma 4.6.

In order to show (4.24), let f € Dom((T — \)"1my), i.e. let f € L?(Q) with
maof € L*(Q). Since w < w, also V,, C Vg by construction and

U= (fw - Aid’]k}w ide)ilﬁle €Vw C V5.
2

w

For g € C§°(Q2), we have g := w
Lemma 4.6 to derive the identity

w™2g € WL (Q) C V, and we can thus use

comp

(Tz — Md3, idy, Ju, ) e xv, = ta(u, g) — Mu, 912,

t

t )\(U, §>L12U2

= (T — Aid}, idv, ), vz x v, (425)
(

( _
( —

g
w(w,9)

= (maf, g)vixv,
= (wma f,wg).
Since ma f € L*(Q) C LZ,(£2) due to the boundedness of w, (4.25) implies
u € Dom(Ty), (Ty— Nu=maf.
However, since T' C T and maof € L*(2) = Ran(T — \), we conclude
u € Dom(T), (T —Nu=maf.

By the bijectivity of T'— ), this gives u = (T'— \) “'mayf, and thus (4.24) is proven.

It remains to explain that the extension Sy defined in Lemma 4.7 can always be
found, i.e. that p(T) N p(T,) # 0. This however, can easily be seen from the proof
of Theorem 3.2 and the application of Lemma 4.3 therein, since there it is clear
that A € p(T) N p(Ty,) if A > 0 is sufficiently large. O

4.3. Schatten classes.

Lemma 4.8 (Holomorphic families of generalised coercive forms). Let V be a
Hilbert space and let {t, : a € O} be a holomorphic family of bounded sesquilinear
forms on V. Suppose there exists X € C such that a, = to + A|| - |3, satisfies the
assumptions of Theorem 2.1 for all @ € © (where ®§, 0§ € B(V) and mq > 0
therein possibly depend on a). Let V be continuously embedded and dense in an-
other Hilbert space H and assume that ®f, ®F extend boundedly to H. Then the
operators Ty, := Ay — X\ in H, where A, is defined as in Theorem 2.2, form a
holomorphic family on © (in the sense of [29, Chap. 7]).

Proof. We first point out that the operators A, € B(V,V*) corresponding to a,,
see also (2.2), clearly form a holomorphic family of bounded operators on ©. The
bounded inverse of the operator A, given in Theorem 2.2 is then obtained by the
composition

Us = (To + N = A7' = idy A7 Yid}, € B(H).
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The above not only shows that T, is closed in H, but most importantly that the
resolvent U, is a holomorphic family of bounded operators on O, see [29, Sec.
VIIL.1.1]. Setting X =Y = Z := H and observing that

ToUs = idy — AUy =: Va,

where V,, is clearly bounded holomorphic as well, we conclude that T, is a holo-
morphic family according to the definition in [29, Sec. VIL.1.2]. O

Lemma 4.9 (Boundedness of w® and w™*). Let Assumption 3.1 be satisfied and
let « € C. Then wRe® € W;- *(Q;R,) satisfies Assumption 3.1 (v), more precisely,

loc
|P72 PPV (w?Re )| < w?Re9| Rea|(ku(Re V)F + 0 (®V,)F + Cp).  (4.26)
Moreover, Vi and Vyrea defined as in (3.6) are isomorphic via
w € B(Vyrea, V1), w™* € B(V1, Vyrea). (4.27)
Proof. The claimed regularity of wR¢® follows from w € WI})COO (4 Ry) and
V(w?Re®) = 2Re aw? 2~ 1Vw = Re aw?®e =Dy (w?),

which, using the assumption (3.4), gives the bound in (4.26).
In order to prove the first boundedness claim in (4.27), we start by showing the
required inequality for f € C5°(£2). We estimate

lw® £I1%, = I1PF V(@I + [[VIEw* £I* + w £

SIPEV (@) FIP + 1, .

and notice that w®f € Wi (Q), such that the norm on the left hand side is
well-defined by Lemma 4.5. Using

V(w*) = aw* 'V = %wo‘_2V(w2), (4.29)

(4.28)

relation (3.4), Cauchy Schwarz’ and Young’s inequalities with 6 > 0, it follows that
122 ¥ (w™) £
< [PV (w) f, V(w®) f)
< (1P 2PV (w®)||f], [PF YV (w®) f])

< Ol wreo (e, (Re V) + (@)} + ORIV @)y (430)
< T A0 (kullu®eo e V) 112 + oo (@7, 1))
+ 20l e 2+ 200 P g

Hence, choosing § small enough such that 3|a|0 < 2 and combining (4.28) with
(4.30), we find that there exists Cy,, > 0 with

Il 115, < CallfI,neer  f € CF(Q). (4.31)

The full claim in (4.27) now follows from a standard density argument. To see this,
let f € Vyrea such that {f,}, C C5°(2) converges to f in Vyrea. Then wRef,
converges to wRe® f in L2(f2), which implies the L2(Q2) convergence of

w® f, = wMmewRef 5w, n— oo (4.32)

On the other hand, from (4.31) it follows that w® f,, is a Cauchy sequence in V; and
thus has a limit g € V;. In particular, w® f,, converges to g in L?(f2), thus w®f = g
in view of (4.32). The inequality (4.31) hence extends to V; due to continuity of
both sides.
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In order to show the second claim in (4.27), we proceed in a similar way. For
f € C§e(Q), we estimate

o ea 3 — —ilma 1 —ilma
07 = I BV DI+ [ WP+ e
1 .
< e PEC ()£ + £,

Analogously to (4.30), using (4.29) with —« instead of «, (3.4), Cauchy-Schwarz’
and Young’s inequalities with § > 0, we then obtain

3 —a
[wie PV (w™) f||?

3|a|5 3|

JuRee PEV () f2 4+ 52 (kullo™ e (ReV)ES2 (434)
+0w||w"1m“(<1>‘/})§fll2 + Cyllw e f)2).

As before, the second claim in (4.27) then follows from (4.33) and (4.34) by density
and continuity. O

Lemma 4.10 (Unitary equivalence of Tyrea and S,). Let the assumptions of
Theorem 3.2 be satisfied, let V1 be as in (3.6) and define a family {s, : a € C} of
bounded sesquilinear forms on V; by

Sa(.fv g) = twRea(wiafawiag)a fag € Vl,

where trea is as in (3.5), cf. Lemma 4.9. Then there exist 6 > 0 and A > 0 such
that the forms

a, = sq + A - |%, a€Ms:={zeC:|Rea| <1494, |[ImA| <},

satisfy the assumptions of Theorem 2.1. Moreover, the operators {S, : o € Ms},
where Ay in L?(Q) is defined according to Theorem 2.2 and Sy := Ay — X, form
an analytic family in the sense of [29, Chap. 7). For fixed @ € Ms, the operators
S and Tyreo, where Tyrea in Li,a rea 18 defined as in Theorem 3.2, are unitarily
equivalent via the identity

SO& - waTwReawia. (4.35)

Proof. Clearly, wR¢® is an admissible weight by Lemma 4.9, in particular it satisfies
condition (3.4) with £, 0y, and Cy, replaced by

Ko = |Re alky, 0o = |Rea|oy, Cy :=|Rea|Cy, (4.36)

see (4.26). Hence, from Lemmas 4.1 and 4.9, it follows that the forms s, are
well-defined and bounded on V; for all a € C.

We proceed by showing that the latter family of bounded (everywhere defined)
forms depends analytically on the parameter o € My (for arbitrary 6 > 0). To this
end, it suffices to prove that the mapping

S
Ms > ar |sq] = sup sa(f,9)]

TR (4.37)
raevs 1l llgliv,

is locally bounded and that the scalar functions s, (f, f) are holomorphic in «
for every f € C§°(Q), see [29, Sec. VIL.1.1, Sec. III.3.1]. The local boundedness
of (4.37) follows since by (4.36) the constants provided by the inequalities in the
proofs of Lemmas 4.1, 4.9, and thus the norm ||s, ||, depend continuously on a. To
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show the claimed holomorphy, let f € C§°(Q2). We start by deriving
(PV(w=?f), V(fw®))
= (P(—aw ™ }(Vw)f + w™*Vf),(VHw"™ + faw* ' Vw)
= a((PVf,w™ (Vw)f) — (w™ P(Vw)f,Vf))
—a*(w ' P(Vw) f,w™ (Vw)f) + (PVf, V).

(4.38)

Since w=*f € WH°(Q) has compact support in €, we can use Lemma 4.5 to derive

sa(f,f)=/<PV(w—“f),V(w—awaRm»Cddx+/ Vi f PuwRe e dz
’ ¢ (4.39)

— (PY(wf), V(fu))cade + /QV|f|2da:.

Combining (4.38) and (4.39) then yields the claim.

Next we choose § > 0 small enough such that there exists Sy > 0 such that, for
all « € Mj, condition (3.7) holds with x, and o, instead of k, and o,. In view
of (4.36), this is possible by the continuity of (3.7) in k,0, and . Hence, by
Theorem 3.2 applied to t rea for a € My, there exist A > 0, m > 0 such that

[bwrew (f, F) + Aw™e* £

Hlewrea (Bo®f, ) + MR Bo® f,w™ )] > m| fII5 ..
[twre (f, f) + Mw™e £

Hltwreo (f, @) + M e fwR B f)] > m| fII3 ...,

for all f € V, rea. Notice that since My is compact and A, m, in Theorem 3.2
depend continuously on «, the constants A and m in the above inequalities can be
chosen independently of o, see also Lemma 4.3. By Lemma 4.9, w® € B(V rea, V1)
is boundedly invertible, thus from (4.40) with g = w®f € V1, we arrive at the lower
estimates

[8a(9,9) + Mlgll*| + s (Bo®g, 9) + MBoDg, 9)] = m[w||2[lgll3;,
809, 9) + Mlgll?| + Isa(g, Bo®g) + g, Bo®g)| = m|w||2[lgl3,,
where ||w®|| denotes the norm of the isomorphism w® : V,rea — V1 and

O =w*dw™* € B(V,).

(4.40)

1

In other words, for every o € Mj, the form a, := s, + A|| - ||? satisfies the assump-
tions of Theorem 2.1. Since the multiplication by the bounded function ¢ extends
boundedly to L?(f2), the family {4, : « € Ms} of associated operators in L?()
is well-defined and holomorphic by Lemma 4.8. The holomorphy of S, = Ay — A
is now immediate.

It remains to show the identity (4.35), which then, since
w* € B(L22re.(Q), L*(Q))

is unitary, yields the unitary equivalence of S, and T} reo. To this end, we consider
f € Dom(S,) with S, f =:n € L%(Q2). By definition, this is equivalent to

Vg eVi, salf,9)=(n9).

Using the definition of s, the bijectivity of w® : V rea — V1 by Lemma 4.9, setting
u:=w" *f € Vyrea and £ :=w™n € Lfﬁ oo (£2), this in turn is equivalent to

= <€7 U>L2

Yo €V, tyrea(u,v) = (WO w ™) o Rea

w2Rea
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The above, however, by definition means v € Dom(Tyrea) with Tyreau = . We
have thus shown that f € Dom(S,) if and only if
f=w% € w*Dom(Tyrea) = Dom(w*Treaw ™)
and that then
Saf =n=w = wTyreats = WYTyreaw ™ f. O

Proof of Theorem 3.5. Let T, and S; = wT,w™!, respectively, be as in Theo-
rem 3.2 and Lemma 4.10 and consider A € p(S1) = p(Ty). By construction, the
resolvent of S is given by

(S1— A7t =idy, (S1 — Aidy, id}s, )" tid},, (4.41)

see also (2.2). Since idy € Ss,(V1, L3(2)) and thus id}, € Sa,(L3(2),V§), it fol-
lows from the identity (4.41), the ideal property of Schatten classes and Holder’s
inequality for Schatten classes, see e.g. [46, Thm. 3.23], that

_ 1, 5 N R

1(S1 =X ls, < 27lidv, |5, [1(S1 = Midy, id3,) 7 id3, s, < oo
The claim is now immediate from the unitary equivalence of Sy and T,,. (|
4.4. Invariance of discrete spectra and eigenfunctions.

Proof of Theorem 3.6. Let Sy, o € M, be the analytic family in Lemma 4.10. From
the unitary equivalence T,, = w~'S;w and the assumption on the compactness of
the resolvents of T' and T,,, we have

G‘(T) = Udisc(T)7 O’(Tw) = Udisc<Tw) = Udisc(Sl) = 0‘(51), (442)

with coinciding algebraic multiplicities in the second identity. Moreover, for p € R,
again by unitary equivalence it follows that

ma()\v Si[t) = ma()\vT)a A€ Udisc(si ) = Udisc(wi'uTw_iM) = UdiSC(T)v

i.e. the discrete eigenvalues of S, are constant for o € iR. Since the latter are
analytic functions in « due to the holomorphy of Sy, see [29, Sec. VII.1.3, Thm.
VII.1.8], the discrete eigenvalues of S, and their multiplicities remain constant on
M by the identity theorem for holomorphic functions. In view of (4.42), this in
particular implies (3.11). O

Proof of Theorem 3.9. We point out that, since P; is uniformly bounded below,
one can show with a standard approximation argument that, for any admissible
weight w,

Vo ={f € L2:(Q) : Vf, PEVF € L2:(@)% |[VI}] € L2:(2))
holds and the formulas (3.6) and (3.5) remain valid for f,g € V,,.

In order to prove the claim (3.13), it suffices to show that if ¢» € Dom(T") and
Yo € L*(Q)NL2,(Q) such that (T;, —A)Y = v, then ¢ € Dom(T,,) and (T, —A\)Y =
1p; the full claim then follows by an inductive argument. We approximate w with
a sequence of bounded weights in a suitable sense. For n € N, define

xz, € (0,n],

n, € (n,00), (443)

Wnp 1= Xn(w), Xn Ry = Ry, Xn(w) = {
then it is easy to see that w,, € W1 (Q; R, ) N L>=(;R,) satisfies condition (3.4)
with the same constants k., o, and C, as the original weight w. By Lemma 4.6,
the operator T, is an extension of T and thus

Y € Dom(Ty,), (Tw, — N =t € L2 (Q). (4.44)

Wn
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Hence, from Lemma 4.3 it follows that there exist © > 0 and m > 0 (depending on
w and V but not on n) such that, with ® as in (3.2), we have
mly|3,, < Retw, (,9) + plwnd]]? +Imty, (¢, 20)
< (IReA| + [Im Al + g+ D) [[wn o |* + [[wntbo]®

where for the second inequality we used (4.44). Let us set

(4.45)

C:=|ReAl+|ImA +p+1>0,
then by assumption (3.12), there exist R > 0 and m > § > 0 such that
m(|[V(z)|+1)—C >d6(|]V(x)|+1), =zeQ\Bgr(0). (4.46)
It thus follows from (4.45), (4.46) and w, < w that

5 (IunPETGIE + V3012 + 0]
< m/ |P1%V1/J\2widx +/ (m(|V]|+ 1) = O)[¢|*w?dx
Q Q\Br(0)

+m (V| + D|Y|w?dx
QOBR(O)

<c [ pPuldet fuaol?
QﬂBR(O)
< Clwllie@nsaonl¥1? + ol
We can thus apply Fatou’s Lemma to conclude ¥ € V,, from
i 1 C 1
lwPE VI + el V26l + b ]* < Zlwlf@npaon 17 + 5 lwdol*

Note that the right hand side of the above inequality is finite due to w € L2, (% R.)

and 1y € L?,(Q). Finally, for ¢ € C§°(2), the function w?¢ € WhH>(Q) has
compact support, is thus an element of V; by Lemma 4.5 and

tw(,¢) = (PVY, V(w?9)) + (Vi w’e) = t(s, w’9). (4.47)

Since ¥ € Dom(T) and Ty = A\ + 1y, we further conclude
6, w%0) = (T, w6) = (N + o, ) 2, (4.48)
Combining (4.47) and (4.48), as well as the density of C§°(2) in V,,, we obtain
¥ € Dom(T,,) with Towt) = M) + . 0

4.5. Graph norm separation. We point out that the assumptions of Theo-
rem 3.12 guarantee that, for every f € V,, the weak gradient of f is a regular
distribution such that

PV e L2, ()%, |VIEf e L2,(Q).

The action of T}, then coincides with the corresponding differential expression in
the standard distributional sense, i.e.

Tof=-V-(PV)+VfeD(Q), f&Dom(Ty).
Lemma 4.11 (Core of Ty,). Let the assumptions of Theorem 3.12 be satisfied. Then
D, := {f € Dom(T,,) : supp f is bounded in R¢} (4.49)
is a core of Ty,.

Proof. The claim can be justified by a standard cut-off strategy, see e.g. [30, proof
of Lem. 3.6] or [14, proof of Thm. 8.2.1, Part 1]. O
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Lemma 4.12 (Graph norm separation). Let the assumptions of Theorem 3.12 be
satisfied and let D, be as in (4.49). Then for every e > 0 there exists C(e) > 0
such that

ITwfllzz, > (L= =)V - (PYHILz, + (1= p2 =)V Iz, = CEIfI7:,

for f € Dy, where the constants pi,p2 € (0,1) are

 2(ev +ew)dd’  2(ev tew) 1 N kN
=g (ev +ew)d’ H2 =9 (ev +eu)d \46 48 )’
and 6,8 > 0 are the numbers
1 2 1 2
0= + \[, § = + \[ (4.50)
42 2

Remark 4.13. In the above inequality, we have u1, uo € (0,1) if and only if

P 1 254" <95
Ve S M 05y s (11 20) 1o [

where the maximum 2 — /2 is indeed attained with § and § as in (4.50).

Proof of Lemma 4.12. We start by deriving an estimate for a relevant quantity in
the graph norm of T, see (4.57). To this end, let f € D,,. Integration by parts
gives the estimate

||wP2Vf||2 (wP,Vf,wVf) < |(w?PVf, V)|

(4.51)
< (wV - (PVf),wf)] + [(PVf,V(w?) )|

Moreover, using (3.16), Cauchy Schwarz’ inequality and Young’s inequality with
01,02 > 0, we derive

PV, V(w?) f)| < (PEVF], P2 PV (w?)]|f])
< W|PEV |, w(eu|V]? + Cu)lf])
waﬁ(wvﬁn? + Cuba|wPEV f|?

+ <45 + ) lwfl*.

Putting together (4.51), (4.52) and choosing d5 sufficiently small such that C,,d2 < 1
eventually leads to

(4.52)

lwPiv? < — (aw61||wP2<Vf>|V|%||2

1
1—Cydo

V- (PR h) + (22 + 52 lof?).

(4.53)
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Using Cauchy-Schwarz’ inequality, Young’s inequality with d3,d4 > 0 and (4.53)
gives the following estimate

(W PEVf,w((ev +ew)[V]2 + Cul V] + CV)IF])

1 1 C, C 1
< v +eualwr} (OO + (52 + S ) leri P

ey +ew C
+ ( T +cw54) lwV £11? + - l[w 11
3

1 1 C, C 1
<mloP (VAW + (G4 ) g 7 (P9 )
i <€V + Ew

+Cuba ) WV £II* + nllwf|?
463

where we have set 11,72 > 0 to be

(4.54)

L C CV €w51
m = (EV +5w)53 + <45 + 2) 1_7%,

v (Cw Cvy 1 (Ew  Cw
2= 46, T2 ) 1=Cuoy \ 26, 48, )"

Integrating by parts, we obtain

(W?P(VAV], V) (4.55)
(wV - (PVf),wV|f)]

+ PV V@)V +w*(VIV]) ).
Assumptions (3.15) and (3.16) further imply

(PVE,V@)|VIf+w(VIV])f)

[wPE (VF)[VI3]2 = (P (VF)V]3,w(VF)[V]?)
|
|

<
<

<PV SLIP 2 PPV (A)|[Vf| + [Py 2 PEVIV][w?|f])

(4.56)
< (w|PEV{],

w((ev +£0)|V]? + Cul V] + Cv)|f])-

Combining (4.54), (4.55), (4.56), and subsequently using Cauchy-Schwarz’ inequal-
ity and Young’s inequality with d5,dg > 0, we arrive at

WPVl w(ev +en)[VIE + CulVI+ Cy)If])

m(wV - (PVf),wV|f)|

Cwo Cy 1
TS oY (YD)

<€V4—g - +Cu 54) HwVfH2 + 772|wf||2} (4.57)
3

I A

Cy 86 )
77155+ 4(54+2> 71_0 5 ) ||’LUV (PVf)”

mn 2 2
4 otk ) [V 1P+ el }
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where we have set

C Cv> 1 1 - 0.

"3::”2+<454+2 1= 0, 436

We continue by estimating the graph norm
lw(=V - (PV) + V)f]I* = [wV - (PVF)|* + [wV f||? (4.58)
— 2Re(wV - (PVf),wV f).
Integrating by parts leads to
—(V - (PV]),Vfw?) = (PVf,(VV) fw? + V(V flw’ + V[V (w?)) (4.59)
and using the combined accretivity (3.14),
Re(wPV f,wVVf) = Re(we ™8V P(VF)|V|Z, w(Vf)|V]2) > 0. (4.60)
Employing (3.15) and (3.16), we moreover derive
[PV 1, (VV) fw? + V[V (w?)]
<(PEVSLIP E PIVVIIflu? + PPV @V (461)
< (IP VAl w((es + ) [VIE+ CulV]+ C)If).
Putting together (4.58), (4.59), (4.60), (4.61) and (4.57), we arrive at

2n
[wTw fII? > na||wV - (PY )P +ns|lwV F|I* — ﬁllwfll2

where 74,15 > 0 are the constants

2 Cu; CV 66
= 1— _— —_— —_— —_—
h 1—m <77165+<454+ 2 )1—Cw52>’

2 EV + €w 7
— Cuo — .
1—771< 10, + 4—1-455)

ns =1

It is important to note that since ey +¢,, < 2—\/57 with the special choice d3 := ¢
and 05 := ¢’ as in (4.50), we can achieve puy, pua € (0,1), see Remark 4.13, and one
can thus select 7, d4 and dg small enough such that p; and ps are positive. O

Proof of Theorem 3.12. The claim follows from the lower estimate in Lemma 4.12
and the density of D,, in Dom(T,) with respect to the graph norm of T,,, see
Lemma 4.11. (]

5. APPLICATIONS AND EXAMPLES

5.1. Completeness of eigensystems of Schrodinger operators in LfDQ(Q).
Suppose that Assumption 3.1 is satisfied with a weight w, a purely imaginary regular
potential V' = iV, (and P = Iga) and consider the corresponding Schrodinger
operator

T, =-A+iV,

in the weighted space L2 ,(Q). We employ [19, Cor. X1.9.31] to establish the com-
pleteness of the eigensystem of T, in L2,(£2). To this end, we need information on
the Schatten class of (T,, —\)~! and an estimate of the resolvent norm ||(T,, —\) 1|
for A diverging to infinity along a sufficient amount of rays in C. In the scope of
this example, we only aim to study imaginary potentials which in general lead to
accretive operators in L%(§); other special cases, like sectorial potentials, can be
analysed in an analogous way.
We obtain the Schatten class of (T, — A)~! from Theorem 3.5 and
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Theorem 5.1 ([4, Thm. 1.3], [13]). Let Q C R? be open and 992 € C%® for some
a>0. Let Q€ L2 (), Q >0, and for p >0

loc
/ (€12 + Q(z) + 1) 7P dadé < . (5.1)
QxRa2

Then for the self-adjoint Dirichlet realisation S := —A + Q, we have
(S+1)7' e S, (L*(Q)).

Note that (S 4 1)7! € S,(L*(Q)) implies (S + 1)7'/2 € Sy, (L?(2)). Moreover,

by the second representation theorem [29, Thm. VI.2.23], we have
1 1
I(S+1)2 - [P =V 2+ Q2 - I+l - I*

In other words, if @ := |V;| is such that (5.1) is satisfied for some p > 0, then
idy, € So,(V1, L%(Q)) and hence Theorem 3.5 implies

(Tw - /\)_1 € Sp(Li;? (Q))

In particular, for Q = R, |V,.(z)| + 1 > (x)” with v > 0 and any admissible
weight w, we conclude for the corresponding weighted Schrédinger operator T, that
2

+ d:

2y
the value of p, 4 is obtained from (5.1) and Young’s inequality. In the sequel, we
consider weights

(T =N € S(L20(Q), A€ p(Ta), p>prai=

w(z) = exp((x)?), O<a<l+ %,

for which (3.4) is satisfied with arbitrarily small o,, > 0. Note that in such case,
B > 0 in the conditions (3.9) or (3.7) can be selected arbitrarily small.

The resolvent estimates required for the completeness result [19, Cor. XI1.9.31]
then follow from Lemma 4.3. Replacing t,, by t,, — A with Re A < 0 leads to an
additional term (| Re A| — 8] Im X|)|| f|3,. on the right hand sides of (4.7). Since one
can assume 3 to be arbitrarily small, we conclude that (for the considered potentials
and weights)

|(T —re) 1 S 1, 7 +oo,
for any w € (7/2,3w/2). This in particular covers the well-known example of the
imaginary cubic oscillator (V,.(z) = 3, d = 1), for which the completeness of the
eigensystem in L?(R) was established in [42]. We thereby extend the completeness
result therein to weighted operators in L?,(R) with weights w(z) = exp(&(z)®)
where 0 < v < 1+ 3/2.

5.2. Schur complement dominant matrix differential operator. We employ
Theorems 3.2, 3.12 and the results about Schur complement dominance, see Sec-
tion 2.3, to show that the operator matrix

A —92 + isinh(52?) e’
B €8, + €37 0

in L2(R) @ L*(R) can be realised as a closed, densely defined operator with non-
empty resolvent set. Note that A is an example of an operator matrix with highly
non-symmetric off-diagonal and without any usual (diagonal, off-diagonal) domi-
nance pattern. Nonetheless, the off-diagonal entries can be controlled by the first
Schur complement

(5.2)

S(\) = —0? +isinh(522) — X\ + %eﬁ (e"0s + 63"’”2), A e C\ {0}, (5.3)

in a suitable representation of the resolvent of A. In order to satisfy the conditions
for Schur complement dominance, S(A) will be realised in a weighted space.
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Proposition 5.2. Let A be the matriz differential expression in (5.2). Let Dg be
the closure of C§°(R) with respect to the norm

113 = e f/I12 + [l FI2,  f € CE(R). (5.4)
Define the operator in L*(R) @ L?(R)
Ao(f.9) = A(f.9),
Dom(Ao) == {(f.g) € Ds ® L*(R) : A(f.9) € L*(R) & L*(R)}.

Then Aq is closed, has non-empty resolvent set and its domain is dense in both
Dgs @ L*(R) and L*(R) ® L*(R). Moreover, for A € C\ {0} and the operator

So(N)f = S(\)f, Dom(Se())) := W?(R) N Dom(e™"), (5.5)
acting in L?(R), where S(\) is as in (5.3), we have the spectral equivalence
Aea(Ay) <=  0€a(So(N) =0p(So(N)). (5.6)
Moreover, every point A # 0 in 0(Ap) is an eigenvalue of Ag.

Proof. The claims follow by applying Theorem 2.4. In order to define A and S(-)
as considered therein, we first specify the spaces and operators needed for Assump-
tion 2.3. In our case, Dg is defined as in (5.4) and we have

Hy:=Hy:=L*(R), Dy:=D_y:=L*R), D_g:=L,.(R).
The fact that A := —92 + isinh(52?) € B(Dg,D_g) follows from the inequality

1Aflp_s Slle™ f7Il + lle* fIl S I fllps, £ € C5°(R).

Moreover, D := Dy := 0 is bounded and boundedly invertible on L?(R), and the
multiplication operator B := e is clearly bounded between L?(R) and D_g. For

all f € C§°(R), integration by parts and Cauchy-Schwarz’ and Young’s inequalities
(Wlth 51, 62 > O) yleld that

”exf/HZ _ <f/762xf/> _ _<f7 262;cf/ +€2xf//>
< oulle® f11% + Balle™" F7I1? + Cs, o, (€ FII? + [l 22 £]12).

The above implies that C := e*0, + ¢3*° € B(Dg, L*(R)), more precisely we have
(With 03,04 > O)

ICFII < dslle™" "l + Ca, | FI| < ballfllps + Cs,lle™ fll,  f € C&(R), (5.7)

where the second inequality can be shown using Hoélder’s inequality and 4 therein
can be taken arbitrarily small (which we use later).
Having introduced the matrix entries according to Assumption 2.3, we can define

AEB(DS@L2(R),D75'EBL2(R>), S()‘) EB(DSVDfS)a )‘G(C\{O}'7
by the formulas in (2.5). We show that for each A € C\ {0}, there is z) € C with
(S(A\) = 2) " € B(D_s,Ds); (5.8)

moreover, one can choose z) = 0 for A < 0 with |A| sufficiently large. The claims
about the spectral equivalence between A and the maximal restriction Sp(-) of
S() to L3(R), a well as the claim about the density of Dom(Ap), then follow from
Theorem 2.4 with ¥ = C\ {0}. Moreover, we show below that Sy()\) has compact
resolvent, so the last equality in (5.6) follows.

To show (5.8), consider the Dirichlet realisation of the differential expression

Tw(p) := —0? + isinh(522) + p, uw>0,
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—T

in the space D_g = L2, (R) with weight w(z) := e 2, z € R. Here Assumptions 3.1

and also 3.10 are satisfied with
P:=1, U.:=V,:=0, Us:=p, V,(x):=sinh(52%), xR,

where the constants in (3.3), (3.4), (3.15) and (3.16) can be selected independently
of p. In particular, it follows from the asymptotic relations, as |z| — oo,

V()]

w?) (z 1
Trvas = ellshGth), @] _ o) sinh(sa2) ),

w?(z)
V()] = of| sinh(527)|2),

that the constants €, x,, and o, in (3.3) and (3.4), as well as ey and &, in (3.15)
and (3.16), can be chosen arbitrarily small and uniform in p. Hence, Ty, (u) is
indeed well-defined by Theorem 3.2. Moreover, Theorem 3.12 gives

17w Az, = e1 (17122, + IGsinn(52%) + @) 1122, ) = callfllsz,

for all f € C§°(R) € Dom(T,, (1)), where the constants ¢; > 0 and ¢y > 0 are
independent of . From the above it easily follows that

ITw(@) fllo_s = mallfllps +ma(p =l fllo_s, feCF[R), n>0, (5.9)

with mq, my > 0 and ¢ > 0 all independent of p. Notice that from Lemma 4.11 and
an additional mollification argument, see [14, proof of Thm. 8.2.1, Part 3], it follows
that C5°(R) is a core of Ty, (1) and thus (5.9) remains valid on Dom(7,, (1)) = Ds.
Consider now A € C\ {0}. Then S(\), viewed as a linear operator in D_g with
Dom(S(\)) = Dg, is a relatively bounded perturbation of T,,(p), for any p > 0,
with relative bound zero. In detail, for all f € C§°(R), the estimate (5.7) gives

167 (0 + ) fllae = ICFI < 8allflos + Coill e, (5.10)

with arbitrarily small 64 > 0 and some C5, > 0. By density and continuity, the
above extends to all f € Dg = Dom(T,, (1)) and the claimed zero order relative
boundedness follows from (5.9) and (5.10). Since the resolvent of T,,(u) is compact
by Theorems 3.5 and 5.1, and since by (5.9) the norm of T, (u) ™! decays as u — oo,
also S(\) has compact resolvent, see [29, Thm. IV.1.16]. Consequently, the resolvent

(So(A) — 2)7" =idpg (S(A) — zid 2o idpg) Hidr2), 2 € p(So(N)),

of the maximal restriction So()\) in L?(R) is compact as well, see also (2.3).
In order to show (5.8), we compare S(\) — z) to Ty, (u) with a suitable p > 0.
For A € C\ {0} and f € Dg, using (5.10), (5.9) and setting z := —(u+ ), we have

Cs,

) C
> <m - ;|> T (mw - M‘]) T,

Clearly, for fixed A € C\ {0}, one can select 0, sufficiently small and p sufficiently
large such that both parentheses above are positive. It follows that z) is a regular
point for S(A) and, since the latter has compact resolvent, that (5.8) holds. For A <
0 however, choosing = — in the above estimate shows that, if |A| is sufficiently
large, (5.8) is satisfied with z) = 0.

It remains to explain that Dom(Sp())) is as in (5.5), i.e. that So(A) = So())
where the latter acts as (5.3) in L?(R) on the domain

5
[(SCN) = 23)fllp_s = [Tw(p) fllo_s — *|A4| 1fllps —
(5.11)

Dom(Sy())) := Do := W22(R) N Dom(e™’), A eC\ {0}
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Analogously to before, one shows that §0()\) is a bound zero perturbation of 77 (i)
with Dom(T} (i) = Dy for any p > 0. Moreover, analogously to (5.11), one can
find p > 0 sufficiently large such that both

So(—p) ™t € B(L*(R)),  So(—p)~' € BL*(R)).

For the claimed equality it thus suffices to show that Dy C Dom(Sp(A)). This,
however, is obvious since

SO f =S\ feL*R), feDycCDs. O

5.3. Diagonally dominant matrix Schrédinger operator in a weighted
space. Similarly as in Section 5.2, a realisation of the matrix Schrodinger operator

—02 +iz3 x
A= ( 4 ) 512)

x -9 + a5

in L?(R) ® L?*(R) with non-empty resolvent set can be found using Schur comple-
ment dominance (in fact, even with respect to both Schur complements). However,
one can also select suitable weights w; and ws such that (5.12) becomes diagonally
dominant in the product space Li{f (R)® Lfvg (R).

To be more precise, let wy := (z) and wq := (z)~!, x € R, and consider the
Dirichlet realisations of

Ay, 1= =02 +i2?, Dy, = —0% 4 2°
in the spaces L?ﬂ% (R) and qug (R), respectively. By Theorem 3.12, with > 0

sufficiently large, we then have

1(Aw, + ) fllcz, 2 17", + (2)* fll2,,  f € Dom(A),
wy w1 wi

5 _ . Dom(D (5.13)
[(Dw, +mgllez, 2 19"z, + 1<x)°gllz2,, g € Dom(D).
w3 w3 w3

Moreover, for the multiplication operators

B:=uz: qug (R) — Li% (R), C =zt LfU% (R) — qug (R),
defined on their maximal domains (which by (5.13) contain the domains of D and A,
respectively), using Holder’s and Young’s inequalities, we arrive at

ICHllzz, S W) fllez, Sell@)’fllzz, +Cellfllzz,,  f € Dom(A),
w3 w? w? w?

(5.14)
1Bgllez, < oz, < ell@)’gllsz, +Cellglliz,. 9 € Dom(D),
1 2 2 2

with arbitrarily small € > 0 and some C. > 0. Combining the inequalities (5.13)
and (5.14), we indeed obtain diagonal dominance of order 0.

We remark that the effect of considering weighted spaces can be equivalently
explained as a transformation of A from L?,(R) & L2, (R) to L*(R) & L*(R), i.e. by
employing the conjugation ' ’

diag(wq, we)Adiag(wy, we) ™" = I wr(— 82 + 2w
1 T 2

2 4 5031 -1
1 (wl(—am + iz3)w; w1 TW, )
1

Similarly to choosing suitable constants wy,ws > 0 e.g. in [36], we select weights
wy and ws in order to balance the off-diagonal terms.
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5.4. Damped wave equation in weighted space with accretive and un-
bounded damping. We consider the following damped wave equation on an open
set Q C R

u (8, ) +2(a1 (z) +iag(x) — Vg - (ap(2) V) )ur = Agu(t,z), z€Q,¢>0, (5.15)
where we assume a; € L (), a1 > 0, az € W,2>°(Q;R) and that ag € L _(Q)?*¢

loc c
is positive semi-definite almost everywhere in Q. By a standard procedure, (5.15)

can be rewritten as a system

where A is the operator matrix

A= 0 ! 5.16
~\A —2(a; +iae — V- (aV)) ) (5.16)

Our goal is to show that a suitable realisation of —A generates a semigroup in the
product space Hy, := Wy, ® L2, (), where W, is the closure of C§°(£2) with respect
to the norm

110, = 19712, + 7122, 1 €CE (@), (5.17)

with a suitably chosen weight w € Wi)coo (Q;Ry). To this end, we employ Schur
complement dominance, see Section 2.3.
At first we introduce the space Dg as the closure of C5°(2) with respect to

71 = s +a0) 9 S12a, + llar +iaofEfI + 1552, (5.18)
and the following operator entries
A:=0¢€ BWy), B:=1¢€ B(Ds, Wy),
C:=AecBWy,Dg), D:=-2(a1+iaz—V - (agV)) € B(Ds,D5s).

Here DY is the (anti-)dual space of Dg and C, D are understood as the unique
bounded extensions of

(5.19)

(Af, 9)pyxps = (Af, 9>L?wz7
(=2(a1 +1az = V- (a0 V) f, 9)pyxps = —2((a1 +iaz)/f, 9>Liz (5.20)
= 2(aV f, V(w?g)),

initially defined for f, g € C§°(2); see the justification within the proof of Proposi-
tion 5.3 below. With these definitions, one can interpret the matrix in (5.16) as

AeB(D,D.), D:=W,®Ds, D_:=W,®Ds=D" (5.21)
and introduce its second Schur complement (with A € C\ {0})
1
S(A) :=—=2(ay +ias — V- (apV)) — A+ XA[DS € B(Dg, Dy).

Proposition 5.3. Let A be as in (5.16), (5.21), let W, Dg be as in (5.17), (5.18),
respectively, and let Ay be the mazximal restriction of A to Hy = Wy & quz (),
i.e. Ag = -A[Dom(.Ao) with

Dom(Ap) :={(f,9) € Wy ® Ds : A(f,9) € Huw}-

Suppose that a1, as, ag and w satisfy in addition that
1
|(Ie, + a0)? Vas| < (1 + |az[*)(a? + |as]? + 1),
1
IV(w?)] < cw?(af +|as|? +1), (5.22)

1
lag V(w?)] < V2eow?(ar + co)®
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with some ¢ > 0, g9 € (0,2) and ¢y > 0. Then Ay generates a Cy-semigroup in H,
and its domain is dense in W, @ Dg and in H,,.

Proof. We first justify that C' and D in (5.19) are well-defined, i.e. that there are
indeed unique bounded extensions of the operators in (5.20). To this end, employing
the second assumption in (5.22), we obtain for all f,g € C§°(Q)

[(Af gz, | < UV V) |+ (Vw2 V(w?)g) 2, | < I fIw, lgllps,
justifying the claimed boundedness of C'. Moreover,
. .1 .1
[{(a1 +iaz =V - (aoV))f; 9) 2 | < [l +iaz|2 flz2, [llar +ias|Zg] L2,
1 1
+ llag Vf”L?wQ lag VQHLZJ2
3 -2 3 2
llad V1, llwad V(g
S I lpsllglios

where we have used the last relation in (5.22) for the last inequality. Thus the
claims on both bounded extensions follow.

Next we show that the matrix —Ay + p is accretive in H,, if 4 > 0 is sufficiently
large. For all fi, fo € C§°(f2), we have

(_A(flva)’(fth))D*XD
= —(fo, [)w, — (Af1 —2(a1 +iaz — V- (aoV)) f2, f2) Dz xDs
= (V2 Vi, = (f2 fi)ez, + (V1L V o)1z,
+ <Vf1,w72V(w2)f2>quz +2((a1 +1a2) fo, fo) 12,
110§V all3z, + {ag V o, w2ag V(W) o) 2,

Cauchy-Schwarz’s and Young’s inequalities (with ¢; > 0) then yield
Re((—A+ pidpidp)(f1, f2), (f1, f2))p+xD

1 1 _
> —§(||f2||ii2 + ”le%ia) - Eﬂvfl”ifﬂ — 01w QV(U)Q)sz%i2
1 1., 51
+2[jat f2|\%12“2 = llw 2a§V(w2)f2||ii)2

+u (IVAR:, + A2, + 1513, ),

hence using the third assumption in (5.22), choosing d; sufficiently small and p suf-
ficiently large, we indeed obtain that the above quantity is non-negative. By (5.21)
and the density of C§°(Q2) in both Dg and L?,(f2), the latter can be extended to
all (f1, f2) € D. For vectors (f1, f2) € Dom(Ap), this then gives

Re((=A+ p)(f1, f2), (f1, f2)) 2.,
= Re((—A+ pidpidp)(f1, f2), (f1, f2))DxD = 0.

We proceed by showing that S()) is boundedly invertible, if A > 0 is sufficiently
large, i.e. that S(A\)~! € B(D%,Ds). To this end, we use that —AS(\) = T, (N),
where the latter denotes the operator associated with the form t,,(\) of the Dirichlet
realisation of

—V - ((Ica 4+ Aag)V) 4 2X(a; +iag) + A%, A > X > 0,

in the space L?,(12), see (2.2), with form domain V,, = Dg. Notice that while the
coefficients, and thus the corresponding norms defined in (3.6), depend on A, the
norms are in fact all equivalent to || - ||s such that the form domain itself, as a
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topological space, remains constant. To verify the assumptions of Theorem 3.2, we
take

P=1Ica+Xag, U.=X, Us=2\a;, V,=2\as, V;=0.
Employing (5.22), it is elementary to see that the conditions (iv) and (v) in As-
sumption 3.1 are satisfied, where the constants therein depend on A and exhibit the
following asymptotic behaviour as A — oo

e=0\2), C. =0\ 2), ky =c0+ O 2), 0y = O(N\"2), Cp = O(A"2).

It follows that there exists A\g > 0 such that the above constants can be selected
sufficiently small and uniformly in A, i.e. such that Assumption 3.1, as well as
condition (3.7), are satisfied with the same constants therein for all A > Ag, see
also Remark 3.3 (i). Theorem 3.2 thus indeed holds and in particular, we obtain
the estimates in (4.7) with A-independent constants mj, mso, 71 and 7,. Since
|V| > ReV > A2, the latter estimates yield generalised coercivity of t,,(\) if A > Ao
is chosen sufficiently large, implying that

St = AT, () € B(VE, V) = B(D%, D).

Employing Theorem 2.4, we conclude that Dom(A4p) is dense in both W,, ® Dg
and H,,. Moreover, it gives p(Ag) NR; # () and in consequence that —Ag + p
is m-accretive in H,,. Hence, — Ay indeed generates a Cy-semigroup, see e.g. [16,
Thm. 11.4.1]. O
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