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Abstract

An intricate pattern of enhanced higher-order corrections known as non-global logarithms arises in
cross sections with angular cuts. While the leading logarithmic terms have been calculated numer-
ically more than two decades ago, the resummation of subleading non-global logarithms remained
an open problem. In this monograph, we present a solution to this challenge using effective őeld
theory techniques. Starting from a factorization theorem, we develop a dedicated parton shower
framework in the Veneziano limit where the number of colors Nc becomes large, but the ratio of
Nc to the number of fermion ŕavors nF remains őxed. We solve the associated renormalization-
group equations using our Monte-Carlo framework, thereby resumming the subleading non-global
logarithms. Combined with matching corrections, we obtain, for the őrst time, the complete set
of next-to-leading logarithmic corrections for a non-global observable at a hadron collider.
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Chapter 1

Introduction

Particle physics seeks to describe and uncover the fundamental building blocks of nature and the
complex interactions governing their behavior. The underlying theoretical framework is quantum
őeld theory (QFT), which merges principles of quantum mechanics with special relativity. The
Standard Model (SM) of particle physics [2ś5] is a prime example of a QFT, successfully unifying
electromagnetic, weak, and strong forces. These forces are mediated through the exchange of
gauge bosons among elementary particles. Central to QFTs is the concept of symmetries, which
are crucial in formulating gauge theories such as the SM. These symmetries dictate the interactions
between elementary particles that are represented as őelds interacting over space and time.

The foundation of the SM is the gauge group SU(3)C × SU(2)L × U(1)Y , which is typically
divided into two sectors. The symmetry group SU(2)L × U(1)Y describes the electroweak sector
which is spontaneously broken down to U(1)em by the Higgs-Brout-Englert mechanism [6ś11] at the
electroweak scale (∼ 100 GeV). This symmetry-breaking mechanism gives rise to all elementary
particle masses within the SM. The strong sector carries an SU(3)C gauge symmetry and describes
the strong nuclear interaction between the elementary constituents of hadrons, such as nucleons.
This sector is known as Quantum Chromodynamics, or QCD for short. While the SM has been
extraordinarily successful, there are many open questions in particle physics it cannot answer, such
as the origin of the matter-antimatter asymmetry or the nature of dark matter. Moreover, the
SM suffers from several theoretical pathologies, the most prominent examples being the hierarchy
problem or the strong CP problem. In addition, several tensions between theoretical predictions
and experimental results challenge the SM as well [12ś14]. These issues all point towards the
existence of a broader and more general theory, of which the SM is merely an effective low-energy
description. As a consequence, the search for new physics beyond the SM is among the main
endeavors of particle physics today. The prerequisite to identify new physics is a őrm handle on
the SM theoretical predictions. Due to its associated dynamics and uncertainties, the QCD sector
is both particularly important and challenging, representing the main focus of this thesis.

Experimentally, high-energy colliders such as the Large Hadron Collider (LHC) at CERN have
made signiőcant contributions to the discoveries of fundamental particles, thus consolidating our
understanding of the smallest building blocks of matter. These machines provide the necessary
environment to probe predictions of the SM and pave the way to the potential observation of
hitherto unknown particles and interactions. The growing volume of experimental data currently
being collected at the LHC increases the demand for percent-level precision on QCD calculations.
QFTs are typically not exactly solvable, but due to the phenomenon of asymptotic freedom [15,16],
the strength of QCD interactions decreases with energy, and already at a few GeV (and certainly
at energies reached at the LHC) the strong coupling αs ∼ 0.1 is small, thus enabling perturbation
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2 Chapter 1. Introduction

theory to serve as the essential tool for obtaining theoretical predictions. Speciőcally, sufficiently
inclusive cross sections σ can be systematically expanded as a power series in αs. By including
more terms in the expansion, the precision of theoretical predictions is improved.

Despite the impressive ability of őxed-order calculations to describe processes involving a small
number of partons, for numerous applications at the LHC, contributions beyond őxed perturba-
tive order are necessary to reach the aforementioned percent-level accuracy. Many cross sections
describing hard scattering processes associated with a scale Q, also have sensitivity to a soft scale
Q0. For large hierarchies between Q and Q0, such cross sections develop large logarithms in the
scale ratio L = ln(Q/Q0). The logarithmic contributions arise in speciőc regions of the phase space
and degrade the perturbative expansion. Consider the following example as an illustration. If a
very energetic lepton pair is produced with an energy of Q = 1 TeV alongside soft radiation Q0 = 5

GeV, then the product αsL is O(1).

We conclude that large scale hierarchies induce logarithms which may overpower the suppression
by the coupling αs in the perturbative expansion. For αsL ∼ O(1), we should account for the entire
tower of (αsL)

n for any n and assign these enhanced contributions to the leading contribution of
the expansion in αs. This reorganization of the perturbative expansion restores the suppression by
the coupling. In general, to obtain reliable predictions these enhanced logarithmic contributions
need to be captured to all orders, which is referred to as resummation.

Apart from soft logarithms L, another common source of logarithmic enhancement is related
to collinear effects. For cross sections sensitive to both types of logarithmic sources, the leading
contribution is a double-logarithm of the form

(
αs L

2
)n

whereas the leading logarithm scales as
(αsL)

n for observables involving only single logarithms. In general, most observables ś more
precisely, the ones satisfying recursive infrared and collinear safety [17] ś have the property that
their resummation is characterized by the following exponentiated structure [18]

Σ(v) =

∫
dv

dσ

dv
=

(
1 +

∑

n

Cn αn
s

)
eLg1(αsL) + g2(αsL) + αs g3(αsL) + ··· +D(v) , (1.1)

where v = e−L, Cn are constants, and D(v) goes to zero as v → 0. At the differential level dσ
dv is

studied. The knowledge of the function Lg1(αsL) corresponds to the resummation of the leading
logarithms (LL), while the next-to-leading-logarithmic (NLL) terms are resummed through g2(αsL)

and next-to-next-to-leading logarithms (NNLL) with αsg3(αsL) respectively. In (1.1) a double-
logarithmic behavior was assumed. The leading term Lg1(αsL) vanishes for single logarithmic
observables. In these cases, we use the notation LL to denote (αsL)

n, despite this being a poten-
tially confusing notation. Similarly, terms proportional to next-to-single-logarithmic corrections
are identiőed as next-to-leading logarithms NLL ∼ αs (αsL)

n.

Starting from factorization theorems that disentangle the physics associated with different scales
present in a given cross section, resummation can then be performed using different techniques.
Over the past couple of decades, the methods and techniques behind resummed calculations have
seen substantial development. The state-of-the-art evolved from NLL accuracy for a very restricted
class of inclusive observables during the 90’s to the automation of NNLL results for global event
shapes [19ś21]. Event shapes classify őnal states according to their geometric properties. Further-
more, for certain inclusive observables, impressive accuracy has been achieved [19ś81]. Although
analytical resummation is systematic and exact, its application is still limited to observables which
can be understood very precisely in speciőc limits.

On the other hand, the observables currently studied at the LHC typically involve őducial cuts.
These experimental cuts are usually required to model aspects of the detector as closely as possible
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or to distinguish between signal and background for tagging purposes. As a result, enhanced
logarithmic contributions depending on the cut variable may arise, which need to be resumed, but
the phase-space restrictions render analytic approaches unviable. In addition, an extensive class of
observables involves őnal state jets of collimated particles. These jets are produced in high-energy
collisions and are omnipresent in various measurements and searches. However, the presence of jets
introduces additional complexities. The dense QCD environment within jets makes it challenging
to model radiation accurately to resolve the underlying interactions, making the resummation of
logarithmic contributions for jet observables particularly challenging to achieve analytically. Given
the limitations of analytical resummation, the development of numerical techniques is of paramount
importance to capture enhanced contributions that are currently out of reach.

A generic set of observables involving scale hierarchies are cross sections where hard radiation
is vetoed in speciőc angular regions. Prime examples are exclusive jet cross sections which require
a veto on additional hard jets. While ubiquitous, the all-order resummation of such observables is
challenging since they involve a complicated pattern of enhanced higher-order corrections known
as non-global logarithms (NGLs), which arise due to secondary emissions off hard partons [82ś84].
In Chapter 2, we provide a detailed comparison between global and non-global observables in an
attempt to demystify the source of the non-global nature. At LL ∼ (αsL)

n accuracy1, resummed
results both at large [82ś84] and őnite Nc [85ś88] are available. Despite continued progress in
the understanding of non-global observables over the past 20 years [89ś116], a full resummation of
NLL ∼ αs (αsL)

n corrections remained elusive.

In this thesis, we present a solution to that particular problem based on a factorization the-
orem [94, 95] obtained in Soft-Collinear Effective Theory (SCET) [117ś122]. The factorization
theorem splits the cross section into hard and soft functions, each depending on their natural scale
and carrying a residual renormalization scale, µ, dependence. To resum the large logarithms, one
utilizes the residual renormalization scale dependence to set up renormalization group (RG) equa-
tions. The solution of these RG equations evolves the hard functions from their natural scale µ ∼ Q

down to µ ∼ Q0, thereby generating the large logarithms. Since the associated anomalous dimen-
sion governing the evolution is a matrix in the (inőnite) space of particle multiplicities, we resort
to Monte Carlo (MC) methods to solve the RG equations. A key ingredient for NLL resummation
is the recently extracted two-loop anomalous dimension [123] that we implement into the parton
shower framework Marzili (Monte-cArlo for the RenormaliZation group Improved calculation of
non-global LogarIthms), which iteratively generates additional emissions during the RG evolution.

A complementary approach to resummation is followed in general-purpose parton showers which
resum logarithms numerically. The most common general-purpose ones are Pythia [124], Sherpa
[125] and Herwig [126]. Typically, collinear enhancements factorize exactly such that the associated
logarithms are captured correctly. Soft enhancements, on the other hand, are usually not resummed
accurately. While these general-purpose parton showers are very versatile tools and, at least in
principle, applicable to a wide range of SM processes, their accuracy is generally limited to the
leading double-logarithms in the large-Nc limit. As a result, the precision is relatively poor and
usually insufficient for percent-level predictions needed in the precision era. In principle, most of the
ingredients necessary to achieve subleading accuracy are already contained within these showers.
Indeed, some power corrections and parts of the higher logarithmic terms are also included, but a
systematic understanding of the shower accuracy beyond LL was missing. Recently, there has been
renewed interest to systematically increase the accuracy of parton showers beyond LL [127ś132],
notably by the PanScales collaboration [111ś115,133ś146]. A set of tests [112] have been established

1We focus on soft NGLs which are single-logarithmic.



4 Chapter 1. Introduction

to demonstrate that a shower achieves subleading accuracy. However, the precise procedure to
isolate a pure subleading contribution is numerically delicate. Among other things, our semi-
numerical parton shower framework Marzili provides results that can serve as a benchmark at
higher logarithmic accuracy, offering valuable tests for general-purpose parton showers.

This thesis is structured in the following way. In Chapter 2, we introduce the necessary analytical
tools, such as the factorization theorem for dijet cross sections from which we derive RG equations.
Most importantly, we present the one- and two-loop anomalous dimensions which govern the
evolution. Chapter 3 provides details about the implementation of the RG evolution in Marzili.
We compare numerically with PanScales [142] and Gnole [147,148] to validate our implementation.
We then present our results for the energy ŕow into a rapidity slice at NLL accuracy matched to
őxed order. In Chapter 4, we apply our framework to a gap-between-jets observable at hadron
colliders. Finally, we summarize the main őndings of this work in Chapter 5 and indicate future
directions.



Chapter 2

Methodology

The accurate description of jet cross sections is fundamental to the investigation of high-energy
processes because they offer a direct window into the underlying hard-scattering processes, thus
providing invaluable insights into fundamental particle interactions. In the pioneering work [149]
Sterman and Weinberg introduced (di)jet cross sections in e+e− collisions. In order for a jet event
to be valid, they imposed that all the energy must be conőned within oppositely directed narrow
cones with half-opening angle δ, with the exception of a small fraction β/2 of the center-of-mass
energy Q. For small δ and β the corresponding cross section reads

σ(β, δ)

σ0
= 1 +

αsCF

4π
(−16 ln δ lnβ − 12 ln δ + c0) , (2.1)

with σ0 the leading-order cross section and c0 = 10−8ζ2 a constant depending on the deőnition of
the jet axis. From (2.1) it is obvious that the higher-order contributions, in this case the next-to-
leading-order (NLO) corrections, suffer from large logarithms both in β and δ. In addition, it is a
priori unclear to what value the scale µ present in αs = αs(µ) should be set, since µ = Q,Qδ,Qβ or
even µ = Qδβ seem inappropriate because the presence of these scales lead to large logarithms in
at least one part of phase space. This twofold issue arises in any perturbative calculation involving
multiple scales. The natural solution to both difficulties is to factorize the cross section into various
objects, each capturing the physics of their associated scale. In other words, once factorization is
achieved, one can evaluate each contribution at its appropriate scale, which solves the ambiguity
of the scale setting, and use RG equations to resum the large logarithms to all orders.

Relatively recently, őrst factorization theorems [94, 95] achieving complete scale separation for
jet processes have been obtained using SCET [117ś122]. The seminal works [94, 95] have paved
the way for the resummation of jet observables using effective őeld theory techniques and are
especially well suited for higher-logarithmic resummations. One of the main challenges to achieve
factorization is the non-global nature of jet cross sections. Indeed, as mentioned in Chapter 1,
every cross section where hard radiation is restricted to a speciőc angular region of the phase
space is by construction non-global. Obviously, this is also the case for the cross section in (2.1).
Speciőcally, NGLs arise because only a small amount of radiation is allowed outside the jet cones,
while no restriction is imposed on the radiation inside.

This chapter starts with a comparison between global and non-global observables. Section 2.2
motivates a factorization theorem for wide-angle jet cross sections involving NGLs. Subsequently,
we will calculate all the ingredients up to NLO accuracy in Sections 2.3 and 2.4. We then show that
all the divergences of the individual ingredients cancel in Section 2.5. Additionally, we will also
demonstrate how to obtain (2.1) from the factorization theorem. In Section 2.6, we present the one-

5



6 Chapter 2. Methodology

and two-loop anomalous dimension matrices that govern the resummation up to NLL accuracy.
These anomalous dimensions represent the main analytical ingredients for the evolution equations.

2.1 Global versus non-global observables

In this section, we give an overview of the differences between global and non-global observables. In
simple cases, an observable which is sensitive to radiation anywhere in the phase space is referred to
as global. The simplest observables beyond hadronically inclusive cross sections are event shapes.
Famous examples include thrust, heavy jet mass or the C-parameter [150]. On the other hand,
observables which are only sensitive to radiation in a restricted region of the phase space are non-
global. Since exclusive jet cross sections only constrain soft radiation to be within a certain corner
of phase space, NGLs are ubiquitous at the LHC. Therefore, an important task of theoretical work
is to resum these speciőc logarithms to guarantee reliable predictions across large scale hierarchies.

To illustrate more precisely the difference between global and non-global observables, we focus
on Figure 2.1. The left of Figure 2.1a shows the NLO corrections to the total cross section for dijet
production in e+e− → γ∗ → Xhad with a center-of-mass energy Q. The integral over the gluon
momentum pg indicates that for the total cross section we integrate inclusively over pg. In this
case, we do not obtain any large logarithms. The situation is different for event shapes such as the
jet broadening bT [151, 152] which measures the transverse momentum with respect to the thrust
axis. The thrust axis #—nT is given by the direction with maximum momentum ŕow. The eye and the
looking glass on the right of Figure 2.1a indicate that the transverse momentum of the gluon w.r.t
the thrust axis is studied. Three-particle events involving two almost back-to-back jets develop
large logarithms ln Q

bT
because the transverse momentum of the recoiling gluon is very small. The

variable bT is global, meaning that the gluon is constrained independently of its direction.

The situation is very different for non-global observables, the canonical example being the interjet
energy ŕow. Here, the hard radiation is restricted to be within the cones as depicted in Figure 2.1b.
To be precise, we impose that the (transverse) energy of particles in the gap, i.e. the region outside
of the cones, is below Q0. It turns out that a twofold pattern of logarithms arises. According to
(2.1), the cross section is both sensitive to logarithms w.r.t the opening angle of the jet-cones ln δ

as well as on ln Q
Q0

. The main difference with the former situation on the right of Figure 2.1a is
shown on the left of 2.1c. Hard radiation cannot enter the rapidity slice because it is constrained
to be within the (jet-)cones, whereas in the global case, the emission was not constrained to be in
any particular region of the phase space. In fact, the őrst non-global contribution arises at two
loops from a secondary emission, as depicted on the right of Figure 2.1c. We elaborate further
on the different sources of single logarithmic corrections in Figure 2.2. Primary emissions from
the initial hard partons directly entering the gap lead to an incomplete cancellation between real
and virtual corrections. As a consequence, we obtain a global contribution, see uppermost Figure
in 2.2. These logarithms exponentiate at the level of the cross section. A second source of single
logarithms is also present, see middle illustration in Figure 2.2. Here, the őrst emission is inside
the cone and is considered to be hard. This primary hard emission further radiates into the veto
region, leading to a logarithmically enhanced contribution (αsL)

2. Taking into account further
soft emissions into the veto region, radiated from arbitrary ensembles of soft (but more energetic)
gluons inside the jet cones, builds up an entire tower of single logarithms (αsL)

n. For the sake
of simplicity, we refer to this type of emissions collectively as secondary emissions. We point out
that this is merely a őgure of speech since the őnal emission entering the veto region is coherently
radiated from external ensembles which may consist of primary, secondary, tertiary, and higher-
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order conőgurations. In general, we associate all contributions arising from secondary emissions
with NGLs.

∼

∼

ln Q
µ

ln
bT
µ

ln
Q

bT

σtot
dσ
dbT

∫
[dpg]

(a) Inclusive and differential cross sections in dijet production [153].

∼ ln Q
µ ln δ ∼ ln Q0

µ ln δ

dσ
dQ0

∼ ln Q
Q0

· ln δ

(b) Two-jet event with a veto region outside of the two cones.

(c) Emissions into the veto region. The red cross indicates that the unconstrained emission on the left

cannot enter the veto region, while a soft emission can.

Figure 2.1: Comparison of different observables in dijet production. Blue indicates unconstrained
contributions while red illustrates soft corrections. The quantity δ is related to the opening angle
of the cone.
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α2
sL

2

Q0

Q

α2
sL

2

α3
sL

3

Figure 2.2: Different sources of single logarithms. Blue indicates hard contributions while red
illustrates soft corrections. The uppermost picture represents a global logarithm while the two
lower ones represent NGLs.
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Q

Q0

α
∆Y

Figure 2.3: Representation of the factorization formula (2.11). The blue lines depict hard radiation
associated with the energy scale Q, which is constrained inside the jet cones, while the red lines
represent the soft radiation at lower energies Q0. The soft radiation covers the entire phase space.

2.2 Factorization for jet production in e
+
e
− annihilation

The basis for our resummation are factorization theorems for jet production in the presence of
a veto on radiation in certain angular regions of the phase space. The simplest case is two-jet
production in e+e− collisions, i.e. e+e− → 2 jets at center-of-mass energy

√
s = Q, which we will

focus on throughout this section. We use the jet axis as the thrust axis, which is deőned as the
unit-vector #—n in the direction of the maximum momentum ŕow. This is different from common
clustering algorithms such as kt [154,155], anti-kt [156] or Cambridge-Aachen [157,158] which are
typically used at hadron colliders to deőne jets. However, it turns out that the angular constraints,
e.g. the gap in Figure 2.3, differ order-by-order. It has recently been shown how to take clustering
into account in the factorization framework [159], but for simplicity, we restrict the discussion
in this section to a őxed jet axis. We orient the two őnal-state jets along two light-like vectors
nµ = (1, #—n ) and n̄µ = (1,− #—n ) such that n · n = 2 and n2 = n2 = 0. Using these vectors, we
can decompose any four-momentum pµ into a component proportional to n, another component
proportional to n̄, and two residual components perpendicular to both

pµ = n̄ · p nµ

2
+ n · p n̄µ

2
+ pµ⊥ . (2.2)

The cone jets have an opening angle α, and a particle (or radiation) is considered inside the jet if
and only if the absolute value of its rapidity Y lies within

|Y | ≥ 1

2
log

(
1 + cosα

1− cosα

)
, (2.3)

as depicted in Figure 2.3. We also introduce the abbreviation δ = tan
(
α
2

)
which is related to

the opening angle α. The cross section is deőned by imposing a veto on the energy Eout of the
particles inside the gap. In other words, we require that the total energy emitted outside of the jet
cones is below Q0. The full dijet cross section including m hard and l soft partons with momenta
{p̂} ≡ {p1, p2, . . . , pm, . . . , pm+l} can then be written in d = 4− 2ϵ as

σ(Q,Q0) =
1

2Q2

∞∑

m=2

m+l∏

i=1

∫
dd−1pi

(2π)d−12Ei
⟨Mfull

m ({p̂})|Mfull
m ({p̂})⟩

× (2π)d δ(Q− Êtot) δ
(d−1)(

#—

p̂ tot)Θin

({
p
})

θ(Q0 − E out) , (2.4)

where |Mfull
m ({p̂})⟩ is the full QCD matrix element, Êtot =

∑m+l
i=1 Ei is the total energy and

#—

p̂ tot =
∑m+l

i=1
#—p i is the total momentum. The m hard particles must lie inside the jet cones, as

imposed by Θin

({
p
})

. The list {p} ≡ {p1, p2, . . . , pm} refers to the hard particles only while {p̂}
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collects all particles present. At this point, we may already anticipate that by performing the
phase-space integral in (2.4) using the full theory, the result will depend on logarithms of the
ratio between the different energy scales L = log(Q/Q0) which yield enhanced contributions for
disparate scales.

To separate the different scales that contribute to this problem, we investigate which momentum
regions contribute. It turns out that for wide-angle jets with δ ∼ 1, exactly two momentum regions
are relevant, with respective scaling (n · p, n̄ · p, p⊥)

hard: ph ∼ Q (1, 1, 1) ,

soft: ps ∼ Q0 (1, 1, 1) .
(2.5)

The hard region describes the highly energetic particles that must be inside the jet cones, whereas
soft partons can populate the entire phase space, i.e. they may be inside or outside of the jet cones.
Since there is no collinear momentum region for sizable cones, this observable is single-logarithmic.
In the following, we will carefully analyze the hard and soft contributions to (2.4) in order to render
each of them explicit to eventually obtain the relevant factorization formula. Each hard particle
may emit soft radiation, which we describe through a Wilson line Si(ni) along the corresponding
direction ni =

pµ
i

Ei

Si(ni) = P exp

(
igs

∫ ∞

0

ds ni ·Aa
s(sni)T

a
i

)
, (2.6)

where T
a
i is a matrix in the color-space formalism [160, 161] and P is a path ordering operator,

ensuring that őelds at different spacetime points are correctly ordered. Dressing each hard particle
with such a Wilson line operator, we can make the soft factorization at the amplitude level manifest

|Mfull
m ({p̂})⟩ = S1(n1)S2(n2) . . . Sm(nm) |Mm({p})⟩+O(NLP). (2.7)

The O(NLP) indicates that this factorization holds up to power corrections in Q0

Q . To derive
equation (2.7) from the effective őeld theory, one would match onto SCET. This means that it is
necessary to introduce a collinear őeld along each hard direction. It turns out that for our case,
there are exactly two operators which can be related to the usual quark and gluon őeld [162]. Upon
performing the decoupling transformation [163] we obtain (2.7).

To isolate the pure soft contribution of an arbitrary number of soft partons to the jet cross
section, we deőne the soft function Sm as the vacuum matrix element squared of these soft Wilson
lines

Sm({n}, Q0) =

∫

Xs

∑
⟨0|S†

1(n1) . . . S
†
m(nm) |Xs⟩⟨Xs|S1(n1) . . . Sm(nm) |0⟩ θ(Q0 − E out), (2.8)

where the constraint is imposed on the total energy Eout in the veto region outside the jets. This
means that the soft function depends on the cone size δ since it is sensitive to the outside energy.
Using equation (2.8) we can disentangle the soft from the hard contributions in (2.4) and make
them explicit by writing

σ(Q,Q0) =
1

2Q2

∞∑

m=2

m∏

i=1

∫
dd−1pi

(2π)d−12Ei
⟨Mm({p})|Sm({n}) |Mm({p})⟩

× (2π)d δ(Q− Etot) δ
(d−1)( #—p tot)Θin

({
p
})

+O(NLP), (2.9)

here the list of momenta {p} = {p1, p2, . . . , pm} speciőes the hard partons which are restricted
inside the jet cones. The symbol #—p tot =

∑m
i=1 pi is the total momentum of the hard őnal state



2.2. Factorization for jet production in e+e− annihilation 11

particles and the total momentum #—p tot does not involve any soft radiation because its contribution
is power suppressed and can be expanded away. The integration is over the m-dimensional phase
space of the hard partons which we treat as massless. To make the factorization of the cross section
(2.9) evident, we introduce hard functions Hm which describe m hard partons inside the jet cones.
To obtain Hm, one integrates standard QCD amplitudes squared over the energies of the m hard
partons while keeping their directions {n} = {n1, . . . , nm} őxed. The bare hard functions are
deőned as

Hm({n}, Q) =
1

2Q2

m∏

i=1

∫
dEi E

d−3
i

c̃ϵ (2π)2
|Mm({p})⟩⟨Mm({p})|

× (2π)d δ
(
Q−

m∑

i=1

Ei

)
δ(d−1)( #—p tot)Θin({n}) . (2.10)

The constraint Θin ({n}) prevents the hard radiation from entering the veto region, i.e., it forces
the hard partons to be inside the jet region. The constant c̃ = eγE/π was introduced in [123].
These hard functions can be seen as matching coefficients to the soft operators from an effective
őeld theory perspective. Using the deőnitions of hard and soft functions, we directly obtain the
factorization theorem

σ(Q,Q0) =

∞∑

m=2

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
, (2.11)

valid at leading power in Q0/Q expansion, µ is the renormalization scale. Both hard and soft
functions are matrices in the color space [164] of the m partons, such that it is necessary to take
the color trace, as indicated by ⟨ · · · ⟩. The trace is normalized in such a way that ⟨H(0)

2 ⊗ 1⟩ = 1.
Eventually, in order to obtain the cross section, we integrate over all directions {n} which is
indicated by the symbol ⊗

Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ) =

m∏

i=2

∫
dΩ(ni)

4π
Hm({n}, Q, µ)Sm({n}, Q0, µ) . (2.12)

We would like to point out that our problem does not involve any collinear scale because δ ∼ 1, and
we consider massless particles. In practice, we do not have access to the hard and soft functions
to all orders. As usual, we make a perturbative expansion in αs, e.g. up to NLO, the following
matching corrections are necessary

H2 = σ0

(
H

(0)
2 +

αs

4π
H

(1)
2 + · · ·

)
, (2.13)

H3 = σ0

(αs

4π
H

(1)
3 + · · ·

)
, (2.14)

Sm = 1+
αs

4π
S

(1)
m + · · · , (2.15)

where σ0 is the leading-order cross section. The superscript (n) indicates the order of the correction
in αs, while the subscript i denotes the amount of hard őnal state particles. For instance, H(1)

2 is the
virtual contribution and H

(1)
3 is the corresponding real correction. The bare hard functions contain

infrared divergences which are in one-to-one correspondence with the ultraviolet divergences of the
soft functions. Once combined, these divergences cancel and we obtain a őnite cross section.
Inserting the expansions (2.13) - (2.15) into (2.11), we can expand the cross section σ(Q,Q0) and
extract its NLO coefficient σNLO

σ(Q,Q0)

σ0
= 1 +

αs

4π
σNLO +O(α2

s)

= 1 +
αs

4π

〈
H

(1)
2 ⊗ 1+H

(0)
2 ⊗ S

(1)
2 +H

(1)
3 ⊗ 1

〉
+O(α2

s) . (2.16)
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In the following, we will calculate H(1)
2 ,H

(1)
3 as well as S(1)

m using standard methods in perturbative
quantum őeld theories.

To conclude this section, we would like to emphasize that the main result presented here is the
factorization formula (2.11), which was obtained by analyzing the factorization properties of the
full QCD amplitudes. However, this result can also be obtained within SCET using collinear őelds
along the directions of the energetic on-shell particles [95].

2.3 Hard functions

Starting from the abstract operator deőnition given in (2.10), we can extract the contributions to
the hard functions Hm from the full QCD matrix element for the process

γ∗ → q(p1) q̄(p2). (2.17)

The contribution is straightforward at leading order because we normalize the hard functions with
the born cross section σ0. Since we eventually want to reproduce (2.1) up to and including αs

corrections, we need to calculate the NLO corrections to the hard function H which are in one-to-
one correspondence with real and virtual corrections to (2.17). We will carry out this extraction
in the following sections.

2.3.1 Real emission contributions

The real corrections start at O(αs) and the procedure to calculate them is similar to a őxed-order
calculation for γ∗(q) → q(p1) q̄(p2) g(p3). In the notation of (2.10) the hard function H

(1)
3 is given

by

α0

4π
σ0 H

(1)
3 =

1

2Q2(2π)2−4ϵ

3∏

i=1

∫
dEi E

1−2ϵ
i |M3({p1, p2, p3})⟩⟨M3({p1, p2, p3})|

× δ(Q− E1 − E2 − E3) δ
(3−2ϵ)( #—p 1 +

#—p 2 +
#—p 3) Θin({p1, p2, p3}) . (2.18)

As mentioned before, the integration is over the energies of the three particles in the őnal state
while their directions are őxed. In other words, this means that to calculate (2.18), we need to
calculate the matrix element for γ∗(q) → q(p1) q̄(p2) g(p3), then parameterize the corresponding
phase space in such a way that we can integrate over the energies while keeping the directions
őxed. This means that the őnal result will only depend on the angular information of the partons.
The matrix element is given by the squared amplitude and takes the form

∣∣M3

∣∣2 =
∣∣M(0)

2

∣∣2 2CF g2s µ̃
2ϵ

Q2

x2
1 + x2

2 − ϵ x2
3

(1− x1)(1− x2)
, (2.19)

where the variables xi = 2Ei/Q denote the energy fractions and µ̃2 = µ2eγE

4π with the renormal-
isation scale µ. Due to momentum conservation, the three partons must lie within a plane. The
most energetic particle is aligned with the thrust axis, and the jet cones are centered around it.
We őnd it most convenient to split the phase-space integration into different regions depending on
which particle carries the most energy. This leads to six regions

I : x1 > x2 > x3 , II : x1 > x3 > x2 , III : x3 > x1 > x2 ,

IV : x3 > x2 > x1 , V : x2 > x3 > x1 , VI : x2 > x1 > x3 ,
(2.20)

depending on the various energy hierarchies among the three partons. Taking into account the
x1 ↔ x2 symmetry according to (2.19), we only need to calculate the contributions from regions I,
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II and III. We will label the hard contributions related to the corresponding region by H
(1)
3,I , H

(1)
3,II

and H
(1)
3,III. In region I, the thrust axis points in the opposite way to p1 since the quark carries

the most energy. We parameterize the őnal-state particle momenta with polar angles θi and an
azimuthal angle φ with respect to the thrust axis,

pγ∗ = Q(1, 0, · · · , 0),

p1 = E1(1, 0, · · · , 0,−1),

p2 = E2(1, 0, · · · , 0,− sinφ sin θ2,− cosφ sin θ2, cos θ2),

p3 = E3(1, 0, · · · , 0, sinφ sin θ3, cosφ sin θ3, cos θ3),

(2.21)

where pγ∗ is the momentum of the incoming γ∗ in the center-of-mass frame. The situation is
shown in Figure 2.4. We point out that since the particles lie in a plane, we could have chosen
the azimuthal angle to be zero, however, we keep it as a parameter, such that we may also study
distributions in φ. The three-particle phase space only depends on a set of 2 variables due to
momentum conservation. We őnd it convenient to perform the parametrization with the energy
fraction of the gluon x3 and the cosine of the angle between the gluon and the thrust axis θ3

∫
dΠ3 =

3∏

i=1

∫
dd−1pi

2Ei(2π)d−1
(2π)d δ(d)(q − p1 − p2 − p3)

=

∫
dx3 dφ d (cos θ3)

(
2

Q

)6ϵ
(2π)−3+2ϵ Q2+2ϵ

32Γ
(
1
2 − ϵ

)
Γ
(
3
2 − ϵ

)
(
sin2 θ3

)−ϵ
x1−2ϵ
1 x1−2ϵ

3

2− x3 − x3 cos θ3

(
sin2 φ

)−ϵ
.

(2.22)

We also need to express x1, x2 in terms of θ3 and x3. We can do this by using the relations

x2 = 2− x1 − x3 , (2.23)

x1 =
2(1− x3)

2− x3 − x3 cos θ3
, (2.24)

where the őrst one is obtained by energy conservation and the second one by solving a system of
equations to get the minimal set of variables. The next step is to combine (2.19) and (2.22) using
equations (2.23) as well as (2.24). To obtain the pure one-loop contribution to the cross section,
we factor out the d-dimensional Born-level contribution multiplied by the two-particle phase space

∫
dΠ2

∣∣M(0)
2

∣∣2 =

(
2

Q

)2ϵ
(4π)ϵ

16
√
πΓ
(
3
2 − ϵ

)
∣∣M(0)

2

∣∣2. (2.25)

When we evaluate the phase-space integral, we also need to take into account that hard particles
must be inside the cone as indicated by Θin({p1, p2, p3}). To implement this constraint, we őnd it
convenient to change variables from x3 7→ θ2 because, in this way, the restriction is manifest. In
addition, we introduce the variables

θ̂2 ≡ tan
θ2
2
, θ̂3 ≡ tan

θ3
2
, (2.26)
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allowing us to write the bare hard function for region I, i.e. for the case of a quark jet in the left
hemisphere

H
(1)
3,I (θ̂2, θ̂3, Q, µ) =

4CF
√
π (4π)ϵ

Γ
(
1
2 − ϵ

)
(
µ̃2

Q2

)ϵ ∫
dθ̂2

∫
dθ̂3

∫
dφ

2π

(
sin2 φ

)−ϵ

× θ̂−1−2ϵ
2 θ̂−2ϵ

3

(
θ̂2 + θ̂3

)−3+2ϵ (
1− θ̂2θ̂3

)−2ϵ

×
[
2θ̂3

(
1− θ̂22

)(
1− θ̂2θ̂3

)(
θ̂2 + θ̂3

)
+ (1− ϵ)θ̂22

(
1 + θ̂23

)2]
Θin(θ̂2, θ̂3)1 .

(2.27)

For a cone opening angle α > π
3 , we need to ensure that the thrust axis does not ŕip. This issue

arises in the limit where both angles θ2, θ3 reach π
3 with respect to the thrust axis. This limit

is a symmetric conőguration of the three partons, meaning each parton carries one-third of the
initial energy, i.e. Q/3. If the smaller angle between θ̂2, θ̂3 becomes larger than the threshold of
π
3 then the thrust axis will ŕip, as it aligns with the direction of the most energetic parton in a
three-parton conőguration. To prevent this from happening, we use Heaviside functions [98]

Θin(θ̂2, θ̂3) = Θ
(
δ − θ̂2

)
Θ
(
δ − θ̂3

)
Θ

(√
1 + θ̂22 − θ̂2 − θ̂3

)
Θ

(√
1 + θ̂23 − θ̂2 − θ̂3

)
, (2.28)

where δ is related to the opening angle. This means that the smaller angle between θ̂2 and θ̂3 must
be less than 1/

√
3, equivalent to an angle of π

3 from the thrust axis. To disentangle the soft and
collinear divergences present in (2.27), we perform a őnal change of variables

θ̂2 ≡ uv, θ̂3 ≡ v, (2.29)

where u and v are integrated between 0 and 1. To make the divergences explicit, we expand H
(1)
3,I

in terms of distributions

u−1−2ϵ = − 1

2ϵ
δ(u) +

(
1

u

)

+

− 2ϵ

(
lnu

u

)

+

+ · · · , (2.30)

where we introduced the standard +-distribution, which is deőned according to

(
1

u

)

+

[f ] ≡
∫ 1

0

du
f(u)− f(0)

u
, (2.31)

and consequently for
(
lnu
u

)
+
. The convenience of the variables introduced in (2.29) to parameterize

the angles becomes manifest when we use these to express the Θin(θ̂2, θ̂3) constraint in (2.28). Since
the variable v is directly related to θ̂3 while u represents the relative size of the angles, we can
express the constraint that a hard emission must be inside the cone jets using only v. In addition,
we can enforce the thrust-axis constraint using one Heaviside function as well, such that we obtain

Θin(u, v) = Θ(δ − v)Θ
(√

1 + (uv)2 − u− v
)
, (2.32)
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for symmetric cone conőgurations. Eventually, after introducing the appropriate variables and
expanding in distributions, we obtain the expression for the bare hard function H

(1)
3 in region I

H
(1)
3,I (u, v, φ,Q, µ) =

2CF

ϵ2
+

CF

ϵ

{
7

4
+ 4 ln 2− 4 ln δ + 4 ln

µ

Q

}

+

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF

{[
4 ln2

µ

Q
− π2

6

]
δ(u)δ(v) +

[
4 ln

(
4 sin2 φ

)
− 8 ln

µ

Q

]
δ(u)

(
1

v

)

+

+ 8 δ(u)

(
ln v

v

)

+

+

[
− ln

µ

Q
F (u, 0) +

2u2

(1 + u)3
− F (u, 0) ln(1 + u)

]
δ(v)

(
1

u

)

+

+ F (u, 0)δ(v)

(
lnu

u

)

+

+ F (u, v)

(
1

u

)

+

(
1

v

)

+

}
Θin(u, v)1, (2.33)

where the integration over u, v and φ has already been carried out for singular parts in (2.33). In
principle, we could renormalize the hard function directly in the MS scheme, which is straight-
forward at the one-loop level because we only need to drop the poles. However, we will keep the
poles to verify that all the divergences indeed cancel as they must. The auxiliary function F (u, v)

introduced in (2.33) is deőned by

F (u, v) =
4
[
u
[
−2
(
u2 + u+ 1

)
v2 + u (2u (u+ 1) + 1) v4 + u+ 2

]
+ 2
]

(u+ 1)3
. (2.34)

To obtain the contributions of the hard function to region II, we proceed in close analogy to the
discussion above. Recall that in this region the anti-quark q̄(p2) is the softest particle and not
the gluon, as was the case in region I. Hence, in this conőguration θ̂2 > θ̂3, while in region I the
opposite was true. As a result, we use (2.27), but substitute θ̂2 = v, θ̂3 = uv before making the
divergences explicit upon expanding in terms of distributions. Finally, we get

H
(1)
3,II(u, v,Q, µ) =

CF

ϵ

{
5

4
− 4 ln 2

}

+

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF

{[
− ln

µ

Q
G(u, 0) +

2

(1 + u)3
+G(u, 0) ln

(
u

1 + u

)]
δ(v)

+G(u, v)

(
1

v

)

+

}
Θin(u, v)1. (2.35)

We point out that H
(1)
3,II is independent of φ, however, we keep the dependence to allow for a

differential study in φ. The function G(u, v) is given by

G(u, v) =
4
[
u
[
−2
(
u2 + u+ 1

)
v2 + u(u(u+ 2) + 2)v4 + 2(u+ 1)

]
+ 1
]

(u+ 1)3
. (2.36)

In region III, we have a conőguration with a gluon jet recoiling against a qq-pair, which we align
with the thrust axis and a hard qq pair on the right. Here, we őnd it most useful to parameterize
the phase space with the polar angles of the quark θ1 and anti-quark θ2, see Figure 2.4. By using
momentum conservation we can perform this change of variables, and after some algebra, we őnd



2.3. Hard functions 17

that the hard function in terms of θ̂1, θ̂2 reads

H
(1)
3,III(θ̂1, θ̂2, Q, µ) =

4CF
√
π (4π)ϵ

Γ
(
1
2 − ϵ

)
(
µ

Q

)2ϵ ∫
dθ̂1

∫
dθ̂2

∫
dφ

2π

(
sin2 φ

)−ϵ

× θ̂−2ϵ
1 θ̂−2ϵ

2

(
θ̂1 + θ̂2

)−2+2ϵ (
1− θ̂1θ̂2

)−1−2ϵ

×
[(

1 + θ̂42

)
θ̂21 +

(
1 + θ̂41

)
θ̂22 + 4θ̂22 θ̂

2
1 − ϵ

(
θ̂1 + θ̂2

)2 (
1− θ̂1θ̂2

)2]
Θin(θ̂1, θ̂2)1 ,

(2.37)

where the cone and thrust-axis constraints Θin(θ̂1, θ̂2) are the same as in (2.28), of course in the
appropriate variables. We immediately see that (2.37) is free from collinear or soft divergences.
Consequently, we can directly set ϵ → 0 so that the dependence on φ becomes trivial. We param-
eterize θ̂1 = uv, θ̂2 = v such that we őnally obtain

H
(1)
3,III(u, v,Q, µ) =

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF H(u, v)Θin(u, v)1, (2.38)

with

H(u, v) =
4v
(
u4v4 + u2v4 + 4u2v2 + u2 + 1

)

(u+ 1)2 (1− uv2)
. (2.39)

To conclude this section, we summarize the main results. Starting from the full QCD matrix
element for γ∗(q) → q(p1) q̄(p2) g(p3) we extracted the hard functions by integrating over the
energies of the hard partons. To perform the energy integrals in d-dimensions, we carefully divided
the phase space into three regions, depending on the kinematical conőguration. We obtained
analytical expressions for the hard functions in (2.33), (2.35) and (2.38), which are distribution-
valued in the angles of the particles. These distributions are artifacts of the soft and collinear
divergences present.

2.3.2 Virtual contributions

The virtual corrections are in one-to-one correspondence with the ones for the form factor Fq(q
2),

which have been calculated up to four loops [165]. However, the őrst order contribution in αs is
sufficient for our purposes. This contribution is usually referred to as the dijet hard function also
arising in global observables [24]

H
(1)
2 (u, v,Q, µ) =− 4CF

ϵ2
− CF

ϵ

{
6 + 8 ln

µ

Q

}

+

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF

{
− 8 ln2

µ

Q
− 12 ln

µ

Q
− 16 +

7

3
π2

}
δ(u)δ(v).

(2.40)

A priori, there is no dependence on the variables u, v since no emission is present in the virtual
correction. However, we choose to introduce a trivial dependence on u, v through delta functions. In
this way, we can directly combine őnite terms from real and virtual contributions. While collinear
singularities cancel once we combine real and virtual contributions, a soft term proportional to
the cone-opening angle ∼ ln δ

ϵ remains. This residual singularity will eventually cancel when we
combine the hard and soft contributions in order to reproduce the cross section at NLO accuracy.
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Figure 2.5: Feynman diagram for the one-loop soft contributions Sm({n}, Q0, µ). The soft gluon
is shown in red and points along the direction nk.

2.4 Soft functions

The soft function Sm introduced in (2.8) is deőned as the vacuum expectation value squared of m
soft Wilson-line operators. At leading order its contribution is trivial S(0)

m = 1, while at one loop
it is given as a sum over all dipoles originating from emissions by two Wilson lines, see Figure 2.5.
The speciőc expression in momentum space is

αs

4π
S

(1)
m ({n}, Q0, µ) =

− g2s µ̃
2ϵ
∑

(ij)

Ti,L · Tj,R

∫
ddk

(2π)d−1
δ(k2)θ(k0)

ni · nj

ni · k nj · k
[Θin(nk) + Θout(nk)θ(Q0 − Ek)] ,

(2.41)

where nk is the light-like direction vector of k and the sum runs over all unordered pairs (ij). In
other words this means that we include both contributions i = 1, j = 2, as well as i = 2, j = 1.
To indicate from which side a color generator acts on the hard functions Hm, we write Ti,R and
Ti,L. In principle, we obtain a contribution to the soft function when the nk is inside the jet cones,
however in this case the resulting integral is scaleless since there is no constraint on the soft energy.
As a result, the one-loop soft function only receives contributions when the soft emission is inside
the veto region, i.e. outside of the jet cones. We point out that the one-loop soft function depends
on the radiation being vetoed through θ(Q0−Ek) in the sense that if we decided to restrict not the
energy itself, but for instance the transverse energy Et,out, the soft function would change. Indeed,
to obtain the soft function for the Sterman-Weinberg jets, we need to use θ(Qβ − 2Ek), which
speciőes that the energy outside of the jet cones Eout must be smaller than Qβ

2 . We remind the
reader that β is the same quantity as in (2.1). For the case where the soft function only contains
two Wilson lines S

(1)
2 , the calculation is straightforward. In this situation, only one dipole with

reference vectors n and n̄ exists. We parameterize the soft emission in d-dimensions using

kµ = k0 (1, · · · , sinφ sin θ, cosφ sin θ, cos θ) , (2.42)

where φ is the azimuthal angle and θ the polar angle. Next, we expand the measure ddk in terms
of these angles, substitute v = tan θ

2 and perform the energy integral using the θ(Qβ − 2Ek)

constraint. After expanding the soft function as a series in ϵ we obtain

S
(1)
2 =

8CF ln δ

ϵ
+

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF

{
16

(
ln v

v

)

+

+

[
8 ln

(
4 sin2 φ

)
+ 16 ln

Qβ

µ
− 16 ln(1 + v2)

](
1

v

)

+

}
Θout(v)1 , (2.43)
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where we keep the dependence on φ, v for the őnite part. We see that there is a remaining soft
singularity. Interestingly, we also see that the φ-dependence exactly cancels between the hard
function H3,I and S

(1)
2 . To see this cancellation explicitly one writes Θin(u, v) = 1−Θout(u, v) in

the hard piece in equation (2.33).

2.5 NLO cross section

In the previous sections, we have calculated all the relevant ingredients for the factorization theorem
at NLO in αs. By combining these ingredients, we must retrieve known őxed-order results. For
the őrst check, we set Θin(u, v) ≡ 1 which means that we integrate the hard H

(1)
2 ,H

(1)
3 and soft

functions S
(1)
2 over the full solid angles. In this case, the soft function vanishes since everything is

considered to be a hard contribution, i.e. to be inside of the jet cones. We obtain

〈
H

(1)
2 ⊗ 1

〉
+
〈
H

(1)
3 ⊗ 1

〉
=3CF , (2.44)

which is precisely the well-known result for the total cross section for e+e− → 2 jets at NLO,
normalized to the Born contributions. The situation is more interesting once we impose a non-
trivial gap size. For a jet opening angle α ≤ π

3 which corresponds to δ ≤ 1√
3
, the thrust-axis

constraint is always fulőlled so that (2.32) simpliőes to Θ(δ − v). In this case, the hard and soft
contributions evaluate to

〈
H

(1)
2 ⊗ 1

〉
+
〈
H

(1)
3 ⊗ 1

〉
=CF

[
− 8 ln δ

ϵ
− 2 +

2π2

3
+ 12

(
1− δ4

)
ln 2 + 8 ln2 δ − 12 ln δ

− 12 δ2 + 9 δ4 + 8Li2(δ
2)− 16 ln δ ln

µ

Q

]
, (2.45)

〈
H

(0)
2 ⊗ S

(1)
2

〉
=CF

[
8 ln δ

ϵ
− 8Li2(−δ2)− 8 ln2 δ − 2π2

3
− 16 ln δ ln

βQ

µ

]
, (2.46)

where Li2(x) = −
∫ x

0
dz ln(1−z)

z represents the dilogarithm. We explicitly see that the remaining
singularity in each of the pieces cancels once we add hard and soft contributions to obtain the
one-loop coefficient

σNLO = CF

[
− 16 ln δ lnβ − 2 + 12 ln 2− 12 ln δ − 12δ2 + (9− 12 ln 2) δ4 + 8Li2(δ

2)− 8Li2(−δ2)
]
.

(2.47)

We remind the reader that only the combination of hard and soft functions is physical and can thus
be compared with the literature. For δ > 1√

3
, we need to also take into account the thrust-axis

constraint. Performing the integrals analytically and adding hard and soft contributions, we get

σNLO = CF

[
3− 16 ln δ lnβ

+ 3
(
8δ2 − 5− 3δ4

)
− 12 ln 2 + 4 ln2 2 + 12 δ4 ln

(
2δ2

1 + δ2

)
+ 12 ln

(
1 + δ2

)

− 8 ln 2 ln
(
1 + δ2

)
+ 4 ln2

(
1 + δ2

)
+ 8Li2

(
1− δ2

2

)
+ 8Li2

(
1− δ2

1 + δ2

)

− 18 ln δ2 − 2 ln2 δ2 + 8 ln δ2 ln
(
1− δ2

)
− 8 ln δ2 ln

(
1 + δ2

) ]
. (2.48)

We point out that in the limit δ → 1, we retrieve the inclusive result (2.44) since all the terms
starting from the second line add up to zero. We compared the analytical expressions for σNLO
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with [147] for both cases and found agreement. These coefficients can also be calculated numerically
within the full theory in order to verify the factorization theorem. This has been carried out for
δ < 1√

3
in [95] and full agreement has been found for small values of β due to the fact that the

factorization theorem (2.11) does not involve power corrections in β. In other words, (2.47) and
(2.48) hold, in principle, for any value of δ up to terms suppressed by power(s) in β. Therefore,
we can expand (2.47) in the region where δ is small

σNLO = −16 ln δ lnβ − 12 ln δ + c0 , (2.49)

with c0 = −2 + 12 ln 2, which is precisely the same structure as (2.1). The constant term differs
because of the different deőnitions of the jet axis in this work and [149]. More formally, it has been
shown in [94] that the cross section (2.11) refactorizes in the narrow-angle limit. In Laplace space
we get

σ̃(τ, δ) = σ0 H(Q) S̃(Qτ)

[ ∞∑

m=1

〈
Jm(Qδ)⊗ Ũm(Qδτ)

〉
]2

, (2.50)

and involves hard H(Q), soft S̃(Qτ), jet Jm(Qδ) and coft Ũm(Qδτ) functions. The construction
of the effective theory is more complicated in the narrow-cone case. However, the individual
ingredients are more complicated to evaluate for wide cones since their dependence on the cone
opening is δ is non-trivial. For instance, corrections to the hard function H(Q) are not able to
resolve particles inside the jet, while this is the case for Hm in the wide-cone scenario. In [95] the
relations between the different ingredients in the wide and narrow-cone cases has been worked out
as δ becomes small.

The validity of the factorization theorem (2.11) has also been established at two loops. In [95], the
next-to-next-to-leading-order corrections (NNLO) to the cross section σNNLO have been calculated
to show that the logarithmic structure from the full theory is correctly reproduced by using the
factorization theorem. In particular, the leading non-global logarithm, which starts at two loops, is
correctly reproduced in the effective őeld theory. The leading non-global contribution arises from
secondary emissions off hard partons inside the jet cones. This means that its contribution is given
by the combination of H(1)

3 with S
(1)
3

〈
H

(1)
3 ⊗ S

(1)
3

〉
= Cϵ

(
µ

Q

)2ϵ(
µ

βQ

)2ϵ

δ−2ϵ
[
C2

FMF (δ, ϵ) + CFCAMA(δ, ϵ)
]
, (2.51)

with the coefficients MF (δ, ϵ), MA(δ, ϵ) and a constant term Cϵ = 4ϵ eγE
Γ(1−ϵ) . The non-global

contribution is given by the double-pole contribution of

MA(δ, ϵ) =
1

ϵ2

[
−8Li2

(
δ4
)
+

4π2

3

]
+ · · · , (2.52)

and is precisely the same as in [83]. The full result for MA(δ, ϵ) and MF (δ, ϵ) can be found in [95].
We point out that the separation between global and non-global is artiőcial and, in fact, not unique
at subleading accuracy.
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2.6 Renormalization-group evolution and resummation

The logarithms lnβ arising in the cross sections (2.47), (2.48) for wide-angle cones will become large
for disparate scales Q0 ≪ Q and need to be resummed to guarantee reliable theory predictions. This
is done by solving RG equations for the hard functions Hm, evolving them from their characteristic
scale µh ∼ Q down to the soft scale µs ∼ Q0. The associated RG equations are a crucial ingredient
to carry out the resummation of logarithmically enhanced contributions to all orders in perturbation
theory. At the soft scale µs, the soft functions are free of large logarithms and can be evaluated
perturbatively in αs(µs). Similarly, at the hard scale µh, the hard functions do not involve large
logarithms and can be evaluated perturbatively in αs(µh). At the level of the factorized cross
section, we denote the evolution through

σ(Q,Q0) =

∞∑

m=m0

〈
Hm({n′}, Q, µh)⊗

∞∑

l≥m

Uml({n}, µs, µh) ⊗̂Sl({n}, Q0, µs)
〉
, (2.53)

where m0 is the number of Born-level hard particles, e.g. m0 = 2 in dijet production in e+e−

collisions. The evolution factor Uml maps a conőguration with m partons along the directions
{n′} = {n1, . . . , nm} to a őnal-state conőguration with l partons along {n} = {n1, . . . , nl}, thereby
generating additional emissions. The symbol ⊗̂ denotes the integration over the directions of the
additional emissions that are generated during the evolution, while ⊗ stands for the integration
over the directions of the original m hard partons. The evolution factor is deőned as a path-ordered
exponential of the anomalous dimension Γ

Uml({n}, µs, µh) = P exp

[∫ µh

µs

dµ

µ
Γ({v}, {n}, µ)

]

ml

. (2.54)

The ultraviolet divergences of the soft matrix elements are captured by the anomalous dimension
matrix Γ, which are in one-to-one correspondence with the infrared singularities of the hard matrix
elements. These divergences can be removed by renormalization. Since we impose that the cross
section (2.53) must be independent of the associated renormalization scales µh, µs, we obtain RG
equations for the hard functions,

µ
d

dµ
Hm({n}, Q, µ) = −

m∑

l=m0

Hl({n}, Q, µ)Γlm({n}, Q, µ) . (2.55)

It is also possible to formulate an evolution equation for the soft functions which is governed
by the same anomalous dimension as in (2.55). This relationship between ultraviolet and infrared
singularities has been used extensively to predict the infrared pattern of QCD amplitudes [166ś182],
in particular also involving massive legs [183ś189]. We would like to emphasize that the situation
we consider here is more complicated since the hard functions Hm depend on the directions of the
m partons and the geometry of the veto region.

In general, two types of infrared singularities arise in Hm. First, one or several of the partonic
energies Ei become soft, or secondly, infrared divergences associated with loop corrections to the
hard matrix element. We associate the former with real emissions and the latter with virtual
corrections. Regardless of their origin, both singularities must be captured by the anomalous
dimension matrix Γ. We expand the anomalous dimension as a perturbative series in αs

Γ =
αs

4π
Γ
(1) +

(αs

4π

)2
Γ
(2) + . . . , (2.56)

with the one- and two-loop contributions denoted by Γ
(1), Γ

(2). Since the hard functions Hm

are, in principle, QCD matrix elements integrated over the energy, we can anticipate the general
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structure of the anomalous dimension. It is clear that the anomalous dimension matrix cannot
be diagonal because we need lower-multiplicity virtual diagrams to cancel singularities from real-
emission diagrams. This means that the one- and two-loop matrices take the form

Γ
(1) =




V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .




, Γ
(2) =




v2 r2 d2 0 . . .

0 v3 r3 d3 . . .

0 0 v4 r4 . . .

0 0 0 v5 . . .

...
...

...
...

. . .




, (2.57)

which represents the dijet case. At the O(αs) level, the divergences may arise either from a one-
loop virtual correction denoted as Vm or from a single real emission denoted as Rm. The latter
generates an additional particle, which increases the number of partons from an m to an m + 1

conőguration. As a result, it occupies the row directly above the diagonal in the matrix Γ. Moving
to two loops, there are more possibilities. We need to consider double real emissions dm, real-
virtual corrections rm, or two-loop virtual terms vm. This pattern illustrates that each subsequent
order adds another row above the diagonal in the matrix Γ, with no entries appearing below the
diagonal. In the usual manner, the anomalous dimension is intricately linked with the Z-matrix,
which serves to absorb the divergences arising from both the hard and soft functions. At the
two-loop level, the Z-matrix takes the following form

Zlm = 1− αs

4π

1

2ϵ
Γ
(1)
lm +

(αs

4π

)2
[

1

8ϵ2

m∑

k=l

Γ
(1)
lk ⊗̂Γ

(1)
km +

β0

4ϵ2
Γ
(1)
lm − 1

4ϵ
Γ
(2)
lm

]
, (2.58)

neglecting collinear singularities which cancel among hard functions Hi. In short, we extract
the anomalous dimensions by looking at soft limits of the hard functions. Consistency demands
that the application of this matrix to either the bare hard or bare soft functions must absorb all
singularities in order to make them őnite

Hm({n}, Q, µh) =

m∑

l=m0

H
bare
l ({n}, Q, ϵ)

(
Z

−1
)
lm

({n}, Q, ϵ, µh), (2.59)

Sl({n}, Q0, µs) =
∞∑

m=l

Zlm({n}, Q, ϵ, µs) ⊗̂S
bare
m ({n}, Q0, ϵ). (2.60)

The structure of the Z-matrix may appear unexpected, as Wilson-line matrix elements typically
undergo multiplicative renormalization. However, in this case, additional UV divergences arise
in the real-emission diagrams due to the unconstrained nature of soft radiation inside the jet
cones. It is precisely these divergences that give rise to NGLs. Its structure is also reŕected in the
anomalous dimension matrix Γ which is, in principle, an inőnite dimensional object because, as
already mentioned, soft functions of higher multiplicities are necessary to cancel the divergences
present in matrix elements with fewer Wilson lines.

In the next section, we will extract the one-loop anomalous dimension which governs the LL
evolution. From (2.58), we directly see that the one-loop anomalous dimension is in one-to-one
correspondence with the soft divergences of one-loop corrections to the hard functions.
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2.6.1 One-loop anomalous dimension

The one-loop anomalous dimension Γ
(1) contains two kinds of contributions: the real Rm and

virtual Vm ones. In this section, we derive both contributions following [123]. Before we start
the explicit calculation, we recall how soft gluons factorize in general. Whenever a soft gluon q

is emitted from a hard amplitude involving m legs with momenta {p} = {p1, . . . , pm}, to leading
power, we can write the amplitude as a sum of eikonal factors

|Mm+1({p, q})⟩ = ε∗µJµ,a(q)|Mm({p})⟩ = gs

m∑

i=1

T
a
i

ε∗ · ni

ni · q
|Mm({p})⟩ , (2.61)

with ε∗µ the polarization vector of the outgoing gluon and T
a
i denotes color generators associated

with leg i in the color-space formalism [164]. The soft current Jµ,a(q) is expressed at leading order
in the coupling constant. One and two-loop results for this quantity are also available [190ś192]. To
obtain the leading-order real emission Rm contributions in the anomalous dimension, we consider
the hard function for m+ 1 partons

Hm+1({n, nq}, Q, ϵ) =
1

2Q2

∑

spins

m+1∏

i=1

∫
dEi E

d−3
i

c̃ϵ (2π)2
|Mm+1({p, q})⟩⟨Mm+1({p, q})|

× (2π)d δ
(
Q−

m+1∑

i=1

Ei

)
δ(d−1)( #—p tot +

#—q )Θin

({
p, q
})

, (2.62)

with n = {n1, . . . , nm} the directions of the momenta, and take the limit when the emission q

becomes soft according to (2.61). In addition, we apply a cutoff on Eq to isolate the soft divergence
arising in the energy integral. Since we consider the emission q to be soft, it can be expanded out
of the phase space constraints so that we get

Hm+1({n, nq}, Q, ϵ) = −g2s

∫ Λ

0

dEq E
d−5
q

c̃ϵ (2π)2
θin(q)

∑

(ij)

ni · nj

ni · nq nj · nq
T

a
i Hm({n}, Q, ϵ)T ã

j , (2.63)

where (ij) refers to unordered pairs of indices and a is the color index of the amplitude while ã is
the one from the conjugate amplitude. In order to perform the color trace as indicated by ⟨· · · ⟩
in (2.11), the hard function is contracted with the leading-order soft function Sm so that we can
set a = ã. However, we keep these indices explicit in order to separate the contributions from the
amplitude versus its conjugate. Moreover, the right-hand side of (2.63) is part of the color space
with m particles, whereas Hm+1 on the left-hand side lives in the color space of m+ 1 partons so
that we need to make the additional color index explicit. Performing the energy integral as well
as expressing the bare coupling gs in terms of the MS one, we obtain

Hm+1({n, nq}, Q, ϵ) =
2

ϵ

αs

4π

( µ

2Λ

)2ϵ
θin(nq)

∑

(ij)

W q
ij T

a
i Hm({n}, Q, ϵ)T ã

j , (2.64)

where we introduced the dipole radiator W q
ij =

ni·nj

ni·nq nj ·nq
which is the product of two eikonal

factors. As already pointed, the color generator multiplying the amplitude is on the left and the
the one multiplying the conjugate amplitude is on the right of the hard function Hm. To indicate
from which side the color generator acts on the hard function, we write T

a
i,L and T

ã
i,R. Using this

notation, we can read off the contribution to the anomalous dimension

Rm = −4
∑

(ij)

T
a
i,LT

ã
j,R W q

ij θin(nq) (2.65)
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Figure 2.6: Real contribution to the one-loop anomalous dimension Γ
(1). The red gluon indicates

the exchange of a (real) soft gluon between the legs i and j, which we identify as the dipole (ij).

because according to (2.58) we obtain the anomalous dimension by multiplying the coefficient
of the divergence with −2. The anomalous dimension Rm transforms a hard function involving
m partons into a hard function involving m + 1 partons. We emphasize that integrals over the
anomalous dimension (2.65) are a priori not well deőned since Rm becomes singular in the limit
where q becomes collinear to either i or j. As a consequence, (2.65) is not well deőned on its own.
When the anomalous dimension is applied to soft functions, these collinear divergences will cancel
out the collinear divergences in the virtual corrections. We can introduce a cutoff to regulate
these collinear singularities both in real and virtual contributions such that they can be calculated
separately in d = 4 and subsequently combined. Such a cutoff is usually applied in parton showers.
One can also isolate the divergences in dimensional regularization, see for instance [123].

To obtain the virtual corrections, we apply soft factorization (2.61) to the one-loop corrections,
which are depicted in Figure 2.7. Since each of the m legs in the hard function is dressed with a
Wilson line, we immediately obtain the one-loop correction to the amplitude as

Hm({n}, Q, ϵ) =
g2s
2

∑

(ij)

∫
ddq

(2π)d
−i

[q2 + i0]

ni · nj

[ni · q + i0] [−nj · q + i0]

× Ti · Tj Hm({n}, Q, ϵ) + h.c. , (2.66)

with Ti ·Tj =
∑

a T
a
i T

a
j and we add a factor of 1

2 because the sum over the dipoles (ij) is unordered,
i.e. each contribution appears twice hence we need to remove double counting. Strictly speaking,
the hard functions Hm(n,Q, ϵ) on the left and right sides of (2.66) are not identical, as the soft
virtual correction on the right has been expanded. Consequently, the hard function on the right
is one order lower in αs. Therefore, with a slight abuse of notation, we write Hm(n,Q, ϵ) on both
sides. In (2.66), the i0 prescription assumes outgoing Wilson lines. The corresponding result for
incoming Wilson lines is obtained through the substitution nk 7→ −nk for k = i or k = j so that
the i0 prescription switches. Similarly to the real contribution, we need to perform the integral
over q0 and a subsequent integration over | #—q | where we extract the soft divergence. To do so, we
őrst need to isolate where the divergences lie in the complex plane before applying the residue
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theorem. The three propagators in (2.66) have singularities at

q2 + i0 ⇒ q0 = ±Eq ∓ i0, (2.67)

ni · q + i0 ⇒ n0
i q

0 = #—n i · #—q − i0, (2.68)

−nj · q + i0 ⇒ n0
j q

0 = #—n j · #—q + i0. (2.69)

An illustration of the structure of singularities can be found in Figure 2.8. We will use the following
identity to simplify the discussion

1

ni · q + i0
=

−1

−ni · q + i0
− 2πiδ(ni · q). (2.70)

Inserting (2.70) in (2.66) we obtain

Hm({n}, Q, ϵ) =
g2s
2

∑

(ij)

∫
ddq

(2π)d
−i

[q2 + i0]

ni · nj

[−nj · q + i0]

[ −1

[−ni · q + i0]
− 2πiδ(ni · q)

]

× Ti · Tj Hm({n}, Q, ϵ) + h.c. , (2.71)

so that we have shifted the singularity of the light-cone propagator ni · nq + i0 to the upper half
plane, where the pole from the other light-cone propagator nj · nq + i0 lies as well, see Figure 2.8.
The part in (2.71) without the δ-function, which we denote with a superscript H(a)

m , contains three
poles with positive imaginary parts and one with negative imaginary part. Therefore, it makes
sense to close the contour in the lower half-plane in order to avoid the poles from the light-cone
propagators and only pick up the pole situated at q0 = Eq− i0. The next step is to impose a cutoff
Λ on the energy integration such that we isolate the soft singularity

H
(a)
m ({n}, Q, ϵ) =

αs

4π

∑

(ij)

Ti · Tj

(∫ Λ

0

dEqE
d−5
q

)∫
[dΩq]

ni · nj

ni · nq nj · nq
Hm({n}, Q, ϵ) + h.c.

= −αs

4π

1

ϵ

( µ

2Λ

)2ϵ∑

(ij)

Ti · Tj

∫
[dΩq]W

q
ij Hm({n}, Q, ϵ) + h.c. . (2.72)

From (2.72) we directly get the anomalous dimension through (2.58)

V
(a)
m = 2

∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
[dΩq] W

q
ij , (2.73)

where we added the contribution due to the conjugate amplitude which is proportional to Ti,R ·Tj,R.
We see that (2.73) contains the same collinear divergence as (2.65).

The divergent part of the contribution proportional to the δ-function, which we denote with the
superscript H

(b)
m , can be obtained by boosting into an appropriate frame in which we treat the

perpendicular component of q as purely spatial. We get a purely imaginary part

H
(b)
m ({n}, Q, ϵ) =

αs

4π

iπ

ϵ

∑

(ij)

Ti · TjHm({n}, Q, ϵ) , (2.74)

from which we immediately extract its contribution to the anomalous dimension

V
(b)
m = −2

∑

(ij)

[Ti,L · Tj,L − Ti,R · Tj,R]× iπΠij . (2.75)
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Figure 2.7: Virtual contribution to the one-loop anomalous dimension Γ
(1). The red gluon indicates

the exchange of a (virtual) soft gluon between the legs i and j which we identify as the dipole (ij).

Since the conjugate amplitude has the opposite imaginary part, its sign is ŕipped compared to
the amplitude. This imaginary part arises from the cut through the two eikonal lines, commonly
referred to as the Glauber or Coulomb phases. This component is absent when one line is incoming
and the other is outgoing. This is indicated by the factor

Πij =

{
1, i, j both incoming or outgoing ,

0, otherwise .
(2.76)

While these Glauber phases are absent both in the large-Nc limit and for processes initiated by
e+e− annihilation, they lead to super-leading logarithms [90, 110] for processes at the LHC. Even
though the leading contribution starts at four loops, their effects could become phenomenologically
relevant since it is a double logarithmic effect, in particular for gluon-initiated processes [193].

To see that the collinear singularities indeed cancel between the real and virtual contribution, we
apply both Rm and Vm to the trivial leading-order soft function Sm = 1. Adding the contributions,
we őnd

⟨Hm ⊗
(
Vm 1+Rm⊗̂1

)
⟩ = 4

∑

(ij)

∫
[dΩq] W

q
ij θout(nq)⟨Hm ⊗ Ti · Tj⟩ , (2.77)

where we deőned θout(nq) = 1 − θin(nq) and moved the color generators acting on the left to the
right by using the cyclicity of the color trace ⟨. . . ⟩. From (2.77), it is evident that the angular
integration is őnite since the soft emission must be outside of the veto region so that it can never
become collinear to the hard partons along directions i or j. It is also possible to show more
generally that the collinear singularities do cancel, see [123].
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Figure 2.8: Complex plane indicating the locations of singularities. On the left, the divergences of
the propagators from (2.66) are shown. In blue we indicate that the divergence from −nj · q + i0

is situated in the upper half plane. The divergence from ni · q + i0 lies in the lower half-plane as
indicated in green. A red cross denotes a divergence associated with q2+ i0. On the right, we show
where the singularities lie after using (2.70).
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2.6.2 Two-loop anomalous dimension

In this section, we will present the result for the two-loop anomalous dimension Γ
(2), obtained

in [123]. The subleading contribution to the anomalous dimension has been derived by taking
(double-) soft limits of amplitudes and isolating the infrared singularities associated with this
limit.

As indicated in (2.58), it is necessary to remove contributions due to the iterations of the one-loop
anomalous dimension such that we isolate the single pole contributions. There are three different
entries which contribute at two loops. The double-real entries dm capture singularities emerging
from unordered double emissions off the original hard partons, extending the conőguration from m

to m+2 hard partons. The rm entries correspond to soft singularities within real-virtual corrections
and map m-parton hard functions to m+ 1-parton conőgurations. Lastly, the vm entries relate to
soft singularities in two-loop virtual corrections, keeping the number of hard partons őxed.

The part of the anomalous dimension associated with two emissions along the nq and nr direc-
tions is extracted by analyzing the soft current for emitting two particles, isolating the correspond-
ing soft divergences, and removing the strongly ordered contribution, i.e. the iterated one-loop
result. The explicit result for double-real contribution to the anomalous dimension is

dm =
∑

i,j,k

ifabc
(
T

a
i,LT

b
j,LT

c
k,R − T

a
i,RT

b
j,RT

c
k,L

)
Kijk;qrθin(nq)θin(nr)

− 2
∑

(ij)

T
c
i,LT

c
j,RKij;qrθin(nq)θin(nr) . (2.78)

The őrst term present in dm involves three color generators and is proportional to the angular
function [97,123]

Kijk;qr = 8
(
W q

ikW
r
jk −W q

ikW
r
jq −W q

irW
r
jk +W q

ijW
r
jq

)
ln

(
nkq

nkr

)
, (2.79)

where we use the notation nab = na · nb. We point out that Kijk;qr vanishes in all collinear limits.
Since the sum over k in (2.78) is unconstrained and therefore also includes k = i and k = j, we also
obtain two-particle contributions from Kijk;qr. In the large-Nc limit, it turns out that only these
contributions need to be considered. The terms Kiji;qr = Kijj;qr = 0 vanish, but Kiij or Kjji

yield a contribution. The second term present in dm involves two color generators and multiplies
the angular function Kij;qr. This two-particle term is split up as [97,123]

Kij;qr = CAK
(a)
ij;qr + [nFTF − 2CA]K

(b)
ij;qr + [CA − 2nFTF ]K

(c)
ij;qr . (2.80)

The individual functions are speciőed by

K
(a)
ij;qr =

4nij

niqnqrnjr

[
1 +

nijnqr

niqnjr − nirnjq

]
ln

niqnjr

nirnjq
,

K
(b)
ij;qr =

8nij

nqr(niqnjr − nirnjq)
ln

niqnjr

nirnjq
,

K
(c)
ij;qr =

4

n2
qr

(
niqnjr + nirnjq

niqnjr − nirnjq
ln

niqnjr

nirnjq
− 2

)
.

(2.81)

These functions are őnite when nq or nr become collinear to the legs ni and nj . However, collinear
divergences arise when nq becomes collinear to nr.

The real-virtual part of the anomalous dimension is calculated by taking the soft limit of ampli-
tudes with a virtual gluon in the direction of nr and a real emission pointing towards nq. Similarly
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to the calculation of the virtual one-loop contributions Vm, we use the residue theorem to perform
the energy integrals over the internal loop momenta. By doing so, one obtains

rm = − 2
∑

i

∑

(jk)

ifabc(T a
i,LT

b
j,RT

c
k,R − T

a
i,RT

b
j,LT

c
k,L)

∫
[dΩr]Kijk;qrθin(nq)

−
∑

(ij)

T
a
i,LT

a
j,R

{
W q

ij

[
4β0 ln(2W

q
ij) + γcusp

1

]
− 2

∫
[dΩr]Kij;qr

}
θin(nq)

+ 8iπ
∑

i

∑

(jk)

ifabc
(
T

a
i,LT

b
j,RT

c
k,R + T

a
i,RT

b
j,LT

c
k,L

)
W q

ij lnW
q
jk θin(nq) , (2.82)

with the two-loop cusp anomalous dimension

γcusp
1 = 4

((
67

9
− π2

3

)
CA − 20

9
nFTF

)
(2.83)

where nF is the number of fermions included in the theory and TF is the trace of the associated
generator. In addition, we also use the one-loop coefficient of the β-function β0 = 11

3 CA− 4
3 nF TF .

We expressed the real emission part as an angular integral to make the cancellation of singu-
larities when nq becomes collinear to nr explicit between real-virtual and double-real anomalous
dimensions.

To calculate the purely virtual part v of the anomalous dimension we need to consider two-loop
corrections to amplitudes either involving two or three eikonal lines. The loop momenta point along
nq and nr. We perform the energy integrals by using the residue theorem and isolate singularities
by imposing a cutoff in close analogy to the previous discussion. We obtain for the double-virtual
contribution

vm =
∑

(ijk)

ifabc
(
T

a
i,LT

b
j,LT

c
k,L − T

a
i,RT

b
j,RT

c
k,R

) ∫
[dΩq]

∫
[dΩr]Kijk;qr

+
∑

(ij)

1

2

(
T

a
i,LT

a
j,L + T

a
i,RT

a
j,R

) ∫
[dΩq]W

q
ij

[
4β0 ln(2W

q
ij) + γcusp

1

]

− iπ
∑

(ij)

1

2

(
T

a
i,LT

a
j,L − T

a
i,RT

a
j,R

)
Πij γ

cusp
1 . (2.84)

The different parts of the anomalous dimension contain collinear divergences. For instance, terms
involving W q

ij in rm and vm become singular when the additional emission is collinear to the hard
partons i or j. In addition, the two-particle contributions Kij;qr present in rm and dm diverge
when the two additional emissions along nq and nr become collinear to each other. The results in
equations (2.78), (2.82) and (2.84) have been rewritten in such a way that the cancellation between
real and virtual contribution is manifest, once a physical quantity is computed. This means that
we can introduce an intermediate cutoff, in close analogy to the one-loop case, to regulate these
singularities. With a cutoff in place, the angular integrals can be evaluated in d = 4. Of course,
this introduces an additional dependence on the cutoff. To ensure that the őnal result is cutoff-
independent, it is necessary to lower the cutoff gradually until the result no longer depends on the
precise value. In practice, this procedure is very delicate due to large cancellations.
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2.6.3 Change to the MS scheme

In the previous section, we have presented results for the two-loop anomalous dimension in (2.78),
(2.82) and (2.84), keeping the angular integrals in d-dimensions. Since keeping these d-dimensional
integrals would be unconventional, we also showed that these collinear singularities manifestly
cancel for physical quantities. As a result, we transition to d = 4, therefore allowing us to carry
out subtractions in the usual MS scheme. Using the MS scheme introduces additional terms in the
anomalous dimension. To see this, we show that the renormalization condition (2.58), which can
be written explicitly as

S
ren(1) = S

(1) − 1

2ϵ
Γ
(1)⊗̂1 , (2.85)

S
ren(2) = S

(2) − 1

8ϵ2

[
Γ
(1)⊗̂Γ

(1)⊗̂1+ 2β0Γ
(1)⊗̂1

]

− 1

4ϵ

[
Γ
(2)⊗̂1+ 2Γ(1)⊗̂S

ren(1) + 4β0S
ren(1)

]
, (2.86)

differs from standard minimal subtraction. We will demonstrate this explicitly for the one-loop case,
i.e. by calculating (2.85) for two-jet cross sections. The result for the bare soft function can be found
in (2.46). The most compact way of writing the result is to use harmonic polylogarithms (HPLs)
Ha1,...,an

(r) introduced in [194], a Mathematica implementation can be found in [195,196]. The
bare one-loop soft function can be expressed in terms of these HPLs

S
(1)
2 = 4CF

(
µ

βQ

)2ϵ [
H0(r)

ϵ
+ 2H−2(r)−H0,0(r)−

π2

6
+O(ϵ)

]
, (2.87)

with r = δ2. To obtain (2.87) we used the energy constraint θ(Qβ − 2Ek). In the MS scheme we
would simply drop the pole. However, this is not the same as (2.85) dictates since we also obtain
higher-order terms in ϵ in the counter-term

− 1

2ϵ
Γ
(1)⊗̂1 = −2

ϵ

∑

(ij)

Ti · Tj

∫
[dΩq] W

q
ij θout(nq)

= −4CF

[
H0(r)

ϵ
+ 2H−2(r)−H0,0(r)−

π2

6
+O(ϵ)

]
. (2.88)

This subtraction removes őnite terms as well and is, therefore, not a minimal subtraction. The
renormalized soft function in this unconventional scheme is

S
ren(1)
2 = 8CF H0(r) ln

µ

βQ
. (2.89)

To transition to the standard MS subtraction scheme, we need to carry out subtractions in (2.85)
using angular integrals in d = 4. To achieve this, we divide the angular integrations into two parts:
an integral in d = 4 plus a remainder. Following the notation introduced in [123], we write

Γ
(1)⊗̂1 = Γ

(1)⊗̂21+ 2ϵΓ(1)⊗̂ϵ1 , (2.90)

where the symbol ⊗2 denotes the two-dimensional angular integral in pure d = 4, whereas ⊗ϵ

stands for the remainder. A factor 2ϵ has been factored out in the remainder term for convenience.
The adapted one-loop renormalization in (2.85) reads now

S̄
ren(1) = S

(1) − 1

2ϵ
Γ
(1) ⊗2 1 , (2.91)
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where S̄
ren(1) is the one-loop soft function renormalized in the MS scheme. In comparison to

the previous result in (2.88), the counter-term is now precisely − 4
ϵ CF H0(r) for the two-jet soft

function so that it exactly removes the pole. In comparison to the prescription used in (2.85), this
corresponds to a őnite shift

S
ren(1) = S̄

ren(1) − Γ
(1) ⊗ϵ 1 . (2.92)

At two loops, changing to the MS scheme not only shifts the renormalized function by a őnite
term, but also modiőes the expression for the two-loop anomalous dimension.

S̄
ren(2) = S

(2) − 1

8ϵ2

[
Γ
(1) ⊗2 Γ

(1) ⊗2 1+ 2β0Γ
(1) ⊗2 1

]

− 1

4ϵ

[
Γ̄
(2) ⊗2 1+ 2Γ(1) ⊗2 S̄

ren(1) + 4β0S̄
ren(1)

]
, (2.93)

where the two-loop anomalous dimension in the MS is given by [123]

Γ̄
(2) ⊗2 1 = Γ

(2) ⊗2 1− 2β0 Γ
(1) ⊗ϵ 1−

(
Γ
(1) ⊗2 Γ

(1) ⊗ϵ 1− Γ
(1) ⊗ϵ Γ

(1) ⊗2 1

)
. (2.94)

To obtain the additional terms in the anomalous dimension, it is necessary to rewrite the d-
dimensional integrals in (2.86) in terms of 4-dimensional ones and to replace S

ren(1) according to
(2.92). It is noteworthy that the second term in (2.94) has the form of a commutator involving
angular integrations related with the two emissions. While this piece vanishes for uncorrelated
emissions due to their symmetry, the non-global two-loop part contributes since it involves one
gluon outside and one inside the jet-cone regions. In the latter case, the contributions arising at
O(ϵ) in the angular integrals are different such that a non-vanishing contribution survives.

The őnal result of the two-loop anomalous dimension, as shown in (2.94), in combination with
its components Γ

(2)
m = dm + rm + vm, as provided in equations (2.78), (2.82), and (2.84), and

calculated using angular integrals in d = 4, is the őnal expression for the anomalous dimension in
the MS scheme. Furthermore, because we can evaluate anomalous dimensions in four dimensions,
this form is also suitable for numerical implementation. In the following we will drop the bar and
write Γ

(2).

Since the extraction of the two-loop anomalous dimension is very delicate and involves a lot of
subtleties, a strong consistency check is necessary to validate the őnal result (2.94). In [95], the
bare two-loop soft function S

(2) has been calculated for the pure dijet case so that it has been
explicitly veriőed that the anomalous dimension indeed renormalizes the divergences according to
equation (2.93).

2.6.4 RG evolution at LL and NLL accuracy

Starting from the factorization theorem (2.11), stating that the cross section for jet production
including a veto on radiation factorizes into hard Hm and soft Sm functions, we obtained RG
equations for the hard functions in (2.55)

µ
d

dµ
Hm(µh) = −

m∑

l=m0

Hl(µh)Γlm(µh) , (2.95)

where the dependence of the hard functions Hm on the direction {n} and the center-of-mass energy
Q is implicit. These coupled differential equations are governed by an anomalous dimension Γlm

which has been extracted up to two loops and presented in the previous sections. In this section,
we will outline how to solve the RG equations perturbatively to resum the large logarithms.



32 Chapter 2. Methodology

Despite the fact that solving the RG equations is challenging because the anomalous dimension
matrix involves an arbitrary amount of Wilson lines, one advantage of our effective őeld approach is
that there is a clear prescription of the necessary ingredients to reach a given logarithmic accuracy.
For instance, at LL accuracy, we need the leading-order contribution to the hard function with
m0 legs as well as the one-loop anomalous dimension, the leading-order soft function S

(0)
m = 1

is trivial. In order to capture terms beyond LL accuracy, matching corrections and subleading
contributions due to the running are also necessary, the latter are driven by Γ

(2).

To perform the resummation, it is necessary to solve the RG equations iteratively to evolve the
hard functions from µh ∼ Q to the scale µs ∼ Q0 associated with soft emissions. The formal
solution to the RG equations is given by a path-ordered exponential of the anomalous dimension

H2(µh)U2m(µh, µs) = H2(µh)P exp

[∫ µh

µs

dµ

µ
Γ

]

2m

. (2.96)

We insert the expansion of the anomalous dimension Γ in the exponent so that we get
∫ µh

µs

dµ

µ
Γ =

∫ t

t0

dt

(
Γ
(1) +

αs(µh)

4π
e2β0t

(
Γ
(2) − β1

β0
Γ
(1)

)
+ · · ·

)
, (2.97)

where we introduced the evolution time t ≡ t(µh, µs) =
1

2β0
ln
(

αs(µs)
αs(µh)

)
. We point out that once

µh has been őxed, for instance µh = MZ , the mapping µs 7→ t is unambiguous. The two-loop
coefficient of the β-function β1 = 34

3 C 2
A − 20

3 CATF nF − 4CFTF nF is a remnant of the running of
the coupling. The őrst term in (2.97) does not depend on t so that we can directly perform the
integration and obtain the LL evolution factor

Ukl(t0, t) = P exp
[
(t− t0)Γ

(1)
]
kl

, (2.98)

which is the leading term in (2.96). The integrand in (2.97) is of the form Γ
(1) + ∆Γ where the

second term ∆Γ is suppressed by αs. Therefore, most of the evolution will be driven by Γ
(1) so

that it seems natural to use the interaction picture H
I
b(t) = Ha(t)Uab(t, t0). The corresponding

differential equations for the hard functions are

d

dt
H

I
m = −

m∑

l=m0

H
I
l

(
Ull′(t0, t)∆Γ(t)l′k′ Uk′m(t, t0)

)
, (2.99)

where the superscript speciőes the interaction picture. We can immediately solve this equation to
őrst order in ∆Γl′k′(t′)

H
I
m(t) = H2(t0)

[
1+

∫ t

t0

dt′ U2l′(t0, t
′)∆Γl′k′(t′)Uk′m(t′, t0)

]
, (2.100)

where we have set m0 = 2. The hard functions at the initial time t0, which corresponds to the
hard scale µh, are the same in the Schrödinger or interaction picture, i.e. H2(t0) = H

I
2(t0). By

using H
I
b(t) = Ha(t)Uab(t, t0) we can also obtain the solution in the Schrödinger picture

Hm(t) = H2(t0)U2m(t0, t) +H2(t0)∆U2m(t0, t) + · · · , (2.101)

where the NLL correction is denoted by ∆Ukl(t0, t). To reach NLL accuracy, we augment the LL
evolution with exactly one insertion of the two-loop anomalous dimension Γ

(2). This is sufficient
to capture the effects of RG running at two loops. We denote this insertion by

∆Ukl(t0, t) =

∫ t

t0

dt′ Ukk′(t0, t
′) · αs(t

′)

4π

(
Γ
(2)
k′l′ −

β1

β0
Γ
(1)
k′l′

)
·Ul′l, (t

′, t). (2.102)
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where α(t′) = αs(µh)e
2β0t. In short, this means that we start a LL evolution Ukl(t0, t

′) which
runs from t0 until t′, where we evaluate all contributions in Γ

(2), together with a β1-correction
to the running of the coupling, and then restart a LL evolution. We emphasize that we need to
make an insertion at every possible intermediate time between t0 and t. To obtain results at full
NLL accuracy, it is necessary to include matching terms as well. More precisely, we need one-loop
corrections to H2, the tree-level result for H3 and the one-loop soft functions Sm. These O(αs)

corrections have been calculated perturbatively in the previous sections.

2.7 Summary

In this chapter, we have investigated jet cross sections. More speciőcally, we derived a factorization
formula for the annihilation of an e+e−-pair into two jets which carry most of the radiation in the
process. As a consequence of radiation being restricted in certain regions of the phase space, a
very intricate pattern of logarithms arises ś the so-called non-global logarithms or NGLs in short ś
which are ubiquitous in jet cross sections. The factorization theorem states that the cross section
for wide-angle jet cones factorizes into hard and soft functions

σ(Q,Q0) =

∞∑

m=2

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
. (2.103)

To establish the validity of this factorization formula, we calculated the full set of NLO corrections
to the hard and soft functions to explicitly show that we indeed reproduced the cross section
obtained by Sterman and Weinberg. The inclusive cross section depends on logarithms ln Q

Q0
and

these become large for disparate scales and might overpower the suppression by the coupling, i.e.
αs ·L ∼ 1. To obtain reliable prediction, it is necessary to resum these logarithms in RG-improved
perturbation theory. Starting from the factorization theorem we can derive a set of RG equations

µ
d

dµ
Hm(Q,µ) = −

m∑

l=m0

Hl(Q,µ)Γlm(Q,µ) , (2.104)

which are coupled differential equations. The natural way to perform the resummation in our
effective őeld theory approach is to solve the RG equations and thus resum all the logarithmic
contributions to all orders. The anomalous dimension matrix Γlm is a matrix in the space of
particle multiplicities and has been extracted perturbatively up to and including two loops. The
extraction is done by considering soft limits of hard amplitudes. At one loop, there are both virtual
and real contributions to the anomalous dimension

Rm =− 4
∑

(ij)

T
a
i,LT

ã
j,R W q

ij θin(nq) ,

Vm = 2
∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫ [
d2Ωq

]
W q

ij

− iπ
∑

(ij)

2 [Ti,L · Tj,L − Ti,R · Tj,R] Πij . (2.105)

The real corrections generate an additional hard particle, promoting the particle conőguration
from m to the m + 1 particle conőguration. As a consequence, the anomalous dimension is an
inőnite dimensional matrix in the space of particle multiplicities. This structure is signiőcantly
more complicated than the evolution equations for event shapes such as thrust. For global event
shapes, the amount of Wilson line operators generating soft emissions is constant, e.g. for dijet
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event shapes there are exactly two Wilson line operators along the jet directions. In the present
case, we need to dress every additional hard particle inside the jet cones with a separate Wilson
line. This multi-Wilson line conőguration becomes quite intuitive in the context of wide-angle jets.
In such cases, the angular separation between energetic particles inside the jet cones is sizable and
similar to the typical angle of soft emissions. As a result, soft emissions resolve individual energetic
partons within the jet, which means that it is impossible to collapse all these Wilson lines onto a
single one. The two-loop anomalous dimension is decomposed into three different types of entries,
which we refer to as double real dm, real-virtual rm and double-virtual vm

dm =
∑

i,j,k

ifabc
(
T

a
i,LT

b
j,LT

c
k,R − T

a
i,RT

b
j,RT

c
k,L

)
Kijk;qrθin(nq)θin(nr)

− 2
∑

(ij)

T
c
i,LT

c
j,RKij;qrθin(nq)θin(nr) , (2.106)

rm = − 2
∑

i

∑

(jk)

ifabc(T a
i,LT

b
j,RT

c
k,R − T

a
i,RT

b
j,LT

c
k,L)

∫ [
d2Ωr

]
Kijk;qrθin(nq)

−
∑

(ij)

T
a
i,LT

a
j,R

{
W q

ij

[
4β0 ln(2W

q
ij) + γcusp

1

]
− 2

∫ [
d2Ωr

]
Kij;qr

}
θin(nq)

+ 8iπ
∑

i

∑

(jk)

ifabc
(
T

a
i,LT

b
j,RT

c
k,R + T

a
i,RT

b
j,LT

c
k,L

)
W q

ij lnW
q
jk θin(nq) , (2.107)

vm =
∑

(ijk)

ifabc
(
T

a
i,LT

b
j,LT

c
k,L − T

a
i,RT

b
j,RT

c
k,R

) ∫ [
d2Ωq

] ∫ [
d2Ωr

]
Kijk;qr

+
∑

(ij)

1

2

(
T

a
i,LT

a
j,L + T

a
i,RT

a
j,R

) ∫ [
d2Ωq

]
W q

ij

[
4β0 ln(2W

q
ij) + γcusp

1

]

− iπ
∑

(ij)

1

2

(
T

a
i,LT

a
j,L − T

a
i,RT

a
j,R

)
Πij γ

cusp
1 . (2.108)

Similar to the one-loop result, each time a real emission is involved, the particle conőguration
changes. The two-loop anomalous dimension represents the key element to achieve full NLL accu-
racy. We have written the different parts of the two-loop anomalous dimension in such a way that
the collinear singularities manifestly cancel so that we can evaluate the angular integrals in d = 4.
By expressing the anomalous dimension in the conventional MS-scheme we also need to take into
account additional contributions due to ϵ-terms in the angular integrals of the iterated one-loop
corrections. Finally, the anomalous dimension in the MS scheme is given by

Γ̄
(2) ⊗2 1 = Γ

(2) ⊗2 1− 2β0 Γ
(1) ⊗ϵ 1−

(
Γ
(1) ⊗2 Γ

(1) ⊗ϵ 1− Γ
(1) ⊗ϵ Γ

(1) ⊗2 1

)
. (2.109)

In general, the solution of the RG equations is very complicated. This is not surprising since one can
show that in the large-Nc approximation, the RG equations at LL are in one-to-one correspondence
with the non-linear BMS equation [84]. It is quite remarkable that linear RG equations can capture
this very intricate pattern, in particular, even at subleading accuracy. We have written the solution
of (2.104) as an expansion

Hm(t) = H2(t0)U2m(t0, t) +H2(t0)∆U2m(t0, t) + · · · , (2.110)

where the őrst term U2m represents the LL evolution and the second ∆U2m captures corrections to
the running. Combining one insertion of the two-loop anomalous dimension with matching correc-
tions guarantees NLL accuracy. MC methods are a natural way to implement (2.110) and obtain a
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resummed prediction since, analytically, it is not possible to solve (2.110). In the next chapter, we
will present our parton shower framework speciőcally designed to solve the RG equations (2.104)
according to (2.110).



Chapter 3

Implementation in Marzili

In the previous chapter, we have shown how jet cross sections factorize in e+e− collisions involving a
veto on radiation outside of the jet cones. Following (2.11), the hard radiation, which is constrained
inside the jet cones, and the soft radiation, which is essentially unconstrained as indicated in Figure
2.3, are separated and can be calculated independently. We also argued that an intricate pattern
of NGLs arises in such cases. These logarithms cannot be resummed by analytical methods, but
Dasgupta and Salam showed in their original paper that the leading NGLs can be captured by
using an angular dipole shower [82]. Parton showers are typically constructed using a Markovian
algorithm, which probabilistically transforms an n-parton state into an n + 1-parton state. By
iterating this procedure from an initial conőguration, one obtains events with multiple partons.
This is how the shower reproduces emissions across disparate scales and eventually resums large
logarithms. Traditionally, this approach is based on factorization properties of QCD amplitudes.
On the other hand, in our effective őeld theory approach, we need to solve RG equations for the
hard functions

µ
d

dµ
Hm(Q,µ) = −

m∑

l=m0

Hl(Q,µ)Γlm(Q,µ) , (3.1)

where m0 is the number of partons present in the Born process. By solving (3.1), we evolve the
hard functions from an initial hard scale µh, where they are free of large logarithms, down to the
soft scale µs which corresponds to the natural scale of the soft functions, i.e. the scale where the
soft functions are free from large logarithmic contributions. Since the anomalous dimension Γ is a
matrix in the inőnite space of particle multiplicities, hard functions Hl mix under renormalization.
As a result, solving (3.1) is complicated, but in the previous chapter we have written the NLL
solution (2.110) to the RG equations in a way that is suitable for numerical implementation. In
this chapter, we will show that (3.1) can be transformed into recursive equations, which can be
solved iteratively by applying parton-shower MC methods. At LL accuracy in the large-Nc limit,
our approach is equivalent to the one of Dasgupta and Salam. Since our approach is based on
effective őeld theory techniques, one of the main advantages is that the ingredients needed to
systematically improve the logarithmic accuracy are clear. While matching corrections have been
implemented in [107], in order to resum the full set of NLL corrections, one insertion of Γ

(2) is
necessary. In this chapter, we introduce Marzili (Monte-cArlo for the RenormaliZation group
Improved calculation of non-global LogarIthms), which is a parton shower framework extending
ngl-resum [108] beyond LL accuracy.

This chapter is organized as follows, in Section 3.1 we present a pedagogical example of a
toy-model RG equation to illustrate the numerical methods. In 3.2, we will explicitly show the

36
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relationship between RG evolution and parton shower MC and then present the LL implementation
within Marzili in Section 3.2.2. Section 3.3 is dedicated to the contributions arising at NLL
accuracy. In particular, Section 3.3.3 is concerned with the implementation of Γ(2) in Marzili.
To validate the results obtained using our parton shower framework, we compare our results to
Gnole and PanScales in Section 3.4.

3.1 Toy-model RG equation

To explain the numerical methods we use to solve the RG equations in (3.1), we őrst study a toy
model as a pedagogical introduction. We will consider the following őrst-order ordinary differential
equation for a function H(t)

d

dt
H(t) = −

(
Γ
(1)
toy +∆Γ

(2)
toy(t)

)
H(t) , (3.2)

where the constant Γ
(1)
toy is the leading contribution to a őctitious anomalous dimension and

∆Γ
(2)
toy(t) = αt is the subleading contribution, respectively. We will assume that α is a small

parameter to expand our solution perturbatively in α. By separating the variables, we can directly
integrate (3.2) and obtain the analytical solution

H(t) = H(0)e−tΓ
(1)
toy− 1

2αt
2

= H(0) e−tΓ
(1)
toy

[
1− 1

2αt
2 +O(α2)

]
, (3.3)

where we used the speciőc form of ∆Γ
(2)
toy and expanded the solution in α. We will now solve (3.2)

order-by-order numerically. While it is easily possible to solve (3.2) numerically using methods
such as Runge-Kutta [197, 198], we will adopt a MC approach that can be generalized to solve
(3.1). The leading contribution to the solution in (3.3) is given by

ĤLL(t) ≡ Γ
(1)
toy ·HLL(t) = H(0)Γ

(1)
toy e

−tΓ
(1)
toy , (3.4)

where we multiplied by Γ
(1)
toy for convenience. We interpret

∫ t

0
dt′ Γ

(1)
toy e

−t′Γ
(1)
toy = e−tΓ

(1)
toy as a

probability. In other words, we can obtain the numerical solution for ĤLL(t) by repeatedly drawing
random numbers z ∈ [0, 1] and inserting the corresponding weight w = 1 into a t-histogram

e−tΓ
(1)
toy = z ⇔ t = − 1

Γ
(1)
toy

ln(z) . (3.5)

A pseudo-code is provided in Listing 3.1. We show numerical results in Figure 3.1. We can see that
the numerical and analytical results are in good agreement. To include corrections due to ∆Γ

(2)
toy,

we use a simpliőcation from (2.102). Since we assume that α is small, the subleading correction
can be obtained by exactly inserting ∆Γ

(2)
toy once

ĤNLL(t) ≡ Γ
(1)
toy ·HNLL(t) = H(0)

∫ t

0

dt′
[
Γ
(1)
toy e

−t′Γ
(1)
toy

]
·
∆Γ

(2)
toy(t

′)

Γ
(1)
toy

·
[
Γ
(1)
toy e

−(t−t′)Γ
(1)
toy

]
. (3.6)

The interpretation of (3.6) is straightforward. We őrst carry out a LL evolution, as indicated by
the őrst term inside the brackets, then we evaluate the correction before we restart a LL evolution
according to the second bracket. We provide pseudo-code in Listing 3.2. The results for the
subleading correction are shown in Figure 3.2. We see a good agreement between the numerical
and analytical results.

It is also possible to recover numerically the full result of (3.2) by inserting ∆Γ
(2)
toy multiple times.

In practice, we repeat the combination of a LL step with a subsequent evaluation of
∆Γ

(2)
toy(ttot)

Γ
(1)
toy

until
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the total time ttot reaches t. In this way, we recover the full result. The result for the exponentiated
result is given in Figure 3.3.

Even though this toy model is much simpler than an actual shower, it offers valuable insights
and illustrates the insertion of the subleading correction between two LL evolutions. While the
LL evolution is trivial for the toy model, notable complications arise in the next section because
we need to take into account additional particles that are generated during the shower evolution,
which may act as emitters. As a result, the shower not only needs to integrate over t, but also over
the directions of every additional emission. In addition, the angular functions present in the two-
loop anomalous dimension are very delicate to sample because of their singular behavior around
collinear limits. Therefore, the insertion is particularly challenging.

1 //start evolution from a certain time t0

2 t_tot = t0;

3

4 // generate time step according to probability distribution

5 delta_t = time(rand(1));

6

7 // update time

8 t_tot += delta_t;

9

10 // insert weight into a histogram at t_tot

11 w = 1.0;

12 hist.insrt(t_tot ,w);

Listing 3.1: Pseudo code for the leading-order solution to the toy-model. By iterating many times
and averaging over the histograms, we obtain the numerical solution.

1 //set up the shower

2 t_tot = t0;

3 w = 1.0;

4

5 //make first LL step; thereby generating first time step ∆t1

6 ll(t_tot ,w);

7

8 // evaluate the insertion weight at t_ins = t_tot + ∆t1

9 weight_nll = deltagamma2(t_ins) / gamma1

10

11 //make second LL step; here we insert the nll weight

12 ll(t_ins ,weight_nll);

Listing 3.2: Pseudo code for the pure NLO correction to the toy-model. By iterating many times
and averaging over the histograms, we obtain numerical solutions. More precisely, the histogram
őlled by ll(t_tot,w) yields ĤLL while the histogram obtained from ll(t_ins,weight_nll) is
the NLO contribution ĤNLL.
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Figure 3.1: Numerical result for ĤLL(t).
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Figure 3.2: Numerical result for ĤNLL(t).
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Figure 3.3: Numerical result for Γ(1)
toy ·H(t). We őnd for this particular example that the subleading

corrections are, in general, small in comparison to the leading contribution, see purple dashed line.
As a result, the exponentiated result is almost indistinguishable from ĤLL + ĤNLL.
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3.2 Reformulation of RG evolution as a parton shower

In this section, we will investigate the relationship between the RG equations for the hard functions
Hm and parton shower algorithms. Eventually, we will see that these a priori totally different
concepts are very much intertwined since the solution to the RG equation can be formulated as a
parton shower algorithm [106].

We will őrst focus on the RG equations at LL accuracy since we explained in Section 2.6 that
subleading corrections to the running, which are driven by Γ

(2), can be taken into account as a
perturbation. The virtual entries Vm sit on the diagonal of Γ(1), while the real contributions Rm

are located just above the diagonal elements, as shown in (2.57). Taking into account this speciőc
form, the RG equations (3.1) simplify to

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1 , (3.7)

where we changed variables from µ into t-space, see below (2.97). The homogeneous part of this
differential equation is given by an exponential. The full solution is obtained using variation of the
constants as

Hm(t) = Hm(t0) e
(t−t0)Vm +

∫ t

t0

dt′ Hm−1(t
′)Rm−1 e

(t−t′)Vm . (3.8)

The interpretation of this result is straightforward. We evolve from a starting time t0 to a (later)
time t either without any emission, which corresponds to the őrst term in (3.8), or by starting
from an m − 1 particle conőguration and applying Rm at time t′ which generates an additional
emission. This is typically how parton shower algorithms are presented. We point out that the
factor e(t−t′)Vm is usually referred to as the Sudakov factor in parton shower jargon. However, in
our case the term is not fully appropriate since our problem is single logarithmic. The connection
to parton showers becomes even more apparent when writing the solution to the RG equations
iteratively. Starting at the high scale µh which corresponds to t = t0, only the hard function Hm0

is present, since all hard functions Hl with l > m0 are supressed by αl−m0
s . The hard function

Hm0
(t0) is free of large logarithms for this scale choice. By using (3.8) iteratively, we generate an

entire tower of hard functions at higher multiplicities, here for t0 = 0

Hk(t) = Hk(0) e
tVk ,

Hk+1(t) =

∫ t

0

dt′ Hk(t
′)Rk e

(t−t′)Vk+1 , (3.9)

Hk+2(t) =

∫ t

0

dt′ Hk+1(t
′)Rk+1 e

(t−t′)Vk+2 ,

Hk+3(t) = . . . .

This shower of successive emissions transforms the entire system from k particles at the hard scale
µh to a multi-parton state m at the low scale µs. This is precisely how the LL evolution Ukm takes
place. To get the resummed cross section, we evolve to the appropriate value of t. In practice,
this is determined by the shower time associated with the scales µh and µs. The LL result for the
cross section is

σLL(Q,Q0) =

∞∑

m=k

〈
Hm(t) ⊗̂1

〉

=
〈
Hk(t) +

∫
dΩ1

4π
Hk+1(t) +

∫
dΩ1

4π

∫
dΩ2

4π
Hk+2(t) + . . .

〉
, (3.10)
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where we have taken into account that the leading-order soft function is trivial Sm = 1. The
angular integrals over the directions of the additional emissions, which are generated while show-
ering, have been written out explicitly in (3.10). To obtain a resummed cross section, we need
to integrate both over the angles of the emissions as well as over all possible times. Since it is
challenging to perform the angular integrations for an increasing number of emissions, we resort to
numerical MC methods. There is a second challenge in that directly implementing equations (3.9)
is currently out of reach because the hard functions and the anomalous dimension are matrices in
the color space of the involved partons. This space grows very rapidly with an increasing number
of emissions, therefore performing the color trace is complicated. While there is progress to include
subleading color effects in parton showers [88, 113, 199ś207], numerical methods are numerically
very demanding. In this work, we will use the large-Nc limit. At large Nc, the amplitude corre-
sponds to a set of color dipoles. Effectively, in this construction the emissions only arise between
neighboring legs and we use the simple rule

Ti · Tj → −Nc

2
δi,j±1 1 , (3.11)

to replace the scalar product of color generators. Inserting (3.11) into the one-loop anomalous
dimension, we obtain

Rm = + 4Nc
nij

niqnjq
θin(nq) ≡ 4NcW

q
ij θin(nq) , (3.12)

Vm = − 4Nc

∫
dΩq

4π
W q

ij ≡ −4Nc

∫
[d2Ωq]W

q
ij , (3.13)

in the large-Nc limit. For each loop or additional real emission we add a factor of Nc. When the
real emission operator Rm acts on the amplitude, e.g. by acting on the legs i and j, and increases
the number of legs, the corresponding dipole (ij) is split into two new ones. It is evident that
individually both Rm and Vm suffer from collinear divergences. Even though these singularities
cancel in physical observables, they need to be regularized separately in our shower since according
to (3.8) we exponentiate the virtual corrections. Perhaps the most natural way to regularize the
collinear singularity is by imposing a cutoff in the laboratory (LAB) frame through

W q
ij → W q

ij θ(nq · ni − λ2) θ(nq · nj − λ2) , (3.14)

both in Vm and Rm. However, as we will see in the next section, it turns out to be numerically
more advantageous to impose a cutoff on the rapidity ŷ in the center-of-mass (COM) frame of the
dipole (ij).

In this section, we have shown that the solution of the RG equations (3.1) is a parton shower
algorithm, which is quite fascinating given the fact that we started our analysis from a completely
different perspective. Even though this is not a general-purpose shower, we are guaranteed to
obtain the correct pattern of (non-global) logarithms for a speciőc class of observables since we
numerically solve RG equations which has been obtained from a factorization theorem. We would
like to emphasize that our non-global shower (3.9) differs in some important aspects from standard
Monte-Carlo showers. For instance, unlike general-purpose showers, we do not conserve momentum
because we assume the radiation to be soft so that we systematically expand away small momenta.
In addition, since the evolution naturally generates logarithms of the energy, it is only necessary
to generate new directions for real emissions. In the next section, we will carefully outline the LL
implementation of our MC procedure in Marzili. We will follow closely [106,108].
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3.2.1 Details of the LL implementation in Marzili

Starting from the iterative solution (3.9) of the RG equations, we will carefully derive a MC
algorithm in this section. However, before doing so, we need to specify the collinear cutoff we are
using to regulate Vm and Rm. The angular integrals I(λ, ni, nj) involving a cutoff take the form

I(λ, ni, nj) =

∫ [
d2Ωq

] ni · nj

ni · nq nq · nj
Θcutoff(ni, nj , nq, λ) , (3.15)

where we specify the collinear cutoff λ2 = 1 − tanh(ηc) in terms of a rapidity ηc. The function
Θcutoff(ni, nj , nq, λ) dictates the form of the cutoff, e.g. to put small cones around the particles i, j
in the LAB frame we would use Θcutoff(ni, nj , nq, λ) = θ(nq · ni − λ2) θ(nq · nj − λ2). To compute
(3.15) it makes sense to transform into the COM of the (ij)-dipole since the integrand becomes
constant

I(λ,M) =

∫ 2π

0

dϕ̂q

2π

∫ ∞

−∞
dŷq Θcutoff(ŷq, λ) , (3.16)

where M2 = 2ni · nj is the invariant mass of the dipole system (ij), β =
√

1−M2/4 and the
cutoff in the COM frame Θcutoff(ŷq, λ). The new integration variables are the azimuthal angle ϕ̂q

and the rapidity ŷq of the emission nq in the COM frame. We impose a cutoff only on the rapidity
ŷq so that the angular integral becomes

I(λ,M) =

∫ 2π

0

dϕ̂q

2π

∫ ∞

−∞
dŷq θ

[
M2(1− tanh ŷq)

4(1− β sech ŷq)
− λ2

]

=

∫ 2π

0

dϕ̂q

2π

∫ ymax

−ymax

dŷq = 2ymax , (3.17)

where ymax = ln
(
β +

√
α+ β2

)
with α = (M2 − 2λ2)/(2λ2). For a back-to-back conőguration

M2 = 4 and the maximum simpliőes to ymax = ηc. We point out that the choice of the collinear
cutoff is not unique. The cutoff introduced in (3.17) is the one used by Dasgupta and Salam in [82]
and turns out to be numerically efficient.

A fundamental ingredient of our shower is a list of m vectors {n} = {n1, ni1 , . . . , nim−2
, n2}

describing an event E at time t with weight w. This list of vectors deőnes color dipoles with which
we associate a virtual correction

VE = V1i1 + Vi1i2 + · · ·+ Vim−22 , (3.18)

where we use

Vij =

∫ [
d2Ωl

]
Rl

ij = 4Nc

∫ [
d2Ωl

]
W l

ij Θcutoff(ŷl, λ) , (3.19)

with (3.17) to evaluate Vij . We note in passing that while Vm is negative, the quantity Vij is
strictly positive. The time steps in our LL shower are computed according to the distribution

PE(∆t) = VE e−VE∆t , (3.20)

after which an additional parton is generated and added to the event. We will use a shorthand
notation Pn to denote a probability distribution corresponding to an event E with n partons.

To present the MC algorithm, we will work with the concrete example process of the interjet
energy ŕow in e+e−. In this case, the leading-order hard function H2(t0) involves two back-to-back
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partons along the directions n1 = (1, 0, 0, 1) and n2 = (1, 0, 0,−1). Therefore, we set k = 2 in (3.9)
so that the resummed cross section takes the form

σ̂LL(t0, t) = Ĥ2(t) +

∫ [
d2Ω3

]
Ĥ3(t, n3) +

∫ [
d2Ω3

] ∫ [
d2Ω4

]
Ĥ4(t, n3, n4) + · · · , (3.21)

where we have changed the normalization for the cross section σ̂LL(t0, t) = V12

σ0
σLL(Q,Q0) and

analogously for the hard functions Hm, as indicated with the hat. The őrst term Ĥm is a purely
virtual contribution since no additional particle is created during the evolution from t0 = 0 to
t. By changing the normalization, i.e. multiplying with V12, we re-interpret the hard function in
terms of a probability density

Ĥ2(t) = P2(t) = V12 e
−t V12 , (3.22)

because the integral
∫∞
0

dt Ĥ2(t) = 1. According to (3.22), Ĥ2(t) is the probability that no emission
is produced during the evolution. The second term Ĥ3(t) in (3.21) involves exactly one emission.
More precisely, Ĥ3(t) corresponds to the situation where the initial two-particle conőguration
evolves until t′, at which time a new particle is created along the direction n3. After this emission,
the three-particle system evolves further to t, without any additional emissions. Concretely, we
obtain

Ĥ3(t) =

∫ t

0

dt′ Ĥ2(t
′)R3

12 e
−(t−t′)V3 ,

=

∫ t

0

dt′ P2(∆t)
R3

12

V2

V2

V3
P3(∆t′) , (3.23)

where the virtual part involving the new emission is V3 = V13 + V32 according to (3.18), ∆t = t′

and ∆t′ = t − t′. To get from the őrst line to (3.23) we introduced some factors to retrieve an

emission probability P3. We call the factor R3
12

V2

V2

V3
the weight of the emission. In practice, we

insert this weight into a t-histogram and continue the evolution according to P3. The next term
in the evolution is Ĥ4(t). Previously, there was only one dipole capable of emitting a new particle.
However, with three particles present, there are now two dipoles that can emit, resulting in the
hard function Ĥ4(t) having two components

Ĥ4(t) = Ĥ(1)
4 (t) + Ĥ(2)

4 (t) . (3.24)

The őrst term Ĥ(1)
4 (t) in (3.24) arises due to an emission from the dipole formed by n1 and n3,

while Ĥ(2)
4 (t) corresponds to inserting a new parton between n3 and n2. In fact, starting from

Ĥ4(t), every hard function is a sum consisting of all the possible dipoles that could generate an
emission. To rearrange (3.24) in a similar way as (3.23), we insert some factors and rearrange them
accordingly

Ĥ4(t) =

∫ t

0

dt′′ Ĥ3(t
′′)

[
R4

13

V13

V13

V3

V3

V
(1)
4

P(1)
4 (∆t′′) +

R4
32

V32

V32

V3

V3

V
(2)
4

P(2)
4 (∆t′′)

]
, (3.25)

where V
(1)
4 = V14 + V43 + V32, V

(2)
4 = V13 + V34 + V42 and ∆t′′ = t − t′′. In comparison to

(3.23) additional factors V13

V3
and V32

V3
emerge. A smart way of implementing (3.25) is to use the

probabilistic nature of the factors present in the integrand. To be speciőc, we consider the őrst
term

Ĥ(1)
4 (t) =

∫ t

0

dt′′ Ĥ3(t
′′)

V13

V3

R4
13

V13

V3

V
(1)
4

P(1)
4 (∆t′′) . (3.26)
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Note that both V13

V3
< 1 and V3

V
(1)
4

< 1 using the collinear cutoff in the COM frame. This means

that in order to evaluate this integral we can interpret V13

V3
as the probability of choosing the dipole

formed by n1 and n3. Once we have chosen the dipole, we generate an additional emission along
the direction n4 to which we associate the weight w =

R4
13

V13
. To implement the factor V3

V
(1)
4

we throw

a random number z and throw the event away with if z > V3

V
(1)
4

. As we argued at the beginning of

this section, it makes sense to generate the new emission in the back-to-back frame of the dipole.
Since the shower will be integrating over all possible directions of the emission, this means that we
will integrate R4

13

∫ [
d2Ω4

]
R4

13 Θcutoff(ŷ4, λ) (3.27)

with the collinear cutoff which is exactly the same as for the virtual term V13. Changing variables
according to (3.17), the weight w becomes constant and we obtain unweighted events, which is a
great advantage from a numerical point of view. Moving to higher multiplicities, i.e. Ĥ5(t), Ĥ6(t)

etc., no further complications arise and the algorithm outlined above can be used. A pictorial
representation of our shower can be found in Figure 3.4. Once the shower terminates, which is
indicated by the őnal soft emission entering the veto region, we restart another shower with the
same initial partons described by leading-order hard function H2(t0). By repeating this procedure
numerous times and averaging over the outcome, we obtain a numerical result for the resummed
cross section (3.21).

As explained at the beginning of this section, once a dipole (ij) has been chosen according to
a certain probability, it is very convenient to evaluate (3.15) in the COM frame of the dipole. To
construct the boost for the massless particles, we rely on the Lorentz transformation [208]

Λµ
ν (n, ñ) = δµν − 2

∆2
∆µ∆ν , (3.28)

with ∆µ = nµ − ñµ being the difference of two light-like vectors nµ and ñµ. The Lorentz
transformation (3.28) is a rotation2 together with an inversion #—n → − #—n . One easily veriőes
that Λµ

ν (n, ñ)n
ν = ñµ, so the transformation maps nµ → ñµ. Furthermore, we point out that

Λµ
ρΛ

ρ
ν = δµν and det(Λ) = −1. In order to construct the boost of two arbitrary light-like vectors

along ni and nj into a frame in which these momenta are back-to-back along the z-axis, we will
apply Λµ

ν three times. Starting from ni and nj in the lab frame (see Figure 3.5, top), we őrst rotate
the dipole such that its total three momentum ni + nj points solely along the y-direction (Figure
3.5 bottom). Then, we rotate the dipole around y so that it aligns back-to-back with the z-axis
(Figure 3.6, top), and őnally, we boost along into the center-of-mass frame (Figure 3.6, bottom).
We will outline the construction in more detail in the following. The őrst and second steps are
both carried out using a rotation according to (3.28). To get to

n′
i =

(
1, 0, β, M

2

)
, (3.29)

n′
j =

(
1, 0, β,−M

2

)
, (3.30)

with M = 2ni · nj and β =
√
1−M2/4, we őrst rotate the sum of the directions of the dipole

ni + nj onto the y-axis using

r1 = Λ
(
ni + nj , n

′
i + n′

j

)
. (3.31)

2Only if n0 = ñ0
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Figure 3.4: Pictorial representation of the LL shower. Black lines represent the initial hard partons
in H2(t0). Blue lines denote hard emissions inside the jets generated by the shower evolution. The
red line depicts a soft emission into the veto region, which terminates the shower.

The next step is to apply a rotation around the y-axis such that the x-component vanishes and we
obtain alignment with the z-axis. This is achieved using

r2 = Λ(r1 · ni, n
′
i) . (3.32)

Applying succcesively the rotation matrices r1 and r2 we obtain n′
i = r2 · r1 · ni, respectively

n′
j = r2 · r1 · nj . Finally, we apply a boost along the y-axis to transform n′

i, n
′
j into the center-of-

mass frame,

n̂i =
M
2 (1, 0, 0, 1) = b · n′

i , (3.33)

n̂j =
M
2 (1, 0, 0,−1) = b · n′

j , (3.34)

again using (3.28) to construct the speciőc boost b = Λ(n′
i + n′

j , n̂i + n̂j). In conclusion, we can
write the transformation L from the lab frame into a frame where n̂i and n̂j are back-to-back and
aligned along the z-axis as the product

L = b · r2 · r1 , (3.35)

for massless particles. In practice, we directly generate the new emission n̂q in the back-to-back
frame of the emitting dipole and then transform the emission back into the lab frame, i.e. nq =

L−1 · n̂q with L−1 = r1 · r2 · b.
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Figure 3.5: Upper őgure: Dipole in the lab frame. In blue we denote the directions along ni and
nj while in red we show the direction of ni + nj . Lower őgure: Applying the őrst rotation r1, the
red arrow is aligned with the y-axis.
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Figure 3.6: Upper őgure: After rotation r2 the dipole is aligned with the z-axis. Lower őgure:
Back-to-back conőguration of the dipole after applying the boost b.
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3.2.2 Qualitative discussion of NGLs

In this section, we analyze the numerical impact of NGLs at LL accuracy. To do so, we use the LL
implementation in Marzili, which is largely based on [106,108]. The observable we will investigate
is the canonical example where NGLs arise, namely the interjet energy ŕow in e+e− annihilation
into two jets.

To understand the phenomenological implications of secondary emissions into the veto region
that give rise to the NGLs, it is interesting to compare the results with the full non-global structure
versus primary emissions. In this context, primary emissions are soft gluons arising entirely from
the two initial Wilson lines which we associate with the two original hard particles. An illustration
of these primary emissions is given in Figure 2.2. We show results for this comparison in Figure
3.7. We immediately notice two things. First, taking t = 0.05 as a reference value, neglecting non-
global effects overestimates the cross section σ(t) by roughly 30%. At higher t-values this becomes
even more dramatic. Second, while the green histogram is a straight line (on a logarithmic scale),
the blue clearly is not. As a consequence, we conclude that NGLs do not exponentiate.

The contribution from primary emissions as shown in green in Figure 3.7 can be calculated
analytically. At őrst order in αs, the global contribution is due to an incomplete cancellation
between real and virtual corrections

σ
(1)
GL = −8CF

αs

4π

∫ Q

Q0

dµ

µ

∫ ∆Y
2

−∆Y
2

dy

∫
dϕ

2π
= −8CF ∆Y t , (3.36)

where t = αs

4π ln Q
Q0

+ O
(
α2
)

includes running coupling effects. To promote (3.36) to all orders is

straightforward since we only need to exponentiate σ
(1)
GL

σLL
GL

σ0
= exp

(
− 8CF ∆Y t

)
. (3.37)

From our effective őeld theory point of view, these global logarithms arise directly from S2, while
the NGLs emerge from complicated multi-Wilson line operators. To obtain the global logarithms,
we prevent any additional emission from acting itself as an emitter, which means that we decouple
the one-loop anomalous dimension Γ

(1) matrix and conőgurations with higher particle multiplicities
never occur. In Figure 3.8 we show the analytical result in red. The leading global logarithm in
(3.36) can be read off from the NLO cross section σNLO in (2.47) or (2.48).

We can also calculate analytically the leading non-global logarithm for the same observable.
This contribution is a two-loop correction and takes the form

σLL
NGL

σ0
= 4CFCA

[
−2π2

3
+ 4Li2

(
e−2∆y

)]
t2. (3.38)

We obtain this contribution directly from (2.51) that arises from a hard gluon emission inside one of
the cone jets, which subsequently emits a soft gluon inside the gap. We have added this contribution
to the global result, see cyan curve in Figure 3.8. We see that including this correction decreases
the global prediction such that around t ≈ 0.02 the cyan curve is closer to the all-order result.
However, beyond t ≈ 0.02 the őxed-order result breaks down and it is necessary to include higher-
order terms. As already emphasized previously in this section, since NGLs do not exponentiate,
we cannot naively exponentiate (3.38) to obtain the all-order result.

Let us brieŕy summarize the discussion in this section. We have implemented the one-loop
anomalous dimension in Marzili to resum the leading NGLs. To make a numerical implementation
feasible, we expanded the anomalous dimension in the large-Nc limit. The results we obtain are
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Figure 3.7: Gap fraction for two different patterns of radiation. The blue histogram represents
the full result, including the NGLs in the large-Nc limit, while the green histogram only takes into
account primary emissions. We also refer to these primary emissions as global, hence the notation
σLL
GL. The lower panel shows the relative comparison between the full result and primary emissions.

compatible with the predictions from the dipole shower by Dasgupta and Salam [82]. Using our
shower, we have carried out a qualitative analysis for the interjet energy ŕow to quantify the
impact of NGLs. We őnd that neglecting NGLs overestimates the cross section signiőcantly. When
converting the from the t-space to the energy Q0, we will see in Chapter 4 that the LL results suffer
from large uncertainties from the scale variation. To improve our predictions, we need to extend
our resummation to NLL accuracy. We have presented the analytical ingredients, more precisely
matching correction in Sections 2.3, 2.4 and, most importantly, the two-loop anomalous dimension
in Section 2.6.2. In the next sections, we will carefully explain how each ingredient is implemented
in our framework and then present phenomenological results.
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Figure 3.8: Comparison between analytical and numerical results for the gap fraction. In red we
show the global contribution obtained by exponentiating the őxed-order result. In cyan we add
the leading non-global contribution. The lower panel shows results relative to the full LL.
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3.3 NLL contributions in Marzili

To extend previous results to NLL, we need to implement one-loop matching corrections and
include the two-loop anomalous dimension in the shower evolution. The perturbative expansion
of the matching corrections was introduced in (2.13)ś(2.15). Using this notation we can write the
resummed cross section at NLL accuracy

σNLL(Q,Q0)

σ0
=

∞∑

m=2

〈
H

(0)
2 ({n1, n2}, Q, µh) ⊗ U2m({n}, µs, µh) ⊗̂1

〉

+
αs(µh)

4π

∞∑

m=2

〈
H

(1)
2 ({n1, n2}, Q, µh) ⊗ U2m({n}, µs, µh) ⊗̂1

〉

+
αs(µh)

4π

∞∑

m=3

〈
H

(1)
3 ({n1, n2, n3}, Q, µh) ⊗ U3m({n}, µs, µh) ⊗̂1

〉

+
αs(µs)

4π

∞∑

m=2

〈
H

(0)
2 ({n1, n2}, Q, µh) ⊗ U2m({n}, µs, µh) ⊗̂S

(1)
m ({n}, Q0, µs)

〉

+

∞∑

m=2

〈
H

(0)
2 ({n1, n2}, Q, µh) ⊗ ∆U2m({n}, µs, µh) ⊗̂1

〉
,

(3.39)

where we used that the leading-order soft function is given by the unity 1 in color space. The
őrst line in (3.39) is the LL result discussed thoroughly in Section 3.2.2. The second and third
lines represent hard corrections, which are discussed in Section 3.3.1, while the fourth line denotes
one-loop correction to the soft function, see Section 3.3.2. Finally, the last line represents the
insertion of the two-loop anomalous dimension, which is the most difficult subleading contribution.
The implementation of the single insertion is discussed in Section 3.3.3.

3.3.1 Hard corrections

In this section, we discuss the implementation of the hard functions derived in Section 2.3 into the
parton shower framework Marzili. We will start the discussion with the real emission contribu-
tions. We can rewrite the angular integral involving H

(1)
3 as

〈
H

(1)
3 ({n}, Q, µh) ⊗ Ŝ3({n}, µh)

〉
=

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π

〈
H

(1)
3 (u, v, φ,Q, µh) Ŝ3(u, v, φ, µh)

〉
,

(3.40)

with Ŝ3(u, v, φ, µh) =
∑∞

m=3 U3m({n}, µs, µh) ⊗̂1, which is the LL evolution of a hard event with
three particles. We calculate (3.40) by using MC methods. This means that we randomly generate
u, v and φ, then use these quantities to build the vectors representing the directions of the quark
nq, the anti-quark nq̄ and the gluon ng and dress this event with a shower Ŝ3(u, v, φ, µh). In other
words, we run a LL shower Ŝ3(u, v, φ, µh) for the given particle conőguration. While this seems
straightforward, at least in principle, the situation is more complicated since the hard functions
H

(1)
3 are distribution valued and act on a quantity which we do not have analytically. In short,

this means that we cannot simply integrate point-by-point. One way to circumvent this problem
would be to evaluate Ŝ3(u, v, φ, µh) on a grid, create interpolation tables and then perform the
integration over u, v and φ numerically. Since Ŝ3(u, v, φ, µh) is a smooth function this approach
works reasonably well. We point out that in the limit v → 0, the quark and gluonic Wilson line
combine, reproducing the same radiation pattern as a single quark, which we write as

lim
v→0

Ŝ3(u, v, φ, µh) = Ŝ2(µh). (3.41)
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This relation is obvious from a color ŕow perspective. A disadvantage of using interpolation tables
is that once the phase-space constraints change, e.g. modifying the cone size or more generally
the veto region, the interpolation tables need to be recomputed which is not efficient. As a result,
it seems much more natural to calculate the convolution (3.40) directly within the MC code.
In [107], a slicing method was proposed to calculate the plus distributions numerically. We will
closely follow this approach, in contrast to [148], where a counter-term is constructed using the
projection-to-born subtraction method [209].

As seen in Section 2.3, the hard functions depend on δ functions and plus distributions of the
angles u, v. For the sake of simplicity, we will only consider the variable v to illustrate the slicing
method and disregard (for now) the dependence on both u and φ. Collecting terms proportional
to distributions in v we write the convolution in (3.40) as

H(1)
3 ⊗ Ŝ3 =

∫ 1

0

dv

[
Aδ(v) +B(v) +

1∑

i=0

Ci(v)

(
lni v

v

)

+

]
Ŝ3(v), (3.42)

where non-bold symbols for H and S indicate scalar quantities once the color trace has been
performed. These scalar quantities are the ones relevant for the numerical integration. The function
B(v) is regular in v, so we can directly evaluate it by randomly generating values for v ∈ [0, 1]

and then starting a shower for the given three-particle conőguration. Using the relation (3.41) we
can directly evaluate the term proportional to A. In practice, we multiply the LL result with the
constant A. In the slicing method, a minimum cutoff value, represented as v0, is introduced in the
integrals of the plus distributions acting on Ci(v) to prevent v from approaching zero. Therefore,
we can calculate the integral of the subtraction term

∫ 1

0

dv

v

[
Ŝ3(v)− Ŝ2

]
=

∫ 1

v0

dv

v
Ŝ3(v) + ln v0 Ŝ2 +O(v0), (3.43)

where all the remaining terms are őnite. Hence, we can use the same MC methods as for the
B(v) case to obtain the őrst term involving the collinear cutoff v0. The second term contains a
logarithm of the cutoff parameter multiplying the LL result so that we directly combine it with
the constant contribution A. Up to power corrections in v0 the cutoff dependence will cancel out
in (3.43). While this slicing method proves to be very useful, there is primarily one drawback.
To reduce power corrections, it is necessary to set the cutoff parameter v0 to small values which
leads to large cancellations between the two terms on the right-hand side of (3.43). Since the
cancellation is delicate, this might threaten the numerical stability of the MC integration. Because
of the cancellation, a slicing scheme needs to be implemented carefully. In practice, one lowers
the cutoff parameter v0 until the result no longer depends on the cutoff, but before numerical
instabilities arise. To apply this slicing method to the őnite parts of (2.33), (2.35), (2.38), we also
need to take into account the dependence on u, but this treatment is exactly the same as shown
above. When applying the slicing method to the plus distributions, we collect (counter-)terms
proportional to δ(u) δ(v) and directly combine them with the virtual corrections (2.40) and obtain
a őnite contribution H(1)

3,finite

H(1)
3,finite = −2 +

2π2

3
+ 12 ln 2− 12 ln v0 + 8 ln2 v0, (3.44)

which multiplies the LL result Ŝ2. Since the third region H(1)
3,III does not involve any singularities,



54 Chapter 3. Implementation in Marzili

no slicing is required. The full expressions for H3 in the slicing scheme are

H(1)
3,I (u, v, φ,Q, µh) =

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF

{[
8 lnu0 − 8 ln

µ

Q
+ 8 ln v ,

+ 4 ln
(
4 sin2 φ

) ]
δ(u)

θ(v − v0)

v
+ F (u, v)

θ(u− u0)θ(v − v0)

uv

}
Θin(u, v) ,

(3.45)

H(1)
3,II(u, v, φ,Q, µh) =

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF

{
G(u, v)

θ(v − v0)

v

}
Θin(u, v) , (3.46)

H(1)
3,III(u, v, φ,Q, µ) =

∫ 1

0

du

∫ 1

0

dv

∫ 2π

0

dφ

2π
CF H(u, v)Θin(u, v) . (3.47)

Listing 3.3 shows an example of how we implement these functions.

We would like to point out that (3.45) and (3.46) involve terms proportional to 1
v or 1

uv . Since
we do not use any importance sampling on the variables u, v, the integration suffers from singular
contributions as u, v ∼ u0, v0 which spoil the numerical integration. To guarantee reliable numerical
accuracy, we need to perform a change of variables in such a way that the integrand is as ŕat as
possible. In principle, the optimal variables would transform the integrand to be exactly one. In
our case it is not possible to transform analytically the integrand to be one, but we can substitute

t1 = ln v t2 = lnu , (3.48)

so that we eliminate the singular behavior of the denominators near the boundaries. In this way,
the integrand is more suitable for numerical integration and our result is more stable. In practice,
the cutoffs on u and v are given by

u0 = v0 = e−ηslice−1 , (3.49)

where we set ηslice = ηc as default. The cutoff ηc is the rapidity cut imposed in the parton shower
when additional emissions are generated. We őnd that using ηc = 5 yields accurate results and the
remaining dependence on the slicing parameter is small. However, to test the robustness of the
numerical integration we also run with ηc = 8, which is much more time-consuming. We remind
the reader that although the hard functions presented here involve the color factors at őnite Nc,
we eventually take the large-Nc limit to be consistent with the parton shower.
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1 // create array to store the result

2 let mut res: Vec<f64>;

3

4 //fix cutoffs for the slicing

5 //here we choose etacut the same as in the LL

6 let v0 = (-1. - etacut).exp();

7 let u0 = (-1. - etacut).exp();

8

9 //Monte Carlo

10 for _i in 0.. nev {

11

12 // generate three random numbers

13 let u,v,phi = rand(3);

14

15 //build vectors

16 let nq = [1, ... ];

17 let nqbar = [1, ... ];

18 let ngluon = [1, ... ];

19

20 //check thrust -axis and in-constraint

21 let a: bool; // either true or false

22

23 //if a is satisfied , we evaluate the integrand

24 if a == true {

25

26 // evaluate the purely hard contribution

27 let integrand = hard_func(u,v,phi);

28

29 //dress the event with a LL shower

30 let hardevents = [nq ,ngluon ,nqbar ];

31 hardevents.llshower ();

32

33 // assemble the result

34 res += integrand * hardevents.llres() / nev;

35

36 } else {

37

38 // discard event

39 continue

40

41 }

42 }

43

44 // return result

45 return res;

Listing 3.3: Pseudo code to shower hard real emission contributions.
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3.3.2 Soft corrections

The implementation of the one-loop contributions to the soft function is closely related to the LL
parton shower. Once we start a LL shower, it generates emissions between neighboring dipoles
(ni, nj) using the rapidity ŷ and azimuthal angle ϕ̂ of the emission in the back-to-back frame of
the emitting parents. The hat speciőes that a given quantity is in the back-to-back frame. The
shower runs, keeps emitting hard partons, until an emission enters the veto region at which point
the shower terminates. This means that the natural way to calculate

〈
H

(0)
2 ({n1, n2}, Q, µh) ⊗ U2m({n}, µs, µh) ⊗̂S

(1)
m ({n}, Q0, µs)

〉
(3.50)

is to start a shower, let it evolve as indicated by U2m and once an emission is vetoed, evaluate
S

(1)
m for the given m-particle conőguration. By repeating these steps, we obtain a MC result for

the one-loop corrections. In practice, we evaluate the one-loop soft function as a weight and őll a
histogram.

In the following we express S
(1)
m in a suitable way to be implemented, in close analogy to [107].

Since the one-loop soft function S
(1)
m introduced in (2.15) depends a priori on a sum of unordered

pairs of dipoles (ij),

αs(µs)

4π
S

(1)
m ({n}, Q0, ϵ) = − g2s µ̃

2ϵ

(2π)d−1

∑

(ij)

Ti,L · Tj,R

∫
dd−1k

2k0
ni · nj

ni · k nj · k
Θout(nk)θ

(
Q0 − k0

)
,

(3.51)

with µ̃2ϵ =
(

eγEµ2

(4π)

)ϵ
, we will take the large-Nc limit which is compatible with our shower. In this

limit, only neighboring legs contribute so that we replace

Ti,L · Tj,R → −Nc

2
δi,j±1 . (3.52)

We remind the reader that (3.52) is only true if the particles are already color-ordered. We
restrict the energy of the radiation inside the veto region by using θ(Q0 − k0) = θ(Q0 − v · k)
with v = (1, 0, 0, 0). To write (3.51) in a way that is suitable for the numerical implementation,
we evaluate the contribution from the (ij) dipole in a frame where the vectors ni and nj are
back-to-back. The explicit vectors are taken as

n̂µ
i =

M

2
(1, 0, 0, 1) , n̂µ

j =
M

2
(1, 0, 0,−1) , (3.53)

v̂µ =
2

M
(1, 0, β, 0) , k = k̂T (cosh ŷ, sin ϕ̂, cos ϕ̂, sinh ŷ), (3.54)

with M2 = 2ni · nj which is the invariant mass of the dipole pair and β =
√
1−M2/4. The

integration momentum k is parameterized in cylindrical coordinates in rapidity. Expressing the
integral in (3.51) in terms of these vectors and expanding the measure in d = 4− 2ϵ we obtain

∫
dd−1k

2k0
θ (Q0 − v̂ · k) = Ω1−2ϵ

2

∫ ∞

0

dk̂T k̂1−2ϵ
T

∫ ∞

−∞
dŷ

∫ π

0

dϕ̂
(
sin2 ϕ̂

)−ϵ

θ (Q0 − v̂ · k) , (3.55)

where Ωd represents the d-dimensional surface of the unit sphere. Inserting the dipole factor 2
k2
T

and introducing the auxiliary function fij(ŷ, ϕ̂)

k · v̂ = fij(ŷ, ϕ̂) k̂T =
2

M

(
cosh ŷ − β cos ϕ̂

)
k̂T , (3.56)
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we can integrate over kT and expand in ϵ. We obtain a soft divergence which we renormalize in
the MS scheme. The divergence is exactly the same as we already obtained in Section 2.4. The
reason we are using a different parametrization here, is because we are interested in the one-loop
contributions with m őnal states whereas in Section 2.4 we only considered the case with m = 2.
The őnite contribution of the one-loop soft function involves integrations over ŷ and ϕ̂, which
we perform numerically with the shower since it already generates additional emissions using the
variables ŷ and ϕ̂. The explicit expression is given by

S(1)
m ({n}, Q0, µs) = −4Nc

∫
dŷ

∫ 2π

0

dϕ̂

2π

[
ln

µs

Q0
+ ln fij(ϕ̂, ŷ)− 1

2 ln
(
4 sin2 ϕ̂

)]
Θlab

out(ŷ, ϕ̂) . (3.57)

We would like to point out a subtlety concerning the ln
(
4 sin2 ϕ̂

)
term present in (3.57), which is

a remainder of the d-dimensional measure. Naively, the azimuthal angle ϕ̂ is deőned in the back-
to-back frame of the (ni, nj) dipole such that as long as the veto region deőned through Θlab

out(ŷ, ϕ̂)

is symmetric in ϕ̂ we can directly use the randomly generated angle to calculate the associated
weight. However, once the veto region is asymmetric, it is necessary to use a consistent deőnition
of the azimuthal angle ϕq in both frames. To write the azimuthal angle of the additional emission
in a Lorentz invariant way, we introduce an additional light-like reference vector nx = (1, 1, 0, 0)

in the LAB frame. In terms of this vector ϕq ≡ ϕqx can be written as

cos2(ϕqx) =
(nixnjq + niqnjx − nijnqx)

2

4niqnjqnixnjx
, (3.58)

where the direction of the emission nq is taken in the LAB frame so that we attribute the correct
weight to the event.

This procedure to evaluate the soft corrections is general and also applicable to other processes.
Furthermore, this algorithm is efficient since we can directly obtain the soft contribution from
running a LL shower. Starting from the LL parton shower, the incorporation of the one-loop soft
function at the level of the cross section reads

∞∑

m=2

〈
Hm(µs) ⊗̂S

(1)
m

〉
=
〈
H2(µs)S

(1)
2 +

∫
dΩ1

4π
H3(µs)S

(1)
3 +

∫
dΩ1

4π

∫
dΩ2

4π
H4(µs)S

(1)
4 + . . .

〉
,

(3.59)

where Hm(µs) denotes the evolution of the hard function from the initial (hard) scale to the soft
scale. During the evolution, new particles are generated, thereby changing the multiplicity. At the
soft scale µs we evaluate S

(1)
m . In (3.57) a veto was imposed on the total energy of the emission,

however, another choice would be to use the transverse energy ET . In this case, we need to add
an additional term to (3.57)

1

2
ln

(
2n1qn2q

n12

)
, (3.60)

where n1 and n2 denote the initial dipole. The soft function is the only ingredient at NLL accuracy
sensitive to the deőnition of the veto energy Q0.



58 Chapter 3. Implementation in Marzili

3.3.3 Two-loop running corrections

In this section, we will present the implementation of the two-loop anomalous dimension Γ̄
(2) in the

dedicated framework Marzili. In Section 2.6.4 the result for the two-loop anomalous dimension
in the MS scheme was presented in two pieces Γ̄

(2) = Γ
(2) + δΓ(2). The extra piece

δΓ(2) = −2β0 Γ
(1) ⊗ϵ 1−

(
Γ
(1) ⊗2 Γ

(1) ⊗ϵ 1− Γ
(1) ⊗ϵ Γ

(1) ⊗2 1

)
, (3.61)

involves ϵ-terms in angular integrals, in other words contributions proportional to O(ϵ) in the d-
dimensional integral measure, as deőned in Table 3.1. Our őrst task will be to evaluate these terms
carefully to make their form explicit and combine them with Γ

(2) in the large-Nc limit. We őnd
that the combination of Γ̄(2) = Γ

(2) + δΓ(2) is manifestly Lorentz invariant3, while the individual
contributions Γ

(2) and δΓ(2) are not. Lorentz invariance is, in fact, crucial for implementing the
anomalous dimension in the shower framework in an efficient way since it allows us to choose an
arbitrary frame to generate the emissions. Secondly, we will precisely explain the insertion of Γ̄(2)

in our parton shower according to (2.102)

∆Ukl(t0, t) =

∫ t

t0

dt′ Ukk′(t0, t
′) · αs(t

′)

4π

(
Γ̄
(2)
k′l′ −

β1

β0
Γ
(1)
k′l′

)
·Ul′l, (t

′, t) , (3.62)

alongside with corrections to running of αs, i.e. the ones proportional to β1. Finally, we provide
details about the implementation, e.g. derive the precise insertion weight and explain the different
parametrizations we are using to sample the angular functions Kij;qr and Kijk;qr in Γ

(2) efficiently.

Calculation of ϵ-terms

Before evaluating the ϵ-terms in δΓ(2), we will show that the one-loop anomalous dimension is
indeed Lorentz invariant. The form presented in (2.105) involves pure angular integrals of the
form

∫ [
d2Ωq

]
W q

ij , (3.63)

which seems to violate Lorentz invariance because the measure is clearly frame-dependent. Naively,
one would think that additional terms arise when evaluating this integral in the back-to-back frame
of the (ij)-dipole.

To discuss the anomalous dimension in an arbitrary frame, it is useful to repeat the derivation
of the anomalous dimension in a frame that differs from the lab frame. As in [123], we extract the
anomalous dimension from the soft limit using a constraint on the energy Elab of the emissions in
the lab frame. To write this constraint in an arbitrary frame, we introduce a reference four-vector
vµ which is related to the energy Elab = v · q for an emission with four-momentum qµ. This
vector encodes the frame-dependence, i.e. by including it, we can safely evaluate the anomalous
dimension in any frame. We then recompute the soft integrals that arise in the derivation of the
anomalous dimension in an arbitrary frame by integrating out the energies in the new frame while
keeping the angular dependence. The dipole real emission soft integral at one loop now reads

Sij =

∫
dd−1q

(2π)d−12Eq

ni · nj

ni · q nj · q
θ(Λ− v · q)Θin(ñq) . (3.64)

In the derivation, loop integrals also arise, which are put into the same form as the real-emission
integrals using the residue theorem to carry out the energy integrals. In the lab frame vlab = (1,

#—

0 ),

3Up to the gap constraints.
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Convolution Symbol Associated angular integral(s) .

⊗
∫

[dΩi] = c̃ϵ (v · ni)
2ϵ

∫
dd−2Ωi

2(2π)d−3

⊗2

∫ [
d2Ωi

]
=

∫
d2Ωi

4π

⊗ϵ

∫
[dΩi] =

∫ [
d2Ωi

]
+ 2ϵ

∫
[dΩi]ϵ

⊗ = ⊗2 + 2ϵ⊗ϵ

Table 3.1: Angular convolution symbols and associated angular integrals for the individual partons
i = 1 . . .m. In the őnal result, the factors c̃ = eγE/π cancel against the ones in the energy integrals.
The factor v · ni = 1 in the lab frame. Table adapted from [123].

and the integral therefore puts a constraint on the energy in the lab frame. Up to the Θin(ñq)

constraint, the integrand is a Lorentz invariant function depending on Q0, the time-like reference
vector vµ, and the light-like reference vectors ni, nj . The jet constraint is formulated in terms of
angles in the lab frame vector ñq, and if we evaluate the integral in an arbitrary frame, we obtain
the lab frame vector as

ñq =
Λν

µqν

v · q , (3.65)

where Λν
µ is the Lorentz transformation to the lab frame. We now parameterize qµ = ω nµ

q , with
nµ
q = (1, #—n q) so that the quantity ω is the energy in the chosen frame. Performing the energy

integral now leads to

Sij =

∫
dω

(2π)2 ω1+2ϵ

∫
dd−2Ωq

2(2π)d−3
W q

ij θ(Q0 − ω v · nq)Θgap(ñq)

= −Q−2ϵ
0

2ϵ

∫
[dΩq]W

q
ijΘin(ñq) . (3.66)

For convenience, we have absorbed a factor of v · nq into the deőnition of the angular integrals so
that ∫

[dΩq]W
q
ij = c̃ϵ (v · ni)

2ϵ

∫
dd−2Ωi

2(2π)d−3
W q

ij (3.67)

is frame independent in d = 4− 2ϵ dimensions. One then expands the integral Sij in ϵ and obtains
the anomalous dimension from the coefficient of the 1/ϵ divergence. Including the color structure,
this yields the familiar result

Rm =− 4
∑

(ij)

T
a
i,LT

ã
j,R W q

ij θin(ñq) ,

Vm =2
∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫ [
d2Ωq

]
W q

ij

− iπ
∑

(ij)

1

2
[Ti,L · Tj,L − Ti,R · Tj,R] Πij γ

cusp
0 ,

(3.68)
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where the angular integrals are two-dimensional. In general, the integrals in (3.68) involve a
singularity in d = 2 when the emission q becomes collinear to either i or j. To regularize this
singularity, we impose a cutoff as explained in 3.2.1. Importantly, the result is independent of the
frame in which it was extracted. The angular integrals

∫ [
d2Ωq

]
W q

ij (3.69)

are therefore frame independent in d = 2. The invariance can be understood physically from the
fact that the anomalous dimension follows from the part of the integral Sij where the energy goes
to zero, which stays invariant under a boost.

Proceeding to Γ
(2), we have repeated the derivation of the two-loop anomalous dimension in an

arbitrary frame, using the constraint

θ(Λ− v · q − v · r) (3.70)

for the case of two real emissions q and r. The modiőcations of the result are very minor. First of
all, the angular integrals in the extra piece δΓ(2) in (3.61) involve a term proportional to ln(v · nq)

and ln(v · nr) from expanding the angular integrals, see (3.67). Since we have included these in
the deőnition of the measure in the angular integrals, see Table 3.1, the form of the extra terms
given in (3.67) remains valid in an arbitrary frame. The other terms which involve vµ dependence
are the three-particle contributions Kijk;qr which become

Kijk;qr = 8
(
W q

ikW
r
jk −W q

ikW
r
jq −W q

irW
r
jk +W q

ijW
r
jq

)
ln

(
nkq

nkr

v · nr

v · nq

)
, (3.71)

and the term involving a logarithm of the dipole, which gets replaced by

W q
ij ln(2W

q
ij) −→ W q

ij ln
2ni · nj (v · nq)

2

ni · nq nj · nq
, (3.72)

As for the case of Kijk;qr, the velocity terms in the logarithm are such that the argument becomes
invariant under a rescaling of the light-cone vector associated with the emission. Interestingly, the
two-particle function Kij;qr remains unchanged and has the same rescaling property. Our goal is
to combine the terms in δΓ(2) and Γ

(2) and show that the velocity dependence cancels among the
two.

The simplest velocity-dependent contributions are terms proportional to β0 in δΓ(2) and Γ
(2).

These only arise in the real-virtual rm and double-virtual part vm. To illustrate the cancellation
of velocity-dependent terms, we consider the purely virtual anomalous dimension v̄m. In the MS
scheme, the combination of both contributions takes the form

v̄m

∣∣∣
β0

= 4β0

∑

(ij)

1

2

(
T

a
i,LT

a
j,L + T

a
i,RT

a
j,R

){∫ [
d2Ωq

]
ln
(
2W q

ij (v · nq)
2
)
− 2

∫
[dΩq]ϵ

}
W q

ij ,

(3.73)

where the vertical bar indicates that we only consider terms proportional to β0. Since v̄m is Lorentz
invariant, we now choose to evaluate the contribution in the back-to-back frame and parameterize

ni = (1,
#—

0 , 0, 1) , nj = (1,
#—

0 , 0,−1) , nq = (1, n̂q sθsϕq
, sθqcϕq

, cθq ) , (3.74)

where
#—

0 and n̂q are (d−3)-dimensional zero and unit vectors. The angles θ, ϕ run from 0 to π and
we abbreviate their cosine and sines as cθ = cos θ and sθ = sin θ. We can view the parameterization
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of the vector nq as a series of rotations applied to the vector ni. In fact, to ensure we do not miss
any angular contributions, we should also introduce an additional angle αq. However, we can
immediately integrate it out since the angular integral in (3.73) is only sensitive to the sign of
cαq

. As a result, the azimuthal angle for ϕq runs from 0 to 2π. With the parameterization of the
angular integral at hand, we can derive the explicit form of the term (3.73). Up to terms of O(ϵ2),
the ϵ-expansion of the dipole integral can be written as

∫
[dΩq]W

q
ij =

1

4π

∫ 1

−1

dcθ

∫ 2π

0

dϕq W q
ij

{
1 + ϵ ln

(
2W q

ij(v · nq)
2
)
− ϵ ln

(
4 sin2(ϕq)

)}
, (3.75)

which implies that the β0-terms in (3.73) take the simple form

v̄m

∣∣∣
β0

= 4β0

∑

(ij)

1

2

(
T

a
i,LT

a
j,L + T

a
i,RT

a
j,R

) ∫ [
d2Ωq

]
X q

ij , (3.76)

with X q
ij = W q

ij ln
(
4 sin2(ϕq)

)
. The angle ϕq is the azimuthal angle of the emission in the dipole

frame of partons i and j. To write sin2(ϕq) in a lorentz-invariant form we use a light-like reference
vector nx = (1, 1, 0, 0) pointing along the x-direction and (3.58). Similarly, one őnds

r̄m

∣∣∣
β0

= −4β0

∑

(ij)

T
a
i,LT

a
j,R X q

ij θin(ñq) , (3.77)

for real-virtual contributions. Since neither (3.76) nor (3.77) depend on the velocity term vµ,
we conclude that the contributions proportional to β0 are manifestly frame independent, in other
words, Lorentz invariant. We point out that in the dijet case, where Θjet(ñq) is ϕq-independent,
the β0-contributions to r̄2, v̄2 from the primary hard partons vanishes because

∫ 2π

0

dϕq ln(4 sin
2(ϕq)) = 0 . (3.78)

For m > 2, the contributions no longer vanish since the extra partons can be emitted along any
direction with respect to the jet cones.

In the large-Nc limit only dipole structures contribute. As a consequence the three-particle
terms Kijk;qr only contribute when two legs coincide, these are the only non-vanishing terms in
the large-Nc limit. Since our parton shower framework operates within this limit, this contribution
is all we need to address. In the following, we will focus on the real-virtual contribution rm, but
the procedure carries over to the double-real contributions dm. We observed in Section 2.6.2 that
Kijk;qr vanishes for i = k or j = k. Therefore, the only two-particle contributions in the large-Nc

limit arise from the combination

rm =
∑

(ij)

N2
c

∫ [
d2Ωr

] (
Kiij;qr +Kjji;qr

)
θin(nq)

=
∑

(ij)

8N2
c

∫ [
d2Ωr

]
Lij;qr ln

ni · nq nj · nq

ni · nrnj · nr

(v · nr)
2

(v · nq)2
θin(nq) , (3.79)

where the velocity terms are again present to ensure Lorentz invariance. We introduced the quantity
Lij;qr

Lij;qr =
(
W q

ijW
r
ij −W qr

ij −W rq
ij

)
(3.80)

and
W qr

ij =
nij

niqnqrnrj
= W q

ijW
r
jq = W r

ijW
q
ir . (3.81)
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The quantity Lij;qr has a simple interpretation. It is the combination of dipoles that arises when
considering strongly ordered emissions from a dipole (ij). The above two-particle contributions
only arise for the double real and in the real-virtual contributions since double-virtual terms vanish
entirely in the large-Nc limit.

Unsurprisingly, the two-particle terms in (3.79) will combine with two-particle terms from δΓ(2)

in (3.61). These arise from the part of δΓ(2) which corresponds to strongly ordered emissions and
involves two angular integrals. To extract the expansion of the angular integrals, we introduce
different parameters ϵq and ϵr in the two integrations, i.e. we substitute d = 4 − 2ϵq in the őrst
integral and d = 4− 2ϵr in the second. The angular integral then takes the form

Jij(ϵq, ϵr) =

∫
[dΩq]

∫
[dΩr]Lij;qr θin(ñq) , (3.82)

where θin(ñq) indicates the angular constraint for the real-virtual integration. In terms of this
angular integral, the commutator term in δΓ(2) takes the form

Γ
(1) ⊗2 Γ

(1) ⊗ϵ 1− Γ
(1) ⊗ϵ Γ

(1) ⊗2 1 =
∑

(ij)

16N2
c × lim

ϵ→0

1

2ϵ

[
Jij(0, ϵ)− Jij(ϵ, 0)

]
, (3.83)

in the large-Nc limit. We now again choose the dipole rest frame to evaluate the contributions.
We parameterize the vector nq as in (3.74). However, we introduce the angles for nr relative to
nq, by parameterizing the vector as

nr = . . . ·R34(αqr) ·R23(ϕqr) ·R12(θqr) · nq , (3.84)

where Rij(ϕ) rotates by the angle ϕ in the plane of the i and j coordinates. The advantage of
working with relative angles is that the scalar product of the two vectors takes the simple form

nq · nr = 1− cos θqr , (3.85)

while a parameterization of nr as in (3.74) would lead to a dependence of the scalar product on
spurious angles such as αqr and αq which are not present in d = 4. Using this parametrization, we
can carry out the commutator integral in (3.83) and divide it into two contributions

Γ
(1) ⊗2 Γ

(1) ⊗ϵ 1−Γ
(1) ⊗ϵ Γ

(1) ⊗2 1 =

∑

(ij)

8N2
c

∫ [
d2Ωq

] ∫ [
d2Ωr

]
Lij;qr

{
ln

s2θq
s2θqr

(v · nq)
2

(v · nr)2
θin(nq)− ln

s2ϕqr

s2ϕq

θin(nq)

}
.

(3.86)

We observe that the velocity-dependent terms will cancel exactly between (3.86) and (3.79) which
means that we indeed have established Lorentz invariance for this piece as well. Due to the relation

s2θq = 2
ni · nq nj · nq

ni · nj
= 2W q

ij (3.87)

also the W q
ij terms cancel. We stress, however, that s2θqr ̸= 2W r

ij , since the angle θqr was deőned
not with respect to the dipole axis but to nq. Similarly, the angle ϕqr is not the azimuthal angle in
the dipole frame, i.e. ϕr ̸= ϕqr. Nevertheless, adding up the contributions from (3.86) and (3.79)
we end up with the simple result

r̄m =
∑

(ij)

8N2
c

∫ [
d2Ωr

]
Lij;qr ln

(
s2ϕqr

s2ϕqx

)
θin(nq) ≡

∑

(ij)

8N2
c

∫ [
d2Ωr

]
Mij;qr θin(nq) . (3.88)
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A Lorentz invariant expression for s2ϕqx
, where the subscript ϕqx serves as a reminder that ϕq is

deőned w.r.t the x-axis, directly in terms of the reference vectors was given in (3.58). Similarly,
s2ϕqr

is the same expression with q → r and x → q and corresponds to the azimuthal angle difference
in the dipole rest frame. The derivation for the double-real contributions dm is analogous, so we
do not carry it out here. The combination of the ϵ-terms with Kijk;qr when all indices are different,
i.e. i ̸= j ̸= k, is a more complicated task and we leave this for future work.

To summarize, we managed to combine Γ
(2) with its extra piece δΓ(2) in this section. More

precisely, the terms proportional to β0 could be combined without imposing any constraints on
the color structure, while the more complicated three-particle terms were obtained in the large-Nc

limit, which is sufficient to implement the anomalous dimension in Marzili. In addition, we also
demonstrated that velocity-dependent terms cancel. As a consequence, the őnal result for the
anomalous dimension, at least in the large-Nc limit, is manifestly Lorentz invariant.

Taking the large-Nc limit of the remaining two-particle contributions in Γ
(2), the anomalous

dimension reduces to a sum over dipoles

Γ
(2)
mn =

∑

(ij)

[
v
ij
m δm,n + r

ij
m δm,n−1 + d

ij
m δm,n−2

]
, (3.89)

as indicated by the superscripts ij. In the following, we write Γ
(2) instead of Γ̄

(2). The three
entries describe double virtual vij

m, real-virtual rijm and double-real d ij
m contributions. The result

for these reads
d
ij
m =+Nc

(
Kij;qr +Kji;qr

)
θin(nq)θin(nr)

− 8N2
c Mij;qr θin(nq)θin(nr) ,

r
ij
m =−Nc

∫ [
d2Ωr

](
Kij;qr +Kji;qr

)
θin(nq)

+ 8N2
c

∫ [
d2Ωr

]
Mij;qr θin(nq)

+ Nc

(
4β0X

q
ij + γcusp

1 W q
ij

)
θin(nq) ,

v
ij
m = − Nc

∫ [
d2Ωq

](
4β0X

q
ij + γcusp

1 W q
ij

)
.

(3.90)

As described above, the resulting angular integrals are Lorentz invariant up to the gap constraints.
The invariance allows us to generate the emissions in the back-to-back frame of the emitting dipole
and was instrumental in őnding efficient parametrizations for sampling the integrals, which is
crucial for obtaining reliable MC predictions. We will get back to this point when the details of
the implementation are presented. The result in (3.90) represents the őnal analytical ingredient
to achieve NLL accuracy. The implementation of the two-loop anomalous dimension within our
parton shower framework will be carefully documented in the two following sections.

Insertion of the two-loop anomalous dimension

In this section, we will outline the NLL shower algorithm, focusing on the single insertion of the
two-loop anomalous dimension (3.90). We assume that the reader is familiar with the LL shower,
see Section 3.2.2, and will explain the computation of

∆Ukl(t0, t) =

∫ t

t0

dt′ Ukk′(t0, t
′) · αs(t

′)

4π

(
Γ
(2)
k′l′ −

β1

β0
Γ
(1)
k′l′

)
·Ul′l(t

′, t) . (3.91)

To compute the correction (3.91), we run two showers. At shower time t0 = 0 we start a LL
shower with a list of vectors {n} along the direction of the hard partons in the Born level process
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t0
t1

t2

t

.

.

.

t0

t1

t′

t

.

.

.

Figure 3.9: Pictorial representations of the LL shower (up) and the NLL shower (down). Blue
lines denote hard emissions inside the jets generated by the shower evolution. The red lines depict
a soft emission into the veto region, which terminates the shower. The pink blob is an insertion of
the two-loop double-real contribution dm at time t′.
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and weight w = 1/VE . The purpose of the őrst shower, which we refer to as master shower, is to
generate event conőgurations with different amounts of particles at subsequent times. For instance,
in the upper Figure 3.9 we have

t1 : E1 = {n1, n2} ,
t2 : E2 = {n1, n3, n2} ,
t3 : E3 = {n1, n3, n4, n2} ,

...

t8 : E8 = {n1, n6, n9, n3, n8, n5, n4, n7, n2} .

(3.92)

This represents U2k′(t0, t
′) in (3.91). At t′ = t1, t2, . . . , we then insert the two-loop anomalous

dimension correction, which increases the number of vectors by 0, 1 or 2, depending on whether
vm, rm or dm is computed. After this, we start a second LL shower, which corresponds to the
factor Ul′l(t

′, t) in (3.91). This is depicted in the lower part of Figure 3.9 for the example of t′ = t2.

To be precise, the insertion time t′ is not exactly ti, but slightly shifted. To see this, recall that
the LL evolution operator Ukk′(t0, t

′) is built up iteratively according to (3.9). Starting from an
event conőguration with k′ particles, a time step ∆tn is generated according to the corresponding
probability distribution Pk′ before inserting the two-loop anomalous dimension. The evolution
takes the form

Pk′(∆tn) ·
αs(t

′)

4π

(
Γ
(2)
k′l′ −

β1

β0
Γ
(1)
k′l′

)
·Ul′l(t

′, t) , (3.93)

where the insertion time is t′ = ttot+∆tn. We point out that the őrst insertion is carried out with
the initial particle conőguration, i.e. k′ = 2. This algorithm is depicted in Figure 3.10.

Let us now explain how the insertion is implemented in our shower code, using, as an example,
a term involving a single emission, such as the Xq

ij term in rm, or the single angular integral terms
in vm.

1. Pick a dipole in Ei with the probability Vij/VEi
. Then generate an additional direction nq

and evaluate its weight ∆Γ, which is just the integrand of one of the terms in Γ
(2)−β1/β0Γ

(1)

under consideration.

2. For real contributions, we need to update the list of vectors by inserting the additional
emission between its parents, i.e. for a single emission E′

i = {n1, . . . , ni, nq, nj , · · · , n2},
while we leave E′

i = Ei for virtual contributions.

3. Compute an insertion weight

wI = ∆Γ
VEi

Vij
, (3.94)

where the factor VEi
/Vij cancels the one introduced when selecting the dipole.

4. Start a LL shower with weight wnew = wI/VE′

i
and list of vectors E′

i at t′. The insertion
time t′ needs to be calculated according to (3.93). The time values arising in the second
shower correspond to values of t in (3.91) and the weight wnew is őlled into a histogram at
each time t.

For concreteness, we described the implementation of terms involving a single emission or a single
angular integral. The contributions with two directions nq, nr are implemented analogously. By
repeating the entire procedure N times and averaging the histograms, we get a numerical estimate
for the integral in (3.91). Pseudo-code is provided in Listing 3.4 to illustrate the steps 1. ś 4. from
above.
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Figure 3.10: Algorithmic description of the insertion of the two-loop anomalous dimension. In
black, we show the so-called master shower which we use to generate event conőgurations. At
each intermediate time ti, we perform an insertion and restart a LL shower at t′, as indicated in
pink. The time steps ∆ta,b shown in green represent ∆tn in (3.93). The őrst insertion, denoted
by P2 when k′ = 2, is directly carried out with the initial particle conőguration. While we keep
the insertion and the master shower completely separate by generating two (random) time steps
according to the corresponding probability distribution, it is also possible to directly reuse the time
step from the insertion for the master shower ś or the opposite, to use ∆t1 for the insertion. Once
the master shower terminates, we restart a new one. In this way, we evaluate the integral over t′,
i.e. we insert the two-loop anomalous dimension at all possible times in the interval between t0
and t.
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1 // initial dipole

2 let nparton1 = [1.0, 0.0, 0.0, 1.0];

3 let nparton2 = [1.0, 0.0, 0.0, -1.0];

4

5 //Monte Carlo

6 for _i in 0.. nev {

7

8 //set up the master shower

9 let ttot = 0.;

10 let hardevent = [nparton1 ,nparton2 ];

11

12 while ttot < tmax {

13

14 // generate random time step ∆t

15 let delta = rand();

16 let ttot_ins = ttot + delta;

17

18 // determine which dipole radiates

19 let ni,nj = hardevent.find_emitter ();

20

21 // generate weight and emissions

22 let weight ,nq ,nr = kijb(hardevent ,ni ,nj);

23

24 //REAL -VIRTUAL contribution

25

26 // insert nq

27 hardevent.insert(nq);

28 // restart LL shower ↓
29 hardevent.llshower(ttot_ins ,weight_virt);

30

31 //REAL -REAL contribution

32

33 if nr.inside () {

34

35 // insert nr

36 hardevent.insert(nr);

37 // restart LL shower ↓
38 hardevent.llshower(ttot_ins ,weight_real);

39

40 }

41

42 //run/continue the master shower ↓
43

44 // generates ∆t which increases ttot

45

46 //adds an emission to hardevent before the next insertion

47

48 //bins LL result

49

50 }

51 }

Listing 3.4: Pseudo code for the insertion of the K
(b)
ij;qr piece.
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Details about the implementation

In this section, we will derive the form of the insertion weight given in (3.94) and explain some
details about the implementation of the angular functions. The initial conőguration for e+e− an-
nihilation into two jets involves two back-to-back particles along the directions n1 = (1, 0, 0, 1) and
n2 = (1, 0, 0,−1). The corresponding hard function is Ĥ2(t

′), where we use the same normalization
as in Section 3.2.2. We also set t0 = 0.

The őrst insertion happens with the original conőguration, as shown in Figure 3.10. For a single
emission term, such as X q

ij or γcusp
1 we get

∆U2l(0, t) =

∫ t

0

dt′ Ĥ2(t
′)∆Γ

(2)
2→3(t

′)
1

V3

[
V3U3l(t

′, t)
]

=

∫ t

0

dt′ Ĥ2(t
′)
∆Γ

(2)
2→3(t

′)

V12

V2

V3

[
V3U3l(t

′, t)
]
, (3.95)

where the insertion weight has been written out explicitly. The subscript of ∆Γ
(2)
a→b indicates that

we insert the generated emission nq between its parents and restart a LL evolution U3l(t
′, t) from

an event containing three particles {n1, nq, n2}. Therefore, equation (3.95) represents a single-real
contribution. Its virtual counterpart is obtained by not updating the list of particles, such that
we restart a LL shower U2l(t

′, t) shower with {n1, n2}. The corresponding weight simpliőes in this
case to

∆U2l(0, t) =

∫ t

0

dt′ Ĥ2(t
′)
∆Γ

(2)
2→2(t

′)

V12

[
V2U2l(t

′, t)
]
. (3.96)

We point out that only the sum of real and virtual contributions is őnite. In practice, we always
calculate the corresponding real and virtual contributions once we generate an emission nq to which
we associate a certain weight. By doing so, large cancellations between real and virtual corrections
are mitigated.

The master shower continues to evolve according to the LL algorithm and generates an additional
particle n3. This corresponds to the situation at4 t1 in Figure 3.10. Since three particles make
up two dipoles, there are two possibilities for picking a dipole in the next insertion. The real
contribution is given by

∆U3l(0, t) =

∫ t

0

dt′ Ĥ3(t
′)

[
∆Γ

(2)
3→4(t

′)

V13

V13

V3

V3

V
(1)
4

+
∆Γ

(2)
3→4(t

′)

V32

V32

V3

V3

V
(2)
4

] [
V4U4l(t

′, t)
]
, (3.97)

where V
(1)
4 = V14 + V43 + V32, V

(2)
4 = V13 + V34 + V42. In close analogy to the LL, we interpret

the factors V13

V3
, V32

V3
as the probability of choosing the corresponding dipole for the insertion. The

virtual counterpart is given by

∆U3l(0, t) =

∫ t

0

dt′ Ĥ3(t
′)

[
∆Γ

(2)
3→3(t

′)

V13

V13

V3
+

∆Γ
(2)
3→3(t

′)

V32

V32

V3

] [
V3U3l(t

′, t)
]
. (3.98)

Iterating this procedure, all possible insertions are carried out while the master shower is running.
We conclude that the insertion weight is given by (3.94), where ∆Γ denotes the value of the
integrand of the angular function which is evaluated during the shower evolution. Depending on
whether we calculate a real or a virtual contribution, we either insert the generated emission or we
do not. This affects the subsequent LL shower Uk′l(t

′, t).

4In fact, we first generate a time-step, insert the weight in a histogram and only then generate a new emission.
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Once the master shower terminates, another one is started, and an insertion takes place at each
intermediate time. By repeatedly generating emissions, the shower not only carries out the integral
over the insertion time t′, but also the angular integrals in (3.90). Since the anomalous dimension
in the large-Nc limit is manifestly Lorentz invariant, we generate additional emissions in the back-
to-back frame of the emitting dipole. This was instrumental in őnding efficient parametrizations
for sampling the weight of the integrals, which is crucial for obtaining reliable MC predictions.
For instance, we note that the angular functions become singular when additional emissions along
nq and nr are either collinear to one of the parents ni, nj or to each other. To regularize these
singularities we impose a cut tan(ϑ/2) > e−ηcut on all angles ϑ between two directions in the lab
frame. As mentioned previously, once real and virtual contributions are combined, the singular
regions cancel. Nevertheless, in order to guarantee a smooth cancellation, it is important to isolate
the singularity in one variable. More precisely, since the function Kij;qr contains an explicit 1

nqr

factor, it is reasonable to use the relative angle between nq and nr as an integration variable. To
construct such a parameterization, we start with two vectors

n′
q = (1, 0, 0, 1) , (3.99)

n′
r = (1, sin θqr cosϕqr, sin θqr sinϕqr, cos θqr) , (3.100)

which are rotated around the y- and z-axis

nq = Rz(θq) ·Ry(ϕq) · n′
q , (3.101)

nr = Rz(θq) ·Ry(ϕq) · n′
r . (3.102)

Using these coordinates we see immediately that nqr = 1 − cos θqr. Performing the substitution
cos θqr = 1− eη̃ we obtain for integrals involving a term nqr in the denominator

∫ π

0

dθqr sin θqr
1

1− cos θqr
=

∫ ln(2)

−∞
dη̃ . (3.103)

The singularity has been isolated and exposed in the lower bound of the integral and can be handled
by a cut. In addition, we replace the integration over θq with the rapidity ηq = 1

2 log
(

1+cos θq
1−cos θq

)
.

We note that the rapidity makes the following singularity explicit
∫ π

0

dθq sin θq
1

1− cos2 θq
=

∫ ∞

−∞
dηq , (3.104)

which arises in angular integrals of the one-loop anomalous dimension. Even though such a singu-
larity does not appear in Kij:qr, we still őnd it useful to generate emissions using the rapidity. To
quantify the impact of a suitable parameterization, we have implemented the K

(b)
ij;qr-piece of the

anomalous dimension in two different ways. First, using the naive choice of spherical coordinates
with four individual angles. Secondly, using the relative parameterization from (3.103). The result
for the contribution of the K

(b)
ij;qr-piece to the resummed cross section σ(t) as a function of the

shower time is given in Figure 3.11. In Figure 3.11a we show the result using the naive spherical
parameterization. We see that the result ŕuctuates signiőcantly. As a consequence, it is necessary
to increase the amount of statistics signiőcantly to obtain a reliable prediction. The situation is
different for the result we obtain using the relative parameterization in Figure 3.11b. While the
results for the spherical parameterization ŕuctuate, the result from the relative parameterization
is much more stable, i.e. oscillates very little around its average. We emphasize that both results
were obtained using the same amount of statistics. For the remaining angular functions in (3.90)
we extensively use the relative parameterization.
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Figure 3.11: Shower result for the K
(b)
ij;qr-piece from the anomalous dimension. Different parame-

terizations were used to evaluate the angular integral. Each red histogram represents one numerical
evaluation of K(b)

ij;qr with 108 events. The blue line represents the average over the ten evaluations.
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Using relative parameterization, contributions from singular regions are exposed clearly and large
contributions are mitigated, as shown in Figure 3.11. However, since we introduced a (small) cutoff
parameter ηcut, it is necessary to verify whether remaining cutoff effects are negligible because the
physical result must not depend on the particular value of ηcut. We set ηcut = ηc as default in our
MC. In practice, numerical cutoffs are decreased until the dependence on them becomes negligible.
This is a non-trivial task since reducing the cutoff increases the cancellation between real and
virtual contributions, making it numerically more expensive to obtain a certain precision.

To investigate cutoff dependence in Marzili, we calculate separately the double-real and real-
virtual contribution of K(b)

ij;qr using two different values for ηcut. Results for ηcut = 5 are shown
in Figure 3.12. In the upper Figure 3.12a we provide separate results for the double-real and
real-virtual contributions. Combining double-real and real-virtual contributions, we obtain the full
result for K

(b)
ij;qr, which is shown in Figure 3.12b. We clearly see a cancellation of one order of

magnitude when we compare the upper and lower Figure of 3.12. We point out that the numerical
ŕuctuations decrease in Figure 3.12b compared to 3.11b, where the same cutoff was used. This is
due to an increase in the number of events that were evaluated. Since the error from the numerical
simulation scales as 1√

N
, this is a good indication that our MC implementation is reliable.

The cutoff was decreased to ηcut = 8 in Figure 3.13. Unsurprisingly, the cancellations between
real-virtual and double-real corrections increase by an order of magnitude. This is due to the
fact that by reducing the cutoff, we allow emissions to become more collinear than before. As a
result, problematic numerators, such as 1

nqr
or 1

niq
, become even larger. To obtain reliable results

nonetheless, we need to increase the statistics to deal with singular numerators. Unfortunately,
this comes at the cost of computing time.

Decreasing the cutoff itself increases the computing time. This is due to the fact that the t-
steps become much shorter, which means that the amount of additional particles generated while
showering heavily increases. Therefore, the LL evolution before and after the insertion takes more
computer time. In Figure 3.13 we increased the amount of statistics by a factor of ten compared to
the results in Figure 3.12. As a consequence, the combined effect of both increasing the statistics
as well as decreasing the cutoff ηcut, increases the computing time roughly by a factor of ∼ 100 ś
and not only ten.

Even though numerical ŕuctuations are larger in Figure 3.13b in comparison to 3.12b, the nu-
merical average for the cutoff ηcut = 8 is reliable. Comparing Figure 3.13b with Figure 3.14, we see
that numerical noise can be signiőcantly reduced if real-virtual and double-virtual contributions
are showered together. In this way, large cancellations are mitigated since they directly cancel.

In practice, we observe that to completely eliminate any dependence on the cutoff ηcut for the
entire NLL contribution, we need to decrease it to ηcut = 8.
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Figure 3.12: Separate shower result for double-real (green) and real-virtual (blue) corrections of
the K

(b)
ij;qr-piece. A cut of ηcut = 5 was used. Red histograms represent one numerical evaluation

with 109 events. In total, ten separate evaluations of double-real and real-virtual corrections were
carried out. The lower őgure represents the sum of double-real and real-virtual contributions.
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Figure 3.13: Separate shower result for double-real (green) and real-virtual (blue) corrections of
the K

(b)
ij;qr-piece. A cut of ηcut = 8 was used. Red histograms represent one numerical evaluation

with 109 events. In total, 100 separate evaluations of real and virtual corrections were carried out.
The lower őgure represents the sum of real and virtual contributions.
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Figure 3.14: Numerical result for the K
(b)
ij;qr-piece of the anomalous dimension. Red histograms

represent one numerical evaluation with 109 events. In total, 100 separate evaluations of K
(b)
ij;qr

were carried out. Here, real-virtual and double-real corrections were directly combined.

The terms in the double-emission contribution dm proportional to nF describe the splitting of
a gluon into a quark-antiquark pair. The large-Nc structure of this contribution differs from the
remaining terms in Γ

(2) describing the emission of two gluons. To account for this in our shower,
the insertion of dm is split up according to

d
ij
m

ni

nj

=

ni

nq

nr

nj

+ nF

ni

nq

nr

nj

, (3.105)

where the lines indicate the dipole structure after the insertion. The evolution after the insertion
in (2.102) is then performed separately for the two parts, according to their dipole structure. On
a technical level, it is convenient to treat nq and nr as an additional dipole with Vqr = 0 in the nF

part, i.e. as a dipole that never radiates.
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3.4 Validation

This section thoroughly assesses the implementation of the two-loop anomalous dimension within
our large-Nc parton shower framework Marzili. Since the numerical shower evolution is quite
involved, robust consistency tests are necessary to ensure that the implementation is correct. We
divide the validation in two sections. First, we conduct internal consistency checks in Section 3.4.1.
Our shower successfully passes all internal tests.

Second, we compare our full NLL prediction for the energy ŕow in a rapidity slice to the results
from Gnole [148] and PanScales [142]. All frameworks are able to resum the NLL non-global log-
arithms using a different approach. While every formalism has its own advantages, it is important
to ensure that the predictions are in agreement. The details about the comparison are shown in
Section 3.4.2. Generally, we őnd good agreement between the three entirely different frameworks.
A detailed numerical analysis involving a thorough assessment of systematic uncertainties is part
of a forthcoming publication [210].

3.4.1 Internal consistency checks

In this section, we verify two essential properties of our shower. As a őrst analysis, we exponentiate
terms proportional to γcusp

1 and verify whether expanding these numerically yields the same results
as our insertion algorithm. In addition, we reproduce őxed-order results from [123] using the shower
to demonstrate that the angular functions have been implemented correctly.

The simplest contributions of Γ
(2) are given by terms proportional to γcusp

1 . Isolating these
real-virtual and double-virtual contributions in (3.90)

rm = +
γcusp
1

4
· 4Nc W

q
ij θin(nq) ,

vm = − γcusp
1

4
· 4Nc

∫ [
d2Ωq

]
W q

ij ,

(3.106)

we see that they are exactly proportional to the one-loop anomalous dimension. As a result, we
can exponentiate the γcusp

1 contributions by redeőning the shower time in (2.97)

∫ µh

µs

dµ

µ
Γ =

∫ αs(µs)

αs(µh)

dαs
1

2β0αs

(
Γ
(1) +

αs

4π

(
Γ
(2) − β1

β0
Γ
(1)

))
(3.107)

=

∫ αs(µs)

αs(µh)

dαs
1

2β0αs

(
1 +

αs

4π

γcusp
1

4

)
Γ
(1) + · · · (3.108)

=

∫ t

t0

dt̃ Γ(1) , (3.109)

where the ellipsis denotes non-cusp terms and we inserted the γcusp
1 contribution from (3.106)

for Γ
(2) from the őrst to the second line. We omitted β1-terms because they are remnants of

corrections to the running of αs and not directly related to γcusp
1 -pieces. Finally, we introduced a

modiőed shower time

t̃ = t− αs(µh)

4π

γcusp
1

4

1

2β0

(
1− e2β0t

)
, (3.110)

capturing the γcusp
1 contributions. The variable t = 1

2β0
ln
(

αs(µs)
αs(µh)

)
is the shower time we in-

troduced before. This implies that we can exponentiate terms proportional to γcusp
1 by simply
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Figure 3.15: Results for one insertion of γcusp
1 . The single insertion according to (3.91) is shown in

blue, while the other curves are numerical extractions of the single insertion from the exponentiated
result.

changing the deőnition of the shower time from t 7→ t̃. Subsequently, we expand to isolate the pure
NLL term σ

γcusp
1

NLL by taking the limit

lim
αs→0

1

αs
ln

σ
γcusp
1

LL + αs σ
γcusp
1

NLL + α2
s σ

γcusp
1

NNLL + · · ·
σ
γcusp
1

LL

= σ
γcusp
1

NLL +O (αs) . (3.111)

This is delicate since we have to numerically take the limit of αs → 0 in order to suppress NNLL
γcusp
1 terms. After taking the limit we compare to the result with one insertion of the anomalous

dimension. Results are shown in Figure 3.15. We see from the relative comparison between the
black and blue curve that the results differ. By decreasing the value of the coupling at the hard scale
αs ś while keeping the product αs ln

Q0

MZ
constant ś we obtain full agreement between the direct

insertion and the expansion. Therefore, we conclude from Figure 3.15 that our implementation of
the insertion is correct.

It is more difficult to test the remaining parts of (3.90) which involve the angular functions Kij;qr

and Mij;qr. An important test is that our numerical code reproduces the analytical integrals over
these expressions which arise in the NNLO correction of the interjet energy ŕow at small Q0 given
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Figure 3.16: Numerical result for the K
(b)
ij;qr-piece of the anomalous dimension. Red histograms

represent one numerical evaluation with 109 events. In total, 100 separate evaluations of K
(b)
ij;qr

were carried out. In green, we show the slope at t = 0. The amount of color ŕavors was set to
nF = 5 within the running correction β0, however, purely fermionic terms inside K

(b)
ij are set to 0.

in [123], for example the combination
∫ [

d2Ωr

] ∫ [
d2Ωq

](
K

(b)
12;qr +K

(b)
21;qr

)
θin(nq) θout(nr) . (3.112)

This quantity can be calculated with our shower since this value corresponds to the slope at
t = 0 for the showered result of K

(b)
ij;qr. The result is illustrated in Figure 3.16. We extracted

the slope by őtting a linear function to the derivative of the shower result. We őnd a slope
m0 = 457.61, which is in full agreement with the analytical value of manalytical = 457.79, see
Section 6 in [123]. We performed this őxed-order test with the remaining parts of Kij;qr as well
as for Mij;qr. In all cases, the integration converges to the analytical result. Together with the
validation of our implementation of the single insertion of Γ(2) using the γcusp

1 -piece, this provides
a strong consistency check on our shower code.

3.4.2 Comparison to Gnole and PanScales

It is not apparent how the more complicated parts of Γ(2) map between Gnole, PanScales and our
parton shower framework. The Gnole or PanScales approach works with full four-vectors instead
of directions and to obtain the mapping analytically, one would have to integrate out the energies
of the generated partons.

Since the three formalisms are genuinely different, numerical agreement is a strong cross-check
and a good indication that the NLL are captured correctly in the three frameworks. This section
will carefully outline the three-way comparison between Marzili, Gnole and PanScales. The
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observable we consider is the energy ŕow in a rapidity slice for dijet production in e+e− annihilation.
Particles are inside the veto region, i.e. outside of the jet cones, if their angle relative to the thrust
axis is larger than cosα = 0.761594, which corresponds to a rapidity gap of ∆Y = 2, see Figure 2.3.
We calculate the gap fraction

R(Q0) ≡
1

σtot

∫ Q0

0

dET
dσ

dET
, (3.113)

which is the fraction of events with transverse energy ET in the gap below Q0. We can directly apply
the factorization theorem (2.11) to the gap fraction R(Q0). To obtain the full NLL corrections, we
calculate matching corrections and contributions due to the insertion of the two-loop anomalous
dimension. We follow the aforementioned approach, as outlined in Sections 3.3.1 ś 3.3.3.

While our framework is based on RG-improved perturbation theory, where large logarithms are
resummed and the remaining parts are expressed through the coupling at the respective scale
αs(µh) or αs(µs) respectively, the situation is different for Gnole and PanScales. Their results
are expanded in terms of a power series in αs(µh) while keeping λ ≡ αs(µh) ln

µs

µh
constant. We

carry out the comparison for the default scales µh = MZ and µs = Q0. To compare to PanScales
and Gnole, it is necessary to trade the dependence on αs(µs) for λ. To do so, we use for the
running of the coupling [211]

αs(µs) =
αs(µh)

ℓ

(
1− αs(µh)

4π

β1

β0

ln ℓ

ℓ
+ · · ·

)
, (3.114)

with ℓ = 1 + β0

2π αs(µh) ln
µs

µh
≡ 1 + β0

2π λ. Inserting (3.114) into our deőnition of the shower time
and expanding in terms of αs(µh) we get

t =
1

2β0
ln

αs(µs)

αs(µh)
= tLL +

αs(µh)

4π

β1

β0
tLL e2β0 tLL + · · · , (3.115)

where we introduced the leading contribution to the shower time

tLL = −
ln
(
1 + β0

2π λ
)

2β0
. (3.116)

As a result, inserting (3.115) into the LL correction leads to

σLL (t) = σLL(tLL) +
αs(µh)

4π
tLL

β1

β0
e2β0 tLL σ′

LL(tLL) + · · · , (3.117)

where the second term represents the running correction and depends on the derivative σ′
LL of

the LL result. We implemented the derivative separately in our MC framework since taking
numerically the derivative of σLL is delicate. The derivative can be obtained by slightly modifying
the LL algorithm outlined in Section 3.2 [106]. It is further necessary to expand 1

σtot
in (3.113)

1

σtot
=

1

σLO

(
1− CF

αs(µh)

4π
3

)
+O

(
α2
s

)
, (3.118)

as a correction to the normalization. Adding the corrections due to the normalization as well as
the running, we obtain our őnal result for the NLL corrections, which we normalize by dividing
out αs(µh)σLL(tLL). Using this normalization, the dependence on αs(µh) completely drops out.

We performed two dedicated simulations, with nF = 5 and nF = 0. The results, including
fermionic corrections, are shown in Figure 3.17, whereas the ones without are illustrated in Figure
3.18. Since every formalism involves a slightly different implementation of the shower cutoff(s)
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ηc, ηcut and ηslice, we expect the predictions to agree only once the cutoff dependence has been
completely removed. In practice, this means that it is necessary to decrease the cutoffs to ηc =

ηcut = ηslice = 8 in our framework. Therefore, to guarantee reliable results, we signiőcantly
increased the amount of statistics which severely affected the running time. From Figures 3.17 and
3.18, we conclude that the predictions are in good agreement. We would like to remind the reader
that the results shown in Figures 3.17 and 3.18 are preliminary. A detailed numerical comparison
will be addressed in the forthcoming publication [210]. The main focus will be on investigating
systematic uncertainties such as the cutoff-dependence ηcut or the extrapolation αs → 0 to isolate
the NLL contribution.
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Figure 3.17: Preliminary comparison for the gap fraction including the full fermionic corrections
for nF = 5.
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Figure 3.18: Preliminary comparison for the gap fraction setting nF = 0.
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3.5 Summary

In this chapter, we have precisely outlined how we implement the one- and two-loop anomalous di-
mensions in the large-Nc parton shower framework Marzili (Monte-cArlo for the RenormaliZation
group Improved calculation of non-global LogarIthms).

Starting from RG equations in (3.1) for the hard functions, we őnd an iterative solution by
taking into account the explicit form of the one-loop anomalous dimension. This iterative solution
naturally relates our effective őeld theory approach with parton showers since the solution (3.9) is
precisely a parton shower algorithm. We implemented this algorithm and carried out a qualitative
study at LL accuracy for gaps between jets. We őnd that neglecting NGLs overestimates the cross
section. Additionally, we also explained that even the leading NGLs do not exponentiate ś in
contrast to the global ones.

To capture hard matching corrections, we rely on a calculation in the full theory to obtain
the matrix elements. Once either a real or a virtual emission has been generated, the particle
conőguration is subsequently showered. A subtlety one needs to carefully take into account is that
real contributions contain a priori +-distributions acting on Ŝ3 which cannot be evaluated directly
in the MC. The simplest way to circumvent this issue is to introduce a slicing scheme.

The soft matching corrections are obtained by inserting the (soft) weight of the őnal emission
into a histogram. In this context, the őnal emission is the őrst emission inside the veto region and
the corresponding weight is given in (3.57). At NLL accuracy, this is the only ingredient that is
sensitive whether we restrict the energy or its transverse component, see (3.60).

The most complicated correction at subleading accuracy is the insertion of the two-loop anoma-
lous dimension. Fortunately, to isolate the pure NLL correction, it is sufficient to insert it exactly
once. We obtain a concise form of the two-loop anomalous dimension in the large-Nc limit in-
volving ϵ-terms. We őnd that ϵ-terms nicely combine with Γ

(2) ś in fact, ϵ-terms restore Lorentz
invariance. The őnal result for the anomalous dimension in the large-Nc limit is presented in (3.90).
Crucially, the invariance allows us to generate additional emissions in the back-to-back frame of
the emitting dipole, which is the most efficient way to sample the angular integrals. In practice,
we carry out the insertion by starting a LL shower Ukl(t0, t

′) at t0, which evolves until t′, where
we evaluate Γ

(2), and then we restart a LL shower.

Finally, we carried out a series of tests to validate our implementation. Most importantly, we őnd
good agreement between our predictions, PanScales and Gnole within statistical and systematic
uncertainties.

In the next section, we will apply our formalism to non-global observables at hadron colliders,
focusing on the difference between őxed-order and resummed predictions.



Chapter 4

Phenomenological predictions for non-global observ-

ables

In this chapter, we will present phenomenological results for gap fractions in dijet production from
e+e− annihilation and in Z-boson production. The full set of NLL contributions was initially
obtained in [1]. While őrst results at NLL accuracy for the interjet energy ŕow in e+e− were
obtained in [147, 148], using our parton shower framework Marzili, we were able to obtain őrst
results for a gap-between-jets observable at hadron colliders.

4.1 Gap fraction in e
+
e
−

For our cross section computations, we work at center-of-mass energy
√
s = MZ with αs(MZ) =

0.119 and use two-loop running for αs. We calculate the gap fraction exactly as deőned in (3.113).
To include power corrections beyond the factorization theorem (2.11), we match to the őxed-order
prediction at order αs. In other words, we add perturbative corrections to the resummed result
and subtract the pieces already included, which are precisely the soft pieces. The power-suppressed
matching corrections ∆R are included through additive matching

∆R(Q0) =
1

σtot

∫ Q0

0

dET

(
dσ

dET
− dσ

dET

∣∣∣∣
ET →0

)
, (4.1)

where the second term corresponds to the singular limit of the full distribution, which is the
same as using the factorization theorem without evolution. Speciőcally, we obtain the matching
corrections by subtracting the soft contributions from real emissions within the gap. These soft
contributions are precisely captured by the soft function, which is already accounted for in the
resummation. We use proőle functions [29] to continuously switch off resummation once the power-
suppressed terms become relevant. The shape of the curve at larger Q0 values is affected by
this choice. We use the functions introduced in [107]. On the left side of Figure 4.1 we show
our numerical results for the gap fraction of the interjet energy ŕow in e+e−. The bands arise
from varying the soft scale µs since this effect dominates over the µh variation. The LL (red
curve) in Figure 4.1 is taken from [85] at őnite Nc = 3. These results at full color were obtained
using a conformal transformation, relating the BMS equation to the Balitsky-JIMWLK [212ś218]
equation. The corresponding numerical solutions include full color dependence. After adding the
NLL corrections computed from our shower (blue curve), we obtain a resummed result that is
only missing subleading color contributions at NLL. These effects are expected to contribute at
the percent level or below. We want to emphasize two properties of our result. First, the large

82
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Figure 4.1: Gap-between-jets cross sections at lepton (left) and hadron colliders (right) using
Q = MZ . The statistical ŕuctuations visible in the results are due to the Nc = 3 LL result.

logarithms signiőcantly reduce the gap fraction R(Q0) in the low-energy regime in comparison to
the őxed-order prediction (black line). Secondly, after including the NLL corrections, the width of
the scale uncertainty band decreases by a factor of two, which represents a signiőcant increase in
precision.

4.2 Gap fraction in Z production

As a őrst hadron-collider application, we consider pp → Z → ℓ+ℓ− [219] and compute the cross
section for a gap around the incoming beam, centered at the rapidity of the electroweak boson, as
considered in [115]. The hadron-collider analog of factorization formula (2.11) was given in [106,110]

σ(Q,Q0) =
∑

i,j=q,q̄,g

∫
dx1dx2

∞∑

m=m0

〈
Hm({n}, Q, µ)⊗Wm({n}, Q0, x1, x2, µ)

〉
(4.2)

where the hard function is the same as (2.10) describing the hard interaction initiated by the
partons i and j. The quantity Wm is the low-energy matrix element encoding all soft and collinear
dynamics. The longitudinal momentum fractions are denoted by x1 and x2 and the sum over m

takes into account the different partonic channels. In the large-Nc limit Wm factorizes into parton
distribution functions5 (PDFs) convoluted with the partonic cross section and soft Wilson lines for
the m partons. Therefore, most ingredients for the resummation carry over from the e+e− case. In

5Non-global hadron-collider cross sections at finite Nc involve super-leading logarithms due to Glauber phases

[90, 110]. One might wonder whether the Glauber effects would lead to a breakdown of PDF factorization. Indeed,

the papers [220, 221] suggest that even global observables (e.g. jet vetoes) would suffer from factorization-breaking

effects due to Glauber gluons. Whether PDF factorization holds beyond inclusive Drell-Yan is an important open

question for all of hadron collider physics, but beyond the scope of the present work.
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particular, the RG evolution and the one-loop soft function can be directly obtained from our MC
code. The only new elements are the hard real-emission corrections H

(1)
3 . The hard functions are

simply the partonic cross sections with their infrared singularities subtracted in the MS scheme,
which are well known [222ś224]. However, the literature assumes that an infrared safe observable
is computed and simpliőes the cross section results by integrating soft terms over the full angular
region. These simpliőcations do not apply to the hard functions because the angular constraint
in (2.10) restricts hard partons to the jet region, while contributions with partons inside the gap
are part of the soft function. To avoid double counting, we need to restore the terms that were
dropped in [222ś224]. We will perform this calculation in the next section and provide explicit
expressions for the hard functions in all partonic channels.

4.2.1 Hard matching corrections for Z production

In this section we derive the radiative corrections to the hard functions H
(1)
3 ,H

(1)
2 which can be

obtained by a standard NLO QCD calculation [222ś224] for the Drell-Yan process [219]. The
production of a (virtual) color-singlet boson with invariant mass Q in hadron-hadron collisions at
center-of-mass energy

√
s occurs through the annihilation of quarks. More precisely, we study the

process N1 + N2 → Z +Xhad, where N1 and N2 are the colliding hadrons (protons at the LHC)
and Xhad is an arbitrary hadronic őnal state. The hadron collider cross section can be expressed
as a convolution of the partonic cross sections dσ̂ij

dQ2 with PDFs fi/N (x, µf )

dσ

dQ2
=

∑

i,j=q,q̄,g

∫
dx1

∫
dx2 fi/N1

(x1, µf )fj/N2
(x2, µf )σ

q
0

dσ̂ij

dQ2
. (4.3)

For convenience, we have split off a prefactor

σq
0 =

4π2α

Ncs

∑

q

|gqL|2 + |gqR|2
2

, (4.4)

which absorbs the electromagnetic coupling α as well as the left- and right-handed couplings gL,R

of the Z to fermions. At NLO, each partonic channel only involves a single (anti-)quark ŕavor
q. The explicit form of the couplings for different electroweak bosons can be found in [30]; for
simplicity, we only consider Z production in the present work. The PDFs fi/N (x, µf ) are related
to the probability of őnding a parton i inside the hadron N with momentum fraction x, and µf is
the factorization scale. In the center-of-mass frame, we parametrize the incoming hadron-momenta
as P1,2 =

√
s
2 (1, 0, 0,±1) which translates to, as usual, p1 = x1P1 and p2 = x2P2 at the partonic

level. We őnd it useful to introduce the variables (see e.g. [25])

τ =
Q2

s
, z =

Q2

ŝ
=

τ

x1x2
, (4.5)

where ŝ = (p1 + p2)
2 = x1x2s denotes the center-of-mass energy squared in the partonic system.

In addition, we also introduce the Mandelstam variable t̂ = (p1 − k)2, where k is the momentum
of the őnal-state gluon or quark at NLO. Factoring out the electroweak prefactors as in (4.3), the
partonic cross section can be written in terms of hard scattering kernels Cij

dσ̂ij

dQ2
=

∫
dΠf |Mij |2 δ

(
z − Q2

ŝ

)
=

∫ 1

τ

dz

∫ 1

0

dy Cij(z, y,Q, µf ) δ
(
z − Q2

ŝ

)
, (4.6)

with y = 1+ t̂
ŝ+Q2 , which is related to the scattering angle θ in the partonic center-of-mass frame

through cos θ = 2y−1. We have written the phase space of the őnal-state particles dΠf in terms of
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y, z and Q. The hard scattering kernels Cij are expanded perturbatively in αs. At leading order,
i.e. α0

s, only the qq channel contributes. In contrast, at NLO the inelastic qg channel opens up (of
course, together with the directly related qq, q̄g, gq and gq̄ channels). After combining real and
virtual corrections and performing the collinear factorization, we obtain the LO and NLO hard
scattering kernels in the MS scheme

Cqq = δ(1− z) δ(y)+δ(1−y)
2

[
1 +

αs

4π
CF

(
8ζ2 − 16− 6 ln

µ2
f

Q2

)]

+
αs

4π
CF

[
2
(
δ(y) + δ(1− y)

)
(
4
[
ln(1−z)
1−z

]
+
− 2 (1 + z) ln(1− z)− (1+z2)

1−z ln(z)

+ 1− z − (1 + z2)
[

1
1−z

]
+
ln

µ2
f

Q2

)

+ 2

(
(1 + z2)

[
1

1−z

]
+

([
1
y

]
+
+
[

1
1−y

]
+

)
− 2 (1− z)

)]

+
αs

4π
CF δ(1− z)

[
2ζ2
(
δ(y) + δ(1− y)

)
+ 2

(
ln(1−y)

y + ln(y)
1−y +

[
ln(y)
y

]
+
+
[
ln(1−y)
1−y

]
+

)

− 2 ln
µ2
h

Q2

([
1
y

]
+
+
[

1
1−y

]
+

)]
, (4.7)

Cqg =
αs

4π
TF

[
2 δ(y)

((
z2 + (1− z)2

)
ln
(

(1−z)2

z

)
+ 2z(1− z)−

(
z2 + (1− z)2

)
ln

µ2
f

Q2

)

+ 2

((
z2 + (1− z)2

)[
1
y

]
+
+ 2z(1− z) + (1− z)2 y

)]
. (4.8)

The remaining channels can be reconstructed from these results. Using the fact that (4.3) is
independent on the factorization scale, we may derive the dependence on µf in (4.7) and (4.8),
since the PDFs obey the DGLAP evolution equations [225ś227]. As pointed out in the main text,
the expressions for partonic cross sections are usually simpliőed by integrating soft contributions
over all angles. In our case, this concerns the terms in the last two lines of (4.7), which can be
written in compact form as

∆σ̂qq̄ =
CF αs

2π
δ(1− z)

{[
ln((1−y)y)
(1−y)y

]
+
− ln

µ2
h

Q2

[
1

(1−y)y

]
+

}
. (4.9)

These terms were omitted in [223] since they integrate to zero in perturbative predictions for
infrared-safe observables. However, we use the partonic cross section to construct the hard functions
(2.10) in the factorization theorem and due to the restriction Θin({n}) in (2.10) also the δ(1− z)

terms are only integrated over the jet region. The part of the cross section where the gluon is
inside the gap is included in the soft function and integrating the terms (4.9) in the hard function
over the full angle would lead to a double counting. The terms in the last line of (4.7) depend
on the renormalization scale which we denote by µh, since the above partonic cross sections will
be part of the hard function. For the same reason, the coupling αs ≡ αs(µh) is evaluated at this
scale.

We now want to use the results (4.7) and (4.8) for the calculation of the angular convolutions
of the hard and soft functions. This is done in close analogy to the dijet case. For the hard
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matching corrections, we need the one-loop corrections to the hard function H2, together with the
leading-order hard function H3 in the combination

αs

4π
∆(1) =

αs

4π

〈
H

(1)
2 ⊗ S

LL
2 (t) +H

(1)
3 ⊗ S

LL
3 (t)

〉
, (4.10)

where the LL soft functions include the evolution from the hard to the soft scale

S
LL
m (t) =

∑

k

Umk(t0 = 0, t)⊗̂1 , (4.11)

and the leading-order soft functions are trivial. The symbol ⊗̂ indicates the integration over the
directions of the additional partons generated during the evolution.

For the hard function H2, the angular convolution in (4.10) is trivial since the two incoming
partons are along the beam directions. For the function H3, a single nontrivial angular integral
remains, corresponding to the angle of the emitted őnal-state particle with respect to the beam
axis. We parameterize this angle in the variable y so that we have

∆(1) =
〈
H

(1)
2 (z)S2(t) +

∫ 1

0

dyH
(1)
3 (y, z)S3(y, t)

〉

=

∫ 1

0

dy
[
δ(y)+δ(1−y)

2 H
(1)
2 (z) +H

(1)
3 (y, z)

]
S3(y, t) ,

(4.12)

where we use that the soft function S3(y, t) reduces to the two-parton soft function when the
emitted parton is along the beam direction, i.e. S3(1, t) = S3(0, t) = S2(t). The soft functions
S3(y, t) are computed by starting the LL shower with an appropriate three-parton conőguration.

The advantage of combining the real and virtual corrections in (4.12) is that the combined hard
functions are directly related to the partonic amplitudes given above. For example, for the qq̄

channel, we have

δ(y)+δ(1−y)
2 H2,qq̄ (z) +H3,qq̄(y, z) = σq

0 Cqq̄(z, y)Θin(y, z) , (4.13)

where we express the in-jet constraint Θin(y, z) through the partonic variables y and z. For a gap
around the rapidity of the Z-boson, we have

Θin(y, z) = θ
(
|Y | − Ymax

)
, (4.14)

where

Y =
1

2
ln

ŷ

1− ŷ
, with ŷ =

y (y (1− z) + z)

1− 2(1− y)y (1− z)
. (4.15)

The quark-gluon channel is not present at the lowest order, so that

H3,qg(y, z) = σq
0 Cqg(z, y)Θin(y, z) . (4.16)

For this process, we calculate the soft functions S
qg
3 (y, t),S qq

3 (y, t) numerically via LL evolution
for a grid of y values. In practice, we generate a value of y, corresponding to a three-particle
event where the real emission is inside the jet cones, and shower this conőguration. Repeating this
procedure for multiple values of y we obtain a grid. We then interpolate linearly in both variables
y, t and evaluate the convolution with the partonic amplitudes. The integrations in y, z as well as
xi are performed using VEGAS [228, 229]. To simplify the matching to őxed order, we compute
the order αs corrections to the hard and soft functions for Nc = 3. This approach is different
than the slicing scheme we used in the dijet case. The main advantage of using interpolation
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grids it to avoid a dependence on the slicing parameter, thus preventing potentially large power
corrections on the slicing parameter. However, as soon as one changes a parameter, for example
the gap size, it is necessary to create a new grid which is cumbersome. In the future, it seems that
the most convenient choice would be to introduce a subtraction scheme so that each real event
is automatically associated with its counter-event, thus regularising the IR divergences from real
emissions.

4.2.2 Numerical results

In the right plot of Figure 4.1 we show our numerical results for the gap fraction (3.113). We work
at

√
s = 13.6 TeV and use the NNPDF23_nlo_as_0119_qed [230] set and associated αs. We again

use the LL results of [85] at full color and match to őxed order. We note that the result of [85] does
not account for complex phase terms in the anomalous dimension (2.55). These cancel for e+e−

but are present for hadron colliders and lead to double logarithms at higher orders [90]. However,
for Z production the effect of these so-called super-leading logarithms is strongly suppressed and
numerically below the percent level [110]. For the same gap size ∆Y = ln(3) ≈ 1.1, we see a
similar behavior as in the e+e− case, see Figure 4.1. To study the effect of large logarithms on
the őxed-order expansion, we increase the center-of-mass energy Q to 1 TeV and the gap size
∆Y = 2. Once the hierarchy between Q and Q0 is large, it is unclear how the renormalization
and factorization scales µr and µf should be chosen in the őxed-order result. In the left plot of
Figure 4.2 we compare the perturbative predictions for a high value µ = µf = µr = 1TeV (solid
black line) and for the choice µ = Q0 (dashed black line). The difference in the two predictions
is an inherent uncertainty in the őxed-order result. The dynamical scale µ = Q0 leads to better
overall agreement with the resummed result, but also to an unphysical negative cross section at
low Q0. In our effective őeld theory approach, each part is evaluated at its natural scale. On the
right side of Figure 4.2 we show the LL as well as the NLL results, both obtained in the large-Nc

limit. In all cases, we observe that at low Q0 the NLL effects are around 20% and are within the
large LL uncertainty band. As expected, the scale uncertainty is greatly reduced at NLL.
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Figure 4.2: Fixed-order predictions for different scale choices (left) and resummed results at LL
and NLL (right) for the value Q = 1TeV.



Chapter 5

Conclusions and outlook

This project is very easy [...] all you need to do is the Monte Carlo implementation.

— Thomas Becher, an optimistic supervisor

Starting from a factorization theorem obtained in soft-collinear effective theory and its associated
RG equations, the objective of this thesis was to resum non-global logarithms at NLL accuracy.
According to the factorization formula (2.11), there are three distinct contributions at subleading
accuracy that are necessary to resum the full set of NLL corrections. Hard and soft matching
corrections as well as contributions from the two-loop anomalous dimension to the running.

While őrst results for matching corrections were available in [107], the inclusion of the two-
loop anomalous dimension in the renormalization-group evolution only became conceivable once
analytical results for this quantity were presented in [123]. An earlier result for this quantity [97]
contained many ingredients but not in the MS scheme relevant to our case. The main achievement
of this thesis is the implementation of the two-loop anomalous dimension into the dedicated large-
Nc parton shower framework Marzili. In practice, we augment the LL implementation [106,108]
with precisely one insertion of the two-loop anomalous dimension. A single insertion of Γ

(2) is
sufficient since contributions from Γ

(2) are supressed by αs. More precisely, we start a LL shower
from a certain particle conőguration which runs until an intermediate scale, where we evaluate
Γ
(2), and subsequently restart a LL shower. Throughout the evolution, additional particles are

generated. In this way, we are able to resum the full set of next-to-leading non-global logarithms
for jet observables, such as the interjet energy ŕow in dijet production at lepton colliders.

We validate our implementation by comparing predictions for the energy ŕow into a rapidity
slice around the thrust axis with results from Gnole [148] and PanScales [142]. The results,
independently obtained using entirely different frameworks, are in agreement within statistical and
systematic uncertainties. This provides a strong cross-check on our implementation.

As a őrst hadron collider application, we resum the next-to-leading non-global logarithms in pp →
Z → l+l−. We veto radiation in a gap outside the beam region. The gap is centered around the
rapidity of the electroweak boson. The shower evolution is the same as for e+e−, the only additional
ingredients to the resummation are the relevant NLO hard functions, which we extract analytically.
In the future, these should be extracted from existing őxed-order codes. The simple non-global
observables computed here can serve as benchmark results for the development of general-purpose
parton showers at subleading, i.e. (N)NLL, accuracy [127ś132]. On the experimental side, it would
be interesting to measure a gap fraction in Z-boson production to study how large non-global
logarithms turn out to be for őducial phase-space constraints. Experimentally, it is problematic to
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decrease the veto energy Q0 for the leading jet in the gap below 20 GeV. This is due to an increase
of the background noise and a lower detector sensitivity. As a result, the ratio between the soft
and hard scale might not be large enough for non-global effects to become manifestly dominant.
A possibility to increase this scale ratio would be to explore Drell-Yan events at high center-of-
mass energies. In addition, it would be interesting to see how widely used general-purpose parton
showers, e.g. Pythia [124], which do not capture non-global logarithms entirely [231], compare to
our theoretical prediction and experimental data.

Our result is a őrst step concerning the resummation of non-global observables at hadron colliders
and there are several interesting extensions of this work. Moving forward, it would be interesting
to insert the two-loop anomalous dimension a second time during the evolution, as a őrst step
towards exponentiation. In principle, this is possible with the current implementation since we
would modify the second LL shower in (2.102) to also contain an insertion of Γ

(2). Since these
corrections are suppressed by αs(µh), they are expected to be numerically small in comparison to
the results we obtained in this work. One concern when increasing the number of insertions of
the two-loop anomalous dimension is the numerical stability of the angular integrals. Increasing
the statistics to obtain a stable result may be necessary, which would require a more efficient
implementation. It seems plausible that porting some parts of the code onto GPUs to make use of
the highly concurrent infrastructure would achieve a signiőcant speed-up [232].

Another interesting line of research would be to apply our framework to the invariant-mass
distribution of jets and extend previously obtained results [107] to full NNLL accuracy. The jet
mass distribution has been measured at the Large Electron-Positron collider, however, the typical
jet mass is relatively low which means that the distribution is sensitive to hadronic contributions.
Nevertheless, it is an interesting observable to study, since it may be used at hadron colliders to
extract αs [233]. The factorization theorem for this observable is known [98] and the matching
corrections can be obtained by slightly modifying our implementation for the interjet energy ŕow
[107]. While for the gap fraction only soft logarithms arise, the situation is more complicated for
the distribution of the jet mass because collinear emissions are another source of large logarithms.
On the technical side, it will be necessary to subtract collinear contributions from the anomalous
dimension and exponentiate these separately. The collinear logarithm yields a double-logarithmic
contribution so that the leading non-global logarithms start at NLL accuracy. Therefore, by
including the two-loop anomalous dimension in the evolution, one will obtain NNLL results. Our
formalism is well-suited to address this problem.

An observable of phenomenological interest with sensitivity to non-global logarithms is photon
production [234]. To distinguish experimentally between photons produced in hard scattering
processes and photons originating from other sources, it is necessary to isolate photons. In practice,
this is done similarly as in the gap fraction, but instead of restricting the energy in a central region,
the energy of additional radiation inside a cone around photons is restricted to a fraction ϵγ of the
photon energy. As a consequence of these isolation requirements, a twofold pattern of logarithms
arises. We obtain enhancements proportional to ln ϵγ and lnR, where R is the opening radius of
the isolation cone. The logarithms in ln ϵγ are non-global and can be resummed using the parton
shower framework presented in this thesis. One of the missing analytical ingredients to resum
subleading logarithms are the NLO corrections in αs to the jet function. These contributions can
be extracted by studying higher-order splitting functions, representing the analog to hard matching
corrections in gap fractions. The logarithms lnR are obtained by solving a DGLAP-like evolution
equation for the fragmentation function. To improve the resummation accuracy regarding the lnR

terms, it is necessary to calculate higher-order splitting kernels. We believe that these can be
extracted from the corresponding QCD splitting functions. Once the subleading logarithms in R
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and ϵγ have been resummed, the result should be matched to existing state-of-the-art őxed-order
NNLO computations for photon production with realistic isolation criteria [235].

Phenomenologically interesting examples of more complicated observables include H + jets pro-
duction with a veto on additional jets in pp → H → W+W−. Experimental analyses typically
divide the data into exclusive jet bins because the background-to-signal ratio changes considerably
with the number of jets present. The jet veto is imposed to reduce the background from top-quark
pair production with subsequent decay into bottom jets. Since the pvetoT cut is very stringent, large
logarithms in terms of ln mH

pveto
T

deteriorate the cross section. While non-global logarithms are power-
suppressed in the zero-jet bin [106], as soon as one distinct jet is present jet-veto cross sections are
genuinely non-global. Treating the zero-jet bin as a global observable, the large logarithms have
been resummed up to N3LL [34ś36, 43, 44]. Starting from the one-jet bin, there is a non-global

ln
pjet
T

pveto
T

logarithm present, which should be resummed even though its size was estimated in [236]
to be at the level of a few percent. However, this estimate is not based on a full factorization
theorem for H + jets, hence, it should be used with caution.

Higgs-boson production from vector-boson fusion with a jet veto for central rapidities is another
process where non-global logarithms should deőnitely be investigated. To suppress background,
experiments impose large rapidity gaps which implies that the őnal-state jets are widely separated
and in different hemispheres. By imposing a veto on the energy of additional radiation in the central
region between the őnal-state jets, we anticipate sizable non-global contributions, in particular
to the gluon-induced background. The main challenge to resum subleading logarithms is the
calculation of the hard functions. To get the hard functions for VBF, we would use the structure-
function approach [237]. Having analytical expressions would help to investigate the possibility
of extracting hard functions from existing őxed-order codes, e.g. MadGraph [238] or MCFM
[239], thereby automating the calculation of the hard functions. As the őrst application of this
automatized extraction procedure, we would calculate the hard functions for the gluon-induced
background. Combined with one-loop corrections to the soft function and contributions due to the
running of the two-loop anomalous dimension, we would get the subleading non-global logarithms.

A limitation in our framework is the strict large-Nc limit. As a result, we are unable to capture
contributions due to Glauber exchanges in non-global observables. While these so-called super-
leading logarithms [90] vanish in e+e− initiated processes, they may become relevant for 2 → 2

scattering processes at hadron colliders [110, 193]. An open problem is to account for multiple
soft emissions which build up the non-global nature. It is certainly possible to perform multiple
insertions of the anomalous dimension numerically at full color, however, higher-order insertions are
only feasible numerically. Even though there are efforts to develop a parton shower at őnite color
[199] and őrst numerical results exist [88], so far Glauber contributions have not been implemented.
Perhaps the most promising approach would be to include the Glauber exchanges at full color in
our framework and treat subsequent soft emissions using our large-Nc parton shower. We believe
that our formalism is suitable to obtain the leading contributions numerically and we are looking
forward to working on that.

To conclude, this monograph represents an important milestone concerning the resummation of
jet observables using effective őeld theory techniques. More than two decades after the leading
non-global logarithms have been resummed, we őnally achieved NLL accuracy, the new state-
of-the-art for non-global observables. This accomplishment culminates nearly a decade of work
[94, 95, 106ś108, 123], demonstrating the signiőcant development made in this őeld. The results
and insights obtained here, pave the way for future precision studies at colliders.
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