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1 Introduction

The confirmed existence of planets, both within our Solar System as well as around
thousands of other stars, raises the fundamental question about how they form.
This is not only a profound inquiry about our own origins but also an intriguing
multi-disciplinary scientific problem. Our foundational understanding of planetary
properties is driven by observations of Earth and its neighbours, as well as plan-
ets outside of the Solar System. It is the challenge of planet formation theory to
make sense of the planets we see and their diverse characteristics. Addressing this
requires identifying the key physical processes driving planet formation and under-
standing how these processes interplay to shape fundamental planetary properties,
such as mass and orbital distance.
In this thesis, I use a global model of planet formation and evolution to examine
two current areas of study in the planet formation community. First, I investigate
the arising complexity due to two concurrently acting mechanisms for planets to
grow (Kessler and Alibert, 2023). In the second work, I revisit the long-standing
conundrum of the formation of Uranus and Neptune (Kessler et al., subm.). Both
studies highlight the complexity of planet formation, demonstrating the need for,
and the value of, global models incorporating the most important physical pro-
cesses.

The thesis is structured in the following way: in the introductory chapter 1,
I give a broad overview of the observational constrains on the planet formation
process which is inspired by the recent thorough reviews of Drazkowska et al. (2022)
and Miotello et al. (2022). The current state of our knowledge about the outcome
of planet formation – the planets we can see today – is covered in chapters 1.1 and
1.2. In chapter 1.3, I give an overview of our observational understanding of the
initial conditions that set the stage for planet formation. In chapter 1.4, I provide
a qualitative picture of how planets are believed to form, and finally in chapter
1.5, I present the modelling approach employed in the two main works. In chapter

1



2 Chapter 1. Introduction

2, I introduce the most important physical processes for the formation of planets.
The global model used in this thesis, which incorporates most of these physics, is
introduced in chapter 3. In chapters 4 and 5, I present the two main works of the
thesis Kessler and Alibert (2023) and Kessler et al., (subm.), respectively. Finally,
I conclude the thesis with an outlook in the context of my work in chapter 6.

1.1 The Solar System
The Solar System hosts (at least) eight planets. Four so-called terrestrial plan-
ets in the inner parts of the system which mostly consist of solid rock and other
heavy elements such as iron: Mercury, Venus, Earth, and Mars. The four planets
in the outer system are Jupiter, Saturn, Uranus, and Neptune. They are much
more massive and gas-rich than the planets in the inner Solar System. Jupiter and
Saturn are dominated in mass by hydrogen and helium (henceforth H-He) and
are colloquially known as gas giants. Uranus and Neptune are believed to bear
8-25% of their mass in H-He (Helled et al., 2011; Nettelmann et al., 2013) and are
called ice giants due to their large orbital distance to the Sun. To compare, the
Earth’s atmosphere only makes up for about a millionth of the total mass of the
planet. The masses and semi-major axes of the Solar System planets are listed in
Table 1.1. There are many more well-studied characteristics of these planets such
as their radii, composition, surface properties, moons, etc., as well as groups of
smaller bodies such as the asteroid belt between the orbits of Mars and Jupiter,
and the so-called trans-Neptunian objects beyond Neptune’s orbit. A discussion
of all these components of the Solar System is beyond the scope of this thesis but
the planets and the system architecture already pose challenging questions about
the formation history of the Solar System. A by no means exhaustive list of fun-
damental questions reads: ’Why is Mars substantially less massive than Earth and
Venus?’, ’Why is Saturn much less massive than Jupiter despite their otherwise
similar nature?’, ’How come Mercury is much more dense than the other terres-
trial planets?’, ’How can Uranus and Neptune form so far away from the Sun?’.
There exist various studies and hypotheses on all of these topics (see e.g. Walsh
et al., 2011; Helled, 2023; Chau et al., 2018; Tsiganis et al., 2005; Lambrechts et al.,
2014). I investigate the last question about the formation of the Solar System ice
giants Uranus and Neptune in Chapter 5 (Kessler et al., subm.).
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Planet Mass [ME] Semi-major axis [au]
Mercury 0.055 0.39
Venus 0.815 0.72
Earth 1 1
Mars 0.107 1.52

Jupiter 317.8 5.20
Saturn 95.2 9.58
Uranus 14.5 19.22
Neptune 17.1 30.05

Table 1.1: The masses and semi-major axes of the Solar System
planets, given in relative units with respect to Earth. One ME
corresponds to one Earth mass and one astronomical unit au is
almost exactly the average distance between the Earth and the Sun.

It remains a key objective of planet formation theory to explain the formation
of the Solar System. Currently, we are far from providing a complete picture.
Although fundamentally, the formation of the Solar System planets must be a
possible outcome of a valid theory of planet formation, it is a priori unclear whether
the Solar System represents a common or a special occurrence. As such, the Solar
System only provides incomplete information about the outcome of the planet
formation process. In order to learn more, we must look further.

1.2 Exoplanets and extra-solar systems
In 1995, the first planet which orbits a different main-sequence star than the Sun,
namely 51 Pegasi, was discovered (Mayor and Queloz, 1995). The Jupiter-mass
planet 51 Pegasi b was found to orbit its host star so closely that it would be
well inside Mercury’s orbit in the Solar System. Such planets outside the Solar
System are called exoplanets. For the study of planet formation, the discovery of
the first exoplanet marked the beginning of a new era and the significance of this
finding was recognized with the Nobel Prize in physics in 2019. Already the very
first discovered exoplanet revealed that the Solar System planets represent only
a subset of possible planet formation outcomes, as our own Jupiter is on a much
wider orbit than 51 Pegasi b. The prospect of more exoplanet discoveries opens
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up the possibility to compare predictions from planet formation theory against a
much larger, more diverse, population of planets than the Solar System. Indeed,
the ’exoplanet revolution’ is in full swing. Currently, we have discovered 5811
exoplanets according to the NASA Exoplanet Archive (as of 03.01.2025). It turns
out that the formation of planets is not a rarely occurring phenomenon. From the
observed population of exoplanets it is estimated that around 50-60% of Sun-like
stars host at least one planet (Mulders et al., 2018; Zhu et al., 2018; He et al.,
2019, 2021). Furthermore, at least half of the known exoplanets are part of a
multi-planetary system (Lissauer et al., 2011). In order to understand this vast
population of planets, it is crucial to understand how exoplanets are discovered,
what planetary properties can be measured or inferred, and what the observational
biases are.

1.2.1 Exoplanet detection

It is beyond the scope of this thesis to give a detailed description of all the exoplanet
detection methods. The aim of this simple overview of the two most important
exoplanet detection methods, the radial velocity and the transit method, is to allow
a reasonable understanding of the bulk of the exoplanet population presented in
Chapter 1.2.2. It should be mentioned that there are other detection methods,
such as microlensing and direct imaging, which are not as successful in finding new
exoplanets yet. However, the sensitivity to low mass planets at larger distances of
the microlensing method, as well as the powerful characterisation capabilities of
giant planets on very long orbits via direct imaging, provide valuable extensions of
the known exoplanet parameter space. Note that I also omit a discussion on the
vast amount of observational facilities and instruments, both ground and space-
based, which are involved with exoplanet detection and characterisation, as well
as missions exploring the Solar System.

Radial velocity

The 1995 discovery was made using the so-called radial velocity method. This
method relies on the mutual gravitational interaction of the star and the companion
which causes both objects to orbit the centre of mass of the System. Unless we are
observing the system face-on (an inclination of 0°), a part of this periodic motion
of the star takes place in the line of sight. This radial velocity away/towards the

https://exoplanetarchive.ipac.caltech.edu/index.html
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observer results in a Doppler red/blue shift of the incident stellar light. Using
a high precision spectrograph, this shift can be measured and translated into a
radial velocity signal. The amplitude of the radial velocity depends, among other
parameters, on the mass of the companion and the inclination i. By measuring the
amplitude and the orbital period, the minimum mass of the planet, Mp sin(i), can
be calculated if the mass of the star is known. The true planetary mass Mp can not
be inferred, since the inclination is unknown from radial velocity measurements
alone.
This exoplanet detection method is biased towards massive companions on short
orbital periods as they lead to a larger radial velocity signal. Similarly, a planet of a
given mass is more easily detectable if the host star mass is lower. Fundamentally,
the observed star also needs to be sufficiently bright in order to be observable.
The main limitation for precise radial velocity measurements are signals due to
stellar activity phenomena which can mimic and/or mask the planetary signal
(Dumusque, 2016). Currently, we are just about able to detect an Earth-twin
around a Sun-like star using the radial velocity method. Nevertheless, it is a
hugely successful method of exoplanet detection responsible for 1096 exoplanet
discoveries up to now.

Transit

The so-called transit method is by far the most successful way of detecting plan-
ets which has lead to the discovery of 4329 exoplanets. It uses the fact that a
planet partly obscures the stellar light as it crosses (’transits’) in front of the star
in the line of sight of the observer. This is not the case for every planet as it
relies on a suitable observation geometry, disqualifying all planets which do not
transit from the point of view of the observer. Planets on close-in orbits are much
more likely to cross in front of the star than planets on longer orbits which makes
the detection of longer period planets unlikely and impractical using this method.
The transit method has been successfully applied for the first time in 1999 on
the already known planet HD 209458 b which was first detected using the radial
velocity method (Henry et al., 1999; Charbonneau et al., 2000). The main obser-
vational quantity is the transit depth, the maximum extent by which the planet
reduces the apparent brightness of the star. The depth is directly related to the
ratio of the planetary to stellar radius. Since a deeper transit is easier to detect,
small planets are more readily detected around smaller stars. Additionally to the
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radius, the orbital characteristics can be constrained from the shape, timing, and
duration of the measured transit lightcurve. If the orbits in exoplanetary systems
are co-planar, as is the case in the Solar System, and a single transiting planet is
found, the probability of the other planets in the system transiting as well is high.
From variations in the transit timing due to the mutual gravitational interactions
among the planets in a multi-planetary system, it is even possible to infer the
masses of the planets. The most famous example of a multi-exoplanetary system
is the TRAPPIST-1 system which is hosting seven known terrestrial exoplanets
(TRAPPIST-1 b through h), which were all found using the transit method (Gillon
et al., 2016, 2017).
Since the transit and radial velocity methods are both biased towards edge-on
(inclination of 90°) orbits with respect to the observer, many planets discovered
by radial velocity are transiting and many exoplanets discovered with the transit
method can be followed up with radial velocity measurements. The simultane-
ous measurement of the planetary mass as well as the radius using both methods
constrains the bulk density of the planet. This allows us to roughly characterise
exoplanets in terms of their composition. However, the interior structure of plan-
ets remains a highly degenerate problem and requires advanced methods in order
to be constrained (e.g. Egger et al., 2024).
As for the radial velocity method, stellar activity related signals are a major source
of noise. For instance, colder regions on the stellar surface can cause a transit-like
dip in the total brightness as the star rotates. Nevertheless, it is possible to detect
exoplanets smaller than Earth around sufficiently bright Sun-like stars using the
transit method (e.g. Fressin et al., 2012).

1.2.2 The exoplanet population

In Figure 1.1, the population of known planets with both an existing mass and
semi-major axis estimate is shown. The lower detection limit around one Earth
mass discussed in the previous chapter is clearly visible. As seen by the colour of
the points, the transiting exoplanet population is biased towards small separations
and the radial velocity population extends further out for more massive planets.
Outside of 10 au, only planets more massive than Jupiter can be detected by radial
velocity and direct imaging. For reference, the Solar System planets are indicated
by black crosses highlighting our current inability to detect a twin-system to our
own.
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Figure 1.1: All known planets for which a mass and semi-major
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highlight the Earth’s location at one au and one ME.
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The exoplanet population provides a much wider perspective on the possible planet
formation outcomes but it remains restricted by the current observational limits.
Since the known exoplanet population clearly shows a large diversity, different
from the Solar System, planets are loosely grouped into categories.

Super-Earths and sub-Neptunes

The most common detectable planets are the so-called super-Earths and sub-
Neptunes. They are, generally, in the mass range between Earth and Neptune
but are technically defined according to their radius, ranging from 1-3 RE (Earth
radii). For reference, Neptune’s radius is 3.88 RE. The transit and radial veloc-
ity method are perfectly suited to probe this mass range for orbits within one au,
however, the ubiquity of these planets is not an artifact of the observational biases.
Even after bias correction, more than every second Sun-like star is found to host
at least one super-Earth or sub-Neptune, and often more than one (Mulders et al.,
2018; Hsu et al., 2019; Kunimoto and Matthews, 2020).
The planets in the 1-3 RE range are bi-modally distributed in terms of radii with
a minimum occurrence rate around 1.7 RE, which is commonly referred to as the
radius valley (Fulton et al., 2017; Fulton and Petigura, 2018; Ho and Van Eylen,
2023). This separates two populations, the super-Earths with radii below ∼1.7 RE

and the sub-Neptunes with radii above ∼1.7 RE. Since both the mass and the
radius is known for many super-Earths and sub-Neptunes, their bulk density can
be inferred. This allows to constrain the bulk composition of these planets. The
super-Earth population with radii below ∼1.6 RE is found to be consistent with
terrestrial planets composed primarily of silicates and iron whereas planets with
radii above ∼1.6 RE, including the sub-Neptune population, likely have substantial
volatile atmospheres (Rogers, 2015).
There are two main hypotheses for the emergence of the radius valley in the context
of planetary formation and evolution. If the planets consist mainly of silicate and
iron cores with H-He dominated atmospheres, the radius valley could be carved
due to atmospheric escape of H-He, shaping the terrestrial super-Earth popula-
tion (Lopez and Fortney, 2013; Jin et al., 2014; Owen, 2019; Ginzburg et al.,
2016; Gupta and Schlichting, 2019; Rogers et al., 2021). A discussion on the
long term evolution of planets due to atmospheric escape processes is presented
in Chapter 2.8. The radius distribution can also be explained if the sub-Neptune
population is rich in water (mass fractions of several tens of percent) while the
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super-Earths are dry (Zeng et al., 2019; Mousis et al., 2020; Aguichine et al.,
2021). This idea is consistent with water fraction predictions from planet forma-
tion models and tentatively supported by observations of planets around M-dwarfs
(stars less massive than the Sun) (Mordasini et al., 2009a; Venturini et al., 2020;
Luque and Pallé, 2022). However, it depends on how the water is mixed in the
atmosphere, and atmospheric escape remains a key factor in shaping the radius
valley assuming water-rich sub-Neptunes (Burn et al., 2024). Using the recently
commissioned James Webb Space Telescope (JWST), we are for the first time able
to characterise the composition of sub-Neptune atmospheres. Recently, a water-
rich atmosphere has been detected on a 1.98 RE sub-Neptune (Piaulet-Ghorayeb
et al., 2024). Although it remains difficult to confidently link the observed spec-
tral data to the atmospheric water abundance and even moreso to the bulk water
content of a planet, this is an important development in the context of the radius
valley. If the water-rich nature of close-in sub-Neptunes can be corroborated on
a statistical level in future observations, this represents a fundamental success of
predictive planet formation theory.
Above radii of ∼3 RE, beyond the sub-Neptune population, the planet occurrence
rate drops off steeply, which is sometimes referred to as the radius cliff (Youdin,
2011; Howard et al., 2012; Mulders et al., 2015a). This is thought to be related
to the sequestration of hydrogen in the molten surface of the planet, stalling the
radial growth of the atmosphere when more gas is accreted onto the planet (Kite
et al., 2019).

Giant planets

Giant planets are loosely defined as planets above roughly 30 ME (∼0.1 Jupiter
masses) and below the brown dwarf limit of about 4,000 ME (∼13 Jupiter masses).
Giant planets are expected to contain increasing amounts of H-He the more massive
the planet is. Sufficiently massive giants are predominantly composed of H-He with
mass fractions well beyond 90%. For reference, Jupiter is estimated to get more
than 87% of it’s mass from H-He (Vazan et al., 2018; Ni, 2019).
Giant planets are found from very close to their parent star, out to about 30 au by
radial velocity, and much further out by direct imaging. The very close-in giant
planets, called hot Jupiters, are over-represented in the exoplanet population due
to the fact they are comparatively easy to detect. In reality, the hot Jupiters are
estimated to represent only about 0.5-1% of giant planets (Wright et al., 2012;
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Howard et al., 2012; Fressin et al., 2013). Outside of the very short orbits, the
intrinsic occurrence rate of giant planets increases with distance to the star, with
most of them orbiting between 1-10 au (Cumming et al., 2008; Mayor et al., 2011;
Fernandes et al., 2019; Fulton et al., 2021). Beyond 10 au, giant planets become
increasingly more rare and outside of the radial velocity limit of about 30 au,
only planets more massive than Jupiter, so-called super-Jupiters, can be detected
by direct imaging. The occurrence rate of super-Jupiters is estimated to be on
the order of 5% in the 10-100 au range (Nielsen et al., 2019; Vigan et al., 2021).
Exoplanetary counterparts to the Solar System ice giants Uranus and Neptune are
currently clearly out of reach observationally.

System architectures

The architecture of observed multi-planetary systems can be broadly divided into
systems with and systems without giant planets. In the absence of giant planets,
the properties of planets in the same system tend to be similar. The typical multi-
planet system found in the Kepler transit survey hosts planets that are similar
in size, regularly spaced, and co-planar (Ballard and Johnson, 2016; Millholland
et al., 2017; Weiss et al., 2018; Gilbert and Fabrycky, 2020). Although some of
these correlations could be explained by observational biases, they are consistent
with predictions from planet formation models (He et al., 2019; Mishra et al., 2021;
Emsenhuber et al., 2023b). A common occurrence in planet formation simulations
are so-called orbital resonances, which arise when the orbital period ratios of suc-
cessive planets are integer-valued (e.g. Emsenhuber et al., 2021b). One of the
most famous examples of orbital resonances are Jupiter’s moons Io, Europa, and
Ganymede. For every one orbital revolution of Ganymede, Europa orbits Jupiter
twice and Io four times. The majority of observed exoplanet systems, however, are
not in orbital resonances. It has been proposed that orbital resonances are broken
after the planets have formed in order to explain this discrepancy (Izidoro et al.,
2017).
The architecture of systems with at least one giant planet are significantly dif-
ferent. Hot Jupiters are only very rarely accompanied by other planets within
about 50 au, while companions at larger distances are common (Ngo et al., 2016).
The planet multiplicity of systems with giant planets at larger distances is not as
well constrained due to the observational limitations, however, super-Earths have
been found to be often accompanied by an outer giant (Zhu et al., 2018; Bryan
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et al., 2019; Rosenthal et al., 2022; Huang et al., 2016). This is consistent with
the emerging architectures in planet formation simulations (Emsenhuber et al.,
2023b).

Dependence on the host star

We detect planets around stars with different masses, compositions, and ages.
Since the stellar properties are thought to be representative of the environment
from which a planetary system formed and evolved in over billions of years, an
imprint of stellar properties on the exoplanet population is expected. Most fun-
damentally, environments which lead to the formation of a low mass star are
also thought to provide less material for planet formation. Similarly, the relative
abundance of heavy elements (everything except H-He) with respect to H-He, is
commonly assumed to be the same in the host star and the matter from which the
planets form. Therefore, it is expected that the properties of planetary systems
and the individual planets correlate with stellar mass and the so-called metallicity,
which is a proxy for the heavy element abundance given by the iron to hydrogen
ratio normalised by the Sun’s values. Consistent with this idea, the planetary pop-
ulation around M-dwarfs (<0.6 MSun) is dominated by planets which are smaller
than ∼3 RE and orbit closer to the star compared to Sun-like systems (Howard
et al., 2012; Dressing and Charbonneau, 2013, 2015; Morton and Swift, 2014; Mul-
ders et al., 2015a; Hsu et al., 2020). The typical super-Earth mass in a system is
found to scale roughly linearly with stellar mass (Wu, 2019; Pascucci et al., 2018).
Giant planets, both hot-Jupiters and more distant giants, are much rarer around
M-dwarfs than Sun-like stars (Mulders et al., 2015b; Hsu et al., 2020; Johnson
et al., 2010; Fulton et al., 2021).
There is a well-established positive correlation of giant planet occurrence and host
star metallicity (Santos et al., 2004; Fischer and Valenti, 2005; Fulton et al., 2021)
and a weak positive metallicity dependence for larger planets (2-4 RE) (Petigura
et al., 2018). A similar correlation for super-Earths is much weaker or perhaps
even absent (Wang and Fischer, 2014; Mulders et al., 2016; Kutra et al., 2021).

A perhaps surprising fact is that roughly half of Sun-like stars are found to
have at least one stellar companion. For M-dwarfs the multiplicity fraction is
about 20% (Offner et al., 2022). Clearly, multi-stellar systems are not a rare
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occurrence. Nevertheless, planet formation is typically studied considering single-
star systems, not just because of the search for a Solar System twin but also for
simplicity. The presence of a secondary star is an additional source of energy and
tidal forces which are not negligible in the planet formation and evolution process.
For these reasons, planet formation is solely discussed in the context of a single
central star in this thesis.

1.3 The protoplanetary disk
In order to study planet formation, apart from looking at outcomes of this pro-
cess, we must also understand the environment in which it takes place. To do
this, we go back in time to when the host star itself formed, as we believe the left-
overs of this process provide the material planets form out of. The birthplace of
stars are so-called molecular clouds. Molecular clouds are huge collections of very
low-density gas, spanning hundreds of lightyears and containing up to millions of
solar masses of mostly molecular hydrogen. Filaments, which are substructures of
varying density, are ubiquitous in molecular clouds. Sufficiently dense filaments
can fragment into gravitationally bound objects which collapse further into stel-
lar nebulae, finally evolving into stars (see e.g. Kippenhahn and Weigert, 1990).
When a so-called protostar forms, the increasingly dense gas revolves around the
central protostar according to the total angular momentum of the nebula. As the
nebula shrinks further, it speeds up due to the conservation of angular momentum
and flattens into a thin circumstellar disk. Conceptually, this is assumed to be
the starting point of planet formation where the refractory components in the disk
start to accumulate and grow into planets. Therefore, planet-forming circumstel-
lar disks are also referred to as protoplanetary disks. Typically, the heavy-element
contribution to the total disk mass is assumed to be on the order of one per-
cent – the rest is H-He. The refractory components in the disk, e.g. silicate and
water ice grains, are commonly referred to as dust, while the rest is aptly called gas.

Protoplanetary disks are historically detected and classified by spectrography
of the combined light of the young star and the disk, which is in this context often
called a young stellar object (YSO). If a disk is present, there is an excess flux in
the infrared range compared to the spectrum of the star alone, which is accurately
modelled as a blackbody. The infrared excess stems from the dust component
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in the disk, which is heated up by the stellar irradiation and re-emitting in the
infrared. The distribution of the spectral energy, given by the wavelength λ mul-
tiplied by the incident flux at this wavelength Fλ, as a function of the wavelength
in the infrared range, provides a way of classifying YSOs. Four classes are defined
according to the slope of the distribution, given as α = d log λFλ

d log λ
(Williams and

Cieza, 2011; Armitage, 2020):

• Class 0: undefined α due to missing infrared emission,

• Class I: α > 0.3,

• Class II: −1.6 < α < −0.3,

• Class III: α < −1.6.

This classification of YSOs follows the temporal evolution of the protostar and
the surrounding material. The physical interpretation of a class 0 and I YSO is
that the stellar light is heavily obscured by the disk which is still forming and being
fed by infalling material from the surrounding cloud. Class II objects have cleared
the majority of the enveloping gas and dust with a thin disk remaining. This is
the stage where it is commonly assumed that planet formation takes place. As
the gas disk dissipates, a class III YSO showing close to no infrared excess is left
behind. Since most YSOs are found to be of class II, most of the circumstellar disk
lifetime consists of star-disk systems which have largely cleared the surrounding
cloud material (Evans et al., 2009). Comparing disk occurrence rates in star form-
ing regions of different estimated ages, allows to constrain the expected lifetime of
protoplanetary disks, albeit with large associated uncertainties. Disk lifetimes are
expected to be in the range of 1-10 million years with characteristic values around
2.5-5 Myr (Mamajek, 2009; Richert et al., 2018; Michel et al., 2021). The disk
lifetime is a fundamental constraint for the formation of planets as well as models
of protoplanetary disk evolution.

Although reliant on assumptions regarding the dust sizes, opacity, and tem-
perature, the dust mass in the disk can be estimated from thermal continuum
emission measurements in the (sub-)millimetre range (Hildebrand, 1983; Miotello
et al., 2022). Dust mass estimates of many YSOs in different star forming regions
reveal a strong dependence of dust mass with time. The youngest objects, cor-
responding to class 0/I, are more than an order of magnitude more massive than
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the older class II objects (Andrews et al., 2013; Ansdell et al., 2016; Barenfeld
et al., 2016; Pascucci et al., 2016; Ansdell et al., 2018; Tychoniec et al., 2018). The
typical dust mass reduces from a few hundred Earth masses to ∼ 50 ME for class II
YSOs (van der Marel and Mulders, 2021). Comparing these dust mass estimates to
the observed mass of exoplanetary systems, suggests that planet formation likely
initiates earlier than classically assumed, before the disk is fully assembled, or
that planet formation is more efficient than currently thought (Drazkowska et al.,
2022). However, it has been recently demonstrated that median dust masses might
be underestimated by a factor of 6 due to the assumed dust properties which could
alleviate the mismatch with the masses of exoplanetary systems (Liu et al., 2024).
The oldest YSOs, estimated at ∼5-11 Myr, show again a factor of a few lower me-
dian dust masses consistent with class III objects. The most obvious interpretation
of this trend is that ongoing planet formation is converting the dust into larger
bodies which are unobservable in this wavelength range, and some of it is accreted
by the star. Evidence for stellar accretion is found in the ultraviolet range of the
spectral energy distribution of YSOs. An excess ultraviolet emission, particularly
at the Hα spectral line of the hydrogen atom, is indicative of gas temperatures
of ∼ 104 K. This is consistent with the expected shock temperatures of disk gas
accreting onto the star (Joy, 1945; Hartmann et al., 1994). The stellar accretion
rates can be inferred from the ultraviolet excess emission. They are found to be
on the order of ∼ 10−8 MSunyr−1 and are correlated with the disk masses and with
the ages of the young systems (Manara et al., 2016; Hartmann et al., 2016; Testi
et al., 2022). Reproducing the stellar accretion rates is a further key requirement
for models of protoplanetary disks and their time evolution.
Inferring the total disk mass requires some constraint on the gas mass on top of
the dust mass. As mentioned before, a natural assumption is that the elemen-
tal composition of the star is representative of the composition of the disk. This
means that, to first order, stellar metallicity distributions can be used to estimate
the typical dust-to-gas ratios in disks. Ratios of about 1% are commonly quoted
which results in typical total disk masses of ∼ 5000 ME (∼ 0.015 MSun). Measuring
the gas mass of protoplanetary disks directly is much more difficult than measuring
dust masses. The main problem stems from the fact that the emission of the main
component of the gas, molecular hydrogen (H2), is very faint (Field et al., 1966).
The main tracer molecules that are used instead are the less abundant hydrogen
isotopologue hydrogen deuteride (HD), and carbon monoxide (CO). Both methods
are associated with large uncertainties but, so far, CO-based observations seem to
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indicate dust-to-gas ratios just below of 1% (Miotello et al., 2022). As is the case
of dust mass measurements, the uncertainties of YSO ages further complicate the
estimation of early class II gas disk masses.
Estimating the radial extend of protoplanetary disks presents a further significant
challenge. Since the gas and dust densities diminish at large separations from the
central star, it is difficult to measure any emission from these cold and faint re-
gions. A popular approach of defining outer radii of disks is the radius R68 which
encloses 68% (±1 standard deviation) of the measured (sub-)millimetre continuum
dust emission. Note however, that this radius does not necessarily enclose 68%
of the dust mass due to the uncertainties in the density distribution and optical
depth of the material (Miotello et al., 2022). Measurements of R68 vary from 20
au to over 100 au (Manara et al., 2023). The bright emission of 12CO allows to
trace the outer radii of the gas in the disk, which are generally found to be larger
than the outer radii of the dust component (Sanchis et al., 2021). Varying optical
depths in the different wavelength ranges of these measurements or the growth
of dust and subsequent inward drift could both explain the observed differences
(Dutrey et al., 1998; Testi et al., 2003; Birnstiel et al., 2016, e.g.). Therefore,
the correlation of outer disk radii of the different disk components with disk age
is important in order to understand the time evolution of protoplanetary disks.
The emerging general physical picture is that young disks extend to the order of
∼100 au (Manara et al., 2023).
Infrared observations of the light which is scattered by the smallest grains at the
surface of the disk allow us to measure the vertical extent of disks. The aspect
ratio, the ratio of a disks representative height at a given radial distance, is found
to be increasing with radial separation (Avenhaus et al., 2018). This is consistent
with theoretical predictions of flared disks (Kenyon and Hartmann, 1987; Chi-
ang and Goldreich, 1997). Larger dust grains are found to be well-settled in a
remarkably thin midplane layer in (sub-)millimetre measurements which provides
valuable constraints for the physical processes involved in the disk evolution (Pinte
et al., 2016; Villenave et al., 2022).

In the classical picture of protoplanetary disks, the radial disk profile is smooth
and devoid of substructures. However, the most recent generation of high resolu-
tion (sub-)millimetre observatories, namely the Atacama Large Millimeter Array
(ALMA), has revealed a remarkable diversity in disk substructures in the last few
years. These substructures take the form of dust rings, deep gaps, spirals, and
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arcs and are found at essentially all currently observable scales (Andrews, 2020;
Benisty et al., 2022). There is a vast amount of possible origins of these sub-
structures ranging from (magneto-)hydrodynamical processes to tidal effects, as
well as processes related to the dust evolution (Bae et al., 2022). A particularly
intriguing possibility lies in the tidal interaction of massive planets with the disk,
forcing a ring-shaped gap in the disk around the planet’s orbit. This could pro-
vide a way to find young massive exoplanets and to observe them while they are
still undergoing formation (Dong et al., 2015). Indeed, some planets have been
imaged in gaps of protoplanetary disks and their presence has been inferred by
the measurements of planet-induced gas dynamics (Keppler et al., 2018; Teague
et al., 2018). However, not all ring-like substructures have lead to the discovery
of planets. As such, it is not clear whether these rings are carved by planets or
whether rings predate planets and could rather serve as their birthplace. It has
been shown that an accumulation of dust in a ring promotes the growth of dust
and the rapid formation of planets (Zhang et al., 2015; Jiang and Ormel, 2022;
Lau et al., 2022). In the wake of the newly discovered stunning diversity of disks,
planet formation in structured disks is currently intensively studied (Drazkowska
et al., 2022). Since substructures that are potentially related to planets are also
found in very young disks, it is becoming increasingly clear that planet formation
initiates already before the disk has fully assembled. In this thesis, however, as is
the case in many current studies, the focus lies on the physical processes that take
place in fully formed protoplanetary disks that show no initial substructures.

1.4 The core accretion paradigm
To set the context for planet formation, a brief summary of the conditions in the
protoplanetary disk is helpful. The protoplanetary disk contains mainly gas and
to the order of 1% dust. The dust component has the tendency to settle in the
midplane, where the density of the gas disk is the largest. By comparing with dust
grain sizes in the interstellar medium, the lower limit of the size of the dust grains
in the protoplanetary disk is found to be on the order of micrometres. The funda-
mental challenge of planet formation is to bridge the size range from micrometre
grains up to planets larger than Jupiter with radii of more than 100,000 kilome-
tres. The presence of giant planets which contain hundreds of Earth masses in
H-He, implies that their formation must take place before the gas disk dissipates,
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typically within a couple million years. A detailed overview of the most important
physical processes of planet formation is given in Chapter 2. In the following, a
qualitative picture of planet formation is outlined.

There are two paradigms of planet formation which are thought to be possible:
gravitational instability and core accretion. The former considers a planet forma-
tion process akin to the formation of stars. Massive disks collapse locally under
their own gravity, forming fragments which may condense into planets. Gravita-
tional instability has been initially proposed as a formation mechanism of the Solar
System (Kuiper, 1951). Today, this scenario can be ruled out for the formation of
the Solar System but it remains an intriguing pathway for massive planets on wide
orbits, which is where the conditions for gravitational collapse are most likely to be
satisfied. Gravitational instability in massive disks generally yields very massive
planets, brown dwarfs, and even stellar companions.
The more popular formation paradigm of core accretion is relevant for planets
within tens of au, where most exoplanets are known to exist. As the name sug-
gests, it involves the formation of a planetary core1 from the refractory material
in the protoplanetary disk. If such a core becomes massive enough, gas in it’s
co-orbital vicinity in the protoplanetary disk can be gravitationally bound to the
core, further increasing the mass of the forming planet. At the so-called critical
core mass, the accretion of gas becomes self-accelerating, commonly referred to as
runaway gas accretion, resulting in a gas-dominated giant planet. In this picture,
terrestrial planets can simply form as cores that are not massive enough to attract
large amounts of gas. The next obvious question is how the cores form. Without
going into the detailed physics presented in Chapter 2, the growth of cores can
be divided into different stages. Initially, the dust grains can grow by coagulation
to roughly centimetre sized, so-called pebbles. Growth by coagulation beyond this
threshold is prevented by the fragmentation in mutual collisions and fast inward
drift (Drazkowska et al., 2022). Various proposed mechanisms can lead to the local
accumulation of pebbles which gravitationally collapse into much larger and more
massive so-called planetesimals. This provides a way to skip over several orders of
magnitude in size on a short timescale, which is a necessary acceleration in order

1In the field of planet formation, the notion of a core simply refers to everything but the
planet’s envelope. Notably, this convention is not adopted in general planetary science, where a
core rather refers to the innermost layers of planetary interiors.
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to form giant planets within observed disk lifetimes. However, planetesimal forma-
tion remains poorly understood and successful planetesimal formation can not be
confidently demonstrated in all current dust evolution models (e.g. Estrada et al.,
2016, 2022). The resulting initial size distribution of planetesimals is a crucial ques-
tion which is not definitively answered yet either. Generally, they are found to be
on the order of kilometres to hundreds of kilometres in diameter. Subsequently,
planetesimals can grow via mutual collisions in a process called planetesimal ac-
cretion, or by the accretion of the remaining centimetre sized pebbles which is
called pebble accretion. Note that the different solid accretion mechanisms are not
mutually exclusive, which introduces an interesting interplay. Both mechanisms
of solid accretion have different characteristics which influence all other aspects of
planet formation, such as the accretion of gas and the planet’s interaction with
the protoplanetary disk. I investigate the concurrent accretion of planetesimals
and pebbles in the context of giant planet formation in Chapter 4 (Kessler and
Alibert, 2023).

Conceptually, the planet formation epoch ends after the dispersal of the gas
disk. With the lack of gas drag, the remaining solids are quickly scattered and the
formed planets are, a priori, isolated.2 In the absence of the disk and with ceased
accretion processes, planets evolve over billions of years. Planetary evolution is
mainly characterised by the way planets cool and interact with the incident radia-
tion of the central star. This can lead to loss processes which shape the atmosphere
over long timescales, especially for planets close to their host star. Therefore, plan-
etary evolution is crucial in the context of observed exoplanets that are billions
of years old, many of which are on short orbits. A brief overview of the most
important evolutionary processes is given in Chapter 2.8, however, the focus of
this thesis lies on the formation stage.

1.5 Global modelling and population synthesis
Planet formation is inherently stochastic, involving a large number of intercon-
nected processes. The aim of global models of planet formation is to combine all
relevant physical process into a self-consistent model – from protoplanetary disk

2The planets are still interacting gravitationally which can lead to collisions, reshaping the
planets considerably in terms of mass and radius.
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to planetary system. This allows to study the importance and interplay of all
included processes which are often studied in isolation (Drazkowska et al., 2022).
However, it is not straight forward to confidently link initial conditions to the
characteristics of the emerging planetary systems. This raises the question of how
planet formation theory can be tested in the first place. Looking at the Solar
System for instance, a single example of the planet formation process outcome,
one might expect that it would be possible for a similar system to emerge from a
planet formation model. But when presented with such a fitting model outcome, it
is impossible to judge whether the modelled physical processes are necessarily the
right ones or whether it is just a randomly fitting outcome of incomplete physics.
A way to overcome this problem is to test planet formation theory on a statisti-
cal level by comparing synthetic populations of planetary systems, emerging from
global models, with the exoplanet population. In order to obtain a meaningful
synthetic population, initial condition parameters of the protoplanetary disk must
be sampled from distributions that reflect observations. If the population compar-
ison results in a good fit across the whole parameter space, the global model likely
contains all the relevant physical processes and provides a good picture of planet
formation. If there are mismatches, the nature of the differences and the detailed
study of formation pathways can hint at incomplete or inaccurate physics. In this
way, population synthesis can inform which specific physical processes might be
most important to include or understand better in order to progress planet forma-
tion theory efficiently.
Planetary population synthesis imposes a number of requirements on a planet
formation model. First of all, the model must be global in the sense that it con-
tains the structure and evolution of the protoplanetary disk, accretion processes,
planetary structure, planet-planet, as well as planet-disk interactions (Benz et al.,
2014). Furthermore, since a large number of simulations3 must be performed, the
model is required to be computationally efficient. In practice, this implies neces-
sary simplifications of the numerical descriptions of the physical processes. Along
with significant observational uncertainties associated with the initial conditions
of protoplanetary disks, this reduces the predictive power and capability to dismiss
certain models (Drazkowska et al., 2022). Nevertheless, population synthesis has

3A single population can contain up to a hundred thousand planets (e.g. Emsenhuber et al.,
2021a).
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revealed and contributed to the understanding of several key planet formation pro-
cesses. For instance, early syntheses have identified that planets most likely do not
form at the same location (in-situ) but are subject to orbital migration (Ida and
Lin, 2008; Mordasini et al., 2009b). This lead to the increasingly in-depth mod-
elling of planetary migration in dedicated studies (e.g. Masset and Casoli, 2010;
Kley et al., 2009; Paardekooper et al., 2010) which were in turn again incorporated
in improved global models (Dittkrist et al., 2014). Similarly, grain dynamics and
opacities of planetary atmospheres have been shown to play a critical role in planet
formation (Mordasini et al., 2014) which has subsequently spawned more detailed
models of dust dynamics (e.g. Ormel, 2014; Mordasini, 2014; Brouwers and Ormel,
2020; Brouwers et al., 2021). These, and further (see Mordasini, 2018), examples
highlight the productive synergy between global and specialised models.

In this thesis, planet formation is investigated in the context of a global planet
formation model. By comparing formation outcomes emerging from different as-
sumptions and model setups, the relative impact and interplay of different planet
formation processes can be studied. This approach is especially powerful when ap-
plied to population synthesis. In a large number of simulations, using different ini-
tial conditions, the intricate interplay of the physical processes is probed in a large
parameter space. This provides another dimension to the understanding of planet
formation as it captures the stochastic nature of the combination of all processes.
This approach is applied to the interplay between accretion processes in chapter 4
(Kessler and Alibert, 2023) and to formation pathways of Uranus/Neptune-like
planets in chapter 5 (Kessler et al., subm.).



2 The physics of planet formation

Planet formation from protoplanetary disk to planetary system is a complex combi-
nation of many physical processes, acting on vastly different length and timescales
which presents a significant challenge for modelling. In the following, I provide an
overview of the most important physics which constitute a global model of planet
formation and at the same time represent the fundamentals of planet formation
theory. This overview is inspired by various previous works (Armitage, 2020;
Drazkowska et al., 2022; Burn and Mordasini, 2024). The physics introduced here
are the foundations of the global model used in chapters 4 and 5, which is described
in detail in chapter 3, highlighting the specific model choices.

2.1 Protoplanetary disk evolution
As described in chapter 1.3, protoplanetary disks are not static structures but
rather evolve over time. Here, we are interested in the dominant component of
the disk which is in the gaseous phase and refer to chapter 2.2 for a discussion
of the dust evolution which is coupled to the evolution of the gas disk. The key
observational constraint which hints at the time evolution of protoplanetary disks
is the stellar accretion of gas. This observation already poses a fundamental and
non-trivial problem because in order for gas to flow inward and accrete onto the
star, it must lose angular momentum in some way. Since the total angular momen-
tum is conserved, gas somewhere else has to gain angular momentum. There are
two main theories that are both currently pursued in order to explain the angular
momentum transport in protoplanetary disks. Material could be launched directly
from the disk in so-called disk winds, thought to be driven by large-scale magnetic
fields, effectively removing angular momentum from the disk. These magnetohy-
drodynamic disk winds are a recently popularised idea which is able to reconcile
with many observed properties of protoplanetary disks. It is beyond the scope
of this thesis to discuss this theory and I refer to the detailed review of Pascucci
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et al. (2023). The classical approach to the problem is to consider the redistri-
bution of angular momentum within the disk. In contrast to the direct removal
of angular momentum, here, some gas in the disk gains angular momentum and
moves outwards. In this picture, the disk spreads out over time which facilitates
an inward flow of gas onto the star. The mechanism of angular momentum trans-
port is typically described as an effective viscosity ν with the idea that parcels
of gas exchange angular momentum through turbulent mixing. The amount of
turbulence in protoplanetary disks is therefore a key quantity which I will revisit
later. Considering thin and axisymmetric disks, it is simplest to describe the disk
gas by a surface density Σg which is defined as the vertically integrated gas density

Σg =

∫ ∞

−∞
ρg(z)dz. (2.1)

Note that by assumption, the surface density takes the same value at all azimuthal
angles ϕ. The vertical gas density profile ρg(z) is obtained by comparing the ver-
tical force balance between gravity and pressure (vertical hydrostatic equilibrium)
at cylindrical radius r and height z. In the case of geometrically thin and vertically
isothermal disks, and Keplerian orbits, the vertical gas density profile takes the
form

ρg(z) = ρmid,ge
−z2/(2H2

g ), (2.2)

where ρmid,g is the gas density in the midplane (z = 0) given by

ρmid,g =
Σg√
2πHg

. (2.3)

Hg is the vertical disk scale-height given by

Hg =
cs
ΩK

, (2.4)

depending on the Keplerian frequency

ΩK =

√
GM⋆

r3
, (2.5)
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which is the classic result obtained from the balance of the gravitational and
centrifugal force around a star of mass M⋆, G being the gravitational constant.
The isothermal sound speed cs at temperature T reads

cs =

√
kBT

µmp

, (2.6)

where kB is the Boltzmann constant and µ is the mean molecular weight of the gas
in units of the proton mass mp. Typically, the interstellar gas value of µ ≈ 2.31 is
used (e.g. Emsenhuber et al., 2021a). This means that, given equation (2.4), we
are assuming a vertically isothermal disk in order to estimate the thickness of the
disk using the midplane temperature Tmid,g.

The governing equation of the temporal evolution of the radial surface density
profile Σg(r, t) can be obtained from radial mass conservation and the conser-
vation of angular momentum (Pringle, 1981). A detailed derivation is given in
appendix A, yielding the viscous disk evolution equation (Lüst, 1952; Lynden-Bell
and Pringle, 1974)

Σ̇g =
3

r

∂

∂r

[
r1/2

∂

∂r

(
νΣgr

1/2
)]

, (2.7)

where the dot signifies the temporal derivative. In this approach, the evolution
of the protoplanetary disk is reduced to a one-dimensional problem of a surface
density Σg with viscosity ν. One can show easily that equation (2.7) has the form
of a diffusion equation (see e.g. Armitage, 2020). Therefore, the disk evolution
equation is, in full, the 1D axially symmetric viscous diffusion equation of a geo-
metrically thin disk.

In protoplanetary disk conditions, the molecular viscosity of hydrogen is far too
low to account for stellar accretion rates and the disk evolution timescale. On the
other hand, fluids with low molecular viscosity are highly turbulent in the presence
of a physical perturbation. Classically, the magneto-rotational instability (MRI) is
invoked as a source of turbulence in protoplanetary disks which appears in ionized
rotating fluids in the presence of a magnetic field. However, it is unlikely that

1This value is reflective of the fact that the majority of gas is molecular hydrogen (H2) of
mass 2mp with a small contribution of mainly helium of mass 4mp.
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conditions leading to MRI induced turbulence are equally maintained everywhere
in the disk and constant in time. In the interest of brevity, I refrain from discussing
further sources of turbulence in this thesis and refer to the detailed review of Lesur
et al. (2022).
Assuming protoplanetary disks really are turbulent, the isotropic turbulence leads
to macroscopic mixing which acts as an effective or turbulent viscosity. Since the
scale of the turbulent flow is smaller than the scale height Hg and the flow must
be shock-free and therefore sub-sonic, the magnitude of the turbulent viscosity is
typically parametrised as (Shakura and Sunyaev, 1973)

ν = αcsHg. (2.8)

The dimensionless Shakura-Sunyaev α parameter, measures the efficiency of an-
gular momentum transport due to turbulence. Since viscosity contributes to the
temperature in the disk, large values of alpha imply thicker disks and vice-versa.
Considering stellar accretion rates and measurements of disk thicknesses, typical
values are α ∼ 10−4 − 10−3.

The disk temperature in the midplane Tmid,g is driven by viscous heating and
the direct irradiation of the star. Assuming the energy loss due to the viscous
torque (A.17) is ultimately converted into heat and radiated away on either of the
two surfaces of the disk with temperature Tsurf, the energy dissipation rate Ėν per
unit surface area is (Armitage, 2020)

Ėν =
9

8
νΣgΩ

2
K = σSBT

4
surf, (2.9)

where σSB is the Stefan-Boltzmann constant. Assuming the dissipation is strongly
concentrated toward the disk midplane, the disk surface and midplane tempera-
tures are proportional (Armitage, 2020)

T 4
mid,g ∝ τT 4

surf, (2.10)

with the optical depth τ = κΣg and the opacity κ. In practice, one has to consider
whether the disk is optically thin or thick in the vertical direction in order to link
Tmid,g and Tsurf. In general, the disk opacity stems from both molecular and dust
contributions and is a key disk parameter with large associated uncertainties.



2.1. Protoplanetary disk evolution 25

In reality, the temperature due to stellar irradiation Tirr = Tirr(T⋆, Tcloud, Tirr,mid)
contributes to the midplane temperature as well. The direct irradiation of the disk
surface given a stellar surface temperature T⋆ is dependent on the disk geometry
(e.g. Hueso and Guillot, 2005). Furthermore, the background temperature Tcloud

set by the molecular cloud environment can be considered as shown in chapter 3.1.
The direct stellar irradiation through the midplane Tirr,mid becomes important in
the late stages of evolution when the disk midplane becomes optically thin. It
depends on the stellar luminosity L⋆ and the midplane optical depth τmid as

T 4
irr,mid =

L⋆

16πr2σSB
e−τmid . (2.11)

Without going into detail on the form of f(τ) here (see e.g. Nakamoto and Naka-
gawa, 1994), the midplane temperature can be described as

σSBT
4
mid,g = σSBT

4
irr + f(τ)Ėν . (2.12)

The midplane pressure can be obtained by the simple equation of state

Pmid,g = ρmid,gc
2
s. (2.13)

This radial one dimensional description with the midplane quantities and the asso-
ciated vertical structure2 provides the parameters needed for the description of the
physics of planet formation. In studies of planet formation in global models, this
approach is almost exclusively used since global full (magneto-)hydrodynamical
models are not feasible when the evolution of the solid disk component is of in-
terest over millions of years as well. Sometimes, instead of considering the disk
evolution according to equation (2.7), analytical evolution models or even static
models are used (e.g. Chambers, 2009). In this thesis, I consider results from sim-
ulations that always include the viscous disk evolution.
However, to get an idea of the surface density profile Σg, it is instructive to look
at the steady-state solution derived in appendix A for a constant stellar accretion
rate Ṁ⋆ around a star of radius R⋆. Considering r ≫ R⋆, the relation (A.24) is
simply

Σg =
Ṁ⋆

3πν
(2.14)

2Such models are sometimes also called 1+1-dimensional.
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and we note that Σg(r) ∝ ν−1 away from the inner disk boundary. Combining
the above equations in the simple case of Tirr = 0, f(τ) = 3

8
τ , and assuming a

temperature dependent opacity due to icy grains κ = κ0T
2
mid,g, the steady state

surface density simplifies to (Armitage, 2020)

Σ3
g =

64

81π

σSB

κ0

(
µmp

kB

)2

α−2Ṁ⋆. (2.15)

For typical values Ṁ⋆ = 10−8 MSunyr−1, α = 10−3, and κ0 = 2.4×10−4 cm2g−1K−2,
the surface density is Σg ≈ 300 gcm−2. This value is rather an overestimation since
disks are expected to be warmer due to stellar irradiation. The viscous timescale
tν ≈ r2/ν at 30 au is ∼ 2.8 Myr which is consistent with the significant observed
evolution of protoplanetary disks over millions years.

2.1.1 Photo-evaporation

Above, I have considered the internal physics driving the evolution of protoplan-
etary disks and the stellar accretion. However, loss processes due to stellar irra-
diation from the host star and the external environment also play a role in the
disk evolution and, in particular, in the dispersal of evolved disks. These processes
are called photo-evaporation and we differentiate between internal and external
energy sources. Due to the heating of the disk surface, gas can escape the stellar
gravitational field if the thermal energy is sufficient. The loss rate

Σ̇photo ∼ ρbasecs (2.16)

depends on the gas density ρbase and thermal sound speed cs at the depth to which
photons can penetrate, which is determined by the disk opacity. Since opaci-
ties are wavelength dependent, the spectrum of the incident irradiation must be
considered. In ascending order of energy per photon, the irradiation is divided
into far ultraviolet (FUV), extreme ultraviolet (EUV), and X-rays. Therefore,
the critical radius within which the gas stays bound is wavelength dependent and
found to be ≲ 1− 2 au for EUV-driven evaporation, ≲ 2− 4 au for X-ray-driven
evaporation, and ≲ 3− 12 au for FUV-driven evaporation (Pascucci et al., 2023).
Internal photo-evaporation due to the host star is most relevant in the inner disk
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where X-rays and EUV radiation drive the loss. The X-ray contribution to inter-
nal photo-evaporation has recently been shown to dominate over the EUV-driven
wind (e.g. Jennings et al., 2018). FUV radiation from young neighbouring stars
can be significant since star formation occurs in clusters of hundreds of thousands
of stars. Therefore, FUV-driven external photo-evaporation of the outer disk acts
in parallel to the viscous evolution of the disk. Total mass loss rates due to photo-
evaporation are found to be on the order of 10−9 − 10−8 MSunyr−1 in radiation
hydrodynamical simulations (Wang and Goodman, 2017; Nakatani et al., 2018;
Komaki et al., 2021). Due to the impact of grain opacities, the description of the
photo-evaporation processes, especially the FUV-driven heating, are coupled to
the evolution of dust grains and the disk chemistry. A full physical characterisa-
tion of these thermal winds is not yet achieved.

Qualitatively, photo-evaporation expresses in two main ways in the late stages
of the evolution of a protoplanetary disk. Internal photo-evaporation can carve
an inner cavity as the optical depth increases for an ever thinner disk. On the
other hand, external photo-evaporation erodes the outer disk edge which is crucial
in the picture of a viscously expanding disk. External photo-evaporation is the
main process linked to the dispersal of the gas disk, causing the disk to shrink over
time despite its tendency of viscous spreading. For global modelling, this means
that the external photo-evaporation rates can be constrained by the observed disk
lifetimes (e.g. Emsenhuber et al., 2021a). Considering internal and external photo-
evaporation introduces sink terms Σ̇photo,int and Σ̇photo,ext to the disk evolution
equation (2.7), yielding

Σ̇g =
3

r

∂

∂r

[
r1/2

∂

∂r

(
νΣgr

1/2
)]

− Σ̇photo,int − Σ̇photo,ext. (2.17)

2.2 Dust evolution
The dynamics and evolution of dust grains in a protoplanetary disk are driven
by the interaction with the surrounding gas disk. Dust grains are coupled to the
motion of the gas as they experience a drag force FD. The drag force depends
fundamentally on the size of dust grains compared to the mean free path λmfp of
the gas. Considering small spherical dust grains of radius a, two drag regimes are
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identified

FD =


4

3
πa2ρgv̄v Epstein, (2.18)

6πaρgνmolv Stokes. (2.19)

The Epstein regime applies for the smallest grains with a ≲ λmfp and the Stokes
regime is relevant for a > λmfp and for Reynolds numbers Re = 2va

λmfpv̄
≲ 1 (Birnstiel

et al., 2010). Here, v̄ =
√

8
π
cs denotes the mean thermal velocity, v is the relative

speed between the gas and the dust grain, and ρg is the gas density which is just
ρmid,g in the context of dust in the midplane of the protoplanetary disk. The
viscosity that is relevant for the gas drag at this scale is the molecular viscosity
νmol. Note that even larger bodies like planetesimals and planets obey modified
Stokes laws (e.g. Weidenschilling, 1977). In order to quantify how well the dust
grains are coupled to the gas motion, the dimensionless coupling constant called
the Stokes number St

St =
tstop

teddy
(2.20)

is usually used. The stopping time tstop describes the characteristic time it takes
for a particle to lose it’s momentum under friction. It is defined as

tstop =
mgrainv

FD

, (2.21)

where we assume that the grains are spherical and have an internal density ρgrain

such that their mass is mgrain = 4
3
πa3ρgrain. In the two main drag regimes the

stopping time is then

tstop =


ρgraina

ρgv̄
Epstein, (2.22)

2ρgraina
2

9νmolρg
Stokes. (2.23)

The eddy turn-over time teddy describes the characteristic timescale of the turbulent
gas motion. Until here, the description of dust-gas coupling is universal and not
specific to protoplanetary disks. In the context of protoplanetary disks, the typical
assumption is (e.g. Cuzzi et al., 2001; Schräpler and Henning, 2004; Birnstiel et al.,
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2010)

teddy =
1

ΩK
. (2.24)

In this case, the Stokes numbers of particles in the disk midplane are

St =


πρgraina

2Σ
Epstein, (2.25)

2πρgraina
2

9λmfpΣ
Stokes. (2.26)

If the Stokes number is much smaller than 1, the dust grains are well coupled to
the gas motion, and if the Stokes number is much larger than 1, the dust grains
are fully decoupled from the gas which increases the relative speed v between the
dust and the gas. This has two important consequences for grains of different sizes
a. Firstly, it can be demonstrated in a simple calculation that larger grains settle
to the disk midplane. Considering Epstein drag and the stellar gravity component
in the vertical disk direction at some height z

4

3
πa2ρgv̄vz = mgrainΩ

2
Kz, (2.27)

where vz is here the terminal speed at which a grain settles in the vertical direction,
yields a characteristic settling time

tsettle =
z

vz
=

1

tstopΩ2
K
. (2.28)

Therefore, larger grains with larger characteristic stopping time tstop settle more
quickly. Note that this is neglecting the vertical stirring of dust due to turbulence
which can be described as vertical diffusion. The diffusion timescale

tdiff =
z2

Dd

(2.29)

over a distance z depends on the dust diffusivity (Youdin and Lithwick, 2007)

Dd ≈ Dg(1 + St2) ≈ ν(1 + St2), (2.30)
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where the gas Diffusivity Dg is often approximated by the viscosity ν. Comparing
the diffusion and settling timescale yields the scale height of the dust disk Hd as
a function of the gas disk scale height Hg

Hd = Hg

√
α

St + α
. (2.31)

The settling and concentration of solid material in the disk midplane is fundamen-
tally important for the formation of planets.

The second important consequence of the decoupling of larger dust grains from
the gas is radial drift. Fully decoupled particles are on Keplerian orbits while the
gas is slightly non-Keplerian due to the self-support of the gas through the radial
pressure gradient. This relative velocity between the gas and decoupled particles
leads to drag and accelerates the dust, causing it to gain or lose angular momentum
depending on the sign of the pressure gradient. In the radial direction this means
particles drift inwards for a negative pressure gradient and outwards for a positive
pressure gradient. Following Weidenschilling (1977) and considering the midplane
of the disk, the gravitational acceleration on a circular Keplerian orbit is

g =
GM⋆

r2
= Ω2

Kr =
v2K
r
, (2.32)

where vK = ΩKr is the Keplerian velocity. The hydrostatic equilibrium in the
co-moving reference frame with the gas reads

∆g =
1

ρmid,g

∂P

∂r
. (2.33)

The total azimuthal gas velocity vϕ,g is then

v2ϕ,g
r

= g +∆g. (2.34)

We can therefore write the deviation of the gas velocity from the Keplerian velocity
∆v as

∆v = vK − vϕ,g = vK − vK

√
1 +

∆g

g
, (2.35)
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which for almost Keplerian orbits (∆g
g

≪ 1) is

∆v ≈ −vK
∆g

2g
= − 1

2ρmid,gΩK

∂P

∂r
≡ ηvK, (2.36)

where η is a dimensionless parameter of the radial pressure gradient. It is com-
monly written as

η = − r

2ρmid,gv2K

∂P

∂r
= −1

2

(
H

r

)2
∂ lnP

∂ ln r
. (2.37)

In unstructured disks, the radial pressure gradient is generally negative (η > 0),
which means that the orbital gas velocity is sub-Keplerian. Therefore, a decoupled
particle orbiting at Keplerian velocity is experiencing a headwind which causes it
to lose angular momentum and drift inwards. Note that smaller, well-coupled, dust
grains also drift inwards. Since they orbit with the gas at sub-Keplerian speed,
the centrifugal force is insufficient to balance gravity (Armitage, 2020).
In general, the dust is coupled to the gas according to the Stokes number and
does, therefore, not orbit at exactly Keplerian speed. We can write the azimuthal
equation of motion of a dust particle as (Weidenschilling, 1977)

∂

∂t
(rvϕ,d) = − r

tstop
(vϕ,d − vϕ,g) , (2.38)

where vϕ,d is the orbital velocity of a dust particle. The specific angular momentum
rvϕ,d of a dust grain changes at a rate given by relative orbital velocity of the grain
and the gas and the characteristic stopping time tstop = St

ΩK
. We assume that the

specific angular momentum is always almost Keplerian, leading to spiralling on
almost circular Keplerian orbits. This means

∂

∂t
(rvϕ,d) ≈ vr,d

∂

∂r
(rvK) =

1

2
vr,dvK, (2.39)

using ∂vK
∂r

= −vK
2r

. Equation (2.38) yields then the relative azimuthal velocity

vϕ,d − vϕ,g = −tstopvr,dvK

2r
. (2.40)
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The radial equation of motion of a dust particle is given by (Weidenschilling, 1977)

∂vr,d
∂t

=
v2ϕ,d
r

− Ω2
Kr −

1

tstop
(vr,d − vr,g) , (2.41)

where vr,d and vr,g are the radial velocities of the dust and the gas, respectively.
The radial acceleration is given by the centrifugal contribution due to the orbital
velocity vϕ,d, the gravity g = Ω2

Kr, and an advective term given by the relative
radial speeds of the dust and gas flow. Using equation (2.35), we can rewrite the
second term

−Ω2
Kr = −

v2ϕ,g
r(1− 2η)

. (2.42)

In the limits of (vϕ,d − vK) ≪ 1, (vϕ,g − vK) ≪ 1, and ∆g
g

= −2η ≪ 1, the radial
equation of motion reads

∂vr,d
∂t

= −2η
v2K
r

+ 2
vK

r
(vϕ,d − vϕ,g)−

1

tstop
(vr,d − vr,g) . (2.43)

Assuming terminal radial velocity (v̇r,d = 0) and using equation (2.40), the radial
velocity of a dust particle vr,d can be expressed in terms of the Stokes number as

vr,d =
1

St2 + 1
vr,g −

St
St2 + 1

2ηvK. (2.44)

The first term is the radial velocity due to advection with the radial gas flow and
the second term is the radial velocity induced by the differential orbital velocity
of dust and gas. Note that, here, we assume that the gas velocity is unaffected by
the dust particles which is feasible in the limit of ϵ = ρmid,d

ρmid,g
≪ 1 (Nakagawa et al.,

1986). We can again identify the relative velocity of a Keplerian orbit ∆v = ηvK,
which is achieved for St = 1, representing the maximal radial drift velocity pos-
sible for a given local pressure gradient η. Dust grains which are large enough to
drift significantly, typically 0.01 ≲ St ≲ 1, are called pebbles. Depending on the
disk conditions and radial distance, pebble sizes range from millimetres to metres.
Pebbles are thought to play a key role in the formation of planetesimals and plan-
ets as discussed in chapters 2.3 and 2.4.
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Similar to the evolution of the gas disk, we are looking for the evolution equa-
tion of the dust component of the disk described by the dust surface density Σd.
Mass conservation reads (Armitage, 2020)

∂Σd

∂t
= −∂Fd

∂r
, (2.45)

where Fd is the dust mass flux. The flux is decomposed into an advective term
and a diffusive term

Fd = Σdvr,g −DdΣg
∂

∂r

(
Σd

Σg

)
, (2.46)

where the subscripts indicate the disk components of dust and gas explicitly. The
evolution of the dust surface density is then given by the advection-diffusion equa-
tion

∂Σd

∂t
=

1

r

∂

∂r

[
rDdΣg

∂

∂r

(
Σd

Σg

)
− rΣdvr,d

]
. (2.47)

As in the gas disk, the midplane dust density is related to the surface density Σd

and the scale height Hd by

ρmid,d =
Σd√
2πHd

. (2.48)

Since the dust dynamics depend on the size of the dust grains, the next im-
portant question is regarding the growth of dust particles. Grains can grow by
coagulation in mutual collisions. In detail, dust collisions do not always result
in perfect sticking but also bouncing or fragmentation into smaller grains. The
collision outcome depends on the relative collision velocities, grain sizes, grain
composition, etc. The growth rate due to coagulation is described by the Smolu-
chowski equation which incorporates collision rates and outcomes depending on
the collision parameters (Smoluchowski, 1916). I omit an in-depth look at dust
growth and rather focus on the growth timescale and resulting dust sizes.
The relative velocity ∆vturb between dust particles with St ≲ 1 is mainly driven
by turbulence and can be approximated as (Ormel and Cuzzi, 2007)

∆vturb ≈
√
3αStcs. (2.49)
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Assuming mono-disperse growth, where a particle doubles its mass in every colli-
sion, the growth timescale is

tgrow ≈ 1

ZΩK
, (2.50)

where Z = Σd

Σg
is the (local) dust-to-gas ratio. This reveals that grain growth

in a protoplanetary disk operates inside-out. In the context of radial drift, this
is important as grains from the outer disk take longer to grow to sizes where
they start drifting inwards, supplying the inner disk with material in the form of
pebbles. There are a couple of limits to the growth of dust grains, preventing them
to grow beyond pebble sizes. Due to the increasing relative velocity between dust
and gas as grains grow to pebbles, at some point, they drift inwards on a shorter
timescale than they can grow further. Equating the growth and drift timescales,
the drift-limited Stokes number is (Klahr and Bodenheimer, 2006; Birnstiel et al.,
2012)

Stdrift =
2Z

|η|
, (2.51)

which, assuming Epstein drag, corresponds to a size limit of

adrift =
4Σd

|η|πρgrain
. (2.52)

A second important size limit arises due to increasing turbulent relative velocities
between pebbles as they grow larger as described in equation (2.49). At some point,
the threshold velocity vfrag is reached where collisions are too energetic to result
in sticking and rather result in fragmentation of the colliding pebbles. Assuming
all pebbles have the same size, the fragmentation-limited Stokes number is

Stfrag =
v2frag

3αc2s
, (2.53)

which, assuming Epstein drag, corresponds to a size limit of

afrag =
2Σgv

2
frag

3πρgrainαc2s
. (2.54)

Typical values of the fragmentation threshold velocity used in the literature are
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vfrag ≈ 1−10 ms−1. The fragmentation velocity likely depends on the composition
and porosity of the pebbles (Wada et al., 2011; Meru et al., 2013; Blum, 2018).
In laboratory experiments, it has been found that pebbles containing water ice
stick more easily with vfrag ≈ 10 ms−1 and ice-free pebbles consisting of silicate
monomers are more easily fragmented with vfrag ≈ 1 ms−1 (Aumatell and Wurm,
2014; Gundlach and Blum, 2014). However, there is no clear consensus from labo-
ratory experiments on these values and trends. Some recent studies are not finding
a strong dependence of vfrag on the composition (Gundlach et al., 2018; Steinpilz
et al., 2019; Musiolik and Wurm, 2019).

Given the physical descriptions above, the qualitative picture of dust evolution
in a protoplanetary disk is as follows. Micrometre dust grains grow by coagulation
and settle in the disk midplane. As they grow to pebble size, they decouple from
the gas motion and drift inwards. This happens from the inside-out through the
disk, finally resulting in a continuous flux of pebbles fed by the mass reservoir in
the outer disk. Generally, pebble sizes are fragmentation-limited in the inner disk
and drift-limited in the outer disk beyond ∼ 20 au (Birnstiel et al., 2016).
Regarding the composition of the solid material which will later form planets, the
disk temperature structure plays a crucial role. The main molecule of interest,
both due to its abundance and its significance for life, is water. In the inner,
hotter, regions of the disk, water is in the gas phase. At some point further out,
defined by the equations of state of water, it can condense onto dust grains as ice.
This location is called the water iceline and has been identified as a particularly
interesting planet formation location (Cuzzi and Zahnle, 2004; Öberg et al., 2011;
Ros and Johansen, 2013; Schoonenberg and Ormel, 2017; Drążkowska and Alibert,
2017). Assuming the sublimation of ice is rapid compared to the radial drift, a
large fraction of mass is removed from the solid phase inside the iceline and left
inaccessible for planets through accretion of solids. Outside of it, however, the
surface density of dust is larger. Additionally, the dry pebbles are smaller and drift
more slowly which causes a pile-up of pebbles inside the iceline (Birnstiel et al.,
2010), whereas the released water vapour can diffuse outwards and re-condensate
onto the icy pebbles outside of the iceline, increasing the pebble surface density
just outside of the iceline (Cuzzi and Zahnle, 2004). As seen in the next chapter,
concentrations of solids are a necessary next step towards the formation of planets.
Note that, naturally, the concept of icelines applies to all compounds that are
present and experience condensation/sublimation conditions in the protoplanetary
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disk.

2.3 Planetesimal formation
As described in the previous chapter, larger objects are not formed in mutual
collisions beyond pebble sizes (St ≲ 1). Another way for larger objects to grow
is the local collapse under self-gravity of pebbles, directly forming planetesimals
(Goldreich and Ward, 1973). The gravitational stability of a thin particle disk is
determined using linear stability analysis where the classical instability criterion
is (Toomre, 1964)

Q ≡ csΩK

πGΣd

< 1. (2.55)

Typically, a disk is assumed to be unstable if Q ≲ Qcrit, where the critical value of
Qcrit is of order, but slightly larger than, one (Armitage, 2020). Assuming gravi-
tational collapse occurs on the free-fall timescale, planetesimals form very quickly
on the order of years. The resulting planetesimal size distribution is poorly under-
stood, but generally diameters of ∼ 1 − 100 km are found. The size dependence
on orbital distance is also not clear, since although collapsing pebble clouds are
larger and more massive at larger distances, the formed planetesimals may simply
be more numerous and of the same size as in the inner disk regions (Polak and
Klahr, 2022).

In order to locally satisfy the Toomre instability criterion in a protoplanetary
disk, pebbles must accumulate significantly. There are multiple proposed processes
which can lead to the concentration of dense, potentially unstable, pebble clouds
(see e.g. Cuzzi et al., 2008; Klahr et al., 2018; Hartlep and Cuzzi, 2020). The most
commonly mentioned effect is the streaming instability which can occur when
particles in a fluid interact aerodynamically at a mutual flow velocity (Youdin and
Goodman, 2005). It leads to small-scale pebble concentrations of sufficient density
to trigger gravitational collapse and is especially efficient for pebble sized particles
with St ≈ 1 (Johansen et al., 2007). However, effective streaming instability itself
also requires a locally increased concentration of pebbles and is typically said to
trigger when

ρmid,d

ρmid,g
≈ 1. (2.56)
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This condition is not readily met by the settling in the midplane but pebbles can
accumulate sufficiently due to the radial drift as a consequence of their interaction
with the gas. If pebbles drift slower at some location, faster drifting pebbles
from further outside will pile up in a "traffic jam". As described before, this can
happen at icelines where the drift velocity changes due to the size difference of
dry and icy pebbles and due to the re-condensation of outwards diffusing water
vapour (Drążkowska and Alibert, 2017). If, for whatever reason, there is a local
pressure trap in the gas disk where the pressure gradient becomes positive (η <
0), pebbles experience a tailwind at this location. This prevents their inward
drift past this point, potentially leading to planetesimal forming conditions. Since
pebble accumulations are commonly observed as disk substructures in recent years,
planetesimal and subsequent planet formation is increasingly frequently studied in
these special locations (Zhang et al., 2015; Guilera and Sándor, 2017; Guilera et al.,
2020; Jiang and Ormel, 2022; Lau et al., 2022). Note that the origin and longevity
of such pebble traps is poorly constrained and often a free model parameter.

2.4 Accretion of solids
In order to grow planetesimals into planets, some of them must accrete significant
amounts of solids. This can occur in mutual collisions of planetesimals and/or
by the direct accretion of pebbles. In the formation phase, the most massive
planetesimals are called protoplanets and in the context of the model described in
chapter 3, protoplanets are the seeds for planet formation called embryos. I use
"planets" and "protoplanets" interchangeably, as it is clear that the objects are
still undergoing formation from context.

2.4.1 Planetesimal accretion

Considering mutual collisions of planetesimals, the collisional cross section is en-
hanced compared to the geometric cross section due to the gravitational attraction
between the colliding bodies. Energy and momentum conservation of two colliding
planetesimals of mass M and radius R, which are initially at a large separation
and approaching at relative velocity δv, yields the gravitationally focused cross
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section σ, given by

σ = 4πR2

(
1 +

v2esc
δv2

)
. (2.57)

The escape velocity vesc of one of the planetesimals at a distance R reads

vesc =

√
2GM

R
. (2.58)

It is apparent, that planets with δv ≪ vesc are most affected by gravitational
focusing. In order to understand when this two-body approach is valid, we compare
the gravitational attraction of a test particle around a protoplanet of mass M with
the tidal gravitational field of the star of mass M⋆. This yields the so-called Hill
radius RH at a distance r to the star given by

RH = r

(
M

3M⋆

)1/3

, (2.59)

within which the two-body system dominates the dynamics. The orbital velocity
vH around the protoplanet at the Hill radius is called the Hill velocity

vH = ΩKRH. (2.60)

If the random velocity δv is large compared to the Hill velocity (δv > vH), then the
collision is determined by the two body dynamics. This is called the dispersion
dominated regime (Armitage, 2020). On the other hand, if δv < vH, then the
stellar gravity is non-negligible and three-body effects must be considered. In this
regime, the dynamics are said to be shear dominated.
Since the numerical task of calculating the gravitational interaction of thousands
of planetesimals over millions of years is unfeasible in the context of global mod-
els, a statistical approach for the treatment of planetesimal dynamics is useful.
Considering a planetesimal surface density Σplan, the Keplerian orbital elements
e (eccentricity) and i (inclination) of planetesimals of mass M are Rayleigh dis-
tributed. The probability distribution f(e, i) is given by (Lissauer, 1993)

f(e, i) =
4Σplan

M

ei

⟨e2⟩⟨i2⟩
exp

[
− e2

⟨e2⟩
− i2

⟨i2⟩

]
, (2.61)
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where ⟨e2⟩ and ⟨i2⟩ are the mean square eccentricity and inclination, respectively.
The planetesimal velocity relative to the local circular orbit with i = 0 is then
(Adachi et al., 1976)

δv = vK

√
η2 +

5

8
e2 +

1

2
i2. (2.62)

The evolution of the dynamical state of the planetesimals, characterised by e and i,
is driven by the interaction of planetesimals with the gas, themselves, and growing
protoplanets. Gas drag has a dampening effect on e and i, while the self-stirring
and the stirring by protoplanets increase e and i. Avoiding a more detailed math-
ematical description of these interactions and the evolution of the dynamical state
of planetesimals here, I refer to the specific model description in chapter 3.2.

In the dispersion dominated regime, and assuming all collisions are construc-
tive, the planetesimal accretion rate Ṁplan of a protoplanet of mass M and radius
R is simply

Ṁplan = ρmid,planδv4πR
2

(
1 +

v2esc
δv2

)
, (2.63)

for a planetesimal midplane density ρmid,plan. Under the basic scaling assumptions
of the planetesimal density in the midplane and the planetesimal scale height Hplan

of
ρmid,plan ∼ Σplan

Hplan
, (2.64)

and
Hplan ∼ δv

ΩK
, (2.65)

a fundamental characteristic of planetesimal accretion is found. The planetesimal
accretion rate, given by

Ṁplan ∼ ΣplanΩK4πR
2

(
1 +

v2esc
δv2

)
, (2.66)

falls off with increasing distance to the star. This is because both the orbital
frequency ΩK and the planetesimal surface density Σplan are decreasing with orbital
separation. This poses a general challenge for the formation of planets in the outer
disk with a steep fall off of planetesimal accretion rates outside of ∼ 10 au.
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In the early formation limit where vesc ≫ δv, and δv is barely dependent on
M , gravitational focusing drives a self-accelerating accretion rate, scaling super-
linearly with mass as

Ṁplan ∝ M4/3. (2.67)

This is commonly known as the runaway planetesimal accretion regime, where
the largest planetesimals grow faster than the smaller ones, separating themselves
from the population of primordial planetesimals as protoplanets (Greenberg et al.,
1978; Wetherill and Stewart, 1989; Kokubo and Ida, 1996, 2000).
As the protoplanets grow more massive, the relative velocities and the planetesi-
mal surface density in the vicinity of a protoplanet are no longer independent of its
mass. Protoplanets increasingly stir up the planetesimals, which, in turn, results
in a circularisation and planar alignment of the protoplanets in the disk midplane.
Furthermore, the relative velocities between protoplanets and planetesimals in-
crease to the point at which they no longer grow in the runaway accretion regime.
Numerical simulations including the dynamical stirring rather show a sub-linear
mass dependence of the accretion rate of (Ida and Makino, 1993; Kokubo and Ida,
2000)

Ṁplan ∝ M2/3. (2.68)

This is known as the oligarchic planetesimal accretion regime, where more massive
protoplanets grow slower than less massive protoplanets, leading to similarly sized
so-called oligarchs. Note that, while growth of the protoplanets slows down, they
still grow faster than the planetesimals, resulting in a bi-modal system of large
protoplanets and more or less primordial planetesimals (Kokubo and Ida, 2012).
This stage is often taken to be the initial state of global models such as the one
described in chapter 3.

Since the planetesimal accretion rate strongly depends on the dynamical state
of the planetesimal disk, not only the mass of the protoplanet, exciting the plan-
etesimals, but also the mass and size of the planetesimals themselves are crucial.
The stirring through gravitational interactions depends on the mass of involved
objects, while the counteracting drag forces, scale with the surface of the bodies.
Therefore, smaller planetesimals are more affected by the gas drag, dampening
their eccentricities and inclinations, leading to lower relative velocities which al-
lows them to be accreted more efficiently than larger planetesimals. Additionally,
since the gas density around a growing embedded protoplanet increases in the
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proximity of the planetary core, the collision cross section is larger for smaller
planetesimals. Instead of narrowly passing the protoplanet, smaller planetesimals
can be slowed down and collide with the protoplanet (Inaba and Ikoma, 2003;
Mordasini and Burn, 2024). This effect can be significant, since the gas that is
gravitationally bound to the protoplanet in the early phases of planet formation
extends all the way to radii comparable to the Hill radius.
Note that not all collisions between planetesimals are constructive, but rather
ejecting fragments of smaller sizes. In the presence of more massive protoplan-
ets, there is expected to be planetesimal fragmentation induced by the dynamical
stirring which changes the planetesimal size distribution. If planetesimals or their
fragments get too small, the gas drag becomes so significant that they drift radially
much the same as pebbles do. This can have a negative effect on the planetesimal
accretion rate if the material is drifting away faster than it can be accreted (Inaba
and Ikoma, 2003; Kobayashi et al., 2010, 2011; Ormel and Kobayashi, 2012). For
this reason, it is not straight forward to estimate whether planetesimal fragmenta-
tion has a net positive or negative effect on planetary growth through planetesimal
accretion (Guilera et al., 2014; Kaufmann and Alibert, 2023).

Considering an isolated protoplanet at a fixed distance from the star, it can
only accrete planetesimals from its vicinity, a region called the feeding zone. The
width of the feeding zone depends not only on the mass of the protoplanet but
also on the dynamical state of the planetesimals (Pollack et al., 1996). Since
planetesimals are not on circular orbits, the feeding zone is wider than a Hill
radius and a protoplanet can accrete from a wider region than it is gravitationally
dominating. Generally, the feeding zone extends a couple of Hill radii in either
radial direction centred around the planet (∼ CRH). The mass in the feeding zone
Mfeed of width CRH(M) of a planet of mass M at distance r is

Mfeed = 2πrCRH(M)Σplan. (2.69)

Therefore, the mass in the feeding zone grows slower than the protoplanet (Mfeed ∝
M1/3), which means that, at some mass Miso,plan called the planetesimal isolation
mass, the feeding zone is depleted and planetesimal accretion seizes. Equating
the protoplanet mass with the mass in its feeding zone, the planetesimal isolation
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mass is found to be (Armitage, 2020)

Miso,plan =

√
8

3M⋆

(πCΣplan)
3/2 r3. (2.70)

Considering a solar mass star and using typical values of Σplan = 10 gcm−2 and
C = 4

√
3 (Lissauer, 1993), the planetesimal isolation mass at 1 and 5.2 au, are

∼ 0.06 ME and ∼ 9.3 ME, respectively. Note that the planetesimal isolation mass
is not a suitable estimate for the final core mass of the planet, as orbital migration
leads to a replenishment of the feeding zone and mutual planet-planet collisions
can result in growth as well as described in chapter 2.7.

2.4.2 Pebble accretion

The accretion of pebbles is an attractive idea for several reasons. First of all, it
is observationally evident that dust and pebbles are present in all stages of pro-
toplanetary disk evolution and, therefore, planetesimal formation is not efficient
enough to convert all solids in the disk into planetesimals. Furthermore, a proto-
planet faces a significant flux of inward drifting pebbles, fed by the mass reservoir
in the outer disk. This is a fundamental difference to the accretion of planetesimals
which are locally sourced. The pebble flux can be estimated by considering the
growth timescale of dust to pebbles in the drift limit. Following Lambrechts and
Johansen (2014), the growth timescale of pebbles is

tgrow =
4√

3ϵstickZΩK
, (2.71)

where ϵstick ≈ 0.5 is a sticking efficiency factor and Z the dust-to-gas ratio3. As-
suming growth is roughly constant in logarithmic size ratio of pebbles with radius
Rpeb and dust with radius Rdust, the growth time from dust to pebbles is

∆t = ln

(
Rpeb

Rdust

)
tgrow ≈ 10 tgrow, (2.72)

where the growth over about four orders of magnitude from micrometre dust to
∼ 10 mm pebbles is considered. This expression can be rearranged to find the

3This is equivalent to the growth timescale given in equation (2.50) up to a constant factor.
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growth radius rgrow(t), at which the dust has grown to pebbles at any given time t

rgrow(t) =

(
3GM⋆

16

)1/3(
ϵstickZt

10

)2/3

. (2.73)

Since this takes longer at larger orbital separations, the growth radius sweeps
outwards at a speed

vgrow =
drgrow

dt
=

2

3

(
3GM⋆

16

)1/3(
ϵstickZ

10

)2/3

t−1/3. (2.74)

Given the initial dust surface density Σd,0 and assuming the radial drift is faster
than the outwards speed of the growth radius, the pebble mass flux ṀF at a given
time is

ṀF = 2πrgrowvgrowΣd,0(rgrow). (2.75)

From this simple consideration, typical pebble fluxes on the order of ∼ 10−5 MEyr−1

are found. This is promising because, if pebbles can be accreted efficiently by a
protoplanet, terrestrial planets could form on a ∼ 105 yr timescale and giant planet
cores on a ∼ 106 yr timescale, which is a requirement for planet formation from
the observed disk lifetimes. Note that equation (2.75) also gives a simple way of
modelling the pebble surface density Σpeb. From the initial dust surface density
and the dust-to-gas ratio, the known pebble flux ṀF produces a pebble surface
density for r < rgrow

Σpeb(r) =
ṀF

2πrvpeb
, (2.76)

where vpeb is the radial drift velocity of pebbles given by equation (2.44), adopting
the drift-limited Stokes number of the pebbles given by equation (2.51).

Since pebbles are strongly affected by gas drag, the collisional cross sections of
pebbles colliding with a protoplanet are enhanced over the gravitationally focussed
cross section. The potential of such aerodynamically assisted accretion of pebbles
was for the first time recognised by Ormel and Klahr (2010). To describe the
pebble accretion rate, I follow the approach given in Ormel (2017). Considering
a pebble approaching a protoplanet of mass M at an impact parameter b, the
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relative velocity δv is

δv = ∆v +
3

2
ΩKb, (2.77)

where ∆v = ηvK is the headwind velocity felt by a pebble on a Keplerian orbit
as defined in equation (2.36). Two regimes, separated by b = (2/3)∆vΩ−1

K , are
identified. If δv is dominated by the first term (small b), the encounter is in the
headwind regime, if the relative velocity is dominated by the second term (large
b), the encounter is in the shear regime4.
For the pebble to be accreted, two conditions must be met. First, the pebble must
be sufficiently coupled to the gas such that the gas drag can modify the trajectory
while the encounter is taking place. Second, the gravitational pull of the planet
must be strong enough to allow the pebbles to settle instead of flowing along with
the gas. In terms of timescales, these conditions are equivalent to

tstop < tenc, (2.78)

and
tsettle < tenc, (2.79)

where tstop is the stopping time according to the particle size and drag regime,
tenc is the encounter timescale, and tsettle the settling timescale. For the common
assumption of Epstein drag, the stopping time is given by equation (2.22). The
encounter timescale depends on the relative velocity δv as

tenc =
2b

δv
. (2.80)

The settling timescale onto a protoplanet of mass M from a distance b is obtained
considering the terminal settling velocity vsettle of the pebble of mass m where
the drag force, given by equation (2.21), is equal to the gravitational force Fg =
GMm/b2. The settling timescale is then given by

tsettle =
b

vsettle
=

b3

GMtstop
. (2.81)

4The headwind and shear regimes are also known as the "Bondi" and "Hill" regimes, respec-
tively.
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In the headwind regime (δv ≈ ∆v), the maximum impact parameter bhw that
satisfies the settling condition is

bhw =

√
2GMtstop

∆v
. (2.82)

In this limit, the minimum mass Mhw to fulfil tstop < tenc is

Mhw =
∆v3tstop

8G
=

1

8
MSt, (2.83)

where M is the characteristic mass, measuring the relative importance of headwind
versus shear given by

M =
∆v3

GΩK
. (2.84)

Written in this way, it is clear that the transition into the headwind regime depends
on both the mass of the protoplanet and the pebble size. Encounters with M <
Mhw follow ballistic trajectories, i.e. can be treated the same way as drag-free
planetesimals which means pebble accretion is effectively shut off.
In the shear regime (δv ≈ (3/2)ΩKb), the encounter timescale is on the order of
an orbital period

tenc ≈
1

ΩK
. (2.85)

The maximal impact parameter bsh satisfying the settling condition is

bsh =

(
GMtstop

ΩK

)1/3

. (2.86)

Since the bsh scales more weakly with mass than bhw, the transition mass Mhw/sh

is the minimum mass to consider in the shear regime to fulfil tstop < tenc. Setting
bsh = bhw it is given by

Mhw/sh =
1

8

M
St

, (2.87)

which again depends on the protoplanet mass and the pebble size. For protoplan-
ets with M > Msh, the impact cross section for pebbles with St ∼ 1 are significant
as bsh becomes comparable to the Hill radius. Therefore, all pebbles on trajectories
entering the Hill sphere of a protoplanet are accreted in this limit.
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Moving from a single pebble to a disk of pebbles, the accretion rate depends on
the scale height Hpeb of the pebble disk with a surface density Σpeb and a midplane
density ρmid,peb

5, as well as on the maximum impact parameter bcol that still leads
to a collision given the mass of the protoplanet and the size of the pebbles. In the
limit where the protoplanet is embedded in the pebble disk midplane and does not
have a large cross section (bcol ≪ Hpeb), the pebble accretion rate is said to be in
the 3D regime and given by

Ṁ3D = πb2colδvρmid,peb. (2.88)

The settling boundary condition tsettle = tenc directly yields

Ṁ3D = 2πGMtstopρmid,peb = 6πR3
HStΩKρmid,peb (2.89)

and there is no transition in the accretion rate between the headwind and shear
regime.
If, conversely, the protoplanet is able to accrete from the full vertical extent of the
disk (bcol ≫ Hpeb), the pebble accretion rate is in the 2D regime and given by

Ṁ2D = 2bcolδvΣpeb. (2.90)

The settling boundary condition tsettle = tenc then gives

Ṁ2D =
4GMtstop

bcol
Σpeb =

{√
8GMtstop∆vΣpeb headwind, (2.91)

2R2
HΩKSt2/3Σpeb shear, (2.92)

where the headwind and shear regimes are obtained by setting bcol = bhw and
bcol = bsh, respectively. The pebble accretion rate Ṁpeb can be written in the form
(Ormel, 2017)

Ṁpeb = Ṁ2D
bcol

bcol +Hpeb
√

8/π
, (2.93)

which ensure a smooth transition between 3D and 2D accretion and recovers Ṁ3D

5The pebble disk properties Hpeb, Σpeb, and ρmid,peb are given by the general descriptions for
dust in chapter 2.2. For the accretion, the largest sized dust, the pebbles (St ≲ 1), are the most
important.
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and Ṁ2D in the limits bcol ≪ Hpeb and bcol ≫ Hpeb, respectively.
Although pebble accretion is fast due to the large collision cross sections, the pebble
accretion rate is not a runaway process. At best, the accretion rate scales linearly
as Ṁpeb ∝ M,M1/2, and M2/3 in the different regimes given by equations (2.89),
(2.91), and (2.92). It is a common misconception that pebble accretion is "effi-
cient", because in fact, the opposite is true. Only a small fraction of the pebble
flux crossing the orbit of a protoplanet is accreted. Nevertheless, pebble accretion
rates can be considerable depending on the pebble flux, especially if the pebbles
are well-settled in a thin disk midplane. This has lead to an ongoing paradigm
shift towards pebble accretion, away from planetesimal accretion, especially for
the formation of giant planets and planets at larger distances from the star where
planetesimal accretion rates are very low. However, it is worth repeating that
pebble accretion is essentially inexistent for protoplanet masses below Mhw. This
means that, if planetesimals are formed small, at least an intermediate phase of
runaway planetesimal accretion is necessary to allow pebble accretion to take over.
Alternatively, the planetesimals in the the tail end of the initial planetesimal size
distribution could directly accrete pebbles if they are massive enough. Whether
this is the case is still an open question, depending on the disk conditions, the
orbital separation, and the stellar mass (Kaufmann et al., subm.).

Pebble accretion stops when the flux of pebbles seizes. This can either be the
case if the mass reservoir is exhausted and all pebbles have drifted past the pro-
toplanet, or if pebbles are somehow trapped outside the protoplanets orbit. As
planets become more massive, they tidally interact with the gas disk (see chap-
ter 2.6). This can lead to an acceleration of the gas outside a planet’s orbit to the
extent it revolves at super-Keplerian speeds, opening a gap in the gas disk. This
means that there is a pressure maximum (η = 0) outside of the planet, where peb-
bles are trapped and do not drift further. The mass where this happens is called
the pebble isolation mass, beyond which a planet is depriving itself of pebbles by
halting the pebble flux. Assuming this happens roughly when the planet’s Hill
sphere extends beyond the gas disk (RH > Hg), the gap opening criterion at a
distance r is

M

M⋆

>

(
Hg

r

)3

. (2.94)
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In numerical simulations, the pebble isolation mass around solar mass stars is found
to be approximated by (Lambrechts and Johansen, 2014; Bitsch et al., 2015)

Miso,peb ≈ 20

(
Hg/r

0.05

)3

ME. (2.95)

Since disks are flared, the pebble isolation mass increases with distance and typical
values are ∼ 2− 3 ME at 1 au and ∼ 10 ME at 10 au (Kessler and Alibert, 2023).
As discussed in the next chapter, the accretion of gas is strongly dependent on
the accretion of solids. Therefore, the pebble isolation mass, conceptually, plays
an important role for the formation of giant planets which must accrete a large
amount of gas. Another important aspect of pebble isolation arises in multi-
planetary systems, where a massive outer planet can starve the inner planets of
pebbles by blocking the flux. In a more detailed recent analysis it was found that,
while pebbles are fairly well trapped at the outer edge of such gaps, the smallest
dust grains can diffuse through (Stammler et al., 2023). In this way, the inner
planets could still be supplied with solid material, albeit at a lower rate.

2.5 Gas accretion
It is unsurprising that as the core mass increases, some of the gas from the disk in
which the growing planet is embedded can be gravitationally bound to the planet.
A very simple comparison of the thermal velocity of the gas and the escape velocity
of the planet reveals that already at very low masses of ≳ 10−4 ME, a tenuous
atmosphere can be present (Armitage, 2020). To really assess whether a planet
can sustain a more substantial gaseous envelope, a one-dimensional approach is
again helpful. We consider an envelope in hydrostatic equilibrium described by

∂P

∂r
= −GM

r2
ρ, (2.96)

where P is the pressure, M = M(r) is the mass enclosed within a radius r, and
ρ = ρ(r) is the density. Conservation of mass yields a second equation

∂M

∂r
= 4πr2ρ. (2.97)
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The above equations depend on the temperature T via the pressure P = P (ρ, T ).
The radial temperature gradient is given by the requirement that the luminosity
L must be transported from the surface of the core and the deep interior of the
envelope to the surface of the envelope. If this transport occurs via radiative
diffusion, the temperature gradient can be derived from Fick’s first law, finding(

∂T

∂r

)
rad

= − 3κRρL

64πr2σSBT 3
, (2.98)

where κR is the Rosseland mean opacity. If the luminosity is high, for instance
due to the liberation of the gravitational energy of the accreting bodies during
the formation of the core, the temperature gradient could be very steep. This
suggests that the energy transport by convection might be possible as well. Con-
vection is a buoyancy instability where under-dense blobs of material rise upwards
while over-dense material is buried downwards, effectively mixing the envelope and
transporting energy very efficiently. Following Kippenhahn and Weigert (1990),
the stability against convection can be studied by considering a blob of material
being displaced radially from r to r + ∆r. Suppose the displacement takes place
in a slow manner, such that the blob of material stays in pressure equilibrium
as it moves, and suppose that the displacement takes place adiabatically, where
the blob does not exchange energy with the surrounding envelope. The stability
against convection comes down to whether the displaced blob at r + ∆r is more
dense or less dense than the surrounding envelope. If it is more dense, the blob
will sink back and convection is absent or inefficient. However, if the the displaced
blob is less dense than the envelope at r+∆r, it will keep rising which drives con-
vection. In other words, the envelope is stable against convection if the adiabatic
density gradient is larger than the density gradient found in the envelope (which
we assume to be radiative) (

∂ρ

∂r

)
ad

>

(
∂ρ

∂r

)
rad

. (2.99)

As is eloquently put in Armitage (2020): "The fact that both gradients are neg-
ative quantities occasions a good deal of confusion, but the physical argument in
terms of buoyancy is clear."
Given an equation of state ρ = ρ(P, T ), the stability criterion can be reformulated
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in terms of the temperature and pressure, finding the so-called Schwarzschild cri-
terion6

∇ad ≡
(
∂ lnT

∂ lnP

)
ad

>

(
∂ lnT

∂ lnP

)
rad

≡ ∇rad. (2.100)

The explicit radiative temperature gradient given in equation (2.98) combined with
equation (2.104) yields (

∂T

∂r

)
rad

=
∂P

∂r

3κRL

64πGMσSBT 3
, (2.101)

which can be brought into the same form as in equation (2.100)

∇rad =
3κRLP

64πσSBGMT 4
. (2.102)

According to this treatment in 1D, forming planetary envelopes, typically, have
large convective zones with a radiative layer at the outer envelope boundary.
The three equations to solve, called the planetary structure equations, are then

∂M

∂r
= 4πr2ρ, (2.103)

∂P

∂r
= −GM

r2
ρ, (2.104)

∂T

∂r
=

T

P

∂P

∂r
min(∇ad,∇rad), (2.105)

where the first two equations are again the mass conservation and hydrostatic
equilibrium. The third equation describes the energy transport, considering the
possibility of convection. Given an equation of state ρ = ρ(P, T ), opacities κR, and
luminosity L, the structure equations can be solved numerically for appropriate
boundary conditions (see chapter 3.4).

In the early stages of planet formation, where planetary cores are embedded
in the gaseous disk, the planetary envelope is well-described by the hydrostatic

6In general, the equation of state also depends on the mean molecular weight µ. The
Schwarzschild criterion is found, by assuming µ is uniform in the envelope. If ∂µ

∂r ̸= 0 instead,
the so-called Ledoux criterion is recovered.
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equilibrium, balancing gravity and pressure considering the transport of energy
away from the planet into the surrounding disk. The underlying assumption is that
the mass changes on a longer timescale than hydrostatic equilibrium is established.
In this case the free-fall time, the timescale on which gravity attempts to contract,
and the sound-crossing time, the timescale on which pressure attempts to expand,
remain similar. Therefore, hydrostatic equilibrium is re-established quickly and
the process is adequately described by a sequence of hydrostatic states.
As the core mass increases due to the accretion of solids, so does the planet’s
potential to bind an envelope. Ultimately, the accretion rate of gas depends not
only on the gas disk and the mass of the planet but also on the luminosity. Large
luminosities hinder the accretion of gas and if the planet is able to cool efficiently,
gas accretion rates can become large. The luminosity is time dependent, stemming
from the accretion of solids and gas, as well as from the contraction of the envelope.
The energy released by the accretion of material onto the core is given by

Lacc =
GM coreṀ core

Rcore
, (2.106)

where the accretion rate of solids Ṁ core onto a core of mass M core and radius Rcore

is assumed to deposit the energy (and material) at the core’s surface.
Since the envelope is typically radiative at the envelope-disk boundary, the planet’s
ability to cool is strongly influenced by the opacities in these envelope regions. If
the opacities are high, the planet cannot radiate efficiently and accretes gas at a
lower rate and vice-versa. Not only the molecular opacities but also the contribu-
tion of suspended grains plays a role. To what extent the accreted material breaks
up in the envelope, supplying it with grains, and how efficiently these grains grow
and settle to the core, is an important question in order to get the correct opaci-
ties in the radiative layer (e.g. Mordasini, 2014; Brouwers et al., 2021). Envelope
opacities, especially during formation, are associated with large uncertainties but
have a strong influence on the planet formation outcome of gas-accreting planets
as shown in Kessler et al. (subm.) in chapter 5. A further influence on the gas
accretion rate arises from the enrichment of the envelope by heavy elements. This
increases the mean molecular weight in the envelope, making it more dense which
allows more gas to be captured by the planet. Due to the large convective zones
in planetary envelopes, the envelopes are often assumed to be well mixed with a
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radially constant mean molecular weight. It is worth mentioning that this pic-
ture has been questioned in the case of giant planets, inspired by measurements
of Jupiter’s gravitational moments (Bolton et al., 2017). The presence of a dilute
core instead of a well-defined core-envelope boundary has been shown to constrain
the remaining luminosity after the formation phase and other formation parame-
ters (Vazan et al., 2018; Müller et al., 2020; Stevenson et al., 2022; Polman and
Mordasini, 2024).

If the mass of a planetary core increases further, at some point the so-called
critical core mass7 is reached. If the core becomes more massive than this critical
mass, the additional mass in envelope that would be attracted can no longer be
supported by pressure. In other words, past the critical core mass, there is no
hydrostatic solution for the envelope structure and hydrodynamic contraction of
the envelope ensues, causing it to detach from the surrounding gas disk. Roughly
speaking, this happens when the envelope mass exceeds the core mass (M env ≳
M core) and typical values for the critical core mass are on the order of ∼ 10 ME

(Ikoma et al., 2000). In this phase, the accretion rate of gas onto the planet is
limited by the disk’s ability to supply it. Giant planets accrete the bulk of their
gas mass in this so-called runaway gas accretion on comparably short timescales
of the order of ∼ 105 yr.
As mentioned before and will be discussed further in the following chapter, massive
planets can open up local gaps through tidal interactions with the gas disk. This
lowers the gas surface density in the planet’s vicinity, hindering the supply of gas
to the planet. The accretion of gas finally stops when the gas disk dissipates.

2.6 Planet-disk interactions
As a planet grows in mass, the gravitational interactions with the gas can no longer
be neglected. Both the disk and the planet are exerting a torque onto each other,
leading to an exchange of angular momentum between the gas in the disk and
the planet. Fundamentally, the torques exerted onto the planet are due to asym-
metric mass concentrations accelerating or decelerating the planet through their

7Recently, in the context of envelopes which are significantly enriched in heavy elements
("metals"), it has been suggested that the better notion is the critical metal mass (Ormel et al.,
2021).
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gravitational interaction. This potentially leads to a change in semi-major axis of
the planet in a process called disk-driven orbital migration, and for more massive
planets the torque onto the disk can be such that the disk gas is pushed away
from the co-orbital region, forming a gap. It is beyond the scope of this thesis to
reproduce the lengthy derivations of the different torques and I characterise the
most important contributions qualitatively instead.

Consider first a planet that is embedded in the gas disk and has not yet opened
up a gap in the disk. The classical contributions to the net torque exerted onto an
embedded planet are the so-called Lindblad torque and the co-rotation torque. In
this case, the planet is said to migrate in the type-I regime (Ward, 1997; Tanaka
et al., 2002). The Lindblad torque references the torque exerted onto the planet by
density waves, launched at so-called Lindblad resonances (Goldreich and Tremaine,
1979). A Lindblad resonance occurs at a radius rL where the perturbations of a
planet at orbital radius r excite the gas at the epicyclic frequency or multiples
thereof. An illustrative example is when the planet is on a circular orbit with
frequency ΩK(r) and the disk is Keplerian, where the epicyclic frequency is equal
to the orbital frequency. The resonant condition is then

n [ΩK(rL)− ΩK(r)] = ±ΩK(rL), (2.107)

where n is an integer, and the Lindblad resonances are located at

rL =

(
1± 1

n

)2/3

r. (2.108)

The key point here is that there are multiple resonances both inside and outside of
the planetary orbit. The Lindblad torques exerted by the density waves launched
at the resonances outside the planet’s orbit are negative, while the torques from
the inner resonances are positive. The magnitude of the torques mainly depends
on the distance of the resonances to the orbit of the planet and the surface density
of the gas at the resonances. The net Lindblad torque is given by the sum and
therefore depends, among other quantities, on the surface density gradient and
temperature gradient in the disk. In essentially all disk models, the outer reso-
nances exert a greater negative torque than the inner positive resonances, yielding
a negative net Lindblad torque. Therefore, the planet loses angular momentum
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and migrates inwards.
The second contribution to the total torque in the type-I regime comes from the
gas in the co-orbital region of the planet at orbital distance r. Gas streamlines
outside the planetary circulate with a lower orbital speed than the planet, and gas
streamlines inside the planetary orbit circulate faster than the planet. The gas
kinematics in this region are non-trivial, with gas librating on so-called horseshoe
orbits where the gas streamlines follow a u-turn from > r to < r in front of the
planet and a u-turn from < r to > r behind the planet (Ward, 1991). It is clear
that gas performing such a closed horseshoe orbit must lose (in front of the planet)
and gain (behind the planet) angular momentum, in exchange with the planet. If
the situation is fully symmetrical, the contributions from each u-turn cancels out
and only if there is a persistent asymmetry, a non-zero net torque arises from the
horseshoe region.
There are a number of effects which can lead to an asymmetry in the density of
the gas in the forward and backward horseshoe turns. An illustrative example is
the presence of an entropy gradient across the horseshoe region where low-entropy
gas moves inwards in front of the planet and high-entropy gas flows outwards be-
hind the planet. This establishes an over-density in front of the planet and an
under-density behind the planet if the gas performs the u-turn faster than it can
thermally equilibrate. Then the exerted torque on the planet is positive. The
stability of the asymmetry requires that the viscous timescale must be lower than
the libration timescale of a full horseshoe orbit in order to re-establish the entropy
gradient. If this is not the case, this contribution to the co-rotation torque is said
to be saturated and vanishes. A complete (adiabatic) description of the co-rotation
torque contains linear and non-linear contributions (called horseshoe drag) due to
the entropy gradient and due to the gradient of the vortensity (e.g. Masset and
Casoli, 2010; Paardekooper et al., 2010, 2011; Jiménez and Masset, 2017). The
Lindblad and co-rotation torques scale with the planetary mass as M2, and type-I
migration generally sets in as the planets approach ∼ 1 ME. Depending on the
radial gradients in the disk and whether the co-rotation torques are saturated,
the net type-I torque can be negative or positive, leading to inwards or outwards
migration, respectively. However, the picture over the course of formation is dom-
inated by inwards migration. This is one of the main insights in planet formation
from recent years, including the works presented in chapters 4 and 5. The "theo-
retical necessity" of planetary migration as a consequence of angular momentum
conservation poses nuanced challenges for the formation of massive planets and
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planets in the outer disk beyond ∼ 10 au.
A number of further torques have been investigated in order to complete the picture
and perhaps remedy the otherwise oppressive efficiency of type-I migration. This
includes so-called thermal torques due to the heating of the co-rotation region
by the planet (Masset, 2017; Velasco Romero and Masset, 2020; Guilera et al.,
2019, 2021), and dynamical torques due to the distortion of the co-rotation re-
gion as a planet migrates (Masset and Papaloizou, 2003; Paardekooper, 2014; Yun
et al., 2022) which are particularly relevant in low viscosity environments (Weder
et al., subm.).

At a certain mass, the planet locally dominates the angular momentum trans-
port in the disk. Whether a planet opens a gap or not can be assessed by comparing
the timescale on which the planet opens a gap with the timescale on which the
viscosity erases sharp radial gradients in the surface density and closes the gap.
A simple estimate can be obtained in the impulse approximation (Lin and Pa-
paloizou, 1979) and by assuming a gap of characteristic size Hg. Then the critical
planet to star mass ratio qcrit scales as (Armitage, 2020)

qcrit =
Mcrit

M⋆

∝
(
Hg

r

)5/2

α1/2, (2.109)

where a planet starts opening a gap as M ≳ Mcrit. Gap opening strongly depends
on the aspect ratio Hg/r and it is easier to open a gap if the viscosity is low. For a
planet around a solar mass star with α = 10−3 and a typical value of Hg/r = 0.05,
gap opening begins at a mass Mcrit ≈ 20 ME. Note that a detailed treatment of
gap opening should be done in 3D, since planets in the range of qcrit have Hill radii
comparable to the disk height.
When a planet opens a gap, the co-orbital region and the close Lindblad reso-
nances are severely depleted of mass. Therefore, the type-I torques do not apply
any longer and planets are migrating in the slower type-II regime. In a simplified
view of a gap, most of the angular momentum resides in the gas rather than the
planet and the planet only sustains the gap and does not otherwise alter the an-
gular momentum transport. The viscously encroaching gas at the outer gap edge
receives angular momentum from the planet and at the inner disk edge the oppo-
site happens, maintaining the gap. Since the inner disk loses angular momentum
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(accreting onto the star), the inner gap edge and thus the planet move inward ac-
cording to the radial gas flow. In reality however, the gap edges have been found
to be leaky, allowing a flow of gas to pass the gap. In hydrodynamical simulations,
the type-II migration rates appear to be lower than the radial gas velocity (e.g.
Kanagawa et al., 2018).

The emerging picture is that planets grow more or less in-situ until at least
∼ 1 ME. Type-I migration becomes significant when the migration timescale
becomes shorter than the growth timescale (Emsenhuber et al., 2023b). Therefore
the accretion rate of solids influences planetary migration. Once type-I migration
acts efficiently, the planet either migrates inwards unhindered or grows massive
enough to open a gap and transitions to the much slower type-II migration regime.
Therefore, in order to retain planets on longer orbits, the accretion mechanism and
the timing of runaway gas accretion is important as it allows planets to reach the
gap opening mass. Note that planets can be trapped at pre-existing gaps such
as, for instance, the inner disk edge where disk-driven orbital migration stops.
Obviously, the migration due to planet-disk interactions ultimately stops when
the gas disk dissipates.

2.7 Planet-planet interactions
If multiple massive planets are forming in the protoplanetary disk, the dynamics
in the system can no longer be treated as a two-body problem for each planet in-
dividually. The mutual gravitational interactions of many bodies is a well-known
problem without analytic solutions and the numerical integration of the N-body
problem is computationally expensive with a time complexity of O(N2). Prac-
tically, the integration of many bodies over a billion year time span is the most
restrictive constraint for global models. The mutual gravitational interactions of
the forming planets influence the dynamics of the system and are not negligible
because they are important for both the orbital configuration of planets as well as
their final mass.
Due to the exchange of angular momentum in close encounters, planets can be
forced onto highly eccentric orbits to the point they are ejected from the system
or sent crashing into the star. The more interesting consequence in the context
of the remaining bodies are collisions of planets, called giant impacts. The exact
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collision outcomes of these extremely energetic events depend on the collision pa-
rameters, the composition of the planets, their material strengths, etc. As was
likely the case for the formation of the Moon, giant impacts are not guaranteed
to result in the perfect merging of the colliding planetary cores (Ida et al., 1997;
Jutzi and Asphaug, 2011). Under this assumption however, it has been shown that
the inclusion of the mutual gravitational interactions in global models with many
protoplanets, results in frequent giant impacts which ultimately promotes the for-
mation of more massive planets (e.g. Emsenhuber et al., 2021a). The frequency of
these events depends, apart from the number of gravitating bodies, on the mass of
the protoplanets. Therefore, giant impacts tend to be most prevalent in the later
stages of the disk lifetime when the protoplanets are more massive and the gas in
the disk becomes less dense. The dispersal of the gas disk has been identified as
a potential source of dynamical instability since the dampening effect of the gas
ceases (Liu et al., 2022). Since there is an enormous amount of energy liberated in
such collisions, the envelope structure of the colliding bodies is profoundly affected.
Whether any gas can be retained in the collision between gas-bearing protoplanets
depends on how quickly the impact energy can be dissipated.
A fundamental property of the gravitational interactions between planets is the
presence of resonances. So called mean-motion resonances occur when two planets
orbit such that their orbital period ratio is an integer. This can have a stabilising
effect for planetary mass objects, synchronising their closest approaches. Mean-
motion resonances can, for instance, be seen in the Solar System in the resonant
orbits of the moons of Jupiter and Pluto, or in the TRAPPIST-1 planetary sys-
tem. In the context of planet formation, mean-motion resonances are important
because they can lock planets on certain orbits relative to an inner planet, in-
hibiting their disk-driven migration. The presence of mean-motion resonances in
observed systems is strong evidence for orbital migration on at least intermediate
scales because the differential inward migration of planets can explain how they
end up in the stable mean-motion resonances in the first place.

2.8 Planet evolution
In this chapter, I only give a brief overview of some of the most transformative
processes that are important after the dispersal of the gas disk. Once the gas
disk is dissipated, the accretion of gas ceases and only growth by giant impacts
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is possible since pebbles stop drifting and planetesimals are quickly scattered in
the absence of gas drag. Without accretion, planets evolve thermodynamically by
releasing the remaining energy from their formation over a long period of time.
Gas-rich planets cool and contract on the Kelvin-Helmholtz timescale tKH, which is
the time it takes a planet of mass M and radius R to radiate away its gravitational
energy Eg at a luminosity L

tKH =
Eg

L
=

GM2

2RL
. (2.110)

This is important in order to link measured planetary radii of evolved planets with
predictions from planetary formation models. Note that the Luminosity is not
necessarily constant over time and intrinsic heat sources such as radioactive decay
in the core are relevant on billion year timescales.

In the absence of accretion, the mass of the planets is not guaranteed to be
constant due to atmospheric loss processes. Atmospheric escape is present when
gas molecules have enough energy to overcome the escape velocity. The energy
source can either be intrinsic, from the remaining luminosity of the core after
formation, or from the external radiation of the star. These processes are known
as core-powered mass loss and photo-evaporation8, respectively. Naturally, the
latter is more important the closer the planet orbits the host star due to the
higher received flux. The heating of the envelope preferentially removes lighter
molecules in thermal Jeans escape but if strong thermal winds are driven, mainly
by X-rays and EUV radiation, heavier molecules can be dragged with the flow
as well in so-called hydrodynamic escape. Close to the star, there are many more
mechanisms that can contribute to the atmospheric escape and alter the envelope
composition and chemistry such as photo-dissociation, photo-ionisation, and the
interaction with the ions in the stellar wind.

8Note the distinction from the photo-evaporation of the gas disk. Although the energy source
is the same as for internal disk photo-evaporation (the star), here, the envelope gas is bound to
the planet instead of freely orbiting the star.
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3 The Bern Model of planet
formation and evolution

The Bern Model of planet formation and evolution is a global 1D model consider-
ing most of the physical processes introduced in the previous chapter. The Bern
Model originates from the model presented in Alibert et al. (2004, 2005), which
simulates the formation of single planets from the protoplanetary disk until the
gas disk disperses. At the core of this model lie the planetary structure equations
and the viscous evolution equation of the protoplanetary disk, which are solved
numerically. Inspired by the pioneering work in Ida and Lin (2004a,b), the model
was then applied in a population synthesis approach for the first time in Mordasini
et al. (2009a,b). Subsequently, the model diverged into an evolution and a forma-
tion model. The planetary evolution model follows the thermodynamic cooling and
contraction, as well as atmospheric escape on a billion year timescale (Mordasini
et al., 2012a,b; Jin et al., 2014). The formation model was developed further to
be capable of simulating the formation of multi-planetary systems considering N-
body interactions, including improved versions of the gas and planetesimal disks,
as well as more advanced migration prescriptions (Fouchet et al., 2012; Alibert
et al., 2013; Fortier et al., 2013; Dittkrist et al., 2014). The formation and evolu-
tion model was combined into what we call the Bern Model today in Emsenhuber
et al. (2021a), linking the formation of multi-planetary systems from the proto-
planetary disk to the dispersal of the gas disk with the subsequent billion year
thermodynamical evolution. Due to the heritage of the model it remains com-
putationally manageable, capable of performing large-scale population syntheses.
The Bern Model has been described in detail and applied extensively in the Next
Generation Planetary Population Synthesis (NGPPS) paper series (Emsenhuber
et al., 2021a,b; Schlecker et al., 2021a; Burn et al., 2021; Schlecker et al., 2021b;
Mishra et al., 2021).
The Bern Model has since been developed further to include new physics, such as
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planetesimal fragmentation and drift (Kaufmann and Alibert, 2023), the presence
of compositional gradients in planetary envelopes in the evolution phase (Polman
and Mordasini, 2024), a wind-driven disk evolution module (Weder et al., 2023),
the inclusion of the evolution of dust, planetesimal formation, and pebble accretion
(Voelkel et al., 2020).
The Bern Model, parts of it, and modified versions, have been used in a number
of diverse studies. In order to extend the Bern Model to be able to perform disk
population syntheses, it must calculate observable quantities which can be com-
pared with observations. To compare the modelled disks with the measured emis-
sions in millimetre observations, an improved treatment of dust dynamics and the
calculation of continuum dust emissions was implemented in Burn et al. (2022).
In Emsenhuber et al. (2023a), the best-fitting initial disk conditions have been
evaluated in a parameter study, focussing on observed disk masses and lifetimes.
Brügger et al. (2020) compared planetesimal and pebble-based planet formation
scenarios. Mol Lous et al. (2022) investigated the long-term habitability of planets
with primordial H-He envelopes. Voelkel et al. (2022) studied the dynamic forma-
tion of planetary embryos and the emerging multiple generations of planets in the
same system. Davoult et al. (2024) analysed the architectures of planetary systems
emerging from the Bern Model with a focus on systems that are hosting Earth-like
planets. Burn et al. (2024) studied the radius valley between super-Earths and
sub-Neptunes using an improved treatment of the planetary composition based
on new equations of state of water (Haldemann et al., 2020). Shibaike and Mor-
dasini (2024) implemented a simple model of a circumplanetary disk to constrain
the planetary properties from the dust emission measurements in the PDS70 sys-
tem, where two planets have been successfully identified while still undergoing
formation (Gaia Collaboration et al., 2018; Müller et al., 2018). Using synthetic
populations from the Bern Model, Egger et al. (2024) constrain the formation
history and disk conditions of an exoplanet system observed with the CHEOPS
telescope. Kaufmann et al., (subm.) investigate the early planet formation phase
in a ring of planetesimals, formed from the streaming ability. Gottstein et al., (in
prep.) study the planetary temperature-luminosity relationship during the forma-
tion and evolution of giant planets. The dynamical co-rotation torque, potentially
important in low viscosity disks, is implemented in Weder et al., (in prep.). I used
the Bern Model to investigate concurrent pebble and planetesimal accretion in
Kessler et al. (2022), and the formation of Uranus/Neptune-like planets in Kessler
et al., (subm.).
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As is evident from the physical descriptions in chapter 2, a large number of
choices must be made in order to build a global model. Note that there are many
valid prescriptions implemented for some of the model components. In this chapter,
I give an overview of the choices, assumptions, and prescriptions that are used for
the work in chapters 4 and 5. The majority of the setup is identical to the one
presented and described in detail in Emsenhuber et al. (2021a) and Emsenhuber
et al. (2021b). Naturally, most of the following descriptions are a repetition of
what can be found there.

3.1 Gas disk evolution
The protoplanetary gas disk is described following the concepts described in chap-
ter 2.1. We solve the 1D radially symmetric viscous diffusion equation (2.7) (Lüst,
1952; Lynden-Bell and Pringle, 1974)

Σ̇g =
3

r

∂

∂r

[
r1/2

∂

∂r

(
νΣgr

1/2
)]

− Σ̇photo,int − Σ̇photo,ext − Σ̇acc. (3.1)

to compute the time evolution of the protoplanetary gas disk surface density Σg

at an orbital distance r. We consider the sink terms Σ̇photo,int and Σ̇photo,ext due
to internal and external photo-evaporation. The removal of gas by gas accreting
planets is included by the term Σ̇acc. We parametrise the viscosity according
to equation (2.8) with a fiducial value of α = 10−3. Following the approach of
Mordasini et al. (2012b), the FUV-driven external photo-evaporation rate is given
by (Matsuyama et al., 2003)

Σ̇photo,ext(r) =


0 for r < β rg,I, (3.2)

Ṁwind

π(r2max − β2r2g,I)
otherwise, (3.3)

where rmax = 1000 au, and we choose β = 0.14 (similarly to Alexander and
Pascucci, 2012). We assume that external photo-evaporation removes mass outside
of r < β rg,I, where

rg,I =
GM⋆

cs,I
(3.4)
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is the gravitational radius for a gas at 103 K with a mean molecular weight of
1.35, corresponding to dissociated gas. Ṁwind is a parameter scaling the external
photo-evaporation rate, which represents different external FUV field strengths.
Practically, Ṁwind is an initial condition which is essentially determines the disk
lifetime.
The internal photo-evaporation rate is given by Clarke et al. (2001)1

Σ̇photo,int(r) =

{
0 for r < β rg,II, (3.5)
2cs,IInbasemp otherwise. (3.6)

The gas is removed outside of r < β rg,II, where the gravitational radius rg,II is
given by equation (3.4) considering gas with thermal sound speed cs,II. Internal
photo-evaporation removes ionised hydrogen with a sound speed cs,II corresponding
to a temperature of 104 K with a mean molecular weight of 0.68. mp is the mass
of a proton (ionised hydrogen), and nbase is the base number density given by

nbase(r) = nbase(r14)

(
r

rg,II

)−5/2

, (3.7)

where r14 = β rg,II/10
14cm. The base density at the inner evaporation limit

nbase(r14) is estimated by (Hollenbach et al., 1994)

nbase(r14) = kholΦ
1/2
41 (r14)

−3/2, (3.8)

where khol = 5.7× 104 and the ionising photon luminosity Φ41 = 0.1(M⋆/MSun)
1/2

in units of 1041 s−1 are determined from hydrodynamical simulations.

In order to evolve the gas surface density over time, we must choose an initial
disk profile. The gas surface density is initialised by (Andrews et al., 2010)

Σg(r) = Σg,0

( r

5.2 au

)−0.9

exp

[
−
(

r

Rchar

)1.1
](

1−
√

Rin

r

)
, (3.9)

where Σg,0 is the initial gas surface density at 5.2 au, Rchar is the characteristic
outer disk radius, and Rin is the inner disk truncation radius. Rin is set as the

1Compare with equation (2.16) and note that nbasemp = ρbase.
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co-rotation radius with respect to the stellar rotation period. Σg,0 and Rchar are
then given by the initial gas disk mass. As described in chapter 3.8, The stellar ro-
tation period as well as the initial gas disk mass are initial conditions of the model.

We follow the approach of Nakamoto and Nakagawa (1994) for the vertical disk
structure which is equation (2.12) in the explicit form

σSBT
4
mid,g = σSBT

4
irr +

(
3

8
τR +

1

2τPl

)
Ėν , (3.10)

where τR and τPl = 2.4 τR are the Rosseland and Planck mean optical depths,
respectively. In this way, equation (3.10) takes into account both the optically
thick (τR) and the optically thin (τPl) regimes. The viscous energy dissipation
rate Ėν is given by equation (2.9). The optical depth τR = κRΣg depends on
the opacities κR which are given in a simplified approach by the maximum of the
grain opacities of Bell and Lin (1994) and the molecular opacities of Freedman
et al. (2014). The temperature due to stellar irradiation Tirr is given by (Adams
et al., 1988; Ruden and Pollack, 1991; Chiang and Goldreich, 1997; Hueso and
Guillot, 2005)

T 4
irr = T 4

⋆

[
2

3π

(
R⋆

r

)3

+
1

7

(
R⋆

r

)2
Hg

r

]
+ T 4

irr,mid + T 4
cloud, (3.11)

where the first term is the contribution due to the stellar heating of the disk
surface, Tirr,mid is the direct heating of the midplane according to equation (2.11),
and Tcloud = 10 K is the background temperature.

3.2 Planetesimals
The planetesimal disk is described following Fortier et al. (2013), where the plan-
etesimals disk is initialised by

Σplan(r) = Σplan,0fice

(
r

Rin

)1.5

exp

[
−
(

r

Rchar/2

)2
]
, (3.12)
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where the characteristic radius of the planetesimal disk is half the value of the gas
disk (Ansdell et al., 2018) and the the power law index is steeper than in the case
of the gas disk (Weidenschilling, 1977). The reference surface density Σplan,0 is
fixed by the bulk solids-to-gas ratio Z which is given as an initial parameter. The
factor fice is 0.5 inside the water iceline and 1 outside of it.

The dynamical state of the planetesimals is evolved considering the gas drag
and the stirring due to protoplanets and planetesimals alike. The mean square
eccentricities ⟨e2⟩ and inclinations ⟨i2⟩ then change over time as

˙⟨e2⟩ = ˙⟨e2⟩|drag + ˙⟨e2⟩|stirr,M + ˙⟨e2⟩|stirr,plan, (3.13)
˙⟨i2⟩ = ˙⟨i2⟩|drag + ˙⟨i2⟩|stirr,M + ˙⟨i2⟩|stirr,plan. (3.14)

Considering the relative velocity δv given by equation (2.62), the drag-induced
rate of change of the dynamical state is given by (Adachi et al., 1976; Chambers,
2006)

˙⟨e2⟩|drag = −⟨e2⟩
tstop

δv, (3.15)

˙⟨i2⟩|drag = − ⟨i2⟩
2tstop

δv. (3.16)

The stopping time tstop depends on the drag regime of the planetesimals which is
determined according to Rafikov (2004).
The stirring by protoplanets is following Guilera et al. (2010), which is a modifi-
cation of the treatment presented in Ohtsuki et al. (2002). The rate of change of
the planetesimal dynamical state induced by planets j = 1, . . . , n with masses Mj

is given by

⟨e2⟩|stirr,M =
n∑

j=1

f∆j

(
ΩKMj

30πM⋆

)
Pstirr, (3.17)

⟨i2⟩|stirr,M =
n∑

j=1

f∆j

(
ΩKMj

30πM⋆

)
Qstirr, (3.18)
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where

f−1
∆j = 1 +

(
|r − rj|
5RH

)5

. (3.19)

Here, r corresponds to the location in which the planetesimal dynamical state is to
be evaluated, and rj are the locations of the protoplanets. The stirring functions
Pstirr and Qstirr are given by Ohtsuki et al. (2002), containing elliptical integrals
which we approximate by the fit given in Chambers (2006). The full form of these
can be found explicitly in Emsenhuber et al. (2021a).
Lastly, the self-stirring of the planetesimals is given by (Ohtsuki et al., 2002)

˙⟨e2⟩|stirr,plan =
1

6

√
Gr

M⋆

ΣplanHplanPstirr, (3.20)

˙⟨i2⟩|stirr,plan =
1

6

√
Gr

M⋆

ΣplanHplanQstirr. (3.21)

The scale height of the planetesimal disk is given by

Hplan =

(
2m

3M⋆

)1/3

(3.22)

and the planetesimal mass m of planetesimals with radius Rplan and density ρplan

is simply

m =
4

3
πR3

planρplan. (3.23)

In this setup, the planetesimal radius is a fixed parameter set to 300 metres and
planetesimal drag is neglected. This choice is discussed separately in the chapters
4 and 5. A more realistic treatment involves a size distribution and the fragmen-
tation into smaller planetesimals which are more strongly affected by gas drag
(Kaufmann and Alibert, 2023).

The planetesimal accretion rate can be expressed as (Chambers, 2006)

Ṁplan = ΩKΣ̄planR
2
Hpcoll, (3.24)

where Σ̄plan is the mean planetesimal surface density in the feeding zone and pcoll

is the collision probability, containing the kinematic details. The feeding zone
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half-width is set to 5RH (Fortier et al., 2013). Following Inaba et al. (2001),
the collision probability can be divided into three regimes based on the relative
velocities between planetesimals and the protoplanet – the low, mid, and high-
velocity regimes. The distinction is based on the reduced planetesimal eccentricity
ẽ = re/RH and inclination ĩ = ri/RH. The low-velocity regime is given by ẽ, ĩ ≲
0.2, the mid-velocity regime is given by ẽ ≲ 2 and ĩ ≳ 0.2, and the high-velocity
regime holds for ẽ, ĩ ≳ 2. The collision probabilities in the different regimes are

plow = 11.3

(
Rcap +Rplan

RH

)
, (3.25)

pmid =
(Rcap +Rplan)

2

4πRHĩ

(
17.3 +

232RH

Rcap +Rplan

)
, (3.26)

phigh =
(Rcap +Rplan)

2

2πRH

(
IF(i/e) +

6RHIG(i/e)

(Rcap +Rplan)ẽ2

)
, (3.27)

and the final collision probability is given by

pcoll = min
(
pmid,

(
p−2

low + p−2
high

)−1/2
)
. (3.28)

The functions IF and IF evaluated at i/e are again semi-analytic approximations
by Chambers (2006). Rcap is the capture radius is larger than simply the core
radius if there is an envelope present. It is given by the implicit equation (Inaba
and Ikoma, 2003)

Rplan =
3

2

ρ(Rcap)Rcap

ρplan

(
δv2 + 2GM(Rcap)/Rcap

δv2 + 2GM(Rcap)/RH

)
. (3.29)

3.3 Pebbles
The evolution of dust into pebbles and the accretion of pebbles was not included
in the model presented in the NGPPS paper series. In my work, I have used two
different approaches to integrate pebble accretion into the pre-existing framework.

For the paper presented in chapter 4, I have rewritten and integrated the model
presented in Brügger et al. (2018) which was based on Lambrechts and Johansen
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(2014); Bitsch et al. (2015). The simple model is outlined in chapter 2.4.2 in equa-
tions (2.71) to (2.76), and described in more detail in Kessler and Alibert (2023).
It is characterised by a couple of simplifying assumptions: pebble sizes are drift-
limited and the drift is faster than the outwards movement of the growth radius
– the orbital distance where the dust reaches the local pebble size. Furthermore,
we assume that the location and outwards speed of the growth radius are well
approximated from the initial state of the disk. Outside the water iceline, this
yields a radially constant flux which evolves over time according to the evolved
gas disk at the current position of the growth radius. The pebble surface density,
which is used to calculate the pebble accretion rate, is then retrieved from the
pebble flux (Johansen and Lambrechts, 2017). The flux is halved inside the water
iceline, assuming a water ice fraction of 50% for icy pebbles outside the iceline
and instantaneous sublimation. Further, assuming pebbles break into their grain
components when the water sublimates, the pebble size inside the iceline is set to
the interstellar medium grain size. For the formation of giant planets outside the
iceline, which was the main application of the model, this assumption is inconse-
quential. The pebble flux finally ceases when the growth radius reaches the outer
disk edge.

A more involved approach was chosen in Kessler et al. (subm.), presented
in chapter 5, following the approach of Birnstiel et al. (2012). This was first
implemented and applied in the Bern Model framework in Voelkel et al. (2020). In
this model the dust surface density evolution is solved in a simplified way. Instead
of considering a size distribution, the aptly named two-population model solves
the problem in a mass-averaged approach, considering only two populations of
solids: the small dust grains and the larger pebbles. This is a valid approach since
the dust mass is dominated by largest particles (Birnstiel et al., 2010). The dust
evolution equation (2.47) is transformed into a single evolution equation for the
combined two-population surface density Σtp

Σ̇tp +
1

r

∂

∂r

[
r

(
Σtpv̄ −DgΣg

∂

∂r

(
Σtp

Σg

))]
= 0, (3.30)

where the mass-averaged diffusivity of the two populations is assumed to be equal
to the gas diffusivity Dg. The combined surface density Σtp separates into the
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surface densities of the two underlying populations

Σpeb(r) = Σtp(r)fm(r), (3.31)
Σgrains(r) = Σtp(r)(1− fm(r)). (3.32)

The factor fm(r) is calibrated with full dust evolution simulations in Birnstiel et al.
(2010). The initial combined surface density is simply Σtp,0 = ZΣg,0 where Z is
the dust-to-gas ratio. The mass-averaged radial drift speed v̄ reads

v̄ = (1− fm)vgrains + fmvpeb, (3.33)

where vgrains and vpeb are the drift speeds of the small and the large populations,
respectively, given by equation (2.44). The dust grain size is fixed and the size
of the pebbles is evaluated by comparing the drift and fragmentation size limits
given in equations (2.51) and (2.53), respectively.

There exist many valid models of the pebble accretion rate, given some peb-
ble surface density. The description of Ormel (2017) outlined in chapter 2.4.2 is
consistent with other recent works, within orders of unity (e.g. Ormel and Klahr,
2010; Ormel and Kobayashi, 2012; Lambrechts and Johansen, 2012, 2014; Guillot
et al., 2014; Ida et al., 2016; Johansen and Lambrechts, 2017). In this thesis, I
apply the descriptions of Johansen and Lambrechts (2017) and Ormel (2017) in
the first and second paper, respectively.

When considering the formation of giant planets in multi-planetary systems,
the pebble isolation mass must be taken into account. A simple approach is the one
given in equation (2.95) which is suitable for single planets and used in Kessler
and Alibert (2023). Since multi-planetary systems are considered in Kessler et
al. (subm.), the pebble flux inside of a planet above the pebble isolation mass
must be reduced. This is achieved by applying the tidal gap profile, caused by
a massive planet, of Kanagawa et al. (2016, 2017) to the gas disk which is used
to calculate the two-population surface density evolution according to equation
(3.30). In this way, a planet above the pebble isolation mass will trap pebbles at
the outer edge of the induced gap. This simple treatment is not fully self-consistent
as the gap is not considered in the further evolution of the gas disk (only the dust
can see the gap). In such traps, where multiple protoplanets may be expected
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to grow in close vicinity of each other, this approach breaks down and requires
a better treatment of the planet-disk interactions. As shown in Stammler et al.
(2023), small dust grains can diffuse through pebble traps which is an effect that
cannot be captured in the two-population approach.

3.4 Gas accretion
We solve the classical 1D radially symmetric internal structure equations of mass
conservation (2.103), hydrostatic equilibrium (2.104), and energy transport (2.105).
The density ρ(P, T ) and the adiabatic gradient are obtained from the equations
of state of Saumon et al. (1995). When a planet is still embedded in the gas disk,
called the attached phase, the structure equations are integrated over the mass
with the outer boundary condition of the radius of the planet R being (Lissauer
et al., 2009)

1

R
=

1

k1RB
+

1

k2RH
, (3.34)

where
RB =

GM

c2s
(3.35)

is the Bondi radius of a planet of mass M , k1 = 1, and k2 = 1/4. The pressure
P (R) and temperature T (R) at the outer boundary are given by the gas disk
midplane values at the planet’s location

P (R) = Pmid,g, (3.36)

T 4(R) = T 4
mid,g +

3τoutL(R)

8πσSBR2
. (3.37)

The second term in the temperature boundary condition is the internal tempera-
ture for a given luminosity L at the boundary, depending on the optical depth at
the surface of the planet τout (Mordasini et al., 2012b)

τout = max

(
κ(ρmid,g, Tmid,g)ρmid,gR,

2

3

)
. (3.38)

The outer boundary condition, as well as the radiative gradient (2.102) depend
on the envelope opacity which, following Mordasini et al. (2014), is given by the
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interstellar grain opacities by Bell and Lin (1994) reduced by a factor of 0.003
by default. This value is a fit to numerical simulations of the grain dynamics in
protoplanetary atmospheres under the assumption of perfect sticking (Movshovitz
and Podolak, 2008; Movshovitz et al., 2010).
The total mass of the planet M(R) = M , the quantity we are solving for, is divided
into the core mass M core and envelope mass M env such that

M = M core +M env. (3.39)

Since the accretion rate of solids onto the core is known, an iterative method can
be applied to solve the structure equations until M(Rcore) = M core is fulfilled. This
yields the needed envelope mass M env = M − M core given the new core mass in
order to satisfy the structure equations. In some time interval ∆t, the envelope
accretion rate of gas Ṁenv is then simply

Ṁenv =
M env(t)−M env(t−∆t)

∆t
. (3.40)

The planetary luminosity is given by the accretion of gas and solids, as well as con-
traction. Luminosity contributions due to radioactive decay, bloating of close-in
planets, and deuterium burning for the most massive planets, are also considered.
In order to integrate the structure equations, the luminosity is estimated from the
previous iteration. The actual luminosity obtained from the structure equations is
used to correct the estimate a posteriori, which is then used for the next iteration
(see Emsenhuber et al., 2021a).

The critical core mass is assumed to be reached when the computed gas accre-
tion rate exceeds the disk-limited gas accretion rate given by Bodenheimer et al.
(2013). These rates consider the fact that massive planets open up a gap in the
gas, reducing the surface density and hence the maximum possible gas accretion
rate. The planet is then in the detached phase, accreting at the disk-limited rate
(runaway gas accretion). Since both the core and envelope accretion rates are
known, the structure equations can be iterated over the radius to find the outer
radius R. Since the envelope is no longer smoothly transitioning to the disk gas
in the detached phase, the outer pressure boundary condition is adapted to

P (R) = Pmid,g + Pedd + Pram + Prad, (3.41)
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where Pedd is the photospheric Eddington pressure, Pram is the ram pressure of the
accretion shock due to the freely falling gas, and Prad is the radiation pressure (see
Emsenhuber et al., 2021a).

3.5 Orbital migration
The type-I migration of planets is treated according to the approach in Coleman
and Nelson (2014) which is a modification of the adiabatic torques of Paardekooper
et al. (2011). It has been shown that the eccentricity and inclination of a planet
have an attenuating effect on the co-rotation torques (Bitsch and Kley, 2010, 2011),
as well as on the Lindblad torques (Cresswell and Nelson, 2008). Therefore, the
total type-I torque is

ΓI = FLΓL + FeFiΓc, (3.42)

where ΓL is the Lindblad torque and Γc is the co-rotation torque given in (Paardekooper
et al., 2011). This prescription also includes the saturation of the co-rotation
torque. The co-rotation torque consists of the linear and non-linear torques due
to both the entropy gradient and the vortensity gradient (see chapter 2.6). The
factors FL (Cresswell and Nelson, 2008), Fe (Fendyke and Nelson, 2014), and Fi

(Coleman and Nelson, 2014) are the attenuating functions of the different torques
due to the eccentricity and inclination of a planet.

In order to determine when a planet starts to open a gap tidally, transitioning
into the type-II migration regime, we consider the criterion (Crida et al., 2006)

3Hg

4RH
+

50νM⋆

Ma2ΩK
≤ 1, (3.43)

where a is the planet’s semi-major axis. If a planet of mass M fulfils this criterion,
it is considered to migrate in the type-II regime according to Dittkrist et al. (2014).
Here the planet follows the radial velocity of the gas vr,g as described in chapter
2.6. If the planet mass exceeds the local gas disk mass, the migration rate vr,planet

is suppressed as (Alexander and Armitage, 2009)

vr,planet = vr,g min

(
1,

2a2Σg

M

)
. (3.44)
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This simplified prescription results in similar behaviour as the simulation fits ob-
tained in Kanagawa et al. (2018).

3.6 N-body and collisions
The mutual gravitational interactions between planets are modelled using the sym-
plectic N-body integrator code mercury (Chambers, 1999). Note that while the
rest of the model follows a 1D approach, the N-body is solved in 3D where the
contributions from disk-driven migration and gas drag are considered as additional
forces (Emsenhuber et al., 2021a). The N-body calculations are performed during
the disk stage and after the disk disperses until a simulated time of 20 Myr has
elapsed. To reduce the computation time, the N-body integration is stopped at
this point, assuming that the planetary system is stable. This is not necessarily the
case in the outermost regions of the system but remains a necessary simplification
for large-scale populations.

When two planets collide, a simplified treatment of the giant impact is ap-
plied. The cores are assumed to merge perfectly, while the envelope of the smaller
body (the impactor) is completely expelled. The impact energy Eimp between two
colliding protoplanets of masses M1 and M2 with a relative velocity vimp is

Eimp = max

(
1

2

M1M2

M1 +M2

v2imp −G
M1Mcore,2

Rcore,1 +Rcore,2
, 0

)
. (3.45)

The second term is the centre-of-mass impact energy of the target and the core of
the impactor at their mutual escape velocity. Since the accretion of the impactor is
considered as a contribution to the core accretion rate, the centre-of-mass energy
is subtracted to avoid double counting. The core accretion rate and luminosity
contribution due to a giant impactor with Mcore,2 are smoothed out over time by

Ṁimp =
Mcore,2

timp
√
2π

exp

[
−1

2

(
t− t
timp

− 3

)2
]
, (3.46)

Limp =
Eimp

timp
√
2π

exp

[
−1

2

(
t− t
timp

− 3

)2
]
. (3.47)
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Here, t is the current time, t is the time of the impact, and timp = 104 yr is
the characteristic impact timescale (Broeg and Benz, 2012). In this approach, the
impact energy is considered in the subsequent evaluation of the planetary structure
which can lead to significant (short-term) loss of the envelope of the target planet.

3.7 Planet evolution
After 20 Myr, the planetary system is in the evolution phase where we continue
to solve the structure equations (Mordasini et al., 2012b). With the termination
of gas accretion and in absence of the gas disk, the outer boundary conditions
simplify to

P (R) = Pedd + Prad, (3.48)
T 4(R) = T 4

int + (1− A)T 4
eq, (3.49)

where the internal temperature Tint is simply given by the luminosity L at the
surface

T 4
int =

L

4πσSBR2
, (3.50)

and the equilibrium temperature Teq is

Teq = T⋆

√
R⋆

2a
. (3.51)

We assume an albedo A = 0.343 equal to the value for Jupiter (Guillot, 2005).

In the evolution phase, the photo-evaporative atmospheric escape due to X-ray
and EUV irradiation of the star is also considered. The evaporation model is follow-
ing Jin et al. (2014), using the X-ray flux and EUV luminosity of Ribas et al. (2005).
In the low-flux regime (< 104 erg cm−2 s−1), the energy-limited escape rates of
Jackson et al. (2012) are used, while in the high-flux regime (> 104 erg cm−2 s−1),
the radiation-recombination-limited escape rate is applied (Murray-Clay et al.,
2009).
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3.8 Initial conditions
The Bern Model requires a number of parameters to initialise a simulation. Some of
the most important fixed parameters are the stellar mass, the viscosity parameter
α, the planetesimal size, as well as the threshold fragmentation velocity of pebbles.
The planetary embryos, which are the N-body objects for which we solve the
planetary structure equations and compute their accretion, are inserted at a fixed
mass M = 10−2 ME at t = 0 in the works presented here. The parameters
which are not fixed but sampled from a statistical distribution for the purpose
of population synthesis are the initial disk mass, the inner disk radius, and the
external photo-evaporation parameter Ṁwind. The characteristic disk radius Rchar

is obtained from the relation (Andrews et al., 2010)

Mg

2× 10−3MSun
=

(
Rchar

10 au

)1.6

. (3.52)

The initial gas surface density profile given by equation (3.9) can then be inferred
using

Mg =
2πΣg,0

1.1
(5.2 au)0.9 (Rchar)

1.1 . (3.53)

Finally, we sample the initial bulk dust-to-gas ratio which determines the total
mass of available solids and allows for the initialisation of the disk of solids.
The specific distributions used, which are fits to observations of young Sun-like
stars and their disks, are listed in Kessler and Alibert (2023) and Kessler et
al., (subm.) separately.



4 Paper I

Early global models of planet formation considered the accretion of planetesimals
as the main core accretion process (e.g. Pollack et al., 1996). For giant planets,
the formation timescale constraint due to the gas disk lifetime poses a signifi-
cant challenge. With the more recent proposition of pebble accretion (Ormel and
Klahr, 2010), planet formation models have undergone a gradual shift towards this
core accretion mechanism. The promise of rapidly growing cores, also at moderate
orbital distances, is particularly intriguing for the formation of giant planets (Lam-
brechts and Johansen, 2014). However, as outlined in chapter 2, it is a reasonable
scenario that a growing protoplanet can accrete both planetesimals and pebbles
concurrently. This motivated the study presented in the following. The main goal
is to understand the arising interplay between classical planetesimals accretion
and pebble accretion, not to predict the characteristics of a physical population
of planets formed from a disk consisting of pebbles and planetesimals. Therefore,
a simple pebble accretion model based on Lambrechts and Johansen (2014) and
Brügger et al. (2018) is integrated into the Bern Model framework. Simulating
a single planet per disk allows us to isolate the key differences in the formation
pathway of planets accreting planetesimals and pebbles concurrently. In this way,
we can understand whether the inclusion of pebble accretion necessarily brings the
hoped for boost to planet formation timescales.
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ABSTRACT

Context. In the core accretion scenario of planet formation, rocky cores grow by first accreting solids until they are massive enough
to accrete gas. For giant planet formation, this means that a massive core must form within the lifetime of the gas disk. Inspired by
observations of Solar System features such as the asteroid and Kuiper belts, the accretion of roughly kilometre-sized planetesimals is
traditionally considered as the main accretion mechanism of solids but such models often result in longer planet formation timescales.
The accretion of millimetre- to centimetre-sized pebbles, on the other hand, allows for rapid core growth within the disk lifetime. The
two accretion mechanisms are typically discussed separately.
Aims. We investigate the interplay between the two accretion processes in a disk containing both pebbles and planetesimals for planet
formation in general and in the context of giant planet formation specifically. The goal is to disentangle and understand the fundamental
interactions that arise in such hybrid pebble-planetesimal models laying the groundwork for informed analysis of future, more complex,
simulations.
Methods. We combined a simple model of pebble formation and accretion with a global model of planet formation which considers
the accretion of planetesimals. We compared synthetic populations of planets formed in disks composed of different amounts of
pebbles and 600 metre-sized planetesimals to identify the impact of the combined accretion scenario. On a system level, we studied
the formation pathway of giant planets in these disks.
Results. We find that, in hybrid disks containing both pebbles and planetesimals, the formation of giant planets is strongly suppressed,
whereas, in a pebbles-only or planetesimals-only scenario, giant planets can form. We identify the heating associated with the accretion
of up to 100 kilometre-sized planetesimals after the pebble accretion period to delay the runaway gas accretion of massive cores.
Coupled with strong inward type-I migration acting on these planets, this results in close-in icy sub-Neptunes originating from the
outer disk.
Conclusions. We conclude that, in hybrid pebble-planetesimal scenarios, the late accretion of planetesimals is a critical factor in the
giant planet formation process and that inward migration is more efficient for planets in increasingly pebble-dominated disks. We
expect a reduced occurrence rate of giant planets in planet formation models that take the accretion of pebbles and planetesimals into
account.

Key words. planets and satellites: formation – protoplanetary disks

1. Introduction

In the core accretion paradigm, the formation of giant plan-
ets is inherently constrained by the lifetime of the circumstellar
gas disk. A protoplanet core must grow massive enough on the
time scale of a few million years in order to accrete significant
amounts of gas before the dispersal of the disk (Haisch et al.
2001). Classical planet formation models consider the accretion
of planetesimals (e.g. Pollack et al. 1996; Alibert et al. 2005).
From the size frequency distribution of Solar System aster-
oids, the diameter of primordial planetesimals is estimated to be
around 100 km (Bottke et al. 2005; Morbidelli et al. 2009). This
is supported by simulations of planetesimal formation through
the streaming instability (Schäfer et al. 2017). On the other hand,
observations of small Kuiper belt objects suggest a larger number
of kilometre-sized planetesimals (Arimatsu et al. 2019), which is
consistent with small primordial planetesimals (Schlichting et al.
2013). The exact size distribution of primordial planetesimals
remains uncertain. Core growth time scales using large planetesi-
mals are long, typically exceeding the disk lifetime (Pollack et al.
1996). However, giant planet formation is shown to be successful

in a planetesimals-only setting when sub-kilometre-sized plan-
etesimals are considered (Emsenhuber et al. 2021a, hereafter
NGPPS I). Even smaller, roughly millimetre- to centimetre-sized
objects called pebbles are more strongly affected by gas drag
and can be captured efficiently, forming cores quickly (Ormel
& Klahr 2010; Lambrechts & Johansen 2012). Planet forma-
tion models considering the accretion of such pebbles typically
produce giant planets comparatively easily while disregarding
planetesimal-like objects entirely (Lambrechts & Johansen 2014;
Bitsch et al. 2015; Brügger et al. 2018).

High-precision measurements of isotopes in meteorites sug-
gest that the early population of small bodies in the Solar System
has been separated into two reservoirs for ∼2–3 Myr. The origin
of this dichotomy is unknown. The forming Jupiter is theorised
to have acted as a radial barrier for planetesimals (Kruijer et al.
2017; Brasser & Mojzsis 2020), whereas, other proposed expla-
nations link the dichotomy to protoplanetary disk effects such
as pressure bumps related to silicate and volatile evaporation
fronts (Lichtenberg et al. 2021; Izidoro et al. 2021; Morbidelli
et al. 2021). In order for proto-Jupiter to separate the drifting
pebbles for several millions of years, the core mass must remain
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at least around 20 Earth masses. In any standard planet forma-
tion model, this is very unlikely to happen. In this mass range,
the gravitational pull of the planet triggers rapid gas accretion,
quickly forming a Jupiter-like planet. In Alibert et al. (2018), a
Jupiter formation scenario using a combination of pebble and
planetesimal accretion is suggested to connect the Jovian for-
mation history to the observational constraints. They consider
the in situ formation of Jupiter in their proof of concept study.
Fast core growth to ∼10–20 Earth masses within ∼1 Myr is facil-
itated by the accretion of pebbles. At this mass, the further
accretion of pebbles is prevented by a pressure bump outside
the planetary orbit (Paardekooper & Mellema 2006; Lambrechts
& Johansen 2014). Slow planetesimal accretion can sufficiently
heat the envelope for the pressure to balance the gravitational
pull on the surrounding gas, delaying runaway gas accretion.
At some point, Jupiter grows massive enough to quickly accrete
large amounts of gas, reaching its present-day mass.

Motivated by this proposed formation scenario of Jupiter, we
investigate the consequences of a combined pebble and plan-
etesimal accretion model for the formation of giant planets and
planet formation in general. We modify the Bern model of planet
formation and evolution (NGPPS I) with a simple model of peb-
ble formation and accretion (Bitsch et al. 2015; Brügger et al.
2018). The Bern model of planet formation and evolution is a
global model that self-consistently computes the evolution of the
gas disk, the dynamics of the planetesimal disk, the accretion of
gas and planetesimals by planetary embryos, the planet-planet
N-body interactions, as well as planet-gas interactions such as
gas-driven migration.

Population synthesis allows one to probe a large part of the
parameter space of planet formation. For this reason, we inves-
tigate the effects of the two solid accretion mechanisms on a
population level. The primary goal here is to understand the
interplay of classical planetesimal accretion and pebble accretion
models, not to predict the characteristics of a physical population
of planets formed from a disk consisting of pebbles and plan-
etesimals. To remove the chaotic component of multi-planetary
systems, we investigate the formation of a single planet per
disk. This allows us to isolate the key differences in the forma-
tion pathway of planets forming in disks composed of pebbles
and planetesimals. A comparison to the observed population of
planetary systems would necessarily require the simultaneous
modelling of multiple planets per disk. To uncover the interplay
of the two accretion mechanisms, we vary the amount of peb-
bles with respect to planetesimals. We especially focus on giant
planet formation as a key topic of interest in the scientific debate
about the size of the accreted solids.

In Sect. 2, we give a brief overview of our planet formation
and evolution model. The pebble formation and accretion model
is described in more detail. In Sect. 3, we present the populations
emerging from different solid disk compositions. We compare
populations from a pure planetesimal disk, a pebble-poor (30%),
a pebble-rich (70%), and a pure pebble disk. We focus on the
formation of giant planets in Sect. 4. Particularly, we investi-
gate the onset of rapid gas accretion as well as the impact of
orbital migration and the pebble isolation mass. Finally, Sect. 5
is dedicated to a brief summary of the results and conclusions.

2. Theoretical models

We first give a short overview of the model components outlined
in Brügger et al. (2020) and described in great detail in NGPPS I.
In particular, we detail the gas disk model, the treatment of

planetesimals, the gas accretion model, and the planetary migra-
tion prescriptions. We then present the pebble formation model,
and finally, the pebble accretion model in more detail.

2.1. Gas disk model

The time evolution of the protoplanetary gas disk surface density
Σgas is governed by the 1D radially symmetric viscous diffusion
equation (Lust 1952; Lynden-Bell & Pringle 1974)

∂Σgas

∂t
=

1
r
∂

∂r

[
3r1/2 ∂

∂r

(
r1/2νΣgas

)]
− Σ̇gas,ph − Σ̇gas,pl, (1)

where r is the orbital distance, Σ̇gas,ph is the sink term related
to internal and external photo-evaporation following Mordasini
et al. (2012a), and Σ̇gas,pl is the sink term due to the accretion of
gas by planets. We use the ν = αcsH viscosity parametrisation
of Shakura & Sunyaev (1973), where cs is the isothermal sound
speed and H = cs/ΩK is the vertical scale height at Kepler fre-
quency ΩK =

√
GM⋆/r3, G being the gravitational constant and

M⋆ the stellar mass. In this work we set α = 0.002 (Emsenhuber
et al. 2021b, hereafter NGPPS II). The initial conditions of the
simulations are further described in Sect. 3.

The initial radial surface density profile is given by (Andrews
et al. 2010)

Σgas(r) = Σ0

( r
5.2 AU

)−β
exp

−
(

r
Rchar

)(2−β)
1 −

√
Rin

r

 . (2)

Here, Σ0 is the initial gas surface density at 5.2 AU, β is fixed to
0.9, Rchar is the characteristic radius, and Rin is the inner radius
where the disk is truncated by the stellar magnetic field (see
NGPPS II). Typical values of these parameters are Rin = 0.05 AU
and Rchar = 70 AU.

The midplane temperature Tmid is calculated in a semi-
analytical approach considering viscous heat dissipation and
direct stellar irradiation (Nakamoto & Nakagawa 1994; Hueso
& Guillot 2005)

T 4
mid =

1
2σSB

(
3
8
κRΣgas +

1
2κPΣgas

)
Ėν + T 4

irr, (3)

where σSB is the Stefan-Boltzmann constant and Ėν = 9
4ΣgasνΩ

2
K

is the viscous energy dissipation rate. The Rosseland mean opac-
ity κR is obtained from the minimum of the grain-free gas
opacities of Freedman et al. (2014) and the full interstellar opac-
ities of Bell & Lin (1994) obtained for a micrometre dust-to-gas
ratio of 1%. For the Planck opacity κP, we follow Nakamoto &
Nakagawa (1994). In reality, the disk opacities are coupled to the
evolution of dust which then influences the disk temperature and
density evolution. We refer to NGPPS I for a more detailed dis-
cussion of disk opacity. The temperature due to stellar irradiation
Tirr depends on the stellar temperature T⋆, radius R⋆, and lumi-
nosity L⋆ via (Adams et al. 1988; Ruden & Pollack 1991; Chiang
& Goldreich 1997; Hueso & Guillot 2005)

T 4
irr = T 4

⋆

[
2

3π

(R⋆
r

)3

+
1
7

(R⋆
r

)2 H
r

]
+

L⋆
16πr2σSB

e−τmid + T 4
c . (4)

The stellar parameters are obtained from the stellar evolution
tracks of Baraffe et al. (2015). In this way, the temporal evolution
of the star affects the evolution of the disk temperature profile.
The stellar luminosity term accounts for the direct irradiation
contribution through the midplane, considering the optical depth
τmid through the midplane (NGPPS I). The term with Tc = 10 K
adds the heating due to the surrounding molecular cloud.
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2.2. Planetesimals

We divide the solids in the disk, given by the initial total solids-
to-gas ratio Ztot, into planetesimals and dust such that Ztot =
Zplan + Zdust, as well as a 0.01 ME embryo. The planetesimals are
described by a surface density with a dynamical state given by
their root mean square eccentricity and inclination (Fortier et al.
2013). The planetesimal disk evolves considering the effects of
aerodynamic drag (Adachi et al. 1976; Inaba et al. 2001; Rafikov
2004), dynamical stirring by protoplanets (Guilera et al. 2010)
and by other planetesimals (Ohtsuki et al. 2002). Initially, the
planetesimal surface density profile is steeper than the gas disk
profile (Drążkowska & Alibert 2017; Lenz et al. 2019) and the
planetesimals are in dynamical equilibrium with respect to their
self-stirring. We consider rocky and icy planetesimals inside and
outside the water ice line respectively. Due to sublimation in the
inner parts of the disk, there is a significant decrease in the plan-
etesimal surface density just inside the ice line. Hence the growth
via the accretion of planetesimals is most efficient just outside
the ice line. The planetesimal disk is initialised such that Zplan
is the total planetesimals-to-gas ratio. In Fig. A.1, we show the
initial radial gas and planetesimal surface density profiles of the
most and least massive planetesimal disks.

The planetesimal accretion rate Ṁplan of a planetary embryo
depends on the Kepler frequency ΩK, the embryo mass over
stellar mass ration M/M⋆, the surface density of planetesimals
Σplan, as well as the collision probability of planetesimals pcoll
(Chambers 2006). It is given by

Ṁplan = ΩKΣ̄planR2
H pcoll, (5)

where RH = r
(

M
3M⋆

)1/3
is the Hill radius and Σ̄plan is the mean

planetesimal surface density in the planet’s feeding zone. The
feeding zone is centred around the planet with a radius Rfeed =
5RH (Fortier et al. 2013) for circular orbits. This is always the
case in a single planet system.

The collision probability is a function of the planetesimal
dynamical state (Inaba et al. 2001; Chambers 2006) and the cap-
ture radius of the protoplanet, which is enhanced by the presence
of an envelope (Inaba & Ikoma 2003). The increased capture
radius over the physical radius is crucial for the overall plan-
etesimal accretion rate (Podolak et al. 1988; Venturini & Helled
2020). Especially for smaller planetesimals, this means the cal-
culation of gas accretion cannot be omitted at any stage of the
simulation.

2.3. Gas accretion model

The gas accretion is calculated by solving the 1D radially sym-
metric internal structure equations (Bodenheimer & Pollack
1986) which describe mass conservation, hydrostatic equilib-
rium, and energy transport respectively

∂M
∂r
= 4πr2ρ, (6)

∂P
∂r
= −GM

r2 ρ, (7)

∂T
∂r
=

T
P
∂P
∂r

min(∇ad,∇rad), (8)

where M is the mass enclosed in a sphere of radius r, P is
the pressure, and T is the temperature. The density ρ(P,T ) is
obtained from the equations of state of Saumon et al. (1995). In

convective zones, the temperature gradient is given by the adia-
batic gradient ∇ad from the equations of state. Otherwise we use
the radiative gradient (Kippenhahn & Weigert 1990)

∇rad =
3κLP

64πσSBGMT 4 (9)

depending on the luminosity L of the planet and the envelope
opacity κ. Following Mordasini et al. (2014), we reduce the
full interstellar opacity (Bell & Lin 1994) by a factor of 0.003.
This value is a fit to detailed simulations of the grain dynam-
ics in protoplanetary atmospheres (Movshovitz & Podolak 2008;
Movshovitz et al. 2010). The total luminosity includes the energy
contribution due to the accretion of solids and gas, as well as the
contraction of the envelope (Mordasini et al. 2012a,b; Alibert
et al. 2013). Solving the structure equations is crucially impor-
tant to self-consistently account for the feedback of planetary
luminosity and gas accretion.

The accreted gas mass is determined iteratively by compar-
ing the envelope masses between two iterations (Alibert et al.
2005). In the beginning, the gas accretion is limited by the capac-
ity of the planet to cool given its luminosity. As the core mass of
the planet increases, the cooling can be so efficient that the gas
accretion is limited by the supply of gas from the disk. Once
the planet reaches this threshold, the planet is considered to be
detached from the surrounding gas disk, accreting gas at the disk-
limited gas accretion rate following Bodenheimer et al. (2013).
In past iterations of this and similar models, the disk limited gas
accretion rate was either constrained by the radial flow of the gas
or used a Bondi- or Hill-like accretion scheme (NGPPS I). Both
are inconsistent with the expected reduction of gas accretion due
to the formation of a gap. This effect could only be ignored
assuming eccentric orbits where the planet can efficiently access
disk material despite the gap which is not applicable to the cir-
cular case of a single forming planet (Lubow et al. 1999; Bryden
et al. 1999). In Bodenheimer et al. (2013), this reduction to the
gas accretion rate is taken into account.

2.4. Orbital migration

A growing planet excites density waves in the gas disk through
the inner- and outer Lindblad resonances as well as the corotation
resonances (Goldreich & Tremaine 1979; Korycansky & Pollack
1993). A net torque is exerted on the planet resulting in orbital
migration, so-called type-I migration (Ward 1997; Tanaka et al.
2002). The positive torque of the Lindblad resonances inside the
planetary orbit and the negative torque of the outer resonances
usually result in migration towards the star. The corotation torque
can be positive or negative, allowing outward migration for lower
mass planets (Dittkrist et al. 2014). The net torque depends on
the local gas surface density gradient, the temperature profile,
and the entropy. We follow the approach of Coleman & Nelson
(2014) based on the torques of Paardekooper et al. (2011) includ-
ing the attenuation of the corotation torque due to eccentricity
and inclination (Bitsch & Kley 2010; Fendyke & Nelson 2014;
Coleman & Nelson 2014).

As the planet grows more massive, it tidally interacts with
the gas disk, locally decreasing the gas surface density until a
gap forms (Lin & Papaloizou 1986). In this so-called type-II
migration regime, the orbital migration rate can be significantly
lower than in the type-I regime. We use the gap opening cri-
terion of Crida et al. (2006) as the transition threshold from
type-I to type-II migration for a planet of mass M orbiting with
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semi-major axis a

3H
4RH

+
50νM⋆
Ma2ΩK

≤ 1. (10)

We adopt the smooth transition from the type-I to the type-II
regime of Dittkrist et al. (2014) and for the type-II migration
direction and rate, we follow their approach where the planet
moves along with the radial velocity of the gas (Pringle 1981).
For even higher mass planets, the migration rate is limited by the
disk-to-planet mass ratio corresponding to the fully suppressed
case in Alexander & Armitage (2009).

2.5. Pebble formation model

The dust surface density Σdust = Zdust Σgas follows the evolu-
tion of the gas disk surface density. The dust disk provides the
mass reservoir for pebble formation and we identify the fraction
fpeb = Zdust/Ztot as the initial dust fraction. Since it is the param-
eter that is varied to change the amount of pebbles in the disk,
we call it the pebble fraction. It marks the theoretical maximum
fraction of solids that can be converted into pebbles. Because the
dust surface density decreases with time following the gas sur-
face density evolution, not all of the initial dust is converted into
pebbles. Given the total solids-to-gas ratio Ztot and a fixed value
0 ≤ fpeb ≤ 1, which are both initial conditions of the model, the
planetesimals-to-gas fraction is simply Zplan = Ztot(1 − fpeb). We
note that in this way, the total initial solid mass in the system
is independent of the value of f peb. However, since the different
species of solids do not evolve in the same way, the available
solid mass at a later time is strongly impacted by the choice of
f peb. Most notably, pebbles neither form nor drift in the absence
of the gas disk, whereas planetesimal accretion is not directly
tied to the lifetime of the disk.

The location of pebble formation rg, called growth radius, is
defined by equating the pebble formation and drift time scales.
Assuming Epstein drag, Lambrechts & Johansen (2014) find

rg(t) =
(

3
16

GM⋆

)1/3

(ϵdZdust t)2/3. (11)

Here, ϵd = 0.5 is a free dust to pebble growth parameter. We
use this prescription to determine the location of pebble forma-
tion given the initial dust-to-gas ratio Zdust. The outward moving
growth radius leaves behind inward drifting pebbles, inducing a
mass flux

Ṁpeb(r) = 2πrg
drg
dt
Σdust(rg) (12)

for r < rg. Equation (12) assumes that the pebble flux instanta-
neously adapts to the conditions at rg. The pebble surface density
inside the growth radius is then given by

Σpeb =
Ṁpeb

2πrvr
, (13)

assuming all of the dust converts to pebbles. This means that
Σdust vanishes and is replaced by Σpeb inside of rg. Pebbles drift
radially with the velocity vr, depending on the Stokes number St
(Weidenschilling 1977)

vr = −2
St

St2 + 1
∆v, (14)

where ∆v = ηvK is the sub-Keplerian headwind velocity given
by the Kepler velocity vK = rΩK and η = − 1

2

(
H
r

)2 ∂ ln P
∂ ln r for a disk

scale height H and a pressure P at a radius r. Lambrechts &
Johansen (2014) find a typical pebble Stokes number of

St ≈
√

3ϵpZdust

8η
, (15)

with a pebble growth efficiency ϵp = 0.5. We adopt this prescrip-
tion outside the ice line. We ignore erosive collisions of pebbles
for both the pebble formation timescale as well as the resulting
pebble size. By assuming pebble growth is only limited by radial
drift, the pebble sizes are slightly overestimated in the inner parts
of the disk at early times. In more turbulent disks, depending
on the fragmentation velocity, the fragmentation of pebbles can
be non-negligible resulting in different pebble sizes (Birnstiel
et al. 2010). The pebble size and size distributions affect the
disk opacity and in turn the disk structure (Savvidou et al. 2020).
Smaller pebbles drift more slowly resulting in higher pebble sur-
face densities. The pebble flux, however, does not change in this
model as it is directly given by the radial velocity of the growth
radius.

The abundance of the dominant volatile species in icy peb-
bles (only water in this model) is assumed constant over the
course of their inward drift up to the ice line in accordance
with Eistrup & Henning (2022). After the sublimation of ice at
the ice line crossing (Ida & Guillot 2016), the growth and drift
timescales do not balance anymore and Eq. (15) does not hold
in the rocky pebble region. For the approximately chondrule-
sized (Morbidelli et al. 2015; Shibaike et al. 2019) rocky pebbles
inside the ice line we use the definition of the Stokes number
(Weidenschilling 1977)

St =
tstop vK

r
(16)

where tstop is the stopping time due to the gas drag, depending on
the particle size and the local gas properties. The Stokes num-
ber is calculated in the appropriate drag regime (Rafikov 2004)
assuming a particle radius of 1 mm (Friedrich et al. 2015). We
model the consequential pebble mass loss with a reduction of the
pebble mass flux by a factor of 0.5 inside the ice line.

At t = 0, the solids in the disk consist of a planetary embryo,
planetesimals, and dust which is forming pebbles. If planetes-
imals and embryos form from pebble-like objects themselves,
we slightly overestimate planetary growth in the first ∼105 yr by
using this approach. There are models that connect the forma-
tion of planetesimals to the pebble disk, for instance by using
a pebble flux-regulated approach and invoking the streaming
instability in local pebble traps (Lenz et al. 2019; Voelkel et al.
2020). In Voelkel et al. (2021), this approach is extended to
the dynamic formation of embryos from the formed planetesi-
mals. However, since the dust is quickly converted into pebbles
in anywhere between 105 and 106 yr depending on the disk and
since planetesimal accretion onto 10−2 ME objects is inefficient,
the planetary embryo cannot grow significantly by planetesimal
accretion in the time needed until the dust is converted into peb-
bles. This means that the disk quickly consists of planetesimals
and a planetary embryo that is mainly accreting pebbles. Hence,
the overestimation stemming from using this simplified approach
is small and does not impede the main goal of understanding the
interplay of the two accretion mechanisms.
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2.6. Pebble accretion model

We consider the accretion of pebbles onto planets following
Johansen & Lambrechts (2017). The relative velocity δv of a
pebble approaching a protoplanet is given by

δv = ∆v + ΩKRacc, (17)

where Racc is the accretion radius of a planet as defined below.
For lower mass planets, the pebble approach velocity is domi-
nated by the headwind ∆v compared to the Keplerian motion of
the planet. This is referred to as the headwind or Bondi regime.
For more massive planets, δv is dominated by the shear velocity.
We consider this to be the case when the Hill speed vH = ΩKRH
exceeds the headwind velocity ∆v, entering the shear or Hill
regime. This represents a transition as the planet reaches the
mass M = 3η3M⋆. In the strong pebble–protoplanet coupling
limit, where friction timescales are short compared to encounter
timescales, the accretion radii in the headwind regime (top) and
the shear regime (bottom) are given by (Johansen & Lambrechts
2017)

R′acc =



( 4 τ f∆v

RB

)1/2
RB,

(
ΩKτ f

0.1

)1/3
RH,

(18)

with τf = St/ΩK, the Bondi radius RB =
GM
∆v2

, and the Hill
radius RH. To account for weaker interactions when the friction
timescale is longer than the encounter timescale te = GM/(∆v +
ΩKRH)3, the accretion radii are modified by (Ormel & Klahr
2010)

Racc = R′acc e−0.4(τf/te)0.65
. (19)

We further distinguish between 3D accretion, where the
accretion region is fully embedded in the pebble disk, and
the more efficient 2D accretion, which occurs when the accre-
tion radius Racc reaches beyond the pebble scale height Hpeb =

H
(
1 + St

α
1+2St
1+St

)−1/2
(Youdin & Lithwick 2007). Here α = 0.002

is the α-viscosity parameter. The 2D and 3D pebble accretion
rates are

Ṁ2D = 2RaccΣpebδv, (20)

Ṁ3D = πR2
accρpebδv, (21)

where ρpeb = Σpeb/(
√

2πHpeb) is the midplane pebble density.
Inserting the appropriate expression for Racc into Eqs. (20) and
(21) respectively, yields four possible pebble accretion rates.

Pebble accretion stops when the pebble flux vanishes. This
can be due to the exhaustion of the outside solid mass reser-
voir. In this model, this corresponds to the growth radius rg
reaching the outer edge of the gas disk. Another mechanism for
stopping the pebble flux is the so-called pebble isolation mass
(Lambrechts & Johansen 2014; see also Ataiee et al. 2018; Bitsch
et al. 2018; Shibaike & Alibert 2020)

Miso ≈ 20
(

H/r
0.05

)3

ME. (22)

At this mass, the planet perturbs the gas disk outside the planet
sufficiently in order to create a region of super-Keplerian gas
flow. In this zone, the drifting pebbles from further outside

encounter a tailwind instead of a headwind. Thus, pebbles
stop drifting and pile up outside the planet. This stops the
pebble accretion onto the planet responsible for this pressure
bump, as well as starving all potential inside planets of pebbles
(Paardekooper & Mellema 2006). The value of the pebble isola-
tion mass depends on the particular disk via the scale height H
in this prescription but, typically, it is equal to roughly one Earth
mass at 0.1 AU and increases to 20–30 ME at 1 AU due to the
flared disk structure. Beyond that distance, planet cores almost
never reach the even larger pebble isolation mass because the
growth radius reaches the outer disk edge before. This does not
imply that core masses do not easily exceed tens of Earth masses
outside of 1 AU when pebble accretion stops. Even though plan-
ets are exposed to the flux of pebbles for a shorter amount of
time, depending on the disk, core growth can be significant up to
the maximum of 40 AU considered here.

3. Population synthesis outcomes

We simulate the formation and evolution of 1000 single-planet
systems around solar mass stars for different fixed values of f peb.
Since we focus on the formation stage rather than the long term
evolution of planets, we present populations after 2 Gyr of time
evolution which is well beyond the longest gas disk lifetimes of
up to 107 yr considered here. We compare the planetesimals-
only case, where f peb = 0, to the pebble-poor ( f peb = 0.3), the
pebble-rich ( f peb = 0.7), and the pebbles-only ( f peb = 1) cases.
Following NGPPS I, we use planetesimals with a diameter of
600 m, a fixed viscosity α = 0.002, and an initial gas disk slope
parameter of β = 0.9 for all populations. For each of the 103

systems within a population, the initial gas disk mass, the inner
radius Rin, and the total solids-to-gas ratio Ztot are varied. In
order to compare the populations using different pebble frac-
tions, we choose the same initial conditions for all four sets of
simulations.

The solids-to-gas ratio Ztot is given by normally distributed
stellar metallicities of Santos et al. (2005) under the assump-
tion of an equal disk and stellar dust-to-gas ratio. We use the
gas disk masses of Tychoniec et al. (2018) which are obtained
from continuum dust emission spectra assuming a dust-to-gas
ratio of 0.01. We assume a log-normal distribution and correct
for the actual, not necessarily equal to 0.01, solids-to-gas ratio
in our setup. The inner radius Rin is given by the corotation
radius with respect to the stellar rotation which is obtained from
a log-normal distribution of stellar rotation periods of T-Tauri
stars (Venuti et al. 2017). Given these parameters, the charac-
teristic radius Rchar and the initial surface density at 5.2 AU Σ0
are determined. The external photo-evaporation rate parameter
Ṁwind (see NGPPS I) is also varied for each system following a
log-normal distribution. Note that since the initial stellar mass
is fixed to one solar mass, the initial internal photo-evaporation
rate is not varied. In Table 1, we list the distribution parameters
of the varied quantities. The distributions of the initial gas disk
masses and the characteristic disk sizes are shown in Figs. A.2
and A.3. Note that, compared to NGPPS II, the protoplanetary
disks are slightly less massive since we now correct the assumed
dust-to-gas ratio of 0.01 in Tychoniec et al. (2018) to the actual
one in the calculation of the initial gas disk mass. In every disk,
a 0.01 ME embryo is randomly placed at up to 40 AU following
a log-uniform distribution at the beginning of the simulation.

The planet masses are displayed in Fig. 1 as a function of
semi-major axis for the different populations. The colour shows
the constitution of the accreted solid material: the darkest dots
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Fig. 1. Planet mass over semi-major axis of one thousand single-planet simulations after 2 Gyr for pebble fractions f peb = 0 (planetesimals-only),
f peb = 0.3 (pebble-poor), f peb = 0.7 (pebble-rich), and f peb = 1 (pebbles-only). The solid-line boxes highlight planet masses of 0.5–6 ME in the
inner disk region up to 0.2 AU. The dashed-line boxes highlight planet masses above 0.1 ME outside of 10 AU. The boxes are labelled with the
percentage of planets in these regions. The colour of the points indicates the fraction of accreted pebbles compared to the total mass of accreted
solids. The darkest points are fully planetesimal-formed planets and the brightest points are planets formed only by pebbles. The encircled points
are planets that formed from the same disk with different pebble fractions. Their formation paths are further examined in Sect. 4.

Table 1. Distributions of varied initial parameters of the population
synthesis.

Parameters Mean Deviation

Ztot µ = −0.02 σ = 0.22
Mgas log10(µ/Msol) = −1.49 σ = 0.35 dex
P⋆ log10(µ/d) = 0.676 σ = 0.306 dex

Ṁwind log10(µ/(Msolyr−1)) = −4.7 σ = 1 dex

have accreted planetesimals only, whereas the lightest dots are
dominated by pebble accretion.

The top-left panel shows the synthesis outcome using only
planetesimals without any pebbles present. It features a few giant
planets above 100 ME around 0.3 AU. The fact that only a few
giants form is due to the rather low-mass disks generated here
as well as the absence of other planetary embryos (NGPPS I).
Nevertheless, this confirms once more that in disks that are
massive enough and contain enough small planetesimals, it is
possible to form giant planets. Around 0.1 AU, there is a lower
number density of roughly Earth mass planets compared to the

simulations containing increasing amounts of pebbles, shown
in the top-right, bottom-left, and bottom-right panel (see solid-
line boxes). This is explained by the fact that inner planets have
access to much more mass in the form of drifting pebbles from
the whole disk rather than locally available planetesimals. The
more massive planets found in the same region are formed fur-
ther outside, around a few AU, where growth via planetesimal
accretion is efficient. These planets start to migrate inwards more
quickly once they reach a few Earth masses (see Sect. 2.4) popu-
lating the higher-mass demographic of the inner disk. Outside of
10 AU, there are few planets above 0.1 ME as shown by dashed-
line box in the top-left panel. Low planetesimal accretion rates
of low-mass planets in the outer regions of the disk, even with
small 600 metre planetesimals, are expected (NGPPS I). This is
due to the low collision probability, large orbital period, and low
planetesimal surface density in the outer disk.

In the pebble-poor and pebble-rich populations shown in
the top-right and bottom-left panel of Fig. 1, no giant plan-
ets are formed. More precisely, there are no planets where the
envelope mass exceeds the core mass and the maximal planet
mass decreases to about 74 ME ( f peb = 0.3) and 34 ME ( f peb
= 0.7) as the pebble fraction increases. More planets above
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a few Earth masses end up on close orbits compared to the
planetesimals-only simulation. While roughly 24% of planets
grow more massive than one Earth mass in the planetesimals-
only case, this percentage increases up to about 34% with
increasing pebble fraction. We find that, as a consequence, in
the planetesimals-only case 15% of all planets migrate to closer
than half their initial distance, whereas almost 23% of all plan-
ets do so in the pebble-rich simulation. The increased number
of strongly migrating planets is, however, not only due to the
larger number of planets above one Earth mass. Due to the early
growth by pebbles, planets are more massive while still inside
a more dense gas disk which enhances migration rates. We find
that among the planets that grow beyond one Earth mass, 59%
migrate significantly (decay more than half their initial separa-
tion) in the planetesimals-only case, whereas 70% do so in the
pebbles-only case. Such increased migration rates for pebble-
formed planets have been reported before (e.g. Brügger et al.
2020). Planets in this mass range normally enter the type-II
migration regime due to runaway gas accretion, once pebble
accretion stops. But since these planets do not end up rapidly
accreting gas due to the continuously heated envelope by plan-
etesimal accretion in our simulations, slower type-II migration
is never reached. We investigate the (non-)formation of giant
planets more closely in Sect. 4. Compared to the planetesimals-
only population, we observe more planets approaching 1 ME
outside of 10 AU (dahsed-line boxes) as well as more planets
around a few Earth masses in the inner disk regions (solid-line
boxes). These planets are increasingly pebble-dominated with
larger pebble fractions, as can be seen from the colour mapping
in Fig. 1. In the regions where growth via planetesimal accre-
tion is efficient, many planets still end up accreting more of their
mass in the form of planetesimals. This is possible since after
pebble accretion stops, by reaching the pebble isolation mass,
depletion of pebbles, or due to the dispersal of the gas disk, the
planets continue to accrete planetesimals.

In the pebbles-only simulations shown in the bottom-right
panel, the before mentioned increased inward migration trend
persists. Planets that do not accrete a large envelope never grow
more massive than about 10 ME. However, some of the most
massive planets can accumulate a large envelope and slow their
migration significantly. Several giant planets of roughly one
Jupiter mass and more are formed around and inside of 1 AU.
This agrees with the previous findings of more frequent giant
formation in pebble accretion models (Lambrechts & Johansen
2012; Bitsch et al. 2015). In the outer disk, planets grow more
massive with increasing pebble fractions (see dashed-line box)
since planetesimal accretion rates are low in this region. Pebbles
on the other hand, can also be accreted at large distances once
the growth radius moves past the planet. For f peb = 1, the number
density of planets above 0.1 ME in the outer region (dashed-line
box) is again lower compared to the pebble-rich case because
planets tend to migrate inside of 10 AU. The pebble accretion
period ends when all the dust is converted to pebbles, ultimately
limiting the core masses that can be reached in the pebbles-only
scenario.

4. Giant planet formation

It is not surprising that giants can form from pebbles alone
(Lambrechts & Johansen 2012) or from small planetesimals
alone (NGPPS I). We do not aim to discuss giant formation path-
ways in those cases in detail again but use them as a reference for
the hybrid setups. We focus on the mechanisms preventing giant
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Fig. 2. Formation tracks of a planet during 2 Gyr with pebble fractions
f peb from 0 to 1 in increments of 0.1 (colours) using the same disk that
gives rise to the encircled planets in Fig. 1. The tracks of the four cases
( f peb = 0, 0.3, 0.7, 1) shown in Fig. 1 are again marked by a red circle.

formation that arise from the interplay of planetesimal and peb-
ble accretion which can be best understood from the formation
history on a system level.

The formation of an envelope due to the accretion of gas is
strongly coupled to the accretion of solids. On one hand, the
increase of the core mass of a planet positively affects the onset
of gas accretion. On the other hand, the liberated gravitational
energy of the impacting solids heats the envelope, increasing the
pressure, which is counteracting the pull of the planet on the
surrounding gas. In addition, the different solid accretion rates
due to pebbles or planetesimals strongly impact the migration
behaviour of the planet.

Figure 2 shows an example where a giant planet is formed in
the strongly planetesimal-dominated cases with f peb = 0, 0.1, and
0.2. As seen before, a giant planet can also form in the pebbles-
only simulation ( f peb = 1). In all other cases shown in pebble
fraction increments of 0.1, no giant planet is formed. The for-
mation paths of the encircled planets in Fig. 1, corresponding
to f peb = 0, 0.3, 0.7, 1, are again highlighted with a red circle
at the planet mass and location at 2 Gyr. This disk is ideal in
order to dissect the differences causing the strongly contrasting
formation outcomes for different values of f peb. We note, how-
ever, that the effects observed here are general since a similar
pattern is observed in other systems that form giant planets in
the pebbles-only case but fail to produce giants when a fraction
of the solids is in the planetesimals. We hence consider it a rep-
resentative example when it comes to giant (non-)formation in
our simulations. The initial conditions of this particularly giant
planet favouring disk are shown in Table 2. Listed are the total
solid-to-gas ratio Ztot , the gas surface density at 5.2 AU Σ0, the
inner and characteristic disk radii Rin and Rchar, the external
photo-evaporation parameter Ṁwind, and the initial position of
the embryo ainit.

After an initial phase of inward migration from its starting
location at almost 8 AU, the planet can migrate outwards slightly
before significantly migrating inwards in all simulations. The
planetesimals-only planet (darkest line) grows massive enough to
trigger runaway gas accretion, carving a gap in the gas disk and
subsequently migrating slower in the type-II migration regime.
The same happens in the 10% and 20% pebble fraction cases
but the inward migration is stronger, causing the runaway gas
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Table 2. Specific initial parameters of the system of interest in Sect. 4.

System specific parameters Values

Ztot 0.012
Σ0 237 g cm−2

Rin 0.049 AU
Rchar 120.8 AU
Ṁwind 9.1921 × 10−6 Msol yr−1

ainit 7.97 AU

accretion to happen when the planet is already closer in. This
is explained by the increased early core growth rate due to the
accretion of pebbles. The outcome is a planet that ends up on a
closer in orbit the higher the pebble fraction is. The pebbles-
only planet (brightest line), on the other hand, grows so fast
that it reaches a higher core mass more quickly, entering type-
II migration earlier and on a wider orbit. At 2 Gyr, the mass of
the formed giant lies between 3 and 4.9 MJ and orbits between
0.15 and 0.9 AU. In all the other simulations with pebbles and
planetesimals in the disk, the planet migrates all the way to the
inner disk edge at about 0.05 AU and has a mass between 23 and
70 ME. Note that they lose a small amount of envelope mass over
time due to photo-evaporation close to the star.

It is apparent from the tracks shown in Fig. 2 that even when
only a small fraction of the mass is in the planetesimals, the
formation of giant planets is suppressed. We find that, in this
particular disk, a pebble-dominated giant planet can only form
when the fraction of planetesimals is below 2%, that is for f peb
> 0.98. We further note that, as mentioned already in Sect. 3,
the increase of the amount of pebbles with respect to planetesi-
mals does not lead to a higher final mass of the planet. Rather, it
leads to smaller final planetary masses in the case of these large
planets that almost grow to giant planets.

The formation pathway of the same system is again presented
in Fig. 3 in terms of core and envelope mass, core accretion
rate, and semi-major axis as a function of time. For the sake of
clarity, we only show the simulations using the pebble fraction
values f peb = 0, 0.3, 0.7, and 1. In all cases, the growth radius rg

has not yet reached the embryo’s location before 104 yr. In this
early phase, only planetesimal accretion is possible and the total
core accretion rate is equal to the planetesimal accretion rate (the
dashed and solid lines in the middle panel overlap). Since the
planetesimals are in an equilibrium state with respect to self-
stirring at the initialisation of the simulation, the accretion rates
can be moderate. Within a few 104 yr, the embryo starts exciting
the planetesimal dynamical state and the planetesimal accretion
rate drops as a result. Unsurprisingly, the rates are lower when
less planetesimals are present in the disk.

When rg moves outside of the planet orbit, there is an imme-
diate increase in the total core accretion rate due to the onset
of pebble accretion. This happens earlier for higher pebble frac-
tions due to the Z2/3

dust dependence of the growth radius. As a
result, planet cores are formed earlier the larger the pebble frac-
tion is. The pebble accretion rate is higher for larger values of
f peb. In disks containing more than 70% pebbles, pebble accre-
tion is always more dominant than planetesimal accretion for
planets below the pebble isolation mass. In the pebble-poor case
( f peb = 0.3), the large amount of planetesimals allows for plan-
etesimal accretion rates to become comparable to the accretion
rate of pebbles once the core grows more massive. Note that the
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Fig. 3. Time evolution of a planet forming in disks of varying pebble
fraction f peb (the four encircled cases in Fig. 2). The top panel shows the
core mass (solid lines) and the envelope mass (dashed lines), the middle
panel shows the total solid accretion rate (solid lines) and the planetesi-
mal accretion rate for the f peb = 0.3 and f peb = 0.7 cases (dashed lines).
In the bottom panel, the semi-major axis over time is displayed.

initial spike in the total solid accretion rate at the start of peb-
ble accretion is a numerical effect due to the crossing of the
growth radius and the planet location, which has an insignificant
effect on the planet formation pathway and final outcome. The
additional step-like features in the pebble-rich ( f peb = 0.7) and
pebbles-only ( f peb = 1) cases are due to changes of the pebble
accretion regime according to Sect. 2.6.
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The planet stops accreting pebbles between 0.1 and 0.3 Myr
depending on the pebble fraction, causing the visible drop in
accretion rate (see all lines except the darkest). The value of the
pebble isolation mass increases towards greater separations from
the star given by Eq. (22). At this point in time, the planet orbits
at 7 AU in all simulations that contain pebbles. In this region,
Miso is above the 13 ME of the planet in all cases. Hence, the peb-
ble accretion stops because all the dust is converted into pebbles
all the way to the outer disk edge. As noted before, the growth
radius moves through the disk more rapidly the larger the dust
fraction is which results in the pebble accretion phase ending
earlier for higher pebble fractions.

After pebble accretion stops, the core can only grow further
through planetesimals for the rest of the formation process so the
total core accretion rate is again equal to the planetesimal accre-
tion rate. The availability of planetesimals, meaning the value
of f peb, dictates the core accretion rate. In the f peb = 1 case,
this means the final core mass is directly limited to the peb-
ble isolation mass or by the mass reached when the pebble flux
ceases.

As shown in the top panel of Fig. 3, the planet can already
accumulate a small envelope during the pebble accretion phase.
When the core accretion rate suddenly drops, the gas accretion
rate increases immediately due to the lowered luminosity asso-
ciated with solid accretion, resulting in a steep increase of the
envelope mass. In the f peb = 1 case, the planet undergoes run-
away accretion of gas as already seen in Fig. 2. In both the hybrid
cases, however, the envelope mass never exceeds the core mass
and the gas accretion is not sufficient to form a gap which would
slow down the inward migration. As a consequence, the planet
moves to the inner disk edge in just about 0.2 Myr.

4.1. Delay of runaway gas accretion

The onset of rapid gas accretion is prevented when the planet
keeps accreting planetesimals after pebble accretion stops. This
suggests that the remaining accretion heating due to planetes-
imals is responsible for the delay of runaway gas accretion. It
begs the question, however, whether this finding is just a result of
the small size of the planetesimals chosen. By using large 100 km
diameter planetesimals, we test the f peb = 0.7 case for lower plan-
etesimal accretion rates and subsequently less envelope heating.
The blue lines in Fig. 4 show the equivalent formation pathway
in the large planetesimal case as the red lines representing the
600 m simulation. The red lines, shown as a comparison, are
identical to the ones in Fig. 3. The general outcome remains the
same but the planetesimal accretion rate is reduced by about an
order of magnitude. Albeit lower, the heating is still sufficient
to prevent runaway gas accretion as the envelope mass does not
exceed the core mass and the planet still migrates inwards all
the way through the disk. This is compatible with the minimum
core accretion rate to prevent runaway gas accretion of roughly
10−5–10−6 MEyr–1 predicted in Alibert et al. (2018).

The green line in Fig. 4 shows the exact same setup but
the accretion of planetesimals is disabled. Disregarding the low
planetesimal accretion rates early on, these planets follow the
same formation path up to the end of pebble accretion as in the
blue case, even though there are less available solids in the disk.
After pebble accretion stops, the core mass is fixed and no further
heating due to the accretion of solids can occur. The planet enters
the runaway gas accretion regime shortly after since the envelope
cools rapidly in the absence of solid accretion. As before in the
planetesimals-only and pebbles-only cases, the planet migrates
more slowly in the type-II regime allowing them to halt outside
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Fig. 4. Time evolution of a planet forming in a f peb = 0.7 disk
with 100 km planetesimals (blue) and disabled planetesimal accretion
(green). The nominal f peb = 0.7 case using 600 m planetesimals (red) is
again shown for comparison. The top panel shows the core mass (solid
lines) and the envelope mass (dashed lines), the middle panel shows the
total core accretion rate (solid lines) and the planetesimal accretion rate
(dashed line). In the bottom panel, the semi-major axis over time is dis-
played.

the inner disk edge. Instead of moving all the way inside, as
with ongoing planetesimal accretion, a 4.5 MJ planet is formed
at 0.75 AU.

Since the remaining accretion of planetesimals after peb-
ble accretion stops is the only difference between the green
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Fig. 5. Planet mass over semi-major axis diagram of the in situ popula-
tion for f peb = 0.7. The opaque black lines are the radial pebble isolation
mass profiles of all disks at 105 yr.

and blue curves, we identify the associated heating as a cru-
cial mechanism that is preventing giant formation in hybrid
pebble-planetesimal disks in our model. This has, however, also
consequences on the migration of planets. We study the role of
migration on giant formation in the following section.

4.2. Inward migration

Since, after pebble accretion stops, the core keeps growing
through planetesimal accretion and gas accretion is slowed but
not halted entirely, the onset of runaway gas accretion is delayed
and not necessarily impossible. The reason why giant formation
is prevented altogether in our simulations, is because massive
planets that are just about to cross the gas runaway threshold
migrate to the inner disk edge within a few 105 yr (see bot-
tom panels in Figs. 3 and 4) before they can accrete gas rapidly
and carve a gap. We contrast the nominal f peb = 0.7 population
shown in Fig. 1 with the same population without migration to
underline this. While the in situ formation of planets is unlikely,
it can give a good impression of the impact migration has. As
shown in Fig. 5, there is an abundance of giant planets formed
from 1 AU all the way to 40 AU in the f peb = 0.7 case without
migration. Note that in the inner disk, the pebble isolation mass
is too low to allow runaway gas accretion. As a consequence,
there is an over-density of planets following the (H/r)3 slope of
the isolation mass prescription. These planets correspond to the
pebble-dominated planets in the inner disk which exist in every
simulation with pebbles shown in Fig. 1 but when also consid-
ering migration, the pebble isolation mass slope is washed out
in the mass over semi-axis diagram. Since the disk aspect ratios
vary and evolve over time, the pebble isolation mass is different
for all disks. The opaque black lines in Fig. 5 are the pebble isola-
tion masses as a function of distance for all disks at 105 yr. They
give an intuition for the value of the pebble isolation mass in the
different disk regions at the time when inner planets typically
approach this mass range.

In Fig. 6, the frequency of giants forming in situ in increas-
ingly pebble-dominated disks is shown in pebble fraction incre-
ments of 0.1 assuming Poisson distributed values for the uncer-
tainty band (blue lines). The giant planet occurrence rate is
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Fig. 6. Frequency of giants formed in the single-planet in situ sim-
ulations depending on the fraction of pebbles are shown in blue. For
comparison, the giant planet frequencies obtained from the nominal
populations in Fig. 1 are shown in orange.

obtained from in situ populations of 103 systems per value of
f peb after 2 Gyr. We consider planets to be giants here if the
envelope mass exceeds the core mass. There is a general trend
of increasing number of giants formed with larger pebble frac-
tions. The frequency increases from 2% to 3% up to about 11%
as the disks become more pebble-dominated. This is in clear con-
trast to the results obtained with migration enabled shown before
where, even in the pebbles-only case, the giant planet frequency
is below 4% (orange points). The envelope heating effect due to
the accretion of planetesimals is easily overpowered when plan-
ets, unrealistically, form in situ. We thus identify the delay of
runaway gas accretion combined with strong inward migration to
be responsible for the observed phenomenon of no giants form-
ing in our nominal simulations of hybrid pebble–planetesimal
disks.

4.3. Pebble isolation mass

Another possible influence to giant planet formation comes from
the value of the pebble isolation mass. Since this mass sets an
upper limit to pebble accretion, it could be too low for signif-
icant gas accretion to happen, especially in the inner regions
of the disk. As already shown in Fig. 1, giants can form in a
pebbles-only setting in the outer disk, where Miso is large, and
subsequently migrate closer in. Also in the in situ f peb = 0.7 case
in Fig. 5, the pebble isolation mass is only reached by plan-
ets inside of roughly 0.7 AU. Outside of that, pebble accretion
is rather limited by the depletion of pebbles or the disk life-
time. In Fig. 7, the population for f peb = 0.7 is shown with a
doubled value of the pebble isolation mass. It is qualitatively
indistinguishable from the nominal pebble-rich case in the inner
disk and identical in the outer disk where planets do not reach
pebble isolation anyway. Even an overestimated value of Miso
does not assist the formation of giants anywhere in a hybrid
pebble–planetesimal disk. Close to the inner edge, where the
pebble isolation mass is lowest and a change of Miso shifts plan-
etary masses accordingly (see solid-line box), giant formation is
unlikely due to inward migration. For this reason, giant forma-
tion models normally focus on initial orbital distances of several
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Fig. 7. Planet mass over semi-major axis diagram of the population for
f peb = 0.7 with a pebble isolation mass that is double the value given in
Eq. (22). The solid-line box highlights planet masses of 0.5–6 ME in the
inner disk region up to 0.2 AU. The dashed-line box highlights planet
masses above 0.1 ME outside of 10 AU. The boxes are labelled with the
percentage of planets in these regions.
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Fig. 8. Planet mass over semi-major axis diagram of the population for
f peb = 0.7 with a lowered pebble formation efficiency (ϵd = ϵp = 0.05
instead of 0.5). The solid-line box highlights planet masses of 0.5–6 ME
in the inner disk region up to 0.2 AU. The dashed-line box highlights
planet masses above 0.1 ME outside of 10 AU. The boxes are labelled
with the percentage of planets in these regions.

AU where we find the accretion heating of the envelope and
inward migration to be the dominant mechanisms at play.

4.4. Pebble flux timing

As mentioned in Sect. 2.5, the pebble growth radius sweeps
through the disk within about 1 Myr in this model. There is,
however, observational evidence of pebbles in disks that are
much older than that which suggests that a flux of pebbles
could be present at later times. In Levison et al. (2015), it was
shown that a lower pebble flux that is maintained for longer
allows for the formation of giant planets. However, these findings

were obtained from multi-planet simulations where dynamical
interactions remove the smaller embryos, resolving the issue of
forming many earth-sized planets and no giants which was found
in Kretke & Levison (2014). In our single-planet simulations, this
exact interaction cannot be replicated but the pebble flux timing
is nevertheless relevant.

We attempt to address the observation of pebbles at later
times by arbitrarily reducing the pebble formation efficiency
(ϵd = ϵp = 0.05 instead of 0.5, see Sect. 2.5). This results in lower
and later pebble fluxes because the pebble growth line moves
slower due to the longer pebble growth timescales. The pebble
growth radius now reaches the outer disk edge about a factor of
10 times later, extending the presence of pebbles to the order of
the gas disk lifetime. In Fig. 8, the f peb = 0.7 simulation using
the lower pebble formation efficiency is shown. Overall, we find
a similar picture to the nominal simulation but with notably less
planets that migrate to the inner disk regions (see solid-line box).
This is explained by the later onset of pebble accretion and the
lower magnitude of the pebble flux due to the lower gas sur-
face densities towards the end of the disk lifetime. This leads to
later and slower planet formation. As a consequence, the planet
masses are now starting to be limited by the gas disk lifetime in
the outer disk (see dashed-line box).

Notably, the late pebble flux in this low efficiency sce-
nario does not resolve the non-formation of giants in the hybrid
simulations, even though migration is reduced.

In this model, the lifetime of the pebble flux does not only
depend on the pebble formation efficiency but also on the
location of the outer disk edge. This is an intrinsic feature of
pebble-based planet formation. Since the disk size is a varied
quantity in all the presented populations, the pebble flux life-
time is also varied. Within the probed parameter range, even the
longest lived pebble fluxes evidently do not result in giant plan-
ets in the hybrid scenarios. Nevertheless, disk size is relevant for
the formation of giant planets in the pebbles-only case as giant
planets only form in disks of sufficient size corresponding to a
characteristic radius of at least about 60 AU (see Fig. A.3). This
is consistent with the lack of giants formed by pebbles in small
disks in Brügger et al. (2020). Unsurprisingly, we also find a pos-
itive correlation of higher initial disk masses and the formation
of giants (see Fig. A.2).

5. Summary and conclusions

We combine a simple model of pebble formation and accretion
with a global model of planet formation considering the accre-
tion of planetesimals. Using a population synthesis approach
for single planets, we investigate the effect of hybrid pebble–
planetesimal disks on planet formation.

The main results obtained from populations of disks with
different pebble fractions can be summarised as follows:

– No giant planets are able to form in hybrid pebble-
planetesimal disks, whereas planetesimals alone or pebbles
alone form giants;

– Inward migration is more prevalent when more pebbles are
available because more planets grow to the point where they
are subject to significant type-I migration.
From the closer investigation of giant formation pathways we

report the following findings:
– Remaining planetesimal accretion after the pebble accre-

tion phase adds sufficient energy to delay the onset of
runaway gas accretion of massive cores in hybrid pebble–
planetesimal environments;
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– Type-I migration acts strongly on giant planet candidates that
do not immediately open a gap in the gas disk;

– The combination of delayed runaway gas accretion and
strong inward migration prevents the formation of giant
planets in our simulations of hybrid pebble-planetesimal
disks.
The simplicity of the pebble model and the use of single-

embryo simulations allow us to disentangle the multitude of
interdependent mechanisms acting in planet formation at the
same time. On the other hand, this also prevents us from mak-
ing final statements about the outcome of a more true-to-nature
description of planet formation from dust all the way to multi-
ple planets. Therefore, the above mentioned results do not imply
that giant formation is generally impossible in this setting but
they demonstrate the effects arising from the simultaneous accre-
tion of pebbles and planetesimals and how they influence the
formation pathway of planets fundamentally. The main con-
clusion we draw is that, in a combined pebble–planetesimal
accretion scenario, planet formation is not necessarily boosted
by the avenue of pebble accretion. Specifically for the forma-
tion of giant planets, we show that the accretion of pebbles as
well as planetesimals can have a hindering effect and that the
gap opening and the subsequent shift to the type-II migration
regime is necessary for the survival of giant planets. This further
underlines the importance of accretion heating for the correct
calculation of gas accretion rates and the fact that orbital migra-
tion in general is a non-negligible process in planet formation.
Note that this is also a consequence of the turbulent viscosity
parameter α = 0.002 chosen in this work. In disks of lower vis-
cosity, the transport of angular momentum in the disk is less
efficient which leads to lower gas driven migration rates and
lower gap opening masses. This means that the formation of
giant planets might be suppressed less if α is low. Additionally,
the prescriptions for orbital migration described in Sect. 2.4 do
not include the thermal torque which could allow a higher frac-
tion of planets to stay in the outer disk due to outward migration
(Baumann & Bitsch 2020; Guilera et al. 2021).

In their study of the formation of a planetary system consid-
ering pebble and planetesimal accretion, apart from not forming
any giant planets, Voelkel et al. (2022) find a first generation of
pebble-formed terrestrial planets which are accreted by the star
due to efficient type-I migration. These hints at a possible detri-
mental effect of efficient pebble accretion on planet formation
are complemented by our results.

Regarding the proposed Jupiter formation scenario in
Alibert et al. (2018), our results confirm the plausibility of
delayed runaway gas accretion in hybrid disks. However, the
notion of a massive planetary core staying at the initial position
for multiple millions of years is clearly challenged by this work.

In a more complete model, a number of additional effects
are expected to influence the results found in this study. Since
pebbles are relatively well coupled to the gas, the structure of
the gas disk changes the pebble dynamics strongly. This is espe-
cially relevant when progressing from a single-planet scenario
to the formation of multi-planetary systems. Planet-gas inter-
actions are important here because massive planets can trap
pebbles and effectively shield other growing planets from the
pebble flux, leaving them in an accretion environment more akin
to the planetesimals-only picture. In Stammler et al. (2023),
however, it was recently found that gaps in the disk might not
be efficient traps for smaller pebbles and dust. This could still
allow pebble accretion inside of massive outer planets. The
accumulation of pebbles is also relevant in the context of the
N-body interactions between the planets. For example, if a planet

moves through a pile-up of pebbles caused by another planet,
it can accrete a large amount of pebbles in a short time. The
assumption of drift limited pebble formation and evolution is
clearly no longer viable under these circumstances. Addition-
ally, the gravitational interactions among multiple planets change
the migration behaviour, for instance due to mean motion reso-
nances. As shown in Sect. 4.2, preventing the inward migration
of the planet all the way to the inner disk edge can allow massive
cores to form giants.

For these reasons, it is impossible to predict the outcome
of (giant) planet formation in hybrid pebble–planetesimal disks
in multi-planet population syntheses. However, we expect the
underlying mechanisms of delayed runaway gas accretion and
increased orbital migration to persist.
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Appendix A: Initial disk properties
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Fig. A.1. Initial radial gas (dashed) and planetesimal (solid) surface
density profiles. The blue (orange) lines correspond to the system with
the most (least) massive planetesimal disk.
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Fig. A.2. Fraction of disks of a given initial gas disk mass. The full set
of 1000 disks is shown in blue and the orange line shows the disks that
form a giant planet in the fpeb = 1 simulations.

The initial radial gas and planetesimal surface density profiles
are shown in Fig. A.1. We show the most (blue) and least
(orange) massive planetesimal disks. The planetesimal disk mass
is a function of the gas disk mass, the size of the gas disk,
and the solids-to-gas ratio. Hence, the disks shown here are not
necessarily also the most or least massive gas disks.
The distribution of initial gas disk masses is shown in Fig. A.2
(blue). Note that the total number of disks considered in this
work is 1000 and that the stellar mass is fixed to one solar mass.
We find a positive correlation of high initial disk masses and the
formation of giants in the pebbles-only scenario (orange).
As described in Sect. 3, the characteristic gas disk radius is a
derived quantity. The resulting distribution of characteristic gas
disk sizes is shown in Fig. A.3 (blue). We find no clear corre-
lation of initial disk sizes, and the associated longer pebble flux
lifetimes, with the formation of giant planets in the fpeb = 1 sim-
ulations (orange). However, giant planets only form in disks of
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Fig. A.3. Fraction of disks of a given initial characteristic radius.The
full set of 1000 disks is shown in blue and the orange line shows the
disks that form a giant planet in the fpeb = 1 simulations.

sufficient size corresponding to a characteristic radius of at least
about 60 AU.
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5 Paper II

Unlike Jupiter and Saturn, Uranus has been explored only once during the Voyager
2 flyby, leaving substantial gaps in our knowledge about its interior structure, at-
mospheric composition, and dynamic processes. Acknowledging these gaps in our
knowledge of Uranus and ice giants as a whole, the Decadal Survey 2023 has des-
ignated Uranus as the highest priority for NASA’s next flagship mission. In light
of this future mission, formation models are crucial in order to inform instrumen-
tation design choices. This motivated a project to study the formation of Uranus
with the hope of providing basic predictions on the bulk elemental abundances of
Uranus. The fundamental idea is that, since planetesimal accretion is a quasi-local
accretion process and pebble accretion depends on the material supply from the
whole outer disk, there might be compositional signatures which could allow us
to exclude certain formation scenarios for Uranus once new measurements come
in. At the same time, this could provide valuable insights on the most important
species to look for with an in-situ probe and inform us about the required precision
to do so.
However, after a significant modelling effort, it became clear that the formation
of Uranus/Neptune-like ice giants is very challenging – to the point their exis-
tence alone is puzzling. This shifted the focus of the study away from tracking
composition, a seemingly futile task given the lack of ice giants produced in our
simulations, towards a deeper exploration of possible formation scenarios. We
deemed this necessary in order to assess the state of current formation theory in
the context of ice giant formation. This is something a global model framework is
well suited for and by performing population synthesis, a wide range of realistic
initial parameters can be explored.
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ABSTRACT

Context. The formation of the Solar System ice giants, and of ice giants in general, is a difficult problem of planet formation theory
due to their large separation to the host star. Typically, the formation of Uranus and Neptune is studied in isolated in-situ setups or
as part of dynamical simulations focusing on the Solar System architecture. At the same time, our knowledge of ice giants remains
limited, as neither Neptune nor Uranus have been investigated up close.
Aims. In light of a future mission dedicated to investigating Uranus which would provide measurements that could offer valuable
constraints, we assess whether current formation theory is able to provide viable formation pathways of ice giants similar to Uranus
and Neptune from a global formation perspective.
Methods. We look for Uranus/Neptune-like planets in planetary populations simulated in a global planet formation and evolution
model using expected initial conditions for disks around Solar-mass stars. In particular, we study migrating and non-migrating setups
of single and multi-planetary systems in planetesimal and pebble accretion scenarios.
Results. We find that the ice giant parameter space is particularly difficult to populate in scenarios that include planetary migration.
In migrating scenarios, single isolated ice giants are never seen while multi-planetary setups can rarely yield planets above 10 ME
outside of 10 au. Additionally, the mass and H-He mass fraction constraints for Uranus and Neptune generally require large envelope
opacities in pebble accretion scenarios but low envelope opacities in planetesimal accretion scenarios.
Conclusions. We conclude that current formation theory does not support the direct formation of Uranus or Neptune analogues in
unstructured disks and does not readily provide the initial conditions of dynamical formation simulations of the Solar System. We
conclude that multiple concurrently forming planets need to be considered in order to study the formation of ice giants.

Key words. planets and satellites: formation – protoplanetary disks

1. Introduction

The Solar System planets are, obviously, by far the best char-
acterised known planets, providing an excellent benchmark for
our understanding of planet formation. While a single planetary
system does not allow for statistical validation of planet forma-
tion theories, the well known, most fundamental properties of
the Solar System planets such as their mass, radius, and orbital
distance, must be reproducible by any good theory of planet
formation. Therefore, the study of the formation of the Solar
System remains an important test of our knowledge. However,
our understanding of the outermost planets in the Solar System,
the ice giants Uranus and Neptune, remains limited. Especially
the interior structure and bulk composition, which are key to
providing crucial constraints on the planet’s formation and
evolution, are uncertain. Unlike Jupiter and Saturn, Uranus has
been explored only once during the Voyager 2 flyby, leaving
substantial gaps in our knowledge about its interior structure,
atmospheric composition, and dynamic processes. Acknowl-
edging these gaps in our knowledge of Uranus and ice giants as
a whole, the Decadal Survey 2023 has designated Uranus as the
highest priority for NASA’s next flagship mission.

A Uranus probe equipped with advanced instrumentation
for atmospheric and interior measurements would provide the
much-needed data to deepen our understanding of Uranus.
It could provide a comprehensive set of measurements of
atmospheric elemental abundances, particularly noble gases and

their isotopic ratios which are essential because these elements
are minimally affected by chemical and dynamic processes,
preserving their original states. In addition, the abundances of
volatiles like water (H2O), methane (CH4), ammonia (NH3),
and hydrogen sulphide (H2S) can provide critical insights into
the bulk composition of the planet. Disequilibrium species
such as carbon monoxide (CO), phosphine (PH3), and ethane
(C2H6) in the upper troposphere can reveal vertical mixing and
atmospheric dynamics, while the ortho-to-para hydrogen ratio
offers further information on atmospheric thermal and mixing
processes.
Understanding Uranus’s interior structure is a critical but chal-
lenging task, as most of the planet’s mass lies beyond the reach
of remote sensing or atmospheric probes. Microwave sensing,
as demonstrated by the Juno mission at Jupiter, can only probe
a fraction of the planet’s interior, while a traditional entry
probe would barely scratch Uranus’s outer layers. Overcoming
these limitations, high-precision gravity field measurements and
tidal dissipation analyses could reveal whether Uranus has a
fuzzy core, distinct layering, or compositional gradients, and
provide clues to its unusually low heat flux, which suggests
inhibited convection in the deep interior due to compositional
stratification.
Assessing Uranus’s tidal dissipation, including how its gravita-
tional field interacts with its moons, would further illuminate its
thermal state, internal mixing, and the evolution of its satellite
system. These observations might also uncover evidence of a
grazing giant impact, which could explain Uranus’s extreme
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axial tilt, low luminosity, and unique dynamical characteristics.
To complement gravity and tidal measurements, it is also neces-
sary to determine the thermal conductivity of interior materials
and the likelihood of internal layering or stable regions. These
factors influence how Uranus retains and emits heat, a critical as-
pect for understanding the planet’s energy balance and evolution.

This wealth of possible new information about Uranus offers
a unique opportunity to study planetary formation and evolution
under conditions distinct from the gas giants. While a dedicated
Uranus probe is crucial for advancing our understanding of
this enigmatic ice giant, the measurements can only be fully
leveraged to understand its role in the formation and evolution
of the Solar System if planet formation models are able to
provide predictions to compare against. This is crucial in order
to, for instance, constrain where in the protosolar nebula Uranus
formed.
However, the formation of the Solar System ice giants, Uranus
and Neptune, remains a difficult problem since they are located
in the outer Solar System at 19.1 and 30 au, respectively. In
the core accretion paradigm of planet formation, formation
timescales are longer at large orbital separations. With masses
of 14.5 and 17.1 ME, conceiving formation pathways leading to
their current position is challenging as formation timescales can
become longer than the expected lifetime of the protoplanetary
disk (Safronov 1972).
An additional challenge of the formation of Uranus and Neptune
is the fact that planetary cores that become massive enough
while still embedded in a gaseous disk, start to accrete vast
amounts of gas rapidly, quickly resulting in gas-dominated
giant planets akin to Jupiter and Saturn (Pollack et al. 1996;
Helled & Bodenheimer 2014). Current Interior structure models
constrain the mass of Hydrogen and Helium (H-He) in the
envelopes of Uranus and Neptune to 1.25 - 3.53 ME and 1.64
- 4.15 ME, respectively (Helled et al. 2011; Nettelmann et al.
2013). This corresponds to H-He mass fractions with respect
to the total planetary mass of roughly 8-25% for both Uranus
and Neptune. In Lambrechts et al. (2014), the authors suggest
an ice giant formation scenario where the energy released due
to continued accretion of solids prevents runaway gas accretion.
However, the stability of the envelope depends on it’s ability to
radiate away the heat, which is governed by the opacity. Since
molecular opacities are lower in colder environments, ice giant
envelopes are either sufficiently opaque due to suspended grains
or the runaway gas accretion is cut off by the dispersal of the gas
disk (or both). The vaporisation and ablation of accreted solids
in the envelope have been shown to lead to elevated envelope
opacities, depending on the accreted material, its size, the rate
of accretion, and the grain dynamics in the envelope (Brouwers
et al. 2021).

While the in-situ formation of Uranus and Neptune is chal-
lenging, considering the accretion of planetesimals (Safronov
1972), it has been demonstrated that they could be formed in-
situ in sufficiently massive disks from very small planetesimals
(Goldreich et al. 2004) or from pebble accretion (Lambrechts
et al. 2014; Valletta & Helled 2022). From a theoretical per-
spective however, prescribed in-situ formation is at odds with
the current understanding of disk-planet interactions which lead
to (generally inwards) planetary migration (e.g. Paardekooper
et al. 2011; Dittkrist et al. 2014; Coleman & Nelson 2014;
Jiménez & Masset 2017).
The formation of Uranus and Neptune at shorter orbital
distances is an interesting prospect as it could alleviate the

formation timescale problem. It has been shown in dynamical
simulations that it is possible to reproduce the architecture of the
Solar System when Uranus and Neptune are formed inside their
current orbits (Tsiganis et al. 2005; Liu et al. 2022). In these
scenarios, the planetary masses are fixed and the innermost ice
giant is always initially located outside of at least 10 au. In the
context of these models, in order to explain the Solar System ice
giants, planet formation simulations have to provide formation
pathways leading to > 10 ME planets outside of at least 10 au.

In this work, we investigate whether current formation
theory is able to provide viable formation pathways of ice
giants similar to Uranus and Neptune using the "Bern Model"
(Emsenhuber et al. 2021a). It is a global planet formation
and evolution model considering a large number of physical
processes, the most important of which are outlined in Sect.
2. A global model combining the most important ingredients
for ice giant formation – such as the protoplanetary disk
evolution, planetary accretion processes, orbital migration, and
mutual gravitational interactions of the growing planets – is a
powerful tool in order to scan for viable formation pathways
and estimate their likelihood in a given scenario. It allows us to
couple, according to current understanding, realistic initial disk
conditions with the formation outcomes and to compare these
with the Solar System ice giants. Complementary to previous
studies, this approach offers a bigger picture of the problem of
Uranus and Neptune formation.
Since there are currently no extra-solar ice giants known due to
their large distance to their host star and comparably small mass,
it is not clear how frequent ice giants are and, equivalently, how
readily they should form in planet formation simulations. The
goal of this work is to assess whether ice giants can or cannot
form at all in a given setup and to identify if important physics
are still missing in order to understand the formation of these
planets in our own Solar System. In light of a future mission
potentially providing detailed atmospheric measurements and a
characterisation of the interior of Uranus, this question must be
addressed in a timely manner.

We employ the following methodology: we simulate differ-
ent planetary populations using expected initial conditions of
unstructured disks around Solar mass stars. We study migrating
and in-situ setups of single and multiple planets per disk in both
planetesimal and pebble accretion scenarios. Due to their high
degree of uncertainty, we consider different envelope opacities.
We look for planets that satisfy the conservative requirements
of a mass between 10 - 20 ME and a semi-major axis larger than
10 au. We consider such planets that also have a H-He fraction
below 25% ice giant candidates.

This work is structured as follows: in Sect. 2, we describe the
most important parts of the model. In Sect. 3 we revisit the in-situ
formation scenario. In Sect. 4, we present results of simulations
of single planets as well as multiple planets per disk including
migration. We discuss various aspects of the consequences of
migration for the formation outcome in the ice giant parameter
space. We discuss model choices and shortcomings, as well as
implications of the study in Sect. 5.

2. Model

For this study, we use the Bern model of planetary formation and
evolution (Emsenhuber et al. 2021a). It models the formation of
planets in a protoplanetary disk, considering a large number of

Article number, page 2 of 14



A. Kessler et al.: Formation challenges of Uranus/Neptune-like planets

physical processes such as the viscous evolution of the gas disk,
internal and external photo-evaporation of the disk, the accre-
tion of solids and gas by planetary embryos, the gravitational
interactions between the growing planets, as well as orbital mi-
gration due to the interaction with the gas. The core accretion of
planetary embryos is modelled by either planetesimal or pebble
accretion. Here, we give a very short overview of the most im-
portant model parts for this study and refer to Emsenhuber et al.
(2021a) for a much more detailed description.

2.1. Gas disk model

We solve the 1D radially symmetric viscous diffusion equation
(Lüst 1952; Lynden-Bell & Pringle 1974)

∂Σgas

∂t
=

1
r
∂

∂r

[
3r1/2 ∂

∂r

(
r1/2νΣgas

)]
− Σ̇gas,ph − Σ̇gas,pl (1)

to compute the time evolution of the protoplanetary gas disk sur-
face density Σgas at an orbital distance r. The viscosity is given
by ν = αcsH (Shakura & Sunyaev 1973), where the vertical pres-
sure scale height H = cs/ΩK depends on the isothermal sound
speed cs and the Kepler frequency ΩK =

√
GM⋆/r3. G is the

gravitational constant and M⋆ is the stellar mass. In this work,
we set the turbulent viscosity parameter α = 10−3. Σ̇gas,ph and
Σ̇gas,pl are the sink terms related to photo-evaporation (Mordasini
et al. 2012) and gas accretion by planets, respectively.
The surface density is initialised by (Andrews et al. 2010)

Σgas(r) = Σ0

( r
5.2 au

)−0.9
exp

−
(

r
Rchar

)1.1
1 −

√
Rin

r

 . (2)

Σ0 is the initial gas surface density at 5.2 au, Rchar is the char-
acteristic outer disk radius, and Rin is the inner disk truncation
radius (see Emsenhuber et al. 2021b).

The disk temperature in the midplane Tmid is governed by the
viscous heat dissipation rate Ėν = 9

4ΣgasνΩ
2
K and the direct stel-

lar irradiation temperature Tirr (Nakamoto & Nakagawa 1994;
Hueso & Guillot 2005)

T 4
mid =

1
2σSB

(
3
8
κRΣgas +

1
2κPΣgas

)
Ėν + T 4

irr, (3)

where σSB is the Stefan-Boltzmann constant. κR and κP are the
Rosseland mean and the Planck opacities, respectively (see Em-
senhuber et al. 2021a). Tirr is given by (Adams et al. 1988; Ruden
& Pollack 1991; Chiang & Goldreich 1997; Hueso & Guillot
2005)

T 4
irr = T 4

⋆

[
2

3π

(R⋆
r

)3

+
1
7

(R⋆
r

)2 H
r

]
+

L⋆
16πr2σSB

e−τmid + T 4
c , (4)

where T⋆ is the stellar temperature, R⋆ the stellar radius, L⋆ the
stellar luminosity, and τmid the optical depth through the mid-
plane. Tc = 10 K is the background heating due to the surround-
ing molecular cloud. We consider the stellar evolution using the
evolution tracks of Baraffe et al. (2015).

2.2. Gas accretion model

We solve the classical 1D radially symmetric internal structure
equations of mass conservation, hydrostatic equilibrium, and en-

ergy transport (Bodenheimer & Pollack 1986)

∂M
∂r

= 4πr2ρ, (5)

∂P
∂r

= −GM
r2 ρ, (6)

∂T
∂r

=
T
P
∂P
∂r

min(∇ad,∇rad). (7)

M is the enclosed mass in a sphere of radius r, P is the pres-
sure, and T is the temperature. We use the equations of state of
Saumon et al. (1995) for the density ρ(P,T ) and the adiabatic
gradient ∇ad. The radiative gradient is given by (Kippenhahn &
Weigert 1990)

∇rad =
3κLP

64πσSBGMT 4 , (8)

depending on the luminosity of the planet L and the envelope
opacity κ. In our fiducial runs, we use the full interstellar grain
opacities of Bell & Lin (1994) reduced by a factor of fκ = 0.003,
following Mordasini et al. (2014). The reduction factor is a fit
to simulations of grain dynamics in protoplanetary atmospheres
(Movshovitz & Podolak 2008; Movshovitz et al. 2010). Due
to its high degree of uncertainty, we use the envelope opacity
reduction factor fκ as a parameter to explore ice giant formation
pathways. We increase the opacity by two orders of magnitude
to fκ = 0.3 in our high-opacity setups, following Venturini &
Helled (2017).

The accretion of gas is calculated by iteratively comparing
the total mass until the integrated structure equations reproduce
the core mass (Alibert et al. 2005; Emsenhuber et al. 2021b).
The core mass is known from the core accretion rates due to ei-
ther planetesimals or pebbles as described in Sects. 2.3 and 2.4,
respectively. The gas mass is then simply given by the difference
of the total mass and the core mass.
Gas accretion of low mass planets is limited by the planet’s abil-
ity to cool given its luminosity. This is crucially affected by en-
velope opacities. Lower opacities allow for efficient cooling and
thus higher gas accretion rates, whereas higher opacities inhibit
cooling and lead to lower gas accretion rates. For increasing core
masses, more efficient cooling can result in the gas accretion
being limited by the supply of gas from the disk. In this disk-
limited regime, we adopt the gas accretion rates of Bodenheimer
et al. (2013). The onset mass for this runaway gas accretion de-
pends on the gas accretion rate at a given mass, and therefore on
the envelope opacity as well.

2.3. Planetesimals

We use the planetesimal accretion model described in Emsen-
huber et al. (2021a) which is based on a planetesimal surface
density with a dynamical state defined by their root mean square
eccentricity and inclination (Fortier et al. 2013). Aerodynamic
drag (Adachi et al. 1976; Inaba et al. 2001; Rafikov 2004),
dynamical stirring by protoplanets (Guilera et al. 2010), as well
as self-stirring (Ohtsuki et al. 2002) drive the evolution of the
planetesimal disk. The initial global dust-to-gas ratio Z fixes the
initial planetesimal surface density (Emsenhuber et al. 2021a).

The planetesimal accretion rate of a planet of mass M is
given by (Chambers 2006)

Ṁplan = ΩK Σ̄planR2
H pcoll, (9)
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where RH = r
(

M
3M⋆

)1/3
is the Hill radius, Σ̄plan is the mean

planetesimal surface density in the planet’s feeding zone, and
pcoll is the collision probability. The collision probability de-
pends on the dynamical state of the planetesimal disk (Inaba
et al. 2001; Chambers 2006) and the capture radius. The cap-
ture radius exceeds the core radius if there is a gaseous envelope
(Inaba & Ikoma 2003), which enhances the resulting planetesi-
mal accretion rates, especially for small planetesimals, crucially
(Podolak et al. 1988; Venturini & Helled 2020). Planetesimal
size is the most important parameter influencing the resulting
accretion rates and, therefore, the outcome of the planet forma-
tion process. Smaller planetesimals are associated with higher
accretion rates, because they are more tightly coupled to the gas.
From simulations of collapsing pebble clouds, the initial plan-
etesimal size is expected to be on the order of 100 km (Polak &
Klahr 2022). In this study, we fix the planetesimal size at a ra-
dius of 1 kilometre which leads to optimistic accretion rates. We
discuss this choice further in the following sections.

2.4. Pebbles

We also model the accretion of pebble-sized material instead
of planetesimals. In this study, we consider these two accretion
channels separately.
Dust grains embedded in the gaseous protoplanetary disk grow
by coagulation. As these grains increase in size, they decouple
from the gas motion and are typically called pebbles. The dimen-
sionless Stokes number St describes the aerodynamic coupling
of a particle to the gas flow, where small values imply tightly
coupled grains and larger values imply weakly coupled particles.
For particles of radius a near the midplane, it can be simplified
to (Cuzzi et al. 2001; Birnstiel et al. 2010)

St =
aρs

Σgas

π

2
, (10)

where ρs is the internal density of the dust aggregate. Larger
particles settle to the disk midplane more efficiently than smaller
grains. The scale height corresponding to a particle population
of Stokes number St embedded in a gaseous disk with turbulent
viscosity parameter α is (Dubrulle et al. 1995; Cuzzi et al. 1993;
Youdin & Lithwick 2007)

H = Hgas

√
α

α + St
. (11)

The pressure supported gas disk rotates at sub-Keplerian speed
which, from the perspective of an orbiting dust aggregate of non-
zero Stokes number, is a headwind. This removes angular mo-
mentum from the particle, resulting in a radial drift velocity v
given by (Weidenschilling 1977)

v = −2
St

St2 + 1
∆v. (12)

The drift velocity depends on the headwind speed ∆v given by
(Weidenschilling 1977; Nakagawa et al. 1986)

∆v = −∂P
∂r

1
2ρgasΩK

, (13)

where P is the pressure and ρgas is the midplane gas density. A
drifting particle is additionally carrying a velocity vdrag induced
by drag with respect to the radial component of the gas velocity
vgas, given by

vdrag =
1

1 + St2
vgas. (14)

Radial drift is particularly dominant for particles approaching
St = 1.

In order to describe the dust evolution in the protoplanetary
disk, we integrate the two-population model presented in Birn-
stiel et al. (2012) into the Bern model framework. Instead of
calculating the full dust size distribution, we follow the mass-
dominating upper end of the distribution (pebbles) as well as the
initial small grains. The model parameters are calibrated with
full dust evolution simulations of Birnstiel et al. (2010). The
model considers dust growth which can be limited by fragmen-
tation induced by turbulence or differential drift. We assume a
pebble fragmentation threshold velocity of 10 metres per sec-
ond. A further size limit arises if particles are removed by drift
on a similar timescale as they grow. The size of the large particle
population at a given distance is given by the minimum of all
size limits. Given the resulting sizes of the large and small par-
ticle populations (the pebbles and dust grains, respectively), we
solve one advection-diffusion equation for the combined surface
density Σsolids

∂Σsolids

∂r
+

1
r
∂

∂r

[
r
(
Σsolidsv̄ − DgasΣgas

∂

∂r

(
Σsolids

Σgas

))]
= 0, (15)

using the mass averaged radial drift speed

v̄ = (1 − fm)vgrains + fmvpeb. (16)

The drift speeds of the small and the large populations vgrains and
vpeb are given by the sum of Eqs. (12) and (14). The factor fm(r)
is calibrated with the full simulations in Birnstiel et al. (2010).
The combined dust surface density Σsolids separates into the sur-
face densities of the two underlying populations

Σpeb(r) = Σsolids(r) fm(r), (17)
Σgrains(r) = Σsolids(r)(1 − fm(r)). (18)

The initial combined surface density is simply Σsolids,0 = ZΣgas,0
where Z is the dust-to-gas ratio.

The inward drifting pebbles can be accreted by gravitating
bodies, i.e. embryos. In order to calculate the pebble accretion
rate, we follow the approach presented in Ormel (2017). The
relative encounter velocity venc between a pebble and an embryo
is

venc(b) = ∆v +
3
2
ΩKb, (19)

where b is the impact parameter and ∆v is given by Eq. (13). De-
pending on b, the encounter velocity is dominated by the head-
wind or the Keplerian shear, which are also called the Bondi and
Hill regime, respectively (Lambrechts & Johansen 2012).
We find the maximal impact parameter bacc which still leads to
accretion by equating the encounter timescale tenc = 2b/venc and
the settling timescale tsettl = b3/(GMtstop), where tstop = St/ΩK .
When pebbles reside in a thin layer (Hpeb ≪ bacc, see Eq. (11)),
the accretion geometry is 2-dimensional and the accretion rate is

Ṁ2D = 2baccvenc(bacc)Σpeb. (20)

Since the pebble scale height is not necessarily small compared
to the accretion radius, especially for low mass embryos, the peb-
ble accretion rate Ṁpeb contains a scale height correction and
reads (Ormel 2017)

Ṁpeb = Ṁ2D
bacc

bacc +
√

8/πHpeb
. (21)
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Note that this description recovers the 3D accretion rate

Ṁ3D = πb2
accvenc(bacc)ρpeb (22)

in the thick disk limit (Hpeb ≫ bacc), where the embryo is em-
bedded in the midplane pebble density ρpeb = Σpeb/(

√
2πHpeb).

Pebble accretion relies on a replenishing influx of pebbles
from further out in the disk. When a planet grows massive
enough to perturb the gas disk significantly, the orbital veloc-
ity of the gas outside the planetary orbit can become super-
Keplerian (Lin & Papaloizou 1986). The radial drift of pebbles
is halted at the resulting pressure maximum. The planetary mass
required to trigger this effect is called the pebble isolation mass
(e.g. Lambrechts & Johansen 2014; Ataiee et al. 2018; Bitsch
et al. 2018; Shibaike & Alibert 2020). Apart from halting peb-
ble accretion onto massive planets, pebble isolation is an impor-
tant effect for the formation of multi-planetary systems since em-
bryos inside to the isolating planet are deprived of further pebble
supply.
We model this effect by modifying the gas surface density Σgas
used in the evolution of the solid disk component Σsolids (see Eq.
(15)) with the gap profile of Kanagawa et al. (2016, 2017, 2018)
for each planet. In this way, the resulting pebble surface density
is consistent with the expected gaps induced by massive planets.
We recover the reduction and stop of pebble accretion onto mas-
sive planets and the depletion of the regions inside an isolating
planet. Note that these tidal gaps in the gas are not yet consid-
ered in the global evolution of the gas disk. This means that the
gas disk "seen" by pebbles locally around massive planets is not
the same as the one used for the calculation of gas accretion. The
expected reduction of gas accretion onto massive planets due to
gap opening is directly included in the accretion rates of Boden-
heimer et al. (2013) using the unperturbed gas surface density.
It has been shown recently, that small grains can diffuse through
such radial drift barriers to some extent and grow to pebble-size
inside of the barrier (Stammler et al. 2023). Due to the mass-
averaged approach to the dust evolution, we do not recover this
behaviour once the pebble isolation mass is reached. This is most
relevant for inner planet formation in the presence of an outer gi-
ant planet but since we focus on the formation of ice giants in this
work, neglecting leaky dust traps is an acceptable simplification.

2.5. Orbital migration

An embedded planet excites density waves in the gas disk at
its inner and outer Lindblad resonances as well as the coro-
tation resonances (Goldreich & Tremaine 1979; Korycansky
& Pollack 1993). The resulting differential Lindblad torque is
usually negative in standard disks like the ones studies here.
Depending on the local radial gas surface density slope, the
temperature gradient, and the entropy gradient, the corotation
torque can be positive (e.g. Paardekooper et al. 2011; Dittkrist
et al. 2014). The planet migrates in the so-called type-I regime
(Ward 1997; Tanaka et al. 2002) according to the net torque. In
some regions, outward migration is possible when the corotation
torque dominates the differential Lindblad torque.
Unless specified otherwise, we use type-I migration rates
following Coleman & Nelson (2014) which are based on the
torques of Paardekooper et al. (2011) with the addition of the
attenuation of the corotation torque due to the eccentricity
and inclination of the planet (Bitsch & Kley 2010; Fendyke &
Nelson 2014; Coleman & Nelson 2014).

Table 1. Distribution parameters of the sampled initial conditions used
in each synthetic population.

Parameter Mean Deviation
Z⋆ µ = −0.02 σ = 0.22

Mdisk log10(µ/Msol) = −1.49 σ = 0.35 dex
P⋆ log10(µ/d) = 0.676 σ = 0.306 dex

In Sect. 4.1, we discuss the impact of so-called thermal
torques for the formation of Uranus-like planets in pebble ac-
cretion scenarios. This additional torque is an effect of the ther-
mal diffusivity of the gas, as opposed to an adiabatic descrip-
tion. It has been studied analytically in Masset (2017) and has
been observed in hydro-dynamical simulations (Lega et al. 2014;
Benítez-Llambay et al. 2015). Thermal torques become relevant,
when the planetary luminosity of a low to intermediate mass
planet is significant due to energy released in the process of core
accretion. As identified in Guilera et al. (2019) and Guilera et al.
(2021), this is most important for pebble accreting planets due
to the associated high core accretion rates. The heating of the
corotation region results in asymmetric under-dense lobes on ei-
ther side of the planet’s orbit which exert a net positive torque.
We adopt the prescription of Guilera et al. (2021) which com-
bines the Lindblad and corotation torques of Jiménez & Masset
(2017) with the thermal torques of Velasco Romero & Masset
(2020). Thermal torques drop off for planets above the critical
mass (Masset & Velasco Romero 2017)

Mc = χcs/G, (23)

where χ is the thermal diffusivity. We use the expression for
the thermal torque Γthermal for a planet of mass M given by Ve-
lasco Romero & Masset (2020)

Γthermal = Γhot
4Mc

M + 4Mc
+ Γcold

2Mc

M + 2Mc
, (24)

where Γhot and Γcold are the luminosity dependent and indepen-
dent components of the thermal torque, respectively (Masset
2017).

Planets that grow massive enough to open a local gap in the
gas due to tidal interactions (Lin & Papaloizou 1986) migrate
in the so-called type-II migration regime. For the transition from
type-I to type-II migration, we consider the gap opening criterion
of Crida et al. (2006) for a planet of mass M with semi-major
axis a

3H
4RH

+
50νM⋆
Ma2ΩK

≤ 1. (25)

The transition is smoothed according to Dittkrist et al. (2014)
and the type-II migration rates are given by the radial gas flow
(Pringle 1981).

2.6. Initial conditions

We synthesize populations of planetary systems consisting of
103 different protoplanetary disks. In order to have comparable
populations, we use an identical set of initial conditions for all
runs (see Emsenhuber et al. 2021b; Kessler & Alibert 2023). In
table 1, we list the distribution parameters used to sample the
initial conditions. The stellar mass is fixed to one Solar mass.
We use normally distributed stellar metallicities Z⋆ (Santos et al.
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2005) for the dust-to-gas ratio of the disks assuming stellar com-
position. The gas disk masses Mdisk are obtained from contin-
uum emission observations which assume a dust-to-gas ratio of
0.01 (Tychoniec et al. 2018). We use a log-normal distribution
and correct the disk masses according to the used, not necessar-
ily equal to 0.01, dust-to-gas ratio. The inner disk radius Rin is
set as the corotation radius with respect to the stellar rotation
period P⋆ obtained from observations of T-Tauri stars using a
log-normal distribution (Venuti et al. 2017). The characteristic
outer disk radius Rchar and the initial gas surface density at 5.2
au Σ0 follow from the disk mass and Rin (see (2)). For a fixed vis-
cosity, disk lifetimes are directly constrained by external photo-
evaporation. As described in Emsenhuber et al. (2021b), we use
external photo-evaporation rates resulting in disk lifetimes clus-
tering around 3 to 4 Myr. This is in agreement with observational
estimates of disk lifetimes (Haisch et al. 2001; Fedele et al. 2010;
Richert et al. 2018).
In every population, we insert 0.02 ME embryos at the start of the
simulations. This is an optimistic assumption for embryo forma-
tion which generally leads to over-estimated early growth and
needs to be taken into account when looking at final planetary
masses in the different populations. Depending on the popula-
tion, we insert a different number of planetary embryos at differ-
ent locations in the disk which is detailed in the corresponding
Sects. 3 and 4.

3. In-situ formation

First, we consider the in-situ formation of single ice giants
where the initial embryo location is identical to the final position
of the planet. This means disk-driven migration is neglected
and there is no other way for the planet to exchange angular
momentum since there are no other planets present in the
same disk. Therefore, planets are on circular orbits and the
semi-major axis is the orbital distance. We sample the initial
embryo location log-uniformly between 5 and 20 au.

In Fig. 1, we show the planetary masses after 5 Gyr as a
function of semi-major axis, colour coded by the H-He mass
fraction with respect to the total planet mass, for the different
in-situ populations. When considering planets formed by
planetesimal accretion (left column), it is evident that growth
timescales are longer in the outer parts of the disk. In fact, it is
only possible to form planets exceeding 10 ME outside of 10
au, if envelope opacities are low enough to allow for sufficient
gas accretion. The existence of a gaseous envelope is doubly
beneficial in order to grow beyond a couple of Earth masses
because an envelope not only adds mass but also increases the
planetesimal capture radius (see Sect. 2.3). In the fiducial low-
opacity case (top left), there are some giant planets exceeding
100 ME out to about 10 au, as well as some ice giant candidates
clustering around the 10 to 20 ME region (orange bar). The H-He
mass fractions of these candidates range up to 50% but most of
them end up in the 8-25% range (red circles). Although very
rarely, it is possible to form an Uranus-like planet around 10 au
but not at larger separations in this scenario. In the high-opacity
case (bottom left), the resulting lower gas accretion rates leave
a strong imprint on the population. There are no planets above
10 ME outside of 8 au and outside of 10 au planets do not even
grow beyond three Earth masses. Planets in the 10 to 20 ME
region, found inside of 8 au, have H-He fractions below 30%. It
is worth repeating here, that the planetesimal size of 1 kilometre
is crucial. While planetesimals are not believed to form smaller
than 100 km (Polak & Klahr 2022), planetesimal fragmentation

to smaller sizes has been shown to be important for the planet
formation process (Kaufmann & Alibert 2023). However, the
planetesimal size distribution is poorly understood and depends
on uncertain descriptions of the material strength and impact
energy. We consider the choice of 1 km planetesimals and
hence the simulation outcomes to be optimistic with regards to
planetary growth in the outer disk. Therefore, we conclude that
in-situ formation via planetesimal accretion necessarily requires
low opacities but remains unlikely even for these smaller
sized planetesimals. Unsurprisingly, forming ice giants in-situ
from larger than 1 kilometre planetesimals seems impossible,
corroborating previous studies (Safronov 1972; Goldreich et al.
2004).
When considering planets formed by pebble accretion (right
column), in-situ formation is more efficient in producing mas-
sive planets all the way out to 20 au. Numerous gas-dominated
giants, as well as some ice giant candidates in the targeted region
of 10 to 20 ME, are formed. In the low-opacity case (top right),
planets in the ice giant mass range are gas-rich with H-He mass
fractions of upwards of 80% and planets in the 8-25% range (red
circles) are much less massive. In the high-opacity case (bottom
right) H-He mass fractions are below 40% in the 10 to 20 ME
region and the planets in the 8-25% range (red circles) cluster
just below 10 Earth masses outside of 10 au. Comparing the
same disks in the two opacity cases, we find that planets which
end up between 10 and 20 ME in the high-opacity case become
much more massive gas-dominated giants in the low-opacity
case. This is consistent with the results of Valletta & Helled
(2022) and Eriksson et al. (2023). These authors also find too
large H-He fractions and unrealistically short disk lifetimes to
prevent the formation of gas-dominated giants instead of Uranus
and Neptune, for lower envelope opacity values.

These results confirm that, especially in the pebble accretion
scenario, in-situ formation timescales to grow beyond tens of
Earth masses outside of 10 au are overlapping with expected
disk lifetimes. In suitable disks, this allows the formation of
potential ice giants from 0.01 ME embryos. Note again that
the disk lifetime in this model is a result of the viscous disk
evolution and external photo-evaporation given the initial disk
characteristics. In the explored parameter space, it remains
difficult to obtain H-He mass fractions below 25% for planets
above 10 Earth masses. The most promising in-situ scenario is
pebble accretion when envelope opacities are high, although
our simulations hint at even larger opacities being required,
as the lowest H-He fractions remain above 30% outside of 10 au.

Since the Solar System hosts two ice giants, an obvious
further requirement is the formation of a second planet in this
parameter space. Considering the disks that form a planet be-
tween 10 and 20 ME outside of 10 au in the high-opacity pebble
accretion scenario, we investigate whether a second embryo
outside of the first can grow to a similar mass and whether the
first embryo is still able to grow above 10 ME in such a scenario.
In Liu et al. (2022), the ice giants are proposed to have formed
in 2:1 or 3:2 resonant chains. We place the second embryo
outside of the first (at t=0 as well) such that they are in 3:2
resonance because it results in a more optimistic setup for the
second planet in terms of accretion timescale. Note that since
disk-driven migration is not considered in these simulations, the
planets necessarily remain in the initial resonance configuration.
In Fig. 2, we show the results after 5 Gyr of these runs (circles)
and compare them with the planets emerging in the original
single-planet case (crosses). It is apparent that the outer planet
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Fig. 1. Planet mass versus semi-major axis of one thousand in-situ simulations of single planets after 5 Gyr considering planetesimal accretion
(left) or pebble accretion (right) with low (top) or high (bottom) envelope opacity. fκ is the envelope opacity reduction factor introduced in Sect.
2.2. The colour of the points indicates the fraction of the H-He mass over the total planet mass. The red circles highlight the planets that lie in the
8-25% H-He mass fraction range, indicated by red lines on the colourbar. The orange region highlights the 10 to 20 ME range.

is always less massive than the inner planet and never grows
beyond 5 ME in these disks. Secondly, the inner planet ends
up at a lower mass than in the single-planet case when there
is an outer planet present. This is due to the fact that the outer
planet accretes some of the inwards drifting pebbles leading to a
lower pebble surface density inside it’s orbit. However, the inner
planet still grows beyond 10 ME in most cases. This behaviour
for a concurrently growing pair of ice giants was also found in
the in-situ simulations of Eriksson et al. (2023). We find that the
most promising in-situ ice giant candidates in the populations
we simulate are likely incompatible with the in-situ formation
of a second ice giant.

In summary, while the in-situ paradigm is compatible with
the formation of a single ice giant, it is likely not suited to ex-
plain an ice giant pair or the outer Solar System. Planetesimal
and pebble accretion put opposite requirements on the envelope
opacities.

4. Formation with migration

There is no physical reason to neglect the torque exerted onto
embedded planets. Given the smooth nature of the radial gas disk
profile in this model, the net torque as described in Sect. 2.5 is
generally negative in the outer disk regions. Due to the result-
ing predominantly inward-migrating nature of these formation

pathways, we also consider planets that start to grow beyond 20
au. To investigate the imprint of disk-driven migration, we run
populations corresponding to the ones discussed in Sect. 3 con-
sidering embryos inserted log-uniformly between 5 and 40 au.
We refer to Sec. 5 for a discussion on structured disks and possi-
ble migration traps. Note that the number of gas giants forming
in these setups can not be taken at face value as we are not in-
cluding embryos forming inside of 5 au. Especially the region
around the iceline, where growth is most efficient in both plan-
etesimal and pebble accretion scenarios, is a common birthplace
of the most massive planets. Ice giants are unlikely to originate
there, particularly when they are accompanied by one or several
gas giants as it is the case in the Solar System.

4.1. Single embryo per disk

First, we study again the formation of one single planet per disk.
In Fig. 3, we show planetary masses after 5 Gyr as a function of
semi-major axis, colour coded by the H-He mass fraction, for
the different populations of migrating planets. It is immediately
apparent that inward migration acts in all populations and is
able to move planets all the way to the inner disk edge from
their initial location in the gray shaded region. As in the in-situ
case, growth by the accretion of planetesimals (left column)
is less efficient in the outer disk. Most remaining embryos are
less massive than one Earth mass. Planets that do grow beyond
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Fig. 2. Mass versus semi-major axis of the eight planets that form plan-
ets between 10 and 20 ME in the high-opacity ( fκ = 0.3) pebble ac-
cretion case after 5 Gyr (bottom right panel in Fig. 1). The crosses are
the results from the single-planet run, the connected circles of the same
colour are the corresponding two-planet systems in 3:2 resonance. The
orange bar highlights the 10 to 20 ME range.

roughly one Earth mass start to migrate inward, shaping the
"inward-leaning" population of planets that do not accrete gas
significantly. As planets migrate into the hotter inner disk, gas
accretion is inhibited and only the most massive planets can
enter runaway gas accretion. In the low-opacity case (top left),
some gas giants manage to form before they migrate in the type I
regime all the way to the inner disk. This is strongly suppressed
in the high-opacity case (bottom left) where no planet exceeds
100 ME after 5 Gyr. This is again due to the lower gas accretion
rates.
When considering pebble accretion (right column), we observe
a strong imprint of inward migration in the populations. Com-
pared to the planetesimal accretion cases, more planets grow
massive enough to migrate inwards significantly and planets
grow earlier, leaving more time to migrate inwards. This leads
to a pile up of planets above several Earth masses inside of
0.1 au which is a known consequence of pebble accretion in
formation scenarios of single planets (e.g. Kessler & Alibert
2023). Since everything that grows above roughly one Earth
mass outside of 10 au is efficiently moved inward, no ice giant
candidates are left in the outer disk. As in the planetesimal
accretion case, the low-opacity setup (top right) features some
massive gas-dominated giants whereas the high-opacity setup
(bottom right) does not produce planets above 100 ME. When
envelope opacities are high, gas accretion rates are too low for
giant planets to form. We summarise that single planets which
are subject to migration do not become ice giants in any of our
simulations.

Since accretion rates can be high in pebble accretion scenar-
ios, the resulting heating of the surrounding disk becomes non-
negligible for the torque that is exerted on the planet (Benítez-
Llambay et al. 2015). Given a sufficiently large accretion lumi-
nosity, the net torque can be positive, leading to outward mi-
gration (Guilera et al. 2019). This is particularly interesting in
the context of forming ice giants without them inevitably mi-
grating inward too far, as is the case with the nominal migration
prescription. We adopt the approach of Guilera et al. (2021) to

include these so-called thermal torques as described in Sect. 2.5.
In Fig. 4, we show the emerging population including thermal
torques in the high-opacity case after 5 Gyr. Since we are inter-
ested in formation pathways featuring significant outward migra-
tion, formation origins inside of 5 au are also considered. There-
fore, embryos are placed log-uniformly between 1 and 40 au.
The population is similar to the corresponding population using
the nominal migration prescription shown in the bottom right
panel of Fig. 3. In particular, there are again no ice giant candi-
dates. The main apparent difference lies in the low-mass close-in
planets, which are introduced due to some of the embryos that
are initialised between 1 and 5 au.
However, looking at the formation paths of planets that grow
to 8 to 20 ME reveals that, although the populations look simi-
lar at 5 Gyr, there are formation pathways featuring significant
outward migration due to thermal torques. The coloured lines
in Fig. 4 show four example pathways. The red and blue lines
show planets that are dominated by the hot thermal torque due
to rapid pebble accretion. They migrate outwards significantly
from their initial locations of less than 3 au. This reproduces the
findings in Guilera et al. (2021) well. When the planets approach
the critical mass where thermal torques become inefficient, in-
ward migration takes over. In one thousand simulations, the disk
never disperses in the precise time to prevent inward migration
of planets that have migrated outwards to this extent. The green
line shows a planet that also starts growing around 2 au but is not
dominated by the thermal torque. It accretes slower than its red
and blue counterparts and manages to grow to about 8 ME before
it also migrates inward. This is because this planet is forming in
a less massive and lower metallicity disk than in the red and blue
examples. Thermal torques are most efficient early and inside of
roughly 10 au (Guilera et al. 2019, 2021). Therefore, as shown
by the purple line, formation pathways of planets in the outer
disk, typically, look the same as they do in the nominal migra-
tion prescription where planets that do grow above a couple of
Earth masses simply migrate inwards until they reach the inner
disk edge or until the disk disperses. This means that, as is the
case without thermal torques as well, unless there is something
preventing or slowing the inward migration of these planets, they
do not become ice giants.

4.2. Multiple embryos per disk

From the results in Sect. 4.1, it is apparent that the formation
of ice giants can in all likelihood not be understood from
an isolated, single planet perspective when growing planets
are allowed to migrate. In such scenarios, inward migration
prevents massive planets from ending up in the outer disk.
In the following, we investigate planet formation in the outer
disk when multiple embryos are growing simultaneously and
interacting gravitationally. We insert 35 embryos per disk
log-uniformly between 5 and 40 au where neighboring embryos
are separated by at least 10 Hill radii. The number of embryos
chosen corresponds to the average number of embryos inserted
between 5 and 40 au in the largest simulations performed in
Emsenhuber et al. (2021a) with 100 embryos. By omitting
embryos within 5 au, the computation time due to the N-body
calculations is dramatically lower. However, the computational
effort remains considerable since planets migrate into the inner
regions of the disk as they grow and we are still simulating a
thousand disks per population. Mutual embryo collisions are
treated in a simplified way (Emsenhuber et al. 2021a). The
H-He mass of the less massive impactor is discarded, the core
masses are merged, and the remaining impact energy is added
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Fig. 3. Planet mass versus semi-major axis of one thousand simulations of migrating single planets after 5 Gyr considering planetesimal accretion
(left) or pebble accretion (right) with low (top) or high (bottom) envelope opacity. fκ is the envelope opacity reduction factor introduced in Sect.
2.2. The colour of the points indicates the fraction of the H-He mass over the total planet mass. The orange bar highlights the 10 to 20 ME range
and the gray shaded region shows the range of initial embryo locations.

as a contribution to the luminosity in the structure equations.
The additional luminosity from the impact and accretion of the
second core typically leads to significant H-He mass loss of the
target planet.

In Fig. 5, we show planetary masses after 5 Gyr as a function
of semi-major axis, colour coded by the H-He mass fraction,
for the different populations of migrating multi-planetary
systems (using the nominal migration model). Many of the
characteristics of the different single-planet populations in the
previous sections are preserved when more embryos are intro-
duced per disk. Planets above a few Earth masses experience
inward migration which results in many planets inside of 5
au. The embryo-embryo gravitational interactions cause the
general shape of the populations to be scattered around the
corresponding single-planet populations. This leads to more
massive planets in the outer system in all setups compared to
the simulations of single planets. Naturally, since there are 35
embryos present per disk, there are more planets in the whole
parameter space.
In the planetesimal accretion scenario (left column), planetary
growth outside of 10 au remains insufficient to produce massive
planets easily. Compared to the single-planet results shown in
Fig. 3 however, there are some more massive planets due to
mutual collisions. In the low-opacity case (top left) there are
again some gas-dominated planets, mostly inside of 1 au. In

contrast to the single-planet case, some gas-dominated planets
are on more distant orbits out to about 5 au. This is both due
to collisional growth between embryos and outward scattering.
When opacities are high (bottom left), the picture remains
very similar to the single-planet case and we find no ice giant
candidates.
When considering pebble accretion (right column), formation
tracks are again strongly dominated by inward migration as
planets grow beyond about 1 ME. Unless planets start ac-
creting gas rapidly and opening a gap, they migrate inwards
significantly before growing above 10 to 20 ME. Although
not quantitatively comparable due to the different number of
total planets, there are many planets that have acquired a H-He
envelope in the low-opacity case (top right), while there are
none outside of 10 au in the single-planet simulations in Fig.
3. Embryos growing via pebble accretion in the outer disk can
become massive enough to gravitationally interact. This leads
to growth of the planetary cores via mutual collisions. Since
embryos cool quickly in the low-opacity case, these planets
can accrete massive H-He envelopes also outside of 10 au. As
observed in the in-situ low-opacity pebble accretion scenario,
the planets in the 10 to 20 ME range outside of a couple of au are
typically gas-dominated with H-He mass fractions above 80%.
However, there are a few massive planets that barely contain
H-He, as seen from the darkest dots outside of a couple of au
with masses above 10 ME. These planets experience a collision
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Fig. 4. Planet mass versus semi-major axis of one thousand simulations
of migrating single planets after 5 Gyr including thermal torques ac-
cording to Guilera et al. (2021). The coloured lines correspond to four
typical formation pathways, leading to planets of 8 to 20 ME. fκ is the
envelope opacity reduction factor introduced in Sect. 2.2. The orange
bar highlights the 10 to 20 ME range.

with another embryo at the very end of the disk lifetime. They
eject most of their gaseous envelope in the collision and are
left without any gas to re-accrete. In our simulations, none of
these examples end up in the desired parameter space but it is
easily conceivable that candidates can emerge, although rarely,
in a larger population. In most cases however, the disk is still
present and massive planets that collide with other embryos
end up growing well above 100 ME, with H-He mass fractions
above 90%. It is theorised that at least Uranus has experienced
a massive collision causing it’s axial tilt (Reinhardt et al. 2020).
In the high-opacity case (bottom right), there are no planets
in the 10 to 20 ME range outside of 10 au. Compared to the
single-planet case however, the planetary cores outside of 10
au are more massive due to mutual collisions. In contrast to the
low-opacity case, planets that experience such impacts do not
typically start accreting gas readily. Even when they are massive
enough to accrete gas, which is about 20 ME as seen in the in-
situ simulations shown in the bottom right panel of Fig. 1, they
can not get rid of the impact energy before the gas disk disperses.

We find one out of a thousand systems which harbours a
planet between 10 and 20 ME outside of 10 au in the low-opacity
planetesimal accretion scenario. The system is shown in Fig.
6. There is one Jupiter mass gas-dominated giant at 0.8 au and
a 17 ME planet at 2 au. Outside of the candidate (red circle),
there is a 8.5 ME planet at 15 au. From this, we cannot exclude
the formation of a second ice-giant candidate in this scenario.
The masses of the planets outside of the candidate sum up to
11 ME but note that they are spread out over a range of 30 au
and most are less massive than 0.1 ME. The total leftover mass,
obviously, depends on the number of embryos that are initially
inserted but the majority of the leftover embryos do not grow
significantly. Most of the leftover mass comes from the two
most massive embryos and the formation of the second potential
candidate does not rely on the presence of the embryos inserted
even further out. We repeat here that this outcome is obtained
by inserting embryos at the same time and mass irrespective
of their orbital location. This leads to an optimistic outcome in

terms of planetary growth.

In the low-opacity pebble accretion case, there are four sys-
tems in which a planet between 10 and 20 ME forms outside of
10 au. In Fig. 7, we show these planetary systems in four pan-
els where the selected planets are highlighted by a red circle.
Note that, as found in the single-planet low-opacity pebble ac-
cretion simulations before, all of the selected planets are already
dominated by H-He and there are no ice giant candidates as de-
fined in Sect. 1. As in the planetesimal accretion case, there are
more massive planets inside of the selected planet. In every sys-
tem there is at least one gas-dominated planet of at least 100 ME
inside of 10 au. None of the selected planets are accompanied
by a second similarly massive planet outside of their orbit. The
masses of the other remaining planets outside of 10 au sum up
to between 6 and 14 ME. In the pebble accretion scenario, mul-
tiple embryos outside the candidate can grow to several Earth
masses. As discussed above, large amounts of H-He could be
removed from the candidates in collisions with these embryos.
This means that, in a multi-planetary setting, the constraints on
the envelope opacities become much less strict than what is in-
ferred from simulations of single planets. Given perfect collision
timing by chance, it is possible to reproduce Uranus/Neptune-
like H-He mass fractions for a wider range of planetary masses.
The planets inside of the gas-dominated giant, which is found in
all of the selected simulations, must be cautiously appreciated.
As mentioned in Sect. 2.4, the diffusion of small grains through
the gap induced by a massive planet is not well reproduced by
the dust model we use. This could lead to an underestimation of
growth for these inner planets. Since we do not insert embryos
within 5 au there could be additional massive planets that would
grow from embryos starting further inside. However, we know
from previous studies that, if planets are allowed to migrate, gi-
ant planets that are seeded from embryos starting inside of 5 au
typically end up inside of 1 au (Emsenhuber et al. 2021a; Kessler
& Alibert 2023).

5. Discussion

There are some limitations to the setups and underlying assump-
tions in this work. In the following, we discuss some of these
choices.

We sample initial conditions according to observations and
thus simulate a wide variety of disks. It is, however, possible
that due to large uncertainties and oversimplified models that
are applied to observations in order to make predictions on
disk parameters, we could be missing viable initial conditions.
If disks are different in size, metallicity, and lifetime than
currently thought, the simulations in this work have to be
revisited. For instance, since giant planet formation correlates
with more massive and more dust rich disks in planet formation
simulations, ice giants can, formally, form more easily at large
distances in such disks.
We are considering viscous disks with α = 10−3 which is an
assumption that, together with the external photo-evaporation
rates used, yields disk lifetimes that are in line with observations
(Emsenhuber et al. 2021b). We do not consider other α-values,
because the disk lifetimes are crucially important for the
formation of ice giants. The necessary calibration of external
photo-evaporation rates to different viscosities is beyond the
scope of this work. Especially the extension to lower viscosity
disks and disks driven by magnetic winds is subject of current
study and future work (Weder et al. 2023). A lower disk viscos-
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Fig. 5. Planet mass versus semi-major axis of one thousand simulations of 35 planets per disk after 5 Gyr considering planetesimal accretion (left)
or pebble accretion (right) with low (top) or high (bottom) envelope opacity. fκ is the envelope opacity reduction factor introduced in Sect. 2.2.
The colour of the points indicates the fraction of the H-He mass over the total planet mass. The orange bar highlights the 10 to 20 ME range.
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Fig. 6. Planet mass versus semi-major axis of the only system harbour-
ing a planet between 10 and 20 ME outside of 10 au (red circle) in the
low-opacity ( fκ = 0.003) planetesimal accretion setup shown in the top
left panel of Fig. 5. The colour of the points indicates the fraction of the
H-He mass over the total planet mass. The orange bar highlights the 10
to 20 ME range.

ity is linked to shorter formation timescales in pebble accretion
scenarios because pebbles grow larger as turbulence-driven
mutual collisions are less energetic and the pebble scale height
becomes smaller (Venturini et al. 2020). How the different disk

evolution paradigm influences planet formation generally, and
ice giant formation specifically, is still unclear.
Another crucial assumption in this work is the smooth nature
of the initial disk structure. Planet formation in structured
disks, particularly disks with rings of arbitrary origin, is a
currently intensely studied topic (e.g. Jiang & Ormel 2022; Lau
et al. 2022; Lee et al. 2022). It is generally found that, given
established rings in the disk structure, planet formation can be
highly efficient at these locations almost irrespective of distance
to the star. Depending on appropriate timing and lifetime of
such rings, it appears possible to sculpt virtually any kind of
planetary system. Of course, this just moves the fundamental
question about the formation history of the planets in such a
system to the formation mechanism responsible for the initial
rings and their evolution. Nevertheless, planet formation in
structured disks allows for otherwise difficult to explain massive
planets at large separations and could provide a solution to the
challenges of the formation of Uranus and Neptune.

The insertion of the planetary embryos is simple in multiple
ways. The embryos are added at the beginning of the simulation
no matter where they are and have the same 0.01 ME mass. This
leads to optimistic outcomes in terms of final planetary mass as
planets have the maximum amount of time to grow and can do
so immediately due to the considerable starting mass. This could
also have an adverse effect for the formation of ice giants when
considering migration as early growing planets have more time
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Fig. 7. Planet mass versus semi-major axis of the four systems harbouring a planet between 10 and 20 ME outside of 10 au (red circles) in the
low-opacity ( fκ = 0.003) pebble accretion setup shown in the top right panel of Fig. 5. The colour of the points indicates the fraction of the H-He
mass over the total planet mass. The orange bar highlights the 10 to 20 ME range.

to migrate inwards. However, as seen from all the simulations of
migrating planets when opacities are high, simply reaching the
ice giant mass regime is difficult in the outer parts of the disk.
This problem is accentuated when embryos form later and/or
less massive.

We simply scale the grain opacities of Bell & Lin (1994) by
a factor fκ. In reality, the opacity of the envelope depends on the
accretion rate, the properties of the accreted material, and the
evolution of this material in the envelope. Brouwers et al. (2021)
study the envelope opacity considering the evolution of accreted
pebbles. They find that the envelope opacity of growing planets
can vary by several orders of magnitude for different pebble
accretion rates at different distances from the star. Generally,
envelope opacities are higher for planets at larger distances
and for higher pebble accretion rates. As planets grow beyond
10 ME beyond 10 au, large opacities can only be achieved for
pebble accretion rates above of 10−5ME/yr. This highlights
that a constant envelope opacity is a simplified approach. They
conclude that in the case of Uranus and Neptune, the envelope
opacity was unlikely to be elevated sufficiently in order to
prevent runaway gas accretion unless these planets formed late
rapidly. In our setup, we do not model any late forming planets
as embryos are inserted in the beginning, but since, even in that
case, reaching the mass range of 10 to 20 ME is challenging
outside of 10 au, a rapid late Uranus and Neptune formation
scenario seems unlikely in an unstructured disk when planets
are migrating.
The accretion of solids and the heavy-element enrichment of the
envelope not only affects the opacity but also increases the mean
molecular weight of the envelope. In contrast to an increased

opacity, a higher mean molecular weight of the envelope
increases a planet’s ability to accrete gas (e.g. Stevenson 1982;
Hori & Ikoma 2011; Venturini et al. 2015; Venturini & Helled
2017; Valletta & Helled 2020). We do not currently model this
effect, therefore, the gas accretion rates may be underestimated,
especially in the high-opacity cases where higher heavy-element
enrichment could be expected. In order to prevent the onset
of runaway gas accretion of potential ice giants, the opacity
remains the governing quantity as it controls the cooling ability
of the growing planet. As discussed in Sect. 4.2, the opacities
can not necessarily be constrained by just looking at final masses
and the H-He fraction because the planetary composition can
be strongly altered by late impacts. Nevertheless, our approach
allows to identify the general dependence of envelope opacity in
the Uranus and Neptune parameter space.

In some Solar System formation scenarios, the giants of the
outer Solar System can move even closer than we consider in
this work. For instance, Walsh et al. (2011) propose that young
Uranus and Neptune could have formed at 5 and 8 au, respec-
tively. In this scenario however, the planets begin migrating out-
wards before they reach their current mass during the lifetime of
the disk. The outward migration of the four Solar System giants
takes place in resonance, and is driven by a wide gap in the gas
disk that is shared by young Jupiter and Saturn. During the out-
ward migration, the planets need to accrete the remaining mass
difference to fit the current properties of the Solar System. Our
simulations can not be compared to this scenario as a better mod-
elling of the planet gas interactions and gas disk gap structures is
necessary. It remains an open question whether the specific ini-
tial conditions required for this outward migration mechanism to
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work can be naturally obtained in a global formation model and
whether the planets are able to accrete the remaining mass when
accretion processes are modelled self-sufficiently. This interest-
ing inquiry is subject of future work.

6. Summary and conclusions

We examine populations with respect to the formation of
Uranus/Neptune-like planets in in-situ and migrating setups of
single and multi-planetary systems in planetesimal and pebble
accretion scenarios. The main findings can be summarised as
follows:

– The in-situ formation of a single ice giant from planetesimals
is challenging. The planetesimals have to be small (on the
order of kilometres) and a low envelope opacity is required
in order to allow for sufficient planetary growth.

– The in-situ formation of a single ice giant from pebbles is
possible, however, the H-He envelopes of planets above 10
ME tend to be too massive, leading to gas-dominated planets.
This problem can be alleviated by larger envelope opacities.

– The concurrent in-situ formation of a Uranus/Neptune-like
ice giant pair is challenging even in pebble accretion scenar-
ios. In general, the outer planet does not grow sufficiently in
disks where the inner planet reaches the 10 to 20 ME range.

– If planets are allowed to migrate, it is not possible to form
ice giants from a single growing embryo. Planets migrate in-
wards efficiently once they grow more massive than a few
Earth masses. This finding remains robust when thermal
torques leading to temporary outward migration are consid-
ered.

– When multiple growing planets per disk are considered,
growth in the outer parts of the system is enhanced compared
to the single-planet case due to mutual collisions. For plan-
etesimals, the requirements on small sizes and low envelope
opacities remain. In the pebble accretion scenario, a large en-
velope opacity prevents the planets from cooling after mutual
collisions and inhibits sufficient gas accretion. Low opaci-
ties, on the other hand, rather lead to gas-dominated planets,
similarly to the low-opacity in-situ scenario. However, sig-
nificant amounts of H-He can be stripped from the planets in
late collisions which loosens the constraint on the envelope
opacity but requires conveniently timed collisions.

– In the multi-planetary systems where a planet forms in the
10 to 20 ME range outside of 10 au, there is always at least
one gas-dominated planet in the inner system and the outer
system never harbours a second planet above 10 ME.

In this work, we study a large number of planets and plane-
tary systems in various planet formation scenarios using realistic
initial conditions for Sun-like stars. Yet, the formation of even a
single ice giant resembling Uranus or Neptune occurs exceed-
ingly rarely, highlighting the physical challenges that remain in
the way of an explanation for the formation of the outer Solar
System. This is the case despite the fact that our model is setup
for optimistic predictions in terms of planetary growth in mul-
tiple ways, as described in Sect. 5. We identify that a pebble
accretion scenario of multiple concurrently growing planets is
the best suited setup to form ice giants in our model. However,
Uranus/Neptune-analogues at 19.1 and 30 au, respectively, are
not found at all. We further conclude that planetary migration
is a vital ingredient for the outcome of planet formation, espe-
cially for planets at larger separations. This highlights that, in all
likelihood, the formation of Uranus and Neptune can not be un-
derstood without the formation of Jupiter and Saturn and future

modelling efforts should reflect that. Lastly, while the envelope
opacity plays a central role for ice giant formation, constraints on
the opacity can not easily be inferred from current H-He mass
estimates of Uranus and Neptune, due to the chaotic nature of
inter-planetary collisions which can change H-He mass fractions
drastically. Finally, in light of a future mission to Uranus, we
identify the need for a significant modelling effort to fully take
advantage of a detailed in-situ characterisation of Uranus.
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6 Conclusions and outlook

6.1 Conclusions
In this thesis, I apply a population synthesis approach using a global model of
planet formation and evolution. In both projects, the combination of various
physical processes is crucial for the results we present.
In the first paper, we show that the inclusion of pebble accretion does not necessar-
ily provide an easy formation pathway for giant planets. While in planetesimals-
only and pebbles-only simulations giants are able to form, the arising interplay
between concurrent accretion of planetesimals and pebbles, as well as planetary
migration, leads to a suppressed giant planet formation frequency. This highlights
the importance of the inclusion of planetary migration, as well as the adequate
treatment of the liberated accretion energy in planet formation models.
In the second paper, we explore different ice giant formation scenarios. Considering
a wide set of initial conditions and physical mechanisms, we show that there is no
straight-forward formation pathway emerging in over 13,000 simulations. This is
despite the fact that the models are deliberately set up to favour planetary growth
in the outer disk. The removal of growing protoplanets which are candidates to
become future ice giants is driven by inward migration. Global models of unstruc-
tured disks struggle with this problem as soon as planets grow beyond a couple
of Earth masses. We conclude once again that orbital migration is an extremely
important aspect of planet formation and not only relevant for the formation of ice
giants. In light of a future mission to Uranus, we identify the need for a significant
modelling effort to fully take advantage of a detailed in-situ characterisation of
Uranus.

In both presented papers, we highlight that due to the many interdependent
physical mechanisms acting in planet formation, a priori counter-intuitive results
can emerge and planet formation outcomes can not easily be predicted without
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performing the simulations. This underlines the fact that, while specialised mod-
els are vital in order to understand the specific behaviour of individual processes,
global models remain important to be able to make statements about the out-
come of planet formation given a multitude of these interlinked processes. I em-
phasize that this brings significant practical challenges and costly computational
requirements which remain a limiting factor with regards to the advance of planet
formation theory.

6.2 Outlook
Complementary to the existing telescopes, there are multiple exciting observa-
tional facilities coming online in the near future. The PLATO space telescope is
scheduled to launch in 2026 and will focus on the characterisation of terrestrial
exoplanets, providing us with fundamental insights on potentially habitable worlds
(Rauer et al., 2024). The Roman Space Telescope, scheduled to launch in 2027,
will perform a microlensing survey which extends the detectable parameter space
of exoplanets towards low-mass planets (≳ 0.01 ME) on orbits of a few au (Penny
et al., 2019). The direct imaging capabilities of the Extremely Large Telescope
(ELT), scheduled to receive first light in 2028, will open the door for atmospheric
characterisation in high-contrast direct imaging (Marconi et al., 2024). In 2029,
the Ariel space mission will again increase our capabilities to characterise exo-
planet atmospheres using transmission spectroscopy.
For planet formation and evolution modelling, the current and future measure-
ments of atmospheric abundances are an opportunity to link predicted elemental
abundances with observations. In order to be able to disentangle competing for-
mation scenarios, the tracking of bulk composition as well as the modelling of
the redistribution of elements in geochemical and geophysical processes within the
planets is crucial. These linked models, especially for the evolution of planets over
billions of years, are necessary in order to be able to link atmospheric measure-
ments of, for instance, water with the formation history of planets.

With the advent of resolved imaging of protoplanetary disks, a picture of preva-
lent disk substructures has emerged. Therefore, current and future formation
modelling efforts are moving towards disks with ringed substructures due to, for
instance, viscosity transitions or infall of cloud material onto the planetary disk.
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In order to understand how this new emerging paradigm shapes the planet for-
mation outcome on a population-level, a catalogue of well-characterised disks is
needed. Future planetary population synthesis studies where disk substructures
can be sampled from said catalogue are an interesting prospect. However, it re-
mains challenging to detect forming planets in these disks and, therefore, it is still
unclear whether disk substructures can be seen as an initial condition for planet
formation or whether they are a signature of ongoing planet formation. Personally,
I find this is one of the most intriguing current questions in the field. Given my
experience over the last four years, I suspect that the answer is more complicated
than the question might suggest.





A Viscous diffusion equation

The 1D axially symmetric viscous diffusion equation of a surface density Σ of a thin
disk can be obtained by considering mass and angular momentum conservation of
an annulus extending between r and r+∆r of mass M = 2πr∆rΣ (Pringle, 1981;
Frank et al., 2002; Armitage, 2020). The rate of change of mass is given by the
difference of mass entering at r and exiting at r +∆r:

∂M

∂t
=

∂M(r)

∂t
− ∂M(r +∆r)

∂t
. (A.1)

Considering mass flowing with a velocity vr in the radial direction, mass conser-
vation is given by

∂

∂t
(2πr∆rΣ) = 2πrΣ(r)vr(r)− 2π [r +∆r] Σ(r +∆r)vr(r +∆r). (A.2)

For small ∆r, the following linear approximations hold for Σ(r+∆r) and vr(r+∆r)

Σ(r +∆r) = Σ(r) +
∂Σ(r)

∂r
∆r, (A.3)

vr(r +∆r) = vr(r) +
∂vr(r)

∂r
∆r. (A.4)
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Therefore, equation (A.2) can be rewritten as

r∆r
∂Σ

∂t
= rΣ(r)vr(r)− [r +∆r]

×
[
Σ(r)vr(r) + Σ(r)

∂vr(r)

∂r
∆r +

∂Σ(r)

∂r
vr(r)∆r +O

(
∆r2

)]
= −

[
Σ(r)vr(r)∆r + r

∂Σ(r)

∂r
vr(r)∆r + rΣ(r)

∂vr(r)

∂r
∆r

+ O
(
∆r2

) ]
= −

[
∂

∂r

(
rΣ(r)vr(r)∆r

)
+O

(
∆r2

)]
. (A.5)

Dividing by ∆r and considering the limit of ∆r → 0, we finally obtain

r
∂Σ

∂t
= − ∂

∂r

(
rΣvr

)
. (A.6)

The angular momentum of the annulus is J = jM , where j = r2Ω is the angular
momentum per unit mass at orbital frequency Ω. The rate of change of angular
momentum is given by the change in mass distribution in the annulus due to a
radial mass flow vr and the net torque. For now we just consider a torque Γ
of unspecified origin. In the same form as equation (A.2), angular momentum
conservation reads

∂

∂t

(
r2Ωr∆rΣ

)
= r3Ω(r)Σ(r)vr(r)

− [r +∆r]3Ω(r +∆r)Σ(r +∆r)vr(r +∆r)

+
1

2π
[Γ(r)− Γ(r +∆r)] . (A.7)

As before, and with the additional approximations for Ω(r +∆r) and Γ(r +∆r)

Ω(r +∆r) = Ω(r) +
∂Ω(r)

∂r
∆r, (A.8)

Γ(r +∆r) = Γ(r) +
∂Γ(r)

∂r
∆r, (A.9)
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angular momentum conservation can be rewritten as

∂

∂t

(
r2ΩrΣ

)
∆r = . . . = − ∂

∂r

(
r3Ω(r)Σ(r)vr(r)

)
∆r

+
1

2π

∂Γ(r)

∂r
∆r +O

(
∆r2

)
. (A.10)

Again, dividing by ∆r and considering the limit of ∆r → 0, we finally obtain

∂

∂t

(
r2ΩrΣ

)
= − ∂

∂r

(
r2ΩrΣvr

)
+

1

2π

∂Γ

∂r
. (A.11)

We can eliminate vr by assuming ∂Ω
∂t

= 0 combining equations (A.6) and (A.11)
as follows

r3Ω
∂Σ

∂t
= −r2Ω

∂

∂r

(
rΣvr

)
− ∂

∂r

(
r2Ω
)
rΣvr +

1

2π

∂Γ

∂r

= r3Ω
∂Σ

∂t
− ∂

∂r

(
r2Ω
)
rΣvr +

1

2π

∂Γ

∂r
, (A.12)

therefore we obtain,
∂

∂r

(
r2Ω
)
rΣvr =

1

2π

∂Γ

∂r
, (A.13)

and

rΣvr =

(
2π

∂

∂r
(r2Ω)

)−1
∂Γ

∂r
. (A.14)

Finally, combining equations (A.14) and (A.6) yields the general equation for the
surface density time evolution

∂Σ

∂t
= −1

r

∂

∂r

[(
2π

∂

∂r
(r2Ω)

)−1
∂Γ

∂r

]
. (A.15)

As described in chapter 2.1, angular momentum is transported due to a viscosity
ν. The viscous force Fϕ between two neighbouring annuli over a full orbit of length
2πr, acting in the azimuthal ϕ-direction is given by

Fϕ = 2πrνΣr
∂Ω

∂r
, (A.16)
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where r ∂Ω
∂r

is the shearing rate caused by the differential orbital frequencies. The
net torque Γ at distance r is then simply

Γ = rFϕ = 2πr3νΣ
∂Ω

∂r
. (A.17)

Assuming a central point mass, a star of mass M⋆, the orbital frequency is the
Keplerian frequency

ΩK =

√
GM⋆

r3
, (A.18)

with radial derivative
∂ΩK

∂r
= − 3

2r
ΩK. (A.19)

In this case, equation (A.15) can be rewritten in terms of Σ, r, and ν

∂Σ

∂t
=

3

r

∂

∂r

[
ν
∂Σ

∂r
r +

1

2
νΣ

]
. (A.20)

This is usually rewritten as (Lüst, 1952; Lynden-Bell and Pringle, 1974)

∂Σ

∂t
=

3

r

∂

∂r

[
r1/2

∂

∂r

(
νΣr1/2

)]
. (A.21)

To estimate the stellar accretion rate, the steady-state solution is useful. Setting
the angular momentum equation (A.11) to zero and integrating yields

const. = −r3ΩΣvr +
1

2π
Γ

= −2πr3ΩΣvr + 2πr3νΣ
∂Ω

∂r

= Ṁr2Ω + 2πr3νΣ
∂Ω

∂r
, (A.22)

where Ṁ = −2πrΣvr and the definition of the viscous torque Γ (A.17) are used1.
Considering the simple case of the disk extending all the way to a non-rotating

1Note that the constant on the left-hand side is multiplied by a (constant) factor of 2π on the
second line.
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star of radius R⋆, the orbital frequency Ω of the gas increases continuously from 0
to ΩK in a narrow boundary layer of width rbl. Since ΩK decreases with distance,
there is a transition where ∂Ω

∂r
= 0 which is where Ω becomes Keplerian. Assuming

the boundary layer is thin, equation (A.22) simplifies to

const. = ṀR2
⋆ΩK(R⋆) (A.23)

and using the definition of ΩK (A.18), the steady-state surface density Σ of a disk
with viscosity ν and a constant accretion rate Ṁ is

Σ =
Ṁ

3πν

(
1−

√
R⋆

r

)
. (A.24)
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