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Introduction

This thesis consists of three separate and self-contained chapters on financial economics. The
first chapter focuses on explaining anomalies in the US Treasury market and discusses a policy
recommendation in the light of the current discussion on how to restructure the market after
several crises. The second chapter takes a broader macroeconomic view and focuses on safe
assets in general and not “just” on US government bonds. Nevertheless, similar to one of the
main anomalies discussed in the first chapter (which is related to liquidity premia), we examine
convenience yield differences across assets with different liquidity. We also return to the US
Treasury market to test our theoretical predictions. The third and final chapter looks into the
future and is more related to decentralised finance. It analyses how unsecured credit can be
sustained despite anonymity (as the latter is a desire of many modern decentralised finance
applications). Key is the availability of a public ledger technology, as a blockchain can provide
it. In the following, I describe each chapter and its contribution and main findings in a short

sumimary.

Chapter 1 The US Treasury market is one of the most important and liquid markets in the
US financial system, is crucial for the conduct of monetary policy and is used as a benchmark
around the world. Against this background, it is worrying that this market has broken down in
several episodes.! Liquidity can evaporate quickly, as seen in the March 2020 crisis.

And even in normal times there are anomalies in the market. Every day, Treasuries with
a value of USD 40 billion fail to settle.? In the data, I observe that this failure rate differs
depending on whether a Treasury is so-called on-the-run or off-the-run. On-the-run Treasuries
are all Treasuries issued at the last auction of their maturity, and off-the-run Treasuries are all

others. The data shows that off-the-run Treasuries fail twice as often.? In addition, for the same

!Severe market disruptions occurred in October 2014, September 2019 and March 2020 (see U.S. Department
of the Treasury et al. (2015), Anbil et al. (2020) and Schrimpf et al. (2020)).

“Data on settlement fails are provided by the Depository Trust and Clearing Corporation (DTCC) and can
be downloaded here: https://www.dtcc.com/charts/daily-total-us-treasury-trade-fails.

3Separate data on fails in on- and off-the-run Treasuries are reported in the NY FED’s Primary Dealer
Statistics.



cash flow and maturity, they have to pay a much higher yield and are traded in much lower
volumes than on-the-run Treasuries.* This yield anomaly is called the on-the-run premium (see
Vayanos and Weill (2008) and D’Amico and Pancost (2022)).

In the first part of the first chapter, I document these anomalies and explain them using
a model in which dealer inventory risk is key. My work is complementary to others on these
anomalies such as Vayanos and Weill (2008). Compared to the model of Vayanos and Weill
(2008), which has a premium on either the on-the-run or the off-the-run asset (depending on
the equilibrium), in my model the premium is always on the on-the-run asset.> In a second
step, I use my model to analyse one of the recommendations on how to restructure the market.
The debate on whether the market structure needs to be redesigned was catalysed by the
recent market crisis in March 2020. Off-the-run Treasuries were at the epicentre of the crisis
(Wells (2023)). It is therefore interesting to distinguish the impact on on- and off-the-run assets
separately. I analyse the impact of broad access to central bank facilities. Due to the growing
size of the Treasury market and the regulatory costs of large bank balance sheets, more and
more non-banks are active in the Treasury market. This calls into question any superior access
of primary dealers to central bank facilities.

A key role in my model is played by sellers active in the Treasury market, who short certain
Treasuries (i.e. on- or off-the-run Treasuries) to buyers of them. When a Treasury is on-the-run,
all primary dealers have similar stocks of it (as it has just been issued) and shortsellers can locate
them. On the other hand, the inventories of off-the-run Treasuries held by primary dealers vary
according to their past trading history. The trading history is influenced by the over-the-counter
frictions of the Treasury market. Varying inventories imply uncertainty about the amount of
assets available when short sellers trade with primary dealers. This leads to a higher frequency
of settlement fails for off-the-run assets. This makes them unattractive, leading to lower trading
volumes, and they have to pay a higher yield, resulting in the on-the-run premium.

I also test my theory empirically using data from the NY Fed’s Primary Dealer Statistics.
Consistent with my theory, I find a positive correlation between on-the-run premia and settle-
ment fails in off-the-run assets and a negative correlation between the latter and primary dealer
inventories.

In the second part of this chapter, I show that broad access to a reverse repo facility stimulates
trading. The on-the-run premium decreases and I present empirical evidence consistent with

this finding. On the other hand, settlement fails increase and, surprisingly, it’s the primary

“The TRACE data reports trading volumes in on-the-run and off-the-run Treasuries. The TRACE data is
available here: https://www.finra.org/finra-data/browse-catalog/about-treasury/monthly-file.

5The reason is that I explicitly take into account the different time the assets have been in the market since
issuance.



dealers who benefit from wider access, not those who gain access.

Chapter 2 The US government bonds I discussed in the previous chapter are so-called safe
assets. But as we have just seen, their valuation depends on more than just their safety.
There are other reasons for holding safe assets, such as the fact that they are often highly
liquid. A large literature discusses safe assets and convenience yields, centred around a seminal
contribution by Krishnamurthy and Vissing-Jorgensen (2012).% Differences in convenience yields
can be substantial even when the assets are very similar. The second chapter of this thesis,
co-authored with Ragnar Juelsrud, Plamen Nenov and Olav Syrstad, focuses on this aspect.
We analyse theoretically and empirically the cross-section of convenience yields on safe assets.
We show how it adjusts and affects welfare in response to changes in various factors such as
overall or compositional changes in supply and aggregate market risk (e.g. during flight-to-
safety periods). Our results can also be used to assess the impact of central bank operations
such as quantitative easing and operation twists on welfare. Importantly, in all our results we
discuss the direct effects on the targeted assets but, more interestingly, also the spillovers to all
other assets.

We use a tractable asset pricing model with multiple safe assets and a risky benchmark
portfolio. Agents face liquidity risk and can only self-insure by holding and trading assets. The
assets differ in their transaction costs. The convenience yield is given by the return of any safe
asset with positive transaction costs relative to the return of the most liquid (zero transaction
cost) safe asset in the economy. As a first step, we decompose the convenience premia into their
underlying drivers. We identify an aggregate price of convenience in the economy. Any change
in this will affect the convenience yields of all safe assets. However, the price of convenience is
not “only” a pricing factor. It also measures the equilibrium liquidity scarcity in this economy
relative to a first-best full liquidity insurance. The price of convenience is therefore a sufficient
statistic for this economy’s deviations from first-best.

We use our framework to discuss the impact of changes to the “pool of safe assets”. We
look at changes in the composition and overall size of the pool. For example, changing the
composition of the pool by substituting less liquid safe assets for more liquid ones reduces
the overall price of convenience, shrinks the convenience yields on all safe assets and increases

welfare. The opposite substitution works in the opposite direction. We refer to this effect as

SRelated papers include Krishnamurthy and Li (2023), Nagel (2016), Caballero et al. (2016) and Krishna-
murthy and Vissing-Jorgensen (2015), to name a few. The literature on transaction costs and trade frictions is
also related, as will become clearer later. See for example Vayanos and Vila (1999),Vayanos (2004) and Vayanos
and Vila (2021). Finally, we use differences in the Treasury-OIS spreads across assets as a measure of conve-
nience yields. Other papers using the Treasury-OIS spread are He et al. (2022), Du et al. (2023) and Klingler
and Sundaresan (2023).



the “purifying effect” (and “polluting effect” for the opposite substitution). Therefore, the type
of safe asset that is substituted or added to an economy matters for aggregate liquidity and
welfare. As central bank interventions, such as operation twist and quantitative easing, also
affect the economy by changing the composition and overall supply of safe assets, our analysis
can be used to assess the asset pricing and welfare effects of these interventions.

Finally, we find a safety value channel during periods of increased aggregate risk or risk
aversion. This is interesting in terms of flight-to-safety periods. Due to a revaluation effect of
risk-free assets, all convenience premia decline when such risks increase.

In the second part of the chapter, we then test our theoretical predictions using data from
the US Treasury market. We use the difference in the Treasury-OIS spreads’ between longer
term Treasuries and 3-months Treasury bills (a double difference) as the counterpart to the
convenience yield between safe assets in our model. To test the predictions for the supply of
safe assets, we use two sources of variation: First, we use changes in primary dealer positions
as a proxy for the supply of Treasuries of different maturities to market participants. Second,
we use debt ceiling episodes to obtain exogenous variation in the supply of Treasuries. Finally,
for our other results, we use the VIX as a measure of risk and the MOVE Index as a proxy
for transaction costs, as it measures the yield volatility of US Treasuries and is thus closely
correlated with illiquidity (Duffie et al. (2023)). Our theoretical results are confirmed by the

data.

Chapter 3 There is a widespread belief that credit cannot be anonymous in the absence of
collateral. It is assumed that knowledge of the borrower’s identity is necessary to punish him
in case of default. In the third chapter of this thesis, co-authored with Remo Taudien, we
show the existence of an anonymous credit equilibrium. Anonymity comes in different forms.
We apply the concept of pseudonymity, where agents use, for example, wallet addresses to
trade while keeping their identities hidden. Pseudonymity lies between the two extremes of
strict anonymity and full information. This form of anonymity is interesting because many
emerging decentralised finance (DeF1i) applications are built on it, emphasising the importance
of anonymity. They often use blockchain technology, as it allows for the maintenance of a public
ledger of all past activities of wallet addresses, which is necessary to maintain pseudonymity.
With this in mind, it is surprising that there are not many studies analysing pseudonymous
credit. Relevant papers on credit, pseudonymity or endogenous credit limits are for example

Friedman and Resnick (2004), Wang and Li (2023) and Alvarez and Jermann (2000).%

TOIS stands for overnight indexed swap.
8As we will combine credit with reputation accumulation (see the discussion below), the “starting small”



In our model, there are borrowers and lenders. Borrowers use accounts to trade with lenders,
and only their actions (as borrowing and repaying) are revealed to each other and to the public
(not the identities of the borrowers). Borrowers and lenders meet bilaterally “through the
accounts” in a first of two subperiods. The lender produces a good that the borrower is unable
to produce and wants to consume. The borrower cannot produce anything for the lender in
this subperiod and can therefore only promise to repay in the next subperiod. Trade in this
economy is therefore based on credit. A key feature of our model is that a previous default can
always be “hidden” by opening a new account, which is possible at zero cost. Moreover, the
opening of a new account does not necessarily have to be due to a previous default, since new
entrants to the economy also open up new accounts.? In our main result, we show that credit
can still be sustained. We show how to build up reputation schemes that allow for credit and
always exist. Key is that accounts with higher reputations are rewarded with more credit. This
makes default costly, even though new accounts (i.e. pseudonyms) can be created at zero cost.
However, such a pseudonymous credit system is not without cost. Since each new account holder
starts with a small amount of credit due to low reputation, new entrants will initially also receive
a small amount of credit and therefore have a low consumption rate. An interesting side result
of our work is that although agents are allowed to have two accounts with positive reputation
in parallel (and as many as they want in sequence), they only use one. Intuitively, using a
second account would mean forfeiting the chance to consume with the account that already
has a higher reputation. Finally, we show that instead of free accounts and building reputation
over time, making accounts costly can also prevent default and maintain a pseudonymous credit
equilibrium. This last example has a high technological feasibility and applicability.

Our thought experiment is a first step towards a future with a decentralised financial system,

where agents can extend unsecured credit to each other while maintaining their anonymity.

literature (see Hua and Watson (2022) for an example) is also related. From a model perspective, the new
monetarist literature is relevant (see Lagos et al. (2017) for a review of this literature).
9In our model, borrowers leave the economy with an exogenous probability and are replaced by new borrowers.

7



First Chapter

On-the-run Premia, Settlement

Fails, and Central Bank Access



On-the-run Premia, Settlement Fails,

and Central Bank Access!

Abstract

The premium on “on-the-run” Treasuries (i.e. the most recently issued ones) is an
anomaly. I explain it using a model in which primary dealers hold inventories of Trea-
suries. Primary dealers are more likely to hold large inventories of on-the-run Treasuries.
There is also less variation across primary dealers in the available stock of on-the-run
Treasuries compared with all other, so-called off-the-run Treasuries. Because on-the-run
Treasuries are easier to find, they trade at a premium. My theory is consistent with the
USD 40 billion of Treasury contracts that fail to settle each day, with the median failure
rate of off-the-run Treasuries being almost twice that of on-the-run Treasuries. I use the
model to analyse the effects of granting access to central bank facilities to non-banks
active in the Treasury market. Broad access stimulates trading and reduces the on-the-
run premium, but settlement fails increase and, counterintuitively, only primary dealers

benefit.

T thank Bruno Biais, Martin Brown, Jens Christensen, Stefania D’Amico, Michael Fleming, Refet
Giirkaynak, Arvind Krishnamurthy, Ricardo Lagos, Antoine Martin, Cyril Monnet, Plamen Nenov, Dirk
Niepelt, and the participants of the Macroeconomics PhD Seminar of the University of Bern (2021),
Central Bankers Course on Money Markets, Liquidity, and Payment Systems (2022), Macroeconomics
Workshop Hasliberg (2022), BDP Alumni Conference (2022), Brown Bag Seminar of the University
of Bern (2022), 35th Australasian Finance & Banking Conference (2022), Swiss Society for Financial
Market Research Conference (2023), the seminar at the Bank of Canada (2024), the Bank of England
(2024), and the Sveriges Riksbank (2024) and other seminars and conferences for feedback, insights, and
discussion.



3.1 Introduction

With an average daily trading volume of half a trillion US dollars, the US Treasury market is
one of the most important and liquid markets in the US financial system, crucial to the conduct
of monetary policy and a key pillar of the US economy. Despite its importance, the US Treasury
market exhibits some irregularities, which I describe in detail in the next section and summarise
here.!

First, it is well known that on-the-run Treasuries — the most recently issued Treasuries — trade
at significantly lower yields, higher prices and lower repo rates than other Treasuries (known
as off-the-run) with similar cash flows and maturity dates, giving rise to a puzzling arbitrage
opportunity known as the “on-the-run” premium (see Vayanos and Weill (2008), D’Amico and
Pancost (2022) and figure 3.2a in the next section).? Second, despite trading at a premium, the
volume of trades in on-the-run Treasuries is much larger than that in off-the-run Treasuries (see
figure 3.2b in the next section). Third, on average USD 40 billion of Treasury contracts fail to
settle each day (see figure 3.3a in the next section). Fourth, interestingly, failure rates differ by
Treasury type, with on-the-run Treasuries having a median settlement failure rate almost half
that of off-the-run Treasuries (see figure 3.3b in the next section).

These stylised facts and irregularities raise the following questions: How can there be a
premium on certain Treasuries and why is it always on the on-the-run Treasuries? Why do the
cheaper off-the-run Treasuries trade at lower volumes? How can there be settlement fails in a
benchmark market such as the US Treasury market, and why do the off-the-run Treasuries fail
to settle more often?

In the first part of the paper, I develop a model of the US Treasury market to answer these
questions. In the second part, which I describe in more detail below, I use it to conduct policy
analysis motivated by current discussions about how to restructure the market.

The US Treasury market model incorporates the key features of the market that I describe in
section 3.2: It is an over-the-counter (OTC) market where primary dealers are the first acquirers
of Treasuries at the primary auction. I assume that there are three types of agents: sellers,
buyers and primary dealers. A seller is any financial entity other than a primary dealer, such
as a non-bank, that sells Treasuries short. A buyer is akin to a long-term holder of Treasuries,
such as a pension fund. There are different types of Treasuries, on- and off-the-run, and to

simplify the model I do not model the primary auction of Treasuries, but assume that primary

!The average daily trading volume is the volume reported to TRACE between February and October 2023.
The TRACE data is available here: https://www.finra.org/finra-data/browse-catalog/about-treasury/monthly-
file.

2See figure 3.12.4 in the appendix for a graphical representation of the on-the-run cycle.
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dealers are endowed with the latest issue of Treasuries.> Buyers have the highest valuation for
Treasuries, but the market is segmented and they cannot contact primary dealers directly, only
through sellers.

In a first market, sellers sell financial contracts to buyers that promise to deliver a specific
type of Treasury (for short, on- or off-the-run, including maturity date). Because the seller can
fail to settle, the contract is secured by collateral. Next, sellers contact primary dealers to buy
the desired type of Treasury in an OTC market. There, the seller is randomly matched with a
primary dealer. The primary dealers always have the most recent issue of Treasuries in their
inventory, as they have just been auctioned. However, depending on their trading history, they
may not have enough of the desired off-the-run Treasuries. In this case, the seller fails to settle
and he delivers as many Treasuries as possible to the buyer in accordance with their contracts.
If necessary, the buyer seizes the collateral to cover the undelivered amount. These fails do not
occur with on-the-run Treasuries because all primary dealers hold the same inventories since
they were just filled up. Once all the trades have been conducted, the sellers can deposit any
remaining idle balances in a central bank facility and receive an interest rate on them.* Sellers
then go into the next sequence of trades.

In equilibrium, I show that the occurrence of settlement fails leads to a preference for the
safer on-the-run Treasuries. Because they have been in the market for a shorter time, sellers
are more likely to find them and they have a greater chance to settle. Therefore, on-the-run
Treasuries trade at a premium and in greater volume than off-the-run Treasuries with the same
cash flow and maturity date, explaining the stylised facts for the US Treasury market mentioned
in the beginning. I also provide empirical evidence that lower inventories imply more settlement
fails in off-the-run Treasuries, and more such settlement fails imply higher on-the-run premia,
as predicted by the model.

In a second part of the paper, I use the model to shed light on the current policy discussion
about the need to restructure the Treasury market (see the discussion at the Jackson Hole con-
ference by Duffie (2023)). The background to this discussion is epitomised by the US Treasury
market crisis of March 2020. In the aftermath of the great financial crisis of 2007, primary
dealers faced tighter regulatory constraints, leading them to reduce their balance sheet space

for Treasuries. At the same time, the US Treasury market grew strongly. Non-bank financial

3In the extension in section 3.10 the auction is included.

4The facility in my model can be interpreted as a deposit facility or a reverse repo facility where I focus on
the cash leg and abstract from the collateral part. First, the facility’s repos are general collateral repos and
the cash lender is willing to receive any security that falls into a broad class. He does not search for a specific
security (Bowman et al. (2017)). Second, even if the facility were to provide a specific security that was sought,
the security would have to be returned the next day and the facility would only provide temporary availability.
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institutions have filled the space left by primary dealers.> But in March 2020, the presence
of non-banks in the US Treasury market led to a rapid drying up of liquidity and a sharp
decline in market depth, exacerbated by the reluctance of primary dealers to take more US
Treasuries onto their balance sheets (Eren and Wooldridge (2021)). Off-the-run Treasuries were
at the epicentre of the crisis (Wells (2023)). This is reflected in the on-the-run premia across

all maturities, which rose sharply as shown in figure 3.1.5

On-the-run Premium
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—— 10y bonds
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=
w

104
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Figure 3.1: On-the-run premia during the “March 2020” breakdown

Among their ten recommendations for the US Treasury market, the Working Group on
Treasury Market Liquidity led by Duffie, Geithner, Parkinson and Stein recommends broad
access to central bank repo financing (Duffie et al. (2021)). They criticise the current facility
for providing limited access to primary dealers and banks rather than a broad range of market
participants.”

The model helps to understand the impact of broad access to central bank facilities on
prices, premia, traded quantities, fails and profits (in a general setting in normal times). A
first observation is that the facility is not a substitute for trading, but rather complements it.
In this model, the facility (like a deposit or reverse repo facility) generates a certain return on
liquid funds between trades for those who have access. This feeds back into the overall cost of
trading. If sellers gain access, an increase in the facility rate stimulates trading and prices rise.

The stimulated trading implies that more Treasuries end up in the hands of buyers and less in

50n the BrokerTec platform, one of the main marketplaces, non-banks, especially principal trading firms,
already accounted for more than half of the trading in benchmark 5-year, 10-year and 30-year bonds in 2015.
Traditional banks and dealers had a share of 30-40%.

5As in Christensen et al. (2017), the on-the-run yield is subtracted from the par yield of seasoned bonds.
The data are taken from the FED yield curve, which is an updated version of the original Gilirkaynak-Sack-
Wright curve (Giirkaynak et al. (2010)), https://www.federalreserve.gov/data/tips-yield-curve-and-inflation-
compensation.htm, and the FRB-H15 tables, https://www.federalreserve.gov/releases/h15/.

"Another example is the FED’s reverse repo facility. An increasing number of institutions already access this
facility (Frost et al. (2015), Baklanova et al. (2015) and Marte (2021)).
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the inventories of primary dealers. Settlement of off-the-run Treasuries is more likely to fail.
The reason is that as more Treasuries are sold early, fewer are available during the off-the-run
period.

Interestingly, as I found in the data, the premium decreases as the facility rate rises. The
reason is intuitive: as off-the-run Treasury prices initially rise, so does the value of the collateral.
This leaves buyers better off in the event of default, and buyers increase their demand for the
contract with the off-the-run Treasuries. Therefore, the increase in the price of the off-the-run
Treasuries is greater than the increase in the price of the on-the-run Treasuries. Also because
of this additional demand effect, the increase in the quantity of off-the-run Treasuries traded is
initially larger than the increase in the quantity of on-the-run Treasuries.®

Paradoxically, in equilibrium, only the primary dealers benefit from a rise in the facility rate,
and those who are granted access do not. This is because the primary dealers can now sell more
Treasuries at a higher price. By contrast, perfect competition in the contract market erodes
any advantage that sellers may have. Finally, buyers of Treasuries lose, first through higher
prices and second through an externality. The buyer does not take into account that if he buys

more Treasuries early, fewer will be available during their off-the-run period, implying a higher

default rate.?

Related Literature First and foremost, my paper is related to the literature on the on-the-
run premium. A well-known framework for the on-the-run premium is provided by Vayanos
and Weill (2008). They have a setup where there are two assets with identical cash flows and
agents can go long or short an asset. Since short sellers have to deliver the asset they have
borrowed, they face search externalities and favour the asset that is more liquid. Liquidity is
self-fulfilling in their model. As in Vayanos and Weill (2008) T also include OTC market frictions
and delivery constraints in my model. However, my model is dynamic whereas theirs is static.
In addition, I include a key factor to explain the on-the-run premium: the fact that one asset,
the off-the-run asset, has been available in the market for a longer time. This also allows for
equilibrium selection with a premium on the on-the-run asset, which is not the case in Vayanos
and Weill (2008), who have two self-fulfilling equilibria with the premium on either asset.
Another theory of the on-the-run premium comes from Pasquariello and Vega (2009). In
their model, the premium arises from endowment shocks. There are two frictions: information
heterogeneity and imperfect competition among traders. My model is similar to theirs in the

sense that I include uncertainty due to limited information. In my model, the uncertainty

8This policy effect is particularly relevant in the context of the recent crisis, where the market for off-the-run
Treasuries froze (Eren and Wooldridge (2021)).
9Few of the results depend on search frictions being above a small minimum. See appendix 3.12.2.5.
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is about the stock of off-the-run Treasuries. In their model, it is with respect to on-the-run
Treasuries, since the endowment shocks received by agents are private information.

Broadly speaking, compared to Vayanos and Weill (2008) and Pasquariello and Vega (2009),
my model focuses on primary dealer inventory and intermediary settlement risk to explain the
premium. All dynamics are driven solely by the fact that Treasuries are in the market for a
different length of time since issuance. This element implies that the premium is always on the
on-the-run asset. The model allows for a more general discussion of the US Treasury market
and, in addition, I can also analyse the impact of central bank facility access.

Empirical work attempting to explain the on-the-run premium includes, for example, Stre-
bulaev (2002), Goldreich et al. (2005) and D’Amico and Pancost (2022). Strebulaev (2002)
suggests that the premium may measure differences in tax treatment rather than liquidity pre-
mia. Goldreich et al. (2005) distinguish between current and future liquidity and suggest that
expected future liquidity, not just current liquidity, determines prices and is a significant driver
of the on-the-run premium. D’Amico and Pancost (2022) link the on-the-run premium to the
risk of unexpected fluctuations in the collateral value of Treasuries.

A recent paper related to mine is Corradin and Maddaloni (2020). They build on Vayanos
and Weill (2008) and study central bank intervention. Compared to my paper, they do not
study access to facilities but central bank purchases. Specifically, they analyse how purchases
by the European Central Bank affected repo specialness in the Italian government bond repo
market during the euro area sovereign debt crisis. Specialness is the premium paid to procure a
particular security in the repo market. On-the-run securities often trade as “special”. Important
early work on this topic was done by Duffie (1996) and Krishnamurthy (2002). Corradin and
Maddaloni (2020) show that purchases reduce liquidity and increase specialness in the presence
of short selling. They also show that assets in high demand and older assets with lower turnover
are more likely to fail. The probability of default increases with the specialness of the asset. In
contrast, Liu and Wu (2017) show that the on-the-run premium is low when counterparty risk
is high. Compared to my model, the risk in Liu and Wu (2017) and Corradin and Maddaloni
(2020) refers to variations in a general risk measure or only in the specific asset. Corradin and
Maddaloni (2020) focus exclusively on crisis periods, Liu and Wu (2017) state that their results
are particularly pronounced in such periods.

Second, my paper adds to the literature on settlement failures (see, e.g., Fleming et al. (2014),
Fleming and Garbade (2002), Fleming and Garbade (2004), Fleming and Garbade (2005), and
Garbade et al. (2010)) as well as on non-banks in the Treasury market and their access to the

reverse repo facility (see, e. g. Eren and Wooldridge (2021), Doerr et al. (2023), and Frost et al.
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(2015)). More generally, my work examines the microstructure of the Treasury market and
speaks to the literature discussing how to reform it (see, e.g. Duffie (2020), Duffie et al. (2021),
Duffie (2023), Durham and Perli (2022), Fleming and Keane (2021), He et al. (2022), Schrimpf
et al. (2020), and Vissing-Jorgensen (2021)). The literature on the OTC market environment
and dealer markets is also related (see e.g. Duffie et al. (2005), Huh and Infante (2021), Lagos
and Rocheteau (2009), and Li and Schiirhoff (2018)).

The structure of the paper is as follows: Section 3.2 describes the US Treasury market, section
3.3 the environment and section 3.4 the value functions. The equilibrium is also defined. Section
3.5 proves the existence of our main equilibrium of interest. Section 3.6 discusses how the model
explains the stylised facts and why the premium is always on the on-the-run Treasury. Section
3.7 empirically analyses the relationship between the on-the-premium, the settlement fails, and
the primary dealer inventories in the data and tests theoretical predictions. The implications of
broad access to central bank facilities are analysed in section 3.8. Given the theoretical results,
section 3.9 analyses the dependence of the on-the-run premium on the reverse repo facility rate

in the data. Section 3.10 presents the Treasury life cycle. Section 3.11 concludes.

3.2 Description of the Treasury market

In this section I describe the US Treasury market, its structure and trading dynamics, and
provide evidence for the stylised facts highlighted in the introduction.

The Treasury spot market is OTC (Fleming et al. (2018)). This means that there is no all-
to-all trading at a central venue and no central pricing. Depending on the security traded and
the trading partners involved, the degree of friction in the OTC market varies. For example,
dealer-to-dealer trading of benchmark on-the-run Treasuries on electronic platforms such as
BrokerTec is less frictional than interdealer and dealer-to-customer trading of the less liquid
off-the-run Treasuries intermediated on voice and more manually assisted electronic platforms
(Bessembinder et al. (2020) and U.S. Department of the Treasury et al. (2015)).°

On-the-run Treasuries are the most recently issued Treasuries of a given maturity, and all
previously issued Treasuries of the same maturity are referred to as off-the-run. As figure 3.2a
shows for 10-year Treasuries, on-the-run Treasuries trade at significantly lower yields than off-
the-run Treasuries with very similar cash flows and maturity dates.!! They also have higher

prices and lower repo rates. The term “very similar” refers to the fact that, in general, there

0The overall share of trading on all types of electronic platforms in the US Treasury market is 70 percent
(Bech et al. (2016)).

"The data are taken from the FED yield curve, which is an updated version of the original Giirkaynak-Sack-
Wright curve (Giirkaynak et al. (2010)), https://www.federalreserve.gov/data/tips-yield-curve-and-inflation-
compensation.htm, and the FRB-H15 tables, https://www.federalreserve.gov/releases/h15/.
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are not two Treasuries in the market with exactly the same cash flow and maturity date where
one is on-the-run and the other is off-the-run. In fact, if you want to compare Treasuries with
the same overall maturity, it is impossible to do so. In practice, therefore, one either compares
Treasuries with the same overall maturity using an estimated off-the-run yield curve (see, for
example, the first figure in Christensen et al. (2017)), or one abstracts from small differences in
cash flows and maturity dates, or one compares on- and off-the-run Treasuries with the same
maturity date that have a different overall maturity (see, for example, Christensen et al. (2020)).
In figure 3.2a, as in Christensen et al. (2017), the on-the-run yield is subtracted from the par
yield of seasoned bonds.

Also, despite being more expensive and far fewer in number, on-the-run Treasuries trade in
much larger volumes than off-the-run Treasuries, as shown in figure 3.2b.!? This is true whether
I look at dealer-to-customer or interdealer and automated trading system (ATS) trades.

Another surprising fact is that, on average, USD 40 billion of Treasuries are not delivered on
time to settle a contract each day.'3 These events are commonly referred to as “settlement fails”.
Figure 3.3a shows the failure rate, which is calculated by dividing the value of Treasuries that
failed to be delivered on time by the value of all Treasuries traded. Interestingly, the failure rates
differ depending on whether a Treasury is on- or off-the-run, and figure 3.3b shows that fails
involving on-the-run Treasuries are less frequent than those involving off-the-run Treasuries.™

The OTC structure implies that there are search costs that can explain settlement fails. In
particular, search costs become relevant when financial contracts include delivery constraints.
For example, spot market trades are often complemented by special repo trades to short-sell
specific Treasuries. “Special” refers to the fact that the collateral of the repo is fixed and
determined by its number, called ISIN or CUSIP, and the repo may have a rate that differs
from the general collateral rate. To short-sell a particular Treasury, it is borrowed using a
special repo and sold in the market today. The next day, a Treasury with the same ISIN or

CUSIP is bought in the spot market, preferably at a lower price than it was sold on the previous

12Trading volumes in on-the-run and off-the-run Treasuries are the volumes reported to TRACE between
February and October 2023. The TRACE data is available here:
https://www.finra.org/finra-data/browse-catalog/about-treasury /monthly-file.

13The data is provided by the Depository Trust and Clearing Corporation (DTCC) and can be downloaded
here: https://www.dtcc.com/charts/daily-total-us-treasury-trade-fails. In times of stress, the daily value can
spike. Current policy discussions consider central clearing as an effective way to significantly reduce fails in the
future (Fleming and Keane (2021)). For more information on settlement fails, see Fleming and Garbade (2005).

14The data are from the FED’s primary dealer statistics. It includes outright and financing fails. The median
failure rate for on-the-run Treasuries is 0.36% and the median failure rate for off-the-run Treasuries is 0.66%. The
rates are not an exact measure. This is because one part of the time series used in the calculation is an average
over the reporting week and the other part of the time series reports a value as of the reporting weekday. Given
the high frequency, this should not matter and the observed pattern is clear. Each series is outlier adjusted,
where an outlier is defined as being below the 2.5% percentile and above the 97.5% percentile. Rates up to 2.5%
are shown in the figure. Few rates are higher.
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Figure 3.2: Yields and volumes

Treasury Fails 2022 Settlement Failure Rates
—— daily total value

off-the-run
1201 on-the-run
2.01
100 A
1.5 L L

80 . . . .

billion USD
percent

60 -

40 1

2ol
0‘1 62 0‘3 d4 0‘5 66 0‘7 O‘B 06 1‘0 1‘1 1‘2
month in 2022

(a) Daily settlement fails (b) Fails of on- and off-the-run Treasuries

Figure 3.3: Fails

day, and returned to the lender in the repo transaction. If such a Treasury cannot be found,
a settlement fail occurs. The borrower of the Treasury in the repo transaction pays a penalty,
the Treasury Market Practice Group (TMPG) fail charge.!® Fleming and Keane (2021) write
that on-the-run Treasury fails account for less than a quarter of all fails in non-crisis periods.'®
The figure in Fleming et al. (2014), presented in the appendix 3.12.3, shows that gross fails are
much higher in seasoned Treasuries than in others (including on-the-run Treasuries).

Note that arbitrage to exploit the price difference between on- and off-the-run Treasuries

involves short selling, but is mostly prohibited by efficient markets because repo rates for them

also differ (Krishnamurthy (2002)).

5For more information on the TMPG fail charge, see https://www.newyorkfed.org/tmpg and Garbade et al.
(2010).

161 addition, they also note that on-the-run Treasuries are more often involved in so-called daisy chain fails.
One fail implies another as the trades are linked in a chain.
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3.3 The environment

Time is discrete and goes on forever, t = 0,1, ..., 00. The discount factor is § € (0,1) and each
period consists of two subperiods. There are three types of infinitely lived agents in the model:
a buyer, a seller, and a primary dealer.!” There is a continuum in each type.

There are two segmented sequential markets. The first market is called the spot market. It
takes place in the first subperiod and is an OTC market. The second market is Walrasian and
takes place in the second subperiod. It is called contract market. Figure 3.4 gives an overview

over the timeline.

t-1 t t+1
p B
Contract Spot Contract Spot
Market Market Market Market
(centralised) (0TC) (centralised) (0TC)

Y

@ atch

@Hl

trade of trade of trade of trade of
contracts assets and contracts assets and
settlement settlement

Figure 3.4: Timeline

There are two goods: a settlement good and real coupons. The settlement good m € Rg is
storable and divisible. Coupons § are perishable and are given by two assets: one asset gives
one coupon per each second subperiod for two consecutive periods, the other for one period.
Assets are storable and divisible. An asset is on-the-run if it belongs to the most recently issued
generation of its maturity. Therefore, in each period there are two types of on-the-run and one
type of off-the-run assets available for trading: the two-period assets maturing in two periods
(2), the two-period assets maturing in one period (f), and the one-period assets maturing in
one period (n). The letters n and f refer to their respective on-the-run (n) and off-the-run (f)
state. I will refer to them henceforth as the on-the-run asset and the off-the-run asset. The
two-period asset maturing in two periods is also on-the-run, but its state is not relevant to the

analysis.'® Figure 3.5 gives an overview over the assets and their cash flow.

17A seller is any financial entity other than a primary dealer. It can for example be a non-bank. A buyer can
be interpreted as a long-term holder (e.g. a pension fund).
180nly in very few contexts both types of on-the-run assets are meant when using the term on-the-run.
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Figure 3.5: Assets in period ¢

The figure illustrates that the on-the-run (n) and off-the-run (f) assets are identical in terms
of maturity date and coupon. The only difference is the issuance date. Therefore, I compare
these two assets to measure the on-the-run premium.'® At the beginning of each period, primary
dealers are endowed with a stock I? = Z € Rt of newly issued two-period assets and a stock
I" = T € Rt of newly issued one-period assets. The primary dealers’ stock I7 of off-the-run
assets is endogenous. I assume that buyers and sellers have knowledge of the primary dealers’
inventory stock of newly issued assets. They also know the distribution of primary dealers
inventories of off-the-run assets (as they know the matching probability described below), but
not the inventories of each primary dealer.

All agents have linear utility ¢ from consuming the coupons in the second subperiod. Buyers
additionally receive utility g each period when holding an asset.?’ Sellers do not value the
coupons.?! All agents have linear utility (disutility) from consuming (producing) the settlement
good. The seller can produce it only in the second subperiod. The others can always produce
it.?2 It is used to settle trades. It has properties similar to money except that it is a real asset.?

In the OTC spot market, primary dealers and sellers trade assets. Primary dealers have a
match with probability (1 — o) > 0 with a seller. Only matched primary dealers can trade.

Sellers always have a match with a primary dealer.?* Buyers have no access to this market.

19The two assets have the same cash flow to maturity and the same maturity date as in Vayanos and Weill
(2008) and Pasquariello and Vega (2009). See also, for example, Christensen et al. (2020) for how the premium
can be measured. Note that if I would use the two-period on-the-run asset to calculate the premium, I would
have to abstract from the second coupon rate as cash flow differences should not be the reason for the premium.
The premium and all other results would remain the same.

204 can be interpreted as a hedging benefit from holding the asset or simply as a different valuation.

21Tt would not change any results if sellers would value the coupons as much as primary dealers.

22This aspect of the model ensures that there is no incentive for the seller to build up settlement goods only to
deposit them in the facility. An agreement between a seller and a buyer or a primary dealer whereby the buyer
or primary dealer would produce settlement goods for the seller so that the seller could deposit it and pay it back
later with a profit is not possible because the seller cannot commit.

23The only difference from a nominal model is that the settlement good does not lose or gain value over time
due to inflation. The dynamics would not change with a nominal model, and therefore discussing inflation would
not add anything relevant.

241 make this assumption for simplicity. Changing it would not change the dynamics.
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Primary dealers sell quantities of assets A’ to sellers at price p’, where i = {2, f,n}. They face
an adjustment cost of k(A*) when selling assets i in terms of settlement good.?> The function
introduces a non-linearity into the model and leads to an interior solution and a determined
price.?6 T assume that x(0) = 0, x'(A%) > 0, ”(A?) > 0, and that the function is continuous.?”
Possible interpretations of the function are a nonlinear portfolio adjustment cost (see Garleanu
and Pedersen (2013) and Bacchetta and van Wincoop (2021) for examples) or a regulatory cost
(see, for example, Macchiavelli and Pettit (2021)).

In every other subperiod so-called contracts are traded by the seller and the buyer. The
market is called contract market. The seller sells the contracts to the buyer. A contract is
a list 1" = [a’,w’, ¢']. o’ specifies the amount of assets i promised to be delivered in the next
subperiod. Sellers cannot commit. w’a’ is the collateral (in settlement good) that the seller has
to post at the moment of selling the contract. The buyer has first claim over the collateral in
the event of non-delivery.?® ¢’ is the contract price in the second subperiod. ¢‘a’ is the payment
(in settlement good) due from the buyer at settlement in the next subperiod. Figure 3.4 gives
an overview over the markets.

In the basic model the seller has access to a central bank facility. The facility can be accessed
every first subperiod for one subperiod. Sellers can deposit settlement good and receive an
interest rate r; on it. I assume that S(1 + r;) < 1. This implies that it is not worthwhile to

accumulate settlement good one period in advance in order to deposit it in the facility.??

3.4 Value functions and equilibrium

3.4.1 Primary dealer

The primary dealer value function at the beginning of the contract market, when holding asset
inventories 17, Itf ,and I} is
VPR =T, 0f 1} =T) = 81— o){ D [pidi — w(A) + 8(1] — AD)] + BVP(T.T - 42, T)}

(3

+ &;{Z S + 5VD(I,I,I)}.

23In equilibrium they only sell assets.

26The main results also hold without this function. It gets relevant when I discuss access.

2T Another possibility would be that the function depends on the sum of all assets sold. But I can show that
for a positive premium this cannot be the case. Also, I need that the function is increasing and convex.

28The collateral in the form of settlement good is similar to the Treasury Market Practice Group (TMPG) fails
charge. This fee allows a buyer of Treasuries to claim monetary compensation from the seller if the seller fails to
deliver the Treasuries on time. For more information, see https://www.newyorkfed.org/tmpg and Garbade et al.
(2010).

29T could in addition assume that primary dealers also have access to the facility, but this does not change the
dynamics. This is why I am omitting it to ease notation.
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With a probability of (1 — o), the primary dealer has a match with a seller in the spot market
and can sell assets. Optimal prices and quantities are determined by the bargaining problem
(3.2) described below. For each kind of asset i € {2, f,n}, the primary dealer sells the optimal
amount A%, When selling the amount A! he receives the price p for each of them and faces the
cost r(AL). In addition, he cannot consume any future coupons of these assets but only of his
inventory left, (I} — A%). With probability o the primary dealer has no match and consumes the
coupons of his inventory of assets. The inventory of off-the-run assets, Itf , depends on whether
the primary dealer had a match in the previous period and, if so, how much was traded. The
inventory is therefore endogenous. The primary dealer is also endowed with the newly issued
assets I? and I'. As they are just issued, their inventory is of size Z. The three inventory
quantities are the state variables.

The amounts A% sold and the price pi are determined by a bargaining problem between the
primary dealer and the seller. I assume that the primary dealer has full bargaining power.3°
This means that he sets the price just as high such that the seller is indifferent between delivery
and non-delivery, i.e. (¢i_, —pj+wj_,)aj = ¢;_,aj. The price therefore equals the collateral
value w! ;:

p=wi 4 Vi and t. (3.1)

The primary dealer maximises his trade surplus. The Lagrange function to his maximisation

problem in each period t is given by:3!

LHALDL NN Y) = (AL — K(A]) — 0A; — BOAT) + X, [I} — Aj] + X, [af — Al
i (3.2)
+ 81—, [Z - A2,

The trade surplus is given by the income generated, piA! minus the costs x(A%) and the
opportunity costs in terms of coupons, —§A: — 36A7. Note that for the asset maturing in
two periods, the primary dealer takes into account that if he sells the asset today, he not only
forgoes the coupon today but also tomorrow. For each type of asset, the primary dealer faces

an inventory constraint, AZ < I}. He cannot sell more than what he has. In addition, he cannot

30Given that the seller already has skin in the game, due to having sold a certain number of contracts, this is
a reasonable assumption.

3Mf the primary dealer does not sell the two-period assets today, then the assets remain in his inventory in
the next period if he has no match, or if he has a match, I assume that a part is sold and the rest remains
in his inventory as well. This means that his inventory constraint on the off-the-run assets is not binding if
he still has the full inventory available in the next period. I will show later why I assume that this holds in
equilibrium and that I can always find equilibria where it does. The surplus can be written as pt Al — K(AY) —

SAL -8 [U(SA,% +(1-0) (p{+1Atf+1 —r(A]) + 6 (A? - A{“))]
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sell more than what the seller is willing to buy of each type of asset given by ai. Therefore the
following constraint needs to hold: A} < al. The primary dealer makes a take-it-or-leave-it offer
to the seller subject to his delivery constraints. He sets the price as such that the seller is just
as well off with the purchase as without it. In both cases the seller receives the contract price
¢¢_. If he delivers he has to buy the asset at price pi but he can keep his collateral w!_;.

The first order conditions are:

P} =K (AD) + 6+ B0+ N2+ X2+ B(1 — o),
pl = KA +6+ M+ (3.3)

PP =K (AP) + 6+ AP + A

The prices equal the marginal costs faced when selling the assets and take into account poten-
tially binding constraints. A! is the Lagrange multiplier of the inventory constraint A! < I}. X%
is the Lagrange multiplier of the demand constraint A% < al.

The complementary slackness conditions are:

N(I}—AY)=0 Viandt

Nial — A =0 Vi and t.

The inventories of the newly issued assets equal Z, i.e. I? = I]' = Z. The inventory of off-the-
run assets Itf can take two values. The primary dealers who had a match the period beforehand
have an inventory of Itf h = Itf = Z. The one who did not have a match have an inventory of
Itf b = Itf =T — A? |. The letter h stands for high and the letter [ for low, corresponding to the
higher and lower inventories, respectively. Given the probability of having no match is o, by the
law of large numbers a share o of primary dealers has an inventory of Itf " and a share (1-0)
has an inventory of Itf ! 1 denote the Lagrange multiplier of the inventory constraint of the
high inventory group /\{ " and that of the low inventory group )\{ ! T denote the sold off-the-run
assets of the high inventory group A,{ " and those of the other group A{ !, The other Lagrange
multipliers are the same for both groups. In the following I assume that AP = \? = )\f = .
The equilibrium where this holds is our main equilibrium of interest. In section 3.12.1 I discuss
other equilibria. In these other equilibria, the main dynamics are the same. They are extreme

cases of the main equilibrium.
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3.4.2 Buyer

The buyer and seller anticipate which of the primary dealers’ inventory constraints are non-
binding and which are potentially binding when trading. They do this because they know the
distribution over inventories. As mentioned above, I assume that A} = \? = )\{ M — 0. This
means that primary dealers are unconstrained in selling assets if they still have the full amount
of the assets in their inventory. Given this assumption, I have to distinguish two cases: )\{ Lo
and )\{ L= 0. A fraction (1 — o) of primary dealers has already sold a part of its stock of assets
in the previous period and if A{ t>0 they face a demand for assets today that will exhaust the
remaining stock. If )\{ ! = 0 the demand is lower than the remaining stock.

The buyer’s value function at the beginning of the contract market is

VP(aiy) maxz Bai_1a; + B8 +9) (Zat—l—at 1)

{at}:

+801-0) [0y = (6+9)] (@] = 1L o+ BVP(aD).

The buyer’s state variable is aZ ;. These are the assets he bought last period and which did
not mature yet. For each asset, the buyer chooses how many he wants to buy from the seller.
For each asset he wants to buy, he must build up the payment ¢!_,a} in the form of settlement
goods the next period at settlement. The assets are delivered in the next period at settlement,
and the buyer receives utility (§+¢) from each asset he holds. If I am in the case where )\{ T,
then with a probability (1 — o) his seller encounters a primary dealer who is constrained in his
inventory of off-the-run assets and only Itf ! instead of a{ assets are delivered. For the amount
f

of assets for which there is a settlement failure (a{ - Itf ’l), he receives the collateral w{_lat .

The first order conditions are

g1 > (1+5)(6 +9)
a1 = (0+9) (3.4)
a2 (G+9)+1—0) Wl —(G+9)| Ly
The prices are greater or equal the discounted marginal utilities. The price of the two-period
on-the-run asset is twice the price of the one-period on-the-run asset before adjusting for dis-

counting. If I am in the case where settlement fails can occur, i.e. )\{ LSS 0, then the price of

the off-the-run asset also reflects the risk of a settlement failure.
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3.4.3 Seller

The seller’s value function at the beginning of the contract market is®?

Ve = ?%XZ —wl qal + 1+ Tt)Z(Qi—l — P} +wi_1)a;
Aygi :

(2 (2

+ B+ )=o) (pf —w el — Iy o+ BV,

The seller chooses the optimal number of contracts to sell to the buyer. That is, he chooses for
each asset the amount he is willing to deliver in the next period. He has to build up collateral
w!_;al in the form of settlement goods to support a contract. w! is taken as given. In the next
period, the seller goes to the spot market and buys the assets. For each asset he can deliver,
he receives the price ¢! ; from the buyer, he pays the spot market price pi to the primary
dealer, and he can keep his accumulated collateral (all in the form of settlement goods).?? Any
remaining funds after the trade, he can deposit in the central bank facility and receive an
interest rate r on them.3* If I am in the case where )\{ s 0, then with probability (1 — o) he is
matched with a primary dealer who is constrained and can only deliver Itf ! instead of a{ . For
this amount of non-deliverable assets (a{ — Itf ’l), the seller’s collateral is seized and given to the
buyer. The seller does not buy this amount on the spot market and therefore does not have to
pay the spot market price.

The first order conditions are

wiy > B+ 1) (g — P +wiy)
>80 Fo ol W 1 1—o)pl —wl D1 3.5
wi_g = B +71)(g_y —p; +wiq) +BAL+71)(1—0)(py —wiy) M50 (3.5)

witq > B +7r) (g1 — Py +wiiq)-

The collateral value that has to be built up today is greater or equal to the contract price he
receives tomorrow and the value of the collateral he can keep minus the spot price he has to
pay to acquire the asset. If )\f >0 non-delivery occurs with probability (1 — o) and in this

case he does not have to pay the spot price but he cannot keep the collateral.

32The seller never buys assets for himself. The reason is that there are negative gains from trade because the
primary dealer and the seller value the asset the same but if they were to trade, they would face the adjustment
cost.

33The seller delivers an asset if pi < wi_;, which is the case in equilibrium for all 4 and ¢. This means that the
value of the collateral seized in case of non-delivery must be as high as the value of the assets he buys on the spot
market. Since this constraint is always satisfied (see section 3.4.1), it is not added to the maximisation problem.

34In equilibrium, the funds are not negative.
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3.4.4 Equilibrium and premium definition

Before I define the equilibrium I make two assumptions.

First, I assume that if the buyer and the seller are indifferent to buying more or less assets
(after accounting for the probability of a settlement failure), I assume that they are willing to
buy the maximum amount of assets that is profitable and that the primary dealer can sell. This

implies that in each equilibrium

a? = Af
ay = A} (3.6)
a{ = A{’h.

Note that in any equilibrium, as soon as an inventory constraint starts to bind, so does the
corresponding constraint on the contracts. Also, if one is slack, the other is slack. The only
exception is X{ ’l, which can be zero even if )\{ b 0, but not vice versa. Therefore, as I
concentrate on equilibria where A = \? = )\{ h— 0, then also n = X? = X{ h— .

Second, I assume in the following that due to perfect competition and market regulation the
contract price and the collateral values adjust in equilibrium such that the first order conditions
of the buyer and the seller hold with equality. This means that there is a non-zero finite amount

of contracts sold in all assets, a} € (0, c0) Vi.

Definition 1 (Equilibrium). An equilibrium consists of
a) the contract and spot prices of all assets (qi_; Vi and pi Vi),

b) the assets contracted (a Vi) and sold (A?,A,?,A{’h, and A{’l),

c) the collateral values (wi_ | Vi)

and the primary dealer, the buyer, and the seller behave optimally given contract prices q}:_l
and collateral values wi_; ((3.8), (3.4), (3.5)) and the delivery constraints (5.1) and market

equations (3.6) are satisfied.

Next, I define the on-the-run premium.

Definition 2 (On-the-run premium). The on-the-run premium is defined as Ay = p} —p{.

As mentioned above, the on-the-run and off-the-run assets have the same cash flow to ma-
turity and mature on the same day. The only difference is their issuance date. To measure the
on-the-run premium I compare these two assets. A positive (negative) premium implies that

the yield to maturity of the on-the-run asset is lower (higher) than that of the off-the-run asset.
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3.5 Existence

This section focuses on the case where \? = \}' = )\{ h — 0. This means that primary dealers
are unconstrained if they still have the full stock of assets available, i.e. Z > maz (A7, A}, A{: .
As argued in the previous section 3.4.4 Al = X? = X{ " = 0 holds as well.

I argue that in an equilibrium where there is a non-zero premium, it must be the case that
At >0 and M = 0. Therefore in this equilibrium Z € (maxz(AZ, AP, A", A2 | + Al 35
This means that primary dealers who sold some of their inventory in the previous period and

can sell again today, are constrained. All other primary dealers are not constrained.

Proposition 1. In an equilibrium where T > maxz (A2, A}, A{’h), a necessary condition for the

on-the-run premium to be non-zero is T < A7 | + A{’h.
Proof. See appendix 3.12.2.1. O

I need constrained primary dealers for an equilibrium with a positive premium, because this
gives rise to settlement fails. The fails imply the premium (see section 3.6). Without settlement
fails, both assets are priced the same, since they are perfect substitutes in this case.?® Therefore,

our equilibrium candidate is the equilibrium where )\{ 0.

Proposition 2. A necessary and sufficient condition for the existence of the equilibrium with
T € (max(A?, A}, A{’h),A%_l + A{’h) is o > %g, which implies positive trade in all

assets. I can always find issuance sizes I where this equilibrium exists.
Proof. See appendix 3.12.2.2. O

For positive demand in off-the-run assets, the probability of a settlement fail, (1— o), cannot
be too high. Therefore the condition. Given the condition of the proposition is satisfied, I
show in the proof that I can always find an Z where our equilibrium of interest exists, i.e. Z €

(max (A2, A7, A{ . AZ 4+ A{ 1) T call this equilibrium from now on “premium equilibrium?” .

Definition 3 (Premium equilibrium). The premium equilibrium is the equilibrium where

)\{’l > 0 and all other Lagrange multipliers are zero.

I will restrict the further analysis to the premium equilibrium. In the appendix 3.12.1, I

discuss other equilibria. The dynamics and intuition are the same as in the premium equilibrium.

35Note that I could also add the knife-edge case where Z = max(A?, A™, Af’h) and A} =\ = )\{’h = 0. To
make the notation easier, I omit it.

361 use a linear utility function, but this is true for any utility function where the assets are perfect substitutes,
i.e., only the sum of the two assets matters.
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I summarise the main result of this section as follows: For an equilibrium with a premium,
I need that some primary dealers are inventory constrained. The equilibrium always exists if
the probability to find the off-the-run assets is high enough such that buyers and sellers want

to trade it.

3.6 Premium equilibrium

In this section I analyse and discuss the premium equilibrium. To motivate my theory, I first
show the scatter plot between the 10 year on-the-run premium and the net outright positions
of primary dealers in 10 year Treasury bonds in figure 3.6.37 I observe that there is a negative
correlation between the on-the-run premium and the net outright positions of the primary
dealers with tight 95% confidence bands. In my theory primary dealer inventory risk will be

key to explain the on-the-run premium.
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Figure 3.6: The correlation between the premium and the net positions

3.6.1 Graphical example with the two-period asset

To discuss the relevant dynamics in the premium equilibrium, I illustrate the life cycle of two
two-period assets issued in period ¢ in the figure 3.7 below (dark blue dots).
In period t — 1 the buyer buys a contract from the seller. In period ¢ the assets are issued

and on-the-run. Every primary dealer receives one asset in his inventory. I restrict here the

3"The data sources for the on-the-run premium are the same as in figures 3.2a. The
net positions of primary dealers can be downloaded from the FED’s Primary Dealer Statistics,
https://www.newyorkfed.org/markets/counterparties/primary-dealers-statistics. The frequency is weekly. The
data are deflated using the “Consumer Price Index for All Urban Consumers: All Items in U.S. City Average”,
which can be downloaded from FRED. I set the index to 1 when the series starts in 2010.

27



inventory to one asset for illustrative purposes. On the spot market the seller is matched with
one of the two primary dealers, buys the asset and delivers it to the buyer against a payment
in the form of settlement good (not illustrated).?® The other primary dealer was not matched
with a seller and keeps his asset in his inventory. After the spot market, the contract market
takes place in the second subperiod. The buyer buys again one contract promising the delivery
of this asset. In period ¢ + 1 the assets are off-the-run (as new assets are issued).>® On the
OTC spot market, the seller is matched with the primary dealer who was able to sell his asset
already the period beforehand. A settlement fail occurs. Nevertheless it is optimal for the buyer
to initially buy one contract.

He takes the probability of a settlement fail into account when

taking his decision.

on-the-run off-the-run
period period
t-1 6 t B t+1
Contract OTC spot Contract OTC spot
Market Market Market Market
buy o settle- i buy o fail to i
contract ment contract deliver :

®

O,

O promised asset A matched
® asset issued in t e o
, , iD: (D)
asset issued in e
t+1 ® L

Figure 3.7: Dynamics

The figure shows only one kind of asset, the two-period asset. In the model there is also the
one-period on-the-run asset. It’s easy to see that settlement fails occur for off-the-run assets,
but not for the on-the-run assets. Inventories do not differ for on-the-run assets because they

are less long in the market. As I show in the next subsection, in equilibrium there is a premium

38The asset stays in the portfolio of the buyer until it matures in ¢ + 1.

39In my model the assets are always off-the-run after one period because new assets are issued (here depicted
by the light blue dots). For simplicity the buyer does not buy any contract promising the delivery of these new
assets in this example.
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for on-the-run assets because they do not fail to settle compared to off-the-run assets where the
probability of failure is priced in.

To sum up, the time since issuance is the only feature that distinguishes the two assets. And
it is precisely this difference, combined with OTC market frictions and delivery constraints,
that leads to settlement fails and hence the premium.?® Finally, it is worth pointing out that
off-the-run assets are scarcer (see figure). However, it is uncertainty, not scarcity per se, that
causes the premium. A scarce asset that could be bought without uncertainty would not lead

to fails and the premium.

3.6.2 Equilibrium prices, quantities, premium, and fails

In the premium equilibrium, the following equations for prices and quantities hold:

pi =B +7)(0+9)

P = oAy L+ )

p;=1+B)B1+r)(+9g)

and

A = KB+ 14)(8 + g) — 0]

Al = [1_(1_;(1+rt)ﬂ6(1+rt)(5+g)—6

Alt=1- 47,

K(AD) =W + B(1 - 0)r'(T — A7)

where W = [(1 +8) = BO — 0) ==y | BA+ )@ + g) — (1 + Bo)s.

I can observe from the equations that the spot prices directly depend on the buyer’s “valu-
ation” of the assets (J + ¢g). The on-the-run price of the two-period asset is (1 4 ) times the
on-the-run price of the one-period asset, because the buyer receives twice utility from it. All of
my results with respect to the premium would also hold if I would compare the two-period off-
the-run asset to the two-period on-the-run asset and abstract from the cash flow in the second

period to make them equal in terms of cash flow.

4OWithout settlement fails, both assets would be priced only according to the marginal utility that the coupons
(incl. additional utility g) give to the buyer. This is true not only for any linear utility function like the one used
here, but also for any non-additively separable non-linear function. Once a buyer has obtained the assets, there
is no reason why the on- and off-the-run assets should not be substitutes, given that they have the same coupons
and are held to maturity.
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The quantity of the two-period asset maturing in two periods and the off-the-run asset
traded by constrained dealers depends on the issue size Z. The reason for the first mentioned
fact is that when these two-period assets are sold, it is taken into account that less can be sold
tomorrow due to the binding inventory constraint. This binding inventory constraint is then
also the reason why the amount of off-the-run assets traded by constrained primary dealers
depends on 7.

Lastly I derive the on-the-run premium. I deduct p{ from py. This gives rise to the premium

according to the following proposition:

Proposition 3. The on-the-run premium is given by: A = |1 — m B4 ry)(d +

g)>0. Ifc — 1, then A — 0.

The on-the-run premium depends on the buyer’s asset “valuation” (6 + g), the probability
to find the off-the-run assets o, and (1 4 r;) which is the discount factor cost of the seller for
binding collateral. If assets would be found with certainty in the second period, i.e. ¢ — 1,
then the premium vanishes.*!

It is important to point out that key for a positive on-the-run premium to arise is
h 1
I+

In the premium equilibrium, unconstrained primary dealers have a full inventory, i.e. Itf h—1 ,
and constrained ones have a reduced inventory, i.e. Itf L A? | with A? | > 0. Therefore,
Itf hs Itf ! Tt is this difference in inventories that leads to the uncertainty that implies settlement
fails. The fails themselves imply the premium. Compared to Vayanos and Weill (2008) the
premium is always on the on-the-run asset.

Lastly, I define the settlement failure rate of asset ¢ as the value of assets ¢ involved in a fail
divided by the overall amount of assets promised to be delivered:

i PillaispPi(al — )
b piai

where P} is the failure probability. As A" = 0 it follows that /' = 0 and as A/ > 0 it follows
feal_1f

Pt a; ag

Our equilibrium is consistent with the four stylised facts described in the introduction. First,

on-the-run assets are more expensive than off-the-run assets (positive on-the-run premium).

“IThe premium also vanishes if & = 0 but then I am not anymore in the premium equilibrium and the formula
above does not hold.
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Second, they trade in larger volumes. Third, settlement fails occur and lastly, off-the-run assets

fail to settle more often. I show this in the following proposition:

Proposition 4. In the premium equilibrium

Py > pl

AP > oA+ (1 - o)A
fl>o0
1> 1
Proof. See appendix 3.12.2.3. O

In equilibrium not only pj* > p{ but also A} > O'A{ hy (1— O')A{ ! ie. on-the-run assets
not only have a higher price but are also traded in larger quantities. Both equilibrium results
can be explained by the fact that off-the-run assets are less attractive because they fail to settle
more often. It is contrary to common intuition that a scarcer asset has the lower price, but this
observation is consistent with what is observed in the market (U.S. Department of the Treasury
(2022)).

I summarise the above discussion as follows: The on-the-run premium is due to differences
in inventories of off-the-run assets as they are longer in the market. The reason is as follows:
Some of the off-the-run assets are locked up in buy-and-hold portfolios because they have already
been sold during their on-the-run period. Since not all primary dealers faced the same demand
during the on-the-run period due to the OTC market structure, there are differences in their
inventories at the start of the off-the-run period. This implies uncertainty about the amount of
assets available in an upcoming match with them in the OTC market. This leads to a higher
frequency of settlement fails for off-the-run assets, as contracts promising their delivery cannot
always be fulfilled. There is a preference for on-the-run assets because their settlement is not
risky. Compared to off-the-run assets they are safe in this aspect. This implies that they carry
a premium, i.e. are more expensive on the spot market, and trade in larger quantities than

off-the-run assets.

3.7 On-the-run premium, settlement fails, and inventories in

the data

Next, I analyse whether my theory is consistent with the empirical evidence. From the theory

I derive two hypotheses, which I test:
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Hypothesis 1. A higher failure rate leads to a higher premium.
Hypothesis 2. Lower primary dealer inventories lead to a higher failure rate.

The first hypothesis follows directly from proposition 3. There I show that if the probability
of finding the assets, o, goes to 1 (no fails occur), then the premium vanishes. Otherwise, there
are settlement fails that lead to the premium. Therefore, in a first step, I regress on-the-run
premium data on the failure rate of off-the-run assets. My theory predicts a negative coefficient.

Second, I conjecture that lower primary dealer inventories lead to settlement fails. To test the
second hypothesis, I regress the failure rate of off-the-run assets on the net outright positions
in Treasuries of the primary dealers. Lower net outright positions are expected to capture
inventory uncertainty. Given my theoretic results, I should observe a negative coefficient.

I first examine the relationship between the failure rate and the on-the-run premium. For the
outcome variable in the first regression (see table 3.1), I use data of the 1, 2, 3, 5, 7, 10, 20, and
30 year on-the-run premia. Each maturity, denoted by m and day, denoted by ¢, in the sample
is a separate observation. The explanatory variable, the failure rate of off-the-run Treasuries,
is not available for different maturities. The explanatory variable is therefore the same for each
on-the-run premium maturity. I run three regressions. In the first, I only regress on the failure
rate. In the second, I add other control variables. The additional control variables are the
logarithm of the VIX, the 10 year - 2 year yield spread, and the general collateral financing repo
rate. In the third regression, I add additionally crisis and maturity fixed effects. The crisis fixed
effects capture the months October 2014, September 2019, and March 2020. In these months
there was a crisis in the Treasury market (see U.S. Department of the Treasury et al. (2015),
Anbil et al. (2020), and Schrimpf et al. (2020)). As we use weekly data, the crisis dummies
are equal to one in each week within these months. The maturity fixed effects capture each

maturity m of the on-the-run premia. The regression equation (3) is given by

On-the-run premium, ,,, = o, + B Failure rate off-the-run Treasuries; + [2 In(VIXy)
+ (B3 10 year - 2 year yield spread,
+ B4 General collateral financing repo rate,

+ B6 Lio/14,0 + B7 Log/10,¢ + Bs Loz 20,6 + -

The results are shown in table 3.1. As expected, the coefficient of the failure rate is positive.
It is significant at the 5% level (with and without additional control variables and fixed effects).
If I do not control for any other variables, then an increase in the failure rate by 1 percentage

point, increases the premium by 2.2 basis points, which is about half a standard deviation. The
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size of the effect is almost the same if I add the additional control variables.

(1) (2) 3)

Premium Premium Premium

Failure rate off-the-run Treasuries 2.2483**F* 2 4206*** 2.3150%**

(0.630) (0.563) (0.503)
InVIX 1.1706%**  1.1653 ***
(0.570) (0.492)
10 year - 2 year yield spread 0.2605 0.1965
(0.364) (0.346)
General collateral financing repo rate 0.0128 -0.0364
(0.314) (0.287)
Constant 1.1459%**  -2.5491 -2.0929
(0.412) (2.054) (1.878)
Crisis and maturity fixed effects No No Yes
No. Observations: 3760 3760 3760
R-squared: 0.017 0.025 0.219
Adj. R-squared: 0.017 0.024 0.216

Notes: I use Newey-West standard errors with 6 lags. *** indicates significance at the 5%
level. ** indicates significance at the 10% level. * indicates significance at the 15% level. The
sample period is April 2013-2022 and the frequency is weekly.

The data source on the premia (in basis points) is the same as in figure 3.2a. The failure
rate data (in percent) is the same as in figure 3.3a. The VIX data are taken from FRED.
The 10 year and 2 year yields (par yields of seasoned bonds in percent) are taken from
the FED yield curve, which is an updated version of the original Giirkaynak-Sack-Wright
curve (Giirkaynak et al. (2010)), https://www.federalreserve.gov/data/tips-yield-curve-and-
inflation-compensation.htm. The general collateral financing repo rate (in percent) is provided
by the Depository Trust and Clearing Corporation (DTCC) and can be downloaded here:
https://www.dtcc.com/charts/dtcc-gef-repo-index. The crisis fixed effects capture the months
October 2014, September 2019, and March 2020 and the maturity fixed effects each maturity
of the on-the-run premia (1y, 2y, 3y, 5y, 7y, 10y, 20y, and 30y).

Table 3.1: Premium on off-the-run failure rate regression

Next, I examine the relationship between the failure rate and dealer inventories. I regress
the failure rate of off-the-run Treasuries on the net outright positions of primary dealers in
Treasuries of different maturity baskets (see table 3.2). The maturity of the baskets is denoted
by k. Specifically, I have the following baskets for the net outright positions in Treasuries:
below or equal 3 years, above 3 years to 6 years, above 6 years to 11 years, above 11 years.
Each basket and day is a separate observation. I run the regression first without and then with
additional control variables. The control variables are the same as in the previous regression

(see table 3.1). In a third additional regression, I add crisis fixed effects also the same ways as
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before. The regression equation (3) is given by

Off-the-run failure rate; = a + (1 Primary dealer net positions, ; + f2 In(VIX;)
+ 3 10 year - 2 year yield spread,
+ B4 General collateral financing repo rate,

+ B6 L10/14,t + B7 Log/19,t + Bs Tozy20, + ue.

(1) (2) 3)
Off-the-run  Off-the-run  Off-the-run
failure rate failure rate failure rate

PD net positions (deflated) -0.0012%F*  -0.0031***  -0.0030%**
(0.001) (0.000) (0.000)
InVIX -0.0769***  -0.0786%**
(0.033) (0.033)
10 year - 2 year yield spread -0.1559%**  _0.1637***
(0.019) (0.019)
General collateral financing repo rate -0.0256%*  -0.0324***
(0.014) (0.014)
Constant 0.7208%F*  1.1508***  1.1673***
(0.015) (0.111) (0.110)
Crisis fixed effects No No Yes
No. Observations: 1912 1880 1880
R-squared: 0.009 0.132 0.145
Adj. R-squared: 0.008 0.130 0.142

I use Newey-West standard errors with 6 lags. *** indicates significance at the 5%

level. ** indicates significance at the 10% level. * indicates significance at the 15%
level. The sample period is April 2013-2022 and the frequency is weekly.

The data source for the net outright positions (in billion US dollars) is the same as
in figure 3.6. The data are also deflated in the same way (with the index set to 1
when the series starts in April 2013). The failure rate data (in percent) is the same
as in figure 3.3a. The VIX data are taken from FRED. The 10 year and 2 year
yields (par yields of seasoned bonds in percent) are taken from the FED yield curve,
which is an updated version of the original Giirkaynak-Sack-Wright curve (Giirkaynak
et al. (2010)), https://www.federalreserve.gov/data/tips-yield-curve-and-inflation-
compensation.htm. The general collateral financing repo rate (in percent) is provided
by the Depository Trust and Clearing Corporation (DTCC) and can be downloaded
here: https://www.dtcc.com/charts/dtce-gef-repo-index. The crisis fixed effects cap-
ture the months October 2014, September 2019, and March 2020.

Table 3.2: Failure rate on net positions regression

The results are shown in table 3.2. As expected, the coefficient of the primary dealers net
positions is negative and significant at the 5% level.*?> Adding the additional control variables
and fixed effects does not change the result. As the net positions are denominated in dollars,
the coefficient is best interpreted by first multiplying it by the standard deviation of the net

outright positions. If the net positions increase by one standard deviation, then the failure rate

42The result still holds if the first difference in the primary dealers’ net positions is taken.
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reduces by 2, 6, resp. 5 basis points (regression 1-3).43

To provide further evidence consistent with my theory, I examine the volatility of the net
positions of primary dealers in Treasuries.** I find evidence in the data consistent with my
theory that off-the-run inventories are much more affected by search and matching frictions
than on-the run inventories. Table 3.3 shows the volatilities. Primary dealer inventories in
on-the-run Treasuries are much less volatile than inventories including all kind of Treasuries.
This holds across all maturity baskets. This is consistent with my theory if I assume that there
is a slight variation in ¢ over time, which must be the case in reality. The effect of the search
and matching frictions on off-the-run inventories can then be observed. They are volatile, while

on-the-run inventories are much more stable.

On-the-run ‘ Maturity ‘ 2y 3y 5y Ty 10y 30y
| Volatility | 4.1 4.0 3.5 2.7 4.1 2.3
All | Maturity | <3y (3y,6y]  (6y,7y] (7y,1ly] >1ly
| Volatility | 21.2 11.7 7.6 7.0 12.3

Table 3.3: Primary dealer net positions volatilities

3.8 Central bank facility access

How does broadening access to a central bank’s reverse repo or deposit facility to any type
of intermediary affect the Treasury market (in normal times)? How do prices, premia, traded
quantities, fails, and profits change? This section provides answers to these questions.

In my model, the central bank facility is comparable to a deposit facility or a reverse repo
facility, where I abstract from the collateral provided. The collateral part would not make the
existing dynamics disappear. First, the repos from the facility are general collateral repos. For
such repos the cash lender is willing to accept any collateral that falls into a broad class, and
is not looking for any particular collateral (Bowman et al. (2017)). Second, even if the facility
were to provide a specific Treasury sought, the Treasury would have to be returned the next

day and would only temporarily ease availability.

“3This corresponds to 0.1 (regression 1), 0.2 (regression 2), respectively, standard deviations.

“The data can be downloaded from the FED’s Primary Dealer Statistics,
https://www.newyorkfed.org/markets/counterparties/primary-dealers-statistics. The data are deflated using the
“Consumer Price Index for All Urban Consumers: All Items in U.S. City Average”, which can be downloaded
from FRED. I set the index to 1 when the on-the-run net positions time series start in April 2013. I use data
from April 2013 to the end of 2022. The frequency is weekly. To calculate the volatilities, I use the average of
the data over the full time horizon.
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To motivate my theory I show the scatter plot between the 10 year on-the-run premium and
the reverse repo facility rate in figure 3.8.4% I observe that there is a negative correlation between
the 10 year on-the-run premium and the reverse repo facility rate with tight 95% confidence

bands. As I show below, this empirical evidence is consistent with my theory.

10 year on-the-run premium (bp)

—2 r T T T T T T T T
0.00 0.25 050 0.75 1.00 125 150 1.75 200 225
reverse repo rate (%)

Figure 3.8: The correlation between the premium and the reverse repo facility rate

3.8.1 Homogenous sellers

First, I analyse the situation where all sellers have or gain access to the central bank facility.
The facility provides liquidity in-between transactions. It can be accessed every first subperiod
for one subperiod. Sellers can deposit settlement good and receive an interest rate r; on it.
Sellers do this because they have a positive net settlement good position after the trades: They
received the contract price ¢i and had to pay (in case of delivery) the lower spot price pi and
could keep the collateral wi. The seller represents any type of financial institution (e.g., a hedge
fund or a non-primary dealer). The goal of the analysis is to find, in a general setting, the
effect of the reverse repo or deposit facility rate on trading (in normal times) when any type of
financial firm other than a primary dealer is given access to the facility.

I still look at the premium equilibrium. I assume a permanent unanticipated increase in
the facility rate ¢ at the beginning of the contract market in ¢ = ¢ — 1. In addition to the
situation where all sellers already had access and the facility rate increases, the increase can
also represent the situation where all sellers gain access to the facility and because of the facility

now face a higher interest rate than before (with no interest or a lower market rate). I assume

4The data source for the premium is the same as in figure 3.2a. The reverse repo
facility rate data is provided by the New York FED and <can be downloaded here:
https://www.newyorkfed.org/markets/omo_transaction_data#trrp. 1 take daily averages. The time hori-
zon is 23 September 2013-2021 Q2 and the frequency is weekly.
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that there is still a positive premium after the sellers gain access. The results of the analysis

can be summarised as follows:

Corollary 1. An unanticipated and permanent increase in ry in the second subperiod int = t—1

a) increases all spot prices,

ddf)t > 0Vi and YVt > t,
—1

b) decreases the on-the-run premium, iAt <0Vt >t,

¢) increases the quantities of on- the run and oﬁ the-run assets traded if no inventory con-

straint binds, d

d) implies that the quantities of off-the-run assets traded initially, i.e. int = %V stay the same

dAf"
and then decrease if inventory constraints bind, &

Vt>tifo >3,

e) implies that overall more assets are offloaded from the inventories and end up in

the portfolio of the buyer, i.e. the holder with the highest marginal asset valuation,
d(A24+ AP0 Al (1—0) AT

d'l‘{_ 1

>0 fort=t and ¥t >t if o >3,

dff

f) increases the settlement failure rate of the off-the-run asset, T > 0 fort=t and

Vt>tifo>3.

Proof. See appendix 3.12.2.5 O

The value ¢ is the value of o above which always (but not Only)
in appendix 3.12.2.5 and show that with a reasonable calibration it is an emplrlcally very small
value.

The intuition for this result is as follows: An increase in the facility rate increases the
profitability of the trade for the seller. The facility is always available, and excess liquidity can
be deposited until the seller enters the next trade. The facility is not a substitute for trading,
but a complement to it. The higher the interest rate, the higher the profitability. Increased
profitability leads to a positive supply shock in the contract market. This in turn implies a
positive demand shock in the spot market. In equilibrium, spot prices and quantities traded by
unconstrained primary dealers increase.

Off-the-run prices and quantities react more strongly than their on-the-run equivalents, and
the premium falls. The reason is that the case of non-delivery for the off-the-run asset is less
costly than before because the collateral values increase due to the rise in prices. This reduces the

spread between the real valuation of holding the asset and the collateral. This effect additionally
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triggers the demand for off-the-run assets. This makes the policy particularly interesting in the
context of the Treasury market crisis during the pandemic, where the market for off-the-run
assets froze (Eren and Wooldridge (2021)).

The amount of off-the-run assets traded by constrained dealers remains the same in the first
period after the rate hike, because inventories are determined from the previous period. Later, it
decreases because the inventories of the constrained dealers are smaller because more assets have
already been sold during their on-the-run period (if search frictions are above a small minimum
value of ). This is also the main reason for the observed increase in the settlement failure rate
of off-the-run assets. The assets are not available later and more fails occur. Nevertheless, due
to the interest rate increase, more assets end up in the portfolio of the buyer, the agent with
the highest marginal asset valuation.

Putting all the above results in a broader context, I conclude that any kind of policy that
lowers the costs of trade and intermediation can trigger the effects described. Access is one
possibility.

The next result is about who benefits from an increase in the facility rate ;. I look at
the impact on the lifetime values of the buyer, the seller, and the primary dealer. There are
two groups of primary dealers: One group of primary dealers has an inventory of Z off-the-run
assets and another group has an inventory of Z — A?. I take the lifetime value of both groups
and average them according to their proportions in the population. To simplify the notation, I

D, _ D 2 D
define V-7 = (1 — 0)V:Z (2 — Af) + 0 V2 (T).

Corollary 2. An unanticipated and permanent increase in 4 in the second subperiod int = t—1

s

dv:s
a) does not affect the lifetime value of sellers, o= = 0,
t—1

avp
b) decreases the lifetime value of buyers, -= <0,
t—1

D

s 0 ifo > 0.
—1

c) increases the lifetime value of primary dealers, —*
t

Proof. See appendix 3.12.2.6. 0

As pointed out above, see appendix 3.12.2.5 for the definition of &.

The intuition for the result is as follows: Competition among sellers in the contract market
erodes any positive profits for them to zero. Initially increased profitability is offset by higher
spot prices in equilibrium.

Primary dealers benefit from the policy by providing the assets that are in higher demand.

They sell more assets, they sell them earlier, and they sell them at a higher price. In equilibrium,
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primary dealers sell assets until their marginal nonlinear cost equals the price. Therefore, each
asset sold yields a small positive marginal surplus until the last asset is sold, where the marginal
surplus equals zero. Since prices are higher in the new equilibrium, breakeven is reached at a
higher quantity of assets. Primary dealers profits increase.

Buyers’ utility falls. To gain intuition, I first explain how buyers’ utility or benefit materi-
alises in equilibrium. Since the price of the off-the-run asset reflects the utility of the last unit
bought, it incorporates the probability that a settlement fail occurs. But the first part of the
bought assets is found with certainty, the part Itf . The value the buyer places on these assets
is therefore higher. Nevertheless, in equilibrium he pays the same price for all the assets and
therefore he has a small benefit.

An increase in the facility rate increases the off-the-run price and decreases the quantity
of off-the-run assets found with certainty (as the quantity of on-the-run assets traded with a
two-period maturity increases). Both effects lead to a lower profit. In summary, buyers’ profits
decrease as the spread between the value of an uncertain unit and a certain unit decreases and
there are fewer certain units. The decrease in profits or utility is an externality problem. The
buyer does not consider how the purchase of two-period assets affects the availability and price
of the same assets in the next period. This is in contrast to the primary dealer, who manages
his inventory and takes into account that a two-period asset sold today cannot be sold in the
next period.

I solved my baseline model under the assumption that the primary dealer has full bargaining
power. I can relax this assumption and prove that even with positive bargaining power of the

seller, in equilibrium, the seller does not make a profit in contrast to the primary dealer.
Corollary 3. Result 2 still holds even with positive bargaining power of sellers.

When maximising the joint surplus of both agents, the first-order conditions of the spot

market problem change to:

P} = K (A7) + 0+ B3 + (wiy = p}) + AT+ X+ B(1 — o)Al

ot =/ (AD) + o+ wly —pD) + N + N

Pi = KI(AR) 8+ (g = pf) + A + A
The surplus is divided according to their bargaining power: (W§—1 — pi) Al = ugfe)SZ where S}
is the surplus of the primary dealer when selling assets 7. The first-order conditions of the seller

and the buyer when making their decision about the optimal number of contracts to sell and

buy do not change. This is crucial because I see from the seller’s first-order conditions and his
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value function that he makes no profit in equilibrium. Even if in equilibrium w? ; — p? > 0
(due to the new pricing scheme) and the seller receives part of the positive total surplus of the
OTC trade, the collateral value w{_; in the Walrasian contract market adjusts in such a way
that he has no total profits. Otherwise, the seller would supply an infinite number of contracts
or no contracts at all. T assumed that this is not the case in equilibrium, which is a reasonable
assumption. Therefore, even with positive bargaining power, the seller never profits from an

increase in the facility rate if he has access.

3.8.2 Heterogenous sellers

In this subsection I assume that there is a measure £ of sellers which have access to the facility
and a measure (1 — ¢) which does not have access. Sellers which have access are denoted by a
and the ones which don’t by na. The facility rate is given by r; and the market rate by rj". 1
assume that r, > rj". Agents with no access face the market rate, while the others will use the
facility. Again I will look at the impact of sellers gaining access. But beforehand I present the
equilibrium equations.

I again consider the premium equilibrium. I first show the prices and quantities of the newly

issued assets. Analogously to section 3.6, the contract and spot prices are given by

q = (0+g)
pi™ =B+ +9)

p =B +7)(0+g)

and

g =(1+pP)6+g)
P =L+ B)B(L+ 1) (0 + g)

Pt =1+ B)BA+r)(0+g).

The traded quantities are determined by the following equations:

AP = RTHBA+ 1) (0 + g) = 0]

APt =K B(L+ 1) (5 + g) — 0]
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and

K/(A?,na) — yne + ,8(1 . O')/ﬁ;/(l- - A?,na)

K(AP) = WO + B(1 — o)/ (T — AP

where
Wre = pt = 51— o) [epf* + (1= Opf™| = (1+ Bo)0 amd
W =" = 81 - 0) [ + (1= Opf™] = (1 + Bo)a.
Next I show the off-the-run prices and quantities. Let me denote by P® the probability of a

seller with access finding the off-the-run assets. Analogously, I define P"* as the probability for

the sellers without access. Analogously to section 3.6, the off-the-run prices are given by

fa _ P
pt - 1—(1—Pa)ﬂ(1+Tt)ﬁ(1+rt)(6+g)
plme = - B(L+ )5 +g).

1= (1 =Pre)B(1+ 1)

As in section 3.5 I assume that the primary dealers with a full inventory are unconstrained.

Therefore

fah _  1—1 P o
At = [ B )~

]P)?’Za
1= (1 —P)3(1+rp)

Afmah =1 [ B+ +g) — 5} .

Lastly, I define the on-the-run premium by A = [¢pP® + (1 — €)pf™] — [¢p)® + (1 — )pl ™.
For a positive premium either P* or P™® or both must be below 1. If they are below one, they
cither equal o or o + (1 — 0)(1 — €) given that (Z — A?"") > (T — A7), or A2 > AP"* 46

Next, I analyse the effect of sellers without access gaining access. The analysis is done
analogously to section 3.8.1. As in section 3.8.1 I also assume that there is still a positive

premium after all sellers have access. The results are summarised below.

Corollary 4. If sellers without access gain access, meaning that their interest rate unanticipated

permanently increases from ri* to ry in the second subperiod in t = t—1, then

a) all on-the-run spot prices charged by the sellers gaining access increase and all sellers

charge p;’a int>tfor j=2 andn,

46For the inventories I do not only need to distinguish if a primary dealer has met a seller the previous period
or not (as before) but also if the match was with a seller with or without access. Depending on the type, more
or less assets were sold and therefore the inventory differs. A mass o of agents has a high inventory of Z because
they did not face any demand the period beforehand. A mass (1 — 0)& of primary dealers has sold assets to a
seller with access in the previous period and they have an inventory of (Z — A?%). Lastly, a mass (1 —o)(1 — &)
of sellers have an inventory of (Z — Af’_nla) as they met a seller without access the previous period.

41



b) off-the-run spot prices charged by the sellers gaining access initially, i.e. int = t, increase

and all sellers charge pij’a,

¢) the on-the-run premium Ay initially, i.e. int = t, decreases,

d) all quantities of on-the-run assets traded by the sellers gaining access increase and all

sellers trade A{’“ int>1t forj=2 andn,

e) quantities of off-the-run assets traded by the sellers gaining access inititally, i.e. in t = t,

increase if mo inventory constraints bind and all sellers trade Aij’a’h,

f) quantities of off-the-run assets traded by the sellers gaining access initially, i.e. in t = t,

stay the same if inventory constraints bind and equal Atf’_’"”l"’l,

The points b), c¢) and e) also hold for t > t if the probabilities to find the off-the-run assets do

not change, otherwise the effects are ambiguous.
Proof. See appendix 3.12.2.7. 0

As already pointed out in section 3.8.1, the value & is the value of o above which always (but

DA2
87‘{_1

> 0Vt > t. I define it in appendix 3.12.2.5. I also show that with a reasonable

not only)
calibration it is an empirically very small value.

The result is self-explanatory. The direction of the effects on the sellers who gain access
is (initially at ¢ = t and also later if the probabilities of finding the off-the-run assets do not

change) analogous to our baseline scenario with homogeneous sellers in section 3.8.1.

3.9 On-the-run premium and facility rate in the data

In this section I examine the relationship between the on-the run premium and the central bank

facility rate. Based on corollary 1 I test the following hypothesis:

Hypothesis 3. A higher reverse repo facility rate leads to a lower premium.

I then regress on-the-run premia data on the reverse repo facility rate (see table 3.4).47 My
theory predicts a negative coefficient. I use data on the 1, 2, 3, 5, 7, 10, 20, and 30 year
on-the-run premia. Each maturity and each day in the sample is a separate observation. The

explanatory variable is the reverse repo facility rate. The first observation I use is from the

47T use the reverse repo facility and not any deposit facility data as the access discussion centers around this
one. An increasing number of institutions already access this facility (Frost et al. (2015), Baklanova et al. (2015)
and Marte (2021)).
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23 September 2013, as this was the first day the facility was available on a large scale.*® T run
my regressions with and without additional control variables. The additional control variables
are the deflated reverse repo facility trade amounts, the logarithm of the VIX, the 10 year - 2
year yield spread, and the general collateral financing repo rate. I also add crisis and maturity
fixed effects in a third regression the same way as in regression 3.1. The regression equation (3)

is given by

On-the-run premium, ,,, = o, + 81 Reverse repo facility rate,
+ B2 Reverse repo facility trade amounts, + 3 In(VIXy)
+ B4 10 year - 2 year yield spread,
+ (5 General collateral financing repo rate,
+ B6 L10/14,6 + B7 Log/19,6 + Bs Loz 20, + e
From table 3.4, I can see that as expected, the coefficient of the reverse repo facility rate
is negative. A one percentage point increase in the reverse repo facility rate reduces the on-
the-run premium by 0.01 basis points (regression 1), 2.2 basis points?® (regression 2 and 3),

respectively. The coefficient is only significant (at the 5% level) when we add the additional

control variables.?°

3.10 Life cycle model

This section presents an extension of the basic model. It shows that the model can be used as

a tool to describe the life cycle of a Treasury. In addition I can explain two more stylised facts:

1 When-issued Treasuries trade at a premium compared to previously issued Treasuries.

II The primary market prices are lower than the secondary market prices.

The observations are illustrated in the appendix 3.12.3. The life cycle of a Treasury can be
divided into three periods as illustrated in figure 3.9: the when-issued period, the on-the-run

period, and the off-the-run period. The auction takes place between the announcement and the

“8See https://www.newyorkfed.org/markets/opolicy /operating_policy_130920.html for more information.

49This corresponds to around 0.7 standard deviations.

50The data on each reverse repo facility transaction, including the rate, the amount traded and other details, are
only publicly available after two years. However, a reverse repo facility rate series can be downloaded without any
time lag. When I use these data (without controlling for trade size) and extend the time horizon to 31 August
2023, the coefficient of the rate is positive in the regression without the additional control variables and still
negative in the one with. Both coefficients are insignificant.
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(1) (2) ®3)

Premium  Premium Premium

Reverse repo facility rate -0.0101  -2.2225%*%* 2 1755%***
(0.070) (0.446) (0.372)
Reverse repo facility trade amounts 0.1498**F*  0.1186***
(0.048) (0.047)
InVIX 0.8326**%*%  0.7957***
(0.321) (0.287)
10 year - 2 year yield spread 0.2183 0.0898
(0.161) (0.115)
General collateral financing repo rate 1.6331%**  1.4591%**
(0.406) (0.358)
Constant 2.7820*** -0.1528 1.1022
(0.093) (1.051) (0.886)
Crisis and maturity fixed effects No No Yes
No. Observations: 14952 13076 13076
R-squared: 0.000 0.051 0.061
Adj. R-squared: 0.000 0.051 0.060

T use Newey-West standard errors with 6 lags. *** indicates significance at
the 5% level. ** indicates significance at the 10% level. * indicates sig-
nificance at the 15% level. The sample period is 23 September 2013-2021
Q2 and the frequency is daily. The data source for the premium (in basis
points) is the same as in figure 3.2a. The reverse repo facility rate and trade
amount data are provided by the New York FED and can be downloaded here:
https://www.newyorkfed.org/markets/omo_transaction_data#trrp. I take daily
averages. The rate is in percent, the trade amount in billion US dollars. I
deflate the trade amounts using the “Consumer Price Index for All Urban Con-
sumers: All Items in U.S. City Average”, which can be downloaded from FRED.
I set the index to 1 when the trade amount series starts on the 23 September
2013. The VIX data are taken from FRED. The 10 year and 2 year yields (par
yields of seasoned bonds in percent) are taken from the FED yield curve, which
is an updated version of the original Giirkaynak-Sack-Wright curve (Giirkaynak
et al. (2010)), https://www.federalreserve.gov/data/tips-yield-curve-and-inflation-
compensation.htm.  The general collateral financing repo rate (in percent) is
provided by the Depository Trust and Clearing Corporation (DTCC) here:
https://www.dtcc.com/charts/dtcc-gef-repo-index. The crisis fixed effects capture
the months October 2014, September 2019, and March 2020 and the maturity fixed
effects each maturity of the on-the-run premia (1y, 2y, 3y, 5y, 7y, 10y, 20y, and 30y).

Table 3.4: Premium on reverse repo facility rate regression

issuance of the assets. Each period and the auction are characterised by a different price. The

chart below illustrates the life cycle.

Announcement Auction  Issuance Auction Issuance

> <
>» <€

A
Y
A

when-issued on-the-run off-the-run

Figure 3.9: Life cycle
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The when-issued market takes place after the auction of the security is announced but before
it is issued. The when-issued market is important for price discovery (Durham and Perli (2022)).
One possible interpretation of the prices ¢? and ¢ is as the when-issued price of the respective
assets. Thus, the model covers all three periods with its prices. The fourth important price
during the life cycle, the auction price, is added to the model below. Since I know the on- and
off-the-run prices, I can derive the auction price. I still look at the premium equilibrium.

I will first discuss the auction price of the one-period asset. A primary dealer taking part
in the auction chooses to bid with a bundle consisting of price and quantity which I denote by
{pg ’A, Ai ’A}. The bundle specifies the quantity the primary dealer wants to buy and the price
he is willing to pay. For each possible price p% A that could be chosen, the optimal quantity is

given by the solution to the following maximisation problem:

x—qﬁAAfA+(1—a)1ﬁA?—H@ﬂ)+5@ﬁﬂ>—Aﬁ}+o&ﬁﬁ

t

s.t.

AP > A7,

If the primary dealer buys an asset at the auction, he must pay the price pi A today. With
probability (1 — o) he can enter the market in the same subperiod and sell the quantity A} of
the asset. With probability ¢ he will hold the asset until maturity and consume the coupon. 1
know that in the premium equilibrium the constraint is not binding. Therefore, pi A = 5. The
price must equal the marginal utility of the asset. Otherwise there is infinite or no demand.
Bidding will therefore drive the price to this value. The supply side is given by the Treasury,
which auctions the amount Ij* = Z. Therefore, in equilibrium, A; A = I' =7 and pi A s
The maximisation problem for the two-period asset is analogous:
- AR+ (1= o) {pRA7 - k(A7) + 5(A74 - A2)

) , VA , VA
+ 81— o) [plpAff - m(AfL) + (4P - A7 — alf))| +800(A74 - 4})}

+ o {AP" +8(1 = o) [plpAfl - m(All) + 6(A* — Afl)] + Bos A}

s.t.

APt > A7

A?’A > A{-’i-hl

AP — A2 > Al

I know that in the premium equilibrium, the last constraint is binding. The others are not.
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The Treasury auctions the stock I? = Z. Therefore in equilibrium A%A =1? =7 and pf’A =
5+ (1-0)8 {(1 — o), — K(AFH] + a5} +o36.
After adding the auction price, I can now summarise and compare all the prices. In the case

of the one-period asset, these are

g = (0+g)

Py =B +r)(0+9).

In the case of the two-period asset, these are

=0+ (=08 {(1- o)l — WA + 00} + 0
g =(1+8)(6+9g)
pi = B(L+ 7)1+ B0 +g)

= Aoy e ).

v

In addition to the empirical regularity that the on-the-run price is above the off-the-run price,
the model explains two other regularities about prices as pointed out in the beginning of this
section. First, a detailed analysis by Durham and Perli (2022) showed that when-issued prices
carry a premium compared to already issued Treasuries. In their comparison, they include
both on- and off-the-run Treasuries. Second, the secondary market price is known to be higher
than the auction price (Goldreich (2007), Spindt and Stolz (1992), and Fleming et al. (2022)).
See appendix section 3.12.3 for an illustration. The following proposition shows that these two

stylised facts also hold in the premium equilibrium.
Proposition 5. In the premium equilibrium

a > p;

a > py

@ > p].

and

2 2,A
Py > Dy

1,A
P>

Proof. See appendix 3.12.2.4. O
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I will explain the first of the two stylised facts first. It follows from the equations that the
spot price (in the case of no fail) is the discounted when-issued price. This can be explained
from the seller’s perspective. When selling a when-issued contract, the seller receives the when-
issued price tomorrow and can deposit it. This income has to cover the spot price he has to
pay tomorrow, which in equilibrium is equal to the collateral value he has to build up today.
Therefore the spot price in case of no fail is the discounted when-issued price. Compared to
off-the-run prices, the when-issued price is even higher, because the off-the-run price takes into
account the probability of a settlement fail.

To explain the second stylised fact, the most natural comparison is to compare the auction
to the on-the-run price in our model. The auction price is given by the marginal utility of
the last unit purchased. The last unit remains in the inventory of the primary dealer and he
consumes the coupon d, except it is sold as an off-the-run asset of a constrained primary dealer.
The empirical results of Fleming et al. (2022) suggest that some of the Treasuries remain in the
portfolios of the primary dealers until maturity, while the other part is sold. This is consistent
with our observation and is reflected in the auction price.

On the other hand, the on-the-run price is determined by the value of the asset to participants
in the secondary market. In our case, the buyer is the ultimate owner of the asset, so his marginal
utility determines the price. In equilibrium, the spot price is above the coupon rate § because
the buyer has a higher marginal valuation of the asset. The on-the-run prices are therefore
higher than the auction prices.

I summarise the above discussion as follows: The on-the-run prices are driven by the valu-
ation of the buyer of the asset in the secondary market. The auction prices also contains the
valuation of the asset if it stays in the inventory of the primary dealer until maturity. The
latter valuation is lower than the former. Therefore the primary market prices lie below the
secondary market prices. The when issued prices are higher than the spot prices due to the cost

of collateralisation.

3.11 Conclusion

I developed a model of the on-the-run phenomenon. I provide a novel explanation using inven-
tory which I also test empirically. The model was then used to discuss broad access to central
bank facilities. The analysis is motivated by the current discussion on how to reform the mar-
ket (see e.g. Duffie (2023)) and the increase in intermediation and participation by non-bank

financial institutions (Eren and Wooldridge (2021)). The latter raises the question of why only
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a limited number of participants currently have access to central bank facilities.’! I analysed
the implications of providing broad access to a reverse repo or deposit facility. Finally, I added
to the literature by extending the model to cover the full life cycle of Treasuries. It includes
the auction price, the when-issued price, and the on- and off-the-run prices (all four relevant
prices), and can accommodate stylised facts about the relationship between them.

To explain the premium, I endogenised settlement fails and found, consistent with the data,
that they are more frequent for off-the-run Treasuries. The probability of a settlement fail is
higher for off-the-run Treasuries because they are longer in the market and more dispersed.
This leads to a preference for and premium on on-the-run Treasuries. This also explains why
the premium is always on the on-the-run Treasury, an aspect that Vayanos and Weill (2008)
could not explain. I also test my theory in the data. I show that the premium is higher in times
when the probability of failure of off-the-run Treasuries is higher. The probability of fails with
off-the-run Treasuries is higher, when the inventories of primary dealers are lower.

Summarising, the on-the-run premium is a symptom that the Treasury market is not friction-
less, and inventory risk is higher for off-the-run Treasuries, making them unattractive. Future
research should analyse whether the fundamental dynamics described imply a self-fulfilling dy-
namic that adds to the size of the premium.

The second part focused on the impact of the facility rate when broad access is provided.
The result is that an increase in the facility rate leads to a reduction in the cost of trading.
The facility complements a trade in the sense that it provides a certain return on liquid funds
between trades for those who have access to it. I show that access stimulates trading and
prices rise. An increase in the facility rate decreases the premium, which I also confirm in the
data. Interestingly, if the facility rate increases, fails increase as more off-the-run Treasuries
are traded in contracts promising their delivery but fewer are available. Also, giving access to
all institutions is not an act which equalises benefits. Only primary dealers benefit from an
increase in the facility rate, not those who gained access.

An interesting way to extend the model would be to take into account more specific char-
acteristics of non-bank financial institutions. This could be, for example, leverage in the case
of a hedge fund. In addition, given the current discussions on how to restructure the Treasury
market (see e.g. Duffie et al. (2021)), it would be interesting to explore the effects of broad

access to a repo facility to complement my analysis.

51Gee for example the FAQ on the repo and the reverse repo facility of the New York
FED for  eligibility  criteria, https://www.newyorkfed.org/markets/repo-agreement-ops-faq ~ and
https://www.newyorkfed.org/markets/rrp_faq.
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3.12 Appendix

3.12.1 Other equilibria

Until now I focused on the case where \? = AP = )\{ " = 0. This means that primary dealers
are unconstrained if they still have the full inventory of assets i. I showed that I can always
find issuance sizes Z where such an equilibrium exists. For the sake of completeness I can
also think of equilibria where A\?, A7, and )\f ' are non-zero. In this case, the quantity of the
corresponding assets sold is Z. The prices in each of these equilibria are the same as in the
premium equilibrium 3.6 as long as /\{ s 0, which I need for a positive premium. Since the
dynamics and intuition are exactly the same in these equilibria as well, I don’t discuss these
equilibria in the following, as no additional insights are gained. The only results that would
change are the effects of central bank access on quantities. In these other equilibria, there are no
quantity effects on assets for which constraints are binding, and only the Lagrange multipliers

would change in magnitude.

3.12.2 Proofs
3.12.2.1 Proof of proposition 1

Proof. Suppose it is not the case that T < A7 | + A{’h, or )\{’l > 0. Then )\f’l = X{l = 0. From
the first-order conditions of the seller and the buyer and w{ = p{ , it follows that p}' = p; =
B2(1 +7)(8 + g). Therefore, there is no premium, A; = 0. The case )\{’l =0 and X{’l > 0 is
not possible. If /\{ L =0, then it must be that X{ = X{ h'— 0 given the optimal behavior of the
seller which takes into account the profitable amount to be sold by the primary dealer. Also
the case where )‘tf—ﬁl > 0 and X{ll > 0 is not possible. If )\{;hl =0 and )\{J’Zl > 0, then a{ > A{ *
and it follows that A/, = 0. 0

3.12.2.2 Proof of proposition 2

Proof. First, I show that for an equilibrium with trade in all assets to exist, I need o >
71;?1(};3)2. In equilibrium p{ = H/(A{7h) +0= —1—(1—01;6(1+rt)ﬂ(1 +7)(6 + g). For H,/(A{’h) >0
and A{’h > 0 I must have that mﬂ(l +7)(0+g)—0>0,0roc> %g.
Second, I show that A? > AP > A{ " The first order conditions of the primary dealer with
respect to the assets maturing in one period are p?' = #/(A?) 4+ & and p/ = &/(A)) + 6. As
py > p{ and k(A?) being a strictly convex function it follows that AP > A{ . In addition, I can

show that A? > AZ. The first order condition of the primary dealer with respect to the new
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two-period asset is:

K (A2) = B(1 — o)W (T — A2) = p? — (14 B)d — B(1 — o) (AL)
K(A2) = Bl — 0K (T — AZ) = (1+ B)pl — (1+ B)d — B(1 — o)r/ (AL
K'(A2) — B — 0)r' (T — A7) = (1 + B)W'(A}) — B(1 — o)r/(Af).

Further rearrangement yields x'(A?) — k/(A}) = Br'(Z — A?) + B[ (AD) — /-;’(A{fl)] +
Ba[n’(A{;th) — k(T — A2)] > 0. Therefore A? > AP,

Lastly I show that I can always find an Z, where the equilibrium exists. In equilibrium
(A2 |+ A{’h) > T > max(A2, A, Af’h). I know that A? > AP > A{’h. Therefore it follows that

in equilibrium (A7 ; + A{ M >7> AZ. From the equilibrium conditions it follows that

A} =K THB(L 4 1)(8 + g) — 0]

APh = 1 [1 e ;)ﬁ(l +7"t)6(1 +7r)(d+g)—0

K(A7 ) =W+ B(1—0)s' (T — A7)

where W = [(1 +8) - B(1— a)m} B(1+10)(6 + g) — (1+ Bo)s.

The left-hand side of the third equation, fi(x) = k’(x), is a strictly increasing function
with z € [0,Z] and min(f1(z)) = 0 and max(f1(z)) = £'(Z). The right-hand side of the third
equation, fo(z) = W 4 (1 — o)k’ (Z — x), is a strictly decreasing function with = € [0,Z] and
min(fa2(x)) = W and max(fa(z)) = W + B(1 — 0)x/(Z). Therefore for the equilibrium to exist
it must be that x'(Z) > W, or T > «/~1(W). By continuity it then follows that Z > A? |. As
T—A? [(Z)is a continuous function (as x'(Af) and '~1(A!) are both continuous) with minimal

value 0 for Z = /~1(W) I can always find an Z where Z — A2 |(Z) < A{’h for any A{’h >0. O

3.12.2.3 Proof of proposition 4

Proof. First, I know that in equilibrium f;* = 0 and ftf = % =(1-o0) <1 — I;ﬁ)
Therefore, trivially, ftf > 0 = f'. Second, from comparing p}' = B(1 + r¢)(d + g) and p; =
isSay B+ 1) B(0 + g) it follows immediately that pj' > p/. Third, pj' > p/ also implies
that A” > Al as A7 = /= 1(pP — §) and A" = &'~L(p] — §). Lastly, as A" = 0 and A/ > 0

it follows that A{’h > A{’l. O
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3.12.2.4 Proof of proposition 5

Proof. First, as B(1 4+ r;) > 0, it follows that ¢? > p? and ¢ > p*. Also, from proposition 4,
I know that p? > p{ and therefore ¢ > p{ . Second, from the first order condition of the
primary dealer (see section 3.4.1) I know that p? = k/(A?) + & + 86 + B(1 — J))\{H where
)\tf 1= p{ b — K (AF) — 5. Tt follows immediately that p? > p? A Also from the first order
condition of the primary dealer, I know that p}' = x/(A}) + §. It follows immediately that

1,A
P >p O

3.12.2.5 Proof of corollary 1

Proof. 1 assume an unanticipated permanent increase in the interest rate that occurs at the
beginning of the contract market in ¢ = ¢ — 1. The stock of available off-the-run assets in the

next spot market is given, and it can reach a new steady state only after a period.

First, I show that an increase in the facility rate r; raises all prices. I know that in equilibrium,

prices are given by pi = B(1+1.)(6+g), p? = B(1+r:)(1+B)(5 + g), p{ = Wﬁ(l +
r¢)(6 + g). It follows that

dp?

P =p0b6+g) >0

dp;

E =B(1+pB)(6+g)>0

dp] o o(1—0)B(1+ 1)

dry_, T 1-(1-0)B1+m) 1= (1— )81+ B(6+g)>0

for all t > ¢.

Second, I show that the on-the-run premium decreases given an increase in 7. In equilibrium

dpp . _dpl o o(1=0)B(1+r) L-BQ+r) () 52

drr, < @, Y T-T=e)a0Tr) + [[—(1=0)3(11r0) > 1 which is the case if o > B(14r))?
n f ~
The premium is given by A; = pi* — pf . Therefore d‘fft = dff L — dfzj L < OVt>t.
t—1 t—1 t—1

Third, I discuss the impact on the quantities. I know that in equilibrium quantities are

determined by r/(A?) = pf — 8, /(A7) = B(1 — o)/ (I} — A2) = p? — B(1 — o)pi,, — (1 + Bo)s,

*?Let me define k = (1 —0)B(1+r¢). It follows: % + ﬁ > 1, or o > (1 — k). Further rearranging yields

2
O>172/5'(1+1"t)+(170)[ﬁ(lJth)]Q,orU>%zo.
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and 1/(AI") = pl — 6. Tt follows that

dr'(AY) _ dpy

= 0
drt~71 drtwfl >
dr' (AP dpf
= >0
drg_l drt~_1

for all ¢t > t. Therefore d > 0 an

dr'(A7)
dr

(T2 A2 2 d S/
. U)d/f (If — 4Y) _ dp; B(1— o) pt—l—l'
T—1 dry_y dry_y dry_,

It follows that

! 5 !
>0f0rallt>t1ff dpt >ﬁ(1—a)jfﬁ+1. d[:{)t >ﬂ(1—(7)dpt+1 ifo>o.
t—1 t—1 —1

The value of o is derived as follows:

dp? dpy a(1-0)(1+r)
2 > B(1 = ) L (14 B) > B = 0) | oS + oot |, on

(1= B+ r)? > % |(0=0) (s + (BU+m))?) —1], where (1 = B(1 + m))? ~
0. There are two values of o which solve the equation (1 — B(1 + r))? =
(1%'0) [(1 —0) (ﬁ + (B(1+ rt))Q) — 1}. Below the lower root and above the upper root
the right-hand side is lower than the left-hand side. I define o as the larger root. Note that

using empirically reasonable values, it can only for a limited range of small values of o be that

f
df"f? > fo—fl is not true. For example if § = 0.96 and ;_; = 0.01, then only for o € (0.003,0.25)

it follows that dp <o

Next I look at the quantity of off-the-run assets traded by constrained dealers, which is given

by A =1 - Af_l. It follows that j
dA Sl

£l A2
= 0 for t = £ because = =1 — (). For all ¢ > ¢ it follows

that

< 0 if dr > 0 which is true if 0 > . From the above results, it directly follows

—1
d(A2+A"+cfAf h+(1 o)Al
dry_,

that >0 fort =tand Vt > tif ¢ > &. Decreases in the trading of

off-the-run assets by constrained primary dealers are due to equivalent increases in the trading

of the asset in the on-the-run period.

Vol (af 1)
Lastly, the off-the-run settlement failure rate is given by ftf = % = (1-
Py ag
T—a? f ~ f ~
o)1- -1} Tt follows that % > 0 fort = t because d{”f > 0 for t > ¢t and
a{ d’l‘t71 d"‘t—l
8‘4%71 aatgfl dft . aAtgfl aail : :
g, = o, = 0. For Vt > t it follows that — > 0 iff o = O, 0 which is
the case if ¢ > o. ]
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3.12.2.6 Proof of corollary 2

Proof. 1 look at the impact of an increase in the interest rate r; (see details below) on the
lifetime values of the buyer, the seller, and the primary dealer. There are two groups of primary
dealers: One group of primary dealers has an inventory of Z off-the-run assets and another has
one of Z — A?. 1 take the lifetime value of both groups and average according to their share in
the population. To ease notation, let me define V%[_)’la =(1- 0)V£1(I — A2) + JV;’EI(I). The

lifetime values are given by

Vi =" |86+ 9) — Bal, | b+ B0+ g)aZ — B - 0)(5+g) — wl (el — 1) + BV

i

Ve = Z {_w;;_l +8 [qti_l —pit w;;_l] (1+ rt)a;;} — B = o)wl | —plJ(+r) (el - 1)
+AVE,
V;?]i)’la =6{(1 - 0)2[77%(([%—1 o A%—l) o “(152—1 o A%—l) - 6(Itg—1 - A%—M
+ (1 - 0)olpl AL" — (AP —6ALM + (1-0) Y [pg;Ag; — w(AL) 5Ag;]
J€{n,2}

n 2 2 2 D,a

I assume that there is an unanticipated permanent increase in the interest rate at the beginning
of the contract market in t = ¢ — 1. The stock of available off-the-run assets in the next spot
market is given and can reach a new steady state only after a period. New steady state values
have no time index. I can simplify the buyer’s and seller’s profit using the first-order conditions
in equilibrium. This yields

52
1-p5

VP =B1-0)0+g) —pllI +

; (1-0)[0+9)—p]1f

The derivatives are

dv? dpf /32 do’ da2
—1 i 2 P 2 f a
—— =—-0(1-0 Z—a3 |)— 1—0{ IT—-a”)+|(0+g)—0p }
dry_, ( )drg_l( = 1-— B( ) dr;_l( ) [( ) } dry_,

A
_t=1 _
dry_4
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av>e dp! d[s (L") AL? — (AL
dT"t,i = ﬂ{(l — 0)2@(1' — A%,l) +(1—-0)o ar
d[/ (AD) AL — k(AL
o) Z [( t)drf ( t)]}
, t—1
j€{n,2}
52 AR (T - AT - A%) = K(T - A%) = B(1 = 0)r (T — A2 )]
+1—5{(1_U) i
41— U)Ud[H/(Af’h)ﬁﬁh _ ﬁ(Af’h)] o) Z d[K/(AjLAj - /@(Aj)] }
Tt~71 jE{?%Q} Tt~71

I can simplify the last equation. This yields

valj’la =p(1— 0)20@%]j (I —A2 )+ b Bl — o)k (T - AQ)AQLA
dT‘t~_1 d?“;_l t=1 1-— ﬁ 87“;_1

fih L J
+(1- U)U/i//(Af’h)Af’th +(1-o0) Z K"(A7) A 04 }

.
-1 i€{n.2} =t

Regarding the profits of the buyer, note that (§ +g) —p/ > 0. If a(zf‘z = B?fQ > 0, which is
t—1 t—1

s e W T vty
the case if 0 > o0, then = <0, ;= =0, and .= > 0. ]
Ti-1 Ti-1 Ti-1

3.12.2.7 Proof of corollary 4

Proof. T analyse the impact if sellers without access gain access, meaning that their interest rate
unanticipated permanently increases from 7" to r; in the second subperiod in t = t — 1. From
the equations in section 3.8.2 I immediately observe that the spot prices and quantities of all
on-the-run assets traded by sellers who gain access increase, while the prices and quantities for
the ones who already had access stay the same. All sellers now trade at the same prices pt"a and
quantities A{’“ for j = 2 and n. In the first period after the shock in ¢ = ¢, I immediately observe
that this also holds for the off-the-run prices p{ as well as quantities if no inventory constraint
binds, i.e. A{ " For this result, it is important to note that the probabilities of finding the
assets have not yet changed because inventories are predetermined from the previous period.
This also implies that the off-the-run quantities sold, if inventory constraints bind, A{ ’l, stay
the same in this first period. The on-the-run premium initially, i.e. in ¢ = ¢, decreases following
the same reasoning as in corollary 2.

To analyse the off-the-run prices and quantities traded in the periods ¢ > t, I must take into
account how the probabilities to find the assets change in the second period. Otherwise, the

reasoning is analogous. I assume that settlement fails still occur, so that there is still a positive

premium (as in section 3.8.1). The probability to find the assets is for all sellers o. This is
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weakly lower than beforehand. If already before access P* = P™ = ¢, then the effects are the
same as in the first period after the shock. Otherwise, the effects on the prices, the premium,

and the quantities traded are ambiguous. O

3.12.3 Figures

The following graphs show the stylised facts and irregularities that are discussed in the paper.
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Figure 3.10: On-the-run premium on 10 year bonds

Figure 3.10 is taken from Christensen et al. (2017) and shows the on-the-run premium on 10

year Treasury bonds. The on-the-run yield is subtracted from the par yield of seasoned bonds.
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Figure 3.11: Treasury trading volumes by counterparty in billion USD

Figure 3.11 shows Treasury trading volumes by counterparty. ATS stands for automated

trading system and ID for interdealer (U.S. Department of the Treasury (2022)). I can see
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that the trading volume in on-the-run Treasuries is much higher than in off-the-run Treasuries,

regardless of the counterparty. This is also shown in the next chart.
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Figure 3.12: Trading volume for on-the-run and off-the-run Treasuries

Figure 3.12 shows the average trading volume for on- and off-the-run 2 year, 5 year, and

10 year Treasury notes relative to the date they went off-the-run (Barclay et al. (2006)).
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Figure 3.13: Fails in seasoned and other Treasuries

Figure 3.13, provided by Fleming et al. (2014), plots the cumulative gross fails by month
in seasoned Treasuries and all other Treasuries (including on-the-run Treasuries). Seasoned

Treasuries are Treasuries issued more than 180 days ago. Back in 2014, Fleming et al. (2014)
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pointed out that there has been a steady increase in the number of fails of seasoned Treasuries

over the past few years.
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Figure 3.14: When-issued premium

The conditional when-issued premium, shown in figure 3.14, was measured by Durham and

Perli (2022). The premium is computed by regressing the difference between the actual and

the fitted yield on control variables and a dummy variable indicating whether the Treasury is

when-issued.

Time of Day

12:50 Pm-1:00 PM
12:30 PM—1:00 PM
1:00 PM-1:30 PM

No. of
Auctions

178
178
176

Underpricing Underpricing
(relative to (relative to
when-issued Standard when-issued Standard
transactions) Errar bid gquote) Error
0.32*** 0.12 0.20** 0.12
0.40™ 0.12 0.29*** 0.12
0.32*** 0.10 0.15* 0.10

Figure 3.15: Underpricing

Fleming et al. (2022) document in their paper that Treasury dealers appear to be compen-

sated for taking inventory risks at the auction by price increases in subsequent weeks. This is

evidence that auction prices are lower than secondary market prices after the auction. A direct

comparison of primary and secondary market prices at the time of the auction has been done

by Goldreich (2007) and Spindt and Stolz (1992), among others. Both show that the primary
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market price is lower than the secondary market price of the same security.?® The table above
from Goldreich (2007) compares the auction yields with the when-issued yields in the minutes
before and after the auction. As Goldreich (2007) explains, for example, an underpricing of 0.32

basis points (first row, third column) is equivalent to 1.3 cents per 100$.

3.12.4 On-the-run cycle

The following figure illustrates the on-the-run cycle. An auction is held every quarter. The
newly issued security is on-the-run until the next auction of assets with the same maturity. It

then becomes off-the-run.

Auction 1 Auction 2 Auction 3 Auction 4 Auction 5 Auction 6
01/01/2022 01/04/2022 01/07/2022 01/10/2022 01/01/2023 01/04/2023
| | | | | | 5
[ | | | | | i
Security
1 1 ]
I T 1
issued in Al on-the-run off-the-run
Security
1 1 ]
I T 1
issued in A2 on-the-run off-the-run

53Underpricing is also an observed phenomenon in Initial Public Offerings (IPO’s). See for example Chambers
and Dimson (2009).
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Transaction Costs, the Price of Convenience, and the

Cross-Section of Safe Asset Returns!

co-authored with

Ragnar Juelsrud? Plamen Nenov? Olav Syrstad*

Abstract

We study the cross-section of safe asset returns using a tractable asset pricing model with
multiple safe assets, agent heterogeneity, transaction costs, and aggregate risk. Changes
in the supply or in the transaction costs of a single safe asset induce purifying/polluting
effects on the convenience yields of all assets via an aggregate price of convenience. An
increase in aggregate risk or risk aversion in our model ends up decreasing liquidity
premia via a safety value channel — a repricing effect on risk-free (safe) assets due to a
flight to safety adjustment in agents’ portfolios. We test the predictions of our model
using data on US Treasury yields and changes in Treasury supply. Consistent with our
theory, we show that the convenience yield defined as the difference between a maturity
matched Treasury-OIS spread and the 3-months Treasury-OIS spread increases with the
supply of long maturity bonds and decreases with the supply of shorter maturity bonds.
It also increases with the MOVE Index, which is closely correlated with illiquidity and
transaction costs in the Treasury market. However, it decreases with the VIX, consistent
with our safety value channel. Overall, our tractable model can be useful for analysing the
asset pricing effects of central bank market operations as well as unconventional monetary

policies.
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4.1 Introduction

Safe assets, such as government bonds and bank deposits, are not just risk-free assets. Investors
tend to hold safe assets also for the liquidity services they provide, since such assets are either
with a short enough maturity to match investors’ liquidity needs, or they can be readily con-
verted for cash in liquid secondary markets with little price impact. Therefore, safe assets tend
to command an additional premium, often referred to as a liquidity premium or convenience
yield (Krishnamurthy and Vissing-Jorgensen (2012), Brunnermeier et al. (2022)).

However, there is substantial variation within safe assets in terms of their convenience
yields. In general, shorter maturity Treasury bills tend to command a larger premium than
longer maturity Treasury bonds. Figure 4.1 illustrates this fact by plotting the spread between
Treasuries and overnight indexed swaps (OIS) (maturity matched) relative to the 3-months
Treasury-OIS spread.! As we argue below, this difference in spreads (a double difference)
captures the convenience premium of short vs. long maturity US Treasuries. Therefore,
longer maturity US Treasuries tend to have a higher discount, or lower convenience premium
compared to shorter maturity US Treasuries. This is a general phenomenon that goes beyond
US Treasuries. Short maturity safe assets are generally considered the most “money-like” and

command the largest premium.

Figure 4.1: Relative Treasury-OIS spread

80
— 1lyr-3m
— 2yr-3m
604 — 5yr-3m
— 7yr-3m
10yr-3m
0
€ 40
IS)
[eN
v
wn
8 204
0
-20

2010 2012 2014 2016 2018 2020 2022 2024

Notes: This figure shows the US Treasury-overnight indexed swaps (OIS) spread across different matu-
rities relative to the 3-months Treasury-OIS spread. Source: Bloomberg and authors calculations.

Motivated by the variation in convenience premia across safe assets evident in figure 4.1, we

The OIS is a derivative, which is available with different maturities. Two parties swap a fixed rate for a
floating overnight rate. It is (close to) risk-free but does embed a term premium.
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study in this paper the cross-section of safe asset returns using a highly tractable asset pricing
model with multiple safe assets, agent heterogeneity, transaction costs, and aggregate risk. The
model is stylised but rich enough to accommodate both a demand for convenience (liquidity), as
well as a standard portfolio choice by investors. We use the model to characterise the equilibrium
interactions across safe assets due to asset supply effects, as well as the interactions between
aggregate risk and the demand for convenience. We test the predictions of our theory using
data on US Treasury yields and changes in Treasury supply, for example due to exogenous debt
ceiling periods.

In our model agents with standard recursive preferences face uninsurable idiosyncratic risk,
against which they self-insure by holding and trading assets. Assets differ both in terms of their
transaction costs when traded, which are assumed to be proportional to the value of assets sold,
as well as in their exposure to an aggregate risk factor. We refer to the transaction cost on an
asset as that asset’s illiquidity. A larger transaction cost incurred during sale implies greater
illiquidity. We assume there is a menu of risk-free assets that differ in terms of their transaction
costs and relative supply, as well as a single risky asset (a market portfolio), which also carries
a transaction cost. For tractability, in some of our theoretical analysis, we follow Iachan et al.
(2021) and impose a log-linear approximation on preferences and the risky asset’s payoffs a-
la Campbell and Viceira (2002). This allows us to characterise equilibrium asset returns in
closed-form.?

In our model the intensity of idiosyncratic shocks that agents are exposed to, combined with
their preferences and the whole asset structure, determine the equilibrium liquidity scarcity in
this economy and from it an equilibrium price of liquidity or convenience. The aggregate price
of convenience is an equilibrium object that reflects the equilibrium liquidity scarcity in this
economy relative to a full liquidity insurance first-best, where the marginal rates of substitution
between agents with high vs. low interim liquidity needs are equalised. It is, therefore, both a
pricing factor, which drives the cross section of asset returns, as well as a sufficient statistic for
deviations of this economy from a full insurance first-best.

We refer to the return of a safe asset with positive transaction costs, relative to the most
liquid (zero transaction cost) safe asset in the economy as the convenience yield of the most
liquid safe asset relative to that asset. This convenience yield depends on the transaction cost
of the asset but also on the aggregate price of convenience in the economy.

Using this framework, we show how changes in the supply or in the transaction cost (i.e.

illiquidity) of a single safe asset affects the convenience yields on all safe assets via general equi-

2This approximation is only relevant for some of our results, particularly related to the effects of aggregate
risk.
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librium effects operating through the aggregate price of convenience. In our framework, changes
to the composition of safe asset supply impacts the convenience yields on all safe assets. For
example, substituting less liquid with more liquid safe assets one-for-one decreases the aggre-
gate price of convenience and shrinks the convenience yields on all safe assets. We refer to this
effect as a “purifying (resp. polluting for the opposite substitution) effect”. This feature of our
model can be used to understand the asset pricing (and welfare) effects of central bank inter-
ventions, such as Operation Twist or more recently Quantitative Easing (QE) programs. In our
framework, such interventions impact asset prices and welfare in the economy via the aggregate
price of convenience. It can also be used to understand the effects of changes in the supply of a
single safe asset. In that case, in addition to compositional effects, there is also an effect on the
total supply of safe assets. Specifically, in a partial corollary to the purifying/polluting effect,
we show that increasing the supply of a safe asset may increase or decrease the convenience
yields on all other safe assets, depending on the illiquidity of that safe asset. For example,
increasing the supply of a safe asset that is more (less) illiquid than an appropriately-defined
average illiquidity in the economy increases (resp. decreases) the convenience yields of all safe
assets, since it increases the aggregate price of convenience. Therefore, the type of safe asset
added to an economy actually matters for aggregate liquidity, and as we also show for welfare.

Finally, we show that when safe assets are more liquid on average than the risky market
portfolio — a natural assumption — increases in aggregate risk or risk aversion affect the conve-
nience yields and the price of convenience via a safety value channel, which ends up decreasing
the convenience yields on all safe assets. The main mechanism for this effect is a valuation
effect on risk-free assets from higher aggregate risk due to a “flight to safety” adjustment in
agents’ portfolios. Intuitively, such higher equilibrium valuation of risk-free safe assets relaxes
the liquidity needs of agents in this economy and improves their ability to self-insure against
idiosyncratic shocks.

Next, we test the predictions of our model using data on US Treasury yields and changes
in Treasury supply. In the data we take the difference in Treasury-OIS spreads between longer
maturity Treasuries and 3-months Treasury bills (a double difference) as the counterpart to the
convenience yield between two safe assets in our model. The first differencing of the OIS rate,
which like Treasuries embeds a compensation required for bearing the risk of changes in the
short term interest rate over the contract period, i.e. the term premium, allows us to have a
cleaner measurement of the convenience yield in Treasuries. The second differencing gives us a

measure of the convenience yield in line with our theoretical framework.?

3The second differencing also takes out any maturity invariant asset type-specific component from the mea-
sured convenience yield.
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To test for the safe asset supply prediction of our model, we use two sources of variation.
First, we use changes in the positions of primary dealers as a proxy for the supply of Treasuries of
different maturities to market participants. Intuitively, higher inventory of Treasuries of primary
dealers is an indication of large supply and difficulties for dealers to re-sell the Treasuries to
other market participants. Quantitatively, a 100 billion increase in the short (long) maturity
positions of primary dealers are associated with a decrease (increase) in the convenience premia
of the 3-months Treasury bill against other Treasuries with longer maturity of 10 (20) basis
point(s) across the entire cross-section. Therefore, consistent with the purifying/polluting effect
in our theory, we show that the convenience yield increases (i.e. there is a larger difference
between long and short term Treasury-OIS spreads) with the supply of long maturity bonds
and decreases with the supply of shorter maturity bonds. Second, we use debt ceiling episodes to
get plausibly exogenous variation in the supply of Treasuries. A one percentage point increase in
the growth of total outstanding government debt (driven by the debt-ceiling episodes) increases
the convenience premia (against all maturities) by 7 basis points. As this is primarily driven
by longer maturity Treasuries, this is consistent with the polluting effect of safe asset supply in
our model.

Finally, we show that the convenience premia increase with the MOVE Index, which measures
yield volatility of US Treasuries, and is thus closely correlated with illiquidity and transaction
costs in the Treasury market (Duffie et al. (2023)). However, they actually decrease with the
VIX, consistent with our safety value channel. Moreover, the effects of interest rate volatility
(MOVE Index) and general risk sentiment (VIX) are substantially stronger for Treasuries with

long maturities.

Literature review Our paper contributes to the large and growing literature on safe assets
and the convenience yield spurred by the seminal contribution of Krishnamurthy and Vissing-
Jorgensen (2012) (see Gorton et al. (2012), Caballero and Farhi (2013), Krishnamurthy and
Vissing-Jorgensen (2015), Sunderam (2015), Caballero et al. (2016), Nagel (2016), Azzimonti
and Yared (2019), He et al. (2019), Gorton (2020), Ahnert and Macchiavelli (2021), Chris-
tensen et al. (2021), Diamond and Van Tassel (2021), Jiang et al. (2021), Kacperczyk et al.
(2021), Acharya and Dogra (2022), Barro et al. (2022), Brunnermeier et al. (2022), Gorton
and Ordonez (2022), Engel and Wu (2023), Krishnamurthy and Li (2023), among others).*
Krishnamurthy and Vissing-Jorgensen (2012) examine differences in several spreads, including

Treasury-corporate bond yield spreads, and corporate bond spreads (adjusted for default risk)

“See Brunnermeier and Haddad (2014), Caballero et al. (2017), Golec and Perotti (2017), and Gorton (2017)
for a review of the literature.
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and examine how those respond to changes in Treasury supply. They use a reduced-form money-
in-the-utility model to analyse the convenience services of safe assets, splitting those services
into a liquidity and a safety component. An increase in the overall supply of safe assets in
their model, decreases the marginal value of convenience provided by each asset. We innovate
relative to this seminal paper by explicitly treating different safe assets as imperfect substitutes
for liquidity services and examine the resulting cross section of safe-asset returns and its re-
sponse to the composition of safe assets. While we do not have an explicit difference between
liquidity and safety services in our model, it can nonetheless accommodate a safety channel
under the natural assumption that safe assets are collectively more liquid than the risky asset
in our model economy. Moreover, in an extended version of our model that includes liquidity
risk, the resulting differences in assets that are more vs. less exposed to liquidity risk can be
interpreted as capturing a safety service.

Our emphasis on transaction costs for understanding the cross-section of safe asset returns
relates our paper to Brunnermeier et al. (2022) who emphasise a retrading perspective on
safe assets — the ability to retrade safe assets at a low transaction cost and at a predictable
value whenever needed. Specifically, the aggregate price of convenience in our framework is
conceptually related to the price of service flows in Brunnermeier et al. (2022). Unlike them
we have a finite horizon framework, and hence our model cannot feature any rational asset
bubbles. Relative to their model we provide a tractable framework that can accommodate a
potentially large set of safe assets (in addition to a risky market portfolio), which can be used
to understand the effects of changes to the composition of safe assets in an economy — a margin
of adjustment that is arguably of first-order importance for monetary policy implementation
and understanding the effects of unconventional monetary policy.

Our theoretical model brings our paper close to models of equilibrium asset prices with
transaction costs and trading frictions (Amihud and Mendelson (1986), Aiyagari and Gertler
(1991), Heaton and Lucas (1996), Vayanos (1998), Vayanos and Vila (1999), Holmstrom and
Tirole (2001), Huang (2003), Lo et al. (2004), Vayanos (2004), Acharya and Pedersen (2005),
Duffie et al. (2005)).° As in our framework, in these models, transaction costs imply a liquidity
premium for assets with lower transaction costs relative to assets with higher transaction costs.’

Similar to our model, Vayanos and Vila (1999) consider a model with two riskless assets, one

®See Amihud et al. (2006) for a review of the literature. See also Constantinides (1986), Duffie and Sun (1990),
Davis and Norman (1990), Grossman and Laroque (1990), Dumas and Luciano (1991) for partial equilibrium
portfolio allocation models in the presence of transaction costs.

5In addition to differences in transaction costs or liquidity across assets, the liquidity premium may arise due
to liquidity risk. We also provide a microfoundation for the transaction costs arising due to a specific form of
liquidity risk — a correlation between the aggregate liquidity conditions in the economy and an asset’s returns,
similar to Holmstrom and Tirole (2001) and Acharya and Pedersen (2005).
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without a transaction cost and one with transaction costs. They consider an OLG framework
with 3-period-lived agents that trade the assets for life-cycle reasons. Specifically, there are
clientele effects resulting in long horizon (agents in the 1st period of life) and short horizon
(agents in the 2nd period of life) agents demanding different types of assets. They show that
when transaction costs for the illiquid asset increase, its price falls relative to the price of the
liquid asset but that the price of the liquid asset also increases. Therefore, the price of the
illiquid asset may decrease or increase, depending on the strength of the price response of the
liquid asset. If the relative supply of the illiquid asset is large, the strength of the price response
is also large, and hence the price of the illiquid asset increases. Similar cross-asset effects of
changes in transaction costs are present in our framework as well. Specifically, the liquidity
premium in our framework depends on both the relative and overall supply of different asset
types. Relative to their model we propose a framework that is tractable enough to accommodate
multiple risk-free assets in addition to a risky asset (the market portfolio). Moreover, our model
features uninsured idiosyncratic liquidity shocks which affect the resulting convenience yields
due to transaction costs beyond the direct effect of transaction costs on returns. In fact it
is because of this demand for liquidity that the convenience yield depends on the supply of
different asset types.

The explicit treatment of safe assets as imperfect substitutes due to different transaction
costs relates our model to a literature on monetary policy implementation that goes back to
Tobin (1958) and Tobin (1961) and the portfolio balance channel of monetary policy (Tobin
(1969)), as well as a more recent literature on the price effects of the relative supply of differ-
ent safe assets (Greenwood and Vayanos (2014), Krishnamurthy and Li (2023)) and of large
scale asset purchases and QE (Greenwood and Vayanos (2010), Alon et al. (2011), Krishna-
murthy and Vissing-Jorgensen (2011), Gagnon et al. (2011), Swanson (2011), Hamilton and
Wu (2012)).7 Our results on the substitution of more for less liquid safe assets are directly
related to the portfolio balance channel and also to the “liquidity channel” of QE emphasised
by Krishnamurthy and Vissing-Jorgensen (2011), who argue that QE substituted more (central
bank reserves) for less liquid assets (US Treasuries), thus increasing the liquidity available in
the market and decreasing the aggregate price of convenience and the convenience yield on the
most liquid assets relative to less liquid assets. This feature of QE is a direct consequence of

the purifying/polluting effect in our model.®

"See also Brunner and Meltzer (1972), and Andres et al. (2004).

80ur model can also easily accommodate a “market functioning channel” if one assumes that transaction costs
for an asset are an increasing function of the supply of that asset. See Gagnon et al. (2011) for a discussion of
the market functioning channel and also the recent work by Duffie (e.g. Duffie (2020), Duffie and Keane (2023),
Duffie et al. (2023)).
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Even though we do not explicitly model short vs. long term safe assets in our baseline
framework our extended model which features liquidity risk can be interpreted as a theory
of the term-structure and the term-premium. In a highly influential paper Vayanos and Vila
(2021) model the term-structure of government bonds based on “preferred-habitat” investors as
in Modigliani and Sutch (1966) and risk-averse arbitrageurs, which creates partial segmentation
of the bond market. Limits to arbitrage imply an underreaction of long rates to short rate
shocks and also an increasing term structure, which compensates arbitrageurs for taking risk.
Without local demand shocks, changes to demand/supply for a particular bond have “global
effects” on all bond prices because of the increase in risk exposure of the arbitrageurs with
the effect increasing in bond duration.® Conceptually, our framework complements Vayanos
and Vila (2021) by also featuring “global effects” of changes in the supply of one particular
bond/safe asset on the prices of all safe assets. However, unlike their framework, in our model
this occurs via the general equilibrium response of the aggregate price of liquidity.

In our empirical measure of the convenience premium we follow a recent wave of literature
applying the OIS-rate as a proxy for the risk-free rate and the corresponding Treasury-OIS
spread as a proxy for the price of convenience embedded in Treasuries (Filipovic and Trolle
(2013), He et al. (2022), Klingler and Sundaresan (2023), Fleckenstein and Longstaff (2023),
Du et al. (2023)). In contrast to the above-mentioned articles, our primary interest is the
relative convenience premium across the term structure rather than the level itself. To this end,
we deduct the 3-months Treasury-OIS spread from the corresponding longer-term yield spreads.

Du et al. (2023) and Klingler and Sundaresan (2023) relate the increase in the Treasury-
OIS spread since the Global Financial Crisis (GFC) to the increase in the supply of Trea-
suries. Specifically, Du et al. (2023) argue that the Treasury supply is a significant driver of
the Treasury-OIS spreads and as a result contributing to the regime shift where dealers have
positive net positions in Treasuries. We utilise this finding and use net primary dealer positions
as a proxy for excess Treasury supply. Our focus on Treasury supply is also related to Green-
wood and Vayanos (2014). The authors investigate the slope of the yield curve by comparing the
supply of long vs. short maturity Treasuries (relative supply effects) using a maturity-weighted-
debt-to-GDP measure. We also consider such relative supply effects. However, instead of the
price of duration risk, we emphasise the price of liquidity and different exposure of Treasuries of
different maturities to that price. Also, rather than explicitly looking at the slope of the yield

curve we look at the slope of the Treasury-OIS spreads.

?Other equilibrium asset pricing models of the term structure include Wachter (2006), Buraschi and Jiltsov
(2007), Xiong and Yan (2010), Lettau and Wachter (2011), Gabaix (2012), among others.
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4.2 Theory

In this section we present our theoretical framework. We start by informally discussing the
main features of our model. Agents in our model have standard Epstein-Zin (Epstein and Zin
(1989)) preferences and form portfolios over risk-free and risky assets at an initial period. They
may then have interim trading needs, which arise due to uninsurable idiosyncratic shocks as in
the asset-pricing with uninsured idiosyncratic risk literature (e.g. Bewley (1979), Aiyagari and
Gertler (1991), Constantinides and Duffie (1996), Heaton and Lucas (1996), Heaton and Lucas
(2000), Constantinides (2002), Di Tella (2020), Brunnermeier et al. (2022)). In our framework,
these idiosyncratic shocks will take the form of shocks to marginal utility, making the agent
more impatient to consume in the period. Assets in our framework will each have a proportional
transaction cost that is borne by the seller of the asset in the interim period. As in Acharya
and Pedersen (2005), we interpret this transaction cost much more broadly than simple fees
or bid-ask spreads and instead let this cost encompass liquidity considerations related to price
impact and trading delays. In addition, in the appendix we provide a microfoundation where
the transaction cost also incorporates liquidity risk — the covariance between the price of an
asset and the aggregate liquidity needs in the economy. Finally, we assume that there is always
a risk-free asset with zero transaction cost. This is consistent with theories of security design,
in which a riskless security has the lowest transaction cost (see Gorton and Pennacchi (1990),

DeMarzo and Duffie (1999), Dang et al. (2009)).1°

4.2.1 Model set-up

The model has 3 periods: t = 0,1,2. The state at t = 2 is uncertain and described by the
realisation z of a random variable Z ~ Lognormal(j,?). There is a unit measure of 3-period
lived investors. Investors have non-storable endowments Yy at ¢ = 0 and Y7 at t = 1. A measure
A of investors are subject to a liquidity/impatience shock at the beginning of ¢t = 1. They are
denoted by type s = S and are referred to as impatient. The remaining investors are denoted
by s = S and are referred to as patient. Investors consume in all three periods, cg, 1,5, c2,s. The
liquidity shock makes investors value consumption at ¢ = 1 more and not value consumption at
t = 2 anymore. The endowment is the numéraire good in the economy.

There are two types of assets. The first type is risk-free assets, and there is a variety of N

10Note that our framework only models the demand for convenience via liquidity needs, and we do not explicitly
model any additional demand for safety, for example due to limited participation in markets for risky assets
(Vissing-Jorgensen (2002)) or because of special properties of using safe and informationally-insensitive assets as
collateral (Dang et al. (2010)). Our model can be easily modified to accommodate the latter channel as borrowing
against collateral for liquidity purposes (i.e. funding liquidity) and liquidating an asset (i.e. market liquidity)
are closely related concepts.
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such assets. We denote the set of these assets by I = {1,2,..., N}. The second type is risky
assets, and for simplicity we assume there is only one such asset, which we refer to as the market
portfolio and denote it by m.

For the risk-free assets the payoff is equal to 1 in each state z at ¢ = 2. For the market
portfolio, we denote the payoff by ©™(z). The total supply of all risk-free assets is denoted by
@/, while for the market portfolio the total supply is @™. The supply of each risk-free asset i
is @, and therefore, Qf = Y el Q'. To simplify the analysis, we switch off revaluation/wealth
effects and assume that the assets are initially held by one-period lived agents who sell the
assets, consume and exit the economy.

Since all investors are ez ante symmetric at ¢ = 0, we denote the quantity of risk-free asset
i € T held by an investor at the end of t = 0 by X}, while the quantity of the market portfolio is
denoted by X". The quantity of risk-free asset ¢ held by an investor type s € { S ,g} at the end
oft=11s X%,s and analogously for the market portfolio holdings. The prices of the risk-free
assets are denoted by P}, and the price of the risky asset by P/™. Investors who sell an asset at
t = 1 pay a proportional transaction cost 7¢ for risk-free asset i and 7™ for the market portfolio.
We assume that for risk-free asset i = 1, 71 = 0. Therefore, there is one risk-free asset without
transaction costs in this economy. Lastly, investors are assumed to have recursive Epstein-Zin

(Epstein and Zin, 1989) preferences given by:

Up = log(CO) + Xs IOg(Cl,s) + Bs log(UQ,s)a

1\ /A=)
where Up s = (E [c; VD ! , and v measures the degree of risk aversion. To model the t =1

liquidity shock of the investors, we assume that

X s=58 I, s=8
Xs = , with 1 = x <%, and 85 =

Y7 s=29 0, s=S5

In what follows we focus on the case where ¥ = 2. This is a convenient parametrisation,
since given the number of periods and the assumption of no discounting between periods, it
implies that there are no total utility differences between the patient and impatient investors,
which generates tractability in our mathematical expressions below at the cost of little loss in

generality. We can write the t = 0 preferences of an investor of type s recursively as

U() = log(co) + U1,37 (4.1)
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_ 1/(1=7)
with Uy s = xslog(ci,s) + Bslog(Uszs) and Us s = (E [cgs V)D ! . At t =1 we have

2log(c, g), s=08
1,s = 7 (42)
log(c1,s) +1og(Us,s), s=S.
The t = 0 budget constraint of a representative investor is given by
co+ Z PIXi4+ P'X™ =Y. (4.3)

We conjecture that all risk-free assets in period 1 have the same price Plf and verify this
conjecture in the appendix (see section 4.6.1). Therefore, the ¢ = 1 budget constraint for a

type-s investor is given by

Cl,s + A2,s =Y+ A — Zszlf max {OvX%,s - X%,s}
icl (4.4)
+ 7" P" max {O,Xffs - ngs} ,

where the last two terms on the right-hand side reflects the transaction costs incurred from
selling assets, and A; denotes the asset holdings the investor has at the beginning of t = 1,

namely A; = Ple + P"X{, with X{S = EX{S. Az s denotes the asset holdings of the

investor at the end of ¢t = 1, with Ay g = PfXQfS + P" X35, where X =YX s+ Finally, the
i€l
period 2 budget constraint of a type-s investor in state z is given by

ca,s (2) = X4, + o™ (2) XTI (4.5)

Next, we define an equilibrium for this economy.

Definition 4 (Equilibrium). An equilibrium for this economy consists of period 0 asset and

consumption choices of the investors, {X{}

e X1 and co; period 1 asset and period 1 and 2

consumption choices for type-s investors, {Xés}

asset prices, {Poi}i,Parl, Plf, P, such that

il ,X22’S, 1,5, and ca 5 (2); and period 0 and 1

a) given prices, the consumption allocations, and asset holdings solve the period 0 and period
1 problems of the investor (i.e. Eq. (4.1) subject to the period t = 0 budget constraint in
Eq. (4.8), as well as Eq. (4.2) subject to the period t = 1 budget constraint in Eq. (4.4),

as well as the period 2 budget constraint in Eq. (4.5) which must hold for all z);

b) given the period 0 and period 1 asset holdings of investors, the asset markets clear in both
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t=0 andt =1, that is

Xi=Q", Viel

X'=Q™m
and

X;§+X§7§ =Q!, Viel

4.2.2 Characterisation

We solve the model backwards in time. We first look at the ¢ = 1 problems and market clearing
conditions given the asset holdings of the investors as of the beginning of ¢ = 1 and then
move to the £ = 0 problem and market clearing conditions given some anticipated ¢ = 1 prices.
Imposing rational expectations and given the ¢ = 0 choices of agents this gives a full equilibrium

characterisation of this economy.

4.2.2.1 ¢t =1 characterisation

From ¢ = 1 onwards, there are two types of investors: patient and impatient. An impatient
investor sells all her assets because she derives no utility from consumption in future periods.
A patient investor’s problem can be split into a consumption-saving problem and a portfolio
choice problem.!! In the consumption-saving problem, she decides how much to consume in the
current period and how much to save for the next period. In the portfolio choice problem, she
decides how to allocate her savings over assets. Specifically, below we denote by w the portfolio
share invested in the market portfolio. Market clearing implies that patient investors hold all

assets at the end of t = 1. The following lemma summarises the ¢ = 1 characterisation.

Lemma 1 (t = 1 characterisation). Let Ay =}, PlfQﬁ + P"QT" denote the equilibrium
value of financial wealth att = 1. The following characterises the equilibrium prices and allo-

cations att =1 and t = 2.

a) Investors’t =1 consumption and saving decisions:

_ 2 Y m o ym
Cl,S_l_’_)\}/l_%TQ_T Q
1
= Y]
ST T

"This is implied by the assertion that in equilibrium she only increases her asset holdings at t = 1, as we verify
in the appendix section 4.6.1.1.
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and

b) Patient investors’ portfolio allocations solve:

Uz(A2s) = Xfmax (E [CQ,E (2) (1_7)})1/(14)

2,5X3's
s.t.
pf XZ{ g+ PXY = Az g

ca,5(2) = X§ g + 9™ (2) X5, V2.

¢) Prices are determined by:

1 Y, + A
Pf fF—(—=
TSV

1 Y] + Ay
= pmOm — 1
G-y mv—s;

P"X3s . . . . . )
where w = =2 0 < w <1, is the portfolio share invested by patient investors in the
Az,s

market portfolio. Moreover, Pf = Plf Vi e 1.

Proof. See appendix 4.6.1. O

4.2.2.2 t =0 characterisation

At t = 0, investors choose their current consumption and their asset portfolio. The problem is
characterised by a standard Fuler equation. The marginal utility of today’s consumption must
equal the expected marginal utility of tomorrow’s consumption times the return on each asset
earned by holding it from the first to the second period, where the expectation is taken over the
idiosyncratic state at ¢ = 1. All uninvested resources are consumed, and there is asset market
clearing, with all assets held by the investors. Lemma 2 summarises the equilibrium equations

that characterise the economy at ¢t = 0.

Lemma 2 (t = 0 characterisation). Given anticipated period t = 1 asset prices P{,Vi € 1

and P, the following list of equations characterises the economy at t = 0.
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a) Prices are determined by the Euler equations with respect to every asset:

U, g pi . U, 5 P
%:)\71’5—1(1—73)—%(1—)\) LS71 wieTum.
Jdco 8013 Pg 801,§ POJ
b) The portfolio allocations, or asset holdings, are:
Xi=Q", Viel

X = Q™.

¢) Consumption given prices and asset holdings are given by:

N
=YY PQ - PrQ™.
i€l

Proof. See appendix 4.6.1. O

4.2.3 Approximating the second period portfolio choice

For some of our theoretical results below, we will simplify the ¢ = 1 portfolio choice problem of
the patient investor by applying a log-normal approximation for the equilibrium asset returns
in Tachan et al. (2021), which in turn is based on the log-normal portfolio choice approximation
in Campbell and Viceira (2002). Under that approximation, the portfolio choice problem of
the patient investor simplifies to a mean-variance portfolio choice problem, given normally
distributed log asset returns. To set-up the simplified problem, we define the log returns 75*(z) =
log (%T(f)) and r{ = log <Pllf> . Also, we define the log of the certainty-equivalent return on the
portfolio RS by r§¢ = log(RS°) and the risk premium on the risky asset by 7 = E [7"5”(2)]4—%2 —rd.

The portfolio maximisation problem then simplifies to

rée — pl — max wr — 1w202.
2 2 1 5

The first-order condition shows that the investor invests the following constant share into the

risky asset:

w=—. (4.6)

T =Ty 4 . (4.7)
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This approximation requires a minor adjustment in our equilibrium definition as well. In par-
ticular, the investor is assumed to act according to Eqgs. (4.6) and (4.7) when forming ¢t = 1
portfolios and making her ¢t = 0 and ¢ = 1 consumption-saving decisions.

We point out that from our main theoretical results in section 4.3 only proposition 10 and
the general case in proposition 9 depend on this log-approximation. The other results are

independent of it.

4.2.4 Microfoundation of transaction costs

In the appendix section 4.6.1.2, we provide microfoundations for the transaction costs. We
first show two examples where we adjust our framework to incorporate assets with different
maturities, a feature we are particularly interested in in light of our empirical explorations
in section 4.4.2. In both examples we show that long maturity assets are less convenient to
accommodate agents’ interim liquidity needs and can therefore be associated with carrying
higher transaction costs. In the first example the reason for that is that there is a mismatch
between the maturity of the long maturity asset and the horizon of liquidity needs. In the
second example the ¢ = 1 return on the long maturity asset is negatively correlated with the
marginal utility of consumption, making it inconvenient to hold.

For both examples we adapt our framework by assuming, for simplicity, that there are only
two risk-free assets. We further modify the framework slightly by assuming that one asset
matures in period ¢ = 1, while the other matures in ¢ = 2, which introduces a term structure
into our model.

In the first example we additionally assume that if the two-period asset has to be resold
at t = 1, the investor has to pay a fee, which can be thought of as a market access fee. Our
results show that the long maturity asset is less convenient and therefore may be associated
with higher transaction costs. Unlike the short maturity asset, which pays off precisely when
an investor has liquidity needs, the long maturity asset has to be liquidated, while incurring a
cost to do so.

In the second example we do not assume that agents incur any transaction costs when selling
assets. In contrast, we focus on the impact of aggregate uncertainty on the convenience of assets
with different maturities. As a concrete example (which we later generalise) we assume that
the endowment in ¢t = 1 is stochastic. There is a news shock about the aggregate endowment
realised in ¢ = 1, so that at ¢ = 0 agents do not know if their endowment will be high or
low in the second period. Our results reveal that the price, and hence the return, of the long

maturity asset in period ¢t = 1 covaries negatively with the marginal utility of consumption. In
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comparison, the short maturity asset matures in ¢ = 1 and therefore its payoff is not correlated
with endowment uncertainty. The negative covariance between the future return and future
marginal utility (and therefore also with the aggregate price of convenience) is another reason
why the long maturity asset is less convenient to be held at ¢ = 0 and trades at a discount
relative to the short maturity asset.

We also generalise these examples, by deriving a general expression for the convenience
yield within our specialised set-up with two assets with different maturities. We assume both
market fees and aggregate uncertainty, thus combining the two examples. Compared to the
second example we further assume that the aggregate uncertainty can be with respect to any
exogenous variable, for example payoffs. Additionally, we assume an isoelastic utility function
instead of a log utility function to generalise further. We also assume that the third period is
discounted with a discount factor which is possibly smaller than one (to allow for aggregate
uncertainty on the discount factor). We show that the expression for the convenience yield
nests our two examples from beforehand, and that the drivers are the same. With respect to
the influence of aggregate uncertainty it depends on the specific kind of uncertainty if the long
or the short maturity asset are more convenient. Lastly, it is important to emphasise that, in
line with general asset pricing theory, it is the covariance of returns with aggregate risk and
not the variance of aggregate risk that influences equilibrium asset prices and therefore the

convenience yield.

4.3 Theoretical results

4.3.1 The price of convenience

An important equilibrium object that is central to our theoretical results is the equilibrium

— aUl,s an . .
= o/ Gen denote the ratio of marginal

price of convenience. To define this object, let m; 4

utilities of consumption for an investor of type s € {§ , g}. Define

mys U, 5 0Uy g
mis  Ocgt des

n

Therefore, 1 capture the degree to which marginal utilities of consumption between patient and
impatient investors are aligned in equilibrium. Indeed, as we show in proposition 11 in the
appendix, in the first-best full liquidity insurance case, 7 = 1 and there is full equalisation of
marginal utilities across idiosyncratic states at ¢ = 1. Moreover, the higher is 7, the further
away is this economy from the full-insurance benchmark, so that 7 is also a sufficient statistic

for how far the economy is from the first-best allocation (where n = 1).
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In our decentralised economy generally 1 > 1, with the value of 17 determined in equilibrium.
Therefore, nn can be thought of as reflecting the equilibrium liquidity scarcity in this economy.
We therefore refer to n as the price of convenience. We can express the price of convenience 7

as a function of model primitives and asset prices,

2
a1
Y, — 7P Qf — rmpmQm’

="
1+

where 7 = Zf\éﬂ Ti% is defined as the average transaction cost of risk-free assets in the economy.
Therefore, the price of convenience depends on the period t = 1 endowment Y7, the share of im-
patient investors A and the transaction costs incurred in equilibrium, i.e. ?Plf Q7 +rmprQm. 2

In the special case when Q™ = 0, n simplifies further to

1
(e (S VE )
In that case n depends on the average transaction costs 7 and the share of impatient investors
A. Specifically, n increases in 7. Intuitively, a higher average transaction cost worsens the
equilibrium liquidity scarcity and decreases the self-insurance possibilities, leading to a higher
value of 1. n also decreases with the share of impatient investors, A. The more impatient
investors, the lower the ¢ = 1 price of the safe assets due to the larger supply pressure and
cash-in-the-market pricing from the patient investors. However, a lower ¢ = 1 price actually
mitigates the impact of the transaction costs (as those are incurred proportional to the value

of assets sold), improving liquidity insurance and leading to a lower 7).

4.3.2 Convenience yields

Next, we characterise the ¢ = 0 convenience yield of an asset in the economy, which we define
as the relative return of that asset relative to the return on the most liquid risk-free asset in
the economy. Equivalently, this is the liquidity premium of the most liquid safe asset in the

economy relative to a less liquid asset. We define the period t = 0 gross return on an asset
it

i€lTu{m}as R = 5r- We state our first main result:
0

Proposition 6 (Convenience yields). Define 1/ = %. Then
1

_ 1 _ 1
1A m, 5T R} 1

,llz)i

X for alli e TUm.

A

T X FT—N/n

12 As the endowment is non-storable the price of convenience does not depend on the endowment in the first
period, Yp.

76



Proof. See appendix 4.6.1. O

Proposition 6 shows that the convenience yield 1/° is influenced by three forces. First, an
asset’s gross return has to compensate for the transaction cost incurred by selling the asset. Sec-
ond, an asset’s return has to compensate for the transaction cost being incurred precisely when
the investor is impatient. Third, how much the transaction cost matters for the convenience

yield depends on the price of convenience 7.

4.3.3 Effects of transaction costs

We next show how a change in an asset’s transaction cost impacts the convenience premia across

the entire cross-section of assets in the economy.

Proposition 7 (Transaction costs). The convenience yield, V", is increasing in the transac-

tion cost of asset i, T, i.e. gqu >0, Vi € IUm. It is also increasing in the transaction cost

of any other asset, TF, i.e. g%i >0, for k #i and k and i € TUm. The impact is higher, the

higher is ¢, i.e. gilf’; >0 and % >0,VielUum.
Proof. See appendix 4.6.1. O

Therefore, a change in an asset’s transaction cost not only impacts its own convenience yield
but also impacts the entire cross-section of assets. This spillover effect is driven by a change in
the price of convenience 1. An increase in the transaction cost of any asset increases the price of
convenience as overall liquidity in the economy decreases. A higher price of convenience affects
all assets and raises all the convenience yields, making the most liquid asset more valuable. The
more illiquid an asset is in terms of the transaction cost, the more its corresponding convenience
yield is affected. Intuitively, if investors have to pay high transaction costs, then they are more

exposed to price increases driven by the increase of the price of convenience.

4.3.4 Effects of changes in asset supplies

We next show that changes in the composition and overall supply of safe assets also affect the
entire cross-section of convenience yields. We first consider a compositional change in the supply
of the risk-free assets due to an increase in the supply of one asset and an equivalent decrease

in the supply of another asset.

Proposition 8 (Purifying/polluting effects). Given a compositional change where dQ' =
—dQF for two risk-free assets k and 1, the convenience yield 1" for any asset i € ITUm increases

strictly in response to this change iff 7' > TF.
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Proof. See appendix 4.6.1. O

Substituting more liquid for less liquid assets one-for-one can be interpreted as a “purifica-
tion” of the pool of safe assets by altering its composition. This decreases the aggregate price
of convenience and shrinks the convenience premia with respect to all assets, or the liquidity
premium on the most liquid asset. We call this the “purifying/polluting effect” of safe asset
supply.

This result of our theoretical analysis allows us to analyse the asset pricing (and welfare)
effects of central bank interventions, such as Operation Twist or more recently QE programs.
Since in both cases the central bank substitutes more for less liquid assets, such interventions
decrease the convenience yields and increase welfare in the economy (as they lead to a lower
value of 7, see appendix section 4.6.1.2).

A similar effect occurs when the overall supply of a specific risk-free asset changes. In that
case, in addition to the shift in the composition of safe assets, there is an overall increase in the
supply of safe assets and an implied shift in the ratio of safe to risky assets. To switch off this
second effect, we first assume that there is no risky asset in the economy, Q™ = 0. In a second

step we also discuss the general case.

Proposition 9 (Asset supply effect). If Q™ = 0, then for any risk-free asset

%>Oz’ﬁrl>7~'forallie]l.

Q!

f_pm
If Q™ > 0 and (PlPl,fl > is close to zero, then for any risk-free asset |

oY’ . , o oPm 9P/
agi = O Jor alli € TU{m}, iff P +7Q aor T 7 5 > 0
Proof. See appendix 4.6.1. =

The intuition for this result is very similar to that of the purifying/polluting effect from
proposition 8. Whether convenience yields increase or decrease now depends on whether the
risk-free asset whose supply increases is more or less liquid compared to the average transaction
cost on risk-free assets. If it is more (less) liquid, then there is a purifying (polluting) effect
from increasing the supply of that asset, and convenience yields decrease (increase). If the
supply of the risky asset is positive, then in addition to the purifying/polluting effect across the
set of risk-free assets, there are also revaluation effects of the risky and risk-free assets. This

additional effect complicates the characterisation but the broad intuition stays the same. Lastly,
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let us point out that the general result holds under the assumption that the risk premium on

f_pm
the market portfolio is relatively small and therefore (P1 P{fl ) is close to zero. We view this
assumption as empirically justifiable given the measured risk premia on risky assets.
Therefore, the analysis of asset supply effects shows that which safe assets are included in

an economy matters for aggregate liquidity conditions, asset pricing and welfare.

4.3.5 Effects of risk and risk premia

Our model features aggregate risk through the risky market portfolio. In light of crisis and
flight to safety episodes it is interesting to examine the impact of risk and risk-aversion on
the cross-section of safe asset returns according to our framework. The following proposition

discusses the effects through the lens of our model.

f_pm
Proposition 10 (Impact of risk). If (Plplfl ) is close to zero, then, for all i € TUm,

W <0, iff T > T, and%—f<0, iff T > 7

Proof. See appendix 4.6.1. O

An increase in the payoff variance o2 or the risk aversion parameter v increases the price
of the risk-free assets and decreases the price of the risky asset. If safe assets are on average
more liquid than the risky asset — which we view as the natural assumption — then an increase
in aggregate risk or risk aversion implies that this revaluation effect increases the value of
safe assets and improves their ability to self-insure. Put differently, the price of convenience

decreases, and so do the convenience yields for the whole cross-section of safe assets.

4.4 Empirical evidence

We test our theoretical predictions on the cross-section of safe asset returns by examining the
US Treasury market. Before showing the various tests, we discuss the data and the actual

measurement of convenience yields.

4.4.1 Data and measurement
4.4.1.1 Data sources

We use data on Treasury yields and overnight indexed swap (OIS) rates to measure convenience
yields (see section 4.4.1.2). We then add data from different sources, depending on the specific
empirical test. To test our theoretical predictions about supply effects, we also use data on

primary dealer net positions and total outstanding US government debt. To test the effects
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of transaction costs and risk, we use data on the MOVE Index and the VIX in the US. The
VIX measures stock market volatility, while the MOVE Index measures implied bond volatility
in the US Treasury market (Mallick et al., 2017). Further, in some regressions we also add
information on the SP 500 Index and the Effective Federal Funds Rate as control variables.

Table 4.1 presents summary statistics.'

Table 4.1: Summary statistics US

Data Maturity Mean Median  St. Dev.
Treasury-OIS 1Y 7.07 6.29 6.01
spread in bp 2Y 13.10 12.33 8.11
5Y 22.84 18.97 13.16
Y 32.47 24.29 15.41
10Y 36.34 31.76 14.42
Primary dealer (0y, 1y] 2.34 1.95 1.6
net positions (defl.) (ly, 3y]  2.77 2.15 2.66
in 10 bil USD (3y, 6y] 1.03 1.08 1.39
(6y, 11y]  0.29 0.50 1.44
Debt
growth in % 0.14 0.05 0.28
MOVE Index 73.48 69.30 21.71
VIX 18.49 16.64 7.19
SP 500 Index 2398.87 2124.39 988.37
Effective Fed Funds
Rate in % 0.63 0.15 0.85

4.4.1.2 Measuring the convenience yield

We measure the convenience yield ¢’ as the spread between maturity-matched Treasuries and
OIS relative to the 3-months Treasury-OIS spread. The OIS is a derivative where two parties
swap a fixed rate for a floating overnight rate. Concretely, this means that the receiver of the
fixed rate pays the realised overnight rate while the counterpart pays the fixed rate and receives
the overnight rate. The OIS is available with different maturities. Since there is no exchange
of the notional amount, the OIS rate does not embed any convenience connected to “store of
value” or “liquidity services”. In addition, a variation margin is mandatory and the OIS rate
is therefore (close to) risk free. However, as in Treasuries, the OIS rate does embed the term

premium, i.e. a compensation required for bearing the risk of changes in the short term interest

!3The time horizon used for the summary statistics is by default 2010-2022. Only for the primary dealer net
positions we “only” use data up to 2021 and for the debt growth up to 2023 as we use this time horizon in the
regressions below. For the variables used in several regressions with different time horizons, we use data up to
2022. If the frequency is not weekly, we change it to weekly and use the last value of the week.
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rate over the contract period. We therefore argue that the difference between the Treasury rate
and maturity matched OIS rate partials out the term premium from the respective Treasury
yield, allowing us to have a term-premium free measure of the convenience yield. Furthermore,
we get rid of any balance-sheet related matters by looking at the relative Treasury-OIS spread
where we deduct the 3-months spread from any other maturity spread. As pointed out by He
et al. (2022), balance sheet-related matters were especially salient during COVID and were an
important component of convenience yields. The double-differenced measure of the convenience
yield also gives us a measure in line with the definition of the convenience yield in our theoretical
framework as the relative return of two safe assets.

In what follows, we discuss in detail analytically all the components of the Treasury-OIS
spread'* and why our double-differenced measure of the Treasury-OIS spread at a certain ma-
turity minus the 3-months Treasury-OIS spread provides a model-consistent measure of the

convenience yield. Suppose the return on a security consists of the following components:

Tterm + ,rsafety + y-convenience + Tbalance sheet‘

The first part r**™ measures the return one obtains for lending money over a specific term.
The other three parts measure any additional return due to payoff risk, liquidity and balance
sheet matters. The Treasury-OIS spread (TO), assuming that both have a 5 year maturity for
expositional purposes, is therefore given by:

_ term safety convenience balance sheet term safety convenience balance sheet
TOsy = (ry 5y +rp 5y +17. 5y +r7 5y )= (1018, 5y +7015 5y TTO1S. 5Y - HTO18 5y )-

As pointed out above, both the Treasury and the OIS are risk-free, r3’ f?}’ = rsoalfesty5y = 0 and

incorporate the same term premium, r%?rgny — rgeﬂé‘ 5y = 0. Therefore the spread simplifies to:

_ convenience balance sheet convenience balance sheet
TOsy = (r7 5y +rp 5y ) = (rOIs sy S+ ToTs sy )

The relative Treasury-OIS spread, where we deduct the 3-months spread from the spread of any

maturity (here 5 years), is then given by

_ convenience balance sheet convenience balance sheet
TOsy — TOsnm = [(r7) 5y +r7 5y ) = (rorssyC +rors sy )]

convenience balance sheet convenience balance sheet
[(rT53 + 7 3Mm ) = (rOIssn C Hrorsisn )]

We assume that any differences of Treasuries to OIS with respect to balance sheet matters do

Pigure 4.4 in the appendix plots the Treasury-OIS spreads.
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: balance sheet balance sheet __ ,.balance sheet balance sheet
not depend on the maturity, r7*5y —TrAre sy = Ty — OIS s Above

we discussed that the OIS does not give any liquidity services, but even if it would embed any
liquidity premia, we assume that they are independent of the maturity, rf)ojr‘svfg%?me = r%’}‘é’fg}ﬁ[me.
Then

convenience convenience
TOsy — TOspm =175y =TT 3M -

)

Therefore our double difference in the Treasury-OIS spread measures the convenience yield.

In our microfoundation of the transaction costs, see section 4.2.4, we discussed that longer
maturity assets potentially have higher transaction costs and therefore carry a lower convenience
yield. Figure 4.1 reveals that this is indeed the case. Longer maturity safe assets tend to
command a higher discount, or lower convenience premium compared to shorter maturity safe
assets. This is a general phenomenon, not limited to Treasuries, as short maturity safe assets

are generally considered the most “money-like”.

4.4.2 Evidence
4.4.2.1 Supply effects

First, we test our theoretical prediction of the aggregate supply effect described in proposition 9.
The proposition states that if we increase the total supply of an asset with higher (lower) than
average transaction costs, then this will lead to an increase (decrease) in convenience yields with
respect to the entire cross-section of risk-free assets. We referred to this increase in convenience
yields implied by an increase in the supply of less liquid assets with above-average transaction

costs, as a polluting effect of safe asset supply (see section 4.3.3).

Variation in supply: primary dealer net positions As a first source of variation to
test this prediction, we use primary dealers’ net positions in Treasuries. They are a proxy for
the supply of Treasuries of different maturities to market participants. Higher primary dealer
holdings of Treasuries may indicate a large available supply in the market. One reason why their
inventories can grow large is that primary dealers have to place bids in the Treasury auctions
even in the absence of customer interest.'® Figure 4.2 shows the evolution of primary dealers net
positions of Treasuries, and document substantial variation across time and across maturities.

We regress the convenience yields, denoted by TOps; — TOgps¢, on the net positions of
primary dealers (OLS regression). The outcome variable consists of the convenience yields
with respect to all maturities (ly, 2y, 5y, 7y, 10y), denoted by M. Each maturity at each

date t is a separate observation. The explanatory variables are the deflated primary dealers’

15See for example Fleming et al. (2024) on how primary dealers manage their inventories.
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Figure 4.2: Primary dealer net positions in Treasuries
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Notes: This figure shows the primary dealer net positions across different maturities. Source: NY FED
Primary Dealer Statistics and authors calculations.

net positions in Treasuries above and below the volume-weighted average maturity separately.
Primary dealers’ net positions are divided into four maturity baskets: (0Oy, 1y], (1y, 3y], (3y, 6y],
(6y, 11y]. The average volume-weighted maturity is given by 2y.16 Therefore, we classify the first
two as short maturity baskets and denote their sum in period ¢t as “positions, with 7 < 77. We
classify the other two as long maturity baskets and call their sum in period ¢ “positions; with 7 >
77 17 In an additional regression we also control for the SP 500 Index'® and the Effective Federal
Funds Rate. We also add fixed effects for all maturities M. The frequency of our data is weekly

and the time horizon is 2010-2021.1° The regression equation (2) is given by

TOn¢ — TOsnre = anr + 1 (Positions, with 7 < 7) 4+ B2 (Positions, with 7 > 7)

+ B3 In(SP 500,) + 4 Effective Federal Funds Rate; + e,

The results are shown in table 4.2. Quantitatively, an increase of 100 billion in the short
(long) maturity positions of primary dealers corresponds to a decrease (increase) in the
convenience yields of around 10 (20) basis point(s) across the entire cross-section (columns 1

and 2). This is consistent with our theory. Convenience yields increase with the supply of long

The average maturity is calculated as 0.5*volume (Oy, 1y] basket+1.5*volume (1y, 3y] basket+4.5*volume
(3y, 6y] basket+8.5*volume (6y, 11y] basket. The weights are the average maturities of the baskets.

'"The bonds with maturities above 2y and below 3y are only about 1.5% of the (Ly, 3y] basket. They are
reported separately from the rest of the basket after 2013, but not before.

18Consistent with the price of convenience and our welfare discussion, this variable can indicate how agents in
the economy value liquidity.

19We use the data up to 2021 because the data in the (Oy, 1y] basket might be misreported for 2022.
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maturity bonds and decrease with the supply of short maturity bonds. The coefficients are
highly significant. With the additional control variables and maturity fixed effects (column 2),
R? increases significantly, otherwise the results are similar. In appendix 4.6.4 we show that

our results also hold when we run the regression for each convenience yield maturity individually.

Table 4.2: Impact of supply fluctuations (measured by
net positions)

(1) (2)
TOM-T03M TOM-T03M
Positions with 7 < 7 -1.1022%** -1.0748%**
(0.195) (0.139)
Positions with 7 > 7 1.7880*** 2.1084***
(0.244) (0.319)
In(SP 500) -3.8990***
(1.393)
Effective Federal Funds Rate -0.4955
(0.717)
Constant 24.3204*** 40.0322%**
(1.367) (10.762)
Maturity FE No Yes
N 3004 2959
R? 0.092 0.556

Notes: The outcome variable consists of the convenience yields of all
maturities M (1y, 2y, 5y, 7y, 10y), denoted by TOas,: — TOsaz,e. The
explanatory variables are the deflated primary dealers’ net positions
in Treasuries above and below the volume weighted average matu-
rity separately, the SP 500 Index and the Effective Federal Funds
Rate. Fixed effects (FE) are added for every maturity M. The fre-
quency is weekly and the time horizon is 2010-2021. Standard errors
are heteroscedasticity and autocorrelation robust (HAC) using 6 lags
and without small sample correction. *** indicates significance at
the 5% level. ** indicates significance at the 10% level. * indicates
significance at the 15% level.

Variation in supply: debt ceiling dates As a second measure of supply variation, we use
exogenous debt ceiling dates.? In the first stage, we regress weekly US debt growth (calculated

from total outstanding US government debt) on a dummy variable called “Debt ceiling dates”:

Debt growth, = a4 8 Debt ceiling dates; + u;.

20See Cashin et al. (2017) for a study of how debt ceilings affect Treasury yields.
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The dummy variable equals one in all episodes in which the daily total outstanding debt did
not grow over a period of at least five weeks (i.e., debt ceilings were in place).?! We interpret
these episodes as a negative shock to longer-term debt, as debt growth is mostly driven by long
maturities. Total bills outstanding are a small fraction of total debt and grow comparatively
slowly (see figure 4.5 in the appendix). We use our variable debt ceiling dates as the instrument

as the debt ceiling periods are exogenous.

Figure 4.3: Constant episodes of at least 5 weeks
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Notes: This figure shows the daily total outstanding US government debt. All episodes where the debt
growth was constant for at least five weeks are marked. Source: Bloomberg and authors calculations.

In the second stage, the outcome variable consists of the convenience premia of all maturities
(1y, 2y, by, Ty, 10y), denoted by TOnsr — TOsprt, as before. Each maturity at each date ¢ is
a separate observation. The frequency is weekly and the time horizon is 2010-2023. The
explanatory variable consists of the fitted values of debt growth. This means that debt growth
only affects convenience discounts through debt ceiling dates. Therefore, the second stage is as
follows:

TOn s — TOsprs = o + B2 Debt growth, + e;.

As shown in table 4.3 and consistent with our theory, a one percentage point increase in
the growth of government debt (driven by the debt ceiling episodes) increases the convenience

yields (with respect to all maturities) by 7 basis points.?? In appendix 4.6.4 we show that our

2INo growth is defined if the debt does not change by more than 10 billion from day to day. As we can see in
figure 4.3 this seems to be an accurate measure.

22The first-stage shows that our definition of debt ceilings (no change over a period of at least 5 weeks) is
appropriate.
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results also hold when we run the regression for each convenience yield maturity individually.
In sum, the findings in this section highlight that the supply of bonds affect convenience
yields in the direction predicted by the model. Next, we move on to explore the role of

transaction costs and risk for understanding convenience yields.

Table 4.3: Impact of supply fluctuations (mea-
sured by debt ceilings)

Debt growth TOp-TO3ps
Debt ceiling dates ~ -0.1710%**

(0.008)
Debt growth 7.4238%**
(3.7222)
Constant 0.1736*** 20.919***
(0.008) (0.5479)
Model First-stage IV-2SLS
N 3364 3364
F-Statistic 433.6

Notes: The outcome variable consists of the convenience
yields of all maturities M (1y, 2y, 5y, Ty, 10y), denoted
by TOart — TOsar,:. The explanatory variable consists
of the fitted values of debt growth. The instrument are
all days on which daily debt growth was constant for at
least five weeks. The frequency is weekly and the time
horizon is 2010-2023. Standard errors are heteroscedas-
ticity robust. *** indicates significance at the 5% level.
** indicates significance at the 10% level. * indicates
significance at the 15% level.

4.4.2.2 Effects of transaction costs and risk

Finally, we test the theoretical predictions of the propositions 7 and 10. The first proposition
states that an increase in the transaction costs of any of the assets increases convenience premia
with respect to the entire cross-section. The effect on convenience premia is stronger for assets
with higher transaction costs. The second proposition states that an increase in the volatility of
risky assets or risk aversion reduces the convenience returns of the fully liquid safe asset against
the entire cross-section of safe assets.

We again use an OLS regression to test our theoretical predictions. As in the other regres-
sions, the outcome variable consists of the convenience yields of all maturities (1y, 2y, 5y, 7y,
10y), denoted by TOxnrs — TOsar as before. Each maturity at each date ¢ is a separate observa-
tion. The explanatory variables are the MOVE Index and the VIX. The MOVE Index measures

the yield volatility of Treasuries, which is closely correlated with illiquidity and transaction costs
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in the Treasury market (Duffie et al. (2023)).23 It is therefore an appropriate measure to test
our theoretical prediction. As a measure of risk sentiment, we use the VIX.

We also control for the SP 500 Index and the Effective Federal Funds Rate as well as fixed
effects for each maturity M in a separate regression. The frequency is weekly and the time
horizon is 2010-2022. We also add regressions with a dummy term D indicating that the
convenience yields are with respect to short maturities (1y and 2y). The regression equation

(4) is given by

TOM’t — TO3M,t = o) + Bl ID(MOVEt) + 52 Imgg ID(MOVEt)
+ ,33 IH(VIXt) + 64 ImSQ IH(VIXt)

+ 85 In(SP 500,) + ¢ Effective Federal Funds Rate; + e;.

The results are shown in table 4.4. The convenience yield correlates positively with the
MOVE Index and negatively with the VIX, consistent with our theory. A 1 percentage point
increase in the MOVE Index (VIX) is associated with an increase (decrease) in the convenience
yield by 10 (9) basis points (column 1). In appendix 4.6.4 we show that our results also hold
when we run the regression for each convenience yield maturity individually. The effects of
interest rate volatility (MOVE Index) and general risk sentiment (VIX) are much stronger
for long maturity Treasuries (column 3).24 Adding the additional control variables and fixed

effects to the regression does not change the results qualitatively (columns 2 and 4).

23In our model we interpret transaction costs broader than bid-ask spreads. Therefore we consider the MOVE
Index as an appropriate measure.

240ur theory also predicts this with respect to increases in the MOVE Index. We do not give any prediction
with respect to the VIX.
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Table 4.4: Impact of the MOVE Index and the VIX

(1) (2) (3) (4)
TON-TO3pr TON-TOspr TOuM-TOsnr TON-TOsis
In(MOVE) 9.8316*** 11.2478*** 15.9234%** 16.7004***
(2.441) (1.701) (1.920) (2.225)
D*In(MOVE) -12.9009***  -13.4007***
(1.661) (2.716)
ln(VIX) -9.2804*** -8.7156%** -13.9169*** -13.6295%**
(1.870) (1.314) (2.066) (1.855)
D*ln(VIX) 12.0794*** 12.0384***
(2.334) (2.064)
In(SP 500) 1.9879** 1.9790**
(1.120) (1.094)
Effective Federal Funds Rate 2.2247%** 2.2149%**
(0.492) (0.463)
Constant 6.6740 -32.6248%** 2.4758 -19.0647
(10.546) (12.833) (6.923) (12.834)
Maturity FE No Yes No Yes
N 3263 3263 3263 3263
R? 0.036 0.528 0.433 0.544

Notes: The outcome variable consists of the convenience yields of all maturities M (ly, 2y, 5y, Ty,
10y), denoted by TOas,: — TOsar,t. The explanatory variables are the MOVE Index and the VIX, the
SP 500 Index and the Effective Federal Funds Rate. Fixed effects (FE) are added for every maturity
M. The dummy term D indicates that the convenience premia are with respect to short maturities
(1y and 2y). The frequency is weekly and the time horizon is 2010-2022. Standard errors are het-
eroscedasticity and autocorrelation robust (HAC) using 6 lags and without small sample correction.
*** indicates significance at the 5% level. ** indicates significance at the 10% level. * indicates sig-

nificance at the 15% level.

4.5 Conclusion

This paper presents an equilibrium theory of the cross section of the convenience yields across
asset returns. It is based on transaction costs and investors’ demand for self-insurance against
idiosyncratic liquidity needs. Central to our theory is the price of convenience, an equilibrium

object, which is also a sufficient statistic for deviations from the first-best full insurance case.
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We characterise the liquidity yield in our model and show how it depends on the transaction
cost of an asset as well as the price of convenience. We then show that there is a purifying (resp.
polluting) effect from rebalancing safe asset supply when increasing (decreasing) the supply of
more liquid assets. Changes in risk or risk aversion also impact convenience yields in our model
via changes in the price of convenience due to repricing effects. Our model is supported by a
variety of new facts that we document about the US Treasury market.

The fact that our decentralised equilibrium does not achieve the first best allocation is in-
triguing and points to pecuniary externalities that matter for aggregate welfare in the presence
of transaction costs. Examining further these potential channels of inefficiency would be im-

portant for any future research on this topic.
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4.6 Appendix

4.6.1 Omitted proofs
4.6.1.1 Proof of lemma 1

Proof. We describe and solve the optimization problems in the second and third period.

t = 1 problem of patient investors For the problem of the patient investor in period
1, we split the problem into a portfolio choice problem and a consumption-saving problem.
Specifically, we conjecture that in equilibrium she only increases her position in each asset. We
then split her problem in two: a consumption-saving decision (problem 1) given by
Ui s = max log(cig)+log(Ua(Aszs))
c1,5,42,5

s.t.

cas+Ays =Y+ A,

where Ay g denotes saving into ¢ = 2 and a portfolio choice problem (problem 2), given by

Un(Asg) = max (B [eas(2) (1—7)})1/(1‘7)

f
X3,5%3s

s.t.
P/ X{ g+ P"Xg = Ay g

ca,5 (2) = X§ g + o™ (2) X5, V2.

To write down the portfolio choice problem we used Plf = P}. We demonstrate in a separate
proof below why this is the case.

Next, we discuss the consumption-saving problem. Given homothetic preferences and fully
capitalizable income, we show in lemma 4 below that the value function Uz(Az g) is linear in
savings, i.e.

Uz(Ass) = RSF Ay 5.

The consumption-saving problem in period 1 becomes

Uis = max log(cis) + log(R§F Ay 5)

o542

s.t.

c1,s + Az s =Y + Ay
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With log utility, we then have Ay g = Yl%Al and c; g = Yl%Al. We insert the optimal values
into the utility function Uy g and derive the value function, which we denote by V; 5. It is given

2
by Vi,g = log RSP (¥1541)7,

t = 1 problem of impatient investors The problem of the impatient investor in period 1 is

trivial as she sells all her asset holdings and consumes all available resources at ¢ = 1. Therefore

25 =0

and we have ¢, g =Y1 + A1 — ), TfPlfQi —7MP"Q™, where Ay =), PlfQi + P"Q™ denotes
the investor’s financial wealth at ¢ = 1, excluding transaction costs. The investor does not build

up any savings for period 2, A, g = 0 and does not consume in this period, ¢, g (2) = 0.

Market clearing at t =1 At ¢t = 1 the patient and impatient investors trade assets with one
another. Taking into account the respective mass of each type of investor and the asset holding

decisions of impatient investors, market clearing conditions are given by

(1-NX5s=Q"Viel

Therefore, patient investors hold all the assets at the end of ¢ = 1. From these market clearing

conditions we can derive the period 1 prices as well as savings and consumption. Using the

market clearing condition X§'g = ﬁ@m, Ag s = Yl'gAl from the consumption-saving decision

and the portfolio weight w on the risky asset, we end up with the following equation:

1 moAm Y|+ A
(DY A

For the risk-free assets, we use the market clearing combined with the optimal portfolio alloca-

tion to get

TPl = w)

Yi+ 4
(1=2X) '

2

Summing the two above equations yields the savings

(1=
(14N

1-
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Lastly, the budget constraints in combination with the optimal asset holdings yield the con-

sumption choices in all periods:

) . .
as=Tia T ?’Pfey TP
1
= Y.
C1,8 Y 1

4.6.1.2 Proof of lemma 2

Proof. We describe and solve the optimization problem in the first period.

t = 0 problem of investors The period t = 0 problem of the representative investor is given
by

Up = max  log(co) + AV, g+ (1 - A)Vig

CO’{X{}ieH’le
s.t.
co=Yy- Y PiX}-PiXT,
i€l

where V)5 = 2log(c;5) with ¢;5 = Y1 + A1 — 3,7 PiX] — 7"P"X]" and Vig =

log R§'¥(c1 5)? with ¢; 5 = Yl%Al. The Euler equation for holdings of asset i € IU {m} is

Uy OV, Pi .
- — Es — - I _3a ¢ 3
800 8A1 Pé( =57 )

or A
oUy \OU 5P}
—— =A==
8c0 8013 Pé

OUys P
8017§ P(%’

(1—7+ (1=

where we have used the fact that at ¢ = 1, by the envelope theorem for the agent’s ¢t = 1

problem, %‘2’13 = glcjll’s. Therefore, at the optimum, the marginal utility of consumption today

equals the expected marginal utility of consumption tomorrow, where the expectation is taken
over the realisation of the idiosyncratic investor’s state s and the transaction cost incurred in

the impatient state is taken into account.
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Market clearing at t =0 Market clearing at ¢ = 0 is given by

Xi=qQ" Vi
X'=Q™M.
Additionally, we prove the following two lemmas:

Lemma 3 (Second period prices). P} = Plf,Vz' el

The Lagrangian of the portfolio choice problem of the patient investor in period 1 is given
by

1
1=7)
= | [ |mixds+ Ry ) X590 )

z

+

Ays = PiXj g — P{”XQT?S] .
i
The first order conditions with respect to the risk-free assets (given an interior solution) are:

iy | [y ) ) e

z

1
L

pP

(1 )R] [f(R%X{S LRy (2) X;?fs)(—v)dF(zﬁ

for all i € I. Tt follows that P} is the same for all # € I. We denote this price by Plf .

Lemma 4 (Third period utility). Us(Asg) = RSF Ay s.

Using P! = P}, for all i, the portfolio choice problem of the patient investor in period 1 can
be rewritten as

; ) ; (1= =
R] Ry (z) R!
max — Az s+ ——= | P"XT" dF(z .
)(SEE U/P }ﬂf S ( })f@ }ﬁf 1 2,5 ( )
z

The first order condition is given by

/

z

(=)
R} Ry (z) R} Ry (z) R}
_ Pm m Pm F = 0.
TD{AZﬁ + < Plrn Pilf 1 )<27§ 1 d (Z) 0

pr pf
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We guess that X3y = 0 Ay 5 and insert it:

/ m ! m !
/ B pyst (FEE) o) prgy, o B5'(z) By pm
[r=A 2 Pl’rn Pif

P! P pf
It follows that 6 does not depend on Ay ¢ and is determined by the following equation:

(=)

dF(z) = 0.

1 1

(=)
R, (Rp(z) R} Rm R!
/ —2+ QTEL) —Z | P 2512)——? P"| dF(z) = 0.
z
We insert XZLE = 0 Ay g into the maximisation problem. This yields
; ) ; (1) Ty
R; Ry R,
max 714275 + PO A, S dF(z ,
/[af : (Pf“ Pf‘) 1 -
z

or

max RSE Az g

AQ’E -

1
(1—7) T
CE — m( ) R} o .
where R5" = f Pf +\ B — o P dF(z) . Note that this is the certainty
1

equivalent return R2 without applying any approximation as we do in section 4.2.3. O

Proof of proposition 6

Proof. We know that the first order conditions of the period ¢ = 0 problem for all assets are

1 (8ULS P/ (1 —;szsfi)>

co 8017 s P

aUl,s
. ; Pl(1-T 47 P/ g
for all ¢ € TUm. Let us define R}, = %, R% = P—ll, and my s = ;Ll,;f. Then
Adcq

%—gg = F, (glcjllsR ) for all i. This means that also % = RIE (%g;:) must hold. We
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rearrange the general formula as follows:

Uy s oUy
0=F; “RY . — ——
(8@1,3 Ls 600 )

8U S i
0= Es (8611:3 ( 1,8 — R%))

_ E <8Ul75> ES( is —R%) +COV <6ULS

861 s

)

—COV (ms, (R}, — R})) Rl = Es (R} ) — R

E %
~COV (my,Ry,) = # ~1.
Ry
We define the convenience yield ¢ = ﬁ w1th R = Pl We insert for R’LS and rearrange:

Pla-z Ti)>
ES< 1 s=S f .
P Pl1-1_or
- ~1=-C0V (ml,s, il S=ST)>

Rl B
Pl Ll
%(1 _ )\7—") — 1= —%COV (ml,sv (1 - Isngi)) R%
1 1
; 1
Y=

(s, - )

(1 =A%) = COV (mys,T,_g7") R}
We then rearrange the covariance term:
COV (mis,I,_g7") = Ar'mg — B, (mg) AT
, , 1
cov (ml,s,IsngZ) = A7’ <ms - R1> .
1

We insert it into our main term of interest:

V= 1— )\Ting%
V=TT

T mSE (ms)
w = )\ms

1—7 Amg+(1-A)mg

Therefore the convenience yield is given by




where n = % is the relative kernel, which we later call price of convenience. O

Proof of proposition 7

Proof. We analyse the impact of the fees on the convenience yields. The derivatives are given

by

o’ 2 A (1-X7" 9(1/n)
- = — (¢ —~ —1 0
R UM wgpmy vy (/\+(1—/\)/v7 or g
and
o' oyt a(1/n) ,
= for all
ok = a(ijn) ok > 0 for all ¢ # k,
where a(ald;n = (Q/JZ) % <0, 8(1/’7) = Egj < 0, and % = _P —Po* < 0 and 7 and

T+ 1+>\ 1

k € TUm. In addition it follows that

PU_ A ( (L-N7" o(1/n) )
972 Or' A+ (1=X2)/n \ A+ (1=N)/n o
2 A (1—X\) (1/n)

_(¢) )\+(1_)\)/77<)\+(1—)\)/77 87’ ) =0

aQwi B 811[;1 7_2'/\(1_)\) i\2

arkori ( v o Ot (L= N/ ()

A/n) _
()\+ 1— > otk

Proof of propositon 8

Proof. We study the impact on the convenience yields due to a compositional change in the

supply of the risk-free assets. Suppose dQ! = —dQ* for any [ and k in € I. Then

dyt oy’ d(1/n)
dQt — a(1/y) dQ'

for all

(W) TIA(A=N) ;< 0, d(l/m) _ 0(1/n) + o(1/n) dQ* _ ( k l)

’LZJ CriA1=N) - 1
where a1/m) O A—N/1) dQ! Q! oQF dQt — T T H_L/\Yl

;elum. OJ

Proof of proposition 9

Proof. We analyse the impact of an overall supply change for two cases: The case where there
is no risky asset in the economy, i.e. @™ = 0 and where there is, i.e. Q™ > 0. For the first

case, the following lemma applies:

Lemma 5 (No risk). If Q™ =0, then n = 2_(127_)\);
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We will use this simplified price of convenience to analyse the first case. An overall change
in the supply of the risk-free assets due to an increase in the supply of one of the assets, suppose

asset [ € I, is given by ' ,
oyt _ _0y" 9(1/n)
Q" 9(1/n) oQ)!

where a(ald;n = (1/1’) % <0forallielUm. 85914;7) depends on which case we look
f
at. If Q™ =0, then %7) a3 5 A) (77 — Tl) or For the second case we assume that (P P,f

is close to zero. This allows for a closed-form solution for prices (see section 4.6.1.2). If in this

case Q™ > 0, then

o1t 3
with
f
0~ o 0w (67 o)
%gl - le(l B )\)1 j— AYI [7;22 aagf]
and _1
886; = ;C?f L (A2 + g;’yam) 2 (A —7022) [322 > 03 A> 0.

Proof of proposition 10

Proof. We can use the price approximation derived in 4.6.1.2 and derive the derivative of the

convenience yield with respect to volatility. It is given by

o oy v [~ 0P opp
—— FQI CL 4 g

do? a(1/n) 1+>\Y1 Oyo? Oyo?

ot oty s oP]

97 o Ly, D@

g (1/m) = yo?

i TIAN(1=)) 1 T on or™
where 8(1/ (w ) >\+(1 A)/n)? <0, 870'2 w(l )\) 1+/\Y1 ~yo? <W - 8702) >0, awclﬂ -
1
o f T m -3 m .

—afgzg—m<0and8302:§(,42 +%390%) P Lr > 0forallic Tum.
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Note that v% — 8322 > (0. We can see this by rearranging the terms:

T, or
~vo2 T Oyo?

1 1
1 2 > o\ 1 A
’)/0'2<A+<A +621’70') )>2<A +@70’ @
1 Ql , QQ ) 9 1
— A < 1> =,
o7 () (.A A —I—Qlfyo +A | +1> 5
Analogously the derivative with respect to risk aversion is

oyt oyt o* . coP]
oy o Ly e

Oyo?

for all : e TUm. O

Welfare

The social planner problem is given by

maz log(co) + A [2log(e, 5)] + (1= ) [log(er.9) +log(QF + ¢5'(2)Q™)]

€0,C; 5:C1,5
s.t.
Yo=c

Y1 = )\Cls + (1 — )\)Clé.

The optimal consumption decisions are given by ¢y = Yy, ¢; 5 = 2.1 and c1,5 = (Y—l) We

a+xn’ [ES)
1 2
define my g = 4% and m, 5 = —4=. Solving the problem implies: 7 = S22 = 1.
= = ) e 1,3
CO CO ’

The price of convenience can be used as a welfare statistic. To see this, define welfare as the

objective function of the social planner and insert the constraints. This yields
1
W = log(¥0) + 2Alog | (¥ = (1= New) | + (1= A) [log(er) + fog(@/ + 7 (™).

We can express c1 g as a function of the price of convenience, c; g = 4] 5y We insert it.

22+ (1—

This implies:

1 Y;
W = log (Yo) + 2)log <A> + 2Xlog <Y1 —(1- A)m)

Y,

+ (1 = X)log (2)\77 Ty

)+ 1= (7 + 510"
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The first order condition is given by:

ow 1 2\
= (50 -0-0) 5y

It follows that %—‘X =0 iff n = 1. We observe that for n > 1?° welfare is uniformly decreasing
in the price of convenience, i.e. %—‘f?/ < 0. Therefore the price of convenience can be used as a

welfare statistic with maximal welfare being reached if n = 1.

Proposition 11 (Welfare). For n > 1 welfare W is uniformly decreasing in the price of

convenience, n, W < 0, and mazimal welfare is reached if n = 1.

Price approximation

f_pm
If <P1 P{ijl > is small, then we can find an approximative closed form solution for the prices.

P2

It is convenient to define A = % [log [E (W)] —-1- ] for this. We state the following

lemma:

Q

Lemma 6 (Prices). If log (1 + Plfpmpfn>
P/ = ar (1= N1 = )5 Y1 and P = g (1 = Ao iy Y1 with m = A+ [ A2 + %—?702.

Proof. To prove this lemma we start with the perceived risk premium on the risky asset which

P{ P holds, then the prices are given b
P , D Y Yy

m s
is given by m = E [log (solzm(nz))} + %2 — log (;i?). We can rewrite it as follows given the
1

m fﬁ m
assumption that log (1 + el it ) ~ (Plplfl )2

©5'(2)
m=log |F
( o Pm)
m Pf_ m
m=log |E (¢2§Z> +log |1 1 ml
¥2 Py
7 =log |E |2
( 5) o

f m
Therefore 7 = ¥ + % where ¥ = log [E (@2 fﬁ)] — 1. Using the equilibrium price equations

Pl
violq

251t is possible for the social planner to set 77 < 1 but in our model this is not a possible equilibrium outcome.

it follows that prices are given by

Q™
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where Q = (1 — )\)Yl%fh#. From summing both equations it follows that Plf Qf = 020 —

P"Q™. We rearrange the second equation and insert for Plf :

Py
O e
e QO [102Q - PPQ™ Q
Py P = (G ) o
1 /] 02
<P?>2+Pfl<m‘w>”‘””2w=0'

The function f(P") = (P/*)* + P (& = Q%) Q — yo? has two roots. If P[" = 0 then

Qf Qm
f(Pr) = —702%. Therefore at one root P/™ must be positive and at the other negative.

We are interested in the positive P/". Therefore P/" is given by

(L1 _ v 1 v 2 2_02?
(Qf QM)Q—I—\/(Qf o ) O + 4vo Qme

m m m m 2
We know that 7 = %. Therefore m = % <\If — Q—) + \/}1 <\I/ — Q—) + 70_262 The prices

are given by

1
pl = 1 T
1 Qf( A)( 70_2)14_)\ 1
1 T 1
Pt =— —
! Qm( )7021—1-)\ !
with
Qm
W:A+‘/A2+@’YU2
— 5 (2) m
where A = % [log [E' <¢2¢£)] —-1- %f] O

Transaction cost microfoundation

As we saw in section 4.4.2, long duration assets are less convenient than shorter duration assets.
In this section, we provide a microfoundation for this observation. It also justifies our assumption
that high transaction costs must be associated with long maturity assets in our model. We use
our original model and make the following adjustment to explicitly account for short and long

maturity assets: We assume (for simplicity) that there are only two risk-free assets with payoff 1
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in the economy. One matures after one period and the other after two periods. We denote the
short maturity asset by { (“low”) and the long maturity asset by h (“high”). We will give two

examples of why the long maturity asset is less convenient relative to the short maturity asset.

Example 1

First we assume that if an asset is sold before maturing, the agents incur a fee. As this can

h

only happen for the long maturity asset, the fee is denoted by 7"°. We start by describing

the optimal behaviour in period 1. As in our standard model, the liquidity constrained agent

will liquidate all assets in period 1 and therefore X ég = X hi = 0. The other kind of agents

solve maxyn log(Y1 + A1 — P{‘Xﬁﬁﬁ) + log(Xgé), where A1 = X! + PPXP. The first order
el . ’7. ph o 1 hvh _ Y1+A . . .

condition is given by S ArlP{L XTI, T Xiy or P'Xyg = 57 Market clearing implies

AX o = XIY 4+ (1= N (XD — XP) = 0, or Xg = 2 In period 0 the agents solve th
23 I 5 s 1) =0, or Xjg = 7=y In perio e agents solve the

following maximisation problem:

max log(co) + V) st 1-XNVig
co,X X

s.t.

Yy =co + PLXt + Phx)

h
where V| 5 5= =log(Y1+ Ay —ThPhXh) and Vi g = log (Y1 + A — By )i\ ) + log (L>, orVig=
log [Yl + A — Yl';Al] + log [Y1+A1] The first order conditions are given by

1 X 1 2 1
=A —)+0 - =
Yo — PiXt — phXxh <Y1+A1—rhx{1pg> ( )<Y1+A1 Pé)

and

1 X Pl h 2 P
= 1- + (1= [——F+=].
Yo — PiX! — PR XD <Y1+A1—ThXhPh( ) ) Yi+ A P}

Market clearing in period 0 implies that X { = Q' and X{L = Q". From combining the first order

condition of the liquidity unconstrained agent in period 1 and market clearing it follows that

l
Plh = 1 : thQ . From now on we assume that x = 2 (as in the main body). In addition we
T
h
define R = 21 and R! = L. Note that 8Vl = = 90bs and rewriting the first of the two first
1= pp 1= P de1.« &

oUy 58
Bcl s

order conditions implies - "= = Fq ( ) . As a next step we combine the first order conditions

84:0
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A (8U1‘§> +(1=2X) (8U1’§>. Rearranging yields

. . U1 s
in period 1. To rearrange we use E; (8011’ ) T Je1
'S 1,5 .S

_ 2 I ph, phoh _
o_AY1+A1[R1 R1+er}+(1 )

U, Rl N
:E U 1—7 Z <
" 5{815[ PJ(“:ST)H

2

I ph
v (R )]

3U1 Rh oU; Rh
0=COV 2T, s | =+ + E R Y
{ TosT ] B [801,3 R} (1=27%)
Rh Ry
[ml s L,_gT } PT% + Eg [mq ) [1 — R—%(l — )\Th)]
Rh
h h 1
mi. s, S <T — ES [mLS] (1 — AT ) —_—.
7 * 100V [mn T | %
Further rearranging yields
R 1 1

B R{E, s (1= — COV [y, Z, 57"}

We know that COV [mLs,Isngh] = )\Thm§ — Es[my ) A", Therefore

R 1
L h h r >0
R 1= M = Arh [mg — Es[my ]| R}
R 1
L = >0

Rl 1—Arh = Arh(1 = N\)(n — 1)mgR!
or rewritten

Ri 1

l =
R 1 xeh— xeh(1 = 0¥~ PiQh — PRQY) [srmanmgn — v ]

> 0.

The long maturity asset is less convenient. The short maturity asset carries a convenience
premium when being compared to the long maturity asset. The reason is that the long maturity

asset has a lower probability to mature at the moment the liquidity is needed.

Example 2

Second, we assume that there is an aggregate uncertainty in t = 1. We assume that the
endowment will be high or low in the first period. In period 0, the value of the endowment,
denoted by Y}, is unknown, but the agents know the distribution. We use this explicit example
for illustrative purposes and later generalise the microfoundation. In the general version, the
uncertainty can be about any exogenous variable.

Analogous to above and adjusted to the current example, the first order conditions are given
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We combine the first order conditions. Note that OUs _ 2215

oL = i and myg = m; g. We will use
3U17§

Rill =F < 33; > Therefore
dcq

Further rearranging yields

(1) <OV (]
Rll N E(mlys)
Rh
E <1> =1-COV (myg, R}
R} ( = )
h M =
E <Rl1> =1- 00V ( I’S,R’f)
h _ plnl _ phh
E(R}) —1-200V <Y° Rl POQO,R{L).
R} Y+ Ay

k 1 h _plol _phnh
From Plh = 1 : YlQJ;Q it follows that gilk > 0. Therefore COV [M, R?] <0. It
= 1

YF+A;
Rh
E (}) > 1.
Rl

The long maturity asset is on average less convenient because in period ¢ = 1 the asset has a

follows that

high price, or return when the marginal utility is low.
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Generalisation

Finally, we can derive (following the same steps as in the examples above) a more general
function that incorporates both channels, transaction costs and aggregate uncertainty, and
further generalises the latter. First, we generalise by using an isoelastic utility function instead
of a log utility function. Second, we allow agents to discount the second period with the factor
B < 1. Third, we now leave open which variable 2’ is affected by an aggregate uncertainty in
period O that is revealed in period 1. For example, we could introduce the payoff risk as an
aggregate risk or an uncertainty in the discount factor 8. The aggregate uncertainty in the
endowment was just an example.

The result that the covariance and not any volatility implies the effect of aggregate un-
certainty on the convenience return is more general. We derive a general function for the

convenience yields (which nests the convenience yields of the above examples):

5 <R’f> _ L+ COV[COV [mas,T,_5m"] — Eq[mas] (1 - A7"), RY]

R 1= A7~ E{COV [m1 ., Z,_57"] R}} |
or
. <Rf;> 14+ COV Mg — Ey[ma], R
Ry} 1=Xh = AhE [mg — Eq[m,] By
; <R;L> 14+ COV [[A(r" — 1)n — (1 = N)] mg, RY]
Ry ) 1=Ah = AthE[(1—X\)(n—ms] Ry
4.6.2 Data

We obtain government security yields and OIS rates from Bloomberg (see table 4.5). We use
it to calculate the Treasury-OIS spreads. The maturities we use are 3 months, 1 year, 2 years,
5 years, 7 years and 10 years. The frequency is daily, which we aggregate to weekly. As already
mentioned, we also use primary dealer net positions. We obtain these from the public primary
dealer statistics of the New York FED. We have data on Treasury bills and bonds. We divide
the bond data into the following maturity baskets: (Oy, 1y], (1y, 3y], (3y, 6y], and (6y, 11y].
The frequency is weekly. Data on total outstanding debt of the US government and outstanding
bills are obtained from Bloomberg (tickers: PUBLDEBT Index and DEBPBILL Index). The
frequency is daily for the former and monthly for the latter. The MOVE Index also comes
from Bloomberg (ticker: MOVE Index), and the VIX and the SP 500 Index are obtained from

FRED. The frequency is daily, which we aggregate to weekly.?6 Lastly, we obtain the Effective

26When we change the frequency of the data, we always take the last available day in the new time unit for the
new frequency. The only exception is when we match the convenience yields to the primary dealer net positions.
There we match the convenience yields, the SP 500 Index and the Effective Federal Funds Rate to the same date
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Federal Funds Rate from FRED. The frequency is daily, which we aggregate to weekly. This
following table gives an overview over the Bloomberg tickers of the used data series for the

Treasury yields and OIS rates.

Table 4.5: Data sources

Data Maturity  Source Ticker

Treasury 3M Bloomberg USGG3M Index
1Y Bloomberg USGG1Y Index
2Y Bloomberg USGG2Y Index
5Y Bloomberg USGGHY Index
Y Bloomberg USGGTY Index
10Y Bloomberg USGG10Y Index

OIS 3M Bloomberg USSOC Curncy
1Y Bloomberg USSO1 Curncy
2Y Bloomberg USSO2 Curncy
5Y Bloomberg USSO5 Curncy
Y Bloomberg USSO7 Curncy
10Y Bloomberg USOSFR10 Curncy

as the net positions. When we adjust the frequency of the time series plotted in the figures, we use the average
instead of the last available day, as this gives a more accurate overview and is uncritical to do, as no different
time series are matched. The only exception is the figure 4.5, where we use the last day because we are comparing
two series.

105



4.6.3 Omitted figures

This section plots several omitted figures to which we refer in the main body.

Figure 4.4: Treasury-OIS spread
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Notes: This figure shows the US Treasury-OIS spread across different maturities. Source: Bloomberg
and authors calculations.

Figure 4.5: Total outstanding US government debt and bills
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Notes: This figure shows the monthly total outstanding US government debt and total oustanding US
government bills. Source: Bloomberg and authors calculations.

4.6.4 Omitted tables

This section plots several omitted tables to which we refer in the main body.
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Variation in supply: primary dealer net positions - individual maturity regressions

Table 4.6: Impact of supply fluctuations (measured by net
positions) on the convenience yields of 1 year Treasury

bonds
(1) (2)
TO1y-TO3ps  TO1y-TO3zp
Positions with 7 < 7 -0.2379%** -0.1109
(0.120) (8.663)
Positions with 7 > 7 0.8555%** 1.0396***
(0.174) (8.663)
In(SP 500) 5531 6%
(1.131)
Effective Federal Funds Rate 1.4770%**
(0.738)
Constant 7.2937*** 47.9268***
(0.857) (8.663)
N 626 617
R? 0.123 0.235

Notes: The outcome variable consists of the convenience yields of
1 year Treasury bonds, denoted by TO1y,: — TOsar¢. The explana-
tory variables are the deflated primary dealers’ net positions in Trea-
suries above and below the volume weighted average maturity sepa-
rately, the SP 500 Index and the Effective Federal Funds Rate. The
frequency is weekly and the time horizon is 2010-2021. Standard er-
rors are heteroscedasticity and autocorrelation robust (HAC) using 6

*** indicates significance

lags and without small sample correction.
at the 5% level. ** indicates significance at the 10% level. * indicates

significance at the 15% level.
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Table 4.7: Impact of supply fluctuations (measured by net
positions) on the convenience yields of 2 year Treasury
bonds

(1) (2)
TO2y-TO3p  TO2y-TOsp
Positions with 7 < 7 -0.1223 0.0775
(0.209) (0.200)
Positions with 7 > 7 0.7376%** 1.5858***
(0.230) (0.463)
In(SP 500) -9.6972%**
(1.880)
Effective Federal Funds Rate -0.0042
(1.071)
Constant 12.5176*** 84.5346***
(1.418) (14.694)
N 626 617
R? 0.046 0.185

Notes: The outcome variable consists of the convenience yields of
2 year Treasury bonds, denoted by TOgzy,: — TOgzar,¢. The explana-
tory variables are the deflated primary dealers’ net positions in Trea-
suries above and below the volume weighted average maturity sepa-
rately, the SP 500 Index and the Effective Federal Funds Rate. The
frequency is weekly and the time horizon is 2010-2021. Standard er-
rors are heteroscedasticity and autocorrelation robust (HAC) using 6
lags and without small sample correction. *** indicates significance

at the 5% level. ** indicates significance at the 10% level. * indicates

significance at the 15% level.
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Table 4.8: Impact of supply fluctuations (measured by net
positions) on the convenience yields of 5 year Treasury
bonds

(1) (2)
TO5y-TO3p  TOs5y-TOsp
Positions with 7 < 7 -1.0791%** -1.1245%**
(0.358) (0.324)
Positions with 7 > 7 2.0051%** 1.9301%**
(0.352) (0.735)
In(SP 500) 2.3997
(3.619)
Effective Federal Funds Rate -0.5407
(1.673)
Constant 23.9821*** 6.2322
(2.401) (28.222)
N 623 614
R? 0.173 0.179

Notes: The outcome variable consists of the convenience yields of
5 year Treasury bonds, denoted by TOsy,: — TOgzar,¢. The explana-
tory variables are the deflated primary dealers’ net positions in Trea-
suries above and below the volume weighted average maturity sepa-
rately, the SP 500 Index and the Effective Federal Funds Rate. The
frequency is weekly and the time horizon is 2010-2021. Standard er-
rors are heteroscedasticity and autocorrelation robust (HAC) using 6
lags and without small sample correction. *** indicates significance

at the 5% level. ** indicates significance at the 10% level. * indicates

significance at the 15% level.
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Table 4.9: Impact of supply fluctuations (measured by net
positions) on the convenience yields of 7 year Treasury
bonds

(1) (2)
TO7y-TO3p  TO7y-TOsp
Positions with 7 < 7 -2.7912%** -2.8613***
(0.347) (0.334)
Positions with 7 > 7 2.7304%** 5.0495%**
(0.499) (0.850)
In(SP 500) “11.9130%%*
(3.521)
Effective Federal Funds Rate -5.0498***
(1.683)
Constant 41.4807*** 133.5287***
(2.779) (27.817)
N 503 494
R? 0.412 0.475

Notes: The outcome variable consists of the convenience yields of
7 year Treasury bonds, denoted by TO7y,: — TOgzar,¢. The explana-
tory variables are the deflated primary dealers’ net positions in Trea-
suries above and below the volume weighted average maturity sepa-
rately, the SP 500 Index and the Effective Federal Funds Rate. The
frequency is weekly and the time horizon is 2010-2021. Standard er-
rors are heteroscedasticity and autocorrelation robust (HAC) using 6
lags and without small sample correction. *** indicates significance

at the 5% level. ** indicates significance at the 10% level. * indicates

significance at the 15% level.
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Table 4.10: Impact of supply fluctuations (measured by net
positions) on the convenience yields of 10 year Treasury
bonds

(1) (2)
TO10yv-TO3p  TO10y-TOsm
Positions with 7 < 7 -1.8880*** -1.8429%**
(0.370) (0.360)
Positions with 7 > 7 2.2344%** 2.5309%**
(0.422) (0.767)
In(SP 500) -1.7357
(3.487)
Effective Federal Funds Rate 0.6235
(1.786)
Constant 42.2483*** 55.2768***
(2.522) (26.886)
N 626 617
R? 0.247 0.248

Notes: The outcome variable consists of the convenience yields of
10 year Treasury bonds, denoted by TO10y,: — TOgzar,¢. The explana-
tory variables are the deflated primary dealers’ net positions in Trea-
suries above and below the volume weighted average maturity sepa-
rately, the SP 500 Index and the Effective Federal Funds Rate. The
frequency is weekly and the time horizon is 2010-2021. Standard errors
are heteroscedasticity and autocorrelation robust (HAC) using 6 lags

*** indicates significance at the

and without small sample correction.
5% level. ** indicates significance at the 10% level. * indicates signifi-

cance at the 15% level.
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Variation in supply: debt ceiling dates - individual maturity regressions

Table 4.11: Impact of supply fluctuations (mea-
sured by debt ceilings) on the convenience yields
of 1 year Treasury bonds

Debt gI‘OWth Toly-TO;),]\/[

Debt ceiling dates  -0.1726%**

(0.018)
Debt growth 12.853%%*
(4.1419)
Constant 0.1756*** 4.9127%%*
(0.018) (0.6487)
Model First-stage IV-2SLS
N 697 697
F-Statistic 93.64

Notes: The outcome variable consists of the convenience
yields of 1 year Treasury bonds, denoted by TOiv,: —
TO3sm,+. The explanatory variable consists of the fitted
values of debt growth. The instrument are all days on
which daily debt growth was constant for at least five
weeks. The frequency is weekly and the time horizon
is 2010-2023. Standard errors are heteroscedasticity ro-
bust. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates signifi-

cance at the 15% level.
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Table 4.12: Impact of supply fluctuations (mea-
sured by debt ceilings) on the convenience yields
of 2 year Treasury bonds

Debt growth TO2y-TOg3ps

Debt ceiling dates  -0.1726%**

(0.018)
Debt growth 20.508***
(4.5336)
Constant 0.1756*** 10.077%%*
(0.018) (0.6385)
Model First-stage IV-2SLS
N 697 697
F-Statistic 93.64

Notes: The outcome variable consists of the convenience
yields of 2 year Treasury bonds, denoted by TOay,: —
TO3sm,:. The explanatory variable consists of the fitted
values of debt growth. The instrument are all days on
which daily debt growth was constant for at least five
weeks. The frequency is weekly and the time horizon
is 2010-2023. Standard errors are heteroscedasticity ro-
bust. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates signifi-

cance at the 15% level.
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Table 4.13: Impact of supply fluctuations (mea-
sured by debt ceilings) on the convenience yields
of 5 year Treasury bonds

Debt growth TO35y-TOg3ps

Debt ceiling dates  -0.1726%**

(0.018)
Debt growth 0.5971
(5.3694)
Constant 0.1756*** 22.933***
(0.018) (0.7086)
Model First-stage IV-2SLS
N 697 697
F-Statistic 93.64

Notes: The outcome variable consists of the convenience
yields of 5 year Treasury bonds, denoted by TOsy,: —
TO3sm,:. The explanatory variable consists of the fitted
values of debt growth. The instrument are all days on
which daily debt growth was constant for at least five
weeks. The frequency is weekly and the time horizon
is 2010-2023. Standard errors are heteroscedasticity ro-
bust. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates signifi-

cance at the 15% level.
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Table 4.14: Impact of supply fluctuations (mea-
sured by debt ceilings) on the convenience yields
of 7 year Treasury bonds

Debt growth TO7y-TOg3ps

Debt ceiling dates — -0.1624%**

(0.021)
Debt growth 9.2063
(7.3568)
Constant 0.1640*** 31.437***
(0.021) (0.8641)
Model First-stage IV-2SLS
N 576 576
F-Statistic 60.24

Notes: The outcome variable consists of the convenience
yields of 7 year Treasury bonds, denoted by TO7y,; —
TO3sm,:. The explanatory variable consists of the fitted
values of debt growth. The instrument are all days on
which daily debt growth was constant for at least five
weeks. The frequency is weekly and the time horizon
is 2010-2023. Standard errors are heteroscedasticity ro-
bust. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates signifi-

cance at the 15% level.
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Table 4.15: Impact of supply fluctuations (mea-
sured by debt ceilings) on the convenience yields
of 10 year Treasury bonds

Debt growth Toloy—TO;gM

Debt ceiling dates  -0.1726%**

(0.018)
Debt growth 2.7987
(6.5052)
Constant 0.1756*** 35.926***
(0.018) (0.9255)
Model First-stage IV-2SLS
N 697 697
F-Statistic 0.072

Notes: The outcome variable consists of the convenience
yields of 10 year Treasury bonds, denoted by TO1oy,: —
TOsum,t. The explanatory variable consists of the fitted
values of debt growth. The instrument are all days on
which daily debt growth was constant for at least five
weeks. The frequency is weekly and the time horizon is
2010-2023. Standard errors are heteroscedasticity robust.
*** indicates significance at the 5% level. ** indicates sig-
nificance at the 10% level. * indicates significance at the

15% level.
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Effects of transaction costs and risk - individual maturity regressions

Table 4.16: Impact of the MOVE Index and the VIX on
the convenience yields of 1 year Treasury bonds

(1) (3)
TO1y-TO33r  TO1v-TOspm
In(MOVE) -0.6099 -2.0855%*
(1.618) (1.768)
In(VIX) -1.3549 0.1772
(1.191) (1.107)
In(SP 500) ~4.4953%**
(0.875)
Effective Federal Funds Rate 2.1842%**
(0.754)
Constant 13.5444*** 52.5072%**
(6.208) (12.158)
N 677 677
R2 0.008 0.108

Notes: The outcome variable consists of the convenience yields of
1 year Treasury bonds, denoted by TO1y,+ — TOgsar¢. The explana-
tory variables are the MOVE Index and the VIX, the SP 500 Index
and the Effective Federal Funds Rate. The frequency is weekly and
the time horizon is 2010-2022. Standard errors are heteroscedastic-
ity and autocorrelation robust (HAC) using 6 lags and without small
sample correction. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates significance at the

15% level.
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Table 4.17: Impact of the MOVE Index and the VIX on
the convenience yields of 2 year Treasury bonds

(1) (3)
TO2y-TO3p  TO2y-TOzp
ln(MOVE) 6.0071%** 4.0463*
(2.050) (2.490)
In(VIX) ~2.3008* -1.0235
(1.633) (1.641)
In(SP 500) -3.581 1%+
(1.823)
Effective Federal Funds Rate 2.227TH**
(0.856)
Constant -5.6208 24.9806
(8.207) (20.528)
N 677 677
R? 0.034 0.082

Notes: The outcome variable consists of the convenience yields of
2 year Treasury bonds, denoted by TOgzy,s — TOsa,c. The explana-
tory variables are the MOVE Index and the VIX, the SP 500 Index
and the Effective Federal Funds Rate. The frequency is weekly and
the time horizon is 2010-2022. Standard errors are heteroscedastic-
ity and autocorrelation robust (HAC) using 6 lags and without small
sample correction. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates significance at the

15% level.
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Table 4.18: Impact of the MOVE Index and the VIX on
the convenience yields of 5 year Treasury bonds

(1) (3)
TO5y-TO3n  TOs5v-TOzp
ln(MOVE) 14.1760*** 18.6050***
(4.183) (29.954)
In(VIX) 12.1708%%%  _13.5016%%*
(2.625) (2.527)
In(SP 500) 10.2088%**
(2.813)
Effective Federal Funds Rate 2.2353%**
(1.033)
Constant -2.7046 -98.4708***
(18.156) (29.954)
N 677 677
R? 0.102 0.260

Notes: The outcome variable consists of the convenience yields of
5 year Treasury bonds, denoted by TOsy,s — TOsas,c. The explana-
tory variables are the MOVE Index and the VIX, the SP 500 Index
and the Effective Federal Funds Rate. The frequency is weekly and
the time horizon is 2010-2022. Standard errors are heteroscedastic-
ity and autocorrelation robust (HAC) using 6 lags and without small
sample correction. *** indicates significance at the 5% level. ** in-
dicates significance at the 10% level. * indicates significance at the

15% level.
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Table 4.19: Impact of the MOVE Index and the VIX on
the convenience yields of 7 year Treasury bonds

(1) (3)
TO7y-TO3n  TO7y-TOzp
In(MOVE) 24.4564*** 24.0397***
(4.198) (4.076)
In(VIX) -12.8660*** -14.6378***
(3.539) (3.671)
In(SP 500) 5.3507***
(3.892)
Effective Federal Funds Rate 1.8353
(1.067)
Constant -34.1769*** -70.70**
(17.417) (32.281)
N 555 555
R? 0.174 0.206

Notes: The outcome variable consists of the convenience yields of
7 year Treasury bonds, denoted by TO7y,s — TOsas,e. The explana-
tory variables are the MOVE Index and the VIX, the SP 500 Index
and the Effective Federal Funds Rate. The frequency is weekly and
the time horizon is 2010-2022. Standard errors are heteroscedastic-

ity and autocorrelation robust (HAC) using 6 lags and without small

* 1**

sample correction. *** indicates significance at the 5% leve in-
dicates significance at the 10% level. * indicates significance at the

15% level.
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Table 4.20: Impact of the MOVE Index and the VIX on the
convenience yields of 10 year Treasury bonds

(1) (3)
TO10v-TO3pr  TO10yv-TO3nm
ln(MOVE) 12.4264*** 13.2441%**
(3.557) (3.650)
In(VIX) _15.5335%%%  _15.2574%%*
(3.469) (3.544)
In(SP 500) 2.5573
(2.311)
Effective Federal Funds Rate 2.5697***
(1.111)
Constant 27.8291** 2.2400
(14.676) (26.149)
N 0.110 0.147
R? 677 677

Notes: The outcome variable consists of the convenience yields of
10 year Treasury bonds, denoted by 10Y1; — TOsar:. The explana-
tory variables are the MOVE Index and the VIX, the SP 500 Index
and the Effective Federal Funds Rate. The frequency is weekly and the
time horizon is 2010-2022. Standard errors are heteroscedasticity and

autocorrelation robust (HAC) using 6 lags and without small sample

correction. *** indicates significance at the 5% level. ** indicates sig-

nificance at the 10% level. * indicates significance at the 15% level.
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Third Chapter

Credit and Anonymity
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Credit and Anonymity!

co-authored with

Remo Taudien?

Abstract

It is commonly believed that borrowers cannot be anonymous in unsecured credit rela-
tions because anonymity heavily reduces the scope for punishment and therefore makes
credit unfeasible except for very special circumstances. However, we demonstrate that
credit is generally feasible even if borrowers are anonymous. In particular, we construct
equilibria where borrowers use potentially multiple pseudonyms (such as usernames or
wallet addresses) to interact with lenders. We assume that the complete history of past
actions committed by a pseudonym is public but not the identity behind that pseudonym.
While borrowers cannot be directly punished due to their anonymity, there is still scope
for punishment. One possibility is based on the loss of reputation accumulated by a
pseudonym over time. Another involves charging a fee to create pseudonyms. Although
credit and anonymity are not mutually exclusive, we also show that maintaining a bor-

rower’s anonymity is costly.

'We thank Lukas Altermatt, Fernando Alvarez, Pierpaolo Benigno, Martin Brown, Harris Dellas,
Lorenz Driussi, Janet Jiang, Charlie Kahn, Ricardo Lagos, Sebastian Merkel, Cyril Monnet, Dirk Niepelt,
Remo Nyffenegger, Martina Pons, Randy Wright, and the participants of the Macroeconomics Reading
Group Bern, the Reading Group of the Economic Theory Group of the University of Basel, the Brown
Bag Seminar Bern, the Young Economist Conference, the Rice-LEMMA Monetary Conference, the 3rd
Annual CBER Conference, and the Summer Workshop on Money, Banking, Payments, and Finance for
helpful comments and discussions.

2University of Bern and Study Center Gerzensee



5.1 Introduction

There is general agreement that a) credit plays a crucial role in modern financial and monetary
systems, and b) there is a strong desire for anonymity among its users. However, if we want
to facilitate a credit contract between two parties, it is also widely believed that anonymity
cannot be maintained. The idea is that absent any collateral, the borrowing party has to reveal
its identity which allows the lender party to punish the borrower in case of default. This in
turn provides the necessary incentives for repayment on the borrower side. The absence of
anonymity in uncollaterlised credit is problematic for many different applications, in particular
for the development of decentralised finance (DeFi') credit applications, as one of the aspiring
goals of DeFi is to maintain the anonymity of it’s users. In this paper we demonstrate that
credit and anonymity are, contrary to popular belief, compatible.

At the heart of the matter lies the question of what qualifies as anonymity. We distinguish
two concepts of anonymity that we refer to as strict anonymity and pseudonymity. Under
the former, a user is deemed anonymous if and only if there is no public record on actions
committed by an agent. For instance, a cash economy is considered strictly anonymous as
there is generally no public record of cash transactions. In contrast, a user is pseudonymous if
and only if the identity of agents responsible for certain actions is unknown even if the entire
history of actions of those agents is publicly known. The scenario we have in mind is one in
which agents use accounts (or pseudonyms) when transacting with each other such as a wallet
address.? These accounts are then used to negotiate and record credit contracts. The history of
accounts is public information but it is private information to whom the accounts belong. Only
the account owner knows which ones are his accounts. Practically, many blockchain related
applications are pseudonymous, for example, lending and borrowing via smart contracts on
Ethereum-based protocols like Compound, Aave, and Uniswap.

Except for some special cases (see literature review), credit and strict anonymity are not
compatible as the lack of a public record (in particular of defaults) makes the punishment of
defaulting borrowers impossible. Whether or not credit is feasible under pseudonymity is still
largely unexplored.? The lack of research on this question is surprising since many areas of the

internet operate under a pseudonymous regime where users interact with each other through

'A comprehensive overview of DeFi and how it compares to traditional (centralised) finance is provided in
Qin et al. (2021).

20ther examples are email accounts, user names or gamer tags just to name a few.

3We focus on economic feasibility, not technical feasibility. For credit to attain technical feasibility under
pseudonymity, it requires the technology to a) record all debt obligations between accounts, b) validate the
fulfillment of these obligations, and c) establish a transparent and easily accessible public record of these obli-
gations. With the rapid advancements in blockchain technology, the prospect of achieving this feasibility within
the upcoming years appears promising, despite some challenges.
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website accounts, blockchain wallets, or virtual avatars, while a large part of the user’s activity
is recorded and observable. We will therefore focus our attention on the economic feasibility and
efficiency of pseudonymous credit systems. Our approach represents a middle ground between
the two extremes often considered in the literature: strict anonymity (which excludes credit)
and full information (where anonymity is absent).

Our model, which is populated by two types of agents called borrowers and lenders, has a
simple structure. Each period is divided into two subperiods: the borrowing and the repayment
stage. During the first, borrowers and lenders meet bilaterally and it is assumed that lenders
can produce a particular good, the credit good, of which the borrowers derive instantaneous
utility from consuming it. The key challenge arises from the fact that borrowers cannot produce
anything of value for the lender on the spot. Instead, the borrower can only promise to repay the
lender in the second stage, the repayment stage, by producing a different good, the settlement
good, to reimburse the lender. This structure captures in a very simple way the main economic
challenges in credit relations which is the lack of intertemporal commitment from the borrower’s
side.?

Different to standard models of credit, borrowers and lenders interact with each other using
accounts (or pseudonyms). More precisely, borrowers and lenders have access to a record-
keeping technology that perfectly tracks debt relations and repayment histories across different
accounts, which are owned by borrowers. Borrowers can always create new accounts at zero
cost and choose each period on which account to record actions. This record-keeping technology
aligns with the previously mentioned notion of pseudonymity. Finally, to make the problem
interesting, we assume that borrowers exit the economy stochastically and are replaced by
new borrowers. Thus, at any given time, an account lacking any history could indicate either a
“young” borrower, opening an account for the first time, or an “older” borrower who has opened
a new account. The key challenge of establishing a credit system in such an environment is: How
to punish borrowers who have defaulted on their debt if they can always “clear their history”
by creating and using new accounts?

Throughout the paper we consider two cases: the first where accounts are costless to create
and the second where agents need to pay a fee to open a new account.

Our main finding is that there always exists an equilibrium where credit is feasible even if
agents are pseudoynmous and accounts are costless to create. Intuitively, those equilibria work

in the following way: accounts, rather than borrowers, earn reputation. Reputation is a mapping

4What makes this formulation so attractive is the fact that the lenders in our model perform two roles
simultaneously which, in reality, are usually performed by two different agents. To take the example of mortgages,
the bank usually lends funds to a borrower who uses them to buy a house. In our model, the lender lends the
goods directly and performs in this sense both tasks at the same time.
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from the account’s history. Consistently repaying debt increases reputation. A higher reputation
implies a higher credit limit and therefore a higher level of feasible consumption. Accounts that
have a history of defaulting on their debts are barred from borrowing in the future. Even though
borrowers can always create new accounts and borrow again after defaulting, this is costly to do
because newly created accounts have no reputation and can therefore borrow only little. In these
equilibria, borrowers never endogenously default on their debt because the value of reputation,
i.e. the difference in continuation values between an account with a given level of reputation
compared to an account with no reputation, is sufficiently high. An important, and somewhat
surprising, implication is that borrowers optimally use only one account despite having the
option to use a second account in parallel with the first.”® The rationale behind this is that
using a second account incurs an opportunity cost of forfeiting the chance to use the primary
account which allows both, to gain more reputation on that account and to consume more. The
underlying assumption generating this effect is that matching with lenders is time-consuming.®

We also show what is required to construct such equilibria. First, accounts that have de-
faulted have to be punished by reducing the amount they can borrow in the future (in our
case, we assume that no amount can ever be borrowed again). Second, lenders need to reject
any off-equilibrium offers. The reason is that absent such a punishment, borrowers and lenders
bilaterally agree to exchange the highest amount of credit such that the borrower is indifferent
between repaying and defaulting. However, we show that those “not-too-tight” debt limits, us-
ing the language of Alvarez and Jermann (2000), cannot be part of an equilibrium. The reason is
the following: when bargaining borrowers and lenders do not internalise how their choices affect
the value of reputation in equilibrium. We then show that if debt limits are not-too-tight, then
the value of reputation collapses to zero and therefore also debt limits. Therefore, by punishing
deviation from the equilibrium amount, we can enlarge the set of incentive-feasible equilibria
and construct equilibria where the value of reputation and debt limits are positive.” This sug-
gests that lenders need to “artificially” lower the amount they lend so that, in equilibrium,
reputation is sufficiently valuable to provide the incentives for borrowers to repay.

While our model shows that credit is always economically feasible, we show that maintain-
ing credit in a pseudonymous environment is costly. This is due to a trade-off between the
consumption of “older” borrowers (those with a lot of reputation) and of “younger” borrowers

(those with little or no reputation). Intuitively, supporting a large volume of trade requires

5The fact that borrowers can always create new accounts if another account is flagged as a defaulter still has
an important effect on the equilibrium as it lowers the cost of defaulting.

5Two accounts held by a borrower cannot be used to accumulate reputation by pretending to trade with each
other. To gain reputation goods have to be produced and exchanged. Only lenders can produce these goods (this
assumption ultimately introduces gains from trade into the model).

"See Bethune et al. (2018) for a detailed discussion.
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a high value of reputation to prohibit borrowers from defaulting on their debts. But for rep-
utation to be highly valued, it must be that consumption is restricted for those agents with
little reputation, such as “young” borrowers. Generally, pseudonymity is costly because it is
impossible to differentiate between “young” borrowers and those who have defaulted, and, as a
result, any punishment scheme affects borrowers not only off-equilibrium (if they default) but
also on-equilibrium (when they are “young”).

Finally, we discuss the case where agents need to pay a fee in order to open an account. The
idea is that there is an authority that manages those accounts and charges a fee whenever an
agent wants to open an account. We differentiate between two subcases: a first where those
fees are a real cost and a second where the fees consist of collected goods and are redistributed.
We show that the incentives for repayment are now directly related to those fees. To be precise,
the debt limit is now a linear function of those fees and in the second case, also of the transfers
the borrowers receive. In equilibrium, borrowers do not default because this would mean that
they would have to pay the fee for a new account and, in the second case, they also forgo
the transfer. We show that in both subcases we can always find equilibria for some traded
quantities that exist. In a second step we analyse the optimal equilibrium for the case when
the authority can choose the fee and redistribute it. We find that the quantity traded in the
optimal costly accounts equilibrium is always higher than in the optimal reputation equilibrium
in all reputation stages.

This second approach with costly accounts provides a high technological feasibility while the
case with costless accounts speaks to the idea of making accounts on platforms accessible for

everyone (independent of their budget).

Literature review Our model builds on the long tradition of search models. In particular, our
model is based on Lagos and Wright (2005) which has been used for many different applications,
such as monetary economics, banking and finance.® Examples of models of credit using that
framework are Gu et al. (2013), Lotz and Zhang (2015), Carapella and Williamson (2015) and
Gu et al. (2016) just to name a few. A feature of many of these models is that credit is not
feasible under anonymity. As mentioned above, we innovate by using a different notion of
anonymity.

A notable exception is Araujo (2004) in which he shows that a credit equilibrium is still
feasible even with strict anonymity. Credit in his model is maintained by a trigger-strategy
propagated through “word-of-mouth”. However, this only works if agents are sufficiently patient

and the population is sufficiently small. Our equilibrium exists for infinitely many agents with

8 A comprehensive review of this literature can be found in Lagos et al. (2017).
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arbitrary discount factors.

The paper closest to ours is Wang and Li (2023) who also study credit equilibria in a
weakly anonymous environment. We share some similar results but, and importantly, there
are also some interesting and significant differences leading to complementary insights. Firstly,
our environment is different. For example, borrowers only sometimes match with lenders in
our model. This is important as it rules out some of the mechanisms used in their paper to
prevent the use of multiple accounts. We present a mechanism that is robust in this respect.’
Furthermore, we construct a different equilibrium in the sense that ours is a finite reputation
equilibrium while theirs is an infinite reputation equilibrium.'® This allows us to use backwards
induction and derive more analytical results. For example, we show that such an equilibrium
always exists and that these equilibria cannot be not-too-tight.

Friedman and Resnick (2004) discuss pseudonyms in a game theoretic context. They study
an infinitely repeated prisoner’s dilemma where, similar to our model, agents are pseudonymous.
They conclude, as we do, that maintaining cooperation is costly as building up reputation is
costly. Nevertheless, they miss many of the specifics of credit in their treatment that we believe
are important to highlight.

The work of Kehoe and Levine (1993) and Alvarez and Jermann (2000) share with our work
the feature that endogenous debt limits arise in equilibrium. Agents lack commitment, and
they can thus only credibly promise to repay a certain amount of debt.

Our construction of reputation systems and the costs they bear is also reminiscent of the
“starting small” literature. For example in Watson (1999) agents play repeatedly a game similar
to a prisoner’s dilemma where they cooperate or betray each other. Agents decide before the
first game how payoffs evolve over time. There are high and low type agents with incomplete
information about each other. He shows that cooperation between high types can be maintained
regardless of initial beliefs about each other, as long as the relationship starts small enough in
terms of what is at stake in the relationship. Hua and Watson (2022) study a similar game.
Each period the first of two players chooses a so called trust level which determines what is at
stake. Player two says if he wants to betray or corporate. They also show that in equilibrium,
due to trade-offs, relationships start small in terms of payoffs and then increase in level until a
maximum. This notion of “starting small” in both examples is similar to our set-up.

Another strand of literature studies the impact of credit information sharing and reporting.

Elul and Gottardi (2015) study the effects and welfare impact of information restrictions on

9A key question in both papers is how to prevent borrowers to use secondary accounts. The approaches taken
are altogether different.

0The terminology in Wang and Li (2023) is different. For example, their “increasing-credit-limit schemes
depending on account age” is what we call reputation.
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credit equilibria. Similar to our set-up, an entrepreneur’s reputation is determined by his credit
record on repayments and defaults. Brown and Zehnder (2007) demonstrate that information
sharing in credit markets has especially strong effects on repayment in the absence of third-party
enforcement and repeated trading relationships. Lastly, our work is related to Kocherlakota
and Wallace (1998) who do not focus on pseudonymous record keeping, but on another form of
limited record keeping, namely delayed record keeping.

The paper is structured as follows: Section 5.2 sets out the general environment, preferences
and technology. Section 5.3 describes the equilibrium recursively and proves the existence of

anonymous credit. Section 5.4 analyses an alternative approach with costly accounts.

5.2 The environment

Time is discrete and indexed by t = 0,1, ...00. There are two types of agents called borrowers
and lenders. There is a measure one of each type.

Each period consists of two subperiods. During the first subperiod, agents enter the borrowing
stage (BS) where each borrower matches bilaterally with a random lender with probability
o € (0,1]. Lenders can produce and sell a credit good, ¢: € R{, which the borrowers desire to
consume.'! At the end of the BS borrowers exit the economy stochastically with probability p
and are immediately replaced by new borrowers entering the economy so that there is always
a mass one of borrowers. In the second subperiod, agents enter the repayment stage (RS), in
which agents stay matched until the end of the period. In this stage, borrowers can produce
the settlement good, y; € R, at a linear cost.'?> Lenders on the other hand receive linear utility
from consuming the settlement good. Both, the credit and settlement goods are non-storable

across subperiods. The borrower’s and lender’s expected lifetime utility are given by

U =" BBefulgers) — vers)s
=0

U= BE—c(gs) + vers,
i=0

where 3 € (0,1) is the discount factor. Moreover, u(q) is C? and satisfies u/(q) > 0, v”(q) < 0,
u(0) = 0, limy—0 v/ (g) = 0 and lim,—,0 v/(q) = 00.!3 Similarly, c¢(q) is C? and satisfies ¢/(q) > 0,

d"(q) >0, ¢(0) =0, limy_,o ' (q) = 0o and lim, o ¢(¢) = 0. Therefore, it is socially optimal to

14, can also be interpreted as quality instead of quantity which might be more appropriate for some applica-
tions.

12YWe interpret v, as net production of a borrower.

13The expectations operator captures the randomness implied by the matching process and the stochastic life
expectancy.
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produce ¢ as u(q) — ¢(q) > 0 for some ¢ > 0. In particular, let us define the first best quantity
by ¢* where v/(¢*) = /(¢*)."*

When borrowers and lenders are matched during the BS, they have the opportunity to
conduct the following trade: the lender produces ¢; credit goods for the borrower on the spot
and, as compensation, the borrower promises to produce b; units of settlement goods for the
lender in the subsequent RS. That is, borrowers finance their consumption of ¢; by borrowing b,
from lenders, which is repayable by the end of the period. The terms of trade are determined by
the borrower making a take-it-or-leave-it offer to the lender which the lender can either accept
or reject. If the lender accepts, the credit good is produced. Otherwise the match is dissolved,
no credit goods are produced and both parties proceed to the next RS.

We make the following assumptions on the information structure of the economy: all current
and past actions are perfectly observable by anyone but there is limited knowledge about who
committed those actions. To be precise, borrowers use an account'®, a € A where A is any set
with [ A] = oo, when interacting with a lender and all actions undertaken by a given account are
perfectly observable.'® We denote any action z by 2% to denote that the action was committed
with account a. Let us denote by & = {m?,q;‘, b?,y?}?zo the history of past actions which
records all actions undertaken by account a up to period ¢ where m? is an indicator variable
equal to one if the account was matched with a lender in period j and equal to zero if not.
Importantly, however, the ownership of these accounts is private information and borrowers

may create as many accounts as they wish. Borrowers can create new accounts during each RS

at zero cost (we will modify this in section 5.4).

5.3 Costless accounts

We will now construct a particular equilibrium in recursive form. Let us first define reputation
as a mapping from the account’s history to a natural number. The reputation of account a at

time ¢ is denoted by nf. We can then define reputation recursively: if an account has no history

14Because marginal cost and marginal utility are always equalised at every level of production for the settlement
good, the social planner only cares about the production of the credit good.

15Equivalently, one could use the term pseudonym.

16\We assume that accounts are unique. Hence, it is not possible to imitate another agent by taking on her
history.
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(i.e. m§ =0 for all j <t), then n{ =0 and

min {nf + 1, N} if m{ =1 and b} < y

ngi =4 nd it m{ =0,
-1 else.
We say that an account is a deviator if n§ = —1 (more on that below). Intuitively, all accounts

start with zero reputation and gain reputation by matching with lenders and repaying their
debt. As the definition makes clear, we assume that there is some maximum level of reputation
N € N that can be achieved, so that n? € [-1,0,1,..., N]. If accounts do not repay their debt,
their account is marked as a deviator (i.e. nf, ; = —1).

Going forward, we want to construct an equilibrium with the following particular properties.
First, agent’s actions are conditioned only on reputation and not the entire history of actions
of their accounts. Another way of saying this is that, in equilibrium, reputation is a sufficient
statistic for the history of actions. We can therefore proceed without referring to the history of
actions explicitly. Second, only pure-strategy equilibria are considered. Third, we assume that
lenders do not lend to accounts which are marked as deviators.!” This will serve two purposes:
First it makes defaulting costly. Second it will introduce a punishment for “excessive borrowing”
(i.e. borrowing more than the equilibrium amount). We will see later that this is crucial for
having positive debt limits in equilibrium. Fourth, we restrict ourselves to equilibria where
bin > bin—1 ¥n > 0. That is, in equilibrium a higher level of reputation will never decrease the

amount that borrowers borrow. Moreover, we need to make the following assumption:
Assumption 1. Borrowers maximally hold two accounts with n > 0.

Let us briefly discuss the meaning, necessity and importance of this assumption. To be clear,
we are not restricting how many accounts borrowers can use over their lifetime. Rather the
restriction is on the simultaneous holding of more than two accounts with positive reputation.
Therefore, we still allow borrowers to actively use multiple accounts. Using this assumption we
are able to prove that in the equilibrium we study, borrowers have no incentive to use a second
account even though they could. Naturally, it would be preferable to prove this more generally,
but it also seems reasonable that if a borrower has no incentives to use a second account if she

can use up to two, it would be very surprising to learn that this would change as soon as the

17Given that lenders believe that other lenders refuse to trade with deviators, it is in fact optimal for them
to do so as well. The reason is straightforward: the borrower’s incentive to honour their debt is to avoid being
marked as a deviator. As a result, accounts already marked as deviators have “nothing to lose” and will therefore
default on any promise. Lenders would anticipate this and therefore refuse to lend to a deviator.
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borrower could use three or more accounts.

Finally, a couple of words on presentation. A borrower’s individual state variables include
the reputation of all her accounts. However, given the assumption that borrowers can hold
only up to two accounts with n > 0 and the fact that borrowers can always replace deviator
accounts with new accounts'®, we will omit the reference to any deviator accounts and simply
write a borrower’s state space consisting of the reputation of two accounts (all other accounts
are either deviators or have zero reputation). Also, we will suppress time indexes unless unclear
and denote any generic variable x by x,, to denote it being conditional on reputation n.

We proceed by describing the model in the following order: first, we start from the second
subperiod, the RS, then, second, move on to describe the bargaining problem. Third, we discuss

the BS-value function and finally, we define the equilibrium formally.

5.3.1 The repayment stage

Consider the problem of a borrower entering the RS with two accounts. Let us generally call
these accounts 1 and 2, where each account has reputation (n',n?) respectively. Let us adopt
the convention that if we write the borrower’s state variables as (n',n?) we implicitly assume
that the first entry corresponds to the account used in the last subperiod (so that we do not need

to introduce an additional variable in the state space). Let us now denote the value function of

a borrower who has matched with a lender in the previous subperiod by:
WP(b,nt,n?) = max —nb + 3 [nvb(min{N, nt +1},n%) + (1 — n)Vb(0,n?) (5.1)
n

where € {0,1} is the optimal decision of a borrower with accounts (n',n?) to repay its
debt b and let us denote it’s solution by 7(b,n',n?). If they repay (n = 1), they incur linear
costs to produce for lenders and their first account will gain reputation (unless reputation is
already at maximum reputation). If they decide to default (n = 0), then the borrower does
not suffer any disutility from producing the settlement good but the agent’s first account will
be marked as a deviator and, as explained in the previous section, the borrower then optimally
replaces the account with a new one with no reputation such that n' = 0 in the next period.
It is straightforward to see that n(b,n',n?) = 1 if and only if the following no-default (ND)

constraint is satisfied:

B(nt,n?) = B(Vb(min{N, nd +1},n2) — V2 (0, n2)> > b (5.2)

181t is easy to see that since accounts are free to create, it is a (weakly) optimal strategy to create a new
account as soon as an account has been marked as a deviator.
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where V®(n',n?) is the BS value function for a borrower with accounts (n',n?). We define the
debt-limit as the left-hand side of (5.2) which is the value above which a borrower with accounts
(n',n?) will default (i.e. n = 0). Hence, borrowers only repay their debt if the amount of debt
is less or equal than the cost of losing the account’s reputation.

Next, let us consider the case where borrowers did not match with any lenders in the previous
subperiod. In that case, borrowers did not issue any debt and the value function can be written
as:

We(nt,n?) = Vi (nt,n?). (5.3)

Similarly, we denote the RS-value function of a lender who enters the RS with claims on

debts b issued by a borrower with an account with reputation n' by:
Wb, n') = b(1 = p)p(b,n*) + BV, (5.4)

where p(b,n') is the lender’s belief that a borrower using an account with reputation n' decides
to pay back its debt b. Note that because a borrower’s reputation on its second account is
unobservable to the lender, lenders cannot perfectly anticipate a borrowers default. They must
therefore form expectations about the probability of default. In addition, lenders can perfectly

anticipate that p borrowers will exit the economy and therefore not pay back their debt.

5.3.2 Terms of trade

The terms of trade are determined by the borrower making a take-it-or-leave-it offer to the
lender. The offer takes the form (q,b), that is it specifies the production of credit goods by
the lender, ¢, and the amount borrowed in terms of settlement goods by the borrower, b. The
lender can either accept or reject. If the lender accepts, the credit good is produced and debt
is recorded. If the lender rejects, the match is dissolved. A borrower with accounts (n1,ng)

solves:

m%xu(q) + (]‘ - p) [Wlb(b7 nl’ n2) - W1b(07 nla n2)
q,

s.b. Wb, n') — WH0,nY) = ¢(q),
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such that the borrower maximises her surplus taking into account the lender’s participation

constraint. Using the RS value functions (5.1) and (5.4), the problem can be rewritten as:

IT;%XU(Q) —n(b,n',n*)(1 —p)b (5.5)

s.t. (1—p)plg,n")b = c(q).
Let us denote the resulting equilibrium values as ¢, and b,,.

5.3.3 The borrowing stage

The value function for a borrower entering the BS with accounts (n!,n?) can be written as

Vb(nlv 112) =0 max {U(in) + (1 _p)Wlb(bv nl’nQ)vu(an) + (1 - p)Wlb(bv n2a nl)}
(5.6)
+ (1 - U)(l —p)Wg(O,nl,TLQ).

When agents enter the BS they either match with a lender or no match occurs. If they meet
a lender they choose which account they use. As seen from the bargaining problem (5.5), the
choice of account influences the terms of trade as different accounts may have different levels
of reputation. Finally, observe that the borrower only proceeds to next period’s RS if she does
not exit the economy which occurs with probability (1 — p).

From equation (5.6) one can also infer that a borrower never uses a second account given

the first account has positive reputation if and only if:
u(gn) + (1 = )W (ba, n,0) > ulgo) + (1 = p)Wi(bo,0,m) ¥n > 0. (5.7)

In simple terms, if using an account with positive reputation yields more instantaneous util-
ity from consuming and a higher continuation value compared to using an account with zero
reputati d t i d.19

putation, a second account is never used.

The BS function for a lender can be written similarly:
N
1% :a/ ( — c(gn) + W (bn, n))dF(n) +(1—o)WH0,0)
0

where F'(n) € [0,1] is the distribution of reputation, i.e. F(n) is the probability of matching
with an account with reputation less or equal to n. Intuitively, if lenders match they encounter

a random borrower with some given reputation n. Since borrowers search with accounts of

19 At first, this may seem to be obvious since we assumed that more reputation allows to trade more. However,
the issue is more subtle as borrowers could use the second account to eventually default on her promise while
using the primary account as a “back-up”. As we will see below however, in our equilibria this cannot occur.
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varying reputation levels, the lender’s counterparty possesses a stochastic reputation level with
a known distribution function, F(n). More generally, let us also define G(n',n?) € [0,1]?
as the distribution of accounts where G(n',n?) is the probability that a random borrower
has accounts with reputation equal or less to (n!,n?) respectively.?’ Let us also define their
corresponding probability mass functions by f(n) and g(n',n?) such that F(n) = >.7_, f(n)

and G(n',n?) = ZZ;O 22220 g(a',n?).

5.3.4 Equilibrium

Now we define the equilibrium. Specifically, we examine a stationary, symmetric, and no-
voluntary-default equilibrium. Stationarity here means that F(n) and G(n', n?) remain constant
over time. Symmetry indicates that agents with identical state variables act in the same manner.
No-voluntary default implies that borrowers always choose to repay when given the chance to

do so on the equilibrium path (if borrowers randomly exit, they cannot repay).?!

Definition 5 (Reputation equilibrium). A stationary, symmetric and no-voluntary default
equilibrium with a monotone reputation system and given maximum reputation N is given by a

list of credit good consumption {q,}N_, debts {bp}N_, and debt limits {Bn}_, such that
1. the RS-value functions are given by (5.1), and (5.3),
2. debt limits are determined by (5.2),
3. (qn,bn) solve the bargaining problem (5.5),
4. the borrower’s BS-value function is given by (5.6),

5. borrowers always decide to repay, i.e. n =1,

6. lender’s believe that borrowers default on any off-equilibrium offers made, i.e. p(b,n) =1

only if b =b,.

We proceed by characterising the equilibrium. First, given our assumption on the beliefs of

lenders, we can rewrite the lender’s participation constraint in the bargaining problem (5.5) to

by = . (5.8)

200ne can characterise F(n) and G(n', n?) quite easily as they can be derived from an underlying law of motion
based on the definition of reputation and the fact that agents stochastically exit the economy. However, as will
soon become clear, knowing F'(n) is not necessary to characterise the equilibrium. Hence, we do not derive it
explicitly.

210ur equilibrium definition is based on the concept of a perfect Bayesian equilibrium. That is, our equilibrium
will be defined by strategies and beliefs such that strategies are sequentially rational and beliefs are derived, if
possible, by Bayes rule. See Mas-Colell et al. (1995) for a formal definition.
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That is, given lender’s belief that borrowers will always repay if given the chance to do so, the
lender’s expected utility from receiving debt b is b/(1—p) where 1/(1—p) is the default premium
which arises from the fact that p borrowers exit exogenously. Therefore, the borrower’s offer
equalises the lender’s cost with their expected benefit.

Second, since lenders belief that any-off equilibrium offer will not be repaid, the bargaining

problem reduces to:

max {u(qn) —c(qn), 0}.

Therefore, it must be that ¢, < ¢ for all n where g is given by u(g) = ¢(g). Since the surplus
is increasing for any ¢ < ¢*, let us from now on assume that this is the case which implies that
Gn < q for any n.

Third, from this we can use condition (5.2) and derive the following necessary condition for

repayment to be always optimal:
(4n)
1-p

Q

< B(n',n?) (5.9)

for any (n1,ng) satisfying g(n1,n2) > 0. That is, for every distribution of accounts g(ni,ns2)
that occurs in equilibrium borrowers need to be willing to repay their debt.

Observe that since lenders do not know the reputation of the borrower’s second account, the
following condition ensures repayment:

(¢5)

Q

< B(n') = miZIl{B(nl,nQ)}. (5.10)

_
S

This is a sufficient condition for (5.9) to hold. If condition (5.9) holds then any possible borrower
with (n!,n?) will repay even if g(n!,n?) = 0 in equilibrium.

We can then show the following:
Lemma 7. (5.7) is always satisfied if (5.10) holds.

Proof. Given (5.10) borrowers never default. Given that we have assumed a monotone repu-
tation system, we know that by < by,...,< by. Using (5.8) this implies ¢o < ¢1,...,< gn. If
gy < ¢* then S(n) = u(gn) — ¢(gn) is weakly increasing in n. The borrower’s utility is then
simply the discounted sum of oS(n) where 7 is the reputation of any account used. But then
since S(n) is weakly increasing in n and because the best strategy to increase n as fast as

possible is to use only one account, it implies (5.7). O

That is to say, there is no incentive for borrowers to open a second account if debt limits

are sufficiently tight so that default is not beneficial. If defaulting is never an option, then the
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borrower’s best strategy is to use one account to accumulate reputation as fast as possible to
increase the sum of discounted future surpluses u(q) — ¢(q).
But now observe that if borrowers never hold a second account, i.e. g(n',n?) = 0 for any

n' > 0 and n? > 0, then 5.9 reduces to:

c(qn)
1—-p

< B(n,0). (5.11)

Of course, so far we have only shown that (5.10) implies (5.7). Whether or not (5.11) also

implies (5.7) is not a priori clear. However we can show that this is in fact the case.

Proposition 12. If debt limits are given by (5.11) then borrowers only use one account, i.e.

(5.11) implies (5.7).
Proof. See appendix 5.6.1. O

The proposition implies that ensuring that borrowers with only one account are willing to
repay, as specified in condition (5.11), also implies that borrowers never resort to use a second
account. This may not be immediately apparent, as (5.11) does not imply that borrowers with
multiple accounts are inclined to repay their debts. This raises the question of whether there
exists a profitable deviation, where a borrower creates a second account and potentially defaults
in the future. However, proposition 12 demonstrates that, although it might be advantageous
for a borrower to default if they end up with multiple accounts, it is not beneficial to create
a second account initially. The intuition behind this result is that regardless of whether a
borrower intends to default or not, concentrating efforts on one account is the optimal strategy,
leading to the accumulation of the most reputation and thus yielding the greatest benefits.??

Going forward, we can therefore simplify the notation by dropping any reference to the
second account’s reputation as, according to proposition 12, it is always zero (for example,
Vo(nl,0) = VP (n)).

Moreover, by combining (5.1), (5.3) and (5.6) and the fact that only one account is ever

used, the BS-value function takes the following form:

oS (B
Vi) = T a - 12

22The mechanism employed in Wang and Li (2023) to prevent multiple accounts being used in equilibrium is
different. They assume that accounts are punished if the account is observed to be inactive for one period. In
their environment borrowers and lenders always match and therefore observing that an account was not used
implies that another account was used. Such a mechanism would not work here as borrowers and lenders do not
always match. Therefore, observing that an account did not trade could either be because a borrower did not
match with a lender or because a different account was used.
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where S, = u(g,) — c¢(gy) for all n < N and S, = Sy for all n > N.
Lemma 8. Any sequence {q,}\_, which satisfies (5.11) and (5.12) is a reputation equilibrium.

Proof. Proposition 12 indicates that (5.11) implies (5.7). Furthermore, (5.7) implies g(n',n?) =
0 for any n! > 0 and n? > 0. Given this, we immediately see that (5.9) implies (5.11). Finally,
the value function (5.1), (5.3) and (5.6) can be collapsed into equation (5.12). O

Proposition 13. In a reputation equilibrium q* = q, for all n cannot be an equilibrium.

Proof. Suppose ¢* = ¢, for all n is an equilibrium. Then by (5.12) it follows that V?(n) = V?

for all n. But then according to (5.11) ¢(¢*) = 0 which is a contradiction. O

This is not so surprising as trading the first best quantity ¢* at every level of reputation
implies that reputation conveys no benefits and therefore the loss of reputation, the punishment
for defaulting, has no effect. As a result, the equilibrium cannot be sustained.

Going forward, it is useful to differentiate between two types of equilibria.

Definition 6 (Not-too-tight and too-tight equilibria). A reputation equilibrium is called
not-too-tight if (5.11) holds with equality for all n. Otherwise, we call the equilibrium too-tight.

The “not-too-tight” terminology originates from Alvarez and Jermann (2000) and implies
that b, = B, for all n. That is, if an equilibrium is not-too-tight then the borrower is indifferent
between repaying and defaulting for each level of reputation. Therefore, in each match, lenders
lend the maximum amount of debt such that the borrower is willing to repay. This is the most
natural equilibrium to study as it maximises the gains from trade between a borrower and a
lender while ensuring that borrowers always repay.
5.3.4.1 Not-too-tight equilibria
Let us for now assume that b, = B,, for all n. We can show the following:

Proposition 14. In a not-too-tight equilibrium it must be that g, = 0 for all n.

For illustrative purposes we assume ¢ = 1 and N = 1.

Proof. Consider the no-default constraints (5.2) for n =0 and n =1

_ c(qo)

Bo = AV! (1) = V! (O0)] = s (5.13)
_ c(q1)

Bi=BV' (1) — VIO = 7 (5.14)
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which imply that B; = By. Given we study a not-too-tight equilibrium, this implies by = b;
and from (5.8) it follows that go = q;. But then V®(1) = V*(0) and B; = By = 0 which implies

g =q =0. ]

A general proof can be found in the appendix 5.6.2. The intuition for this result can be
understood in the following way: in the simplified case where N = 1 borrowers either have
reputation (n = 1) or they have none (n = 0). In this case, a borrower’s debt limit depends
on the value of reputation, V?(1) — V?(0), which is independent of the borrower’s current level
of reputation (see equations (5.13) and (5.14)). Therefore, a borrower with and a borrower
without reputation has the same debt limit. Since in a not-too-tight equilibrium borrowers
borrow up to the maximum level of debt such that they are willing to repay, it then implies that
borrowers borrow the same amount irrespective whether they have reputation or not. But this
is problematic because this makes reputation not valuable in the first place since the amount
of trade for a borrower with n = 0 is the same as for a borrower with n = 1. If reputation has
no value, there is no incentive to repay and lenders are thus not willing to accept any amount
of debt.

How should we interpret this result? A valid interpretation of the not-too-tight equilibrium
is that it is the only surviving equilibrium if we apply the intuitive criterion by Cho and Kreps
(1987). That is to say, as long as an offer satisfies (5.11), the lender should not believe that the
borrower will default. However, since ¢ < ¢*, the borrower would optimally borrow as much as
possible, and the lender is willing to accept, as the condition (5.11) is satisfied, ensuring that
the borrower will always repay. Therefore, the results suggest that for the equilibrium to exist,
lenders need a reason to reject off-equilibrium offers even if those offers satisfy (5.11).

In our approach going forward, we will be agnostic about the exact reason why lenders would
do so and stick to the definition 5 (and hence the concept of a Perfect-Bayesian equilibrium).
However, it is not hard to see that a slightly modified equilibrium definition would provide such
a reason. For example, if we mark borrowers as deviators not only for defaulting but also for
making off-equilibrium offers, lenders would reject such offers even given the intuitive criterion.
This is because borrowers would default on any off-equilibrium offer since they will be marked

as deviators anyway.

5.3.4.2 Too-tight equilibria

From now on, we will focus on too-tight equilibria. Thus, it must be that (5.11) is not holding
with equality for at least one n. We proceed by first defining an optimal reputation equilibrium,

then derive sufficient conditions for such an optimal reputation equilibrium to exist and then
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finally show that this optimal reputation equilibrium always exists (naturally, this also shows
that reputation equilibria always exist).

We start by defining an optimal reputation equilibrium:

Definition 7 (Optimal reputation equilibrium). An optimal reputation equilibrium solves

max Vb(()) s.t. Vb(min{N,n—i— 1}) _ Vb(O) > M

Vn where V2(n) is given by (5.12).
{an oy Bl —p) (=) (5:12)

(5.15)

Observe that an optimal reputation equilibrium is a reputation equilibrium which maximises

23

a borrower’s lifetime utility so that the borrower repays.> We can then derive the following

proposition:

Proposition 15. A sufficient condition for an optimal reputation equilibrium is V°(0) = V(§)

where G and V(§) are determined by

u(@ . 1-B(1-p)
s@) R —p) (2:10)
Vo = oD @] i) )

1-p(1-p) B-p)
Proof. Using the ND-constraint for n = N, inserting (5.12) for n = N and solving for V?(0)
yields V*(0) < V(gn) where V(qy) is given by (5.17). The upper bound, V (qy), depends solely
on gy. The first order condition of (5.17) with respect to gy yields (5.16). If V°(0) = V(q)
then the equilibrium must solve (5.15) because any V*(0) > V(§) can never satisfy (5.12) for

n = N given that V(§) is maximal at qy = §. O

Hence, V/(§) is the highest value of V*(0) that can be achieved and if we find a sequence
{qn}szo that achieves V (§) we have found an optimal reputation equilibrium. Of course, it is not
a priori clear whether the upper bound V(§) can be attained throughout the entire parameter
space. Let us now consider the kind of sequences {g,}Y_, that achieve V'(§). To gain some
intuition, it is useful to consider the simplified case where N = 1 and o = 1 (again, accounts

either have reputation or they have none). The ND-constraints for n = 1 simplifies to:

c(q1)

VPV =5 — Sy = —2)
R TG Ry

(5.18)

while the ND-constraint for n = 0 is satisfied if g9 < ¢;. The sufficient condition derived in

23The lender’s expected lifetime value is always zero because the borrower, by making a take-it-or-leave-it offer,
appropriates all the surplus.
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proposition 15 implies that optimally ¢; = ¢ and ¢o is set as such that (5.18) holds. If the
implied go is between zero and ¢ the equilibrium exists. From (5.18) we can easily see that
qo < q1 is always satisfied as S; > Sy requires ¢; > qg. On the other hand, gg > 0 holds if and
only if Sy > 0 which, according to (5.18), is the case if:

1+501-p)

(5.19)

These equations have a clear interpretation: equation (5.18) tells us that the value of having

reputation, Vlb — Vob, is given by higher surpluses which can be obtained with reputation, 57 —

So > 0, and this value has to optimally equal the gain of defaulting, Bc((lqj;). Moreover, even

though g1 = ¢* might be feasible, it is in general not optimal. The reason is that trading ¢*
would require a high level of reputation to incentivise borrowers to not default. This in turn is
only achievable if qq is sufficiently small. However, due to the concavity of u(q) it is optimal to
set ¢1 < ¢* in order to increase qp. Finally, the upper bound can only be achieved if (5.19) is
satisfied. Intuitively, the highest value of reputation is attained if ¢yp = 0. For some parameter
values however, even this value is not sufficient to incentivise agents to repay ¢. However, as
we show next, one can increase N to ensure that the upper bound can be achieved.

In the more general case where N > 1 we find that an optimal reputation equilibrium can
be implemented with infinitely many sequences. This indeterminacy follows from the fact that
in order to achieve the upper limit V' (§) only two equations need to hold with equality: gy = §
and the ND-constraint for n = N. The other ND-constraints do not need to hold with equality.
Thus, there are N + 1 variables to determine and two equations to pin them down. One way to
find possible solutions is to compute them numerically. Figure 5.1 plots several sequences with
different N which all achieve V'(g).2*

There are however also closed form solutions. Consider the following: set gy = ¢ and ¢, =0
for all n < N —1. Notice, that the ND-constraint for all n < N —1 are in that case automatically
satisfied. The implied solution for gy_; must however satisfy 0 < Sy_; (no negative surplus
possible) and Sy_1 < Sy (otherwise the ND-constraint for n = N — 1 would be violated). We

can show the following:

Proposition 16. There always exists a reputation equilibrium such that V°(0) = V() for a

particular N = N.

Proof. See appendix 5.6.3. O

1
q n
1-n

24We assumed the following functional forms: u(q) = and c(q) = q. The parameters that were used are:

5 =0.96,7=0.50=0.5and p=0.1.
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Figure 5.1: Different equilibria that achieve V(q)

In the proof we derive N analytically. As we have seen in the special case where N = 1 and
o = 1, there was the possibility that the harshest possible punishment (setting gy = 0) was not
sufficient to guarantee that agents repay their debt associated with trading ¢. The proposition
indicates that we can always increase N and thereby increase the scope for punishment in order
to guarantee that an equilibrium always exists.

In conclusion, we have shown that credit can, in principle, be anonymous and not be reliant
on any form of collateral. According to proposition 16 such credit equilibria do always exist
provided that N is chosen appropriately. However, while such credit equilibria always exist
proposition 15 indicates that they are costly in the sense that the punishment for default
implicitly is imposed on young agents too. There is therefore a trade-off between making

defaulting costly and letting young agents consume.

5.4 Costly accounts

So far we have assumed that borrowers can create accounts for free. We now modify our original
model by making accounts costly to create. We believe this modification to be highly practically
relevant as its implementation is simple. In fact, there are already many providers of blockchain

wallets which ask for a fee in order to set up a new wallet.?

25For example to open up the wallets Trezor Model T and Ledger Nano X a user pays $100-$300 (source:
CNET Money).
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5.4.1 Modification to the baseline model

We make three modifications to the environment. First, each time an account is opened up in
the RS, the borrower is required to pay a fee x € RT in terms of settlement goods. We consider
two cases: In the first case the fee is considered a real cost and therefore a dead-weight loss.
In the second case, the fee is viewed to be a transfer to some benevolent authority managing
the accounts and which redistributes those fees (for example, this could be the government or a
private platform). Let us call the redistributed fees transfers and denote the per-capita transfer
by 7. In order to nest both of these cases into one, let us assume that only a share € € [0, 1] of
these costs can be redistributed as transfers and we will study the two polar cases.

Second, we modify the recording technology. To be specific, let us redefine the history of
¢

_o where k7 is an indicator variable which equals one if

actions to be & = {m{, ¢}, 0%, v, K}’

the fee was paid by account a in period j.

Third, we assume that accounts are deleted if the owner exits the economy. One could easily
modify the model to make this an outcome. For example, assume that accounts need to pay
a tiny fee each period in order to keep the account active. However, to keep notation to a
minimum we introduce this as a restriction in the environment.

In addition to these changes in the environment, we will construct a different equilibrium

compared to the case without fees. Let us therefore re-define the reputation n{ to be:

1 if k7 =1 for some j <t, and by < yf,
ng =

—1 else.

Let us call accounts with n = 1 to be active accounts and, as before, accounts with n = —1 to
be deviator accounts. That is, an account is active if the account has paid the fee sometime in
the past and the account has always repaid it’s debts. Otherwise, an account is considered a
deviator. We maintain the same assumption concerning the lender’s beliefs: lenders will never
trade with deviator accounts (i.e n = —1) and reject any off-equilibrium offers, i.e. p(b,n) =1
only if n = 1 and b = b;. But different to before, there is no longer any notion of increasing
one’s reputation over time. Moreover, let us assume that all active accounts receive transfers 7.

We will study an equilibrium where borrowers will only ever use one account and always
repay endogenously. While we do not prove this formally, it should be clear that the reasoning
behind proposition 12 should apply to this case too. Therefore, we do not need to keep track

of multiple accounts as we did in the previous section.
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5.4.2 Equilibrium

We first look at the RS-value function of a borrower who owns an active account (n = 1) who

has issued b debt:

W) = max (T — b) — Mk + B(]IV{’ +(1 - H)vfl) (5.20)
b1k

where n, € {0,1} and 7, € {0,1} are both discrete choices indicating whether the borrower
repays it’s debt or creates a new account respectively. Let us denote the solutions by 7(b) and
n(k) respectively. Furthermore, let us denote I = 1(n, = 1V 1, = 1) which indicates whether
the borrower will enter the next period with an active account. Similarly, for a borrower with
an inactive account:

W4 (0) = max s + B(HVf’ +(1- ]I)V_bl>. (5.21)

From (5.21) one can easily see that n; = 1 if and only if:
k< BV =V, (5.22)

Clearly, this is a necessary condition for an equilibrium to exist because if this condition is not
satisfied borrowers would never hold an active account. Furthermore, from equation (5.20),
we can conclude that borrowers will repay their debt (n(b) = 1) if and only if the following

no-default constraint is satisfied (conditional on 5.22 holding):
B(k,T)=k+T172>b (5.23)

where, similar to the previous section, B(k,7) is the debt limit which corresponds to the max-
imum amount of debt which the borrower is willing to repay. We observe from the no-default
constraint (5.23) that borrowers only repay their debt if the amount of debt minus transfers is
less or equal than the cost of setting up a new account. Notice, that both a higher fee k and a
higher transfer 7 increases the debt limit (the latter because transfer are only received by active
accounts). Naturally, in equilibrium, the no-default constraint has to be satisfied in order that
borrowers always repay their debt, i.e. n(b) = 1.

Next, we write the bargaining problem between a lender and a borrower. The same way as
before, the borrower makes a take-it-or-leave-it offer:

maxu(q) — (1 - p)b

s.t. b(1 — p)p(b,n) = c(q).
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Given our assumption on lender’s belief we again find that:

b(1 —p) =c(q) (5.24)

for any equilibrium offer b = b;.
Furthermore, the BS-value function of the borrowers with an active and deviator account

are, respectively, given by:
VP = olulgr) + (1 — p)W(b1)] + (1 — 0)(1 — p)WP(0), (5.25)

Vb = (1 -pWwb (0). (5.26)

The same holds for the RS- and BS-value functions of the lenders which are given by W'(b;) =
(1—p)by + BV and V! = a[—c(q1) + W'(b1)] + (1 — o)WH(0).

In equilibrium the amount of paid fees must equal the amount of redistributed fees in each
period (as settlement goods cannot be stored). As the mass of agents paying the fee is p (new

entrants) and the one receiving it is (1 — p) (all agents without new entrants) it follows that
e-p-k=(1-p)r (5.27)

We can now define the equilibrium formally.

Definition 8 (Costly accounts equilibrium). A stationary, symmetric and no-voluntary-
default equilibrium with costly accounts is given by credit good consumption q1, debts by, debt

limits By and transfers T such that
1. the value functions are given by (5.20), (5.21), (5.25) and (5.26),
2. borrowers are willing to open accounts, (5.22),
3. borrowers always decide to repay, (5.23),
4. q1 and by satisfy (5.24),
5. the size of the transfer is determined by (5.27)
for any k.
Next, we can insert (5.24) and (5.21) into (5.25):

oS1+ (1 —p)r
1—B(1-p)
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where S1 = u(q1) — ¢(¢1). Similarly, we insert (5.24) and (5.20) into (5.26):

oS1+ (1 —p)7
V0 =—k(1-p)+801—-p)————".
Using these two equations we find that:
V-Vt =081+ (1 —p)(k+7) (5.28)

which tells us that the value of having an active account is the ability to borrow with some
probability, 057, the value of transfers received with probability (1 — p) in the next superiod,
(1 — p)7, and since fees only have to be paid once, the value of the fee paid with probability
(1 —p) in the next subperiod, (1 —p)x. In a next step we prove existence of the costly accounts

equilibrium.

Proposition 17. A sufficient condition for a costly account to exist is:

Bo(u(qr) — c(q1))
1—B(1—-p(l—e¢)

R(q1) > K2 = r(q1) (5.29)

for any k and q1. Furthermore, there always exists some q1 > 0 such that £(q1) > k(q1)-

Proof. We can derive the lower bound by combining (5.23) with (5.24) and (5.27):

o)  _
K> Tll—e) = k(q1).

Furthermore, the upper bound is found by inserting (5.27) and (5.28) into (5.22):

Bo(u(q1) — c(q1))
1—B(1—-p(l—e¢)

Il
\Y,

R(q1) K.
Next, we want to show that there always exists some ¢; for which &(q1) > k(q1). Let us first
define Q(q1) = k(q1) — k(q1). Then observe that Q(0) = 0 and

po(u'(q) — ¢ (q1)) (q1)

Va) = 1-B1-pl—e) 1—p(l—¢)

But then observe that limg, o ©'(¢1) = 0o because limg_,o v/(¢) = 0o and limg,¢ ¢/(¢) = 0. This

implies that there exists some ¢; > 0 such that &(q1) > k(q1). O

The proposition tells us that the fee x can neither be too large or too small. If the fee is too
low then borrowers have an incentive to default on their debt. However, if the fee is too large

then borrowers never create an account in the first place. Of course, the feasible range for x
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depends on ¢; and, as we show, there always exists some ¢; so that there exists a feasible fee
to incentivise borrowers to both create an account and repay their debts.

It is also easy to see that the equilibrium set is larger in the case where we interpret the fee
not as a real cost, € > 0. In particular, going from ¢ = 0 to € = 1 increases the upper bound and
decreases the lower bound. Intuitively, being able to redistribute the fees increases the lifetime
value of having an account (upper bound) and decreases the incentive to default (lower bound).

Finally, and again assuming that the fee can be redistributed, the result implies that a
benevolent authority can always find some ¢; and associated x that incentivises borrowers to
participate and repay their debts. In the next section, we will ask: what is the optimal fee that

a benevolent authority should charge?

5.4.3 Optimal costly accounts equilibrium

So far, we have shown that there are many combinations of ¢; and k that constitute an equi-
librium. We now want to show that there exists a uniquely optimal combination of ¢; and k.
As a result, from now on we will stick with the interpretation that the fee is not a real cost (i.e.

€ > 0) and can therefore be set by the benevolent authority. Let us then define the following:

Definition 9 (Optimal costly accounts equilibrium). An optimal costly accounts equilib-

rium is given by q1 and x that mazimises VP subject to (5.27) and (5.29).

That is, an optimal costly accounts equilibrium maximises the lifetime value of a borrower

that newly enters the economy. The associated program is given by:

max — (1 = p) + (1 —p)"<u<ql>l—_c<ﬁq(1l>>_ ; )(1 o)
s.t.
D
T=7 —
Bo(ulq) - clar))
1-8(1-p(l—e)

€K,

c(q1)
1—p(l—e)

> K2

Let us denote the optimal quantity of credit good by ¢ and the optimal fee by <. We assume

that the benevolent authority redistributes all fees, i.e. e = 1.

Proposition 18. The optimal costly accounts equilibrium is given by:

IC)
1-p(l—¢)’

W@ . 1-8

IR (5.30)



Proof. See appendix 5.6.4. O

One immediately observes that the optimal costly accounts equilibrium implies a credit good
quantity which is below the first-best quantity, i.e. § < ¢*. This is true even though ¢* might
be attainable. The intuition is similar to the reputation equilibrium: because the fee has to
be financed in advance to borrowing and since agents are impatient, it is optimal to reduce
the amount of borrowing by agents which allows account fees to be lowered. Another way of
putting it is that at ¢ = ¢* reducing ¢ has a first order effect on « but only a second order effect
on u(q) — c(q).

Furthermore, by comparing the optimal quantity of the costly accounts equilibrium (5.30)
with the quantity consumed by a full reputation borrower (n = N) from the previous section,
(5.16), one can immediately see that the amount consumed is strictly higher in the optimal

costly accounts equilibrium.

5.5 Closing remarks

In this paper, we present a novel perspective on credit and anonymity, departing from the
existing body of literature which either neglects agents’ anonymity concerns entirely or imposes
strict anonymity prerequisites that effectively rule out the existence of credit systems. Instead,
our focus lies on pseudonymity, a particularly prevalent form of anonymity currently observed
in many areas of the internet and, in particular, blockchains.

What can we learn from this exercise? First and foremost, there is often an assumption that
anonymity and credit cannot coexist. Our analysis, from an economic standpoint, challenges
this notion. We believe our rationale extends to credit in a broader context. This holds partic-
ular significance for blockchain-related endeavours aiming to integrate credit within blockchain
networks. Secondly, our analysis shows that there are also costs in maintaining anonymous
credit. The root of the costs is the impossibility to distinguish between first time entrants and
entrants due to former default. This implies that if credit is at entrance kept low to punish
former defaulters this also applies to first time entrants.

Lastly, we wish to address some potential concerns arising from our framework. Firstly, as our
study explores merely a subset of all possible credit equilibria, we refrain from making definitive
assertions about the optimality of credit systems. However, we conjecture that our analysis did
indeed capture the most efficient credit equilibria. Secondly, a question arises regarding the
significance of the assumption that borrowers only engage with one lender per period. It is

evident that if borrowers were free to interact with an unlimited number of lenders, a dominant
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strategy would involve creating an infinite number of accounts, thereby reducing the debt limit
to zero. While our current framework does not explicitly demonstrate this, we hypothesise that
any cost of contacting additional lenders would suffice to prevent such a scenario. Thirdly, it
is worth noting that our model simplifies many real-world complexities associated with credit.
For example, we ignore potential heterogeneity in agents’ ability to repay their debt. We leave

all these considerations for future research.
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5.6 Appendix

5.6.1 Proof of proposition 12

Proof. We show that (5.7) holds. In other words, we want to prove that it is never advantageous
for a borrower to open up and gain reputation on a second account. To establish a contradiction,
assume that the borrower opens a second account at time tg, while already possessing a first

1. For brevity, we denote 3 = B(1 — p). There are two primary

account with reputation n
scenarios concerning the reputation on the first account when the borrower opens the second

account:

1. There exists an n < n' such that ¢,1 > ¢,. There are four feasible strategies which cover

all possibilities:

(a) Consider the case where the borrower opens a second account and accumulates rep-
utation until it reaches n? = n! 4+ 1. At this point, the borrower’s state variables
can be expressed as (n!,n! 4 1), assuming that this occurs in some period t;. The

deviation value can be formulated as follows:
‘7 =S+ Btl_to_l[u(an—l) - C(QnQ—l)] + Btl_tov(n17 nl + 1)

where S is the discounted payoff of using the second account between to and ¢; —1.26
In ¢y there is another feasible strategy: alternatively, the agent could use the first
account one more time in ¢y and then start using the second account so that in t;

the agent’s state variables are (n' + 1,n'). This alternative value is then given by:
V= [u(qnl) - C(qnl)] + BS + Btlitov(nl +1, nl)'

The deviation value can only be optimal if it weakly exceeds the alternative value:
V* < V. Inserting the values and recognizing that Gt = Gp2—1 and V(n! +1,nt) =

V(n',n! +1) implies
[w(gn1) = e(gu)](1 = 577071 < S(1 - P).

Since there exists an n? < n! such that g,1 > g,2 it must be that S < [u(g,1) —

c(qn1)] Z?:_Oto_l B9 = [u(gy) — c(qnl)]l_fiil;o and therefore the previous inequality

2 ~p N
26 The explicit expression is given by S = 3."'_? 8"~ [u(gn) — c¢(gn)] where £, is the time where the borrower

trades with the second account with reputation n.
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implies: u(g,1) — ¢(gn1) < u(gu1) — c(gy1). This is a contradiction.

(b) Suppose the borrower opens a second account and builds up reputation until n? < n'.
He then switches accounts, borrows and repays with the first account so that the
agent’s state variables are (n! 4 1,n?) at this point. Without loss of generality, let

us suppose the switch occurs in period ¢1. The deviation value can be written as
V =8+ 8" 0u(gu) — c(gn)] + F1 0TV (0! 4+ 1,02 (5.31)

where S is the discounted payoff of using the second account between tq and ¢; —1.27
In ¢y there is another feasible strategy: alternatively, the agent could use the first
account one more time in ¢ty and then start using the second account so that the
borrower’s state variables are the same in ¢; + 1. This alternative value is then given
by:

V* = [u(gat) — elgu)] + BS + B0V () + 1,02,

The deviation value can only be strictly beneficial if it exceeds the alternative value:

VE<V. Inserting the values yields:

[w(gm) = e(gnn)](1 = 177) < S(1 - B).

Since there exists an n? < n! such that ¢, > ¢,2 it must be that S < [u(g,:) —
c(qnl)]% and therefore the previous inequality implies: u(g,1) — ¢(g,1) <

u(gp1) — ¢(gp1). This is a contradiction.

(c) Suppose the borrower opens a second account and builds up reputation until 0 <
n? < n'. At some point, the agent defaults on the second account, and without loss

of generality, let us assume this default occurs in period t;:
7 =8+ Frtou(ga) + BT,

Importantly, the borrower’s state variables and therefore the continuation value are
the same before using the second account and defaulting on the second account.
However, this would imply that the first account would never be used again and
V = V(n',0). But since V.= V(n',0) is a possible strategy with state variables
(0,0), it must be that V(0,0) > V(n!,0) = V. But according to the ND-constraint

2 ~p ~
#"The explicit expression is given by S = 3"_ " '~ [u(gn) — c¢(gn)] where £, is the time where the borrower

trades with the second account with reputation n.
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.11) this implies g, = 0 for all n < n" and therefore ,0) < Vin, =V. is
5.11) this impli 0 for all L and therefore V(0,0) < V(n!,0) = V. Th

is a contradiction.

(d) Suppose the borrower opens a second account and builds up reputation until n? < n!.
Then the agent switches back to the first account, borrows from it, and immediately
defaults on that account. Without loss of generality, let us suppose the switch and

default occur in period ¢;. The deviation value can then be written as:
V =8+ B u(g) + 10V (0,07)

Observe, that in ty there is another feasible strategy: the agent defaults in g on the
first account and then starts using the second account so that in ¢; the agent’s state

variables are the same as in ¢; + 1. The alternative value is then given by:
V* = u(gu) + BS + gLty (0, n?).

The deviation value can only be strictly beneficial if it weakly exceeds the alternative

value: V* < V. Inserting the values yields:
u(g) (1= G707 < S(1 - ).

Since there exists an n? < n! such that ¢,1 > ¢,2 it must be that S < [u(g,:) —
c(qnl)]% and therefore the previous inequality implies: 0 < —¢(g,1). This is

a contradiction.

2. There exists no n < n! such that g,1 > ¢,. Let us therefore denote 7 the lowest level of

reputation such that g5 > ¢, for all n < n.

(a) The borrower trades with both accounts until the reputation of both accounts is
given by (n1,72) where 1 < 7 and ng < n. The borrower then defaults on either of
these accounts. Without loss of generality, let us suppose the default occurs on the
second account and the switch and default occur in period t1. The deviation payoff

can be written as
V =8+ B u(gye) + 840V (7,0)

where § is the discounted payoff of using the first and second account between tg and
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t1 —1.28 In tg there is another feasible strategy: alternatively, the agent could default
on the second account with reputation zero instead of trading with the account. This

alternative value is then given by:
V*=8" 4 B 0u(gy2) + BTV (7, 0)

where §* is the discounted payoff of defaulting on the second account between t;
and 9.2 Since ¢, = ¢,1 = ¢,2 for all n < n! and n < n?, this implies S* > S if
Gnt = qn2 > 0. This is a contradiction.

2

(b) The borrower does not default before either n' = 7 or n? = 7 is reached in period ;.

1

Without loss of generality, let us suppose n* = . It is easy to verify that we can now

apply exactly the same argument as in case 1 and conclude that the borrower has no
incentive to increase the reputation on the account with lower levels of reputation.?

If the agent will not use the second account to accumulate further reputation then

he either defaults on the account or he will never use it again:

i. The borrower defaults on the second account. However, according to the same
argument as in subcase a), there is a better strategy where the borrower always
defaults on the second account instead of accumulating reputation. This is a
contradiction.

ii. The borrower never uses the second account again. The deviation value is then
given by:

V =8+ 10V (7, o)

where S = [u(qp) — c(qo)]l_fiilﬁjto is the discounted payoff of using the second

account between t; and tg. In tp there is another feasible strategy: instead of

using the second account, the borrower could use only the first account. Let us

1

denote the time when the borrower achieves n* = n as t] < t;. The alternative

value is then given by:
V* =8+ 10V (7y,0)
1-Bti—to

1-5
account between t] and ¢y. The deviation value can only be strictly beneficial if

where §* = [u(qo) — c(q0)] is the discounted payoff of using the first

ﬁl—n1+n2

*The explicit expression is given by S = Y"1 Bin—to [u(q0) — c(qo)] where %, is the time where the
borrower trades with the second account with reputation n.

2The explicit expression is given by S* = 221:_0”1"'"2
trades with the second account with reputation n.

30Essentially, the argument in case 1 is independent of the level of reputation on the second account as long

as the second account has lower reputation than the first.

Bf"ftou(qo) where £, is the time where the borrower
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it exceeds the alternative value, V* < V:

U(QO) - f(qO) > V('fll, 0)

1-p
where we used the fact that V' (n1,0) = V(n1,n2) since the second account will
never be used from time ¢; onwards. This implies that the deviation value is
bounded from above. But then there exists a second alternative strategy where

the agent always defaults on the first account from ¢; onwards which yields

V**:u(qo) >u(qo)—c(qo) _—
1-8 1-58 =

This is a contradiction.

We conclude that opening a second account cannot be optimal. O

5.6.2 Proof of proposition 14

Proof. Consider the following two ND-constraints for n = N and n = N — 1:
By = B(1 = p)[V*(N) = V*(0)] > ¢(qn),

By_1=B(1-p)[V'(N) - V*0)] > clgn-1),

which implies that By = Bny_1. Given we study a not-too-tight equilibrium, this implies
by = by—1 and from (5.8) it follows that gy = gn_1. Therefore, by (5.12) it follows that
VP(N) = V®(N — 1). Next, consider the following two ND-constraints for n = N — 1 and
n=N-—2

By-1 = B(1=p)[V'(N) = V*(0)] > c(qn-1);

Bz = B(1 - p)[V(N = 1) = V*(0)] > clgn—1).

But since V*(N) = V?(N — 1) we find that By_; = By_o. Given we study a not-too-tight
equilibrium, this implies by_1 = by—_2 and from (5.8) it follows that qy_1 = gn—2. Therefore,
by (5.12) it follows that V®(N — 1) = V®(IN — 2). Applying this argument recursively implies
that ¢, = ¢ for all n. But then V(n) = V(0) for all n and thus B,, = 0 for all n. As a result,
b, = 0 for all n and by (5.8) ¢, = 0 for all n. O

154



5.6.3 Proof of proposition 16

Proof. Consider the following sequence: gy = ¢ and ¢, = 0 for all n < N — 1. The ND-
constraints for n < N — 1 are thus satisfied. The ND-constraint for n = N — 1 is satisfied if

0 < gn_1 < gn. gn_1 is determined as such that the ND-constraint for n = N is satisfied:

BL—p)[VI(N) = V(0)| = e(qn).

To simplify notation, let us define (1+7) = --—. We use S, = 0 for all n < N — 1 and insert
B(1—p)

(5.12) for n = N and n = N — 1 into (5.6.3):

N-1 N
1 1
( J ) +TUSN1+< 7 ) +TUSN
o r

r+o r

1+7r

= (14 7)e(gn).

oSN —

We can solve for Sy_1:

o r+o N
SN_1= Y’SN_< pn ) c(qN). (5.32)

N
(r+a> .
o

Next, we derive conditions under which Sy_; < Sy and therefore gny_1 < gn. We insert (5.32)

2 25

We can apply the natural logarithm and solve for N:

into Sy_1 < Sy:

SN>

(1+2)SN
In <%5N—C(QN)

N = )>N.

()

Next, we derive conditions under which Sy_; > 0 and therefore gy_1 > 0. We insert (5.32)

into Sy_1 > 0:

()" g5 (2

We can apply the natural logarithm and solve for N:

N>1n<;’SzEfiV(qN)) N.

()
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One can show that N — N = 1. Given that N is an integer value this means there always exists

a unique N > N > N as long as 28N —c(qn) > 0. We can rearrange this condition, use gy = ¢
and find (147) (%[u(d) —c(q)]— C(Q)) = V(§). But we know that at ¢y = ¢ the function V(qy)
is maximised. Hence, as long as V(qy) > 0 for some gy, it follows that V(§) > 0. To show this,

let us define:

Observe that O(0) = 0 and lim,—,0 O'(q) > 0 implies that V(gn) > 0 for some gy. Therefore,

the optimal reputation equilibrium always exists. O

5.6.4 Proof of proposition 18

Proof. We can insert the first constraint and write the Lagrangian:

o(u(q) — c(q))

Bpe
L= max —k(l— 1— —F
NTANTL ( P) [ 1-5(1-p)

_alk - Potula) = cla))
1-p(1—p(1—e)

) ]

Ta 1—p(l—¢)

where p and fi are the Lagrangian multipliers associated with each constraint. The sufficient

conditions for an optimum are given by:

—(1-p)|1 tu—p=0, (5.33)

@ ) | 50(16'(61)—0’((1))]_#[ o ]_0, (5.3

> K, (5.35)

O (5.36)
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First, we want to argue that g > 0. Suppose not. Then p = 0. By (5.33)

Bpe _
_(1—p)[1—1_6(1_p)] —i=0.

But this is a contradiction since [1 — %} >0 and g > 0. Thus, > 0 and

c(q)

"I

Next, suppose that fi = 0. In that case, we solve (5.33) for 4 and insert into (5.34):

o 1=8(1-p(1-¢)
d@)_1+ of '

Because the left-hand side spans every positive real number and is strictly decreasing in ¢ while
the right-hand-side is a positive real number, it follows that a unique ¢ solves that equation.
Let us denote this candidate solution by ¢;. For this to be a solution, ¢; must satisfy (5.35).

To see that (5.35) is indeed satisfied at ¢1, suppose that > 0. In that case (5.35) and (5.36)

imply:
clg) _ Polulg) —c(q))
1—p(l—¢) 1-p(1-p(l-¢)

This equation has to be satisfied for some ¢. To study the implied ¢, let us define:

Bo(u(g) —clq)) <)
1-B(1-p(l—¢) 1-p(l—e)

A(q) = (5.37)

One can easily see that A(0) = 0, lim, ,0.A'(q) = co and A(¢) < 0. This has a couple of
implications. First, there must be two solutions to (5.37): ¢ = 0 and some ¢ > 0. Second, it
follows that 0 < ¢ < ¢ where ¢ = arg max,.A(g). Third, as we assume full redistribution of the

fees, ¢ is uniquely pinned down by:

But observe that § = §. But then we know that ¢ < ¢ and therefore ;i > 0. Hence, the optimal

allocation is ¢ = ¢. O
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