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Preface

This thesis consists of results achieved in my PhD studies, which I have conducted under
supervision of Prof. Dr. Zoltdn Balogh at the Mathematical Institute of the University of
Bern. During the time of these studies I have been supported by the Swiss National Science
Foundation (Grant numbers 191978 and 10001161).

Some of the results presented here are contained in the preprints [7] and [8], both accepted
for publication. The material of such preprints is included in Chapter 4 and Chapters 5, 6,

7, respectively. A preprint that comprises results of Chapter 8 is in preparation.

Elia Bubani
Bern, 18 June, 2025
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Introduction

In this thesis we present the sub-Riemannian affine-additive group AA. We shall analyze
it in the geometric context of sub-Riemannian spaces, explore the associated quasiconformal
mapping theory and eventually establish notions of mean and Gaussian curvature for sur-
faces embedded in it. This introduction is going to contain a description of the context of

our research project together with a presentation of our main results.

History and main results.

Due to work of Heinonen and Koskela, [31] the theory of quasiconformal mappings has been
developed in the setting of general metric measure spaces satisfying some mild regularity
properties. For the related analytic machinery including upper gradients, capacities and
Sobolev spaces we refer to the book of Heinonen, [33], or the book of Heinonen, Koskela,
Shanmungalingam and Tyson [30]. Let us recall that a homeomorphism f : X — Y between
two metric spaces (X, dx) and (Y,dy) is called quasiconformal if there exists H > 1 such
that

Y SUD g (p.y<r v (f(P), F(q))
im sup

0 lay g dy (F0), F(@) Hy(p) < H, (1)

for all p in X.

An important class of examples where these results apply is the geometric setting of sub-
Riemannian spaces, including Heisenberg groups. Motivated by Mostow rigidity [17], the
theory of quasiconformal mappings in the Heisenberg group has been developed by Pansu [15]
and Koranyi and Reimann in [38] and [39]. In our model the first Heiseberg group His C x R

with coordinates (z = x + iy, t) and group operation
(2 1) % (2,t) = (2 + 2, t' +t 4+ 23(Z'2)) .
The contact form of H is given by
Uy = dt + 2(xdy — ydzx).
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The horizontal sub-bundle Hy := ker ¥y of the tangent bundle of H is spanned by the vector
fields
X:&C—}—Qy@t, Y:8y—2x8t

The corresponding Carnot-Carathéodory distance dy is associated to the sub-Riemannian
metric (-, -)g making {X, Y} an orthonormal frame. For further properties of the Heisenberg
group and higher dimensional analogues of this space we refer to the book of Capogna,
Danielli, Scott and Tyson [17].

The theory of quasiconformal mappings in Heisenberg groups is rather advanced, examples
of non-trivial quasiconformal maps acting between these spaces have been constructed as
flows of contact vector fields by Kordnyi and Reimann [38], [39] and by lifting of planar
symplectic maps by Capogna and Tang [15]. Extremal quasiconformal maps that are similar
to the planar stretch map, acting between Heisenberg groups were found by Balogh, Féassler
and Platis [10]. Using the flow method of Kordnyi and Reimann, Balogh established in [(]
the existence of quasiconformal maps between Heisenberg groups distorting the Hausdorff
dimension of Cantor sets in a rather arbitrary fashion.

By a theorem of Darboux (see Theorem 18.19 in Lee’s book [11]), every (2n + 1)-
dimensional contact manifold is locally bi-Lipschitz to the n-th Heisenberg group, therefore
one would expect that the results of quasiconformal maps could be transposed from the
Heisenberg setting to general contact manifolds endowed with a sub-Riemannian metric.
However, this turns out not to be the case, as not all contact manifolds are globally qua-
siconformal to the Heisenberg group. Before quoting a remarkable example of this fact we
need to define another three dimensional contact manifold: the roto-translation group RT

is C x R with coordinates (z = x + iy, t) and group operation
(2 ) * (2,t) = <eit,z + 2t + t) :

The contact form of R7 and the horizontal sub-bundle Hr7 of the tangent bundle of RT

are respectively defined as
Vg7 =sintdr — costdy, Hrr = kerdzy.
A basis for Hr7 is given by the vector fields
X' =costd, +sintd,, Y' =0,

and the corresponding Carnot-Carathéodory distance dr7 is associated to the sub-Riemannian

metric (-, -)r7 which makes {X’, Y’} orthonormal. In [26], Fassler, Koskela and Le Donne
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proved that the sub-Riemannian roto-translation group is not globally quasiconformal to
the Heisenberg group, in contrast to the fact, that there exists a global contactomorphism
between these spaces.

The main object considered in this thesis is the affine-additive group, a three dimensional
Lie group endowed with a sub-Riemannian metric. We prove that it is also globally contac-
tomorphic to both, the Heisenberg group H and (by [26]) to the roto-translation group RT.
Howewer, the affine-additive group is not globally quasiconformal to neither the Heisenberg,
nor to the roto-translation group. The reason for the non-existence of a global quasiconfor-
mal map between these groups is their behaviour at infinity as formulated by Zorich in [56]
(see also Holopainen and Rickman [37] and Féssler, Lukyanenko and Tyson [28]). We prove
that the affine additive group has a non-vanishing 4-capacity at infinity, thus it is hyperbolic
in the terminology of [56], while both the Heisenberg and the roto-translation groups are
parabolic, having a vanishing 4-capacity at infinity.

To be more precise we define the affine-additive group (AA, ) as the Cartesian product
of R with the hyperbolic right half-plane H. := {(\,¢) : A > 0,¢ € R} given by:

AA =R x Hg,
together with the group law
(', N )% (a, N\ t) = (' + a, NN\, N+ 1)

and the contact 1-form

ﬁzﬁ—da

From the topological viewpoint it is one of the eight 3-dimensional Thurston geometries,
see Thurston’s book [53]. For a detailed presentation of the geometric structure of the the
affine-additive group AA we refer to Chapter 1 of this thesis. At this point, we can say that
the Carnot-Carathéodory distance d44 will be defined as the sub-Riemannian distance on

AA generated by the horizontal vector fields
U=090,+2\0;, V =2)0,,

and a sub-Riemannian metric making {U, V'} an orthonormal frame. The left-invariant Haar

__ dadAdt
=57

As a highlight we have Theorem 1.4.5 which offers a description of the sub-Riemmannian

measure on the group AA is given by dpuga

geodesics of AA obtained by methods deriving from Optimal Control Theory.

In the Chapters 2, 3 and 4 we present the main tools to initially compare the contact
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geometries of the spaces AA, H and R7T, then distinguish them under quasiconformality.
We summarize Propositions 2.1.2, 3.3, 4.0.1 and Theorems 4.1.1, 4.2.2 as the first main result
of this thesis with the following:

Theorem 0.0.1. The metric measure space (AA, dga, iaa) is a locally 4— Ahlfors reqular
space. It is globally contactomorphic to the first Heisenberg group H. The sub-Riemannian

manifold, (AA,daa, paa) is 4 hyperbolic, in particular there is no non-trivial quasireqular
map f:H— AA.

We underline in the last statement the inequivalence under quasiconformality between
the first Heisenberg group H and the affine-additive group AA. This means that maps which
are quasiconformal in H are not compatible with the quasiconfomal maps of AA. Therefore
it becomes interesting to study quasiconformal maps of the affine-additive group as well as
to inquire on further properties of such quasiconformal maps. We are going to introduce the
reader to a mapping problem in the complex plane formulated by Grétzsch in 1928.

The Grotzsch problem can be expressed as follows: let a > 1, consider a square () and a

rectangle R, respectively given by
Q =(0,1) x (0,1), R, =1(0,a) x (0,1).

We ask if there is a conformal map which maps the horizontal edges of () into the corre-
sponding horizontal edges of R,, and requiring the same condition on the vertical edges. It
turns out that there is no such conformal mapping; however, using complex notation, one

finds that the linear stretch map given by
T+ iy v ax + iy, (2)

solves the Grotzsch problem and it is the closest to be conformal. The works of Grotzsch
[30], [3], established criteria to measure how to approximate conformality. Now, let again

a>1,let k> 1 and let us consider the annulus in the complex plane A(1,a) defined as
A(lya) ={2z€C:1<|z| <a}.

Grotzsch also formulated the analogous problem between two annuli A(1,a) and A(1,a)

and he proved that the solution is the radial stretch map given by
z e |2F 1z (3)

Via the formal substitution z = €57 one sees that the radial stretch can be seen as the linear

map given by (£,v) — (k&,¢). Tt is also worth mentioning that Astala [1], used the radial



stretch map to prove the sharpness on the optimal Sobolev exponent for K-quasiconformal
mappings in the complex plane.

An extremal quasiconformal map is a minimizer for the mean distortion among some class of
quasiconformal mappings, for details see (6). Methods involving the modulus of curve fam-
ilies were used to identify such extremality between annuli in the complex plane by Balogh,
Féssler and Platis [9]. Balogh, Féssler and Platis constructed appropriate analogues of linear
and radial stretch maps for the first Heisenberg group, [10]. For the latter case the same
authors subsequently proved that the radial stretch map is an essentially unique minimizer
for the mean distortion functional, [11].

In this thesis we search for extremal quasiconformal maps on AA. We implement a suitable
version of the modulus method which is evidently useful for our purposes. As a consequence
we are able to present new examples of self-mappings of the affine-additive group which share
some remarkable features with the linear strecth map (2) and the radial stretch map (3).
Following the work of Balogh, Fassler and Platis [10], we define a mapping having the ”min-
imal stretching property” (MSP) for a given curve family by adapting it to our particular
case in the sub-Riemannian framework.

In Chapter 6 we build a modulus method which relies on the minimal stretching property of
the map for a given curve family foliating the domain of definition.

In Chapter 7 we show that this designed method detects quasiconformal maps between do-
mains of the affine-additive group. The application is that we obtain extremal stretch maps
minimizing the mean distortion functional in the class of all quasiconformal mappings be-

tween two such domains.

In order to be more specific, we recall the preliminary metric notion of a quasiconformal
mapping given in (1) and we consider its source and target spaces as domains in the affine-
additive group. There also exist an analytic as well as a geometric definition for quasiconfor-
mal mappings of AA. It turns out that both are equivalent to the above metric definition.
This fact was already well-known for quasiconformal maps of C and also known for general
sub-Riemannian manifolds; we illustrate the details for the case of AA in Chapter 5. Such
quasiconformal mappings share Sobolev regularity properties and also satisfy the contact

condition, meaning that they preserve the contact form ¢, i.e.
f = o0 (4)

almost everywhere for some non-vanishing smooth function ¢ : AA — R. Constructions

of diffeomorphisms of AA satysfying the contact condition are given in Theorem 2.2.4 and
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Theorem 2.3.1: such contactomorphisms are presented through the lift of symplectic maps
on the hyperbolic half-plane H}. or obtained through the Koranyi-Reimann flow method.

The contact condition imposes some rigidity on the quasiconformal mappings of smooth
type; on the other hand, the contact condition is a quite straightforward requirement for a
quasiconformal map. To be more precise, let f = (f1, fo+if3) : @ — Q' be a quasiconformal
mapping between domains in the affine-additive group, and let f; = fs 4+ if3. By defining

the complex vector fields
1 , = 1 .
Z:§(V—ZU), Z:§(V+2U), (5)

it turns out that the horizontal derivatives Z f; and Z f; exist both as distributions and al-
most everywhere. From now on, we will consider quasiconformal mappings to be orientation
preserving, i.e., |Z fi(p)| > |Z f;(p)| for almost every p € Q.

We then define the Beltrami coefficient and the distortion quotient as

_Zh _ 120+ 125

pi(p) = = (p) and K(p, f) = Zh |7f1’(p),

- Zfi
for points p € AA where these expressions exist. In this thesis we shall make an extended
use of the square of the distortion quotient K?(p, f). By letting K; = ess sup, K (p, f), we
underline that any smooth contact transformation f with 1 < Ky < 0o is quasiconformal.
Given two domains 2, €Y C AA and a certain given class F comprising quasiconformal map-
pings [ : Q — ', we may define the deviation of a quasiconformal map from conformality

as follows. We say that an fy € F is extremal for a mean distortion functional if

[ K20 b0 diaav) = min | K. £)680) diaatp) ©)
Q Q

for a given density py. This pg is extremal for the modulus of a chosen curve family foliating
the domain €.

The concept of modulus of a curve family is defined in the general metric measure space
setting by Heinonen and Koskela in [34]. In our case the modulus Mody(T") of a curve family
I is defined as follows. Let Adm(I") be the set of admissible densities: that is, non-negative
Borel functions p : AA — [0,00] such that fvpdé > 1 for all rectifiable curves v € T.
Rectifiability here is understood in terms of the sub-Riemannian distance d44. Then

Mody(T) = _inf /A 0 daa(p), (7)

peAdm(T)

see Chapter 5 for details.

It is important to mention that the py used in (6) corresponds to the extremal density
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which attains the infimum for Mod4(T"). For example, we mention that the modulus of the
curve family connecting the two boundaries of any revolution ring in the first Heisenberg
group has been computed by Platis in [50]. The modulus method and its applications to
extremal problems for conformal, quasiconformal mappings and the extension of moduli onto
Teichmiiller spaces is treated in the book of Vasil’ev [51]. Moreover, the notion of modulus of
a curve family has been extended to serve as further quasiconformal invariants in the works
of Brakalova, Markina and Vasil’ev in [15] and in [L6].

An orientation preserving quasiconformal map fy : 2 — € between domains in AA has the
minimal stretching property (MSP) for a family I'y of horizontal curves in Q if for all v € Ty,
v =(7,71) : [¢,d] = AA, one has

ufo(fy(s))zgg < 0 for almost every s € (¢, d) with g5, (v(s)) # 0.

Note that in the latter definition we require implicitly the expression fiy, (7(5))3—8 to be
real-valued.
Suppose next that A is a domain in R?. Let 0 < ¢ < d and let v : (¢,d) x A — Q be
a diffeomorphism which foliates a bounded domain €2 in the affine-additive group with the
property that

(-, 6) : [e,d] — Q

is a horizontal curve with |¥(s,0)|g # 0 for all 6 € A and

dpaa((s,6)) = [3(s,0)|3 ds dv(9)

for a measure v on A. We consider the curve family I'y = {7(-,d) : § € A} and it will be
shown that
1 —
(A CEIOIE p="(s,0) €Q,
po(p) = (8)
0’ p ¢ Qa

is an extremal density for Mody(Ty).

Let fy : Q — @ be an orientation preserving quasiconformal mapping between domains in
the affine-additive group. Let v be a foliation of 2 as described above. Assume as well that
fo has the MSP for T'y; we then say that the distortion quotient K (-, fy) is constant along

every curve vy if and only if
K(7(s,0), fo) = Ky, (0) for all (s,d) € (¢,d) x A. (9)

The following condition for extremality of the mean distortion integral is the main result

from Chapter 6.
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Theorem 0.0.2. Assume that fy satisfies the minimal stretching property with respect to I'y
described as above. Let py be the extremal density for T'y and assume K (-, fo) to be constant
along every curve foliating Q. Let T' O T'y be a curve family such that pg € Adm(T) and let
F be the class of quasiconformal maps f : Q — € such that

Moda(fo(T')) < Mod,(f(I)).

Then
/Q K2(p, fo)po(p) dpaa(p) < /Q K(p, £)po(p) dpraa(p)

for all f € F.

Towards a first application of Theorem 0.0.2, we define certain suitable domains in the
affine-additive group. Let k > 0 and consider two domains 2 and QF which shall be defined
in detail in Section 7.1. Further, consider the curve family I'y foliating € as well as its
extremal density py given by (8).

The extremal mapping fo will be a version of the linear stretch map (2) of the form
fi: Q — QF:
frla, X+ it) = (ka, A + ikt).

We underline that the distortion K(-, fi) is constant, implying that

/ K2 (p, f2)ph(p) dpaa(p) = K2, / o (p) ditan(®). (10)
Q Q

We next formulate the main result of Section 7.1. Denote by Fj the class of all quasiconformal
maps () — QF with prescribed boundary conditions which will be rigorously set up in Section

7.1. The equality (10) allows us to formulate the following

Theorem 0.0.3. The linear stretch map fi, : Q — QF is an orientation preserving quasicon-
formal map. With the above notation for pgy, fr minimizes the mean distortion within the
class Fy.: for all f € Fi we have that

5, [ b anasto) < [ K. pio) dnaso). (1)

Towards another application of Theorem 0.0.2, we can also define some suitable domain
in the affine-additive group, which looks natural, once we have considered a different type of
coordinate system on the affine-additive group. The cylindrical-logarithmic coordinates are
defined as

(a, A\ +it) = (a,eHw) , (a,6,0) e Rx R x (—g, g) .

Xiv



Let 0 <k <1,70>1and 0 <y < 7. Consider two truncated cylindric shells: D, 4, and
Dk

70,%07

well as its extremal density py given by (8).

see for details Section 7.3. Further, consider the curve family I'y foliating D, 4, as

The extremal mapping fo will be a version of the radial stretch map (3) of the form

Jr : Dy, o — Dfo vo» €xpressed in cylindrical-logarithmic coordinates as

e (o= 5+ () s (52

We point out that the distortion K (-, fx) is no longer constant as in Theorem 0.0.3, neverthe-

less K (-, fi) is constant along the curves foliating D, y, in the sense of equation (9). Finally,
we formulate the main result of Section 7.3. Denote by Fj the class of all quasiconformal

maps Dy, 4, — DF

v With prescribed boundary conditions (see Section 7.3 for details).

Theorem 0.0.4. The radial stretch map fy, : Dy, y, — DE v, 1S an orientation preserving
) T0, Y0

quasiconformal map. With the above notation for py, fr minimizes the mean distortion

within the class Fi.: for all f € Fi we have that

J.

K*(p, f1)po(p) dpraa(p) < / K*(p, /)po(p) dpaa(p) -

D

70,%0 70,%0

In the remaining part of this introduction we focus on the notion of curvature for sur-
faces in the affine-additive group AA. Thanks to the seminal works of Gauss and Riemann
a full understanding of the notion of curvature has received a main role in differential ge-
ometry. The purpose of Chapter 8 is to provide notions of horizontal mean curvature and
intrinsic Gaussian curvature for Euclidean C?-smooth surfaces in A.A, adopting the so called
Riemannian approximation scheme. There are already results in this direction for the roto-
translation group R7 by Citti and Sarti [19] and for the Heisenberg group H by Balogh,
Tyson and Vecchi [13] and Diniz and Veloso [22].

The novelty of our approach to this problem is the Riemannian approximation scheme com-
bined with Cartan’s formalism, see Clelland [20]. The method of Riemannian approximants
counts on a result of paramount importance due to Gromov [29], which, in the context of the
affine-additive group, states that the metric space (AA, d44) can be obtained as the pointed
Gromov-Hausdorff limit of a family of Riemannian manifolds (\AA, g.), where g, is a suitable
family of Riemannian metrics. In detail, let us denote by W = —0, the Reeb vector field of
AA. In order to make use of the contact structure of AA we consider the sub-Riemannian

metric (-, ) 44 which makes U,V an orthonormal basis for H 4. A possible way to define a
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Riemannian inner product is to set W€ := e W for every € > 0, and then to extend (-,-) 44
to an inner product g. which makes {U, V, W€} an orthonormal frame. The family of metric
spaces (AA, g.) converges to (AA,d44) in the pointed Gromov-Hausdorff sense. By means
of Cartan’s method on moving frames (see Section 8.1) we derive formulae for the sectional
curvature K and for the second fundamental form IT¢. By studying the limit case we provide
formulae for the horizontal mean curvature H° and the horizontal Gaussian curvature K°.

Following this approach with Propositions 8.2.1 and 8.3.1 we will introduce such curvature
notions away from characteristic points. We shall consider Euclidean C?-smooth surfaces
Y= {pe AA: u(p) = 0}, whose characteristic set C(X) is defined as the set of points p € ¥
where Vg u(p) := (Uu(p), Vu(p)) = (0,0). The explicit expressions of H” and K are given

in terms of second derivatives of v and read as follows:

Uu Vu Vu
H°:U<—> v (—) Ly Vu
|V gl IV gl |V gl

Wu Wu 2
e ) ()
IV [V gl

For both curvatures HY and K° we will present a list of examples to illustrate the differential

where the differential operator £ is defined as Fy =

geometry of surfaces in AA, calling attention on the constant curvature cases.

Structure of the thesis.

In Chapter 1 we present the affine-additive group AA in the context of three dimensional
contact sub-Riemannian Lie groups. In Chapter 2 we analyze AA through the lens of contact
geometry. In Chapter 3 we present metric measure properties of AA towards applications in
quasiconformal and quasiregular mapping theory. In Chapter 4 we examine the aforemen-
tioned applications. In Chapter 5 we elaborate the theory of quasiconformal mappings on
AA. In Chapter 6 we formulate a criterion based on the modulus of curve families estab-
lishing if a quasiconformal map on AA is a minimizer for the mean distortion functional. In
Chapter 7 we define linear and radial stretch maps on AA and use the criterion from the
previous chapter to prove the extremality of stretch maps for the mean distortion functional.
In Chapter 8 we provide notions for the horizontal mean curvature and for the intrinsic

Gaussian curvature for surfaces embedded in AA.
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Chapter 1

The affine-additive group AA

In this chapter we briefly present the background in which this thesis is located. We will
assume a basic level of familiarity with the theory of Lie groups, as presented for instance

in [11], as well with Contact and Symplectic Geometry [11].

1.1 Preliminaries on 3-D contact sub-Riemannian Lie
groups

The metric spaces considered in this thesis are 3-dimensional Lie groups G with group
multiplication x. We shall assume that G is equipped with a left-invariant contact form vg.
Using this contact form we define a distribution of planes in the tangent bundle T of G as
Hg = kerdg. Next, a left-invariant sub-Riemannian metric is constructed on G as follows.
If X and Y are left-invariant vector fields such that Hg = span{X, Y}, then a left-invariant
sub-Riemannian metric (-, )¢ is considered in Hg, making {X,Y} an orthonormal basis of
He.

An absolutely continuous curve 7 : [a,b] — G , v = 7(s) shall be called horizontal if
Y(s) € ker(dg),(s) for almost every s € [a, b]. Then, the horizontal velocity of + is

[(5)le = /43(), Xa) + (3(5), Vo)
The horizontal length of v is
b
o) = [ 1iGs)leds

The corresponding sub-Riemannian or Carnot-Carathéodory distance dg associated to the

sub-Riemannian metric (-, -)g is defined in G as follows: let p,q € G and consider the family

1



I'(,q) of horizontal curves v : [a,b] — G such that vy(a) = p and v(b) = ¢. Then

dg(p,q) = inf {lc(7)}. (1.1)

V€L (p,q)

We remark that the above definition only depends on the values of (-, -)g on Hg. Moreover,
since Hg is completely non integrable, the distance dg is finite, geodesic, and induces the
manifold topology (see Mitchell [11], Montgomery [15]).

This will make the space (G, dg) a metric space. We consider the measure px = ug induced
by the contact form Jg by ug = g A dg (up to a multiplicative constant different from 0)
that is also left-invariant. When it will not cause confusion we shall denote by G the metric

measure space (G, dg, ig).
A well-known example of such a structure is the first Heisenberg group H. Its underlying
manifold is C x R with coordinates (z = x + iy, t) and the group multiplication « is given by
pPrp= (242t +t+23(z'2))

for every p = (z,t) and p' = (2/,¢') in C x R.
The contact form of H is given by:

Iy = dt + 23(zdz) = dt + 2(xdy — ydx).
The horizontal sub-bundle Hy of the tangent bundle is spanned by the vector fields
X =0, +2y0, Y =0, — 220,

Denote the sub-Riemannian metric in H by (-, )g making {X,Y} an orthonormal frame.

The horizontal length of a curve v = ~(s), s € [a,b], v(s) = (2(s),t(s)) is

t(y) = / 15(s)| ds.

Denote also the corresponding Carnot-Carathéodory distance by dy. The measure py is a
bi-invariant Haar measure for H and it coincides with the 3-dimensional Lebesgue measure
in C x R denoted with £3.

The second example is the roto-translation group RT (see Chapter 3 in [17] and [20]). Its
underlying manifold is C x R with coordinates p = (z = x+iy, t) and the group multiplication
* is given by

P xkp= (e“/z+z’,t’—|—t) cCxR
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for every p = (z,t) and p/ = (¢/,t') in C x R.
The contact form of RT is given by:

Ur1 = sintdx — cost dy.
The horizontal sub-bundle Hz7 of the tangent bundle is spanned by the vector fields
X =costO, +sint9,, Y = 0,.

Denote the sub-Riemannian metric in R7 by (-, -)g7 making {X,Y} an orthonormal

frame. The horizontal length of a curve v = 7(s), s € [a,b], v(s) = (2(s),t(s)) is

trr(7) = / 5(5) e ds,

where

5(s)lrr = \/ ((s) cos t(s) + §(s) sint(s))? + £(s)2.
Denote also the corresponding Carnot-Carathéodory distance by dg7. The measure pugy is
again a bi-invariant Haar measure of R7 and it is the 3-dimensional Lebesgue measure in
C xR.

1.2 The group structure of AA

The main subject of this thesis is the affine-additive group, which we describe below. In
particular, after introducing the group, we discuss its sub-Riemannian structure.

Our starting point is the hyperbolic plane, defined as

He ={(=¢+ineC:¢>0,n R}

_ ldd]? _ d&+dn?

= 1T T T oaer -

We consider affine transformations on H{, composed by dilations Dy, A > 0, defined by
Dy (¢) = X(, and translations T, t € R, defined by T;(¢) = ¢ + it, for ¢ € HE, resulting in

maps of the form

with the Riemannian metric g

M\ )(Q) = (T, 0 D) (C) = AC +it.

It is clear that H{ is in bijection with the set of transformations of the above form: to each
point & + in we uniquely assign the transformation M (£, 7). Therefore we define a group

structure on H{ by considering the composition of any two transformations M (N, #') and
M\ t):

(M(Nt") o M(N,1))(C) = M(N, t)Y (A +it) = NN+ i(Nt+t') = M(NA, Nt +t')(0).
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To sum up, (compare to Section 4.4.2 in Petersen’s book [19]) the group operation on H}. is
given by
Nt - (1) = (NA, Nt+1¢). (1.2)

This operation is extended over the space R x H{ as follows: we take the Cartesian
product of the additive group (R, +) and the group (H,-), where - is as in (1.2). Then, if
p = (a/,N,t') and p = (a, \,t) are points of R x H{. we have

pxp=(d+a, N\ \Nt+1), (1.3)
which is again a point in R x Hg.
Definition 1.2.1. The pair A4 = (R x H{, %) shall be called the affine-additive group.

The neutral element of AA is eq4 = (0,1,0) and for p = (a, A\, t) € AA we have that
1 t
—1 o . -
p - ( a? )\7 )\) .

Z(AA) ={(a,1,0) : a € R} = (R, +).

The centre of AA is

The subgroup N = {0} x H: & H{. of AA is a normal subgroup of AA, Z(AA)NN = {e44}
and we can therefore write

AA =R x Hg.
Proposition 1.2.2. AA is metabelian.
Proof. For p,p’ € AA, a straightforward calculation gives
prxp taprp €{(0,1,t) : t € R}.
Now, for some t,t' € R two elements of the form (0, 1,¢) and (0, 1,¢') commute:

(0,1,8) x (0,1,¢) = (0,1,t +¢') = (0,1,¢') % (0,1, ¢).

We define a 1-form on AA as follows:

Since di = 517dt A dX\ we obtain 9 A di = L2984 anq thus (AA, ) is a contact manifold.
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1.3 The sub-Riemannian structure of 4.4

In what follows we identify the left invariant vector fields and define a left invariant

sub-Riemannian metric on the group AA.
Proposition 1.3.1. The vector fields
U=20,+2\0, V=2)\0,, W=-09,

are left-invariant and form a basis for the tangent bundle T(AA) of AA. They satisfy the

following Lie bracket relations:

[U,W]=[V,W] =0 and [U,V]=—2(U+W); (1.5)

Moreover, a left-invariant measure for AA is dusa = W.

Proof. By the definition of U,V and W we have the relations:

U U+w
aa__VV; a)\_ﬁa 87?_ 2\ )

and thus {U,V, W} is a basis for T(AA). Now we are going to verify that U,V and W are

left-invariant. We set e = e44 = (0,1,0) and we define the following three tangent vectors

spanning a basis for T,(AA):
Ue = (0a +201)1e, Ve = (201)1e, We = (=0a)le -
If we fix a point p' = (a/, N, ¢') € AA we can consider the left translation on AA given by
Ly(p)=p' »p=(ad+a, NN\ Nt+1),

where the Jacobian matrix of the derivative (L, )., of L, evaluated at p is

10 0
(DLy), =10 X 0
00 X

We construct U, V and W by using (Ly).. : T.(AA) — T,(AA) and verifying that
(Lp)se (O + 2at>|e =Up, (Lp)ee (2(%\)‘3 =Vp, (Lp)se <_aa)|e =W

This proves the first claim.
The verification of the Lie bracket relations are straightforward for [U, W] =0, [V, W] =0,
and for [U, V] we see

U, V] = =40, = =2(U + W).
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The left-invariance of pg4 comes from its construction, indeed for p = (a, \,t) € AA we

have

Lo _dad\dt _ dadAdr
HAAZ Taet (D).~

]

As a first consequence of the vector fields relation (1.5) we deduce that the Lie algebra
of left invariant vector fields of AA is not nilpotent. Note, that ¥(U) = ¢¥(V') = 0 and thus,
the horizontal bundle of AA is H 4 = Span{U, V'}. Further, since di(W,-) = 0, Proposition
1.3.1 implies that W is the Reeb vector field.

The sub-Riemannian structure in AA is defined by a sub-Riemannian metric on H_4 4 making
{U, V'} an orthonormal basis. In order to define the sub-Riemannian or Carnot-Carathéodory
distance on AA let 7 : [¢,d] — AA, v(s) = (a(s), A(s),t(s)) be an absolutely continuous

curve. Its tangent vector at ~y(s) is

The curve v is a horizontal curve if and only if 4(s) € ker ., for almost every s € [c,d].

This is equivalent to the ODE

—a(s) =0, a.e. s € [cd]. (1.6)

It follows that for a horizontal curve

. S )\ S
'7(8> = ;)E((Z) U’Y(S) + %(8))‘/7(3) € (HAA)’Y(S)'

The horizontal velocity |¥|g of v is now defined by the relation

/2 _ \/}\2—1-752

e = (3, UYaa + (5, V)aa) —on (1.7)

Here, (-, ) 44 is the sub-Riemannian metric on H 4. Let 7 : AA — H{ denote the canonical
projection given by 7(a, A\, t) = (A, t), (a, A\, t) € AA, the horizontal length of «y is then given
by
SRVO TR
l(y) = / —oy 8= (1), (1.8)

where £1,(77) is the hyperbolic length of the projected curve v; = o~y in Hg.
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Conversely, if 4 is an absolutely continuous curve in Hg, ¥(s) = (£(s),n(s)), s € e, d],
passing from a point gy = (o), then the curve 7 : [¢, d] — AA given by v(s) = (a(s), A\(s), t(s)),

where

o) = [ Garty dutan ) =€) 1) =),

is a horizontal curve passing from a point py = (ag, ¢) in the fibre of q.
The corresponding Carnot-Carathéodory distance d 44 associated to the sub-Riemannian

metric (-, ) 44 is defined for all p, g € AA as follows:
daa(p,q) = inf {{(7)}, (1.9)
Y€, ¢
where I'y , is the following family of horizontal curves:
I'pq =17,7:[0,1] = AA horizontal and such that v(0) = p, v(1) = ¢}.

It is straightforward to prove that the horizontal length (1.7) is invariant under left-translations.
The latter fact makes the distance d 44 being invariant under left-translations. As discussed
in Section 1.1, we remind that the distance d 44 is finite, geodesic and induces the manifold
topology. Our main object of study is the metric measure space (AA, dau, ftaa)-

As a final part of this section we observe that
T(AA) = Haa+ [Haa, Haal.
Then from Theorem 2 in Mitchell [14] we obtain the following:

Proposition 1.3.2. The Hausdorff dimension of the sub-Riemannian group AA is 4.

1.4 The sub-Riemannian geodesics of AA

In this section we make use of methods of Optimal Control Theory to give an explicit
description of the Sub-Riemannian geodesics of AA. We recall that the sub-Riemannian

distance on AA is given by

daalp,p) :igf/o (;;%) + (;A((Si)) ds (1.10)

where the infimum is taken over all horizontal curves v : [0,7] — AA given by

7(s) = (a(s), A(s), t(s)), with 7(0) = p and 4(T') = p'.
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Up to our convenience we shall make use of the curve v; : [0,7] — H{, which we recall is
defined as y;(s) = (A\(s),t(s)), s € [0,T].

It is important to mention that H 44 = span{U, V'} is a bracket-generating distribution. As a
consequence of Theorem 2.1.2 in the book of Montgomery [15], the distance d 44 is geodesic,
i.e. the infimum (1.10) is actually a minimum.

We recall that the sub-Riemannian distance d 4 4 is left-invariant by construction, thus with-
out loss of generality we can assume (0) = p = e to be the neutral element of AA and
v(T) = p' # e. Then the length-minimizing property of the geodesic from (1.10) will be

equivalent to the following optimal control problem with free time and fixed end-point:

(min(umu) foT \/mds
A= 2 \uy
t = 2 \uy
a = Uy
7(0) = e
1T) =y

(1.11)

\
Notice, that in the above formulation, the curve v = (a, A, t) : [0, 7] — AA is automatically
a horizontal curve, and the control function u : [0, 7] — R? defined as u = (uy, uz), gives
the identity for the horizontal velocity |¥|y = \/u? + u3. It is straightforward that the two
minimization problems (1.10) and (1.11) are equivalent to each other.

In what follows we want to apply Pontryagin’s Maximum Principle to describe the geodesics
of AA.

However, we will not derive an explicit characterization of the geodesics by a straightforward
application of Optimal Control Theory methods. Our current purpose is to change the above
setting to an equivalent problem where solving the optimal problem will be easier than solving

(1.11). To this end, the following statement will be useful

Proposition 1.4.1. Without loss of generality we can reparametrize by arc length the hori-
zontal curve v : [0,T] — AA such that

u(s) +ui(s)=C, sel0,T]
where u = (uy, ug) = ;—i and C' is a positive constant depending only on T and .

Proof. Consider 7 : [0,T] — AA to be a horizontal curve joining e with p’ such that

()= [ [ (s) + ui(s) ds
/v
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ans satisying v = 7’ . By recalling that e # p/, we can assume without loss of generality that

v(s) # 0 for all s € [0,7]. Thus we can define an absolutely continuous homeomorphism

7:[0,7] — [0,T] by
= %/g \Ju(v) + ud(v)dv. (1.12)

By defining the horizontal curve 5 = (@, A, %) : [0, 7] — AA with 5(c) = v o 77(0), we find
e,

);
the map 7 to be the suitable reparametrization. To see this notice that (0) = e, (1)) = p’
and y(s) = F o 7(s).

Taking the derivative into the latter relation gives

dvr dyr . dyr T 2 2
s —(8) = ——(7(s)) - 7(s) = %(T(S))m ui(s) +us(s), forae. se€[0,7], (1.13)

where we applied first the chain rule and then differentiated the identity (1.12). Now we

consider the horizontal velocity given by |§|g = then using (1.13) and reordering yields

2)\’
to i
N |G (0)] ()
(o) + ud(0) = ~& = ,
Ho) + 18(e) = 2 7 = 7]
for a.e. o €[0,T]. O
Now, let us consider the problem
(. T o 2
ming, uw) 3 fy ui(s)+u3(s)ds
>.\ = 2)\%1
=2\
— ok (1.14)
a = Uy
7(0) =e
1) =9

\

The following proposition states that the two optimal control problems (1.11) and (1.14) are

in fact equivalent:

Proposition 1.4.2. The control problems (1.11) and (1.14) are equivalent; more precisely,

the control u* is optimal for (1.11) if and only if u* is optimal for (1.14).

Proof. First, let us suppose that «* is an optimal control for (1.11), i.e

/OTWM /()T\/u%—i—u%ds (1.15)
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for every admissible control u. By Proposition 1.4.1, we are in the position to assume that

(u7)? + (u3)? is constant. Hence, applying first (1.15) and then the Cauchy-Schwartz
inequality with respect to y/u? + u3 and \/if gives

[ (T -] )
([ i) ([ ) - [ i

This shows that «* is optimal for the problem (1.14).

Conversely, let us suppose that u* is optimal for (1.14) and by contradiction let us assume

that there exists an admissible control @ such that

| VEPF@Ps < [ Vair s, (116)

Again by using Proposition 1.4.1, we may assume /(i;(s))? + (t2(s))? to be constant.
Applying in order (1.16) and then the Cauchy-Schwartz inequality with respect to \/(uf)? + (u})?

1 .
and 7 we obtain

[ (SRS < ([ 5 )
aroseyif 9 arers

this contradicts the optimality of u* for the problem (1.14), completing the proof. O

In what follows we shall focus our attention to the study of the problem (1.14). Our ap-
proach is based on Pontryagin’s Maximum Principle. In order to do that, we shall introduce

the Hamiltonian:
H AAXR*xR2 >R
(X,2,u)— H(X,Z,u),
given by

w
H(X,Z,u) = us€ + 2 ugn + 2 \uam — 5 —(u? +u3).

where X = (a,\,t), E = (§,n,7,w) and u = (ug, ug).
%
To the previous we add the notation £ = (§,7,7) € R? and we denote by an upper index

10



the dependence of a given vector with respect to the control u, for example X*, =% or w".
Pontryagin’s Maximum Principle applied to our context (see Theorem 12.10 in [1]) gives the

following:

Theorem 1.4.3. Let us consider the control problem (1.14). If v is an optimal control, then

there exists a multiplier =¥ # 0 where
e w' =w is a constant in {0, 1},
— . |
e (" n",7) = & :]0,T] = R? is an absolutely continuous curve,

such that the following properties hold:

v(s) € arglrbrel%Rr% H(X"(s),Z"(s),u), s€]0,T], (1.17)
() = —Vx H(X"(s),2(s),v(s)), s € [0,T], (1.18)
H(X"(s),Z"(s),v(s)) =h, s€][0,T], (1.19)

where h is a constant.

Let us start our investigation. For our optimal control we have the following normality

property:

Proposition 1.4.4. Let v be an optimal control for the problem (1.14). Then v is a normal

control, i.e. W’ =w = 1.

Proof. Let us assume by contradiction that w = 0. Since v is an optimal control, the
Maximum Principle (1.17) guarantees that min exists, for every s € [0, 7.

On the other hand we have
H(X,Z,u) =2 n - uy + (£ + 2A7T) - ug,

and thus the function
u— H(X"(s),Z"(s),u)

is affine. This implies that the above min exists only if the system

2AT =0
$ 2T (1.20)
22n =20
holds on [0, 7). Since A > 0, the second equation of (1.20) gives
n(s) =0 for all s € [0,T]. (1.21)
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With this information equation (1.18) reads as

£€=0
i = —2u5T . (1.22)
F=0

From the first and third equations of the latter system we have {(s) = &, for all s € [0, 7]
and 7(s) = 1o for all s € [0, T]. We examine first the case 79 = 0. Thus the first equation of
(1.20) gives £(s) = 0 for all s € [0,T]. This contradicts the assumption =¥ # 0 in Theorem
1.4.3.

In the second case where 7y # 0 we deduce from the first equation of (1.20) that \(s) = — &

270

for all s € [0,T]. Since A\(0) = 1 the last fact implies that A(s) = 1 for all s € [0, T]. Further,
from knowing (1.21) and combining it with the second equation of (1.22) we obtain vy = 0.
The horizontality condition of « written in (1.14) makes us conclude that ~(s) = e for all

s € [0, 7], which is a contradiction with v(T") = p’ # e. ]

Recalling Theorem 1.4.3 we consider the optimal control v : [0, 7] — R? for the problem
%
(1.14), the associated curve v : [0,7] — AA and the associated multiplier ¢ : [0,7] — R3.
We denote the initial data:

Y(0) = e, €(0) = (€, 0, 70). (1.23)

We are now in the position to state and prove the following

Theorem 1.4.5. Let (1.23) be the initial data. The sub-Riemannian geodesics~y : [0,T] — AA

are given by the following case distinction:
(Z) Zf o = To = 07 then FY(S) - (5087 17 2605);
(ii) if 1o # 0 and 7y = 0, then y(s) = (os, ¥, £ (e — 1))

(1ii) if o # 0, then y(s) = (a(s), A(s),t(s)) is a horizontal curve which satisfies

(Ms) + 25—;)0)2 + (t(s) _ Z_;))z _ 2

2
wherer2:1+(z—g) +€—°<1+E—°>~

0 4Ty

Proof. We observe that Proposition 1.4.2 grants the study of sub-Riemannian geodesics to be
equivalent to describe the solutions of (1.14). Theorem 1.4.3 applied to the control problem
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(1.14) and Proposition 1.4.4 give what follows. The Hamiltonian is
1
H(a7 )‘7 l §7 n,7T,U1, Ug) = u2€ + 2)\U177 + 2AugT — _(U’% + ug)v
\\X,./ \Y/ —— 2
g u

the optimality of the control v for H (1.17) holds and also the costate equation (1.18) holds.
The control v = (vy,v7) : [0, 7] — R? is a minimum for H only if V,H = 0, from the latter

expression we obtain that the optimal control v is given by:

oL = 247 (1.24)
Vg = f + 2T

We rewrite the horizontality condition for v as

a= (%)
A=2\v; . (1.25)
i = 2)\1)2
The costate equation reads as:
£=0
N = —2(vin + va7) - (1.26)
7=0

From (1.26) we can write
5(5) =&, sE€ [OuT]’

and
7(s) =1, s€0,T].

Next, we replace v; and vs in the the second equation of (1.26) with the horizontality
condition (1.25), this yields to the o.d.e.

. IR -
= ()\77+t7'0) . (1.27)
We solve (1.27) by the wvariation of constants method and we get
1
n(s) = m(—mt(s) +m0), s€0,T]. (1.28)
Now we insert (1.28) in (1.24) and obtain:

{Ul = 2(=mot + o) (1.29)

Vg = 50 + 27'0)\
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Consequently we rewrite (1.25) as

s) = 4A(s)(—7ot(s) + no) - (1.30)
F(s) = 20(5) (270 (s) + &)

We consider two cases:

e if 7o = 0, then (1.30) has an explicit solution, given by v(s) = (5’03, emos. 2% (etmos — 1))

In the degenerate case, when also 19 = 0, we get v(s) = (&os, 1,2£p5).

e if 75 # 0, from the system (1.30) we get the equation
2t(—Tot + 1) = )\(fo + 2A79).
Integrating the latter equation on [0, s| gives the relation
—7ot? + 2nt = &N — 1) + 10(AF — 1)

which can be rewritten as

2
R G R OREICE )]
27'0 T0 T0 T0 47'0

2
We want to make sure that r? := 1+ <Z—8> +2 (1 + 45700) > 0 for all (£y,70) € R? and
for all 79 # 0. To see this let g : R — R be the quadratic function defined as

g(s)zs(l+§),s€R.
It comes straightforward that

g(S) Z _17 S R?

&o o
= (1 + 4—To> > 1,

granting the inequality

The proof is complete.
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Chapter 2
Contact transformations

A contactomorphism is an important type of diffeomorphism between the spaces pre-
sented in the previous chapter. It is also referred as contact transformation and it preserves

the horizontal sub-bundles of the respective spaces. In detail we provide the following

Definition 2.0.1. Let G1,Gy € {AA, H, RT}, and let 9,95 denote the respective contact
forms of G; and G,. A diffeomorphism f : Gy — Gs is a contactomorphism if and only if

f 1y = oy, for some o : G; — R nowhere vanishing smooth function.

2.1 The contact equivalence between AA, H and R7T

It is well known, that, by Darboux theorem, each three dimensional contact manifold is
locally contactomorphic to the Heisenberg group. The purpose of this section is to give a
global version of this fact. In detail we will show that the spaces AA, H and RT are globally
contactomorphic.

We start by quoting what is already known in the literature (Lemma 5.5 in [20]) with
the following;:

Proposition 2.1.1. The manifolds (RT,9r7) and (H,9u) are globally contactomorphic.
We are now in the position to present our result.

Proposition 2.1.2. The manifolds (AA, V) and (H, 9g) are globally contactomorphic. Moreover,
the metric spaces (H, dy) and (AA,da4) are locally bi-Lipschitz equivalent.

Proof. We define the smooth contactomorphism ¢ : (H,Jy) — (AA, ) explicitely by the

formula

1
g(x,y,t) = (xey, ev, §(t —2xy + 4:6)) for (z,y,t) € H. (2.1)
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Clearly, g is a smooth diffeomorphism between H and AA. Its inverse map ¢! : AA — H
is given by

g Ha,\t) = (a), In A, 2t +2a\(In A —2)) for (a, )\, t) € AA.

To check the contact property of ¢ we compute directly:

1/2)dt — — 2
59 = (1/2)dt :deyy ydx + dx—e_ydx—f—xe_ydy:
e

dt + 2xdy — 2ydx 1
4ey T e

Now, since g is contact it preserves the respective horizontal bundles, i.e. g, Hy = H. 4 and
this implies that ¢*(-, ) 44 on H 44 is a smooth multiple of (-, -}y on Hy. This particularly
means that ¢ is locally Lipschitz with respect to the sub-Riemannian distances of dy and
da4. For the same reason we also obtain that ¢! : A4 — H is locally Lipschitz. Thus we
have that f:H — AA is locally bi-Lipschitz. O

Remark 2.1.3. There are established criteria based on differential topology methods to
verify contact equivalence between three dimensional manifolds (see Eliashberg [24], [25]).
However, in the last proof, we preferred to provide a direct way by presenting the contacto-

morphism (2.1).
Combining Proposition 2.1.1 and Proposition 2.1.2 we deduce

Proposition 2.1.4. The manifolds (RT,Vz7), (H, 9n) and (AA, ) are all globally contac-

tomorphic to each other.

2.2 Lift of symplectic maps from H}. to AA

The current objective of this section is to understand the interplay between the symplectic
maps of H{ and the contactomorphisms of AA. Let f : Ht — H{ be a mapping and let us
recall the canonical projection 7 : AA — HE given by 7(a, A\, t) = (), ) for (a,\,t) € AA,
we say that a mapping F': AA — AA is a lift of f when we have the diagram property.

fomr=mwoF, on AA.

An advantage given by obtaining a result in this direction is that by lifting symplectic self-

maps of H{ we can present first examples of contactomorphisms AA — AA.

déndn
462 -

Let f = (f1, f2) : HE — H{ be a C* diffeomorphism, we say that f is symplectic if

Definition 2.2.1. Let w denote the symplectic form of H given by w =

ffw=w.
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Let J; denote the Jacobian determinant of a given differentiable mapping f. A straight-
forward characterization of a symplectic map is given by the following
Proposition 2.2.2. A C' diffeomorphism f = (f1, f2) : Ht — H{ is a symplectic map if
and only if

f1(§777))2

st = (2

holds for all (£,m) € HE.

By making use of the left-invariant vector fields U,V and W (see Proposition 1.3.1), it
is straightforward to derive following equivalent characterization for a contactomorphism

F:AA — AA

Proposition 2.2.3. A C' diffeomorphism F = (Fy, Fy, F3) : AA — AA is a contactomor-
phism if and only if the system of p.d.e.s

UFy =2F, UF,,
VF3 - 2F2 VFl, (22)
WF; =2F,(c+WF),

holds for some nowhere vanishing smooth function o : AA — R.
We provide a lifting result in the following
Theorem 2.2.4. Let f : H: — H{ be a C' diffeomorphism. The following statements hold:

(i) If F : (AA,9) = (AA, ) is a C' contactomorphism satysfing F*9 = 9 and also F is
a lift of f, then f is a symplectic map;

(ii) If f is a C* symplectic map, then there exists F : (AA,9) — (AA, ) contactomorphism
and also F' is a lift of f.

Proof. Proof of (i).
Let p = (a,\,t) € AA and ¢ = 7(p) = (\,t) € HE. From the condition mo F = f o we
have that
(F2(p), F5(p)) = (f1(0), f2(a))-
By applying U, V, W on F3 we obtain the relations:
U F3(p) = 2A0, f(q)
V F3(p) = 2A0¢ fa(q) (2.3)
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By combining the assumption F*¢ = ¢ with Proposition (2.2.3) we write

UF3(p) = 2F2(p) UF1(p),
VF3(p) = 2F2(P) VFl(P): (2-4)
WF;3(p) = 2F5(p)(1 + WEi(p)).

We apply the relations (2.3) into (2.4) and we obtain

V Fi(p) = %ng) (2.5)

At this point, we apply V to the first equation of (2.5), respectively U to the second one in
(2.5) and we subtract them obtaining:

U, VIFi(p) = U (%z()q)) ~V (%ﬁ}(;])) . (2.6)

Recalling the commutator relation [U, V] = —2(U+W) (see Proposition 1.3.1) and combining
it with (2.6) we have

)\ang(Q)) _ (A@an(q)) _ ( _ A&Jé((l))
o (5at) v (Crat) =2 (-5 20
It is a straightforward calculation to verify that (2.7) implies
B _(h@Y 1
O f1(q) Onf2(a) — Onfi(q) O f2(q) = \ , ¢= (A1) € He. (2.8)

Thanks to Proposition 2.2.2 we see that (2.8) implies f : Ht — HE to be a symplectic map.

Proof of (ii).
As before, consider p = (a, A, t) € AA and ¢ = 7(p) = (A, t) € HE. By defining

Fy(p) = fi(q) and Fs(p) = f2(q), (2.9)

we grant that 7o F' = fom.

It remains to define F} in order to have I’ contact. We define I} to be the solution of the
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following system of p.d.e.s:
UF; =2F,UF,
VF; =2V, (2.10)
WF; =2F(1+ WE).

It is straightforward to check that with such definition of F; we obtain F*J = 4.

Therefore it is left to show that there exists such F; as a solution to the system of p.d.e.s
(2.10). By using (2.9) in (2.10) we obtain

U f2(q) = 2f1(q) UF1(p),
V fa(q) = 2f1(q) VFi(p),
W fa(q) = 2f1(q)(1 + W Fi(p)),

which we simplify as

OuFi(p) + 220 Fi (p) = 2On2(@),

fi(q)
onkily) = S (2.11)

0. Fi1(p) = 1.
We rewrite the system (2.11) as

aaFl(p> = 17

(2.12)

and we then define the functions P,Q, R : AA — R as

P(p) =1,
Q(p) = %J{Q((qq)), (2.13)
anf2(Q) 1

R(p) = 20 2x

Since AA is simply connected, if curl(P, @, R) = (0,0,0) we conclude that Fj solving (2.10)

exists.
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It is true that curl(P, @, R) = (0,0,0). Indeed, Proposition 2.2.2 applied to f gives:

fl(Q)agnﬁ(Q) — 0y f2(q)0¢ f1(q) 1

ONR(p) — 01Q(p) = IO + 532
B fl(Q>a§2nf2<Q) — O¢ fo(q)9, f1(q)
2f1(q)?
Jr(q) 1

2f1(Q)2 222 B

We observe that P is constant, both ) and R do not depend on a; thus it is easy to verify
that
oP—0,R=0,Q —0,P =0.

At this point we can provide a representation formula for F' = (Fy, Fy, F3).
Since left translations are contact transformations, there is no loss of generality in assuming
F1(0,1,0) = 0. Thanks to the system of p.d.e.s (2.12) we obtain that

F1<a7/\7t> =a+ Gl()\) + G2()‘7t>7

by ¢
where G () :/ Q(a,u,0) du and Go(A,t) = / R(a, \,v) dv.
1 0

Further we recall that (Fy(p), F3(p)) = (f1 o ©(p), f2 o w(p)). Therefore a representation

formula for F'is given by

a + G1(>\) + Gg(/\, t)
F(p) = fi(A 1) for all p € AA. (2.14)

We proceed by proving that F': AA — AAis a bijection. We pick some point p = (a, A, t)e AA
and we will show that there is a unique p = (a,\,t) € AA so that F(p) = p. Since
f: HL — H{ is an homeomorphism we know that there exists a unique (A, ¢) € H{ so that

f(At) = (/A\7 t), then a is the unique solution to the equation
a=a— G1()\) - GQ()\,t)

Now, using the representation formula (2.14) we see that F : AA — AA is a C? mapping
and also that Jr(p) = J¢(m(p)) for all p € AA. This last considerations grant us that F is

a C? diffeomorphism. The proof is now complete. O
Now we present the following
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Example 2.2.5. Let ¢; > 0, ¢; € R and let us consider the symplectic map f : H: — HE
given by
(f1(&m), (€ m)) = (a1, €+ an).

Thanks to Theorem 2.2.4, in particular the representation formula (2.14), we obtain that

F: AA — AA given by
F<a7 )\7 t) = (a + 26_2 log )\7 Cl>\7 62)\ + Clt>
C1
is a contact lift of f.
It is important to mention that when ¢y = 0 such map f is a particular Mobius transformation
of H{, i.e. an orientation preserving isometry of H{. (for details see Section 4.2 in Platis [51]).
In general, it holds that

Co
FU, =Urp), FV,=Vpp) + c_lUF(p)’

for p = (a, A\, t) € AA. Therefore, in the specific case co = 0 we obtain that the lift F' is an
isometry of (AA, da4).

2.3 The Koranyi-Reimann flow method on AA

The flow method is a powerful tool which gives conditions to some vector field in order
to generate a one-parameter subgroup of contact transformations. It was first introduced
by Libermann in [12], then put to use by Kordnyi and Reimann in [38], [39] to construct a
family contact transformations in Heisenberg groups. We shall explain this method in detail.
Let X : AA — R3 be a smooth vector field, let p € AA and let I C R be a interval containing
0. Let us denote by ®x : I x AA — AA the flow of X solving the differential equation:

{%q)X(Svp) =X(®x(s,p)), sel
(bX(Oap) =D .

Let us consider the family (Gy)se; of C' smooth mappings G, : AA — AA. We say that
the family (Gy)ses is generated by X if the mappings are given by

(2.15)

Gs(+) = Px(s,-), s e I. (2.16)

Theorem 2.3.1. Let (Gy)ser be the family of maps defined in (2.16). Then Gs: AA — AA

are contact transformations for all s € I if and only if the vector field has the form
1
X:hW+§((Uh)V— (Vh)U) (2.17)

for some h : AA — R smooth function.
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Proof. In one direction, let X be a smooth vector field, written in the frame {U,V, W} as
X = fU+ gV + hW, where f,g,h: AA — R are smooth functions. Let us assume that the
family of maps (Gs)ser generated by X is a contact flow, i.e.
d_Gs(p) = X(Gs(p)) and G:ﬁ = o0, (218)
s
for some function s +— o4(-) where o5 : AA — R is a nowhere vanishing smooth function for
all s € I. Differentiating the second relation in (2.18) with respect to s yields to

d
LxtY=— . 2.1
xi = 2-(0) -0, (219)

where - (G%) = L9 corresponds to the Lie derivative of ¥ along the direction of the vector
field X (see Chapter 3 in Aubin’s book [5]). According to the ”Cartan’s magic formula” (cf.
Proposition 3.6 b) in [5] ) we have that

Lx(9) = (d9)X + d(¥(X)).

Since ¥(X) = h, we obtain Lx(J) = (d¥)X + dh. At this point let us insert the latter
expression into (2.19) and apply the obtained one forms on both sides to the vector field W.
Since W is the Reeb vector field we have the relations di(X, W) = 0 and (W) = 1, and we

obtain that dh(W) = 4 (o). This implies that (2.19) will take the form:

(d9)X + dh = dh(W)9.

Using that dv = % and inserting in the above relation the vector field U and V' we obtain

that f = —1V(h) and g = LU(h).

In the other direction, let us assume that a smooth vector field is given by the formula
1
X =hW + 3 (Uh)V — (Vh)U)

where h : A4 — R is a smooth function. We are going to show that the flow (Gy)ser
generated by X is a contact flow. To check this let us denote by Y5 = G} the pullback of

¥ via G,. Then we can write U, in the co-frame {9, da, &} as

¥y = Ay + Byda + CS% ) (2.20)

We shall prove that the functions B, and C; are identically 0. Differentiating both sides of
(2.20) with respect to s we obtain

dv dA dB dCy dA
S: 819_}_ Sda+ CS_

ds ds ds ds 2\

(2.21)
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and, recalling that - (G:9) = Lx(¢), the latter relation becomes

dA, dB, dCy d\
L = —. 2.22
x(0) =0+ gt o (222)
Using the Cartan’s magic formula on the Lh.s. of (2.22) we rewrite
dA, dB, dCy d\
(d9)X + dh = 9+ da + Cs dA (2.23)

ds ds ds 2\~

We insert the vector fields U and V' in the one forms at Lh.s. and r.h.s. of (2.23) and this

gives respectively

dB,
ds’

dC

dI(X,U) + U(h) = .

d9(X, V) + V(h) =

(2.24)

Because of the particular form of
1
X =hW+ 3 (Uh)V — (VR)U),

we obtain that both the Lh.s.s of (2.24) vanish, giving % = 9% = (0. On the other hand
Go = Id by definition and thus G = ¢. The latter identity gives that By = Cy = 0, which
concludes that B, = Cs = 0 for all s € I as required. O

By choosing potentials A : AA — R, we can apply Theorem 2.3.1 to generate one-
parameter subgroups of contact transformations AA — AA. We present the following list

of examples.

Example 2.3.2. Let I = R and assume h(a, \,t) = ¢y to be a constant function, then
X = oW and we have that G5(p) = L(—¢s1,0(p), s € R.

Example 2.3.3. Let I = R and assume h(a, \,t) = cia, then X = SV +c;aW and we have
that Gs(p) = (e"a,e“*\t), s € R.

Example 2.3.4. Let I = R and assume h(a, \,t) = o\, then X = —coAU + co AW and we
have that G4(p) = (a — 2cos\, A\, t — 2c98)?), s € R.

Example 2.3.5. Let I = R and assume h(a, A\, t) = cst with c3 < 0, then X = c3AV4-c3tW
and we have that

Gs(p) = (CL - CgSt, ) , S € Rzo.

— 1
1 — 2c38\’
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Chapter 3

Quasiconformal mappings on metric

measure spaces

3.1 Preliminaries

We start this chapter by recalling some concepts and results on the theory of quasicon-
formal (QC) maps in the setting of general metric measure spaces. For more details we refer
to [34], [33] and [30].

Let us recall that a homeomorphism f : X — Y between two metric spaces (X, dx) and

(Y, dy) is called quasiconformal if there exists K > 1 such that

limsup P o)< dy (f(p), () — 1) <K, (3.1)

ro0  ifgy pgzr dy (f(p), f(q))

for all p in X.

A metric measure space is a triple (X, dx, px) comprising a non empty set X, a distance
function dx and a regular Borel measure px such that (X, dy) is a complete, and separable
metric space and every metric ball has positive and finite measure. This setting will be our
standing assumption throughout this thesis.

Given a point p € X and a radius r > 0, we employ the following notation for balls:

Bx(p,r) ={q € X :dx(p,q) <r}and Bx(p,7) = {q € X : dx(p,q) <r}.

Where it will not cause confusion, we will replace Bx(p,r) by B(p,r).
A metric measure space (X, dx, pux) is called Ahlfors Q-regular, Q > 1, if there exists a
constant C' > 1 such that for all p € X and 0 < r < diam X, we have

C1@ < MX(FX(]?, r)) < Cre. (3.2)
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Further, we say that (X, dx,uy) is locally Ahlfors Q-regular, if for every compact subset
V C X, there is a constant C' > 1 and a radius ry > 0 such that for each point p € V and

each radius 0 < r < rg we have
C'r? < ux(Bx(p,r)) < Cre. (3.3)

We briefly discuss two examples of Ahlfors regular metric measure spaces. It straightfor-
ward to see that the Euclidean space (R", dg, £") is Ahlfors n-regular. It is known from the
literature (see Theorem 9.27 in Heinonen’s book [33]) that the sub-Riemannian Heisenberg

group H is Ahlfors 4-regular.

An important geometric notion in the theory of quasiconformal mappings is the Q-modulus
of a curve family. Let us consider I' to be a family of curves in the metric measure space

(X,dx, pux), we say that a Borel function p : X — [0,00] is admissible for T" if for every

0l

Such a p shall be also called a density and the set of all densities shall be denoted by Adm(T").
If @ > 1 then the Q-modulus of T" is

rectifiable v € T", we have

Modg(I') =  inf /de,uX.
b

pEAdm(T)
It follows immediately from this definition that if I'y and I" are two curve families such that

each curve v € I' has a sub-curve 7y € I'y, then

Modg(I') < Modg(Ty). (3.4)
Let us observe that by Theorem 3.8 in Koskela and Wildrick [10], if (X,dx, pux) and

(Y, dy, py) are separable metric measure spaces of locally finite measure that are both locally
Ahlfors @)-regular for some given ) > 1 and f : X — Y is a quasiconformal map then there
exists H > 1 such that

Modg(I') < H Modg(f(I)), (3.5)

for every curve family I" in X, i.e., the Modg is quasi-preserved by quasiconformal maps.

For two disjoint compact sets £, ' C X we consider the quantity Modg(E, F') = Modg(I')
where I" is the set of all rectifiable curves connecting £ and F. If xp € X is a fixed
point and 0 < r < R < diam X, E = 9B(xzo,r) and F' = 0B(xo, R) then the quantity
Modg(E, F') = Modg(D(r, R)) is the so called modulus of the ring domain

D(r,R) ={z € X :r <d(z,x9) < R}.
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The following definition is a reformulation in the setting of metric spaces of the corre-
sponding concept by Zorich [56]. For related results we refer also to Holopainen and Rickman

[37], Coulhon, Holopainen and Saloff-Coste [21], Féssler, Lukyanenko and Tyson [25].

Definition 3.1.1. The metric measure spaces (X, dx, px) is Q-parabolic if and only if for

some zg € X and Ry > 0 we have

lim Modg(D(Ry, R)) = 0. (3.6)

R—o0

Otherwise we call (X, dx, px) Q-hyperbolic.

Let us note that this property does not depend on the choice of o € X and Ry > 0, in
particular when o, Ry satisfying (3.6) exist then (3.6) holds true for any other choices of
xy € X, R > 0. This means that parabolicity of a metric measure space is a property about
the behaviour of the space at infinity.

We also remark that Q)-parabolicity of a metric measure space can be defined equivalently

by capacity of condensers (see Section 7 in [56] and Definition 4.5.4 in [28]).

The following sufficient condition seems to be known to experts, however we could not

locate a precise reference and we include it for the sake of completeness.

Proposition 3.1.2. Let Q > 1 and (X, dx, pux) be a metric measure space such that there
exists g € X, Ry > 0 and K > 0 such that for all R > Ry we have

px (B(zo, R)) < KR®. (3.7)
Then (X, dx, px) is Q' -parabolic for any Q' > Q.

Proof. We shall consider the ring domain D(Ry, R) = {x € X : Ry < dx(z,z9) < R} for
R > Ry. Our purpose is to show that

lim MOdQ/(D(RQ, PL)) =0.

R—o0

To do this, we consider the integer N € N defined by the property that 2¥ Ry > R > 2V R,,.
Note, that if R — oo, then N — co. Consider the density

3.4 if 2€D(RyR)
pn(T) =

0 otherwise.
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Let us check that the py is an admissible density for the curve family I" connecting 0 B(xg, Ry)
and OB(zg, R). To do so we consider the integers 1 < k < N and denote by By = B(z0, 28 Ry)
and Dy = By \ Bx—1. For v € I" denote by v, = D;N~. By this notation, we observe that the

length of Vi, £x (V&) > 2¥"*Ry and if x € v, then py(x) > % . 2klRo' Using this information

we can write

N-1 N-1 3
[yPNCMXZZ/ pn dlx > ZN'
k=2 Yk k=2

if N > 6. Note, that by our assumption on the upper of the measure (3.7) we have that

1 3(N —2)
>—>=>1

px(Bg) < KQkQRS?. Using this upper estimate on the measure of By, the assumption Q' > @

and the fact that for x € By, we have p(z) < %ﬁ,

N N 3 1 Q'
Q' Q'
prdpx < /deuxé /(—— ) dux =
N
k=

5 (2 i< () e
N 21R, N £

1

we can estimate

MOdQ!D(Ro,R) < /
D(Ro,R

Since R — oo implies that N — oo we obtain the statement. O

As already discussed the Heisenberg group (H,dg, ug) is an Ahlfors 4-regular metric

measure space; hence, by applying Proposition 3.1.2, it turns out that H is 4-parabolic.

As expected, our next statement is a formulation of the fact that a parabolic metric measure
space cannot be quasiconformally equivalent to a hyperbolic one. In order to formulate the

statement we recall that a metric space is proper, if its closed metric balls are compact.

Theorem 3.1.3. Let Q > 1 and let (X,dx,pux), (X',dx, pux:) be two locally Ahlfors Q-
reqular metric measure spaces. Assume that both spaces are proper and (X,dx, pux) is hy-

perbolic and (X', dx+, pux+) is a parabolic space. Then there is no QC map f: X — X'.

Proof. Assume by contradiction that there is a QC map f : X — X’. Since (X, dx, pux) is
assumed to be hyperbolic, there exist a point ¢y € X, Ry > 0, a sequence R,, — oo, and a
number M > 0 such that

Modg(I'y,) > M > 0, n > ny,

where '), is the set of curves connecting 0Bx (zg, Ry) and 0Bx(xo, R,,). By the relation (3.5)
there exists H > 1 such that

MOdQ(Fn)

Modg(f(T')) =~

>

M
— > 0.
H
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Let us denote by yo = f(29) € X’. Since X is proper, Bx(wg, Ry) is compact and thus
f(Bx(xo, Ry)) is bounded in X’. We conclude that there exists a number R} > 0 such that
f(Bx(xo, Ro)) € Bx:(yo, Rf). Let us denote by

R{n = min{dX/(f(xo), f(.?f)) T E an(l‘o, Rn)}

We claim that R/, — oo. For otherwise, we find a sequence z,, € X with dx(zo,z,) = R,
such that d'y(f(zo), f(z,)) < M’ for some fixed constant M’ > 0. Since the space X' is a
proper metric space, we obtain that (up to a subsequence) f(x,) — y for some y € X’. Let
us denote by z; = f~1(y) € X the preimage of y. Since f is a homeomorphism we have that
f(Bx(z1,7)) is a neighborhood of y € X’ for any fixed r > 0. Since f(x,) — y we must have
that for n large enough f(z,) € f(Bx(x1,7)), which is a contradiction to the injectivity of
f

Let us note that any curve in f(I",) has a sub-curve connecting 0 Bx(yo, Rj) and 0Bx (yo, R.,).
This implies by (3.4) that

Modg(D(Ri, R,)) 2 Modg(f(T)) 2 77

which is a contradiction to the parabolicity of (X', dx:, ux+), concluding the proof. O]

3.2 Metric measure properties of AA, H and R7T

The equivalence of contact structures between AA, H and RT presented in Chapter 2
has consequences in the theory just discussed in the previous section. In fact Proposition

2.1.2 gives the following:
Proposition 3.2.1. The metric measure space (AA, daq, ptaa) s locally Ahlfors 4-regular.

Proof. We are going to prove a stronger property for (AA, daa, paq): there exist a C' > 1
and a rg > 0 such that
C™Mr* < piaa(Baa(p,7)) < Crt, (3.8)

for all 0 < r <1y and for all p € AA.

Due to the left-invariance of both the sub-Riemannian distance d 44 and the measure p g4,
it suffices to prove (3.8) for balls Bya(e,r) centered at the neutral element e = e 4. We
have that (H, Jy) and (AA, ) are globally contactomorphic thanks to Proposition 2.1.2; so

let us consider the map
g (H,du, L) = (AA, dan, pran), g0 = odu,
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given in (2.1). Since g(em) = e, where eg = (0,0,0) is the neutral element of H and

g : H — AA is locally bi-Lipschitz, we have the inclusions
g(BH(eHa L_lr)) g B_AA(@,T) g g(BH(eHv LT))

for some fixed number L > 1 and any 0 < r < 1. Since g*uq = o’ug = 02L3 (up to
multiplicative constants different from 0) and £3(Bg(eg,r)) = Cr* for some fixed constant
C > 0, the claim follows. H

Due to Proposition 2.1.4 we obtain that the same statement holds for the roto-translation
group RT.
In order to present the last result of this chapter we need a control from above for the

measure of metric balls in RT, provided by Corollary 5.9 in [20]:

Proposition 3.2.2. There exists Ry > 0, and Cy > 0 such that if Brr(err,r) is the open

CC-ball of centre eg and radius r then:
L3(Bry(err,m)) < Cor®, for all r > Ry,. (3.9)

The remarkable result of Fassler, Koskela and Le Donne states that in contrast to the fact
that both spaces (H, dg, um) and (R7T,dgr7, ur7) are 4-parabolic and by Proposition 2.1.1
locally bi-Lipschitz equivalent, they are still not QC equivalent (see Corollary 1.2 in [20]).

Now, applying Propositions 3.1.2 and 3.2.2, the following statement follows:

Proposition 3.2.3. The metric measure spaces (H, dy, pm) and (RT,drT, ur7) are locally
4-Ahlfors reqular and 4-parabolic.
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Chapter 4

Hyperbolicity of AA

Our current objective is first to prove hyperbolicity of the affine-additive group AA, then
we shall focus on consequences of this fact.
We recall that the formal notion of an hyperbolic metric measure space (X, dx, px) is given
Definition 3.1.1. Let us observe first, that hyperbolicity of (X, dx, x) holds, if there exists
a compact set £ C X and sequence of compact sets F,, C X such that

dist(E, F,) = inf{dx(x,y) :x € E,y € F,,} = o0

and
lim inf Modg(E, F},) > 0.

n—oo

To see this, let us pick xy € E. We shall consider R,, = inf{dx(zo,y) : y € F,,}. Note, that
R, — oo and any curve connecting F and F,, must have a sub-curve connecting 0B(xg, Ry)
and 0B(zg, R,,). Thus, by (3.4) we have the inequality

Modo(D(Ro, R,)) > Modg(E, F,).

Since liminf,_,,, Modg(E, F,,) > 0 we obtain that (X, dx, px) is hyperbolic.
The main idea of this section is to construct compact sets E and F, in AA with the

above properties. This is explicitly done as follows:
Let n € N, n > 2. We define

E={(a,1,t) e AA:a € [-1,1] and t € [-1,1]},
F, = {(a,%,t) cAA:ae[-1,1] and t € [—1,1]}.

Next, for each such n we define the following curve families of piecewise smooth horizontal

curves:

I, ={v,7:[0,1] = AA such that y(0) € F and (1) € F,}. (4.1)
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The following estimate holds.

Proposition 4.0.1. With the above notation, there exists some M > 0 such that Mod4(T',,) > M
foralln € N, n > 2.

Proof. We consider the sub-family T'Y C T',, which comprises curves v : [0,1] — AA given by

2 (s) = (a, - <1 _ %) s,t) zel-L1,te[-11]

It is straightforward to check that the curves in I'Y are horizontal with v(0) € E and v(1) € F,,
for all n € N, n > 2. Further, from (1.7) we obtain that
1-1

= 5= Ty

If now p € Adm(T%), then we have

[0 ) e

which, under integration by substitution with A(s) =1 — (1 — %) s, gives

1
/ AN S s (4.2)
1 2\

Next, by integrating (4.2) with respect to € [—1,1] and ¢ € [—1, 1], we obtain

/// a“ddAdt>8vn>2 (4.3)

At this point, for n > 2 we define the sets

P, — {(a,/\,t) CAA: ac|-11],)e [%1] te [—1,1]}

and we apply Holder’s inequality in (4.3) with respect to 2 (‘f}’%’t) Rt "\(/';’\’t) and with conjugated

exponents 4 and 4 , to obtain

1 3
dad\dt\ T 1 i
(/ p4(a,)\,t)a—2) ( Xpn(a,)\,t)—Qdad/\dt> >8, Vn>2. (4.4)
AA A AA A3

Now we observe that

1 11
Xpn(a,)\,t)—Qdad)\dtgél/ —dx=12, Vn>2.
AA A3 0 A3

The latter inequality combined with (4.4) gives

dad\dt _ 2*
Ha, \ ) ——o— > .
/4Ap (CL, ’ ) )\2 = 33

Finally, the proof is concluded by taking the infimum over all p € Adm(T"?). O

32



4.1 Quasiconformal inequivalence between AA, H and
RT

We are about to notice the importance of hyperbolicity of the affine-additive group A.A

as a quasiconformal invariant. In detail we state and prove the following
Theorem 4.1.1. There are no global QC maps AA — H or AA — RT.

Proof. The proof is an immediate consequence of Theorem 3.1.3. Indeed, Proposition 3.2.3
grants that both the metric measure spaces H and R7T are locally 4-Ahlfors regular and
4-parabolic. On the other hand Propositions 3.2.1 and 4.0.1 give that the metric measure
space AA is locally 4-Ahlfors regular and 4-hyperbolic. O

4.2 Consequences in quasiregular mapping theory

The hyperbolicity of the affine-additive group has not only consequences in quasiconfor-
mal mapping theory but it also sets constraints for a more general class of mappings.
Consider a map f between metric spaces and let us recall the quantity H(-) from (3.1).
Further we define By as the branch set (i.e., the set of points where f does not define a local
homeomorphism). We make use of the following definition of quasiregular (QR) maps from

Féssler, Lukyanenko and Peltonen [27].

Definition 4.2.1. Let M and N be any sub-Riemannian manifolds among H, R7T and AA.
We call a mapping f : M — N K-quasiregular if it is constant, or if:

(1) fisabranched cover onto its image (i.e., continuous, discrete, open and sense-preserving),
(2) Hy(:) is locally bounded on M,
(3) H¢(p) < K for almost every p € M,

(4) the branch set By and its image have measure zero.
A mapping is said to be quasireqular if it is K-quasiregular for some 1 < K < oc.

From the definition it is follows that every QC map is QR. On the other hand, the class
of QR maps can be substantially larger than the class of QC maps.

Let us recall, that by Theorem 4.8.1 from [28] if f : HH — N is a QR map where N is
4-hyperbolic then f must be constant. Applying this statement to our situation, we obtain

the following result:
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Theorem 4.2.2. If f: H — AA is a quasiregular map, then f is constant.

In contrast to the previous statement, we note that there can be plenty of examples of
QR maps f : AA — H. One such map is the following:

Example 4.2.3. Let f: AA — H be the map defined by
fla, M\ t) = (=VAcosa, VAsina, t), (a,\t) € AA.

By a direct calculation one can verify the contact property of f, namely f*Jg = 2Av.
Moreover, denoting f(a,\,t) = (z,y,t) € H, one can check that f,U = yX — z2Y and
£V =2xX + yY. Using this, we have that

fulaU + V) = (ay + )X + (By — ax)Y,

for any «, § € R.
Since {U,V'}, resp. {X,Y}, is the orthonormal basis in the sub-Riemannian metric of
AA, resp. H, we obtain that

|[fo(aU + V)| = /(a2 + B2)(22 + y?)

and therefore

max{|f(aU + BV)|u: 0 + 2 =1} _
min{[f.(aU + V)[g: a2+ 52 =1}

for every point (a, A, t) € AA. See also Proposition 2.4 in [27] for a different way to compute
the value of Hy(-).

Furthermore, note, that a direct computation, gives det f, = %; and thus f is a local

Hf(CL, )\, t) =

diffeomorphism at every point. This means that the branch set By of f is empty, and thus
f is an immersion of AA into H. Consequently we conclude that f is 1-quasiregular.

Further examples of QR maps g : AA — H can be obtained as compositions g = h o f
where h : H — H is a QC map of the Heisenberg group.

With Example 4.2.3 we answer Question 3.20 in Guo, Nicolussi Golo, Williams and
Xuan [31].
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Chapter 5
Quasiconformal mappings on AA

In this chapter we present the general theory of quasiconformal mappings in the affine-
additive group AA. Such theory makes good advantage of the differential geometry features

of AA given by its sub-Riemannian structure.

5.1 Complex differential structure of AA

The use of complex notation on H{ will turn out to be convenient from now on, so we

apply slight changes to the setting of A.A. The hyperbolic plane is now given by
Hi :={A+iteC:)A>0,teR}.
Based on this we reintroduce the group operation on H{ by
(N 4 it") %o (A +it) = N (N +it) + it

We rewrite the group operation on AA as follows: if p’ = (a/, N +it') and p = (a, A + it)

belong to R x HE, we have
pxp=(a+aN\+it)+it') € R x Hg. (5.1)

We recall that AA is a three dimensional Lie group and, thanks to Proposition 1.3.1, a
basis of the tangent bundle T'(AA) comprising left invariant vector fields is given by U, V'
and W. The complex vector fields (shortly CVF) Z, Z, are given by

1 _ 1
Z=5(V—il), Z=5(V+il).
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We notice that they satisfy the non-trivial commutator identity [Z, Z] = (Z — Z) +iW. The

Lie algebra of left invariant vector fields of the affine-additive group admits a grading
spang{ImZ, ReZ} @ spang{W}.

The elements of the first layer are referred as horizontal left invariant vector fields. The
horizontal bundle H 44 is the subbundle of the tangent bundle T'(AA) whose fibers are the
horizontal subspaces

M, a4 =spang{ImZ, ReZ,}, pe AA.

We remind that the contact form for AA is ¥ = g—f\ — da. We recall also that a contact
transformation f : 2 — Q' on AA is a diffeomorphism between domains 2 and ' in AA

which preserves the contact structure, i.e.
=09, (5.2)

for some non-vanishing smooth function o : AA — R. Through the identification of AA
with R x H} we write f = (f1, f1), fr = f2+1if3. Applying Proposition 2.2.3 with respect to
the CVFs Z, Z gives that a contact map f is determined by the following system of p.d.e.s

Zfs=2f2Z f1,

Zfs=2f2Zf1, (5.3)
W fs =2fs(c + W f1).

5.2 Background results on quasiconformal mappings

A metric definition of quasiconformality (in the sense of Heinonen and Koskela [31]) is
given in terms of the sub-Riemannian distance on the affine-additive group as follows. If
Q, Y are two domains in AA, a homeomorphism f : Q — €' is called quasiconformal if there
exists 1 < H < oo such that

d
lim sup S,updAA(p’Q)gr aalf(p). 1(a)) =: Hf(p) < H, forallpe AA (5.4)

r—0 1nfdA_A(p,q)2T dAA(f(p)7 f<Q))

Any smooth and metric quasiconformal map between domains in AA is locally a contact
transformation; this fact comes as a consequence of Proposition 3.3 in Balogh, Bubani and
Platis [7] and Theorem 1 in Kordnyi and Reimann [38].

Let £3 be the three dimensional Lebesgue measure on R x H{: we point out that pa4 < £3
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and therefore the terminology ”almost everywhere” is well defined on AA in the sense of £3.
In general, quasiconformal maps on AA do not need to be smooth, but rather they belong
to an apposite class of Sobolev mappings and they satisfy the contact conditions almost
everywhere. Explicitly, let 1 < p < oo and let € be a domain in A.A. We say that a function
u : Q — C belongs to the horizontal Sobolev space, u € HWP(Q,C), if u € LP(Q,C) and
there exist functions v, w € LP(2, C) such that

/W’dMAA = _/UZSOdMAAa and /U)‘Pd,UAA— —/UZOdMAA
Q Q Q Q

for all ¢ € C§°(2,R). For such a function u € HW?(Q, C), we denote by Zu and Zu the
weak horizontal complex derivatives v and w. This definition is compatible with the theory
of upper gradients on Carnot-Carathéodory spaces formulated in Hajtasz and Koskela [32].
A map f = (f1,f1): Q— AA is said to belong to HW'?(Q, AA) if and only if f;, f; are in
HWYP(Q,C). Tt is straightforward to define the local horizontal Sobolev spaces H V[/lif
We have that (AA, du, taa) is a locally 4-Ahlfors regular space, cf. Proposition 3.5 in [7].
Combining the last fact with Theorem 11.20 in [32], Theorem 1.1 in Balogh, Koskela and
Rogovin [12] and Proposition 3.1 in Shanmugalingam [52] we deduce the following result for

metric quasiconformal maps on AA.

Proposition 5.2.1. Let f : Q — Q' be a quasiconformal mapping between domains €2, C AA.
Then the pointwise derivatives (ReZ)f and (ImZ)f exist almost everywhere and coincide

with the distributional derivatives almost everywhere.

We recall that Proposition 1.3.2 grants the Hausdorff dimension of (AA, d44) to be equal
to 4. Based on the latter fact the corresponding Sobolev class for quasiconformal mappings
in the affine-additive group is H I/Vlif
A mapping f € HVVlif(Q, AA) is called weakly contact if the system of p.d.e.s (5.3) holds

almost everywhere in 2. For such a mapping, we define the formal tangent map
(f*)p : Tp.AA — Tf(p).A.A,

for almost every p € 2. We express it in terms of the bases given by BpCVF ={ ZP,ZW w,}
and B = {Z;), Z 1), Wiy} a5

Zf1)2f2 Zfi/2f>
fe= | Zfi)2fs Z[i)2f * |,
0 0 o
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and define the formal horizontal differential to be the restriction Dy f(p) : Hp.aa = Hyp),aa
given by

Duf(p) =

Zfi)2f> Zf1/2f ]
Zfi)2fs Zfr)2f |

Using the commutator relation together with the system (5.3), we find o = @ (1Zf11*=1Z f1]?)

almost everywhere. This yields

det(fs)p = m(wﬁ(p)\z — IZfI(p)]2)2 a.e. in €. (5.5)

Further, set p € AA and r > 0; we define the volume derivative for f with respect to 44

the limit (f (Baa(p,7)))
— iy Al Baalp, 7
jHA.A (p’ f) - l—)O /LAA(BA_A(pa 7")) '

An interesting property is formulated in the following:

(5.6)

Lemma 5.2.2. Let f: Q — Q' be a weakly contact transformation. Then the identity

juAA<pa f) = det(f*)??

holds almost everywhere in Q.

Proof. We observe first that a limit argument and the change of variables theorem induce

that at almost every point p = (a, A + it) € Q we have
2
~ f3(p)

Here, J (p, f) corresponds to the determinant of the tangent map (f.), : T,AA — Ty, AA
considered as a linear map with respect to the canonical bases Bg“" = {0ay,, O, Oy, } and

BJ?(C;’)“ = {0y 102 Oy Ol }. The change of bases formula describing the compositions

jNAA(paf) j(p7f)

|p

Can CVF CVF Can
B,"" = B, = By = By

leads to:

Tuapr f) = m(wﬁw —ZRO)P).

We consider the curve family
I't = {v,7:10,1] — AA horizontal curve with v(0) = p and |y|g = 1}
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and we define the quantity |[|[Dgf(p)|| = max{|(f ov)|ug : v € I'1}. Using the complex

notation we find the explicit formula

||DHf(p)|| — |Zfl(p)| + |Zf1(p)| a.e. in Q.

2f2(p)

The analytic definition of quasiconformality in A.A is now in order:

Definition 5.2.3 (Analytic definition). A homeomorphism f : Q — €2 between domains
O, in AA is K-quasiconformal if f € HW (Q, AA) is weakly contact, and there exists

loc

a constant 1 < K < oo such that
D fp)|* < KJ,,.(p, f) for almost every p € (2. (5.7)

A map is quasiconformal, if it is K-quasiconformal for some K.

It will be later proved that a K-quasiconformal map in the analytic sense has a K-
quasiconformal inverse (see Proposition 5.2.4). This fact together with Theorem 3.8 in
Koskela and Wildrick [10] induce that a homeomorphism is quasiconformal according the
analytic sense if and only if it is quasiconformal according to the metric one.

It can be proven that J,,,(-,f) # 0 a.e. for a quasiconformal mapping f. The above
considerations show that for a quasiconformal map f : Q@ — ' between domains in the

affine-additive group the following holds:
- 2
WSO (B0 ZEONY g
Tpaalp: f) NIZf1(p)l = | Z f1(p)]
By setting K (-, f)? = 1 at the points where 7, , (-, f) = 0, we obtain that K (-, f)? is a mea-

surable function on  which is finite almost everywhere. A quasiconformal map f: Q —

K(p, f)?

between domains in the affine-additive group is called orientation preserving if
det Dy f(p) > 0 for almost every p € ).

By recalling the expressions defined in the introduction

_ Zfilp) _ 1250+ Zf1(0)]
Zfi(p)’ Zf1(p)| — | Z f1(p)|

1 (p) K(p, f)

and by defining
lpaplloo = esssup, s (p)l, Ky = esssup, K(p, f),
the explicit relation between ||zif|l« and Ky can now be written explicitly as follows:
B V27402) | S el 12778
=P =
1= {ps(p)] L—={lpplloe

We present a result concerning the inverse of a quasiconformal mapping with the following

K(p, f) (5.8)
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Proposition 5.2.4. Let f : Q@ — Q' be a quasiconformal mapping between domains 2, C AA.

Then also the inverse f=1: Q' — Q is a quasiconformal mapping and the following holds

K(p, f)=K(f(p), f) a.e in Q. (5.9)

Proof. To prove that f=!: Q' — Q is quasiconformal in the metric sense one can consider
the argument in the proof of Proposition 20 in [39] and adapt it to the context of AA. We
will show that the identity (5.9) is true.

Since f : Q — € is quasiconformal, Proposition 5.2.1 grants that the derivatives U f and
V f exist almost everywhere in Q. Let J(p, f) denote the determinant of the tangent map
(f)p + TpAA — Ty AA considered as a linear map with respect to the canonical bases
Bl?an = {0, O}, Oy, } and B%’S - {aalf(m’ Ny at'f(p)}’

Further, applying Lemma 5.2.2 for f quasiconformal, it holds that J(-, f) # 0 almost
everywhere in ). The following derivatives are therefore well defined for almost every

p=(a,\+it) € &

(Oaf30:f2 — aaf2atf3)|p (Duf10uf5 — atflaafii)lp

(Onfs irw) =

(Pafs irw) =

I, f) ’ J(p, f) ’
aa at _aa at P
(Buf5 ) 1) :< L J}@’f)fl J2) . and
OO fs — OnfoOufs)ln . OufsOnf1 — OufrONf3)1o
OS5 i = Aj:g7(p Ji)f2 Blo oty = 222 A(]?7(1? f)f1 e
O, [10)f2 — 0, f20
(0uf5 s = L A{;(p’ fjfz i
Recalling that Z = 3(V — iU), we obtain:
(Zf ) = m@mﬁg — OnfoDafs + 20200 i (O fo + Oufs) — DufsDhfr — OrFr0ufo)

+ 0 (0af20uf3 = 01 f20ufs + 2f2(0af1(Orfo — Orf3) + Oaf30r[1 — Oaf2OLf1)))p-

Now, we make use of the three contact equations (5.3) by replacing (9, .f1)p, (Orf1)p and
(0if1)}p in the last identity. This yields to:

(Zf )i = %<?E)Ip7

where o : AA — R is the nowhere vanishing smooth function appearing in (5.3). Thanks to

the relation Zf; = Z f; we rewrite

(ZfNrw = M(Z_fz)m- (5.10)



Analogously, we find that

(Zf e = % (Ufs =V fa)p —i(Ufa+Vf3)p)

a(p) f2(p)

_ _m(zﬁ)‘p. (5.11)

Referring to (5.10) and (5.11) we conclude

2N )|+ 12 ()]

R =1 o) = T2 )|

= K(p, f) ae. in Q. (5.12)

]

We state below a change of variable formula for integration in the case of quasiconformal

mappings on the affine-additive group.

Proposition 5.2.5. Let f : Q2 — Q' be a quasiconformal mapping between domains Q,) C AA.
Then the following transformation formula holds: if u : AA — R is a measurable non-

negative function, then the function p — (wo f)(p)Tu (P, ) is measurable and we have

/Q (w0 £) (D) Tuun(ps f) dpiaa(p) = / ul(q) djiaala).

/

For a proof of this result we indicate Theorem 2 in Vodop’yanov’s work [55].

In order to present an important feature of quasiconformal mappings on the affine-additive
group we recall the construction of Hausdorff dimension for the metric space (AA, d44). For

a € (0,00), the Hausdorff a-dimensional outer measure of a set A C AA is given by
H,(A) = lg% (1%f BXE:B(dlam B;) ) :

where the infimum is taken over all countable coverings B = (B;);cr of A by sets B; with the

diameter condition diam B; < € for all : € I. The Hausdorff dimension of A is defined by
dimy(A) = inf{a > 0: H,(A) = 0}

In what follows we want to highlight the existence of non-smooth quasiconformal maps of
AA that distort the Hausdorff dimension dimg of certain Cantor sets in AA in an arbitrary

fashion.

41



Proposition 5.2.6. For any s andt such that 0 < s < t < 4 there exist Cantor sets Cs C AA
and Cy C AA such that dimy(Cs) = s and dimy(Cy) =t and a QC map F : AA — AA
such that F(Cs) = Cy.

Proof. The proof is based on the corresponding result in [0] for the case of the Heisenberg
group. In fact Theorem 1.1 in [0] states that if 0 < s < t < 4 there exist Cantor sets
K, C Hand K; C H and a QC map G : H — H such that dimy(Ky) = s, dimy K; = t,
K, C By(e, 1), K; C By(e, 1), G(K;) = K; and G = idy outside of By(e, 1). We note that
the map F : AA — AA defined by F = go G og!is a QC map. To see this observe
that G : Bg(e,1) — Bpl(e, 1) is quasiconformal and the map g : Bg(e,1) — g(Bu(e, 1)) is
bi-Lipschitz. This shows that F' : g(Bg(e,1)) — g(Bu(e, 1)) is a QC map. On the other
hand since G = idpy\ By(e,1), this implies that the map Fig(By(e,1)) = 1\ g(Bu(e,1))- Thus F'is
a global QC map and it does satisfy the properties in the statement for the sets Cs = g(Kj)
and C; = g(K}). O

5.3 Modulus of a curve family in AA

The definition of modulus for a family of curves in general metric measure spaces was
given in Chapter 3. In the previous section we presented that the Hausdorff dimension of the
affine-additive group is 4. This indicates that a notion of conformally invariant ()-modulus
of a curve family will require ) = 4.

Before defining the 4-modulus we need to recall definition and properties of curves in the
affine-additive group. Any curve 7 in AA shall be always considered continuous. The points

on a curve v : [¢,d] — AA are denoted by

7(s) = (m(s),7:(s)) € R x Hg.

An absolutely continuous curve v : [¢,d] — AA (in the Euclidean sense) is called horizontal
if
Y(s) € ker ) for almost every s € [c, d].

The length of a horizontal curve corresponds to

o) = / (8 1 .

We say that v is rectifiable when ¢() is finite, moreover we say that 7 is locally rectifiable

when all its closed sub-curves are rectifiable.
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If v : [e,d] — AA is a rectifiable curve, the line integral over v of a Borel function

p: AA — [0,00] is defined as
/pdé—/ s)|u ds,

and in case v is only locally rectifiable, we set

/pdﬁ = sup {/ pdl : v is a rectifiable subcurve of 7} .
Y v

For curves v : (¢,d) — AA we shall employ the notion of local rectifiability.

The modulus Mody(I") of a curve family I' is defined as follows. Let Adm(I") be the set
of admissible densities: that is, non-negative Borel functions p : AA — [0, 00| such that
f7 pdl > 1 for all rectifiable curves v € I'. Then

Mody(T) = inf /p4(p)d;LAA(p), (5.13)

peAdm(T") AA

It is worth to say that a family which consists only of curves that are not locally rectifiable
has modulus zero, see the book of Heinonen, Koskela, Shanmugalingam and Tyson [30]. All
quasiconformal mappings of the affine-additive group are absolutely continuous on almost
every curve, see the works of Heinonen, Koskela, Shanmugalingam and Tyson [35] and
Shanmugalingam [52]. To sum up, given a quasiconformal map f : Q@ — €’ between domains

in the affine-additive group and given a family I' of closed rectifiable curves in €2, we have
Mod, (7 € T': f oy not absolutely continuous) = 0.

The next type of modulus inequality adapts the statement and the proof of Theorem 18

in [10] to the geometric setting of the affine-additive group. We can now prove the following:

Proposition 5.3.1. Suppose that f : Q — ' is a quasiconformal map between two domains

in AA and T is a family of curves in Q. Then

Mody(f / K2(p, £)p*(p) dpaa(p) for all p € Adm(T). (5.14)

Proof. Let I'y be the family of all rectifiable curves in I" on which f is absolutely contin-
uous (the non-rectifiable curves have modulus zero). Since f is quasiconformal, we have
Mod,(I") = Mod4(I'g). Throughout the proof we shall assume f to be differentiable in the
sense of [13] on curves in 'y almost everywhere on their domain of definition, for otherwise

one can consider the argument in the beginning of the proof on Theorem 18 in [10].
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We now take an arbitrary admissible density p € Adm(f(I")) and we assign to it a pull-back
density p; defined by

~ Z Z
p(f(p))‘ fI(Z;)]L;F(L?)fI(p)" peN

0, peAA\Q

We will show that p; is admissible for I'y. To this end, let v : [a,b] — € be an arbitrary
curve in I'y. By definition of I'y, it is rectifiable and therefore it has a parametrization by
arc-length, 7 = (@, A+ 4t) : [0,£(y)] = Q. We know that f is quasiconformal and that 7(s)
is horizontal; due to Lemma 6.2.2 this reasoning leads to

71(s)

ZGU6) S5 5 + 20 (9) ;;()) for a.c. s € [0, ((7)

(F07) ()| = m

which gives

|Z f1(3(s))| + |1 Z f1(5(5))
2f2(3(s))

We notice that f o7 is absolutely continuous and the latter inequality yields

(f o) (s)lu < ()1 for ane. s € [0,607).

() .
/ pp il = / o) 3(3) ] ds
£()

e ZRG)] + [Z115(5))
‘/o P 21:05(5))

£()
> [ G ) Glds = = /f ezl

f

56 1 ds

(s)))

N

We deduce that p; € Adm(I'y). Making use of (6.5), the previous fact allows us to conclude

as follows:

Mod,(Ty) =  inf /Q p*(p) dpaa(p)

pEAdm(To)

< / p5(p) dpaa(p) = / ﬁ“(f(p))(‘sz(p)lHZfI(p)D dpaa(p)
Q

Q (2f2(p))*

- Zf0)| + 1Z )\ (120 —|Zfi(p)?)
- [ <p))(|ZfI<p>|—|7fI<p>|> R el

= [ PR 0 ol diaa(s

2

:/Q/ PHOE?(fH(a), f) dpaala),
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for all p € Adm(f(I")). Where the last equality in this chain of computations is obtained
through the change of variable from Proposition 5.2.5. We may apply the previous inequality

to the quasiconformal map f~! and the curve family f(I"). Thus

Mods (/1) < | K (0). 406t 1) daato) (5.15)
for all p € Adm(I"). Proposition 5.2.4 gives the identity

K(p.f) =K(f(p), ") a.e. in Q. (5.16)
Combining (5.15) and (5.16) we obtain the desired result. O

Remark 5.3.2. We want to underline two other important consequences following from the

proof of Proposition 5.3.1. In the first place, we have that

Mody(T) < | K2(f~(a), £)7*(a) dptaa(g) for all 5 € Adm(f(I)),

Q/

and thus

%Mo@(r) < Mod(f(T)) < K7 Mody(T). (5.17)
f

Moreover, from (5.17) we evince that Mod, is conformally invariant, i.e. invariant under

1-quasiconformal mappings.
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Chapter 6

The modulus method on AA4

With the present chapter we aim to establish a method based on the modulus of curve
families in the affine-additive group which detects extremal quasiconformal mappings for the

mean distortion functional (see condition (6) in the Introduction).

6.1 Minimal stretching property and extremality

We begin this section with a result concerning an extremal density for the modulus of a

curve family foliating a bounded domain in the affine-additive group.
Proposition 6.1.1. Suppose A is a domain in R%. Let 0 < ¢ < d and let
v:(e,d) x A — )

be a diffeomorphism which foliates a bounded domain §2 in the affine-additive group with the
property that
7(75) : [Cu d] — ﬁ

is an horizontal curve with |y(s,0)|g # 0 for all 6 € A and

dpaa(y(s,0)) = (s, 0)| ds dv(d)

for a measure v on A. Then

1
TR o P =10s,0) €9,
po(p) = (6.1)
0’ P ¢ Qv
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d) 10 € A} with

is an extremal density for the curve family Ty = {~(
1
MOd4(F0) = (d _ c)?’ Adl/((;)

2 (s,0) for (s,0) € (c,d) x A.

Here, 4(s,0) =
Proof. We show first that pg € Adm(I'y): this is because for any (-, ) € I'g we have

d
| vdt= [ mr(s 8l 8)lds =1
7(-,6) c
5,0)) = [¥(s,0)|} dsdv(d), a direct

Since we assume the measure decomposition dpga(y(
computation yields
= [ [ sttt b o)t ds vt

/ p) dppaalp
“=op .0

Consequently,
1
Mody(Ty) < —— [ dv(9).
04( 0)_(d—C)3A V()
For the reverse inequality, consider an arbitrary density p € Adm(I'g). By using the admis-
%, we have

sibility of p and then Holder’s inequality with conjugated exponents 4 and

d
1s/MfM:/pww®mu®mw
Y c

s([ﬂfﬁ@ﬁ»wwﬁw;w)4w—c>

|

Y

for every 6 € A. Thus
1

(d—c)

d 1
< ([ st oticsoly as)
We raise the latter inequality to the 4-th power and then we integrate with respect to dv

NS

over A to eventually obtain
s, )3 0)ly ds v (3) = | ') diaa(s
Q

e o< [ [

(d—c)
Our result follows by taking the infimum over all densities p € Adm(Iy)
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6.2 Minimization of the mean distortion

Following the work of Balogh, Féssler and Platis [10], we define the minimal stretching

property as follows:

Definition 6.2.1. We say that an orientation preserving quasiconformal map fy :  — &/
between domains in AA has the minimal stretching property (MSP) for a family I'y of
horizontal curves in € if for all v € Ty, v : [¢c,d] — AA, one has

,ufo(v(s))ﬁ(s) < 0 for almost every s € [c,d] with ug,(7(s)) # 0. (6.2)

Y1(s)

If a map fo has the MSP for a curve family I'y, this means geometrically that Iy consists

of curves which are tangential to the direction of the least stretching of f,. To make this

precise, we state and prove the following

Lemma 6.2.2. Let f = (f1,fo+if3) : Q@ = AA be a quasiconformal map on a domain
QC AA. Let T be a curve family:

I'={v()=(a(-), A(-) +it(-)),v : [c,d] = Q horizontal }.

Then there ezists a sub-family I'" C T of curves with Mody(I'") = 0 and such that

(fron)(s) =

2/\1(5) (Zf1(v(s)i(s) + Zf1(v(s))A1(s))  for a.e. s € (c,d), (6.3)

for ally e T\ T".

Proof. If v € T' is absolutely continuous then since f is quasiconformal, we have that the
image f o~y is absolutely continuous up to a sub-family of curves having zero 4-modulus,
see [12]. Therefore we can choose v such that f oy is differentiable almost everywhere. We
choose such an absolutely continuous curve v : [¢, d] — AA given by v(s) = (a(s), A(s)+it(s))

and by using the chain rule we write
(fron)(s) =V a(y(s)) - A(s) + iV fz(v(s)) - 4(s), for ae. s € (c,d).
Using the o.d.e. (1.6) which holds for v as well as the identities

o) +is) o ul(s) = Ta(s)
we obtain
(fr07)(s) = =

2)(s)

(ZH(()e(s) + ZF1(1(s)FT(s)) , for ae. s € (c,d).
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Recalling that |¥(s)|y = %, for an orientation preserving quasiconformal map f we
have:

[Zf1(v(s)] = |7f1(7(5))!) : Y (!fo(’V(S))\ + \Zfz(V(S))l) :
(= (8l < (07 (5)l < s (5l

for almost every s. If a map f has the MSP for a family Ty, then by (6.2) we have equality

1Z(f0)1(v(s))] = 1Z(fo)1(+(5))]
2(fo)2(7(s))

Secondly, we are about to provide a result in which conditions both on the foliation of the

(oGl = ( JES (6.4

domain as well as on the quasiconformal map are being set in order to obtain the equality
in the modulus inequality for the mean distortion.

Before getting into the details, we need to briefly recall a concept essential for our next
arguments. Denote by B4(p,r) the open ball with respect to the distance d44, centered
at p € AA and with radius » > 0. Let f : 2 — AA be a quasiconformal map on a domain
2 C AA and define the volume derivative for f with respect to 44 to be the limit

— lim praa(f(Baalp,7)))
j#AA(pa f) = }1_>0 MAA(BAA(]?, T)) .

The following identity holds:

Toualp f) = m(lZﬁ(p)lz —ZH0)P) (6.5)

almost everywhere in 2.

For the proof of (6.5), see Lemma 5.2.2 in Chapter 5. Everything is arranged for the following

Proposition 6.2.3. Let fy : Q — € be an orientation preserving quasiconformal map
between domains in the affine-additive group. As described above, let v be the foliation of €2
and let 'y be the curve family. Assume further that fo has the MSP for 'y and that

K(7(s,0), fo) = K, (9) (6.6)

for all (s,6) € (¢,d) x A. Then

Mods(foTa)) = =55 | KH(5) (). (6.7)

Proof. Let p/ € Adm(fy(T'g)) be an arbitrary density. Since fy is quasiconformal, we know

that the image under fy of an horizontal curve y(-,0) € I'y is still a horizontal curve up to
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a sub-family of curves contained in I'y with vanishing 4-modulus. The minimal stretching

property of fy grants (6.4) and therefore we find

1< / §(fo 0 7(5.0)|(fo 07) (5,6 s ds

(fo)r(v(s,0))| — [Z(fo)1(~(s,9))]
2(fo)2(7(s,9))

We apply Holder’s inequality with conjugated exponents 4 and % to the last relation; this

d
=/ p’(foov(s,c?))| 1Y(s,0)|m ds.

gives

Y A CACT L R TP

Now, multiplying both sides by K?O () and integrating over A with respect to dv gives
1
T / K2 (5) dv(6) < (6.8)

/ / frots é)KfO(a)<|Z(fo)z(’v(875))\—\Z(fo)z(v(Sﬁ))!) (s, 8) [ ds ()

2(fo)2(7(s,9))

By plugging in the assumption Ky, (6) = K (y(s,0), fo) for all (s,9) € (¢,d) x A into (6.5),
we obtain the identity

K2(v(s,6), fo) <‘Z(fO)I(V(;(jL‘i))L(;Jfgjgz)l(v(sj5>)‘) = Tuaa(1(5,9), fo)-

By recomposing the left-invariant Haar measure on AA through the foliation ~y as

15(s,0) |5 ds dv(8) = dpaa(p), p =(s,9) € Q,
we get that (6.8) results into
1 /
o [ KO W00) < [ ) s o) daalo) (6.9)
(d—c)* Ja Q
We apply the change of variable fyo(p) = ¢ € €; then (6.9) becomes

ﬁ /A K2 (8) dv(s) < / #'a) dpaala)

Since p’ was chosen arbitrarily among the admissible densities of f,(I'g), the latter inequality
shows that

ﬁ /A K3,(8) dv(5) < Mody(fo(T))-
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For the other inequality consider the push-forward density given by

2(fo)2(1(5.8)) _ QO
eI (20 e —ZGaean: = H(1(s,0)) €9,

po(q) =
0, qé¢ .

Thanks to the minimal stretching property of f; this density is admissible, i.e. pf, € Adm(fo(I')):

ds = 1.

d d 1
/fmpacw: [ sttt nltoe ) s oluds = [

—C

Therefore, via the change of variable fy((s,d)) = ¢ € Q' for some (s,0) € (¢,d) x A, we

obtain:

Mody(fo(To)) < /Q , 06 (q) dpraalq)

_ / A (Fo(D) s s o) dpiaa(p)

/4 1 2 7 2)2
= [ ) Gz (20l = (2001 ) diaa)

d 1 2 | 4
:/A/c (d—c)4|7(575)|z}{K (7(5,0), fo)l7(s, 6|5 ds dv(6)

d
:((i_;cyl/A/ K2(+(s,6), fo) ds dv(5)
:ﬁ /A K2 (6) dv(5).

In this way the proof is concluded. O]

Before stating the main result of this chapter concerning conditions for extremality of
the mean distortion integral we need to define a condition on the quasiconformal distortion.
Let fo : © — Q' be an orientation preserving quasiconformal mapping between domains
in the affine-additive group. Let + be a foliation of €2 as described in Proposition 6.1.1.
Assume as well that fy has the MSP for I'y; we then say that the distortion quotient K (-, fo)

is constant along every curve ~ if and only if
K(v(s,6), fo) = Ky, (6) for all (s,0) € (¢,d) x A. (6.10)
We are in the position to prove the following

Theorem 6.2.4. Assume that fy satisfies the minimal stretching property with respect to I'y

described as above. Let py be the extremal density for T'y and assume K (-, fo) to be constant
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along every curve foliating Q2. Let T' D Ty be a curve family such that py € Adm(T") and let
F be the class of quasiconformal maps f : Q) — ' such that

Mody(fo(T'g)) < Mods(f(I)). (6.11)

Then
/Q K2(p, fo)pa(p) dpaa(p) < /Q K*(p, £)po(p) dpraa(p)

forall f € F.

Proof. Recalling the definition of py € Adm(I'g) given in (6.1) and combining it with
Proposition 6.2.3, applied on I'y, pg and fy, we get that:

| K o) dhas) = = [ KRG d0) = Moa(u(To) (612

Thanks to the assumption (6.11), and applying (5.14) from Proposition 5.3.1 with respect
to the density pg € Adm(I'y) C Adm(I"), we obtain:

Mody(fo(I'o)) < Mody(f(I'o)) < /QKQ(J% £)po(p) dpraa(p), for all f € F. (6.13)

By coupling the inequalities (6.12) and (6.13) we obtain the desired result. O

Remark 6.2.5. From the statement of Theorem 6.2.4 we can develop a method which
verifies if a candidate quasiconformal map fy : Q@ — Q' between domains Q,Q C AA, is a

minimizer for the mean distortion functional. We describe the steps of the method:
1. let F be a class of quasiconformal mappings f : Q — 0, f € F;

2. let v be a foliation for €2 which is composed of horizontal curves decomposing the volume

measure of AA, i.e. v verifies the assumptions of Proposition 6.1.1;

3. introduce the curve family Iy and then calculate the extremal density py for Mody(Ty)

given by (6.1);

4. verify that the distortion quotient K (-, f) is constant along such horizontal curves foliating
€2, i.e. condition (6.6);

5. check the MSP for f; with respect to I';
6. determine a curve family I' O I'y such that Mody(fo(I'0)) < Mody(f(I')) for all f € F

and verify py € Adm(T").
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Chapter 7

Stretch maps on AA

In this chapter we define linear and radial stretch maps on the affine-additive group, and
prove that they are minimizers of the mean quasiconformal distortion functional (6). For the
proofs we rely on the modulus method described in Chapter 6, in particular we shall follow

the strategy described in Remark 6.2.5.

7.1 The linear stretch map

For k > 0, the map f; : AA — AA given by
fr(a, N+ it) = (ka, \ + ikt), (7.1)

shall be called linear stretch map. Its name is justified by the fact that it is a linear map
with respect to the cartesian coordinates.

We will present two geometric settings where the linear stretch map turns to be a minimizer
for the mean distortion functional, respectively for k € (0,1) and for £ > 1. This distinction

is motivated by the Beltrami coefficient py, = 1 the two geometric settings have distinct

+k
suitable domains, foliations and associated curve families such that the MSP for f; holds for

both cases.

7.1.1 The case k € (0,1).

Let k € (0,1) and define two domains as follows:

{(a—l—— )\+zt) eAA:a € (0,1),) € (%,1),756(0,1)},

{( ( >,)\+ikt)eA.A:aE(O,l),/\e(%,1),t6(0,1)}.

25
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For a fixed t € R, we denote

t | _ 1
8Qt:{<a+ﬁ,)\+zt> €eAA:a € (0,1),)€ (5,1>}

and consider the class Fj, of all quasiconformal mappings f : Q — QF which extend homeo-

morphically to the boundary and we impose conditions
F(0Q0) = 0QE and f(9€) = 00,

The domain {2 is displayed in the following figure:

\

Figure 7.1: 0} is in cyan and 0€); is in purple.
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With the present setting we prove the following

Theorem 7.1.1. The linear stretch map f, : @ — QF is an orientation preserving quasicon-
formal map. With the above notation for py, fr minimizes the mean distortion within the
class Fy: for all f € Fr we have that

fQ KQ(-, f)ﬂf)l d,UAA.

K? <
Tk fQ pé dpraa

(7.2)

Proof. The steps of the proof steps are the ones explained in Remark 6.2.5.
1. The class F} is presented above the proof.
2. Let the pair (a,\) € (0,1) x (3,1) and let v : (0,1) x (0,1) x (3,1) — Q be the foliation

2
of Q) given by

(s, a,\) = (a—l—%,)\—l—is), (s,a,\) € (0,1) x (0,1) x (%1)

In this way, the volume element on AA can be written as

1
dppaa(y(s,a,\)) = i dad\ds = |¥(s,a, \)|}; dsdv(a, \),

where

dv(a, \) = 2*N\? da d).

3. In order to apply Proposition 6.1.1, we consider the family of horizontal curves

Iy = {’y(~,a,)\):a€ (0,1),\ € <O,%>}.

An extremal density for I'y is given by formula (6.1): namely, po(a, A+it) = 2\ Xo(a, A+it).

Hence
1 pl 14
MOd4(F0) = / / 24)\2 dad) = E
1 Jo
2

4. An explicit calculation gives constant distortion quotient Ky, . Indeed,

K(v(s,a,\), fy) = % (5,0, ) € (0,1) x (0,1) x (%1)

and so Ky, = esssup, K(p, fx) = %
5. We observe that f; has the MSP with respect to the curve family I'g. Indeed, for k € (0,1)

we have

1
tro(Yar(s))— = <0 forallse(0,1).
i (Vap)r(s) 1+



6. Aiming to apply Theorem 6.2.4, we need to find a bigger curve family I' O T’y for which pg
is still admissible and such that Mody(fx(I'g)) < Mody(f(I")) for all f € Fy. A guess for I is
the family of all horizontal curves contained in {2 which are joining the two components 02
and 0€. The boundary conditions for maps in the class Fj provide that the image f(I') is
going to be a family of the same type in QF. Using the absolute continuity of quasiconformal
mappings on almost every curve up to a negligible family of curves with zero 4-modulus and

using the boundary conditions, we may show that
Mody(fx(Tp)) < Mody(f(I")) for all f € Fj

We have to check that pg is admissible for the extended family I'. Indeed, for a curve

v e, d] = AA with v € T', we have

Apodﬁzld\/X(s)2+i(s)2dsz/cdi(s)ds:l

Here we have used for the evaluation of the integral the fact that s — ¢(s) is an absolutely
continuous function and the conditions y(c) € 9, v(d) € 9.
We conclude that pg € Adm(I") and, from Theorem 6.2.4, it follows that

K3, / po(p)* dpaa(p) < / K(p, [)?po(p)" dpaa(p) for all f € F. (7.3)
Q Q

The proof is complete. 0

We wish to highlight an important consequence which follows from the last proof: by
taking the essential supremum for K2(-, f) on the r.h.s. of (7.3), we notice that f; minimizes

also the maximal distortion Ky (see (5.8)). We therefore state:

Corollary 7.1.2. The linear stretch map fi, : Q — QF is an orientation preserving quasi-

conformal map such that
Ky < Ky,

for all f € Fy .

7.1.2 The case k > 1.

Let £ > 1 and by using a similar notation as in the previous section we consider two

domains as follows:

Q:{(a,AJrz‘t)eAA:ae(0,1),>\e (%,1),156(0,1)},

Qk:{(ka,)\—l—ikt) cAA:a e (0,1),) e (%,1) t€ (0,1)}.
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For a fixed A > 0, let
o ={(a,\+it) e AA:a € (0,1),t € (0,1)}

and consider the class F, of all quasiconformal mappings f :  — Q* which extend homeo-

morphically to the boundary subject to the conditions
F(091) = 00 and f(0) = 09
2
With the current specific setting we prove a result analogous to Theorem 7.1.1 in the following

Theorem 7.1.3. The linear stretch map f, : Q0 — QF is an orientation preserving quasicon-
formal map. With the above notation for py, fir minimizes the mean distortion within the

class Fy: for all f € F, we have that

o 2 f)pb i

K2 <
Te fQ pé d,uAA

(7.4)

Proof. Again, the steps of the proof follow the strategy of Remark 6.2.5.

1. The class F; is as above.

2. Let the pair (a,t) € (0,1) x (0,1) and let ~ : (2%, 3) x (0,1) x (0,1) — Q be the foliation
of ) given by

(s,a.t) — <a,§—z+z’t), (s,a,1) € (233> % (0,1) % (0,1).

3

In this way, the volume element on AA can be written as

4
dpaa(y(s,a,t)) = 3—4 dadsdt = |§(s,a,t)|} dsdv(a,t),
s

where
dv(a,t) = 2* dadt.

3. In order to apply Proposition 6.1.1, we consider the family of horizontal curves
Lo = {7('>aat) RS (07 1)7t € (07 1)}
The extremal density pg for 'y following from formula (6.1), is given by

pola, X +it) = COAT - Xo(a, A+ it),

4
23

3(2%—1)
1 1 1 25
MOd4(F0) = ﬁ/{) /0 24 da d)\ = 33(2;)—_0

2

. This results into

where ¢y =

w\»-‘lw
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4. An explicit calculation gives constant distortion quotient K, , indeed

K(vy(s,a,t), fr) =k, (s,a,t) € (2%,3) x (0,1) x (0,1),

and so Ky, = esssup, K(p, fi) = k.
5. We observe that f; has the MSP with respect to the curve family I'yg. Indeed, for k£ > 1

we have

1—k
fo (Yar(5)) (%.’t)l(s) = <0, forallse (31, 3> :
(Va)r(s) L+k 23

6. Now, in order to apply Theorem 6.2.4, we need to find a bigger curve family I' O I’y for
which pg is still admissible and such that Mods(fx(T'0)) < Mody(f(T")) for all f € F. Asin

the previous proof, a guess for I' is the family of all horizontal curves contained in 2 which

are joining the two components 89% and 0€2;. Using similar arguments as in the previous

proof we have
Mody(fx(To)) < Mody(f(I")) for all f € F.

We have to check that pg is admissible for the extended family I'. Indeed, for a curve

v e, d] = AA with v € T', we have

d A(s)2 + i(s)?
/p0d£ :co/ A(s) (2))\(3) ) ds

4
S [T ) o 3%
2 c )\(3)§ 2

ol

Wl

(A(d)é “ )

):1.

Here we have used for the evaluation of the integral the fact that s +— A(s) is an absolutely
continuous function and the conditions 7(c) € o8, v(d) € 0.
We conclude that pg € Adm(I") and, from Theorem 6.2.4, it follows that

Kffk/ﬂpo(p)“duM(p) < /QK(p, )2p0(p)* dpaa(p) for all f € Fy.

The proof is complete. O
In the same manner as in Corollary 7.1.2, we obtain

Corollary 7.1.4. The linear stretch map fi : Q@ — QF is an orientation preserving quasi-

conformal map such that
Ky, < Ky,

for all f € Fy .
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This case may be viewed as a solution to the Grotzsch problem on the setting of the

affine-additive group (see also [2] and [30] for the classical Grotzsch problem on the complex
plane, as well as Section 5.2 in [10] for the analogous Grétzsch problem on the Heisenberg
group).

7.2 Cylindrical-logarithmic coordinates

In order to construct radial stretch maps it is convenient to set up an appropriate type of
coordinate system on the affine-additive group. To this direction, a first step is to consider
cylindrical coordinates: recall that AA identifies to R x Hf, hence the coordinate map for

the cylindrical coordinates is given by C: R x Ryg x (—2,%) — AA where

Cla,r,v) = (a,re™), (7)€ Rx Rogx (=7, ).
By applying the transformation & + ¢* = r > 0, with £ € R, the cylidrical-logarithmic
coordinates are defined as ® : R x R x (—g, g) — AA where

®(a, &, ) = (a,e“w) : (7.5)

Moreover, the inverse map for this new type of coordinates is explicitly given by

B , log(\? + 12) [t T ,
1 _ loglA™ ~17) 1t T
) (a,A+zt)—(a, 5 , tan 5 ERXRX( 2,2), (a, A+ it) € AA.

On the domain
T T

A =R xRx <—§,§>,

the map ® : A — AA is a smooth diffeomorphism with corresponding Jacobian determinant
(det (b*)(a’&w) = 62f 7é 0. (76)

It follows that for each curve 7 : [c, d] — AA and each point (a, £, 1)) = ®~*(y(c)), there exists
aunique curve ¥ = ® 1oy : [¢,d] — A such that §(c) = (a,&,v). If v is absolutely continuous
in the Euclidean sense, or if it is C* for a k € Ny, then 7 will be as regular as . Further, the
same reasoning applies also for continuous mappings from simply connected domains in AA.
In detail, every mapping f : A — A yields a well-defined map f : A4 — AA by setting
f=do0 f od 1.

In what follows, we are going to use only cylindrical-logarithmic coordinates: we will
define a quasiconformal map f between domains in the affine-additive group by giving a for-

mula for f. On the other hand, we will still work with f in the case where this is convenient.
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It turns out that the stretch map has a much neater form in cylindrical-logarithmic co-
ordinates.

In what follows we shall give expression for:
e the contact condition;
e the horizontal vector fields;
e the volume and curve integrals;
e the Beltrami coefficient;
e the MSP condition,

in these particular coordinates. We adopt the notation

fla, §,9) = (Ala, €,9),E(a, €, 9), ¥(a, &, ¢)) .

Also, if 7 is an index running through a,§ and v, we will write A, = % for a given

differentiable function A.

7.2.1 Horizontality, contact condition and minimal stretching prop-
erty.

In order to apply the modulus method, we will need to understand how the horizontality
condition transfers on curves in terms of cylindrical-logarithmic coordinates. The following

formulas of horizontality and of line integration for curves in A are useful.

Proposition 7.2.1. A curve v : [¢,d] — AA is horizontal if and only if there exists an

absolutely continuous curve
Yiled = A, A(s) = (als),€(s),9(s)),
with ® o5 =~ and

w(;) + tan;D(S)S(S) —a(s) =0 for almost every s € [c,d]. (7.7)

Moreover, for any Borel function p : AA — [0,400], we have

d 5 5)2 ¢ 5)2
[pdt= [ ot 2();”” ds. (7.5)
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Proof. 1t 7 : [c¢,d] — A is an absolutely continuous curve satisfying (7.7), then we consider
the absolutely continuous curve v := ® o 4. Conversely, if 7 : [¢,d] — AA is horizontal, we
take 7 : [c,d] - A tobey=®1on.

Now, consider two almost everywhere differentiable curves v : [¢,d] - AA and 7 : [¢,d] — A
such that ® o5 = v for all s € [¢,d]. Let s be a point of differentiability in [c,d]. There
exists a neighborhood of s where we also have ® o ¥ = 7. By applying the latter identity to

(1.6) it follows that the condition for a horizontal curve reads as (7.7). Then we obtain:

E(5)% + 9(s)?
2cos(s)

7(8) e =

For such a horizontal curve v : [c,d] — AA, the formula for the curve integral follows

immediately since [ pdl = fcd p(Y(N|Y(8)| 7 ds. O

Now, we are going to describe the contact form and the contact conditions with respect
to the cylindrical-logarithmic coordinates. The cartesian coordinates on AA can be defined
through the diffeomorphism & using coordinates (a,,1). The expression of the contact

form 9 on A is

:@_’_tanw

9
2 2

d¢ — da. (7.9)

Proposition 7.2.2. Let Q be an open set in A and assume that there exist C' maps
f:Q — A and f ®(Q) — AA such that f = o fod ! on Q. Then the following

conditions are equivalent:
(1) the map f is a contact transformation;

(2) there exists a nowhere vanishing function X : Q — R such that the map f = (A,Z, W) is
a C* diffeomorphism satisfying the system of p.d.e.s

Uy +tan V=, — 24, = A
U + tan U E — 24, = Atan) (7.10)

24, — U, —tan VU=, = 2)\.

Proof. Since f and f are related by f = ® o f o @1, it is straightfoward to see that f is a
C"! diffeomorphism if and only if f is so.

Now, focusing on the contact conditions, we recall that the map ® is a diffeomorphism and
that the contact form 9 is given by (7.9). The condition that there exists A(p) # 0 such that
(f*9), = Mp)V,, is equivalent to (7.10) with A = X o ®. O
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Remark 7.2.3. We wish to underline here that a quasiconformal mapping f is differentiable
almost everywhere and contact almost everywhere. Thus the corresponding f satisfies the

system of p.d.e.s (7.10) almost everywhere.

Below, we give expressions for the vector fields Z and Z in terms of cylindrical-logarithmic

coordinates. Straightforward calculations yield

1
~ 50, (7.11)

7 = " cos)(0¢ +i0y) + %@a : (7.12)

7 =e " cosp(0 — i0y)

Let f and f = (A,Z,¥) be C! maps as in Proposition 7.2.2. The Beltrami coefficient of f
is given by

(B (a, ,0)) = (%)w) . (7.13)

Now assume in addition that f is an orientation preserving quasiconformal map. Let T be a

family of C! curves

7o lab] = A, A(s) = (als), £(s),9(s))

such that |
wés) n tan;/f(s)é(s) —a(s) =0 forall s € (a,b),
and
£(s) —inb(s) [ Z(Z +iD)
£(s) + it (s) (Z(E T i@))ms) <0, (7.14)

for s € (a,b) with pp(®(5(s)) # 0. Then f has the MSP for the family I' = {® o5 : 4 € T'}.

7.3 The radial stretch map

|*~12 in the setting of

In order to construct an analogue of the radial stretch map z — |z
AA, we detect a suitable domain where this radial stretch map will be defined. This domain
happens to be a truncated cylindrical shell, parallel to the a-axis of AA.

In detail, for 0 < ¢y < 5 and 1y > 1 we define

Dy e = {(a + yg, e&“p) eAA:a € (0,1), ¥ € (0,79), & € (0,logr0)} . (7.15)
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Furthermore, we define the following subsets of 0D, y,:

E = {(a,ew) eAA:a€ (0,1), v € (O,ng)}, (7.16)
F = {(a + tagw log ro, 7“06“/’) cAA:a€(0,1), ¥ € (O,wo)} . (7.17)

By varying a € (0,1) and ¢ € (0,vy), we see that E and F are connected by horizontal
curves o,y ¢ [0,1og o] = Dy given by

t ,
Va,0(8) = (a+ agws,esﬂw) )

Before we proceed, we shall give a volume formula with respect to the logarithmic-cylindrical
coordinates and then apply it to the particular case of D, . Let  C AA be a measurable
set and let Q C A be an open set such that its image ®(Q)) = €2. Then a function h: Q@ — R
is integrable if and only if (h o ®)| det ®,| is integrable on @) and in this case we have

/Qh(p) dMAA(p):/C?Mdﬁg(a’f’¢)‘

cos? Y

For every integrable function h : D, 4, — R we have

/D b5) dialy /w()/logro /mwé 26 (D C:waw))d de dip

D, 4, for the case rg = e, 19 = 7 is in the following figure.

70, %0

7.3.1 Proof of extremality.

In this section we construct the radial stretch map on the affine-additive group. We shall
prove the extremality of the radial stretch map with respect to the mean distortion integral
and then discuss the properties of the radial stretch map in the remarks.

Let 0 < k < 1; we start by considering logarithmic-polar coordinates (£,¢) € R x (—%, %)

212
dgAd

4 cos?
the 1-form 7 on Hé given by 7 = % + %dﬁ . We introduce the symplectic and planar

radial stretch map g : R x (—g, g) — R x (—%, %), defined as

(e, = (he (1)),

Now, let p = ®(a,&, 1) € AA, take v to be an horizontal path joining the neutral ele-

on Hg with symplectic form w = and, with respect to the same coordinates, we set

ment eg4 = (0,1,0) € AA with p and we construct, in cylindrical-logarithmic coordinates,
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Figure 7.2: Domain D, = with F in cyan and F' in purple.

fe: A = A, ie. the lift of g as

fila.&,v) = ( / g, ke, tan”™ (“‘2‘”))
m(y

= (a - % + %tan_1 (tazzb) , k¢, tan™! <ta1];¢>) . (7.18)

Let 70 > 1, 0 < 1o < 7 and let also the domain D,;,. Consider another truncated

cylindrical shell Dfo’wo. In cylindrical-logarithmic coordinates those domains are given by

DTOJJJO - {(I) (a+ ta;wsvs7¢) € AA rac (Oa 1)7 ¢ € (Oa¢0)7 ENS (O,IOg’l“())},

[ tany) ¢ 1, (tany _4 (tanvy ‘
Dro,wo—{q)(a—l- 5 2—|—2tan k . ks, tan p c AA -

€ (0,1), ¥ € (0,10), s € (0,logrg)} -
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Now, we setup a precise boundary condition for a mapping problem. The subsets F and F

of 0D, y, (see (7.16)) are given in cylindrical-logarithmic coordinates by
E={®(a,0,¢) € AA:a € (0,1),4 € (0,%0)},

F:{cb <a+tag¢,1,w> eAA:a€(0,1),¢ € (07¢0)},

respectively. Also, we consider the following subsets of (9Df07w0:

EF = {QJ (a— % + %tan1 (tazl/J) ,O,taurf1 (tazw)) €eAA: a€(0,1),¢¥ € (O7w0)}7

K tanw_? 1. tan _, (tany ‘
F —{q)(a+ 5 2+2tan ’ ,klog Ty, tan ’ e AA:

S (071)7¢ S (07¢0)} :

Denote by Fj, the class of all quasiconformal maps D, ,, — Dfmwo with the property

that they map homeomorphically the component E to E* and the component F to F*,

respectively. We can now prove the following

Theorem 7.3.1. The radial stretch map fi : Dyy gy — Dfo’wo 1$ an orientation preserving
quasiconformal map. With the above notation for py, fr minimizes the mean distortion
within the class Fy: for all f € Fy we have that

J.

Proof. We prove first that fi : Dy, 4, — foojwo is a quasiconformal map. The assumptions

of Proposition 7.2.2 are satisfied by the smooth map f; : A — A; thus the stretch map

K2(p, f1)po(p) dpraa(p) < / K*(p, /)po(p) dpaa(p) -

r0:%0 Drg,wo

Ir| Dy 1S @ smooth contact transformation onto its image. Formula (7.13) yields that

k-1
k2 +2tan? + 1’

pi(@(a, &) = e (a,&,0) € A,

proving ||z, |l < 1. We have therefore proved that fj is a smooth orientation preserving

quasiconformal map on D, ,, with

1 — k2 :

We next prove that

J

K2(p, f)po(p)" dptaa(p) < / K2(p, £)po(p)* dpiaa(p),

D

70,%0 70,%0

67



with po(a, A\, t) = (logrg) ™! |/\%:‘it‘ for all f € Fj. In order to do so, we once more follow the
steps of the proof as in Remark 6.2.5.
1. The class F; is as above.

2. Let A =(0,1) x (0,1y); we define

tan ¢
2

7 :(0,logro) x A = A, A(s,a,v) = (a(s), £(s), P(s)) = (a—i— s, 8, ¢) . (7.19)

and

v (07 log 710) X A — DTO,woa 7(87 a, w> = (D(:Y(Sa a, ¢))

The smooth diffeomorphism 7 has nowhere vanishing Jacobian determinant det 7. (s, a,v) = €.
Further, for each fixed (a,1) € A the curve

t
’V(',Q,'@Z)) : (O,lOg’Fo) _>D7“0,¢07 s P <a+ agws787¢) )
is horizontal: indeed, we observe that

77/)(28) . tan;b(s)é:(5> —a(s) =0, se(0,logry),

and we use Proposition 7.2.1. Additionally,

1

|7(8aa7¢)|H = 2COS¢

#0 for all (s,a,) € (0,logry) x A.

In this way, by introducing § = (a, ) € A, the volume element on AA may be written as

dpaa(v(s,0)) = cosl2w dsdadi = (s, a,v)|}; ds dv(a,v),

where

dv(a, ) = 2* cos® ¢ da dip.
3. Our model curve family is
Loy = {7('7a7 ¢) : (CL7¢) S (07 1) X (07¢0)}

According to Proposition 6.1.1, an extremal density for Iy is pg defined by

log(ro)~'2cost, if p=(s,a,v) € Dyyp,
07 if p Qf DTOJJJO ’

and also

3
> (Yo + sin g cos 1) .
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4. Since we have

1

K50 0), 1) = g (5,0,0) € (0, logro) x A,

we notice that the distortion K (vy(s,a,1), fx) does not depend on s € (0,logry), but only
on ¢ € (0,1p). This means that the distortion K (-, fx) is constant along every curve 7 in
the sense of (6.10).

5. We use the criterion given in (7.14) to verify the MSP for fj with respect to the curve
family I'y. We check straightforwardly that

§(s) — m(s) (Z(E + z"I’)) k2 —1 0,
5(s)

; = <
£(s) +ip(s) \Z(E+iV) k2 4+ 2tan?¢) + 1
for all s € (0,logrg). This holds true for all £ such that 0 < k& < 1. In this way, due to
Proposition 6.2.3, we obtain

24 Yo pl
m/o /oKJ%k(av¢)COS2¢dad¢

2 wo cos? 1)
_(log r0)3 /0 (k;2 cos2 U+ Gin? ¢)2 dy (720)

M0d4(fk(F0>) =

— /D K2(p, fr)po(p) dpraa(p)-

70,%0

6. We now define a bigger curve family I' O I'y for which py is still admissible and such
that Mody(fx(I'o)) < Mody(f(I')) for all f € Fj. A typical guess for I' is the family of all
absolutely continuous and almost everywhere horizontal curves contained in D, ., which
are joining the two components £ and F. The boundary conditions for maps in the class
Fi. assure us that the image fi(I") is going to be a family of the same type in Dfowo. Using
the absolute continuity of quasiconformal mappings on almost every curve up to a negligible

family of curves with zero 4-modulus and using the boundary conditions, we can show that
Mody(fx(To)) < Mody(f(I")) for all f € F. (7.21)

Eventually, we have to check that py is admissible for the extended family I'. Observe that
from Proposition 7.2.1 it follows that for a curve 7 : [¢,d] — AA with v € T', we have

1 d ; 1 d
L it = [\ irds = o [
1

logro(OgTO )
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Here, to evaluate the integral we have used the fact that s — £(s) is an absolutely continuous
function and the conditions v(c) € E, v(d) € F.
We conclude that py € Adm(I") and from Theorem 6.2.4 it follows that

J.

The proof is complete. O

K2(p, f0)p(0) dpan(p) < / K2(p, )ob(p) dpiaa(p) forall f € Fi.

D

70,%0 70,%0

Remark 7.3.2. It is straightforward to show that the map fi, £ > 1 is quasiconformal with
Ky, = k*. Indeed, it is enough to recover the same arguments from the first part of the

above proof. However, proving extremality in the case k > 1 requires a different argument.

Remark 7.3.3. In cartesian coordinates, the map f, = ®o f, o ®!: AA — AA, is given

by
, 1. ([t 1. [t (A2 4 t2)k 2 _
fk(a, A + Zt) = (CL — 5 tan (X) + 5 tan (E) s (m . ()\k + Zt) .

Remark 7.3.4. By writing the coordinate map ¢ : R x (=%, %) — Hg as (&, 1) = 57,
(&) € Rx (—2,2), and setting fy = ¢ o g, o p~' : HL — HL, we notice that the map
fu : AA — AA has the lifting property 7o f, = fi o 7.

Remark 7.3.5. Making use of the formal substitution £ = —1, we obtain that the map
f-1: AA — AA given by

. L[t A+t
(a,/\+zt)r—>(a—tan (X)7|)\—i——lt|2 ;

is a contactomorphism with f*;19 = ¢ and also a conformal map (1-quasiconformal).

7.4 Open question

In this final section we want to discuss the minimality of f; for the maximal distortion
Ky, see (5.8). Let ro > 1, ¢y € (0

of Theorem 7.3.1, reminding that the curve family I' O I'y consists of all horizontal curves

, %) and we make use of the same notation as in the proof
contained in D, ,, which connect the two boundary components £ and F' of 0D, ,. By
coupling the modulus inequality given in (7.21) with the right inequality in (5.17), we obtain
the chain of inequalities

Mody (f(T)) _ Modu(f(I))
Mody(T) ~ Mody(T)

<Kj; [é€F. (7.22)



Now, notice that if we had
_ Mody(f«(I'))

K? = 2
T Mod,(I") (7.23)

we would conclude
K Fre S K fo f - Fi k-

On the other hand, this is not the case because (7.23) does not hold for all ¥y € (0, g) To
this end, we recall that the density pg is still admissible for the larger family I' O T'y. This
gives the modulus identity Mody(I") = Mod4(T'y) and thus

2
log rg

3
Mody(T") = ( ) (1o + sin g cos ) .

To py we can assign a pushforward density fj,po given by

2(fr)2(f; () -1 . &
\Z(fk)l(fk_l(Q))\—|7(fk)1(fk_1(fI))\po(fk (q))7 it g€ DTOWU’

Jreprolq) =

0, if q¢ Dvlfo,wo'

Based on the proof of Theorem 7.3.1, it is straightforward to see that fi,p0 € Adm(f(T')),
giving an analogous modulus identity Mod,(fx(I")) = Mod4(fx(I'9)). We refer to (7.20) and

this gives

2 N J sin 24 1 (tandy
Mody(/i(l) = (logm) ' (1+k2+(/f2—1)C052¢0+tan ( k ))

For ¢y € (§, %) we observe that the function

. k3 sin 21 tan ¥
1+ k2 + (k% — 1) cos 21

k +k‘§tan_1( . ), ke (0,1),

is monotone increasing (by a direct calculation the derivative is positive for k£ € (0,1)) and

thus bounded from above by vy + sin vy cos 1)y. Therefore

Mod,(fx(I)) - —4 2
— T <k k=% = K5 .
Mods(m) — " 0 ° Ji
In the case ¢y € (%, g) we see that equality does not necessarily hold for the stretch map fj

and the curve family I'. Despite the latter inequality holds strictly it could still be true that

fr is minimal for the maximal distortion and it is an open question.
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Chapter 8
Riemmannian approximation scheme

In this chapter we make use of a Riemannian approximation scheme to provide notions of
horizontal mean curvature and of intrinsic Gaussian curvature for an Euclidean C?-smooth
surface in the affine-additive group AA away from characteristic points. Our approach will
combine such Riemannian approximation scheme with Cartan’s formalism, see Clelland’s
book [20]. Consider a surface ¥ embedded in A.A, by means of Cartan’s structural equations
we derive formulae for the sectional curvature Ky, and for the second fundamental form IT§;.
By studying the limit case we provide formulae for the horizontal mean curvature H° and

the intrinsic Gaussian curvature K.

8.1 The method of moving frames

Before looking at the Riemannian approximation scheme we need to consider the differ-
ential geometry setup of AA as a Riemmannian manifold with a complex structure on the
horizontal sub-bundle of the tangent bundle 7 (AA).

Let 9 be the contact form of AA given by (1.4), we recall that the horizontal bundle H 44
is given by

Hqa = span{U, V},
where U,V as in Proposition 1.3.1. We denote with (-,-) 44 the sub-Riemannian metric
defined on H 44 and we associate the corresponding Carnot-Carathéodory distance d44 (see

Chapter 1 for more details). We define a complex structure J : H 44 — H.aa by letting
JU)=Vv, J(V)=-U.

Again according to Proposition 1.3.1 we denote with W the Reeb vector field.
Later on we will need the following (Proposition 12.17 in Lee’s book [11]):
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Proposition 8.1.1. For any differential 1-form w and vector fields X1, Xs it holds
dw (X1, X2) = X1 (w(X32)) — Xo(w(X1)) — w([ X1, Xa]).

We are now ready to implement the Riemannian approximation scheme. First, let us
define W€ = eV, for € > 0. We consider a family of Riemannian metrics (g.)eso on AA
such that {U,V,W¢} becomes an orthonormal basis. The choice of this specific family of

Riemannian metrics on AA is indicated by the following theorem

Theorem 8.1.2. The family of metric spaces (AA, g.) converges to (AA, d44) in the pointed

Gromov-Hausdorff sense as e — 0T.

The result holds in the wider class of Carnot-Carathédory spaces, we refer to Chapter 2
in Gromov’s book [29] or Chapter 1 in Monti’s PhD thesis [10].
An affine connection is a basic concept in Riemannian geometry which serves as a useful

computational tool.

Definition 8.1.3. Let X'(M) be the set of C"*°-smooth vector fields on a manifold M. Let
D(M) be the ring of real-valued C*°-smooth functions on M. An affine connection V on M
is a mapping

V:X(M)x X(M)— X(M)

which is denoted with (X,Y’) — VxY and which satisfies the following properties:
i) VixygvZ = fVxZ +gVyZ;
i) Vx(Y+2) =VxY +VxZ;

i) Ve (fY) = [VxY + X(f)V;

in which X,Y,Z € X(M) and f,g € D(M).

It is well known that every Riemannian manifold is equipped with a privileged affine
connection: the Levi-Civita connection V (see Theorem 3.6, Chapter 2 in do Carmo’s book
[23]). This is the unique affine connection which is compatible with the given Riemannian
metric and symmetric. Let € > 0, we explain in detail such aforementioned properties for
the case of (AA, g.):

Xg (Y, Z) = g(VxY, Z) + g.(Y,Vx Z)

and
VxY = VyX = [X,Y]

74



for all X,Y,Z € X(AA).
Continuing with notation, we consider vector fields X, Y and write them with respect to the
orthonormal basis {U, V, W¢} as

X =aU + 2V +asWe Y = U + oV 4 ysWe,

thus obtaining

gE(X, Y) = X1 + T2Y2 + Qigyg

Let us fix once for all the assumptions we will make on the surface ¥ through this whole

chapter. We will say that a surface ¥ C (AA, g.) is regular if
¥ is a Euclidean C*-smooth compact and oriented surface. (8.1)
In particular we will assume that there exists a C%-smooth function u : A4 — R such that
Y ={(a,\t) € AA:u(a,\t) =0}

and also assume that the standard gradient satisfies the condition Vgsu # 0. We say that a

point p € ¥ is called characteristic if
Vau(a, A\, t) .= (Uu, V)@ = (0,0). (8.2)

Our study will be local and away from characteristic points of 2. We may also define the

characteristic set of 3 as
C(¥) ={(a,\t) € ¥:Vgu(a,\t)=(0,0)}. (8.3)

We follow the notation adopted both in the book of Capogna, Danielli, Pauls and Tyson [17]
and in the work of Balogh, Tyson and Vecchi [13], and we define first

p=Uu, q=Vu, r=W¢u.

We then define

(8.4)

In particular p? + g% = 1. By looking at (8.2) it is straightforward that all the functions in
(8.4) are well defined on ¥\ C(X).
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Definition 8.1.4. Let ¥ C (AA, g.) be a regular surface and let u : AA — R be as above.

The Riemannian unit normal ns, to X is

Ve
nE = —u :]9_6U+¢V+T_6W67
IV eull

where Vou = (Uu)U + (Vu)V + (Weu)W€ is the Riemannian gradient of w.

Definition 8.1.5. Let ¥ C (AA, g.) be a regular surface and let u : AA — R be as above.
We introduce the mowving frame comprising the ordered vector fields { Ey, Fy, ny}, where Ej,
FE5 are given by

Ey=—-qU+DpYV,

and
l

Ey = l—(m—oU +7qV — We).
For every point (a, A, t) € X we observe that {(E1)|@ax), (E2)|ary} is an orthonormal
basis for the tangent plane T{,>. We also notice that for every point (a,\,t) € X the
normal vector (ny),x is orthogonal to T, X. Later on we will make use of the two

following

Lemma 8.1.6. Forp, q, . and 7. as above, we have

le = [|[Vgul, ase— 07, (8.5)
7e—0, ase—0", (8.6)
% —0, ase— 07, (8.7)
Te Wu
— = — 0 8.8
N2
Te (Wu)?
— | = =5 — 0" 8.9
() = o = &
Te w
r h ase— 0T, (8.10)

e d[Vaul
Proof. All the limits and the asymptotic follow directly from the definitions in (8.4). H
Lemma 8.1.7. Let us define
HY =U(p) +V(@), Q"=U@-V[).
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then the following identities hold:

nx(@) = (U/1)(=gQ" +TW(p)),
ns(@ = (/1)@EQT +TW(q)),

E\(p) = —qH",

Ei(@@) = pH",

Exp) = (U/l)(-TgQ" — W (p)),
B(g) = (/I)FpQ" — W)

Proof. Applying U or V to the identity p* + ¢% = 1 we get
pU((P) =—-qU(g) and pV(p)=—-qV(2).

Now, by making use of the latter two relations, one recovers the identities from the statement

through straightforward verifications. O

Let us consider three differential 1-forms given by

oAy
2)\,(4}2—2)\, 6*67

w1 =
we define the moving coframe as the ordered differential 1-forms {ay, as, ax} given by
Q= —(qwit+Ppws,
ay = (I/I)(Fpwi +Tqws —be), (8.11)
ay = (l/lﬁ) (ﬁwl +§w2 +F(96) R

We observe that the moving frame { £y, Ey, ny} is related to the moving coframe {ay, ag, as}

via the duality relations:
041(E1) =1, O~’1<E2) =0, al(nz) =0,
O{Q(E ) = O, GfQ(EQ) = ]_, Oég(ng) = O,
Oég(El) = 0, Oég(Eg) = 0, Oéz(ﬂg) =1.

[y

A direct calculation leads to the following
Proposition 8.1.8. Let wy, wo, ¥, ax, a; and as be as above, then it holds:
wi = (I/l)pas —gar + (I/1)T P as,

Wy = (l/le)qail + pay + (l/le)Faa%
06 = (l/le)(TOéz — &2).
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Moreover,

w Awy = (I/l)(as Aoy —Tag A ag),
wl/\ee = (l/lE)GFag/\al—ﬁag/\a2+(l/le)§a1Aa2,
wa N = —(l/l)pTas Aoy —Gas ANag — (/1) Dag A as
and
dwl = (2[/[&(012/\&1-?&1/\&2),
dWQ = O,

df. = (2l/(ele))(as Aoy —Tag A ag).

Proposition 8.1.9. Let aq, as and ax be as above, then the differential 2-forms doy, dos

and day, are given by:

dOél = Alag/\a1+A2ag/\ag+A3a1/\a2,
dOZQ == BlOéz/\O./l—f—BQOéE/\OéQ—f-BgOél/\OéQ,
dag = Cl as N\ aq +CQ ax /\ag,

where

A = (/L) (H" —27),

Ay = qgW(p) —pW ),

Az = (/1) (—r(H" - 27)),

By = 7TE(log(l/1)) — Ei(T) — 2/e,

By, = nx(log(l./l)) — FEy(log(l. /1)) — Ey(7),
Bs = Ei(log(l/1)) +7(2/e),

(
Cl = E1 (log le) s
Cy = Es(logl.).

Proof. Since ax, = du/l., we have

das, = —(1/1%)dl, A du

ax A d(logl.)

E1 (IOg lE) as A aq + EQ(lOg lg) as A\ as.
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Next,

doy = —dgNwi+dp A\ wy— Gdw; + pdws
= —(n=(@oas + E1(@ou + Ex(q)az) A ((1/l)pas — qon + (1/1)7 pas)
+ (nx(p)ax + Ex(p)ar + Ex(p)az) A ((1/1e)gos + pon + (1/1)T qas)
—q(2l/1) (as Nag —Tag A az).

By using the identities from Lemma 8.1.7 we proceed as follows: the component which

multiplies to ax A g is

A = gne@ +Prs@) + (/1) (PE@) — TE(P) + (1/1)(~29)
= (/1) ("~ 27).

Similarly, the component which multiplies to as A ag is

Ay = (/le) (=Tpns(q) +Tans(p) + PE(7) — TE2(D))
= gW®) —pWQ).
Finally, the component of oy A ag is

Az = (I/l) (F(@EL(p) — PEL(Q) +27)) — qE2(q) — DE2(D)
= (/1) (~7(H" - 27)).
The formula for da; then follows. Finally, to calculate das, we observe first that

_ le
ay =Tay — — 0.,

[
hence
dos = dF Aas +Tdas — d(l/1) A8, — (I/1)d6.
= (nx(T)as + E1(T) ag + E3(T) an) A ax
+7E1(logle) as A oy +TEy(logle) as A ag
— (ns(l/l) as + E1(l/1) ar + By (I /1) ao) A ((1/1)Fas — (1/1) az)
—(2/e)(as Nag —Tag A az)
= —FE(F)as Aoy — Ey(F) as A ay
+7E1(logle) as A o +TEy(logle) as A ag
+7E (log(l /1)) as A ag + (ns(log(l. /1)) + TE2(log(l./1))) as A az + E1(log(l./1)) aq A g
—(2/e)(as Nag —Tag A ag)

and thus our formula for das. O
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Corollary 8.1.10. The Lie brackets [nx, E;], i = 1,2, and [Ey, Es|, are given by

[nz, E1] = —Ciny — A1E, — B, By,
[712, E2] = —Cyny — AyEy, — BoFy,
[El, Eg] == —A3E1 - B3E2.

Proof. We will only calculate [Ey, Fs|, as the other two identities are analogous. We have
(B, Bb] = as([Er, Es]) ns + ai([Er, Ea]) By + (B, Ey)) Ea.

On the other hand Proposition 8.1.1 yields to

das(Ey, By) = —as([B, Ey)),
doy(Ey, Ba) = —aq([Ey, By)),
doy(Er, Ey) = —as([Ey, Eb)),
and our formula follows. O]

In order to proceed with the next results we need the following

Definition 8.1.11. Let us denote by V the Levi-Civita connection of (AA, g.) defined
and let us consider the moving frame {Fy, Fy,nx}. Let j € {1,2}, k € {1,2,3} and let
Xy € {E1, Ey,ny}, we define the connection 1-forms 77;c to be the skew-symmetric differential
1-forms such that

H(E) = —9.(Ve, Xy, E;), i€1,2.

Now we formulate a statement known as Cartan’s first structural equation, see Chapter
12.6 in Clelland’s book [20].

Proposition 8.1.12. Let oy, ay and ayx be defined as above, let j € {1,2}, k € {1,2,3} and

let né-“ be the connection 1-forms. Then it holds

doy = 1; Nag 17 Aas,
dOéQ = —77% N aqp + 77; N ay,
doy = —nf Naq — ng’ A Q.
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By writing the connection 1-forms 7} with respect to the moving coframe {ay, as, ax}

we have
o= ()1 a1+ ()2 s+ (n7)3 o
o= )i ar+ ()2 aw + (0})3 as
my = ()1 ar+ (m3)2 a2+ (13)3 as,

then combining Propositions 8.1.9 and 8.1.12 we get

M1 =A4s, (D) — (i) =42, (ni)1=—4,
(m)s+ ()1 = —B1, (13)2=—Ba, (n7)2 = Bs,
(m)s =—=C1, (B)s=—Ca  (n7)2 — (13)1 = 0.

The latter relations result in

A, — B
o= A3C¥1+B3CY2+%&2,
—A, — B
77? = _A10é1+—22 lag—C'lozg,
—A, — B
’I’]g = %O&l_BQQQ_OQOKE.

We are in the position to formulate Cartan’s second structural equation (see again |

the following

Proposition 8.1.13. Let n?, n? and n3 be the connection 1-forms.

curvatures are given by
KBy, E) = n3 An(By, o) — dni(Ey, E»),
K'(Ey,ns) = —dn}(Ei,ns) —n3 Ani(Ei,ns),
K (Ey,ns) = 0} Ani(Esns) — dns(Ea,nyx).

(8.20)

]) with

Then the sectional

We apply the previous Proposition to the specific connection forms given by (8.20) and

write the sectional curvatures explicitly with the following

Proposition 8.1.14. Let ¥ C (AA, g.) be a reqular surface and let u : AA — R as above.
Let {E1, Ey,nx} be the associated moving frame and let Ay, Ay, As, By, By, Bs, C1 and Cy

be given by (8.12). Then the sectional curvatures are given by:

2

KB, B = —E1<Bz)+E2(A3)—A§_Bg+@
[g 2
E(Elynz) = Ei(C)) —nx(A) — A% — 012 4 @

K Ay + By)?
(Es,ns) = Ey(Ch) —nx(Ba) — By — C3 + %
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At this point we define the second fundamental form II° of the embedding of ¥ into
(AA, ge):

I — —9:(Vgns, E1) —g.(Vgns, E)
_gC(VEE'QnE7 El) _gC(VEE'QnE7 E2)

By making use of the connection 1-forms given in (8.20), the explicit computation of the

second fundamental form in our case gives

IIG _ 77:13(E1) ng(El) o _Al _%(A2+B1)
n3(Ev) 3 (Ey) _%(AQ + By) —B;
The Riemannian mean curvature H€ of ¥ is

H := —Trace(II°) = A; + Bs. (8.21)

By means of the Gauss equation (see Theorem 2.5, Chapter 6 in do Carmo’s book [23]) we

have that the Riemannian Gaussian curvature K€ is

K¢ := K (Fy, Fy) 4 det(II°) = Ey(Bs) + Ey(As) — A2 — B2. (8.22)

8.2 The horizontal mean curvature

We begin this section with the following

Proposition 8.2.1. Away from characteristic points, the horizontal mean curvature H° of

a surface ¥ C AA is given by

HO:IimHG:U( Uu >+V< Vu ) o Vu (8.23)

0+ IV ] IVaull ) "IVl

Proof. By definition
H€ == Al -+ BQ,

where we comply with the notation (8.4) and from Lemma 8.1.7. The result now follows by

using the e-estimates from Lemma 8.1.6, indeed
A+ By, — HY — 27
ase— 0. O

We provide the following list of examples

82



Example 8.2.2 (Planes in AA). We look at the horizontal mean curvature for a plane P
in AA given by

P={(a,\t) € AA:u(a,\,t) =a— (c1 A+ cat) = 0}
with ¢p, ¢ € R. By using (8.23) we obtain that

2Mc+3) —
AN + (1= 2002

HO = 861 /\2
This evidences that not all planes have costantly zero mean horizontal curvature, but
H°(p) =0 for all p € ¥ if and only if ¢; = 0.

Example 8.2.3 (Surfaces independent in A ). Let f : R* — R be a C*-smooth function and

we consider the surface ¥ given by
Y =A{(a,\t) € AA u(a, A\ t) = f(a,t) =0}

and we assume there are no characteristic points. The latter assumption, combined with
the fact that Vu = 0 identically implies that Uu # 0 for every point of 3;. Without loss of

generality we can assume Uu > 0, thus having ||V gul| = Uu and obtaining that
Uu
0 (o) =
IV ]

H = 0.

Recalling that Vu = 0, we conclude

Example 8.2.4 (Graphs independent in ¢ ). Let f : (0,00) — R be a C%-smooth function

and we consider the surface Y5 given by
Yo ={(a,\t) € AA :u(a, \,t) =a — f(\) =0}.
Then by the formula (8.23) we have
o _ RO = ()
(AN (f'(A)? + 1)z
Solving the equation H" = 0 is equivalent to the o.d.e.
IO = f'(N) = 0.

Hence the surfaces satisfying H® = 0 are described by

1
fc1,62<>‘) = :l:§ arctan ( c, 00 € R

A
/—Cl — )\2) +C27

The existence of surfaces of this type is prescribed in the slice (A, t) € (0, ¢;) x R thus giving

Yo ={(fo.cc(N), A\ E) € AA: X € (0,¢1), t € R}
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8.3 The intrinsic Gaussian curvature

We start by providing the following

Proposition 8.3.1. Away from characteristic points, the intrinsic Gaussian curvature K°

of a surface ¥ C AA is given by

Wu Wu 2
K°= lim K= —2F (—) —4 ( ) . 8.24
o '\ [Vl IVl (8:24)

Proof. Directly from the definition we have
K= —FE\(Bs) + Ey(A3) — A — B3,

where we adopt the notations from (8.4) and from Lemma 8.1.7. The result now follows

again by making use of the e-estimates from Lemma 8.1.6, indeed

2
—Ey(Bs) + Ey(A3) — A3 — B — —E, (2@) - (2@)

as € — 0T, O

Example 8.3.2 (Surfaces independent in a). Let f : H: — R be a C?-smooth function.
Then the surfaces ¥ given by

Y ={(a,\t) € AA:u(a, A\, t) = f(\t) =0}

have zero intrinsic Gaussian curvature. This is so because the function u is independent of

a. In particular for all cylinders Cg defined as
CR = {(a7)\7t) S AA ()\ — 1)2 +t2 _ RQ —_ O}7

where 0 < R < 1, we find zero intrinsic Gaussian curvature. On the other hand the cylinders

C, given by
Cr={(a,\t) € AA : u(a,\t) = (A — 1)2+a2 _R2— 01,

with 0 < R < 1, have intrinsic Gaussian curvature equal to

A(at + 4a2(X — 1)A2(3X — 2) + 4(A — 1)373)

K= —
(a2 + 4(\ — 1)2)2)2
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Example 8.3.3. The hyperbolic half-plane H{. embedded in AA given by
Ht = {(a,\,t) € AA:u(a,\t) = a =0}
has constant intrinsic Gaussian curvature
K’ =—4.
Example 8.3.4. For planes P given by
P={(a,\t) € AA:u(a,\,t) = Aa+ B N+ Ct+ D =0}, with A,B,C,D € R,
we have

(A% + 6A2C\ + 4A(2B? + 3C*)N\? + 8C(B? + C*)\?)
(A2 + 4AC\ + 4(B2 + C2))\2)2 '

We see that planes with A = 0 have zero intrinsic Gaussian curvature, planes with C' = 0

K°=—4A

have negative intrinsic Gaussian curvature equal to

A(A* + 8A2B2A?)

K°=—
(A2 + 432/\2)2

From the previous formula we see that all planes of type
{(a,\,t) € AA :u(a, \,t) = Aa+ D = 0},
have constant negative intrinsic Gaussian curvature corresponding to

K= —4.
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