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Abstract

The theoretical uncertainty of the anomalous magnetic moment of the muon Standard Model (SM) pre-
diction, a,, is dominated by hadronic inputs, more precisely by the hadronic vacuum polarization (HVP)
contribution. The increased tension between the ete™ — w77~ measurements as well as the discrep-
ancy between the data—driven approach and the lattice QCD result requires further investigation. On one
side, a model independent approach for the isospin—breaking (IB) effects in the Tr—scattering amplitude
can help clarifying the current situation. In this work, we derive the modifications to the Roy equations
for mm—scattering due to the charged—neutral pion mass difference, which is a first step towards a full
dispersive calculation of the radiative corrections for the process ete™ — w77 ~. On the other side, the

hadronic 7 decay, 7 — m7°

vr, provides an independent way to compute the HVP contribution to a.
Here we will present a dispersive approach to the evaluation of the IB corrections relating 7 — 77°v, to

ete” — w7, with a focus on the long—range corrections usually denoted by Grm(s).
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Chapter 1

Introduction

The Standard Model (SM) of particle physics is a predictive theory describing three of the four known
fundamental forces, i.e., electromagnetic, weak and strong interactions. This theory is one of the most
impressive successes achieved in science throughout the second half of the twentieth century and it has
been experimentally confirmed by the physics community as the theory of particles physics which best

describes a multitude of experiments, which have thoroughly tested it.

The muon anomalous magnetic moment, a, or muon g — 2, is one of the most precisely measured
quantities in particle physics and allows one to test Quantum Field Theory (QFT) in depth and with
great accuracy. With its electromagnetic, weak and strong interaction contributions, the theoretical pre-
diction of the anomalous magnetic moment of the muon is a very difficult quantity to compute. The
comparison between the theoretical and experimental results of the muon g — 2 sets severe limits on
the deviations from standard theory of elementary particles, the Standard Model, and, at the same time,
plays an important role to test physics Beyond the Standard Model (BSM). Indeed the current situation
regarding the measurement and the SM prediction of a,, is one of the most intriguing hints of new physics

beyond the SM.

On the experimental side, before April 2021, the experimental value was the one obtained at the E821
experiment at the Brookhaven National Laboratory (BNL). The discrepancy with the theoretical SM
result was 3.7 o [4-7]. In April 2021, the new experimental result of the Muon g — 2 experiment at
Fermilab (FNAL) confirmed the BNL value, bringing the combined BNL+FNAL difference between
the experimental and SM result to [8,9]

as® — a;M = 251(59) x 107, (1.1)
with a significance of 4.2 o, if the leading hadronic contribution is computed via the dispersive method,
i.e., the so called data—driven approach. This difference increased up to 5.1 ¢ when the new result from
FNAL (Run 2+3) was presented in 2023 [10]. However, this discrepancy is reduced if the first BMW
collaboration lattice QCD result [11] or the one obtained with the standard method but with the CMD-3
ete” — hadrons data [12] are employed. In June 2025, both the FNAL final experimental result [13]
and the theoretical one [14] were released, leading to a considerable decrease of the discrepancy between

the two values.

a® — abM = 38(63) x 107", (1.2)



2 Chapter 1. Introduction

where the very precise final experimental result reads

a® =116 592 071.5(14.5) x 10~"" (124 ppb) . (1.3)

However, the theoretical result released in the 2025 White Paper (WP25) [14] is obtained from the ex-
clusive use of the new, published leading—order hadronic vacuum polarization estimates based on lattice
QCD calculations. The data—driven estimate based on experimental ete™ — hadrons cross—section
measurements was not included due to the increased tension among the experimental inputs [12,14]. In

addition, a completely new low—energy approach to measure the muon g — 2 is being developed by the
E34 collaboration at J-PARC [15-17].

On the theory side, the long—standing discrepancy between the experimental measurement of a,, and
the data—driven SM prediction of the muon anomalous magnetic moment (before 2025) has kept the
hadronic corrections under close scrutiny for several years, since this hadronic uncertainty dominates that

of the SM value. In the data driven approach, the leading—order hadronic contribution to the muon

HLO
w

electron—positron annihilation at low energy. One of the main obstacles to reduce the error of the hadronic

g — 2, a;,; ", is usually computed via a dispersion integral using hadronic production cross sections in
contribution to a,, is the discrepancy between the experimental extractions of the pion vector form factor
from the cross section of the reaction ete™ — w77~ by using the initial state radiation (ISR) method
(BaBar, KLLOE and BESIII) or the energy—scan approach (SND, CMD-2, CMD-3). In particular, the
systematic error of the hadronic vacuum polarization (HVP) contribution to the magnetic moment of the
muon, aEVP, includes a non—negligible effect due to the tension between the high precision experiments
BaBar and KLLOE. In this scenario, since 2022, we can add the discrepancy between KLLOE/BaBar
and CMD-3 [12] measurements. At the current level of precision, a deep investigation of radiative cor-
rections for the process eTe™ — w7~ [18-20], which are implemented in Monte—Carlo generators
used in the experimental analyses, is required. Without going into details here, there are three main ap-
proaches used to compute these corrections: scalar QED supplemented by the pion VFF wherever pos-
sible (FxsQED) [21], generalized vector meson dominance (GVMD) [22] and dispersive approach [23].
While the first two approaches rely on models, the model-independent dispersive approach put the com-
putation of the radiative corrections to e e~ — 777~ on a more solid ground.

An alternative theoretical result for aELO

comes from lattice QCD computations which, however, shows
tensions with the data—driven one. The differences between these two theoretical results as well as the
ones among the different experiments for the eTe~ — hadrons cross section measurement, deserve fur-

ther investigation.

On one side, in view of a better understanding of the ee™ — 77~ cross section, in particular given
the recent increased tension among the experimental measurements, an investigation of the wr—scattering
amplitude, and of its isospin—breaking (IB) effects, is necessary. The two processes are related due to the
Watson theorem, which guarantees that the ete”™ — wtr~ and the nm — 7w scatterings are described
by the same phase, once the amplitudes are written in a partial waves expansion and if we consider only
7w intermediate states. Moreover, the understanding of the mm—scattering process is necessary since, for
a comprehensive description of the eTe™ — 77~ experimental cross section, rescattering effects are
important and need to be included. The m7—scattering amplitude is understood at a remarkable level of
accuracy, particularly at low energy and in the isospin limit [24—28]. Experimental measurements have
provided, on the one hand, necessary input to theoretical calculations [29] and, on the other, have con-
firmed the predictions for the S—wave scattering lengths [30-33] to the same level of precision. Whenever
experimental data are used, as input or for comparison with theoretical calculations done in the isospin



limit, it becomes necessary to remove isospin—breaking effects from the data. The effects that need to
be considered are: the emission of real and virtual photons, the up—down quark mass difference and
the charged—neutral pion mass difference. These effects can be investigated with a reliable and model—
independent approach in the region below 1 GeV. The approach is that of dispersion relations, but with an
approximation: intermediate states only up to two pions are considered while the contribution to isospin—
breaking effects of three or more pions or heavier states (K K, 1, etc.) with or without photons is simply
neglected. In fact, the 77 intermediate state represent the main channel and the isospin—breaking effects
result already in a small correction to the scattering amplitude, meaning that the contribution of higher
order states would be further suppressed. The main motivation for this analysis is to provide input for a
dispersive treatment of the same isospin—breaking effects for the vector form factor of the pion, an essen-
tial input for the calculation of the hadronic vacuum polarization contribution to the muon g — 2. Dealing
with isospin—breaking effects in this reaction, especially of final—state radiation, has so far been based on
models, in particular on scalar QED, with form factor effects taken into account in an ad hoc manner.
A dispersive approach can do better and provides a model-independent estimate of these effects, but
requires the mm—scattering amplitude, including isospin—breaking effects, as input. In this work, as a first
step towards a full dispersive calculation of the radiative corrections for the ete™ — w7~ process, we
will analyze the effects due to the charged—neutral pion mass difference in the dispersive analysis of the

7w scattering amplitude.

On the other side, the current problematic theoretical situation, i.e., the tension among the different
ete™ — mTm~ measurements and the discrepancy between the data—driven and the lattice QCD esti-
mates for the muon g — 2, requires new and more precise computation, both from an experimental and
theoretical point of view. In this sense, the study of the 7 decay provides an alternative and independent
way to compute this observable, since an analysis of the isospin—breaking corrections to this process in a
model independent way offers a completely new estimate of the eTe™ — 77~ cross section, and, ulti-
mately, the muon anomalous magnetic moment, which can help in clarifying the current situation. In fact,
a conserved—vector—current (CVC) relation between electromagnetic and weak form factors allows to re-
late the differential decay rate for the process 7 — 77’v, to the cross section o(ete™ — w77 7) in the
isospin limit. In this work, a model-independent dispersive approach to the computations of the isospin—
breaking effects in the 7 — 710u, decay, at (9(er2) in the chiral power counting, is presented, i.e., with
virtual and real photons included. In particular, results for the long—range corrections to the hadronic
T—decay, usually denoted by Ggm(s), will be presented. Up to now these effects were computed only
on a model-dependent basis [34-37]. Our model-independent approach set the understanding of these
isospin—breaking effects on a more solid ground.

The structure of this work is the following: chapter 2 reviews the QED, electroweak and hadronic
contributions to the anomalous magnetic moment of the muon, giving also an overview of the current
experimental and theoretical situation. The concepts of unitarity and analyticity which, coupled with
complex analysis, provide the central tools used in the calculations of this thesis, are introduced in chapter
3. Chapter 4 is a brief introduction to chiral perturbation theory. A detailed analysis of the properties of
the mr—scattering amplitude and explicit representations used in this thesis work are given in chapter 5.
In chapters 68, the model-independent dispersive approach to the mr—scattering is presented. We first
describe the formalism in the isospin—limit and then how this change once we consider isospin—breaking
effects. Then we explain how to solve Roy equations away from the isospin—limit and in Ch. 8, we show
the results. In chapter 10, we introduce the hadronic 7 decay as an alternative computation of the muon
g — 2. In particular, we work out the analysis in the xPT formalism. In chapter 11, we describe our
dispersive analysis of the virtual contributions to the process 7= — 7~ 7°v,, while in chapter 12 we
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compute the real emission contributions. The results for the muon g — 2 estimate accounting for isospin
breaking effects in the hadronic 7 decay are given in chapter 13. In chapter 14, conclusions and outlook
about this thesis work are drawn.



Chapter 2

The muon anomalous magnetic moment

In this chapter, we introduce the anomalous magnetic moment of the muon and explain how it is cal-
culated in the Standard Model. We review the current status of the anomaly between its theoretical
prediction and its measurement and we investigate all the SM sectors contributing to the theoretical

determination of the muon g — 2, i.e., electromagnetic, weak and strong interactions.

2.1 A brief historical overview

Besides charge, spin, mass and lifetime, leptons have other very interesting properties like the magnetic
and the electric dipole moments. Classically the dipole moments can arise from either electrical charges
or currents. An orbiting particle with electric charge e and mass m exhibits a magnetic dipole moment

e

5L (2.1)

KL =
where L = mr x v is the orbital angular momentum. Both electric and magnetic moments contribute to

the Hamiltonian of electromagnetic interactions of the particle:
H=—-p, B-d. -E, (2.2)

where B and E are the magnetic and electric field strengths and p,,, and d. the magnetic and electric
dipole moment operators. On one side, the search for a permanent electric dipole moment (EDM) has
been interesting physicists for decades: the detection of such a dipole would be a strong test of the time
reversal symmetry (T) since an EDM along the spin axis can exist only if T is violated. On the other side,
the magnetic moment is an observable which can be relatively easily studied experimentally from the
motion of the lepton in an external magnetic field. In 1925, Goudsmit and Uhlenbeck, in order to explain

the anomalous Zeeman effect [38,39], postulated that the intrinsic angular momentum (or spin) of the
eh
2mce’

the Bohr magneton. Usually the magnetic moments are measured in terms of g and of the spin operator,

electron was equal to %h and that, associated to this spin, there is a magnetic dipole moment pp =
S = %’, which replaces the angular momentum operator L:

fim = gQuo% : (2:3)
where o; (i = 1,2,3) are the Pauli spin matrices, @ is the electric charge in units of e and g is the gy-

romagnetic ratio (g—factor). Goudsmit and Uhlenbeck imposed this g—factor to be g = 2 to explain the

anomalous Zeeman effect. In the same year, Back and Landé [40], after numerous experimental investi-
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Figure 2.1: 1-loop QED vertex correction diagram

gations on the Zeeman effect, concluded that the magnetic moment of the electron (i, ), was consistent
with the Goudsmit and Uhlenbeck postulate. In 1927, Pauli formulated the quantum mechanical treat-
ment of the electron spin where g remains a free parameter [41]. In 1928, Dirac presented his relativistic
theory and predicted g = 2 for a free electron [42,43], twice the value g = 1 associated with the orbital
angular momentum. In 1947, Nafe, Nelson and Rabi [44] reported an anomalous value by about 0.26%
in the hyperfine splitting of hydrogen and deuterium, suggesting a possible anomaly of the magnetic
moment of the electron. This brings us to the definition of the lepton anomalous magnetic moment

_ 9 -
ap = 5

where l=e, u, 7. (24)

In 1948 Kusch and Foley [45], by studying the hyperfine structure of atomic spectra in a constant magnetic
field, presented the first precision determination of the anomalous magnetic moment of the electron
ae = 0.00119(5). In the same year, the theoretical result was computed by Schwinger who, by working
on the renormalization of QED, predicted the 1-loop QED (Fig. 2.1) contribution to the anomalous
magnetic moment [46]

aQEPW) % — 0.00116... , (2.5)

where « is the fine structure constant.

This contribution is due to quantum fluctuations via virtual electron—photon interactions and is uni-
versal for all leptons in QED. These theoretical and experimental results provided one of the first tests of

the virtual quantum corrections, called radiative corrections, predicted by a relativistic QFT.

2.2 'The muon anomalous magnetic moment

The theoretical computation of the anomalous magnetic moment of the muon, a, = g“T_Q, has been
interesting physicists for over 60 years. On one hand, the anomalous magnetic moment of the electron,
@, has been computed precisely and its agreement with the experimental result provided one of the early
confirmation of QED [47]. Moreover a. is almost insensitive to strong and weak interactions, provides

a stringent test of QED and, until recently, used to lead to the most precise determination of the fine—
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structure constant a. In the future, this observable will play an important role to test physics Beyond the
Standard Model (BSM) [48]. On the other hand, the long—standing discrepancy between the theoretical
computation and experimental measurement of the anomalous magnetic moment of the muon indicates
a,, as a better candidate to study BSM physics. The anomalous magnetic moment of the muon, a,,, allows
one to investigate all the SM sectors (electromagnetic, weak and strong interactions), providing a great
candidate to unveil BSM effects. If A indicates the scale of BSM, the contribution to the anomalous

2 2
magnetic moment of a lepton [, ay, is generally proportional to % [49]. This leads to a <%) ~4x10%
relative enhancement of the sensitivity of the muon versus the electron magnetic moment. Thus the
anomalous magnetic moment of the 7 would be the best candidate to investigate BSM effects, but the

short lifetime of this lepton makes such a measurement very difficult at the moment.

Before April 2021, the experimental value was the one obtained at the E821 experiment at the
Brookhaven National Laboratory (BNL) and the discrepancy between the BNL measurement and the
theoretical SM result was 3.7 o. In April 2021, the new experimental result of the Muon g—2 experiment
at FermiLab (FNAL) confirmed the BNL result, increasing the combined BNL+FNAL discrepancy
with the SM result to 4.2 o, if the leading hadronic contribution is computed via the traditional disper-
sive method with ete™ — hadrons data (see later). This discrepancy increased up to 5.1 o when a new
result from FNAL (Run 2+3) was presented in August 2023 [10]. On the other side, the BMW collabo-
ration lattice QCD result in 2021 [11] and the one obtained with the standard method but with the new
CMD-3 experimental result for e"e~ — hadrons data in 2022 weakened this discrepancy [12]. Between
May and June 2025, a new theoretical value [14] and the final experimental result from FNAL [13] for
the muon g — 2 were published, leading to a considerable decrease of the discrepancy between the two
results [14]:

a® — aSM(WP25) = 38(63) x 107! (2.6)

In contrast with the theoretical result in the WP20, where the leading—order hadronic vacuum polariza-
tion estimate for the muon g — 2 was obtained from a purely data—driven approach, the one released in
the WP25 [14] includes only the new, published lattice—QCD calculations for aELO, for which the results
from different collaborations are in good agreement (see Fig. 2.2). The data—driven estimate of aﬂ“‘o,
computed via a dispersion integral using the hadronic production cross sections in electron—positron
annihilation at low energy, was not included due to the increased tension among the experimental in-
puts [12,14], in particular between KLOE/BaBar and CMD-3 experiments (see Fig. 2.3 for a detailed

picture of the current situation of the estimate of aELO with the data—driven approach).
In this chapter a review of the theoretical prediction of a, in the SM is presented and all the three

contributions (QED, electroweak and hadronic) into which aEM is usually split, are analyzed. For detailed
reviews see [9,14,50-52].

2.2.1 QED radiative corrections

The largest contribution to the anomalous magnetic moment is of pure QED origin. The QED con-
tribution to the muon g — 2 arises only from the interaction of leptons (e, p, 7) with photons. As a

dimensionless quantity, it can be cast in the following general form [53,54]

aQ"P = Ay + A, <m“) + Ay (m“) + A (m“,m“> : (27)

Me T Me My

where me, m,, and m; are the masses of the electron, muon and tau, respectively. The term A, arising
from diagrams containing only photons and muons, is mass independent and is therefore universal for all

three charged leptons. The contribution As is a function of the indicated mass ratios and only shows up if
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Figure 2.2: Compilation of lattice results for the flavor contributions to aELO. Upper—left: light—quark
connected aI:LO. Upper—right: strange—quark connected aELO. Lower—left: charm—quark connected
aELO. Lower—right: quark disconnected CLELO. The light blue bands correspond to “Avg. A” computed

as explained in [14]. Results not included in the average are denoted by unfilled symbols. Figure taken
from [14].

an additional lepton loop of a lepton different from the muon is involved. This requires at least two more
loops: an additional electron loop Ay (m,,/m.) or an additional 7—loop Ag (m,,/m). The first produces
large logarithms o In (mi /m?) and accordingly large effects, while the second, because of the decoupling
of heavy particles in QED-like theories, produces only small effects o< (mi/mg) The renormalizability
of QED guarantees that the functions 4; can be expanded as a power series in /7 and computed order
by order

A, = A? (O‘) +AW (9>2 +A© (9)3 +A® (3)4 ¥ (2.8)

T ™ T

T
One—loop contribution

Only one diagram (Fig. 2.1) is involved in the evaluation of the lowest—order contribution and it provides
the famous result obtained by Schwinger AgZ) = 1/2. The Lorentz structure of the vertex correction
is given by the three—point function —iel'* = (1pA*)), where 1 (1) = 1) is the (barred) spinorial
representation of the fermion, A is the vectorial representation of the photon and e is the electric charge.
As a first step we assign a 4—momentum p to the incoming particle, a 4—momentum p’ to the outgoing
particle and we define the transferred 4—momentum ¢ = p’ — p (Fig. 2.1). This brings us to the spinorial
representation u(p) for the incoming particle and u(p’) for the outgoing one in momentum space. In
general, I'* is some expression that involves p, p’, ¥* and constants like the mass of the particle, m, and

the electric charge, e. We can narrow down the form of I'* by appealing to Lorentz invariance. Since I'*
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Figure 2.3: Dispersive theoretical predictions for aELO, based on various measurements of eTe™ —
7T~ (percentages of the integral covered by each measurement are shown), and for the three approaches
“CHKLS;” “DHMZ, and “KNTW?” (see [14] for details).The gray band indicates the result from W20,
including the error inflation due to the BaBar—-KLLOE tension. The experiments above the dashed line
entered the result for WP20, whilst those below are new measurements since then. Figure taken from [14].

transforms as a vector, it must be a combination of the vectors listed above:
—ieu(p")["u(p) = —ieu(p’) [y - A+ (p" +p*) - B+ (" —p") - Clu(p), (2.9)

where A, B and C are functions of the transferred squared momentum ¢*. From the gauge symmetry of
the theory, the Ward identity, ¢,I'* = 0, can be applied and the only term that does not automatically
vanish is the one proportional to C, so C' must be zero. The last step is to apply the Gordon identity to

obtain )
i q,
2m

—iea(p )T (p', pu(p) = —ieu(p’) |v"Fi(q*) + Fa(q®)| ulp) , (2.10)
where ot = % [v*,~"] is the spin—1/2 angular momentum tensor, while F; and F; are unknown func-
tions of ¢? called (electric) Dirac and (magnetic) Pauli form factors, respectively. In the static limit
(¢*> — 0) we have

Fi(0)=1 and F(0)=aq. (2.11)

The first condition is the charge renormalization condition, while the second relation is the finite value of

the anomalous magnetic moment of the lepton .

By explicitly evaluating the one—loop contribution to the muon vertex function we can prove the
Schwinger result A?) = 1/2. We assign the particle momenta as shown in Fig. 2.1 and by applying
the Feynman rules listed in App. A, we obtain

i oy R V(g + K+ M)y (E+ M)y,
)T ulp) = i [ e e R £ s T T
(2.12)

where the +ie terms in the denominator are necessary for proper evaluation of the loop—momentum

integral. This integral can be computed using the Feynman parameters technique: squeeze the three
denominator factors of Eq. (2.12) into a single quadratic polynomial in k, raised to the third power; shift
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k by a constant to complete the square in this polynomial and evaluate the remaining spherically symmetric
integral. The price to pay is the introduction of auxiliary parameters to be integrated over. After some

lengthy calculation we obtain

4 1
d§4/ dxdydzé(z+y+zfl)l
0

u(p' )T (p,p")u(p) = *i62/ or D3

x u(p) [’y” : <—;l2 +(1-2)(1 -y + (1 -4z + ZQ)MQ)

+ mo Y, (2M?2(1 — z))] u(p) , (2.13)

where D =12 — A +ieand A = —2yq® + (1 — 2)2M2. The decomposition into form factors [55] is now

manifest and in particular, after performing the integration in d*l we obtain
2m?2(1 — 2)

m2(1 — z)? — zyg?

Fy(¢®) = %/0 dedydzd(z+y+2-1) { } +0(a?), (2.14)

and, in order to compute the muon anomalous magnetic moment, we have to set ¢> =0and get

a, = Fy(0) = / dedydzd(z+y+ 2 — )[m]

/ dz/1 ’ % (2.15)

This result, together with the higher—order contributions and the currently best value of the fine structure

constant, coming from the electron anomalous magnetic moment a, [56],
o (a.) = 137.035 999 1496(13)(14)(330) , (2.16)
leads to the value for the QED contribution to the muon g — 2 [14]
ad®P =116584718.8(2) x 107", (2.17)

where the higher—order effects are computed up to 5-loops [57] and the error quoted here is obtained by
combining the ones from the results of aSED computed for three different values of o, i.e., al(?ED [a(Cs)],
aBED [a(ae)] and af‘?ED [a(RD)] [14].

2.2.2 Electroweak contribution

The electroweak contribution to the anomalous magnetic moment of the muon is suppressed by a factor
(m,,/Mw)?, where My is the mass of the W boson, with respect to the QED contributions.

One—loop contribution

The one—loop electroweak contribution to the muon g — 2 is due to diagrams shown in Fig. 2.4 and its

analytic form is

Gpm2 1 m?
EW 2 i
a, " (1 —loop) = YW 14— (1 — 4sin®0y)? + O <2, , , (2.18)
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Figure 2.4: Diagrams involved in the computation of the electroweak contribution at one—loop to the
muon g—2, where v,, is the muon neutrino and ¢ is a scalar.

where Gp = 1.16637(1) x 1075 GeV~2 is the Fermi coupling constant, Mz, My, and My are the
masses of the Z, W and Higgs bosons, respectively, while 0y is the Weinberg angle. The numerical
result is [14]

apV (1 —loop) = 194.79(1) x 10~ . (2.19)

Higher—order contributions

The two—loop electroweak contribution to a,, [58,59] leads to a significant reduction of the one—loop
value. This contribution appeared to be of fundamental importance [60] and the correction turned out
to be enhanced by a factor In(Mz w /my), where my is a fermion mass scale much smaller then My . In
QED, diagrams with an odd number of photons attached to a loop do not contribute due to the Furry’s
theorem and the yyy—amplitude vanishes. In presence of weak interactions, because of parity violation,

contributions from the two orientations of the closed fermion loops do not cancel such that the yyZ,

EW
m

fermionic and a bosonic part: the first one includes all the two—loop EW corrections containing closed

~ZZ and yWW amplitudes do not vanish. The two—loop contributions to a;;" is usually split into a

fermion loops, whereas all other contributions are grouped into the second one.

Summing up all the results, the electroweak contribution to the muon g — 2 is [14]
ap" =154.4(4) x 107" (2.20)

The updates with respect to the result in [9] are related to more accurate measurements of input parameters
entering Feynman diagrams, leading to reduced parametric uncertainties, and to improved determination

of hadronic EW contributions [61].

2.2.3 Hadronic contributions

In this section we will analyze the contribution to the muon g — 2 arising from QED diagrams involving
hadrons, which dominate the uncertainty in the SM value [62—64]. The main effect comes from the
O(a?) hadronic vacuum polarization (HVP) insertion in the internal photon line of the leading one—loop
muon vertex diagram (Fig. 2.5), in particular from the 77 intermediate state. It is this contribution that is
linked to the pion vector form factor Y and to 77 scattering [65-68]. Similar representations have been
used more recently [69-72], in particular on a dispersive approach to hadronic light—by—light (HLbL)
scattering [73—78], where the space—like form factor determines the pion—box contribution. Moreover, 77
scattering plays a crucial role in many hadronic quantities that enter HLbL scattering, e.g. in y*v* — 77
[79-82] or the ¥ [83-89] and 7, i’ [90-95] transition form factors, with recent extension to the 7
system [96, 97].
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Figure 2.5: HVDP contribution to the muon anomalous magnetic moment

Leading—order hadronic contribution

HLO
a, ",

is due to the vacuum polarization correction to the internal photon propagator of the one—loop diagram

The hadronic leading order (HLO) contribution to the anomalous magnetic moment of the muon,

(Fig. 2.5). The computation of this contribution involves low—energy QCD for which the perturbative

approach can not be applied. A different approach to perform this evaluation was found by Bouchiat and

HLO +
“w

via a dispersion integral [98—101] (an introduction to analyticity, unitarity and dispersion relations will be

Michel [98]: using analyticity and unitarity, a can be computed from hadronic e™e™ annihilation data

given in the next chapter). The hadronic input for this contribution is encoded in the QCD two—point

function of the electromagnetic currents [102]
I, = ie? /d4$ (01 T{ 5L, ()7 (0)}10) = (9" — ¢"¢”) T (), (2.21)

where the Lorentz decomposition follows from gauge invariance. The current is defined by

2 0 0

Y i 1 p 1

Jem =", ¢=| d |, Q=50 -1 0 |, (2.22)
0 0 -1

and the sign convention is such that the fine—structure constant evolves according to

2 a(0) a(0)
a— o = = , 2.23
O TTI@) T0)]  T Ae@) -
where ¢? is the momentum of the internal photon line and Aa(q?) = —Rell,(¢?) with I (¢?) =

I, (¢%) — I0,(0). The renormalized HVP function IIj,(¢?) is analytic in the complex s := ¢2 plane
and satisfies the dispersion relation

_ s [ Im IIu(s")
Hh(s) = ; Llhr ds m s (224)

where in pure QCD the integral starts at the two—pion threshold, sy, = 4M2, since the threshold energy
necessary to produce a purely hadronic VP is (2M,)%. In QCD+QED, the 7% final state would be the
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first open hadronic channel and should define the lower limit of integration in the dispersion integral.
Unitarity also implies the validity of the oprical theorem thanks to which it is possible to relate Im ITj ()
with the experimentally measured cross section. Up to now, the LO HVDP contribution is computed using

the cross section for low—energy hadronic e™e™ annihilation, and this gives the relation

2
o(ete” — hadrons) = M—a% (1 + 2me) Im IIx(s) , (2.25)
s oe(s s

2
where 0(s) =1/1 — 47:1 . The HVP contribution to the anomalous magnetic moment of the muon can
then be written as [98,100]

amy,\2 [ ds .
GELO _ ( 3;) / = K (5)Rnaa(s) , (2.26)
Sthr

where the kernel function is

- 3s [z? oy (T+2H)(1 + )2 x? 1+z ,

K(s):m—z ?(Qfx)JrT ln(1+:z:)fx+? +1_$x lnz|, (227
with x = ig:gi; and whose behavior is shown in Fig. 2.6, while R}.4(s) is related to the hadronic cross
section by

35 s0.(s)
 4ma? s+ 2m2

Rhad(s) o(ete” — hadrons) . (2.28)

+

The usual ratio R, defined as the ratio of hadronic to muonic ete™ experimental cross sections,

0.95

K(s)
0.90 -

0.85 A
0.80 A
0.75
0.70

0.65

T
0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
s(GeV?)

Figure 2.6: Behavior of the function K'(s) in the interval s € [4M2,2 GeV2].

o(eTe™ — hadrons)

R(s) = dra(s)?/3s ’

(2.29)
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is not what enters the dispersive representation of the HVP contribution: the representation in Eq. (2.26),

with Egs. (2.27) and (2.28), where o(e*e™ — hadrons) depends on the HVP correction function ITj (),
2

l'l/,
of course the electron mass does not play any role but, for clarity, we have provided the expression of the

is exact. Rpad(s) and R(s) coincide for a tree—level muonic cross section and in the limit s > m?2, where
HVP contribution without any approximation. With this dispersive approach it is possible to overcome
the issues involving non—perturbative QCD computations appearing in the LO hadronic contribution to

+

a,. The ratio R(s), or equivalently Im IIj, (), are obtained from e*e™ annihilation data, which involves

a positive squared momentum transfer and so this is called zime—/ike approach.

Before quoting the final result for the HLO contribution to a,,, let us discuss in more details o(ete™ —

hadrons). This cross section can be determined in e™e™ annihilation, either in direct scan mode, where
the beam energy is adjusted to provide measurements at different center—of—mass (CM) energies, or by
relying on the method of radiative return, where a collider is operating at a fixed CM energy. At low
energies, the most important channel is the two—pion channel (details in the next section). This final state
stems mainly from decays of the p meson, with an admixture of the w. Precise measurements in the p
region come from CMD-2 and SND experiments but also from the KLOE and BaBar ISR analyses.
More recently results with the ISR method in the charm region and large—angle ISR tagging have been
obtained by BESIII. Sub—leading contributions arise from decays of the w and ¢ in the three—pion and
two—kaon channels, and from four—pion states with more complicated production mechanisms. The con-
tribution of these channels to the hadronic cross section is obtained from the CMD-2, SND and BaBar
experiments. Moreover, even—higher—multiplicity final states (up to six pions) and final states contain-
ing pions and kaon or the 7 have to be included in order to achieve an accurate description of the total
hadronic cross section. For energies beyond /s ~ 2 GeV, one relies on measurements of the inclusive
cross section or, alternatively, for energies above the 7 mass and away from flavor threshold, perturbative
QCD (pQCD) can provide a good approximation of the total hadronic cross—section. In this case, the
annihilation cross section has to be measured inclusively because of the large number of open exclusive
channels and precise results in the 2—4.5 GeV range are obtained by BESIII. The distribution of different
channel contributions and error squares from different energy regions can be found in Fig. 2.7.

HLO
m

In order to obtain a single estimate for a;,~", a combination of the different data must be performed,

1.0 GeVJ
0.0 GeV, o0 0.0 GeV, oo
9.5 GeV 3.1 GeV
3.1 GeV
2.0 GeV 2.0 GeV
1.0 GeV
contribution error?

Figure 2.7: Distribution of contribution and error squares from different energy regions. Figure taken

from [9].

taking into account the different energy ranges, the different binning, and a possible correlations within
and between data sets. The approaches to combine all the different data sets are mainly two: the DHMZ

approach uses the software package HVPTools which features an accurate data interpolation, averag-



2.2. The muon anomalous magnetic moment 15

ing, and integration methods, systematic tests, and a statistical analysis based on the generation of large
samples of pseudo—experiments. It allows for a comprehensive treatment of the correlation between
the measurements of one experiment, as well as inter—experiment and inter—channel correlations. The
KNT [103,104] approach provides a predominantly data—driven compilation for the hadronic R-ratio,
which is then used to predict the HVP contributions to precision observables such as a,,. Only after com-
bining the different experimental data for o(ete™ — hadrons), the integral for aELO

and the latest result for the HLLO contribution is [9]:

can be performed

a, "0 = 6931(40) - 10~ (2.30)

+e~ annihilation. This zzme—

where the error is mainly due to experimental measurements of hadronic e
like approach solves the long—distance QCD problems but it suffers from the experimental uncertainties
associated to the hadronic ete™ annihilation data. However, as said at the beginning of this chapter,
the HLLO data—driven contribution to a, needs to be investigated further due to the increased tension
between the different experimental results for o(e*e™ — hadrons).

An alternative evaluation of aELO can be obtained by lattice QCD calculations. Since the pioneering
works of Blum [105] and Aubin and Blum [106], and the seminal paper of ETM in 2011 [107] in two—
flavor QCD, many lattice calculations of aELO have been performed [11,108-122]. In addition to these,
there are now many works giving the individual windows and other contributions [123-131]. The new
combined lattice value reads [14]

a, "0 = 7132(61) - 107" . (2.31)

This result is the one considered for the final estimate of the muon g — 2 given in [14].

A few years ago, a new approach has been proposed to determine the leading hadronic contribution to
the muon g — 2, measuring the effective electromagnetic coupling in the space—/ike region via scattering
data [132]. This leads to the proposal of a new experiment, MUonE at CERN, to measure the differen-
tial cross section of muon—electron elastic scattering as a function of the space—/ike squared momentum
transfer ¢> = t < 0. The differential cross section of that process provides direct sensitivity to the O
hadronic contribution to a,. If we now consider the t—channel process described by the muon—electron

elastic scattering, we define the space—/ike squared four momentum as

a:2m2
t(z) = <0 2.32
(@) = —1 <0, (2.32)

where 2 € [0, 1], and, by recalling the dispersion relation for the hadronic vacuum polarization I (¢?) in
Eq. (2.24), and by imposing ¢ = t(x) < 0 we obtain [133]

«

1 1
aELO = g/0 dz(x — l)ﬁh[t(x)] = —/0 dz(z — 1)Aayft(x)] . (2.33)

™ ™

Two—pion intermediate state contribution

The contribution of the two—pion intermediate state, which accounts for more then 70% of the total

leading order effect, can be expressed in terms of the pion vector form factor (VFF)

(7 ()3 0) 7 (0)) = (0" + p)" FY (0 — p)?] , (2.34)
according to
_ _ a? 58+ 2m?
olete” = ntn™) = 3—503(5)|F7Y(3)| ou(s) (2.35)
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where 0 (s) = /1 — %. For a consistent counting of higher orders in «, radiative corrections need
to be taken into account, otherwise this would induce corrections at the same order as HVDP iterations or
hadronic light—by—light (HLbL) scattering. The idea is that the leading—order HVP includes not only the
hadronic channels but also the (one—)photon—inclusive ones. In particular, the lowest-lying intermediate
state is no longer the two—pion state, but the 7% state so that the HVP input corresponds to infrared—
finite photon—inclusive cross sections including both real and virtual corrections. With this convention,
the cross section to be inserted in Eq. (2.28) has to be inclusive of final-state radiation (FSR), but both
VP and initial-state radiation (ISR) effects need to be subtracted. The expression for the bare cross
section then reads

2
o (ete™ — 4* — hadrons(y)) = zggi o(ete” — v* — hadrons(v))
— |1 =%V (s)|* o(eTe™ — 4* — hadrons(v)) , (2.36)

where the running of « is determined by the full renormalized VP function in the SM, e.g. including the

lepton—loop contribution

S

2a (!
II = — ded(l—2)n|l—2z(1—-2)—| . 2.37
(=2 [ Mo a0 o 10— (237)
While the subtraction of VP effects may be taken into account afterwards thanks to the above equations,
the correction of ISR and ISR/FSR interference effects is performed with Monte Carlo generators in the
context of each experiment [134-137].

An alternative way to compute the two—pion intermediate state contribution is through the hadronic 7
decay, 7 — 7wy, Thanks to a conserved—vector—current (CVC) relation between electromagnetic and

%, can be related to the cross section o(ete™ —

weak form factors, the differential decay rate 7 — 7w
7t ™) in the isospin limit. In the case of the eTe™ — 77~ we have an electromagnetic neutral current
and a final state with isospin (I, I,) = (1, 0), while in the 7 decay we have a vector—axial vector charged
current and a final state with (I, I,) = (1, —1). Therefore, in the isospin limit, the purely hadronic cross
section for eTe™ — 777~ (with QED effects removed) can be related to the 7= — 7~ 7%, differential

decay width in this limit by

1 dr (7= — 7= 7%,)

e T = = ,

(2.38)

where constants and phase—space factors are collected in

N(s) = 3Vual® (1 - W‘;f (1 + 28) : (2.39)

- 2
2mam?

and further (electroweak) constants appear in

0 _ Gpm?
¢ 19273

(2.40)

Details on this alternative and independent approach will be given later in this work.
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Higher-order hadronic contributions

The O(a?) contribution to the muon g — 2 can be divided into two parts:

ap1® = a;1"O(VP) + a}"°(LbL) . (2.41)
The first term comes from diagrams containing hadronic vacuum polarization insertions into the internal
photon line, the second term is the hadronic light—by—light contribution. The results considering the
hadronic vacuum polarization insertions, aEHO(VP), were computed both at NLO and NNLO, whereas
the light—by-light contribution is computed at LO and NLO [14]:

ah"O(VP) = —99.6(1.3) x 1071, (2.42)
NNLO(VP) =12.4(1) x 10714 (2.43)

“O(LbL) = 103.3(8.8) x 1071, (2.44)
NLO(LbL) =2.6(6) x 1071 . (2.45)

For the LbL contribution, in analogy with the VD, the result obtained from lattice QCD needs to be
considered [14],
ay P (LbL) = 122.5(9.0) x 107", (2.46)

such that the combined (phenomenology + lattice) result for the LbL contribution reads [14]

a,(LbL) = 112.6(9.6) x 107 . (247)

2.24 SM prediction versus experimental measurement results

On the theory side, a result obtained considering all the contributions listed above was released in 2020 [9]
M(WP20) = 116 591 810(43) x 1071 . (2.48)

This result is computed by utilizing the data—driven result for the LO HVP contribution. The experimen-
tal inputs for the hadronic cross section were combined thanks to the DHMZ and the KNT methods.
Since May 2025 a new theoretical result for the muon g — 2 is available and it reads [14]

M(WP25) = 116 592 033(62) x 1011 . (2.49)

This result is computed by considering only the lattice QCD result for the LO HVP contribution since
the increased tension between the different experiments measuring o(eTe™ — hadrons) prevent to per-
form a meaningful combination of the data. The discrepancy between the data—driven and the lattice
QCD values shows that resolving the tensions in the data—driven estimations of the HVP contribution
is particularly important, and additional results combined with further scrutiny of theory input such as
from event generators should provide a path toward this goal.

On the experimental side, the measurement of the anomalous magnetic moment of the muon is obtained
by injecting polarized muons into a magnetic storage ring with electric vertical focusing. The measured
quantities are then the muon anomalous precession frequency and the magnetic field B in terms of the
proton nuclear magnetic resonance frequency. The first measurement was the one obtained by the E821
experiment at the Brookhaven National Laboratory (BNL) [4-7,138]:

a®P = 116 592 140(80)(30) x 107 | (2.50)
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where the first error is statistical while the second is systematic. This result is in good agreement with the
average of the measurements of the muon g — 2 of positive muons [4-7,138], az)irp = 116 592 030(80) x
107!, as predicted by the CPT theorem. By combining these results, the new average is

aS™ =116 592 080(60) x 10~"" (0.5 ppm) . (2.51)

The comparison between the experimental measurement in Eq. (2.51) and the SM prediction in Eq. (2.48)
shows a discrepancy of 3.7 0. On April 2021, the FermilLab Muon g — 2 experiment revealed a new

experimental result for the anomalous magnetic moment of positive muons [8]:
au(FNALRun1) = 116 592 040(54) x 10~ (0.46 ppm) . (2.52)

This result differs from the SM value in Eq. (2.48) by 3.3 o and agrees with the BNL E821 result. The
combined experimental average (BNL+FNAL) is

%P =116 592 061(41) x 1071 (0.35 ppm) . (2.53)

The difference, a*® —aiM (WP20) = (251 & 59) x 10711, has a significance of 4.20. A new experimental

result of the muon g — 2 was released on August 2023, giving [10]
au(FNALRun 243) = 116 592 055(24) x 10~'* (0.20 ppm) . (2.54)
and the combined (BNL+FNAL) experimental average became
a® =116 592 059(22) x 10~'" (0.19 ppm) . (2.55)

yielding a discrepancy of 5.1 o with the data—driven theoretical result aﬁM(WPZO).
In June 2025, FNAL published the final experimental estimate of the muon g — 2 [13]

au(FNALo) = 116 592 070.5(14.8) x 1071 (127 ppb) . (2.56)
and the new experimental world average is now
aS® =116 592 071.5(14.5) x 10~"" (124 ppb) . (2.57)

At the current level of precision there is no tension between the latest SM prediction aEM (WP25) and
the experimental world average:

aS® — aSM(WP25) = 38(63) x 107! (2.58)
However, by comparing the uncertainties of Eqs. (2.57) and (2.49) it is apparent that the precision of the
SM prediction must be improved by at least a factor four to match the precision of the current experimen-
tal average. In this sense, progresses on both data—driven and lattice methods applied to the hadronic

contributions are necessary. A plot of the experimental results compared with the current theoretical

situation can be found in Fig. 2.8.
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Figure 2.8: Summary of the current SM prediction for a,, in comparison to experiment (red band and
data point). The final WP25 prediction is denoted in black and via the blue band, it derives from the
L.O HVP result defined by the lattice QCD “Avg.1” shown in blue (see [14] for details). The gray band
indicates the WP20 result, based on the eTe™ experiments above the first dashed line. Figure taken

from [14]



Chapter 3

Unitarity and Analyticity

Unitarity is a very general property of any quantum field theory: starting from an initial state, the prob-
ability of any outcome to happen must always be equal to one. This translates into the unitarity of the
so—called S—matrix that relates any initial to any final state of a process. Together with the principle of
maximal analyticity, unitarity allows one to determine the analytic structure of a scattering amplitude.
Complex analysis can then be used to make predictions even when perturbative methods are not valid, as
in the case of QCD at low energy. In this chapter, we introduce the concept of unitarity and analyticity

and derive some important tools used in this thesis.

3.1 S—matrix unitarity

Following Peskin and Schroder [139], let us consider a generic scattering process. In the Schrodinger
picture, we denote the initial state at time ¢; as |¢,¢;) while the final state at time ¢y as (f,t¢|. In the
Heisenberg picture, the time evolution of the states is collected into an operator, called the S—matrix

defined as
<f|S|7/>H = <f’ 00‘7;, _OO>S . (31)

The S—matrix is defined assuming that all the interactions happen in a finite time interval, so that at
asymptotic time, ¢ = £00, the states are free of interactions and they are called asymproztic states. Using
the Born postulate, we can calculate the probability that the system ends up in an arbitrary state |I) in

terms of the S—matrix elements:

Py =) = 14USIa)* - (3:2)

In a free theory, the S—matrix is simply the identity matrix 1. Therefore we can write S = 1 + 4T, where
T is called the transfer matrix and contains the information about the interaction. Since the S—matrix

would vanish unless the initial and final states have the same total 4-momentum, we can write

T = (27)%6* (Z P pr;) M, (3.3)

where p!' and p’; are the initial and final particles’ momenta, respectively. Then, the non—trivial part of

the S—matrix reads
1T = i(2mytst (Do plt = S0 wh) Mys (34)
where My; = (f|M]i) is the transition amplitude describing the process i — f.
From the conservation of probability it follows the unitarity of the S—matrix, STS = SSt = 1, which

20
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can be written in terms of the transition amplitude as
—i(T -TY =T'T. (3.5)

One of the most important implications of unitarity is the relation between scattering amplitudes and
cross sections called the oprical theorem. Sandwiching the left—hand side of Eq. (3.5) between (f| and |)

gives
(fli(TT = T)li) = ii|T|f)* — i(fITd)
— im0t (3o ph = D) M = i) = MG = )] - (3.6)
By using the completeness relation

1=>" / dIL, [n)(n]| , (3.7)

we get

ST =S / dIL, (f|T ) (| i)

n

= S @05 s~ pa) 205 (i~ pa) [ AILMG MO ) B
Thus unitarity implies
M= =M (f o) =i /(27T)454(pi )M = )M (f =) . (3.9)
An important special case is when |i) = |f) = |A), for some state A. Then
2mM(A - A) =iy / dIT,, (27)*5* (9 — pr) | M(A = )2 | (3.10)

If | A) is a two—particle state,

ImM(A — A) = 2Ecupil Y o(A—n), (3.11)

where Fcy and |p;| are the total energy of the system and the modulus of the three—momentum of any
of the two external particles evaluated in the center—of—mass frame, respectively.

From Eg. (3.10), we see that in order to obtain the imaginary part of a given transition amplitude M,
we need to sum over all intermediate states allowed by the symmetries of the process. There might be an
infinite number of them so the idea is to identify which intermediate states are dominant in the process.

There is only a finite number of them to be considered so we can truncate the series and ignore the rest.

3.2 Partial wave expansion of scattering amplitude

Let us consider the process ¢1(p1)d2(p2) — ¢3(ps)da(ps) where the particles ¢; have masses m; and
four-momenta p; = (E;,p;) with i € {1,2,3,4} and, for simplicity, no spin. The four particles are
on—shell:
2 _ 2 _ ;2 2
p; =m; =E;+p;, 1€{1,2,3,4}. (3.12)
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The kinematic of the process is described by the following Mandelstam variables

=(p1+p2)* = (ps +pa)?,
(P —p3)* = (p2 — pa)?, (3.13)
u =(p1 *P4)2 = (p2 *P4)2 .

s
t

and thanks to the on—shell relation .
stttu=> my, (3.14)
i=1
the scattering amplitude depends on two out of three invariant Mandelstam variables in addition to the
masses of the particles. We can express the amplitude in terms of the squared center—of—mass energy s
and momentum transfer ¢ which depends on the scattering angle 6, between an incoming and an outgoing

particle in the center—of—mass frame of s. Then the relation in Eq. (3.4) becomes

(63(3)Da(pa)|T|b1(p1)p2(p2)) = (2m)*6W (p1 + p2 — p3 — pa) M(s,t(65)) . (3.15)

This scattering amplitude can be expressed as a partial-wave expansion which is based on angular momen-
tum conservation and it is possible because the Legendre polynomials P;(z) form a complete orthogonal

set. We can then write the amplitude as

M(s,(0)) =Y (20 + 1) Py(cos 0,) fu(s) - (3.16)
4

Note that this particular representation includes spinless particles. For particles with arbitrary spins, this
relation can be generalized using Wigner d?,(6) functions.

The partial waves fy(s) only depend on the centre—of—mass energy squared and they represent transition
amplitudes between states of identical angular momentum ¢. In order to single out a well-defined partial

wave, one can simply project the amplitude by integrating over 25 := cos ,:

1
fls) = 3 [ deM(s 2 PuCa) B.17)

This relation holds because the Legendre polynomials for an orthogonal basis are normalized as

1
2
/1 dZSPg(ZS)Pg/(ZS) = méal . (3.18)

In the elastic region, where the intermediate state is identical to the final state, the unitarity relation of the
scattering amplitude can be written as a unitarity relation for the partial waves in a very compacts form.
For simplicity, we consider intermediate states with only two particles with masses my,, ,. We define the
amplitude with initial state |i) = |¢1¢2) and final state |f) = |p3¢4) as My;, we write the unitarity

relation according to the derivation above and we expand the two amplitudes in partial waves:

TmM(s, 1) :(2@42% / AT (k)Mo M5,
n k

N/2(s,m2, . m3,)

-y / AR Moy (5. 1 - K)MS, (5. s - K) (3.19)

64m2s
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))\1/2(5 m2 ,m2.)

2€ + 1 26’ ni nx A N A~
_yy el T i 1 s [ AQ(R)Par K Pe (B ).

n L

where \(a, b, ¢) := a? + b* + ¢ — 2(ab + be + ac) is the Killen function, dII% is the 2-body phase space
integral of the intermediate state |n) and the partial waves f;'* correspond to the scattering amplitude
M,;. In order to calculate explicitly the phase—space integral, we can expand the Legendre polynomials
in spherical harmonics as

4m

Pu(p-k) = 5725 ZzYzm P)Yom (k) - (3.20)
The orthonormality of the spherical harmonics,
/dQ(lA{)}/[m( )Yfm( )* 5@6’5mm/ ) (321)

allows one to project Eq. (3.19) on the partial wave of interest:

Tmfy(s) :%/_ dzImM (s, t(2)) Pi(2)

A2(s,m2  m2 e
:Z ( ) e (3.22)

167s

3.3 Watson’s theorem

An interesting conclusion can be drawn for the amplitude partial wave expansion if only purely elastic
final state scattering is considered. Let us write the partial wave expansion of the process f — f as

Myp(s,2) =Y (20 + 1)te(s)Pu(2) . (3.23)
4

Then, assuming |f) to be the only intermediate state in the sum of Eq. (3.22), the imaginary part of a

given partial wave is reduced to

)\1/2(3 m§7 m3)

Tmfe(s) = 167s

fe(8)ti(s) (3.24)

where m3 and my are the masses of the two particles composing the state |f).

The imaginary part of the partial wave must be a real quantity which means that the imaginary part of

the product f;(s)t;(s) must vanish exactly. By writing the partial waves in a complex exponential form

| fe(s)[e” ),
[te(s)le ), (325)

s
—~
V) »
~— ~—
H ||

the requirement that Im f,(s) must be a real quantity implies that §;(s) must be identical to the phase
0t(s) up to integer factors of 7. This is only true in the limit of purely elastic rescattering and below the

inelastic threshold. At higher energies, inelasticities must be accounted for as corrections to this relation.
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34 Cutting rules

A Feynman diagram yields an imaginary part for M only when the virtual particles in the diagram go on—
shell. For our present purposes, let us define M by the Feynman rules for perturbation theory. This allows
us to consider M (s) as an analytic function of the complex variable s = E2,, even though S—matrix
elements are defined only for external particles with real momenta. The appearance of an imaginary part
of M(s) always requires a branch cut singularity. Let so be the threshold energy for production of the
lightest multiparticle state. For real s below sg, the intermediate state cannot go on—shell, so M(s) is

real. Thus, for real s < sp, we have the identity
M(s) = [M(s*)]" . (3.26)

which is exactly the Schwarz reflection principle: if I' is a finite segment of the real axis and D a domain
of the complex z—plane whose intersection with the real axis is I" than any function f(z) which is analytic

in D and for which Imf(z) = 0 on I must satisfy the equation

(") =["(2), (3.27)

whenever z and z* both belong to D. f(z) is said to be a real analytic function in D.

Each side of Eq. (3.26) is an analytic function of s, so it can be analytically continued to the entire

complex s plane. In particular, near the real axis for s > so we get

ReM(s + ie) = ReM(s — ie) ,
ImM (s + ie) = —ImM(s — ie) . (3.28)

There is a branch cut across the real axis, starting at the threshold energy sq; the discontinuity across the
cut is
DisceM(s) = 2i(ImM (s + i€) . (3.29)

It is possible to prove that the discontinuities arising from a loop diagram give precisely the imaginary part
required by Eq. (3.9). Cutkosky showed that the discontinuity of a Feynman diagram across its branch

cut is always given by a simple set of custing rules [140]:

* cut through the diagram in any way that can put all the cut propagators on—shell without violating

momentum conservation,

* for each cut, replace — —2mid (p? — m?) and then perform the loop integrals,

1

p2—m?2+ie
* sum over all cuts.

It is important to notice that cuts are directional in the sense that cut particles should have positive energy

when flowing from the left to the right side of the diagram.

3.5 Dispersion relations

Let us consider the amplitude T'(s, t,u) of the process described in Ch. 3.2 for some fixed real value of
t [141], but now we also set m; = m. According to the principle of maximal analyticity, the amplitude
is analytic in the whole complex plane, except for the singularities originating from the unitarity relation.
From Eq. (3.10), Im T'(s, t,u) will be non—zero along the part of the real s—axis from 4m? to +00. We
also suppose that the energy spectrum in the u—channel is the same as that in s, which, in terms of s and

for real values of ¢, this is the part of the real s—axis from s = —oo to s = —¢. Thus, unitarity requires that
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Figure 3.1: Contour of integration in the complex s-plane

on the parts of the real s—axis from —oo to —t and from 4m? to +o0, Im T'(s,t,u) must be non—zero.
From the Schwarz reflection principle in Eq. (3.27), if T'(s, t, u) has to be analytic in a domain extending
both sides of the real s—axis and including the segment of the s—axis on which Im T'(s, ¢, u) is zero, then
Im T'(s,t,u) must satisfy

T(s*,t) =T"(s,t), (3.30)

provided s and s* both lie inside the domain of analyticity in s. For a physical process s, t and u will
all have real values. The convention adopted to specify the physical amplitude is to give a small positive
imaginary part € to whichever of the variables s, ¢ and u is associated with the energy of the physical
process and then let € tend to zero. Thus the physical amplitude for an s—channel process is the value
of the amplitude T'(s,t, u) just above the cut in the s—plane. Since T'(s,t,u) is defined in a completely
symmetric way, it can be continued from one physical region into that for crossed processes thanks to

analyticity.

3.5.1 Single variable dispersion relations

Let s1 be some fixed point in the s—plane and consider the following function of s

Fi(s,s1) = fs) (3.31)

For convenience of notation and to emphasize that T'(s, t) is a function of s with ¢ fixed, we have written
T(s,t) as f(s). The function Fi (s, s1) has the same singularities as f(s) with an additional pole, whose
residue is f(s1) at s1. By considering the contour in Fig. 3.1 and by applying the Cauchy’s theorem, we
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can write

/ ds 2 _oriris)). (3.32)
c s — 81

The contour C' may be separated into two parts, a circle of radius R with center at s = 0 and the
remainder which is made up of lines parallel to and close to the cuts on the real axis. If we suppose that

the contribution from the circle tends to zero, which is the case if | f(s)| — 0 for |s| — o0, Eq. (3.32) can

/ as i) [ g A ey (3.33)
s — 51 Am2

S — 81

be written as

where for real values of s, Im f(s) = Imf (s +i€) = 5; [f(s + i€) — f(s — i€)]. Since f(s) is only defined

above or below the axis, we must compute it at s + i€ and by using the relation

1 1 oy
Slfsiie_PS’75¥“T6(S —s), (3.34)
we obtain [141]
Ref(s):lp/ ds 1 (5 )+7/ ds S ) (3.35)
T Jam2 s'—s o )_ s —s

where P denotes the principal value defined by

* Imf(s) ,, .. ,Imf(s") JImf(s')
P[Lmz s’—sdszég%l+{[;mzd s’ —s +/s+5d s—s}' (3.36)

A relation of the type of Eq. (3.35) is usually referred to as a dispersion relation. Remember that f(s) is

just the amplitude T'(s, t) for some fixed value of t.

3.5.2 Subtraction in dispersion relations

If | f(s)| does not tend to zero sufficiently fast with increasing |s|, we cannot use the procedure adopted
above to obtain a dispersion relation. However it is still possible to write down a dispersion relation similar

to Eq. (3.35) if we suppose that [s~1 f(s)| — 0 like some negative power of s. Then we define

f(s")
(s —s)(s' —s1)

where s1 does not lie on either of the two cuts or coincide with either of the poles. Regarding F5(s'; s, 1)

Fy(s';8,81) = (3.37)

as a function of s’ we see that it possesses the same singularities of f(s’) and in addition two simple poles
at s and s;. The difference here from the unsubtracted dispersion relation is that, in order to determine
the function Ref(s), the value of the amplitude at the fixed point s1, usually called the subrraction point,
is needed. We then obtain the following dispersion relation:

p ° ds’ Imf(s") s—s [T ds’ Imf(s’) .
T am2 (8" —s1)(s' —9) T Js (8 —s1)(s"—5)

— 51

Ref(s) = f(s1) + - (3.38)
which is written for real s > —t. For real s < —t, the second of the two integrals would have to be
written as a principal value integral instead of the first and, of course, for —t < s < 4m? the P sign is
not necessary for either integral. A dispersion relation of the form shown in Eq. (3.38) is called a once—
subtracted dispersion relation. In Eq. (3.38), it has been assumed that s; does not lie on either of the two
cuts but, since this dispersion relation will describe physical quantities, the subtraction point must lie in

the physical region, i.e., on one of the two cuts. Of course f(s) is not defined actually on the cut, so we
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must specify whether we mean the value just above or just below the cut. Since f(s7) is to be a physical
amplitude, and supposing that it has to correspond to an s—channel process, we choose the subtraction

point to be s1 + i€, where s is real and greater then 4m? while € is small and positive. Because

1 1
_p im6(s —
s — 81 — i€ s’—51+m (5" = 1),
1 1
—Pp imd(s' — .
P p— slis—i—mé(s s), (3.39)
we see that
s—s1 [ ., Imf(s) ) s—$1 ° ,  Imf(s)
ds' ————F—— =il -1 P ds’' ——MmM—~F——
R A P e B A R AL Rl Ml Py
(3.40)

where P, in this case, means that a principal value of the integral is to be taken at each of the two poles
s and s1. So when the subtraction point s + i€ lies just above the right—hand cut, we obtain [141]

Ref(s) = Ref(s1) + *—5tp [ a0 L s=s / s — ) gy
T um2 (8" —s1)(s' — 9) (s' —s1)(s' — 5)
A particularly important choice is to take the physical threshold as the subtraction point, s; = 4m?. Than
it is no longer clear what the principal value of the integral at s; means. The procedure that has to be
adopted in this case is to define the principal value integral at s; = 4m? as the limit, as s; approaches
4m? from above, of the principal value integral at s1:

_ 2 o] !
STAM i P / ds — ) (342)
4

m s1—4m2+ m2 (S’ — 81)(SI — 8)

3.5.3 Double variable dispersion relations—the Mandelstam representation

Let us consider the elastic scattering of spin zero particles of equal mass m and let us assume that unsub-
tracted dispersion relations are meaningful. To display the symmetry between the s— and the u—channels
we rewrite this relation in the form

1 Im T(s',t 1 Im T'(t
T(S,t):,/ ds ,w+,/ du /M, (3.43)
T J4m?2 4m?2

s’ —s s u —u

where u = 4m? — s — t, for a fixed value of t. The dependence of the two integral terms on t comes
only through the numerators Im 7'(s’, t) and so the problem becomes that of finding the ¢t—dependence
of Im T'(s',t). In the s—channel physical region, i.e., for real values of s and ¢ satisfying s > 4m?
and 0 > t > —s + 4m?, Im T(s',t) is in fact the imaginary part of the amplitude 7T'(s,¢) and is a
real function. As we move away from the s—channel physical region one can no longer assume that the
continued function is still the imaginary part of the amplitude T'(s,t) and in fact it will soon become

complex. So we shall write [141]

o0 / oo !/
T(s,t) = - / ag D) | 1 / do 2elt:) (3.44)
T Jam? 4m?2

s =8 ™ u —u

where D (s,t) = & [T(s + i€, t) — T(s — i€, t)] is the discontinuity across the s—channel cuts.
By applying unitarity in the s, t and u—channel and then by inserting intermediate states in the t—
and u— channels this leads to the definition of the double spectral functions psi, psw and py, and to the
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result [141]

/ / p pst(s’st)

m2 b(s") S — S (t/ — t)

PEE RN / do —Lou(0) (3.45)
7r2 4m2 sy (8 —8)(u —u) '

+ dt/ o pt“<s/’,u) :
w2 4m? b(s") t t)(u - u)
where the double discontinuity is defined as
1 . .
pst(s,t) = % [Ds(s,t+i€) — Dy(s,t —i€)] , (3.46)

and similarly for pg,(s,u) and pyg,(t, w). This representation has been obtained by simply using elastic
unitarity and all the Cutkosky diagrams considered have been elastic in at least one channel. Clearly
above the inelastic threshold we will have additional contributions to the double spectral functions. Notice
that Eq. (3.45) involves the assumption that the amplitude has only those singularities that are required
by unitarity in each of the three channels and consequently we speak of maximum analyticity of the

amplitude.

3.6 Omnes—Muskhelishvili problem

As remarked in Sec. 3.3, in certain cases the phase of an amplitude can be obtained from the Watson
theorem. Let us define such an amplitude by F'(s) and assume it is analytic on the whole complex plane,
except for a branch—cut on the positive real axis. The Omnés—Muskhelishvili method allows one to find
the most general solution of this function, provided that its phase is known on the cut. This method has
been developed by Omnes [142], based on a previous analysis by Muskhelishvili [143].

The solution to this problem is not unique. Provided that €(s) is a solution normalized at s = 0
(£2(0) = 1), for any function P(s) analytic on the whole complex plane, F'(s) = P(s){(s) is also a
solution. One thus needs to add further constraints on F'(s) to fix P(s). Let us assume that the cut starts

at some branch—point sy, > 0. The phase along this cut is given by
Arg(Q(s)) =0(s), s € [Sthr, 9] . (347)

There are two different ways to calculate the discontinuity of €(s) on the upper edge of the cut. The first

one is to use the formal definition
Disc(Q(s)) = Q(s + i€) — Q(s — ie) . (348)

We can also use the direct relation between the discontinuity and the imaginary part of the amplitude

along the cut. Moreover, our knowledge of the phase implies that

Disc(€(s)) = 2i|Q(s + i€)| sin d(s) = 2iQ(s + ie)e ) sin d(s)
= Q(s + ie)e ) (ei‘s(s) - e_i‘s(s)) = Q(s + ie) (1 - e_%‘s(s)) . (349)

By combining the two equations we get

Disc(log Q(s)) = log (s + i€) — log Q(s — i€) = 2id(s) . (3.50)
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We assume that the phase converges asymptotically to a multiple of 7: d(s) = or = 0(o00). Of
course, this is an approximation and one could also use an incomplete Omnés—Muskhelishvili method
[144,145] to get closer to the reality. However, this goes behind the scope of this thesis. This assumption
allows one to write €(s) as a once—subtracted dispersive integral. The subtraction constant is fixed by

the normalization condition ©(0) = 1:

Q(s) = exp {s /Oo ds's/‘s(sl)} . (3.51)

™ (s —s)

In order to determine the function P(s), we need to know more about the asymptotic behavior of Q(s).

To that end, we write

Qs) = exp {jr > 1 008) = 8(s) +8(s) }

. §'(s" = s)

= exp {; / Oo a2 20 | 0) o s ié(s)} (3.52)

s'(s" —s) T S — Sihr

1 [ (s’ —
H_oaexp{_/ dsfwwlogsthrﬂm}
Sthr S s
<5thr)a
X .
S

Hence, the asymptotic limit of the phase determines the asymptotic behavior of the Omneés solution. For

instance, in the case of meson form factors, the Brodsky—Farrar counting rule states that

—_— >0. .
(S) ~ Slo SV b v ( )

In this case, the only analytic function P(s) that grows slower than exponentially in s is a polynomial.

This method plays a central role in the dispersive definition of the pion vector form factor [102]. In the
isospin limit, £ (s) is an analytic function of s, apart from a branch cut in the complex s—plane that lies
on the real axis, s € [4M2, 00), and is dictated by unitarity. The form factor is real on the real axis below
the branch point 4M 2, hence it fulfills the Schwarz reflection principle. The Omnés function alone, with
isospin I = 1, is the solution for the VFF in the isospin limit and disregarding inelastic contribution to
the unitarity relation:

FY(s) = Ql(s) = exp {S /jo ds’M} : (3.54)

T (s —

where 81 (s) is the isospin I = 1 elastic 7 phase shift in the isospin—symmetric limit.
Once the isospin—breaking and inelastic contributions are switched on, the pion VFF can be written

as a product of three functions

F (s) = Q1(s)Gu(s)G (5) . (3.55)

where the factor G, accounts for p—w mixing, the most important isospin—breaking effect, which becomes
enhanced by the small mass difference between the p and w resonances, while G{X takes into account all
further inelastic contributions to the unitarity relation (see [102] for further details). However the p — w
mixing contribution is not the only isospin—breaking effect entering the pion VFE. Corrections due to
the charged—neutral pion mass difference or electromagnetic effects are equally important and enter the
computation of the elastic w7 phase shift (s). In particular, the contribution due to the charged—neutral

pion mass difference will be analyzed in the following.



Chapter 4

Chiral Perturbation Theory

Chiral Perturbation Theory (xPT ) can be seen as the low—energy limit of the Standard Model or, to be
more precise, the effective quantum field theory describing hadronic interactions according to the SM,
below the breaking scale of chiral symmetry (£ < A, ~1 GeV). This theory was founded long time ago
by the pioneering works of Weinberg [146] and Gasser and Leutwyler [147,148]. Nowadays xPT is a
well-known theory and it allows one to perform loop calculations in the mesonic and baryonic sector at
low energy with a very high precision. Moreover the original formulation has been successfully extended
in several directions, including heavy quark fields, bound—state dynamics, non—zero temperature effects,
ete. In this chapter we will briefly review the properties of xPT and how it is built and then we will focus

our attention to its application to the meson fields.

4.1 QCD Lagrangian

Quantum Chromo Dynamics (QCD) is the gauge theory of the strong interactions [149-151], i.e., quarks
and gluons interactions, with color SU(3) as the underlying gauge group (for the basic remarks of the
SU(3) group see App. B). Quarks are spin—1/2 fermions with six different flavors in addition to their
three possible colors. Regarding the so—called current—quark—mass values of the light quarks, one should
view the quark mass terms merely as the symmetry breaking parameters with their magnitude providing
a measure for the extent to which chiral symmetry is broken [152].

The QCD Lagrangian exhibits a global SU(3)r, x SU(3)r x U(1)y x U(1) 4 symmetry, where U(1)y
is exactly conserved, its generator is the baryonic number and it survives also in the case of non—vanishing
quark masses, G = SU(3) 1, x SU(3) g is the group of chiral transformation while U (1) 4 is not a symmetry
at the quantum level due to the Abelian anomaly [153-155], and it reads [156,157]

. 1 v
Lgcp = Z qr(i) —my)qy — Zgumagu “, (4.1)
f=u,d,s,c,b,t

where g,ul/,a = 8;LA1/,a - al/A,u,a + gfabcA;L,cAl/,c and

8 )\C
Dﬂq.f = 8# - igz 7(1-’4;1,,11 qar , (42)
a=1

where A\, are the Gell-Mann matrices listed in App. B, while the superscript C' indicates the action in

30
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color space. The field gauge transformations are

8 )\C
4 — ¢ = exp lzz Ou(z) 5 ]‘If =Ulg()]qy, (4.3)
¢ \C i
7“Au,a(x) - U[g(JC)]jlAu,a(w)UT l9(x)] — E%U[g(ﬂf)]UT lg(x)], (44)
)\C
Guw = = — YGuva = Ulg(2))Gu Ut g(@)] - (4.5)

The six quark flavors are commonly divided into the three light quarks u, d and s and the three heavy
flavors ¢, b and ¢ [158]

my = 2.16 MeV me = 1.273 GeV
mg =4.70MeV | < 1GeV < my = 4.183 GeV , (4.6)
ms = 93.5 MeV my = 172.56 GeV

where the scale of 1 GeV is associated with the masses of the lightest hadrons containing light quarks,
e.g. m, = 770 MeV, which are not Goldstone bosons resulting from spontaneous symmetry breaking.

The scale associated with spontaneous symmetry breaking, 4mF; ~ 1170 MeV, is of the same order of
magnitude [159-161].

4.2 Chiral Symmetry

The interactions between quarks and gluons are highly non perturbative at energies below the breaking
scale of chiral symmetry. This makes very difficult any description of the low—energy hadronic world in
terms of partonic degrees of freedom. On the other hand, the spectrum of the theory at low energies
contains only the octet of the Goldstone bosons resulting from spontaneous symmetry breaking: m, K
and 1. Moreover, from an experimental point of view, at very low energies these pseudoscalar mesons
interact weakly, both among themselves and with nucleons. Then QCD can be treated perturbatively
even at low energies, if a suitable transformation of degrees of freedom is performed.

By introducing projection operators Pg = (1 + 75) and P, = (1 — ~3), the quark fields can be
written as g = Prq and ¢z, = Prq and the Lagrangian in the chiral limit ({m,,, m4, ms} —0) becomes

o . 1 o
Loop = Z (QR,lleR,l‘FQL,lZEQL,Z)_Zguu,ag#’ : (4.7)

l=u,d,s

Due to flavor independence of the covariant derivative, EOQCD is invariant under

ur ur Ay . ur

dr, —Ur | dp = exp <—ZZ@L > e ® dr, ,

S, ST, ST,

UR UR 8 A o ur

dp | = Ur| dg | =exp (—i > @55) C N I T (4.8)
SR SR a=1 S

It is now possible to calculate the variation of the QCD Lagrangian under the infinitesimal local form of
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Eq. (4.8) [162]

8 8
_ Ag _ Aa .
5£%a>=qR<§:€h®fiz+%L®R>'WqR+qL<§:émegiz+¢%@L>7un, (4.9)

a=1 a=1

from which, thanks to the Noether’s theorem, it is possible to obtain the conserved currents associated to
the transformations of the left-handed or right-handed quarks

a

= t)\ a
L = QLﬁyl ?qLa 811«‘[’“7 =0 ;

A(L
R = Gy S qr, 0,7 = 0. (4.10)
The eight currents L** transform under SU(3)r, x SU(3)g as an (8, 1) multiplet, i.e., octet and singlet
under transformations of the left— and right—handed fields, respectively. Similarly the right-handed cur-
rents transform as a (1, 8) multiplet under SU(3);, x SU(3)g. Instead of this chiral currents, one often
uses linear combinations

a

A
VI = R L = gy T

Aa
2

A0 — RO TG — _/-Yl‘/-ys q . (4.11)

There are also a conserved singlet vector current associated to a transformation of all left-handed and
right-handed quark fields by the same phase

V¥ =ary"qr + @ L = 71q, (4.12)
and a single axial-vector current from a transformation of all left—-handed quark fields with one phase
and all right-handed with the opposite phase

A" = qry"ar — y"ar = 054 - (4.13)

The invariance of £, under global SU(3), x SU(3)r x U(1)y transformations implies that also the
QCD Hamilton operator in the chiral limit satisfy the same symmetry. We can define the charge operator

as usual

a

QL) = /d3xq2(x,t)%qL(x,t) a=1,..8,
Qyw:/ﬁmyxwg%@wa:Lm& (4.14)
Qv(t) = /dgqu(x,t)gq(X, t),

which satisfy the following commutation relations

[Q%a Q%] = ifach([:, ;
(Q%, Q%] = ifabeQ% , (4.15)

while all the other commutator relations vanish.
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4.2.1 Spontaneous Symmetry Breaking

There is evidence, both from phenomenology and from theory that the chiral symmetry is spontaneously
broken [163]:
* absence of parity doublets in the hadron spectrum;
* the Ny — 1 pseudoscalar mesons are by far the lightest hadrons;
* the vector and axial-vector spectral functions are quite different;
* the anomaly matching conditions [164—166] together with confinement require the spontaneous
breaking of the chiral symmetry group for Ny > 3;
* in vector—like gauge theories like QCD, vector symmetries like the diagonal subgroup SU(3)y
remain unbroken [167,168];
* there is evidence from lattice gauge theories for a non—vanishing quark condensate.
Considering all these arguments, it is clear that the chiral symmetry G is spontaneously broken to the
vectorial subgroup H = SU(Ny)y. If we consider the vector charges Q¥ = Q% + Q% which satisfy
Q% +Q%,Q% + QY] = ifawecQS, the ground state is necessarily invariant under SU(3)y x U(1)y
[167,168] in the chiral limit , i.e., the eight vector charges (), as well as the baryon number operator
Qv /3 annihilate the ground state

Q3 10) = Qulo) —0. (4.16)

We now consider the linear combinations Q% = Q% — Q satisfying [Q%,Q%] = ifapcQf and
[Q%, Ql",] = i fapcQ%. Since the parity doubling is not observed for the low—lying states, one assumes
that the Q% do not annihilate the ground state

Q4%[0) #0, (4.17)

i.e., the ground state of QCD is not invariant under axza/ transformations. According to Goldstone’s
theorem [169-173], to each axial generator Q%, which does not annihilate the ground state, corresponds
a massless Goldstone boson field ¢%(x) with spin 0, whose symmetry properties are tightly connected to
the generator in question. The Goldstone bosons have the same transformation behavior under parity,
P*(x,t) = —¢*(—x,1), i.e., they are pseudoscalars and transform under subgroup H, which leaves the

vacuum invariant, as an octet
[Q%, 6" (2)] = i faped”(2) - (4.18)

From this discussion it is clear that the operator responsible for the spontaneous chiral symmetry breaking

in QCD must be a color—singlet, pseudoscalar quark—gluon operator:
Pu(e) = ig(@)yishag(z) . a=1,.8. (4.19)

where, by using (i)? [75/\7‘1, 7075)\,1] = A2y, we obtain

au + dd a=1,2,3
tu + 5 =4,5

Q4. Pay) = “ . (4.20)
dd + 5s a=6,7

%(ﬂu—i—c]d—i—élés) a=38
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We evaluate Eq. (4.20) for a ground state which is invariant under SU(3)y, i.e., (0|au|0) = (0|dd|0) =
(0|55|0), and by assuming a non—vanishing singlet scalar quark condensate ({0|gq|0) = (gq) # 0)

(01 [Q4(1), Pu(w)] [0) = 2(gg) , a=1,..8. (4.21)

w

By inserting a complete set of states into the commutator of Eq. (4.21), both the pseudoscalar density
P,(y) as well as the axial charge operators Q% must have a non—vanishing matrix element between the
vacuum and massless one—particle states |¢,). In particular, because of Lorentz covariance, the matrix
element of the axial-vector current operator between the vacuum and these massless states appropriately

normalized, can be written as

(0] A% (0)[¢"(p)) = ipu Fo* (4.22)

where F' = 93 MeV denotes the decay constant of the Goldstone bosons in the chiral limit. Assuming
Q%|0) # 0, a non—zero value of F' is a necessary and sufficient condition for the spontaneous chiral
symmetry breaking. On the other hand, because of Eq. (4.21), a non—vanishing scalar quark condensate
(qq) is a sufficient (but not a necessary) condition for a spontaneous symmetry breakdown in QCD.

4.2.2 Explicit Symmetry Breaking

The finite u—, d— and s—quark masses in the QCD Lagrangian result in non—zero divergences of the
symmetry currents. As a consequence, the charge operators are in general no longer time independent.
In order to study the explicit breaking of the chiral symmetry let us consider the quark—mass matrix of

the three light quarks and project it on the nine A matrices [174]

my 00 My + Mg +m (Mmy +mg)/2 —m My — M
U d s U d — Nlls u — Td
M=]10 mqg 0 |= Ao + As + Az . (4.23
d NG 0 VA 8 5 3 (4.23)
0 0 mg
In particular, the quark mass term mixes left— and right— handed fields
Ly =—qMq=—(GrMqr + qrMqr) (4.24)
which variation under the transformations of Eq. (4.8)
& A A
8L = —i Z of (QR;MQL - @LM;QR> +0%(qrMar + G Mqr)
a=1
8
L. Aa _ e L~ _
> el (QLQMQR - QRMQQL) +0%(qLMqr + qrMqr)| (4.25)
a=1
gives rise to the following divergences
a_ il M
3uvu, =1q M7? q,
L,Q . = Aa
(9,“4/ =g 77 M V594 (4'26)

8V =0,
AX L 392 WV 2 po
0, At = 2igM~ysq + ?Q?ewpaga gre, €a23=1.

yLr4s
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4.2.3 Non—Linear Realization of Chiral Symmetry

Denoting by V; the generators of H and by A; the remaining generators of GG, any element of G can
be unambiguously decomposed as g = e%4ie™Vi. The Goldstone boson fields are associated to the
coordinates &; of the coset space G/H. In order to understand how these transform under G we consider

the action of a generic element g € G on u(§;) = %4

gebidi = e&i(9:0) i gni(g: Vi | (4.27)

This transformation provides a non-linear realization of the group G [175,176]. This realization is not

linear since V;’s and A;’s do not commute but it becomes linear if restricted to the subgroup H:
EiAi _ | Vi & A —ndVi | ndV; _ %V
hoeti?ti = | ViesifieT Vi Vi - by =TV e H . (4.28)

In the specific case of chiral symmetry we have that if gr : u(&;) — u(&), g1 : u(—=&) = u(&)T — uw(&)t

and we can write

u(&;) <, gru(&)h (9, &) = h(g, &)u(&)gr ",
w(&)t S gru(€)h(g,&) = h(g, &)ul&) gz, (4.29)

where h(g,&) = e (9.6)V

4.3 Effective Lagrangians

Chiral perturbation theory provides a systematic method to discuss the consequences of the global flavor
symmetries of QCD at low energies by means of an effective field theory. The pseudoscalar mesons are
not only the lightest hadrons but also the (pseudo—) Goldstone bosons of the theory. In the chiral limit,
the interaction of Goldstone bosons become arbitrarily weak for decreasing energy, no matter how strong
the underlying interaction is. This is the basis for a systematic low—energy expansion with an effective

chiral Lagrangian that is organized in a derivative expansion.

4.3.1 QCD in the Presence of External Fields

Following [147,148], we introduce into the QCD Lagrangian the couplings of nine vector currents and
the eight axial—vector currents as well as the scalar and pseudoscalar quark densities to external c-number

fields v*(z), vé‘s), at(x), s(x) and p(z)

_ 1 _ .
L= Lcp + T <v“ + gvﬁ,) + 75@“) q— q(s —i5p)q = LoD + Lext » (4.30)

where the external fields are color—neutral, Hermitian 3x3 matrices

8 8

8
v :Z)\ZJU;L;, at :Z%CLZL, SZZ/\aSav pzzx\apa . (431)
a a=0

a=1 a=1 =0

The big advantage is that one can perform all calculations with a (locally) SU(3); x SU(3)g invari-
ant effective Lagrangian in a manifestly chiral invariant manner. Only at the very end, one inserts the
appropriate external fields to extract the Green functions of quark currents or matrix elements of inter-

est. The ordinary three flavor QCD Lagrangian is recovered by setting v* = vé) =a* =p=0and
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s = diag(my, ma, ms). If one defines the generating functional

exp(iZ[v, a,5,p]) = (0|Texp [z / d4x£ext(az)} 0) (4.32)

then any Green function consisting of the time—ordered product of color—neutral, Hermitian quadratic
forms can be obtained from Eq. (4.32) through a functional derivative with respect to the external fields.
The quark fields are operators in the Heisenberg picture and have to satisfy the equation of motion and
the canonical anti-commutation relations. The generating functional is related to the vacuum—to—vacuum
transition amplitude in the presence of external fields [147,148]

eXp[iZ(U7 a, svp)] = <00ut|0in>v,a,p,s . (433)

Now we want to study the transformation properties of the external fields under local SU(3), x SU(3) g X
U(1)v, therefore we write Eq. (4.30) in terms of the left— and right— handed quark fields and we introduce
the fields r, and [, such as

1 1
vy = 5(1"“ +1,) and a, = 5(@ —1,). (4.34)

The external fields then are subjected to the transformations

ry = Var Vi +iVed, Vi,
L, = Vil Vi +ivia, v,
vl(f) — vl(f) -0,0, (4.35)
s+ip = Ve(s+ip)V] ,
s—ip— V(s — ip)VI]; .

4.3.2 Lowest—Order Effective Lagrangian

The choice of coordinates in the coset space G/H is not unique but, in any given set of coordinates,
we can introduce a field u(&;) transforming as in Eq. (4.29) [175,176]. The freedom in the choice of
coordinates implies that the parametrization of u in terms of the pseudoscalar meson fields is not unique.

In the following we shall adopt the exponential parametrization in the 3 x 3 flavor space, defined by

70+ %?7 V2rt V2K*

8
uz(x):U(@:exp(ﬁ(x)), o) =S Ndal@) = | VI —m0+ Ly VEKO |
F a=1 \/EK— \/iKO _%77
(4.36)

where the parameter F' is a dimensional constant that can be related to the decay constant of pseudoscalar
mesons. In the absence of external fields, we can only construct trivial operators in terms of u and uT,
without their derivatives. Once we have fixed the coupling constant in order to reproduce the correct
kinetic term of spinless fields, the most general chiral invariant effective Lagrangian density with the

minimal number of derivatives reads [174]

F2
Log = T@#Ua“UT) , (4.37)



4.3. Effective Lagrangians 37

where the notation (---) indicates the trace of the matrices expression inside. This Lagrangian is the
chiral realization of ﬁ%CD at the lowest order in the derivative expansion and it is invariant under the

global SU (3)r, x SU(3) R transformations

Uw— RUL',
Oy~ 0, (RUL") = RO, UL', (4.38)
Ut LUTRT,
0,U" — LO,U'R'.

where L = exp (z@g%‘l) and R = exp (—i@aR%"). The global U(1)y invariance is trivially satisfied
because the Goldstone bosons have baryon number zero.
Now we want to study the vector and axial—vector currents associated with the global SU(3) . xSU(3) g

symmetry of the effective Lagrangian. If we want to compute J4"%, we set ©% = 0 and choose OL =
O©ZL(x). Then to first order in ©L we obtain

F? [ vio oL guprt el F? o of t
5£eff = T Ul@u@a ?5‘ U+ 8“U —10 @a ?U = Tlauea <)\Q8HU U> , (439)
where we used 0,UTU = —U'9,U from differentiating UTU = 1. We then obtain an expression for the

left current and, with an equivalent procedure, for the right current:

00 Lo F?
Ky ¢ =7— wt 4.4
T 90,67 i (A O*UU) (4.40)
00 Lot F?
Hya © = —7— wgt
TR = GoeE =~ PaUaUT), (4.41)

and, from Egs. (4.40) and (4.41), one can obtain the expression for the vector and axial-vector currents

F2
TGt = IR IR = =i (a [U.0MUT])

F2
Jit = TRt = I = i {U,0"UT}) . (442)

Moreover, because of the symmetry of Log under SU(3);, x SU(3)g, both vector and axial-vector cur-
rents are conserved (9,,J% = 0).

So far we have assumed a perfect SU(3), x SU(3) g symmetry, but we know that an explicit symmetry
breaking may lead to finite masses of the Goldstone bosons (Sec. 4.2.2). Although M is a constant matrix

and does not transform along with the quark fields, £, would be invariant if M transforms as [161]
M+~ RML' . (4.43)
The most general Lagrangian £(U, M) invariant under Eqgs. (4.38) and (4.43) and at lowest order in M

is

_ F’B

Lo, (MUT + UMYy | (4.44)

where it is possible to prove that the new parameter B is related to the chiral quark condensate. All this
analysis concerns the lowest—order effective Lagrangian which respects the global SU(3)r x SU(3)g
symmetry. However, the Ward identities originating in the global SU(3), x SU(3) g symmetry of QCD

are obtained from a locally invariant generating functional involving a coupling to external fields. We want
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to approximate the generating functional Zqcp(v, a, s, p] by a sequence Zéfzf) [v,a,s,p| —|—Zé?f) [v,a,s,p]+

-+ -, where the effective generating functionals are obtained using the effective field theory. Therefore, we
need to promote the global symmetry of the effective Lagrangian to a local one and introduce a coupling

to the same external fields v, a, s and p in QCD. Let us define the covariant derivative as
DU = 8,U — ir, +iUl, s V(D UV} . (4.45)

Since the effective Lagrangian will ultimately contain arbitrarily high powers of derivatives we also need

the field strength tensors fL

L and fy corresponding to the gauge fields

51, =0ury — Oy — [T, 1],
= 0uly — Ol — il 1] (4.46)

which are traceless. In the chiral counting scheme of chiral perturbation theory the elements are counted
as
U=00"), DU=0@), rl,=00), ["=00%, x=00". (4.47)

N2

Then the most general locally invariant effective Lagrangian at lowest chiral order is given by

F? F?
£ = (D U(D"U)T) + - (xUT + UxT) (4.48)
where [147,148]
X = 2Bo(s +ip) . (4.49)

L) is completely determined by chiral symmetry except for the couplings F' and B which have to be
constrained from experimental data. By differentiating with respect to the external sources we find

(0175 ()¢ (p)) = (0] = FO"¢a(2)|0"(p)) = —F e P25 = iph Fe~ "5 | (4.50)

3F?B = —(qq) , (4.51)

so that the connections between F' and the pion decay constant F, defined by (0|gv*ysq|7 (p)) =
iv/2F,p*, and between B and the quark condensate are evident. While Fy is experimentally known
from the process 7+ — ptv, F; = 92.4 MeV, the quark condensate is not directly related to any
physical observable. It is the product B x m, that can be related to the pseudoscalar meson masses:

M? =2mB,
Mz = (m+my)B, (4.52)

2
M} = gB(m +2M,) ,

where m = m,, = mgy. These results plus the one in Eq. (4.51), are knows as the Gell-Mann, Oakes and
Renner relations [177]. Moreover the masses of Eq. (4.52) can be combined to obtained the Gell-Mann—
Okubo relation

AMj = 3M} + M7, (4.53)

which is independent of the value of B.
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4.3.3 Effective Lagrangians and Weinberg’s Power Counting Scheme

A perturbative description in terms of the most general effective Lagrangian containing all possible terms
compatible with assumed symmetry principles yields the most general S—matrix consistent with the funda-
mental principles of quantum field theory and the assumed symmetry principles [146]. Hence, one needs
some scheme to organize the effective Lagrangian and a systematic method of assessing the importance
of diagrams generated by the interaction terms of this Lagrangian when calculating a physical matrix
element. In the framework of mesonic chiral perturbation theory, the most general chiral Lagrangian de-
scribing the dynamics of the Goldstone bosons is organized as a string of terms with an increasing number
of derivatives and quark mass terms

Leg=Lo+Ly=Ls+---, (4.54)

where the subscripts refer to the order in the momentum and quark mass expansion. With such a counting
scheme, the chiral orders in the mesonic sector are always even [O(p®>™)] because Lorentz indices of
derivatives always have to be contracted with either the metric tensor g"* or the Levi—Civita tensor e**??
to generate scalars and the quark mass terms are counted as O(p?). Weinberg’s power counting scheme
[146] analyzes the behavior of a given diagram under a linear rescaling of all the external momenta,
p; — tp;, and a quadratic rescaling of the light quark masses, mg — tqu. The chiral dimension D of a
given diagram with amplitude M(p;, m,) is defined by

M(tp;, t2mq) = tP M(p;, my) , (4.55)

and thus -
D=2+ 2(n—1)Ny, + 2Ny, (4.56)

n=1

where Ny, is the number of vertices originating from L, and Ny, is the number of independent loops.
While the external three-momenta can be made arbitrarily small (to a certain extent), the re—scaling of

the quark masses is a theoretical instrument only and loop diagrams are suppressed due to the term 2/N7..

4.34 Chiral Lagrangian at O(p*)

The expression of the chiral Lagrangian at O(p?) was computed in [147,148] and it reads

Ly =Ly [(DU(D"U))]? + Lo(D,U(D,U) ) (D*U(D'U)T)
+ L3(D,U(D"U) D, U(D"U)") + Ly(D,U(D"U)V(xUT + Ux")
+ Ls(DU(DPUY (U + Ux")) + Lg [(xUT + Ux)]?
+ Ly [(UT = UxXD? + Le(UXTUXT + xUTXUT) (4.57)
—iLo(fR D*U(D"U)" + L (D*U)IDYU) + Lio(U £, UT 1)

+ Hy ;13/ Rt fu Y+ Ha(xxT) -

where (- - -) denotes a trace in flavor space. The numerical values of the low—energy coupling constants
L; are not determined by chiral symmetry and they represent the inability to solve the dynamics of QCD
in the non—perturbative regime. So far they have either been fixed using empirical input [147,148,178] or
theoretically using QCD—inspired models [179-182], meson—resonance saturation [183—187] and lattice
QCD [188,189].

The loop graphs with vertices from £(2) generate divergences, which are absorbed into the renormal-
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ization of the low energy constants of £():

T -
Li—Li+327T2R, i=1,---,10, (4.58)
Hi=H +2UR, i=1,2 (4.59)
1 1 327’(’2 9 =1, ) .
where R is defined as 9

with d the number of space—time dimensions and g the Euler—Mascheroni constant. I'; and A; are
constants and the renormalized coefficients L] depend on the scale y introduced by dimensional regular-

ization. Their values at two different scales are related by

Vi Hi
L? =L In{—| . 4.61
) = £i0) + gzt () (4.6

4.3.5 Chiral Lagrangian with photons and leptons

In order to describe the radiative corrections in QCD processes like the mr—scattering or the 7+ —

I processes, which are the goals of this thesis, we need to introduce the chiral Lagrangian involving

also photons and leptons. Starting from Eq. (4.36), the leading—order Lagrangian in SU(3) reads [190]
F? —
Lo = T()(uuu’ﬂ + Z [0(id + eA — mo)l + ivg v ] (4.62)
¢

where
Uy =1 [u%(aﬂ — 4T, uR — ui(@ll - il#)uL] , (4.63)

with .
7
Ur/rR = €Xp <:F2F0 Z Qsa/\a> ) (4.64)
a=0

and the currents given by

lpy=vu—a, —eQi"A, + Z (Z’YuVZLQVIZ + DZLVMKQKT) )
¢
ru=v,+a, —eQyRA,, (4.65)

in terms of the external vector and axial-vector currents v,, and a,, and the flavor—space matrices

1
Qi = Q" = 3 diag(2,~1,-1).

0 Vud Vus
QY =-2v2Gr |0 0 0 |. (4.66)
0 0 0

The relevant counterterms of the radiative corrections to 7~ — m~ 7v,; originate from terms in the NLO
Lagrangians [190,191]

1 A A P
Lo = R { LR QI + @) ) + K @EQR) Gy
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— K3 [@imuu) <QemU“> (QRwp) (QR™u)] + Ka (QF™uy) (QRM k)
+Ks ([(QF™) + (QF™)Juu) + K (QF™QR™ + QR Q5™ Juyut)
+ K7 Q™) + (Q%™)?) (x4) + Ks A?T“Q"‘“) (X+) (4.67)
+K9 (@™ ) ( OR)%Ix4) + Ko ((QF"OR™ + QR Q5™)x+)
— K11 (QF — QR Q™)x-)
— K2 <[(@uQem) o *QL uQim - (@qu{m)QAe JFQR uQ%m]UH>

+ K13 {(VuQE") (VFQR™) + Kua (VuQI™)(VFQE™) + (V. QRN (VHQ

and

Lip = > { R [Xalyven (W{QR™ Q1Y) +Xalyven (w[QR™ QF)) +Xomelvn (QF Q)

J4
+iX4Z’YMV€L<QVLV@“ AeLm> +iX5@YMWL<QVLV@”QIe{m> + h.c.}
+X6l(i + e )0 +X7mg57€} ,
where explicit chiral symmetry breaking is induced by
X+ = UlTKXUL + U;XTUR 5
with the substitution x — 2B M quark; Where My is the (diagonal) quark mass matrix, and
VuQi™ = u(D,uQf™u'
VuQR™ = u' (D, Q7" u
utilizing the covariant derivative
Du@Qy" = 0,07 —illy, Q7]

.D,J,Qe = MQ - [T/n %m]

(4.68)

(4.69)

(4.70)

(4.71)

The low—energy constants in the Lagrangians of Eqs. (4.67) and (4.68) contain UV—divergences, which,

in dimensional regularization, can be separated from the UV—finite parts by

K= K[ (1) + Sih(w), i€ {L,..., 14},
Xi= X[ (1) + SM(n), iefl,....8),

d—4
U R S _
Alp) = 1672 {d—4 5 [ln 47 7E+1]} ,

where the coefficients ; and E; can be found in [191] and [190], respectively.

4.4 Resonance contribution

From the point of view of chiral symmetry, vector, axial-vector, scalar and pseudoscalar mesons, or any

other meson resonances, do not show any particular importance and their presence is manifest indirectly

in the values of the low—energy constants L]. We shall therefore investigate the chiral couplings of the

vector and axial-vector mesons to Goldstone bosons for the p meson couplings, i.e., not considering
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them as a gauge bosons of any kind. All resonances carry non—linear realizations of the chiral group
G = SU(3)r x SU(3)r depending on their transformation properties under the diagonal subgroup

SU(3)y [183,184]. We are interested in resonances transforming as octets R and singlets R; under
SU(S)VZ
R S h($)Rh(y)! (4.75)

R, S Ry,

with the usual matrix notation for the octet

8
1 .
R= LS am (476)
The non—linear realization of G on the octet field R is local and we have to define the covariant derivative
V.R=0,R+[I,,R], (4.77)

with
D = 5 {0l @B — i (0 b ) u b ufd — i (0, — )]} (4.78)

ensuring the proper transformation

G f

VR 5 h() 7, h() (4.79)

We want to discuss the chiral couplings of the meson resonances of the type V(177), A(1T1), S(07)
and P(0"") to the pseudoscalar Goldstone fields and to do that we describe the relevant degrees of
freedom in terms of antisymmetric tensor fields [147,148]. To determine the resonance exchange con-
tributions to the effective chiral Lagrangian we need the lowest order couplings in the chiral expansion

which are linear in the resonance fields. With the coset element u (1)) defined by

G
w($) = gru($)h(Y)" = h(@)u(¥)g], (4.80)
we obtain the following terms
Octet : Uy = iuTDuUuJr = uL ,
Uy
u,,, = iu'D,D,Uul (4.81)

X+ = uTqu + uxTu ,
Y =uFut £u R,
Singlets :  (upuy) ,  (Upw),  (X+) - (4.82)

Because of P and C invariance, it turns out that all the couplings linear in the fields V', A, S and P start
at order p®. All the resonance couplings can be included in the Lagrangian [183,184]

Lio= > [Lun(R)+La(R)+ La(R) + -] , (4.83)
R=V,A,S,P
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with kinetic terms

1 1 1 1 .
Liin(R) = —§<vARMvVRW — 5M,%RWRM — §aARLMaVR1“ + ZM,%IRLWRQL . (4.84)

for R=V, A and
1 1
Liin(R) = S(V' RV, R = MRR?) + 5 (0" a0, Ry — Mg, RY) (4.85)
for R = S, P and with Mp, Mg, the corresponding masses in the chiral limit. The interactions read

Fy 1Gy

Lo[V(177)] = 2\7@<‘waﬁ”> =7 (Viputu")
Lo[A(1TH)] = %<Awfﬁ”> , (4.86)

Lo [S(O++)] = Cd<SU/tU”> + em(Sxy) + €S <u“u”> +EmS1{x+)
Lo[P(07)] = idy (Px_) + idpm P {x_) .

We notice that for V' and A only octets can couple whereas both octets and singlets appear for S and
P. Moreover there is no coupling that would induce the transitions V' — Py at O(p?) in the chiral

expansion.



Chapter 5

Pion—pion Scattering

Pion—pion scattering is one of the simplest hadronic reactions that displays many key features of low—
energy QCD [25], most prominently approximate chiral symmetry, its spontaneous breaking, and the
explicit breaking due to finite up— and down—quark masses. Accordingly, the chiral symmetry constrains
the low—energy scattering amplitude, which can be systematically analyzed in xPT [146-148,192] and has
been worked out up to two loop order [193]. In addition, the mm—scattering exhibits further remarkable
properties that extend beyond the low—energy region where the chiral expansion applies. In this chapter
we analyze the main properties of the 77 scattering amplitude and present explicit representations used

in the calculation.

5.1 Kinematics

Let us consider the pion—pion scattering process 7(p1)m(p2) — 7m(ps)7(p4). Each pion can be described
by a four—vector p!' = (E;, p;) and a mass M, where ¢ = 1,2,3,4. In the isospin limit all the pions
have the same mass

p2=M2=F%+(p)?, ie{1,2,3,4}. (5.1)

The kinematic of the process can be expressed in terms of the Mandelstam variables:

s=(p1 +P2)2 = (ps -1-1?4)2 )
t=(p1—p3)® = (pa—p2)°, (5.2)
U= (pl *p4)2 = (ps *p2)2 )

which satisfy the relation
4

4
stt+u=>» pi=Y M, (5.3)
=1

i=1
where the last equality holds if the pions are on—shell. Then the mr—scattering amplitude depends on two

of the three Mandelstam variables and on the pion mass.

44
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5.2 Multipion states

In the isospin limit, the pions form an isospin triplet with total isospin I = 1 and its third component
I3 = —1,0, 1. Using the notation |I, I3) we get

|7T+> = |17 1> s
|7 = |1,0) , (5.4)
™) =11,-1).

An alternative and more convenient basis is the one formed by three elements |m;), i € {1,2,3} so that

the physical basis can be rewritten as

7ty = () + i)

V2
|7T0> = |7T3> ) (5.)
-2 by —j|n?
=) = ﬁ(\ﬂ ) —il7™))

Once the third isospin component of each element of the basis is known, one can construct the two—

particle states by taking the direct products of two one—particle states |ri7m?) = |7') @ |77). A product

of states |j1,m1) ® |j2, ma) = |j1,72;m1,m2) can be expressed in terms of the total isospin |.J, M)
according to
lj1, g2 ma, ma) = Z<J7M|j1,j2;m1,m2>|<]7 M), (5.6)
M

where (J, M|j1, j2; m1, m2) are known as the Clebsch—Gordan coefficients. Then we find

ey =y 20—y io 20
oty =y A0+ 2o 2o
o fToa.
ety = 2 -y .
ey i, 5)
o) = o -y R,
o) = o+ B

|7~ m ™) =12, —-2)
|ntn >:|2,2>.
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5.3 Isospin amplitudes

Thanks to isospin conservation, a process can be described in terms of the so—called isospin amplitudes

T (s,t,u). If we consider a scattering process a + b — ¢ + d in the s—channel we get

(¢;d|Ts|a;b) = Z(c;d|[, m){I, m|Ts|J, m){J, m|a; b)
1,J

27T 464 (Zpl> Z;C({b (57t7u) ) (58)

where c({;b = (J,m|a; b) identify the Clebsch—Gordan coefficients while T indicates the T—matrix in the
s—channel. Then the physical mm—scattering amplitude can be written in terms of the isospin amplitude

1 1 1
T¢(s,tu) :=T(rtn~ = atr" )= T*+ T + -T°,

6 2 3
. 1 1
T%(s,t,u) ;= T(rT7n~ — 797°) = —§T2 + gTO : (5.9)
2 1
T"(s,t,u) := T(a°n® - n0n°) = ST° + 5T° .

There are two further amplitudes, which are related by crossing transformations to the previous ones

T (s, t,u) =T (rTat = 7otat) =Tt u,s),

TH0(s,t,u) == T(r 7’ = 7770 = T%(t, u, s) . (5.10)
By using an alternative convention for the isospin basis, the mr—scattering amplitude can be written as
(7 (p1)m° (p2) | T (p3) 7 (pa)) = A(s, t,u)3°6? + B(s, t,u)6%6% 4 C(s, t,u)5°%5% ,  (5.11)

where a,b,c,d € {1,2,3}. An important feature of the isospin amplitude for the pion—pion scattering
process is the crossing symmetry which is due to the fact that in the isospin limit, all of the three physical

pions have the same mass. So we obtain the following relations
B(s,t,u) = A(t,s,u), C(s,t,u) = A(u,t,s). (5.12)

Thanks to Eq. (5.5) we can relate the amplitudes A(s, ¢, u), B(s,t,u) and C(s,t,u) to physical processes:

(T~ | 7070 = A(s,t,u) ,
(T 7% 7t 70 = B(s,t,u) , (5.13)
(rO7 7% ™) = C(s, t,u) ,

and, using Eq. (5.9), we can relate them to the isospin amplitudes:

N
o
—~
uEIJ
~~
~
Il

3A(s, t,u) + A(t,u, s) + A(u, s,t) ,
T'(s,t) = A(t,u,s) — A(u, s,t) , (5.14)
T?(s,t) = A(t,u,s) + A(u, s,t) .
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By inserting Eq. (5.14) into Eq. (5.9), one trivially obtains the expression of each of these amplitudes 7",

i = ¢, x, n in terms of the isospin—invariant amplitude A:
T(s,t,u) = A(s,t,u) + A(t, u, s) ,

T (s,t,u) = A(s,t,u), (5.15)
T"(s,t,u) = A(s, t,u) + A(t,u, s) + A(u, s, t) .

54 Partial wave representation

By considering elastic 7 scattering in the framework of QCD and in the isospin symmetry limit, where
the masses of the up and down quarks are taken equal and the electromagnetic interaction is ignored,
the scattering process is described by a single Lorentz invariant amplitude A(s, t,u) (see Eq. (5.11)). The

partial wave decomposition then reads

T!(s,t) = 327 Z(ZZ + 1) P (2)th(s), (5.16)
¢

where the Legendre polynomials P;(z) depend on the scattering angle 6 in the centre of mass frame of s:

2t
The partial wave amplitude can then be obtained from
I 1 ! I
ty(s) = o /_1 dzT" (s,t(z))Pe(2) . (5.18)

In the purely elastic case and in the isospin symmetry limit, we only consider a pair of pions in the
intermediate state and the unitarity relation in Eq. (3.22) for the w7 scattering partial waves can be written

in a very compact form:

Imtg(s) = o (s)[t(s)]* , (5.19)

where o(s) =4/1 — 413’2' . This shows that there is a diagonal relation between the imaginary part of the

partial wave and its modulus squared.

Below the inelasticity threshold, which is the two—kaon threshold in the case of the 77 scattering, the

partial waves can be expressed uniquely as a function of their phase—shift, 6/ (s):

eQiél{(s) -1

His) = ! i67(s) _
Z(s) ‘ 4(8)|6 210,(5)

(5.20)

This relation can be generalized to the inelastic region by introducing an inelasticity function n/ (s), with
the property 1/ (s) < 1. The generalization of the partial wave amplitude then reads

1(5)621'6;(5) -1

Iroy — 41 isl(s) _ e
£ (s) = [t (s)|e™ 270 (5:2)

In the limit 1} (s) — 1, we recover the elastic relation in Eq. (5.20).
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54.1 Roy equations

In this section we present a representation for the the partial wave amplitude ¢/ of elastic 77 scattering
due to Roy [194]. This is an important result for this thesis work and constitutes the starting point of
our model—independent analysis of the isospin—breaking effects due to the pion mass difference in the 77
scattering amplitude (see Chs. 6-8).

Roy’s representation for the partial wave amplitude ] of elastic 77 scattering reads

ti(s) )+ Z Z / ds' K[} (s, s Im th (s') | (5.22)

=0/{0'=

where I and ¢ denote isospin and angular momentum, respectively, and k7 (s) is the partial wave projection

of the subtraction term, which shows up only in the S— and P—waves:

s —4M7 1 1 1
ki (s) = abog + 4M2 (2a) — 5ag) <35552 + 150100 - 6555;?) : (5.23)

where a and a3 are the S—wave scattering lengths. The kernels KZIZI,/ (s, ') contain a diagonal singular
Cauchy kernel that generates the right hand cut in the partial wave amplitudes, as well as a logarithmically
singular piece that accounts for the left hand cut [24]:

o
(s’ —s)

Egs. (5.22) are consequences of the analyticity properties of the 77 scattering amplitude, of the Froissart
bound and of crossing symmetry. They are valid in the interval —4M2 < s < 60M2 [194-196], and,

combined with unitarity, they amount to an infinite system of coupled, singular integral equations for

Kl (s,8) = 5 600 + KIE (s, 8) (5.24)

the partial waves. The integration is split into a low energy interval 4M?2 < s’ < so and a remainder,
s0 < 8 < 0o where s¢ is defined as the mazching point, and it is chosen somewhere in the range where
the Roy equations are valid. The two S—wave scattering lengths, the elasticity parameter below the
matching point and the imaginary parts above that point are treated as an externally assigned input. The
mathematical problem consist in solving the Roy’s integral equations with this input.

Thanks to several analyses and applications of the Roy equations, it has been shown that, for a given
input of S—wave scattering lengths, elasticity parameters and imaginary parts, there are in general many
possible solutions to the equations. This non—uniqueness is due to the singular Cauchy kernel on the right
hand side of Egs. (5.22). In order to investigate the uniqueness properties of the Roy system, one may
keep only this part of the kernel, so that the integral equations decouple. In this case, a single channel
problem is obtained, that is a single partial wave, which, moreover, does not have a left hand cut. By
investigating the infinitesimal neighborhood of a given solution, it was found that the multiplicity of the
solution increases by one whenever the value of the phase shift at the matching point goes through a
multiple of 7/2 [197]. Details on the solution of Roy equations in the isospin limit and for I € {0, 1,2},
¢ €{0,1,2,3} can be found in [24,27].

5.5 Electromagnetic corrections to mr—scattering at low energies

We are interested in the computation of the mr—scattering amplitude at next—to—leading order including
electromagnetic effects. In this case we switch from the SU(3) Lagrangian formalism described in Ch. 4

to the one in SU(2). At leading order, the effective Lagrangian, considering also the electromagnetic



5.5. Electromagnetic corrections to mm—scattering at low energies 49

interaction, reads [184]
@ _ 2 gt t toy — L ! 2 t
L9 = (d"U U + XU+ UTx) = 7 F Ep — - (9 A)” + C{QrUQLUY) , (5.25)

where, in order to obtain a consistent expansion scheme, the electric charge e is considered of order p

(,Qr,Qr ~ O(p)) and the transformation properties of the various quantities under the chiral
SU(Ny) x SU(Ny) read [191]

U— gRUgE
Q1 = g1Qrg] with I=R,L (5.26)

where gr, € SU(Nys)r,r. To perform this computation we will use a different but equivalent
parametrization of the field U:

U(z) =0o(x) + z@ , (5.27)
where o(z) = 4/1 — @ and, in the case Ny = 2,
70 Vant
P(x) = ( Vi 0 ) : (5.28)
The covariant derivative d,U is defined as
d,U =0,U —i(v, + QrA, + a,)U +iU (v, + QLA —ay) , (5.29)

and the last term of Eq. (5.25) contain the spurious Q¢ (x) and Q%(x), which play the role of sources
for insertions into the QCD Green’s functions of the electromagnetic vertex operators A,,qr, %’y"qL and
AHCIR%’y‘LqR, respectively. The low energy constant C' gives an electromagnetic contribution to the
charged pseudoscalar masses

MTQFO = (mu + md)B s
2
e
M2 = (my +mq)B +2C - T2 (5.30)

which yields
7 = o _ Mr2ri — M72r°
T Ft 2e2F?

Finally the penultimate term of Eq. (5.25) acts as a gauge fixing. At next—to—leading order the generat-

(5.31)

ing functional Z(v,,a,, s,p, Qr, Qr) in the presence of electromagnetic interactions, involves one loop
graphs with vertices from £(?), tree graphs with vertices from £() and at most one vertex from the next—
to—leading effective Lagrangian

£ — Lo+ Loz + Lea (5.32)

where £, contains the purely QCD low energy interactions among the pseudoscalar mesons at O(p?),
while Lc2p2 and L4 are the chiral Lagrangians involving also photons and leptons. As previously said,
we are now working in the Ny = 2 case and the explicit expression for all the terms in Eq. (5.32) with the
details about their derivation can be found in [198]. As an explicative example, we can then compute the
amplitude for the rtr - atn~ scattering process. In the isospin basis, the ot s atn~ scattering
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amplitude at leading order is given by
1
(rtr|ntr™) = 1 (<7T17T1|7T17Tl> + (mr et m?n?) 4+ (rre?| e ta?) — (et e?at) 4 {1 < 2}) . (5.33)

Considering the Lagrangian of Eq. (5.25), the tree level scattering amplitude reads

s+t —2M¢

A(SJ,U)TL = F2

(5.34)

where MZ = 2/mB is the bare mass and can be written in terms of the physical mass according to the

expression of M2, at next—to—leading order [198]:

2M? M? M? M? M?
2 T YO 71-0 7 2 Tl'i ﬂ-i 70 70
Mz, =2mB {1 + 72 O(p) +e“Kho(p) + T6m2F2 In 2 3 e In 2 }
B? 8
- QF(md — )y — gB(md —my)e?kr (5.35)
where 50 0 )
o) =~ K+ = (2 — k)~ k5 — 4 — g (5.36)

¢; and k; are the low—energy constants equivalent to the one in Eqgs. (4.58), (4.72) and (4.73) but in the
SU(2) case. At NLO there are four kind of diagrams which contribute to the 77~ — 7+ 7~ scattering
amplitude. However we will not consider O(e?) contributions, which include two—photon exchange box

diagrams and which are expected to be smaller than the other contributions at the same order.

5.5.1 Strong Interaction Diagrams

Considering only the strong sector, the process is described by: 1-loop diagrams with vertices from the
Lagrangian in Eq. (5.25) and a tree level diagram with the vertex described by the Lagrangian L.

* 7t

, 7, mloop diagrams.
The first diagrams at NLO that we consider are the one of the type shown in Fig. 5.1. By computing

the amplitude in the s—, — and u—channels, we get

s T

s s

Figure 5.1: 7, w7, 7%—loop diagrams for the 77~ — w7~ —scattering amplitude

(s — M2)
2F4
1

21— d)F*

A(S7t7u)‘n’—loop = JOO(S)

+ { [4(1 = 2d)M2s +8(d — 1)MZo + (4 — 3d)s + 2t] A(M2s)

+ [8(d — 1) M2, (4M?s + s) — d(4M2. + 5)? (5.37)
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T
—16(d — 1)Mzo + 16M2.s + 8M2st — Qst} +2(s) }
1 Jio
g | (BM2e =AM —w) AQMZ:) + (2M20 — 4M2: + ) +2(“)}
+{s et} (5.38)

where d is the number of space—time dimensions and the loop functions are defined in App.C.
* Tadpole Diagrams.
The second type of 1-loop diagram is the tadpole diagram drawn in Fig. 5.2 and the amplitude

Tt 70

T 7'('0

Figure 5.2: Tadpole diagram for the 7t7~ — 77~ —scattering amplitude

reads

1
A(s,t,u)Tag = -5 {[4(4M2: +s+1t) — 18MZ] A(MZe) + (—3M2 +s+1t) A(MZ)} .
(5.39)
x O(p*) diagram.
Another contribution involving only the strong interactions is the tree level diagram with the vertex

from £,+ and the amplitude is
1
A(s t,u)pe = - {[(s =2M22)? + (t —2M20)°] (Ih + bo) + 2(u — 2M 22 )%} . (540)

* Z—correction
The last term in the pure strong amplitude is the wave function renormalization correction or Z—
correction which comes from tadpole contributions to the external legs of the pions (Fig. 5.3). This

contribution to the 777~ — 77~ scattering amplitude than reads

s+t —2M?2

A(s,t,u)z =2 I

A(M2L) . (541)

5.5.2 Electromagnetic Interaction Diagrams

* Vertex Diagram
By introducing the electromagnetic interaction we need to consider loops with virtual photons.
This affects the wave function renormalization of the charged pions and introduce a long range
component into the scattering amplitude through the vertex correction graph (Fig. 5.4). In order

to take care of the infrared divergences, we introduce a fictitious photon mass. In analogy to the
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at at

s s

Figure 5.3: Z—correction for the 77~ — 77~ scattering amplitude

T 1 T
\ b3
k
Da
S
T P2 T

Figure 5.4: Vertex diagram for the 777~ — 77~ —scattering amplitude

contribution from the diagram in Fig. 5.1, we have to consider the s—, — and u—channel so that the

vertex amplitude reads

e [ [2(M2. —t)  (2M2, —u)
A(S,Lu)v FQ{ |: M2i M:;i A(Mgi)
[16M2, +4M?Z, (4M2. — s) — 8M?2, (3s + 2t) + s (5s + 8t)] S
+ 4M§i _ s +- (S)
+ (4M2s —2M20 —u) J4—(u)
4
+ | (M2 (25 —8M2.) + AM2: (s +2t) — s (s + 3t)) (542)
AMZ, — s & g

— 2 (8M2: —2M2, — 3u) ] Jin(M2y)
+ 4 (QMgi — S) (S + t— 2M§0) G+_7(S)
—2[8M1 + M2 (2u—4M2L) — 6M2 u+ u? G+7(u)} +{s e t}, (543)
where the loop functions are listed in the App. C.

* O(e?p?) diagram

In analogy with the pure strong case we have to consider the tree level diagram coming from the
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counterterms Lagrangian L.2p2. The amplitude then reads

TL e? 20 4 9
A(S,t,u)ezpz == _ﬁ — jkl (S + t) + §k2 [72Mﬂ_i — 23 (S + t)}
+2(2ks + kq) [8M2: —3(s+1)] (5.44)
40 248 8
+ M2 (9k5 = g ke + gt - 32k8) } :

In addition to this contribution, the wave function renormalization terms coming from the same
Lagrangian of counterterms reads:

2
WFR __ 80 €

—— (st —2M2%) (k1 + k2) (545)

A(S,t,u)ezpz - 9 F2

and the terms which depend on k; coming from the mass renormalization of the neutral pion given
in Eq. (5.35).

* Born—type diagrams.
By studying the electromagnetic interactions in the wm—scattering we have to consider also tree
level diagrams of the type in Fig. 5.5 where the full circles are made explicit in Fig. 5.6 and they

are grouped in the pion vector form factor Fy;. The contribution to the scattering amplitude from

nt ™

pl\* ‘/192

P?l/ \]34

Tt T

Figure 5.5: Born—type diagram for the 7" 7~ — 77~ —scattering amplitude

Figure 5.6: The electromagnetic vertex function of a charged pion to one—loop order. The full square
takes into account the contribution from the low—energy constants just as the tree contribution including
the effect of the wave function renormalization. Diagrams of order O(e®p) are discarded.
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these diagrams is

At e = { (S FRO) + (SO ) | G40

t

* Self—Energy Correction
The last contribution comes from the self—energy correction described by the diagram in Fig. 5.7.

The scattering amplitude for this contribution is

T T
p—k
T 70

0

Figure 5.7: Self—energy correction diagram for the 7™ m~ — 7%7%—scattering amplitude

s+t—2M?3
QTWOJJ[W@Q) . (547)

A(s,t,u)sg = 4e
It is important to underline the fact that, by using the parametrization in Eq. (5.27), we get rid of the
contribution from the diagram in Fig. 5.8 since in the expanded Lagrangian there is any term which
represents the 47y vertex. This diagram has to be taken into account if we consider the exponential
parametrization of U (z) (Eq. (4.36) but in the Ny = 2 case).

Tt !

™ 7'('0

Figure 5.8: 47y vertex diagram for the 777~ — 777~ —scattering amplitude

Before giving the final result for the total scattering amplitude, we want to put the attention to an
important feature of the mm—scattering at 1-loop. From the detailed analysis just shown it is evident that
the contributing diagrams can be separated in two well-defined groups: a contribution which accounts
for the pion mass difference, i.e., M # Mo, and electromagnetic integration diagrams involving virtual
photons. This clear separation turns out to be important for the dispersive analysis of the isospin—breaking
effects in the mm—scattering amplitude (see Chs. 6-8) since it allows to ease the study by treating separately
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the effects due to the pion mass difference and the one due to virtual and real photons.

5.5.3 Total 7t7~ — 7771~ Scattering Amplitude

Now that we have all the contributions we can add them all and simplify them. We need to substitute

the explicit expression of the space—time dimension d in terms of €

d=4-— 2,
11 2 4,

and, in order to obtain a finite amplitude, i.e., finite for € — 0, the constants /; and k; of the Lagrangian
L® need to be renormalized such that

T Vi N Mz

o (p2) = 5 (& +1In M;) , (5.49)
T2 i 7 Ad,%i
k] (pu°) = 39,2 ki +1n iz ) (5.50)

Moreover we have to consider the correction of O(e?) to the mass of the charged pion which are given by
the expression of M2, at NLO:

M2, =2mB {1 + % + %eg(u) +e’Krs (1) + 32‘7375}2 n Aﬁ}
+ 2e? F? {Z (1 + :;) + 2K (p) — (3+42) 3;{5}2 In ]\% } (5.51)
— gB(md — mu)62k7 ,
with
= —? {k;‘ + kb — ki — é (23kg + k7 + 18k§)} ,
Kl = f% {QZ(kI k) — %k{?) - ;4} . (5.52)

The final amplitude for the mtnT — atn~ scattering process is conveniently written in the following
s +» t symmetric decomposition [199]

- _ ) s ME - +—i+—
AT (st u) = T—i—B T (s, tyu) + CTTTT (s, 8, 0)

ve (o) }+{s -

S

where BT~ (s,t,u) collects the unitarity pieces arising from the diagrams of type drawn in Fig. 5.1
and Fig. 54:

BY T (s, u) =3 (s = M2) Joo(s)

2F4
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+ % {842 - é(u —t)(s —4M2L) + 250, + 4A,27} Ji_(s)

+ ﬁ(u —2M2, = 2A,)(u—2M2L — 2A, — 4e*F?)J, _(u)

2 2M2 —20,) [2(s = 2M2 )G (5) — (u— 2V24)Gy o (1)
f;iz {5+4Aﬁ4(52M3§i) <§+Z)] Ti (s). (5.53)

The function C+t 5+ (s, ¢, u) represents the contributions from tadpoles as well as from the strong [147,
148] and electromagnetic [198] low—energy constants

2 2 2
i s— M e My Lot et
; t -1 z - ;
C (s, t,u) = —7 33n 8 — 8<1+lnM2 >+2(IC K )
2M2 1 62 t—u
(KT 4 )| — ——5(s — 2M2
* 3omr [ 5 * )| = o 8= 2Me) {7y
[(s —2M2:0)% (1 + 12) (u— 2M2i)252] - Miﬁf)l} (5.54)
48 2F T 327 2F4
13
2 2 2 4 2
uM. A, - —
t Tom2rt 167T2F4 ( 8" T 18° +3 g +3 ” + 18M ° 9 SMZA )
1 AL
~ 96771 12, (=3s® + 165M 20 + 2uM?o — 23M70) |
where all the logarithms of the pion mass ratio are expanded as
1 Me _ A + (5.55)
n Mzo = Mzo y .

and

47 407 -
K=t = (3 + 9) ky — —kQ — Ok +4Zky +4(1 +82)ke +2(1 — 82)kg ,

. 47 2487 - _ _
) G —— (3 + 9) k1 8 ko + 9k‘3 — 20Zk4 + 4( + 8Z)/€6 + 2(1 - 8Z)k‘8 . (556)



Chapter 6

Isospin—breaking effects due to the pion mass difference

in 77 scattering

In the previous chapter we computed in detail the radiative corrections to 77 scattering in the chiral
representation. Now we want to evaluate isospin—breaking effects with the model-independent dispersive
approach, i.e., by means of Roy equations. In particular, we will compute radiative corrections due to
the charged—neutral pion mass difference, which actually belong to the broad class of effects generated
by virtual photon exchanges, but which is well-defined on its own and can be treated separately from all
the others.

6.1 Dispersive representation of 77 scattering in the isospin limit

As we showed in Eq. (5.15), the w7 scattering amplitude in the isospin limit and in the charge basis can
be written in terms of the single isospin—invariant amplitude A(s, ¢, u). For small values of s and ¢, the
dominant contribution comes from the S— and P—waves such that the isospin—invariant 77 scattering
amplitude can be split in a contributions generated by the imaginary parts of the S—and P—waves below
a certain energy /s3 = 2 GeV and the rest:

A(s,t,u) = A(s,t,u)sp + A(s, t,u)q - (6.1)

At energies below the upper limit of validity of the Roy equations, s; = 68 M2, the background amplitude
A(s,t,u)q, which collects the contribution of the imaginary parts of higher waves as well as of high
energies from S— and P—waves, can be well described by a polynomial. Given the nature of this part of
the amplitude, we expect it to be little sensitive to the pion mass difference and we will therefore keep it
unchanged. As our result will show, although a sensitivity to this mass difference is visible, its size is small

compared to the uncertainties with which the background amplitude is currently known.

The amplitude A(s, ¢, u)sp can be expressed in terms of three functions of a single variable:

Als,tu)gp = 327 {;WO(S) + g(s — )W) + %(5 — W ()
1 2 1 2 1 2
—|—§W (t) + §W (u) — §W (s)} , (6.2)

where the functions W9(s), W1(s), W2(s) have only a right-hand cut and admit a simple dispersive

representation in terms of the imaginary parts of the S— and P—waves as well as by the two S—wave
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scattering lengths a9, a3:

0 2 52 0(
0 ags  s(s—4M2) / , Imty(s")
= d
VO = nrt T e e s
s [ Imti(s")
wt = = ds’ 1 6.3
® = 7 /M I MR~ (6:3)
Wis) — a?s  s(s—4M2) /S2 ds’ Imt3(s")
C 4M2 7 amz S8 —AM2)(s' —s)

This representation is valid in the isospin limit, where the imaginary parts have been determined as a
solution of the Roy equations below s, supplemented by phenomenological input between s; and ss.

The representations of the 77 scattering amplitudes 7", T° and T in Eq. (5.15), as well as the ones
arising from crossing symmetry 77+ and 770 in Eq. (5.10), inherit from Eq. (6.1) the splitting between
the S— and P—waves and the background amplitudes:

with & = n,c,z, ++, +0. As argued above, only the amplitude T§P is expected to be sensitive to the
pion mass difference, and we will concentrate on this in the following.

6.2 Effects due to M, — Mo

In the chiral expansion, taking into account the effects due to the pion mass difference is straightforward,
but doing this for the 77 interaction in a dispersive framework that extends beyond the chiral regime is
significantly more involved. We will now describe a fully dispersive treatment of these effects, with the
approximation of considering only up to two pions intermediate states.

Away from the isospin limit, the Roy equations take a very different form since different processes get
contributions from different intermediate states in each channel. Even when considering only S— and P—
waves, instead of coupled integral equations for three different partial waves, one ends up with coupled
integral equations for seven different partial waves (of the five different channels in Egs. (5.15) and (5.10),
only 7¢ and 710 admit a P—wave).

To estimate the effect in the region below s1, we proceed as follows. First, we concentrate only on the
Tk amplitudes and insert the expression in Eq. (6.2) of Agp in terms of single—variable functions. This
provides a dispersive representation of the physical amplitudes, but still in the isospin limit. As a next
step, we express the imaginary parts of the fixed—isospin partial waves appearing in the definition of the
W1 functions in Eq. (6.3) in terms of the imaginary parts of the physical channels and correspondingly
define new single—variable functions labeled accordingly. In the following, we detail this procedure for

each amplitude.

The 7%7°% — 7070 amplitude: Let us consider first the 7" amplitude, which is completely crossing—
symmetric in the three Mandelstam variables, i.e., in each channel, the same intermediate states, w070
or 77, are possible and with the same weight. Doing the steps outlined above, one ends up with the

following representation:

TSp(s,t,u) = 32w <W§’OO(S) W () + (s t)+ (s u)) , (6.5)
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with
W”’Oo(s) B a®s  s(s—4M?) /31 Y Imty 00(5’)
o O 4MZ, 7 avz, (8= 4M7%0)(s’ —s)’
—4MZ,) [ Im 1" (')
wot(s) = S Z4M) / ds' 8 6.6
s (s) - " S — ) ) (6.6)

where M, and M, o denote the charged— and neutral-pion mass, respectively, and the superscripts 00
and +— in the W—functions indicate the charges of the intermediate pions contributing to the imaginary

part in the unitarity relation.

The 77+ — 7ntn " amplitude: For this amplitude, the P—wave is again absent in the s channel, but
allowed in the ¢ and u channels. We, therefore, need to define the scattering angle (or the cosine thereof,

Zt,,) In the ¢ or u center—of—mass frame:

1 2 _ 1 2
= St —4M2)(z = 1), u= St —4M2)(~z — 1),

S—Uu

2t :W . (6.7)
The analogous expression to (6.2) for the 77" amplitude reads
Lo (stow) = 32m (W () + WG + W (0) + W5 () + W5 (u)
= WET () + (= IWET (W) | (6.8)
where
i L P
WETe = g U /M i E)(() 5
s ¢,00
We(s) = s(s 7W4M72r) /4]\;2 4’ = Im 415;42)(52 S

S1

c,+— _ 5 ’ Slmt?+_(3/)
WpT (s) = /4M$ ds o — AME) (5 —5) (6.9)

Via the crossing relation in Eq. (5.10), Eq. (6.8) also provides a representation for 7.

The 7+ 7~ — 7%7% amplitude: For this amplitude, there is no P—wave in the s channel, because of the
two identical particles in the final state, but a P—wave is present in the ¢ and u channels, for the crossed
process 770 — 7770, In the ¢ channel, for example, the scattering angle can be expressed in terms of

the Mandelstam variables as follows:

t(s —u) + A2

W 5 Wlth Aﬂ— = .1\4-7.2r — M7.2|.0 , (610)

zZt =

with A(a, b, ¢) = a® + b% + 2 — 2(a b+ bc + ca) the Killen function.
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‘We can then derive the expression of the 7, amplitude in terms of single—variable functions:

Tép(s,t,u) = 32 [WT(s) + Wo%(s) + WO(t) + W (u) (6.11)
+ (t(s —u) + A2) WL () + (u(s —t) + A2) Wio(w)] |

which are defined as

s +—
W§7+_(S) — CL182 S(S_4M7%)/l dS/ Imtw,S(Sl) ,
4M?2 ™ anz S'(8—AMR)(s' — s)
—4M2) [ Im 2% (s’
W) = S [ g 2L
™ anz,  S'(s'—AMZ)(s' — s)

Y s +0
W20(s) as s +s(s—4M§) / lds’ Imtg (s") 7
AM?2 ™ anrz 8'(s" —AMZ)(s' — 5)
IS 3ImtL0(s'
W;O(S) _ 7/ s m P2(8) ,
™ 4]\7172r )‘(8/7M72r7Mﬂ0)(3l_5)

(6.12)

where M, = (M, + My0)/2 and the two scattering—length—like quantities a; » are related to the true
scattering lengths by

a1 = af " +2exas — 8A; [MZ(1+ ex) fFO(=Ar) — MZSFO(—AL)] (6.13)
0’ a2 (L) g (6.14)
= € .
“ 1+€2 T\14e2 )7 VTR
and where we have introduced €, := 4?\‘2?2 and
1 [o'e) I t+0 /
£0s) = = / gs'— s () (6.15)
N A TP T P
L[> 3Imt 0 (s")
H(s)==[ ds L : 6.16
fo(s) =~ /4]\_@ M) (5 — ) (6.16)

The introduction of the parameters a; and a9 is necessary in order to ensure that
Wet (4M?2) =a; and W (4M2) = ay . (6.17)
while

tL(4M2) =af and t5°(4M2) =al". (6.18)

C

6.3 Unitarity relations for AM,; # 0

We now want to estimate the effect of the pion mass difference in each physical channel and shift Mo
to its physical value. This affects the physical ranges of the kinematic variables and, correspondingly,
the thresholds of the various processes. Moreover, it is also reflected in the analytic structure of the T*
amplitudes for which, in addition to the branch cut at 4M?2 in the s channel, a second one develops at
4M7_2r(), or at 4M,.2 in the t channel, as has been discussed in detail in [200]. Indeed, the expressions

obtained above do show these different cuts already, provided one takes for Mo its physical value.

Nevertheless, in order to solve the integral equations derived in Sec. 6.2, there is still one piece of
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information missing: the expression of the imaginary parts of the amplitudes that appear in the dispersive
integrals above, as fixed by unitarity. For the S—wave of the T"**¢ amplitudes, we have a coupled—channel

problem in the s channel, where the unitarity relation is expressed at best in matrix form [200]:

ImTs(s) = Ts(s)X(s)T5(s), with Tg = < t5(s) —t5(s) ) 7

—t5(s) t5(s)

_ [ oo(s)0(s —4MZ) 0
)= (00 20(s)0(s — 4M?2) ) ' (6.19)

with o(s) = 4/1 — and oo(s) =1/1 Mo the phase—space factors for the charged and neutral

pions, respecuvely

From this, one can read off the imaginary parts for each of the components (to simplify the notation,
we absorb #—functions in the definition of the ¢’s):

Imts(s) = oo(s)[tg(s)* +20(s)[t5(s)]*
Imtg(s) = oo(s)ts(s)ts(s)” +20(s)ts(s)ts(s)"
Imtg(s) = oo(s)[ts(s)]” + 20(s)|t5(s)]” - (6.20)

For the remaining partial waves of relevance here, considering only intermediate pion states, the unitarity
relation takes the form of the standard optical theorem: Imt = p|t|?, with p the relevant phase space
factor. In this way, we obtain the following expressions of the imaginary parts we need to insert in the

dispersive integrals.
Amplitude 7":
n,00 n 2 n,+— x 2
Imtg™ (s) = oo(s) [ts(s)]”, Imtg™ ™ (s) = 20(s) [tg(s)]” - (6.21)
Amplitudes 7° and T

Im 5 00(8) 200(8) |t§(8)|2 7 Imtg’Jr*(s) = 20(8) |tcS(3)|2 y

Imts™(s) =o(s)|ts (s) ? , Imt$t T (s) = 20(s) 15 (s)° . (6.22)

Amplitudes 7t7~ — 7070 and 770 — 770

2A/2(s, M2, M3,

Imts "™ (s) =20 (s)t5(s)tS(s)*, ImtLl(s) = ; {t+0 )| 7
mt5(s) =oo(sB )" Ine(s) = XM M) o (g

6.4 Scattering—lengths: matching with xPT

A crucial step in the procedure just outlined is to provide input values for the subtraction constants, which
are all expressed in terms of scattering lengths. Like in the isospin—limit case [25], they will be fixed by
matching to xPT at low energy. The 7 scattering amplitudes in the presence of isospin breaking have
been calculated in two papers: the amplitude 7% in [198] and later extended to T in [199] (the details of

the computation of T were also worked out in Ch. 5 in this work). These two papers contain both the
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effect of the pion—mass difference as well as the effects due to virtual photons, but in a form that allows
them to be easily disentangled. Here, we will make this separation explicit while recasting the amplitude
in a form that allows for an easy matching to our dispersive representation.

Let us start with the 7" amplitude: the T representation of the functions Wg,oo and Wg’Jr* up to
order p* reads:

1,00 5 (s —4MZ) 1
weo) = g o O ),
_ 1
W;:S (S) = 39 F4 D° [(‘I - Mgo)ﬂ (S) ) (624)

where F} is the pion decay constant, and a2 and b2° denote the scattering length and slope parameter,

respectively, in the threshold expansion of the neutral amplitude. The function

D][p(x)](s) =

s —aM?2) [ i
S(Sw)/ de oi(z)p(x) with 4,7 =0,+ (6.25)
4

1672 a2 22 (x—4AMZ)(x —s)

is the triply—subtracted dispersive integral (twice at s = 0 and once at 4M?2,

wd

as indicated by the super-
script), where the discontinuity is given by the polynomial p(z) multiplied by the two—pion phase space
0;(s). Note that, in the following, the sub— and superscripts referring to charged pions will be omitted,
i.e., D[p] := DX [p], D°[p] := DY[p], and so on.

The explicit expression for the threshold parameters a2’ and b2° are listed in App. D. Here, we show
only the expanded results up to O(62) (after having verified that numerically this is a good approximation):

2
q00 = M {1—5#5 -

32nF2
+ 0. (1—6y) (’“;1 - %1}2 - k4) — 9m\/6, <1 - 35,T> ] } ,

(4121 + 80y — gz@, + 2£4> (1—6.)°+ g — 46, <1 + 5”)

2
M? 4 - - 1 1 97 1)
00 __ s = _ -z _ _ T
n _73271'}77% & [3(& +205)(1 = 0x) + 3 + 6(577(1 + 20,) 1 v/ Ox (1 5 )} , (6.26)
where A )
™ M7T
(577 = ﬁ‘g s and g = 1671'2F72 . (627)

The threshold parameters are expressed in terms of the mesonic ¢; and electromagnetic k; low—energy
constants (LECs) (see [198]), with k31 given by the combination

)
Kou = =gk + ks (6.28)
The renormalization of the LECs at one—loop order was studied in [198] and is given by
G =1 () +vix, ki =k () +oiX, (6.29)

where 7; and o; are the corresponding renormalization group 8 functions [198,201], u is the renormal-

ization scale, and A reads
d—4

" 2
= — —log(4 -1 .
A=t (d4 og(4) + 7 ) (6.30)
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with v the Euler—Mascheroni constant.
The l_z and /;;l are defined from the renormalized LECs as

’yi — M2 ag; - j\42
0 = b +log —= |, kiIl= ki +log —= ) 6.31
i 32W2<+ogﬂz> : 3%2( +log 3 (6.31)
so that the combination ks reads
_ 9 4 _ _
k31 := 1z [(3 + 9Z) ki — Skg] . (6.32)

The constants o; renormalize both photon and pion—mass difference divergences, with the latter en-
coded in the factor

A
— 6.33
TR (6.33)
and, for this work, the relevant o; values are
27 1 3 1 1
01——%—5Z, oy =27, T3 = "7 o4 =27 06—Z+2Za Us—g—Z- (6.34)

The combination k3 is defined such as 031 = Z/9, implying that the three counterterms appearing in
a% in Eq. (6.26)—namely, ko, k4, and k3;—only renormalize effects due to the pion—mass difference. Of
course this does not imply that also the finite parts only contain effects due to the pion mass difference—in
other words, that the finite parts would vanish in the limit Z — 0. This is an intrinsic ambiguity of the
present calculation which cannot be resolved. However, the analysis presented here only concerns a part
of the isospin—breaking corrections, and once all of them will be evaluated and combined in our final
result, the ambiguity will disappear.

For the triply—subtracted integral in Eq. (6.25) to converge, the polynomial p(x) has to be at most
second order. This additional subtraction—one more than in Eq. (6.6)—is necessary because, in xPT ,
the discontinuities are valid only at low energy, where they are expanded in powers of momenta and take
the form of second—degree polynomials (times the phase space). To achieve a proper matching, we must
apply an additional subtraction to the general dispersive expressions in Eq. (6.6), thereby obtaining a
sum rule for b2°. For a9, the xPT representation provided here is an essential input to the dispersive
approach.

For the T+ amplitude, we obtain the following expressions for the single—variable functions at O(p*):

Yr, NS (s —4M32) 1 ) )
W (s) _47]\472 att + (b++ + c++s) Ve + 12871-F#D [(x —2MZ —2A;) } (s),
o, S B B B (s — 4M72r) )
W5 (s) E ai =+ (bF T 4+l 7s) e + 1287TF#D [(z +445)%] (s)
Weis(s) =10 [(z = M20)?] (5) , (6.35)
_ 1
Wlp () = = ggpgma D (e = 4M2)*] (s) (6.36)

together with the following ones for the expanded constants a, b, and ¢:



64 Chapter 6. Isospin—breaking effects due to the pion mass difference in 77 scattering

s Me b e R ol — R (Bt am) (1— 6,02
a __167TF72 —0r —¢ §(1+ 2)—5(34- 4)( —0r)
1 88 k - 62 - -
+2<1+357,+953)—5,r(1—57,)<;1—4k32+9k2+5k4>]},
M? _ 23
++ s /e 2
b _48ng5(4£2 5 45ﬂ+5w),
&
864w F2 '
. M? 4 - 0 1- - . 62 1- -
Re[a) ]167TF7%{1+67T+5 3+§(€1+2£2)f§€3+2£4+67r (24 £3) +62 <92£32€4>

+ 6r (kgl(l + 6) + ks (1 — 05) — %EQ (5 — 310y) + ka(1 +567r)> ] } ,

M2 (73 . -
+— — s e 4 2
Re[bc ] 247TF_,?§ [72 + 01+ lo + (5ﬂ+(5ﬂ:| ,
-_ & 7
“ TI78qF2” (6.37)

where k35 is the combination,
_ 1 . _ _ _
k‘32 = kg + 2(]4)6 + ]4)8) = k‘32 = —8? [3k‘3 -2 (1 + SZ) k‘(; - (1 - 82) k‘g] . (638)

The renormalization group S function for this combination is 032 = 27, ensuring once again that all
LECsin Eq. (6.37) only absorb divergences proportional to the pion—mass difference. Note that Eq. (6.37)
provides the exact expressions of a**, b7+, ¢+, and ¢} ~, while a ~ and b}~ are expanded up to O(52),
with their exact expressions given in App. D for completeness (the difference between the two expressions
is numerically irrelevant).

The amplitude 7% is more complicated because of the presence of particles with unequal masses in
the ¢— and u—channels. However, an expansion in the pion—mass difference significantly simplifies the
expressions for the subtraction constants while maintaining numerical accuracy. Below, we present the

single—variable functions:

_ s (s —4M2) 1 s
15000 = g o+ e Ol o) - wa] o,
1
Wa(,),OS(S) = _6471'F2 DO [Mio (S - Mio)] (8) s

S s — 4M§ 1 2
WH0(s) = 0 | + (ba + c29) e ) _ 128F#D13 [(s —2M?) } (s),
)‘(S7M72|—07M72) 7(2)

WiO(s) = — (6.39)

- 384F4 0(s),

Jro(s) = 5J.4(0)
52
The expanded subtraction constants are

where j_(fo)(s) = , which is regular at s = 0.

M2 1) 11 4 — — 1- —
__ M o (9 45, 220 4 20) — 2l + 60
Rela] 327TF,?{3+ 4( +07) +§ 2+3(1+ 2) 23+64
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M2 5 1
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“ 327ng{ ™ ( + 16) Slat
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Note that, once again, all LECs in Eq. (6.40) solely renormalize divergences proportional to the pion—
mass difference.

(6.40)



Chapter 7

Roy equations for AM, # 0

In this chapter we will solve the Roy equations including isospin—breaking effects due to the charged—
neutral pion mass difference. We will first derive these equation by projecting onto partial waves the
amplitudes defined in Sec. 6.2 and then we will give all the necessary ingredients as well as the strategy

we adopted to solve them.

7.1 Derivation of the Roy equations for AM, # 0

Roy equations beyond the isospin limit can be obtained directly by projecting the single—variable decom-
position of the pion—pion amplitudes, defined in Sec. 6.2, onto partial waves. This projection is defined

by
1

th(s) = % [1 dz Py(2) T*(s, (s, 2),u(s, 2)) , (7.1)

where k labels any of the 77 channels in the charge basis defined in Egs. (5.9) and (5.10), J denotes
the angular momentum, Py stands for the Legendre polynomial of degree J, and z is the cosine of the

scattering angle in the corresponding s channel center—of—mass frame.

For example, the S—wave projection of the neutral channel amplitude reads

1

ts(s) = ™ [1 dzT"(s,t(s, 2),u(s,2)), (7.2)

where in this case

- 1
t(s,2) = — 02 us,z) = _(8800—2)(’2—” . So0 = 4AM?Z, . (7.3)

Including explicitly the single—variable decomposition of the 7%7% — 707% amplitude in Eq. (6.5), and
performing the angular integration analytically, the neutral-channel S—wave can be recast as

S4— S1
ts(s) = a20+/ ds'K, (s, 5’)Imt7§"00(5’)+/ ds'K,(s,s) (Imtg’oo(s') + Imtg’+7(s’)) +ds(s) ,

500 S4—

(74)

where s = 4M?2,, Imt%” and Imt% ™~ are defined in Eq. (6.20), and d% denotes the driving—term
contribution, i.e., the partial-wave projection of the background integral

ds(s) = % [1 dz T3 (s,t(s, 2),u(s, 2)) , (7.5)
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accounting for the contribution of the imaginary part of higher J > 1 partial waves as well as of the S—
and P—waves above s7.

The kernel K, (s, s’) is defined as

1 1 2 1 2
K,(s,s') =~ - = - + log 14 2750 , (7.6)
m|s'—s s s —8p90 S— Soo s’

0 0

and encodes the whole analytic structure of the 7°7°% — 797% amplitude. The first term in brackets,
1/(s" —s), accounts for the right-hand cut discontinuity generated by both 7%7% and 7+ 7~ intermediate

states, while the log term includes the ¢ and u channel discontinuities. Note that, on the one hand,

1 1
lim K(s,s') = =

s’ —s00 T S/ — 500

+O[(s" = 500)] , (7.7)

which, together with the threshold behavior of Imt%, makes the integrand integrable around s’ ~ sg9. On
the other hand, in the lim s — sgo the kernel behaves as K (s, s") = O(s — soo) and hence, the dispersion
relation in Eq. (7.4) fulfills t%(sg0) = a2, i.e., the neutral-channel partial-wave amplitude is fixed from

the neutral-channel scattering length, which in practice is taken from the xPT expression in Eq. (6.26).

It is also particularly illuminating to discuss the partial-wave projection of the charged—channel ampli-
tude, which can be obtained from Eq. (6.8) using the crossing—symmetry relation in Eq. (5.10):

£(s) = 64% [ P ) T (s, 2)1(5,2).5) (7.8)

where in this case, we have contributions from both S— and P—waves. Performing once again the partial—

wave projection analytically, we get, for example, for the S—wave

1 1 s4-
t$(s) = 3 (1 + ) al” + 5 (1 - sj) att +/ ds'K 5 (s, s) Imt§%0(s")

+ S00

s1
n / ds’ {K;‘:E(s',s) (Imtgoo( ’)+1mtg+—(s')) + K p(shs) Imtst(s)  (79)
S+

+ K 7 (s, s) ImtE™ (s )} +d%(s),

where Imtg’oo, Imtf9’+_, Imt" ™, and Imt{™" are defined in Eq. (6.22), d%(s) is the driving—term con-
tribution, and the kernels read

117 1 s+ s+3(s" —s4-) 1 §— 84—
K Z(s,s) == - In(1+>"—"=)|,
o5 (59) w|s—s 2'(s" — s4-) * §— 84— G s
3[ 3s+2s —sy_ 2 " — sy — Sy
Kirp(shs)=2 | 2028 m80  29HS T8 g (g ST (7.10)
% Tl 28(s'—s4-)  (s—sp_)(s — s+,) s
1[s—2s+s4- 1 —s
Kii.(ss) == + In (1 =] .
s+ (558) | 28 (s — s4-) +5—s+, n( Tty

Once again, all kernels are suppressed in the s — s;_ limit and Eq. (7.9) satisfies ¢t§(s4—) = al ™.
Nevertheless, due to the K: (s',5) Imt 5% () contribution both in the first and second integrals in

Eq. (7.9), the s — si_ limit must be studied carefully. On the one hand, close to the charged—pion
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threshold the K;fg kernel behaves as

S + 8+_
2sq (8" —s4-)

: (o o) —
s/l—l}SI}*__ K37S (S ’8) -

0
+ 0 {(Sl — 800) ] .
On the other hand, Imtg’oo only vanishes at the neutral-pion threshold, hence leading to an end—point
singularity. Although this singularity is integrable by construction, its numerical implementation requires
special treatment. First, the K5 can be decomposed in terms of a regular K g " and singular Kry =

part as
K+— / _ K+7,I / K+7’H /
5,8 (S 78) - 5,8 (S ’S) + 5,8 (S 78) )

17 1 2 1 s
Kigl(ss) ==~ { i — <1+ 88*” : (7.11)

/ /
m|s—s s  s—si_

(s +54-)

K+7,II /7 — _
5,5 (s S) 27T3'(8/—3+_)

)

Second, the singular piece can be recast as

1
K5 (', 5) Imtg™(s") :mKZE’H(Sﬂ s) (Uo(8+—) Imt5™(s") — o0(s) Imt§00(5+‘))
/
+o?()£j)) K5 (s, s) Imtg® (s ), (7.12)

so that the first term in Eq. (7.12) vanishes exactly in the s’ — s;_ limit and can be computed using
standard integration routines. Third, the second term in Eq. (7.12) can be integrated analytically. Namely,

[ aektz ) - o
SJ% {00(81) —00(54-) |:arctanh <s+_ ;jlg(ol(;ao)(ﬁ))) * %log (mﬂ } -

Similar end—point singularities appear in the partial-wave projection of the 7++, T%, and T+° ampli-

tudes, for which the very same procedure should be applied. Expressions of the Roy equations, including
explicit expressions for all the kernels, for the remaining channels in the charge basis are collected in
App. E.

7.2 Scattering lengths, imaginary parts and driving terms

In order to solve Roy equations, we must first fix all input quantities that appear in Egs. (7.4) and (7.9),
and App. E—namely, the values of the scattering lengths, the imaginary parts of S and P waves above s1
and the driving terms. For the former, we will make use of the Y PT, predictions obtained in Sec. 6.4. For
the latter two, as already anticipated, we will use the same phenomenological estimates given in [25,26]
even though those references used these in an isospin—symmetric context. The reason for this strategy
is two—fold. First, pion—mass difference effects are expected to be more relevant at low energies, where,
on the one hand, the contribution of the 7979, 7779, and 7+ 7~ threshold—shift effect is still sizable,
and, on the other hand, the impact of the different masses and phase—space factors, entering both the
kernels and the imaginary parts, is enhanced. Second, the Roy—equation solutions discussed in [25,26]
were obtained in the isospin limit, but the high—energy and higher partial-wave contributions were fixed

from experimental data without attempting to remove isospin—breaking effects. In that context this was
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motivated by the expectation that isospin—breaking effects are small at high energy. But all this means
that, in the present context, we can just adopt those estimates without the need to apply any correction

to them.

7.3 DPartial-wave parameterizations for AM, # 0

The Roy equations beyond the isospin limit derived in Sec. 7.1 relate the real part of the 7w partial waves
to an integral over their imaginary parts, which, in turn, are also related through the unitarity relations

collected in Sec. 6.3, hence providing a coupled system of integral equations.

Partial waves are customarily expressed in terms of their phase shift and elasticity, i.e., the phase and
modulus of the S—matrix element, respectively. In the isospin limit, the unitarity relations for the three
isospin amplitudes I = 0, 1,2 are diagonal, and 77 scattering remains elastic below the first inelastic
threshold, which formally starts at the 47 threshold. Nevertheless, in practice, inelastic effects become
experimentally noticeable only at higher energies [29] and 77 scattering can be considered elastic up to
energies around 1 GeV'. Hence, in this elastic region, Roy equations translate into a coupled system of
integral equations for the phase shifts. Above this energy, one also needs to include the elasticity, which,

once again, is obtained from experimental data.

Beyond the isospin limit, one has to switch to the charge basis, which, as discussed in Sec. 6.3, no longer
diagonalizes the unitarity relation in the case of the T, T and T'¢ S—waves, and requires introducing an
additional internal 77 elasticity parameter along with a non—77 inelasticity contribution. For the latter,
we once again rely on the results in [25,26], which, as extracted directly from data, already account for
pion—mass difference effects. For the former, we will perform a coupled—channel analysis.

Thus, following the example in [24—26,28,202-204], to solve this system of equations we parameterize
the phase shift at low energies in a suitable form, whose free parameters are obtained by minimizing the

difference between the left— and right—hand side of Roy equations.

7.3.1 Elastic case

We will start with the 7t7t — 777" S—wave, which in terms of its phase shift and elasticity is param-

eterized as -
_ n-Si--‘r(s) 62165 (s) _ 1

57 () 2i0(s)

(7.14)

For the elasticity nd T, we consider the isospin—limit results in [25,26] so that 7t (s) = n2(s). In the
case of the phase shift, we use

7 _ 7
5+ (s) = 82(s) <1 oy (1) ) | 013

Sq
i=0 +

L.e., it is parameterized in terms of the isospin—limit phase shift result plus a polynomial correction pro-
portional to the pion—mass difference squared A.

At the charged—pion threshold s _, the parametrization in Eq. (7.15) must match the a*™ scattering
length, so that the ¢ T coefficient is fully determined by the relation

++
v+ Aa

= —, 7.16
Co GPEFAW (7.16)

n the isospin limit, the SO—wave is elastic up to the KK threshold, the P—wave inelasticity starts quite slowly at the 7w
threshold, and the S2—wave remains elastic up to energies around 1 GeV [28].
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with Aatt =at* —afi ",
Additionally, to ensure a well-defined integrand, the parametrization in Eq. (7.15) and its first derivative
at s1, the maximum energy of validity of Roy equations, must match the isospin—limit results employed in

the driving term. This imposes two additional constraints, allowing us to fix the values of the coefficients

cg' * and c?"" as follows

s 6 5 s s k

_ 1— _

dt—— (2 ) S gyt ()
S1 — S4— =0 ’ S4—

7 k
= (S Gt (2= (7.17)
175/ 15

Sy
leaving ¢ as the only free parameters.

o |l

Similar constraints apply to the 777~ — 77~ P—wave, which we parameterize as

() 1
t = 7.18

with n%(s) = n1(s) and 6%(s)

7 i
55 (s) = 81(s) (1 ND S & (‘+> ) , (7.19)

Sq_
i=0 +

where CS’P is now a free parameter, and cg’f)7 are fixed by the matching conditions at s; analogously to
Eq. (7.17).

The 7t 7% — 7t 70 channel is slightly more involved since, in this case, the threshold opens at so4 =
(My+ + M,0)?. Starting with the S—wave, its parameterizations in terms of its phase shift and elasticity

reads .
S) e2i 6; (s) _ 1

+0 77;‘_ °(
t = 7.20

S (S) 4i0+0 (S) ’ ( )
with oo(s) = AY/2(s, M2, M?2,)/s. Once again, we assume that the elasticity is given by its isospin—limit

value in [25,26], and thus, we assume

1 s< sy
+0 = o4—
N (s) = (7.21)
57 {773(8) 5> 54

The phase shift is parameterized in terms of the isospin—limit phase 63, which is, however, only defined
for energies above the charged—charged threshold sy_. To extend the isospin—limit phase down to the
physical 779 threshold we use the kinematic map (see also [205])

s(s) = 218 = ‘90*)__ si-(s=s1) (7.22)
S1 S04

which ensures that §(sg4) = s4— and §(s1) = s1.

Thus, in terms of this map, we parameterize the phase shift as

7 [
55°(s) = B3(3(s)) (1 ALY s <—+> ) . (7.23)

S
i—0 0+
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In order to ensure that at s, the parametrization in Eq. (7.23) coincides with the a ™ scattering length,

+0.5 45 fixed to the value

_ — A +0
08 = S / AT g S ) 1] (7.24)
Ar | so+ S17 54— Qe 1,

the coefficient ¢,

with Aa}? = af0 — a:?L. In the same way, the matching conditions with the isospin—limit results
in [25,26] impose the Cg—o,s and C;O’S to be
5 s _ s k
+0,5 +o,s 1 — So+
C = — P
¢ <51 - 30+> kz ( S0+ )
) (52(81)/> <1+2i0+0(81)t2(81))
+——— 7+ (s51—35 0 lo 0
gy (7 (o0 Gy ) 1o (0
(51 - 50+>2 8185 — A72'r 2 U+0<51) 2 ’
+ - to(s1) + ————t5(s
B330o0) (14 200 ro(0Bn) \ 5701 — s Jesalon) 000 T 5=, 100

)

N ( T08(s1) in%(«ﬁ)’) (1+ 2w+0<s1>ta<sl>>>

s1—s0+  2m5(s1) $1 = So4

7T 6 k
0.5 _ 50+ +0,8 [ 51 — So+
Cr7 =~ \T—_— C .
S1 — So+ S0+

k=0

1+ 2i010(s1)t5(s1)

+ar (4 g o (5 ))] 72)

where the prime denotes the derivative with respect to s evaluated at s;. In this way, the new map implies

that both coefficients become complex.

The 7t 7% — 7779 P—wave is parameterized similarly. Namely,

e2i §5%s) _q

tJIgO(s) — 77; (S)

7.26
4ico(s) ’ (7:26)
with
1 § < 54—
+0 = 94—,
np (s) = { (7.27)
" m(s) s> s4-,
and
550(s) = 61(3(s)) [ 1+ An Z +0.P (8_8°+> , (7.28)
=0 S0+
where cgo’ = 0 and the coefficients c+0 and c}LO’P are given by an expression equivalent to Eq. (7.25)

but with the opposite log determination:

5 k
+0,P ( ) Z +0,P 51— So+
Cg = —
81— S0+

S
1

+ m (7 + (s1 — so+) ?}((211))/> {log <1 h %Un?zgl))t%(sl)) - 27ri}

(s1— so4)’ ( 515, — A2 o40(s1) sy

- t1 S1)+ ———=t7(s
A, 51(51) (11 Zioso (s (50) \ 53051 — s asa(en) 100 T 5 =g, 1

+
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int(s1)"\ (1+ 2ioqo(s1)ti(s1))
* <51—So+ 277%(51>) 51— S0+ >1 7

6 k
> +0,P <81 - 30+>
§ :Ck
S1 — So+ =0 S0+

3 1 g (o (25 -am) | o

+0.P _
Cr7

7.3.2 Coupled—channel case

As already discussed in Sec. 6.3, in the charge basis, the unitarity relation for the 7", T, and T S--
waves (see Eg. (6.20)) does not become diagonal. Therefore, these waves must be parameterized through a
coupled—channel formalism. Labeling the 77 state as 1 and the 77~ as 2, we can define a two—by—two
inelastic S—matrix as:

g < % (s) ng(s) e??s() in/T = E(5)2 el05(5)+05(5)+55(5)) ) 730
o\ i1 - ’ '

S(S) 1(5S(S)+6S(S)+6§(5)) 7’]%(3) ng(s) 627’53(5)
with the T-matrix elements connected to the S—matrix by the standard coupled—channel relations

511(5) = Sn(S) =1 +2i0'0( )tg( )

S12(s) = S%(s) =2iv/200(s)o(s)tE(s

Saa(s) = S°(s) =1 +4io(s)ts(s) . (7.31)

or, equivalently,

no o ME(8)ME(s) e05() — 1
ri(s) =B ,
i0o(s)
s () VTP S0
24/200(s)o (5)
. ng(s) ng(s) e?05() —
b 7.32
s(s) = 4io(s) (7.32)

Thus, this inelastic S—matrix parametrization is defined via three phase shifts and three inelasticities:
* 0% and 0§ are the phase shifts of the neutral and charged channels, respectively.

x n% denotes the 77w~ — 7070 inelasticity, which, below the first non—77 inelastic threshold, pro-

vides the pion—pion inelasticity in the charge basis.

* ng and ng account for the non—n7 inelastic contributions of the neutral and charged channels,

respectively.
* 0% provides charge—exchange inelastic phase shift.

The neutral phase shift is parameterized as

27:0? (S;)Sooy +0(8)Z4:5? (S_SOO)ZD , (7.33)

=0

05(s) = 65" (5(s)) (1 +Ar
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where, analogously to Eq. (7.22), the map

5(s) = s1(s — s00) — $+—(s — s1)

S1 — S00

, (7.34)

extends the isospin—limit results below s;_, and the coeflicients &} allow the imaginary part of ¢%(s) to

develop also at the charged pion threshold. In addition, as already noted in Sec. 6.3, the phase—space

factor o(s) in Eq. (7.33) comes multiplied by (s — s_), so it only contributes to 0% (s) above s _.
The coefficient ¢ is fixed by demanding that the ¢ partial wave coincides at threshold with the isospin-

breaking a2 scattering length from xPT.,. Namely, evaluating ¢ in Eq. (7.32) at the neutral-pion thresh-

old one gets

S00 (81— 84-)

S (7.35)

t5(s00) = a?z(,)IL (1+c5 Ar)

so that, defining Aa%® = a9 — a%%; , one gets

1 _ _ A 00
= —— S+ (51— s00) 14 2% ) _q]. (7.36)
A7'r 500 (51 - S+—) an,IL
Finally, taking into account that sy _ = sgo + 4A, at leading order in the pion—mass difference, this
reduces to A 00
1 Aay,
0 . 7.37
Co = A Cl o ( )

Once again, the coefficients cg and ¢7 are fixed by imposing a continuous and differentiable matching
at s1, similarly to Eq. (7.25). Expanding also at leading order in A, one gets

6 [ 5 k
n S+-— n (517 S+-
Ceg =— | ——— 7T—k)cp —

° <31—5+) LZ_%( ) < S4— )

o(s1) . s1—8 b
+ = GlE—=) (1a—2k- 2=
2 Py Sy $1

i { 4 : (2 1+ﬁ;’§(s)2) B (1 —ﬁ§(8)2> ﬁé(S)’ L+ E(s)* nE(sy)

+ )
5o (s1) | (51— 84— SIt(s1) 251 (s1) (s)  2Si(s1) mg(s1)

n
e (55 e (o 558 ]
s () (L) v g a ()

k=0 k=0
i 1 +77§(3)2)

+ 1-
(s1—s1_) 00 (s1) ( 283k (s1)

(7.38)

where
Sit(s) =1+ 2io(s) (t5(s) +2t3(s)) /3,

—\/1 -8 0u(s)o(s) |(E3(s) — £3(s)) /3P, (7.39)

and, once again, the prime denotes the derivative with respect to s evaluated at s;.
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In the same way, the charged S—wave phase shift is expressed as

icf’s (tj_*) +oo(s ié <8_5+ >D : (7.40)

=0 1=

35(s) = 05" (s) (1 +Aq

whereas, as in the ¢% case, the coefficients ¢ allow g to develop an imaginary part at the neutral-pion

thresholds, as demanded by Eq. (6.20).
The coefficient CS’S is given by

. Aaf~ .
7 = A~ doo(s) (7.41)
(‘ 1L
with AaT~ =af~ — aéfi, and where the second term in Eq. (7.41) is suppressed in A.

Finally, the matching conditions at s; fix the coeficients cg’s, C?S to be

i (55) [Zrwa (45)

k=0
o(s1) 2 s1—8 b s
1 ge (2L °4-— _9p _ 2=
+ = ch< — )(14 2k 81)
k=0 +
i 4 6§IL(51)/ +ion T (sy) + ng(s1) | 1—7%(s)
55 (sy) | \s1—s1—  209M(sy) ° 2n2(s1) ) SU(sy)
| L) T
28 (s1) 75(s) ||’

Sy 7 6 S1 — S4— F 3 S1 — S F
+ j : 1 + 2 : °1 7 o4 —
51 — S4+— 0 Sy —0

‘ 1 —ij5(s)°
o1 = ) (s1) 2SI (o) ] (7.42)

Below the first inelastic non—7 threshold si,2, ¢ = 1% = 1and 0§ = 0, hence recovering the standard
two—channel S—matrix parametrization. In this energy region, the elasticity parameter 1§ provides the

mr—inelasticity among the three 7™, T and T scalar channels, so that

ng = [S11| = [Sa2| = /1 —[S1a[> for s < i . (7.43)

Above sin, % accounts for the whole charge—exchange inelasticity, but we still allow for isospin—breaking
corrections up to s1, where once again we impose the isospin—limit results in [25,26].

To ensure the correct threshold behavior of the ¢& partial wave, as well as to describe the cusp effect
of its imaginary part at both the charge— and neutral-pion thresholds, we parameterize this elasticity
parameter as

7 i
n&(s) = 7&(s) <1+AW\/(S—S+ )(s — So0) Zc (s—er ) ) , (7.44)
=0

with 7% (s) defined in Eq. (7.39).

21n this case, si, is assumed to correspond to the KK threshold, i.e., siy = 4M12<.



74. Imaginary parts in the inelastic regime 75

Once again, the value of the coefficient cfj is fixed by the T isospin—breaking scattering length value
a}~ as computed in xPT,

x

4
g :s+,A7T (af™)? = (af~ + Aaf)? exp{ (1 + Z OockAkH)
k=0
1 4™+ a)y/ (51 = 5 )(a(25 - — s00) — 52)A
X tan™ 7= - D) } , (745)
(s1—s4-)2 —s1(s1 — s00) + 8(3az ~ + 2az ai +2(ad)?)(s1 — s4-)A,
with Aaf~ =af~ — a;I_L. At leading order in A this matching condition simplifies to
8a+* Aat— 2(100 2a+*
Cg _ x,IL ( Zaj + n,IL %z 1L (746)
S4— T Sy—

To ensure continuity and differentiability with the isospin—limit solution at s, the coefficients ¢§ and c¥

are fixed by

5 6 5 s — s k
z _ _ [ 2= 217 o4
© (51—5+—> kZ:O < S4+— >
1 9 nil, v, ME(s) Y L=7g(s)* | 1+ 75(s)? i5(s)
2
e | R LV naG0) ) S T S A5(s) )

)
i (o) Z (2o >k+(31 - >21§,£5§s(f>)2]' .

In the same way, above sj, the elasticity parameters ng and ng fulfill 0 < nd, ng < 1, and their values

are fixed once again from the isospin—limit results in [25,26]. Namely,

1 S S St+—
ma(s) =4 s (s) _ [1+2io(s) (t8(s) + 2t3(s)) /3 s> sy
x,IL o
15T /1= 80()2 |(120°(s) - 3(5)) /3P

c g (s) _ |1+ 4io(s) (260(s) +t5(s)) /6]

s) =5 et
T i ses2(48s) - B(9)) /3P

Finally, 6% is non—vanishing only above s, and provides the charge—exchange phase shift beyond the

elastic approximation:

5% = arg (Qﬁ io(s) (t9(s) — 12(s)) /3) — 50 (s) — 65 (s) (7.49)

7.4 Imaginary parts in the inelastic regime

Below the first non—7 inelastic threshold, the isospin—breaking parametrizations derived in the previous
section, combined with the unitarity relations discussed in Sec. 6.3, provide enough information to com-
pute the imaginary part of the amplitudes in the charge basis. However, the Roy equations beyond the
isospin limit, as derived in Sec. 7.1, require these imaginary parts to be defined up to s1, an energy that
lies above si,. Thus, in the kinematic region si, < s < s1, the unitarity relations from Sec. 6.3 have to be

extended to incorporate inelastic contributions. Namely,
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Amplitude 7":

i (5)*(1 = n&(s)?)

Tmti(s) = Imtg’oo(s) + Imt%t (5) = oo (s) |tg(8)|2 +20(s) |t§(5)‘2 + 400(5)

(7.50)

Amplitudes 7 and T+

15 ()2 (1 = n§(s)%)

Tt (5) =Imf(s) + Tt~ (5) = () 5 (5)” + 200 15+ 00D,
Tt~ (5) =205 e (0" + 220
ot (s)2
Tt (5) =o() |t o)+ £ 751

Amplitudes 777~ — 7070 and 770 — 770

It (s) =Imt% ™+ (s) + Imt5 % (s) = 20 ()5 ()15()" + oo(s)t5(s)EE(s)"

L — nT 2
ing(s)y/1—ng(s) i(05(5)=85(s)) (ng(s)eiég(s) _ng(s)e—iéé(&’)) 7
4+/20¢(s)o(s)
9 1— n+0(8)2
Imt;O(S) :20+0(S) |t:§0(5)| + W
1— 1" (s)?

Imt 5% (s) =2040(s) ‘t;o(s) 8010(s)

I + (7.52)

7.5 Strategy for the numerical solution

The isospin—breaking parameterizations defined in Sec. 7.3 together with their corresponding imaginary
parts in Sec. 7.4 provide enough information to check whether Roy equations for AM, # 0 are satisfied.
Specifically, by using the imaginary parts as input, the right-hand side (RHS) of Roy equations in Sec. 7.1
can be computed and then compared with their left-hand sides (LHS), which are directly determined by
the real part of the parameterizations.

A numerical solution to Roy equations can be obtained by evaluating and minimizing the least—square
difference between the Roy equation LHS and RHS over a mesh of NV points in the seven S—and P—wave

amplitudes in the charge basis:

Ady =33 (Reth(sy) — F [t4] (s)" (7.53)

kX j=1

where k labels the channels in the charged basis, X denotes the partial wave (S or P), and s; are squared-
energy points taken between the k—channel threshold and spay = (0.975 GeV)? (slightly below the K K

threshold). Here F[t%](s) denotes the Roy—equation RHS beyond the isospin limit. The numerical Roy

2
Roy*

solution is then obtained by varying the free parameters to minimize A

An exact solution of Eq. (7.53) corresponds to Ag,, = 0, meaning Roy equations are perfectly satis-
fied. In principle, this renders the specific definition of Ag,y irrelevant. However, in practice, the input
quantities—such as scattering lengths and driving terms that influence the matching conditions—are only

known within finite precision. This introduces systematic uncertainties in the solutions.

Given this scenario, the precise definition of Ag,, = 0 used in the minimization process may influence
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the quality of an approximated solution. Ideally, a y?>—function would be the most suitable choice for
minimization algorithms. However, the lack of well—-defined statistical errors precludes its direct applica-
tion. To address this and to ensure that all partial waves are treated uniformly, regardless of their relative

magnitude, we adopt the following function:

2
Ret¥(s;) — F [t§] (s))
M-S ( X(eg) = F 1% (s (7.54)
()y )
o Retk S (s5)
where N is varied between 50 to 150 to ensure the stability of the results, and in the end, fixed to 100.

In this way, using the parametrization parameters in Sec. 7.3 as fitting parameters, we look for solutions
to Roy equations beyond the isospin limit by minimizing the merit function in Eq. (7.54).



Chapter 8

Results

In this chapter, we will show the results for the dispersive, model-independent analysis of the isospin—
breaking effects due to the pion mass difference in the w7 scattering amplitude. We will first list the
missing (numerical) pieces to complete the analysis and then we will discuss the solutions of the Roy

equations in all the seven physical channels.

8.1 Some important numbers

We start by minimizing the Ag,, merit function (see Eq. (7.54)) up to a maximum energy sma =
(0.975 GeV)Q, slightly below the KK threshold and before the non—mm inelasticity in the T, T, and
T7% S—waves becomes significant. In addition, we impose the matching conditions with the isospin—limit
solution at sp, the highest energy at which Roy equations are solved. Beyond this point, i.e., s > s1, the
7w input is extracted from experimental data.

The subthreshold parameters, which appear as subtraction constants in the isospin—breaking Roy equa-
tion, are derived from the xPT,, predictions expanded at O (52), whose expressions are explicitly given
in Sec. 6.4. For their numerical evaluation, we use the PDG values [158] for the charged and neutral pion

masses,

M.+ = (139.57039 £ 0.00017) MeV , M o = (134.9768 £ 0.0005) MeV , (8.1)

while for the pion—decay constant, we take the FLAG value [206]
F,=(922£0.1) MeV ,

and the renormalization scale p is set to ;1 = 770 MeV. For the mesonic low—energy constants (LECs),

Wwe use

(4 =—-04+06, 0l,=43+01, ¢3=33+03, ¢, =44+02, (8.2)

where the values of £y, {5, and ¢, are taken from [207], and /5 is obtained as the average between the
Ny =2+1+1and Ny =2+ 1 FLAG values [206].

Finally, for the electromagnetic LECs (k;) we use the numerical estimates given in [208],

ky =(1.74£13) x 1072, ko= (414£12)x 1073, k3= (234+2.7)x 1072,
ks =(38+1.2)x1073, k¢=(41+£13)x1073, kg=(22+29)x1073. (8.3)

With these numerical values, we can directly evaluate the xP'T', expressions for the scattering lengths
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given in Sec. 6.4, obtaining the following deviations from their isospin—limit values:

Al = —5375 x 107%, Aa*t =2918x 1078, Aa/~ =4.076 x 1072,
Aa; = 0711 x 1072, Aag = —1.467 x 1072 . (8.4)

In addition, the values for Aa}~ and Aa}?, which are required for evaluating the parameterizations
of the t5° and t% partial waves, can be computed from Aa; and Aas using the relations in Egs. (6.13)
and (6.14), respectively. Nevertheless, these expressions involve the same parameterizations we aim to
compute, leading to an implicit system of equations and significantly complicating the Ag,y, minimization
problem. Instead, since the partial-wave contributions in Egs. (6.13) and (6.14) are already suppressed
by A, and A2, respectively, we can initially estimate the parameterization effect using the isospin—limit
results and update their values only in a later iteration. In this way, the starting value for the a; = and a°

scattering length difference reads:
Aaf™[, =0.081 x 1077,  Aaf®| = -1.474x 1077, (8.5)

where the subscript 0 indicates that these are starting values for both quantities. These results show only

a small correction relative to Aas for a” but a sizable effect for a~ compared to Aa;.

The scattering lengths in the isospin limit are taken from the Roy—equation analysis in [25,26] and read
a8 =0.220 and a% = —0.0444, which in the charge—basis translate to the values

ap)y, = 00437, afif =—-0.0444, afy =0.0659, afj =00881, aff =-0.0222.
(8.6)

8.2 Roy equations solutions with isospin—breaking effects

Once the scattering length values are fixed, we can begin searching for solutions. To ensure a well—
behaved minimum and prevent artificial correlations that might amplify isospin—breaking corrections, we
start adiabatically, introducing each parameterization parameter one at a time, stopping when the value of
the merit function per number of parameter A%{Oy /Npar no longer improves. This procedure yields six free
parameters for the P waves and five for most S waves; the partial waves t% and tg require an additional
five and four parameters, respectively, to account for the cusp structure. Proceeding in this way, we obtain
merit function value of A%OY = 1.4 - 1074, achieving a level of consistency between the LHS and RHS

of the Roy equations comparable to that in the isospin limit.

While the results for the T, T, and T% S—waves, as well as the P—waves, indicate small isospin—
breaking corrections—enhanced primarily at the threshold and in the resonance region—the repulsive,
non—resonant 77+ and T7° S—waves exhibit a more uniform effect. Notably, in the T+ case, this effect
even increases with energy, leading to an unphysical bending enforced by the matching conditions at s1, as
shown in Fig. 8.1. This result reflects the dominance of the 779 S—wave: in the Roy—equations framework,
this wave collects isospin breaking effects from all the other waves, leading to a sizable deviation from the
isospin limit solution at sy. In fact, the T+0 S—wave is directly related to the I = 2 channel, which in the
isospin limit shows rather large uncertainties, as it is shown in Fig. 8.2. To address this issue, we impose
the matching conditions only at higher energies, namely so = 4 GeV?, and parameterize the t;o input

above s; using the polynomial,

700

55— 55— 5
= tgo’ IL(S) + bg—o 2 (1- 2 , for s <s<sy, (8.7)
npu S1 — 8o S1 — 8o
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Figure 8.1: Result for the real part of the t{°(s) partial wave, with matching conditions imposed at
s1 = (1.15 GeV)? to the isospin—limit result (dashed gray line). Roy equations are imposed only in the
77 elastic region so that the LHS (blue) and RHS (red) curves start deviating above sy, = (0.975 GeV)2.
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Figure 8.2: Different data sets for the S—wave in the I = 2 channel and curves that [24] used as input in
the equation analysis. Figure taken from [24].
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which ensures a continuous and differentiable matching with the isospin—limit solution at s3, while allow-
ing for a shift at s; given by

At (s1) = t50(s1) — tE% M (s1) = &0, (8.8)

where bgo is a complex free parameter determined through the Ag,, minimization. Note that above s1,
we only need as input Imtgo, but below the isospin—breaking parameterization in (7.23) is expressed in
terms of its phase shift and elasticity, the latter being fixed from data. Consequently, in order to ensure
also a continuous matching at s, only the real or imaginary part of the parameter b can be chosen

freely. In practice, we leave Re b3 free so that its imaginary part is given by

2
1- \/ngo(sly —16040(51)? (Re 59 (s1) + Re bgo)

do1o(s1)

Imbi% = —Imt50 ™ 4 (8.9)

With this new scheme, we minimize the merit function Ay, once again, using both the isospin—
breaking parameterization parameters and Reb&? as free parameters. As a result, we obtain a value
for the merit function A%{Oy = 1.2 x 1074, slightly below our previous results when the matching to the
isospin—limit was imposed at s;. The partial waves remain nearly unchanged compared to our previ-
ous results, except for t& near s1, where the unphysical bending observed in Fig. 8.1 now disappears,

obtaining at s; the difference to the isospin limit,
ARet(s1) = Ret%(s1) — Ret ¥ ™ (s1) = Re b = —5.56 x 1073 . (8.10)

which amounts to a 2.5% effect. Furthermore, to estimate the effect of the asymptotic matching to the
isospin—limit at sy for the t:go partial wave—and how this affects the value of Re bgo and hence, the
deviation from the isospin—limit at s;—we solve the Roy—equations for A; # 0 once again, varying
the asymptotic value of the partial wave Im#3 within uncertainties. This variation affects not only the
matching conditions but also the value of the driving terms, allowing us to quantify the corresponding
changes in the solution.

The resulting coefficient in the isospin—breaking parameterization are given in Table 8.1 and the final
values for the corrections to a} ~ and af° read

Aal™ =0.032x107%, Aa/%=-1.479x 1073, (8.11)

which highlights a tiny effect for a %, but makes the correction for a; ~ even smaller in magnitude than
the initial estimate.

The results for the real and imaginary parts of each of the seven S and P 7w waves are shown in
Figs. 8.3-8.7, where we compare the isospin—breaking parameterizations to the isospin—limit result. The
uncertainty band of the isospin—breaking parameterizations reflects the effect of varying the asymptotic
value of Im ¢3. For the real part of the partial waves, we plot both the LHS and RHS of Roy equations. In
all cases, their difference is almost negligible, reflecting how well Roy equations for A, # 0 are satisfied.

Moreover, at the bottom of each figure, we include the difference between the isospin—breaking and
isospin—limit results, illustrating the size of the pion—mass difference corrections. These corrections should
be compared with the difference between the LHS and RHS of the Roy equations and the isospin—
breaking uncertainty band, which generally remain smaller across the entire energy region. This ensures
that the pion—mass difference corrections lie well above our intrinsic uncertainties.

In more detail, Fig. 8.3 displays the results for the ¢ partial wave, where one can observe that while
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Co Cc1 Co Cc3 cqg X 10 ¢5 X 102 Co 1 Co ¢33 X 10 ¢4 X 102
S — 18.3 —6.85 0.511 0.743 —1.59 112 —7.04 0.574 0.578 —0.320
S — —34.2 9.52 —1.48 1.06 —-0.332 —4.90 697 0.555 0.641 —

1373 245 —13.7 4.19 -0.269 —0.413 0.707 — — — — —

2 — =671 -0913  2.09  —4.52 3.92 — — — — —
tit — 383 —134 218  —152  0.0768 — — — — —
t&®  — —4039 151 283 284 —1.49 — — — — —
th? 406 116  —411 0505 -0.251 0.0255 ~ — — — — —

Table 8.1: Values of the parameter used to describe the isospin—breaking correction in the phase. These
values are given in unit of GeV 2, except the one for t% which are in unit of GeV ™%

the physical region starts at the charged—pion threshold for the isospin—limit parameterization, it opens
at the neutral—pion threshold in the isospin—breaking case, thereby amplifying the size of the correction.
The corrections are also enhanced at the f,(500) and f,(980) resonance regions, while remaining small
elsewhere, allowing for a smooth matching with the isospin limit at s;. In more quantitative terms, using
the variable 5(s) in Eq. (7.34) for the evaluation of the isospin—limit result, the pion—mass difference
correction for the real part of the t%(s) partial wave is around 12% at the neutral pion—threshold, which
by construction coincides with the size of Aa%’ as computed in xPT,, below 3% in the fo(500) /0 region
(v/s ~ 0.5 GeV), and around 7.5% near 1 GeV, the f,(980) region.

Figs. 8.4 and 8.5 show the results for the tS(s) and t%(s) partial waves. In either case, the physical
region starts at the charged—pion threshold for both the isospin—limit and isospin—breaking results. Thus,
the differences at threshold correspond to the size of the scattering length differences computed in x PT,
around 6% for ¢ and almost negligible for ¢t%. The corrections become small at higher energies, with
a moderate increase in the f(980) resonance regions of around 5%. Near s1, the effect is below 1%,
ensuring a smooth matching with the isospin—limit results.

Figs. 8.6 and 8.7 depict the results for the P—waves. In both cases, the P—wave centrifugal barrier effect
ensures that they vanish at their corresponding threshold, i.e., t%(s;—) = t5%(s04) = 0. Nevertheless,
while the physical region for the 7¢ P—wave starts at the charged—pion threshold, making the isospin—
breaking results indistinguishable from the isospin—limit at low energies, it begins at so4 for the t;o,
leading to the pion—mass difference corrections observe in Fig. 8.7. In both cases, pion—mass difference
corrections remain small—below 2% over the entire energy range studied—rising to roughly 3% only in
the p(770) resonance region.

Finally, Figs. 8.8 and 8.9 show the results for the repulsive S—waves. In this case, the uncertainty
bands become significantly larger due to the strong dependence of the t&™ (s) and t(s) partial waves
on the asymptotic value of Imt3(s). While the imaginary part of t5¥(s) opens at the charged—pion
threshold—so that its difference from the isospin—limit result stems from the xPT, correction to the scat-
tering length—the physical region for t1"(s) starts at so, introducing an additional correction, as seen
in Fig. 8.9. In both cases, the pion—mass difference relative corrections reach a maximum at threshold,
slightly exceeding 6%. Beyond this maximum, the relative correction decreases until it stabilizes around
a plateau at /s ~ 0.5 GeV. For the ¢} partial wave, this plateau is around 1%, while for the ¢£°, the
relative correction for the real part reaches around 3%. Thus, while the corrections above 1 GeV in the
ntrt — 7t7t channel remain relatively small, allowing for a smooth matching to the isospin—limit
value at sq, the shift with respect to the isospin—limit value required by the fit in the 777° — 770
S—wave is Re bt? = —5.65 x 1072, and the matching is performed only at s5.
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Figure 8.3: Results for the real (left panel) and imaginary (right panel) parts of the ¢%(s) partial wave.
For the real part, we display the isospin—breaking parameterization, i.e., the LHS of Roy equations (solid
blue), and the dispersive representation, i.e., the RHS (dashed red), along with the isospin—limit result
(gray—dotted line). For the imaginary part, since unitarity is exactly satisfied, we plot only the isospin—
breaking parameterization and the isospin—limit result. The blue band represents the uncertainty in the
isospin—breaking parameterization due to variations in the asymptotic value of Im¢Z. The inset figures
in both panels highlight the low—energy region, where the effect of the neutral-pion threshold becomes
visible. At the bottom of both panels, we show the difference between the isospin—breaking and isospin
limit parameterizations (gray—dotted line), along with the uncertainty band of the isospin—breaking pa-
rameterization. The isospin—limit result is evaluated using the variable 5(s), defined in Eq. (7.34), which
maps the charged—pion threshold into the neutral one, allowing for a direct comparison of both results
at the same energies. For the real part, we also plot at the bottom the difference between the LHS and
RHS of Roy equations for A, # 0.

8.3 Resonance pole parameters for A, # 0

Because our formalism is founded on analyticity, the dispersive representation obtained here provides
model-independent access to the physical (first) Riemann sheet, and, by means of the Schwarz reflection
principle, can be continued to the unphysical (second) sheet. Consequently, the isospin—breaking am-
plitudes defined in Sec. 7.1 and App. E permit the extraction of the poles associated with the elastic 77
resonances— fo(500), fo(980), p*(770) and p°(770)—and, by comparing their pole positions with the
isospin—limit values, to quantify the effects of the pion—mass difference.

In the isospin limit, the scalars fp(500) and fo(980) are isosinglet (I = 0) resonances and therefore
appear as a single pole in the three scalar amplitudes T, T, and T**:

V3 70(300) |, = (440 — i 271) MeV, V3 7080) |y, = (997 —i26) MeV (8.12)

rounded according to the uncertainties quoted in [209-212].

Within our isospin—breaking formalism, this single—pole structure is also preserved thanks to the
coupled—channel formalism described in Sec. 7.3. The continuation of the partial waves t%, ¢¢, and
% to the second sheet yields

/57 (500) f0(500)\m = (441 — i270) MeV, V570080 A, = (997 —i26) MeV . (8.13)
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Figure 8.4: We compare the isospin—breaking and isospin—limit results for the real (left panel) and imag-
inary part (right) of the ¢ (s) partial wave. The different curves follow the conventions in Fig. 8.3. In this
case, the physical region for both the isospin—limit and isospin—breaking parameterizations starts at the
charged—pion threshold. Thus, the shift observed at low energies in the inset figures originates from the
XxPT,, correction to the scattering length.

Comparing Egs. (8.12) and (8.13) shows that isospin—breaking shifts are negligible at the present level
of precision: for the fy(500) the pole mass increases by ~ 1 MeV and the width decreases by ~ 2 MeV.
In contrast, the f,(980) pole is essentially unchanged within the quoted rounding.

By contrast, the p(770) is an isovector (I = 1) resonance, so that in the isospin limit the three charge
states pT(770) and p°(770) are degenerate:

VEpoy |y, = (763.29 — i 71.65) MeV . (8.14)

Tsospin breaking effects lift this degeneracy. Analytically continuing the P—wave amplitudes ¢$ and ¢£5°
(see App. E) gives

VE0| A = (76328 —i71.66) MeV ,  \/5,%|, = (762.29 —i71.89) MeV . (8.15)

These values indicate a mass splitting of order ~ 1 MeV and a width difference of order ~ 0.5 MeV
induced by the pion—mass difference. Taking into account the uncertainties reported in [210, 212], the

pion—mass—difference effects on the p mass and width are therefore minimal and within their error budget.
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Figure 8.5: Results for the real (left) and imaginary (right) part of the t%(s) partial wave. The curves follow
the same conventions as in Fig. 8.3. The imaginary part of both the isospin—breaking and isospin—limit
partial waves opens at the charged—pion threshold. At this energy, the pion—mass difference correction is
given by Aa;~, which value in xPT,leads to the small shift observed in the inset figures.
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Figure 8.6: We show the isospin—breaking and isospin—limit results for the real (left panel) and imaginary
(right panel) of the t%(s) partial wave. The bottom of each figure displays the difference between the
isospin—breaking and isospin—limit results, highlighting the minimal impact of pion—mass corrections in
this case. For the real part, we also depict the LHS and RHS of Roy equations. Both curves almost
coincide in the entire elastic region (s4_ < s < s;,) with their difference—displayed in the bottom
panel—remaining well below the deviation from the isospin—limit result.
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Figure 8.7: Comparison between the isospin—breaking (blue—solid line) and isospin—limit (gray—dotted)
results for the real (left panel) and imaginary (right panel) part of the £5°(s) partial wave. In the isospin—
breaking case, the physical region starts at so, whereas in the isospin limit, it opens at the charged—pion
threshold s _. This explains why, despite being a P—wave, a shift appears between the isospin—breaking
and isospin—limit results at low energies.
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Figure 8.8: Results for the real (left panel) and imaginary (right) part of the t&¥ (s) partial wave. The
physical region for both the isospin—breaking (solid—blue line and band) and isospin—limit (gray—dotted
curve) partial waves starts at the charged—pion threshold. The pion—mass correction at threshold is given
by Aa™t, whose value is determined in PT,. For the real part of the partial wave, we also include the
RHS of the Roy equation (dashed—red line). The RHS-LHS difference, shown at the bottom, remains
consistently smaller than the pion—mass correction.
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Figure 8.9: Comparison between the isospin—limit and isospin—breaking results for the part (left panel)
and imaginary part (right panel) of the t{°(s) partial wave. In the isospin-breaking case, the imag-
inary part opens at soy, whereas in the isospin limit, it starts at sy _. This shift, together with the
xPT, correction to the Aa” scattering length, leads to the significant pion—mass corrections observed
in the inset figures at low energies, reaching a maximum of approximately 6% at threshold. At higher
energies, these corrections gradually decrease and stabilize around 3% at /s ~ 0.5. At s, and only for
this wave, an additional pion—mass difference correction is required in the fit, encoded in the parameter
Re bgo = —5.56 x 1073. The bottom of both panels shows the difference between the isospin—breaking
and isospin—limit parameterizations (gray—dotted line), along with the uncertainty band for the isospin—
breaking parameterization. For the real part, we also display the difference between the RHS and LHS
of the Roy equation (dashed—red line), which remains significantly smaller than the pion—mass correc-
tion. The isospin—limit result is evaluated using the variable §(s), defined in Eq. (7.22), which maps the
charged—pion threshold onto the 7 7% threshold, enabling a direct comparison between the isospin—
breaking and isospin—limit results at the same energies.



Chapter 9

0

Isospin—breaking corrections to 7 — 77 v;: overall strat-

egy

As we pointed out in Ch. 2, the tension between experimental and Standard Model results of the muon
anomalous magnetic moment requires new and more precise computations. In this sense, the study of
the 7 decay provides an alternative and independent way to compute this observable. In the following
chapters we will focus on the computation of the long—range corrections to the hadronic T7—decay, usually

denoted by Gem($).

9.1 Why study 7 — mn'v,

HvVP
©w

the reaction eTe™ — 77~ , which is measured in different experiments, using the initial state radiation

(ISR) method (BaBar, KLLOE and BESIII) or the energy—scan approach (SND, CMD-2, CMD-3). In

HVP
n
experiments BaBar and KLOE. However, this discrepancy increased after the release of the new result

In a data—driven approach, the hadronic contribution to a,, a , is determined from the cross section of

particular, a relevant contribution in the error of a is due to the tension between the high precision
from CMD-3 [12]. An overview of the estimations of a,, for different experiments from eTe™ — nt7~
can be found in Fig. 2.3. The tensions showed in Fig. 2.3 are the reason why in [14] a data—driven estimate
of the aﬁvp’ LO is not provided. In fact, after the CMD-3 measurement of the critical ete™ - ntn™
channel, systematic discrepancies had increased to a level that could no longer be taken into account by a
meaningful error inflation. There are several ongoing investigations trying to rectify the situation [14,20],
including new data as well as improvements of the radiative corrections and Monte Carlo generators
[18,21-23,213-215].

In view of this, the study of the hadronic 7 decay offers an alternative way to estimate the ete™ —
7t~ cross section and ultimately the muon anomalous magnetic moment which can help in clarifying
the current situation. As we can see from the diagrams in Fig. (9.1), in the case of the ete™ — 77~
we have an electromagnetic neutral current and a final state with isospin (I, I,) = (1,0), while in the
7 decay we have a vector—axial vector charged current and a final state with (I, I,) = (1, —1). Thanks
to a conserved—vector—current (CVC) relation between electromagnetic and weak form factors, in the
isospin limit, the purely hadronic cross section for ete™ — 77~ (with QED effects removed®) can be
related to the 7= — 7~ 7, differential decay width in this limit by Eq. (2.38) where constants and
phase—space factors are collected in Egs. (2.39) and (2.40). Including isospin violation to leading order,

3¢f. removal of vacuum polarization and initial-state-radiation effects in [102].
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et
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Figure 9.1: Tree level diagrams for the processes ete™ — 7fn~ and 7= — 770,

O [(mu — ma)p?®] and O(e?p?), the modified CVC relation takes the form

1 dr'(r— = 7~ 7%,) Rip(s)
N(s)r ds StV

+

olete” = ma7)(s) = (9.1)

where ST%, = 14 2a/mlog (Mz/m,) + ... = 1.0233(3)(24) [216—223] takes into account the dominant
short distance electroweak corrections in the convention that the normalization proceeds with respect to
the full decay rate I'. = T'.[T — ev, V], of which Eq. (2.40) represents the L.LO approximation. The
isospin breaking (IB) effects are included in

FY(s)|

f+(s)

_ FSR(s) B2.(s)

Run(s) = Grm(s) B20,.(s)

9.2)

In particular, FSR(s) = 1 + 2n(s) [137, 224-226] account for final state radiation contributions in

3
ete”™ — 7wt~ (), Gem(s) includes the virtual and real photons corrections, Fé{:‘% is the phase space

FY ()|
f+(s)
two processes. In this work we will mainly focus on the determination of the G (s) factor which will

correction factor and

accounts for corrections between the different form factors entering the

be computed with a new model-independent dispersive approach. At LO in IB, the 7 decay rate can

therefore be expressed as

d'[r — v, (7)]

= SiwKr(s)B5 0l f+(5)?Gem(s)

ds
(9.3)
with )
Fe‘Vud|2 S 2s
and where Gy (s), following [34,35], can be defined as
tmax ()
oy dt D(s,t)A(s,t)
Grm(s) = Jimt (9.5)

tmax (S
Jim S dt D(s, 1)

where
2

D(s,t) = % (m2 — 5) +2M2 — 2t (m? — s + 2M2) + 22, (9.6)
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Figure 9.2: Triangle diagram with 77y— and 7v,mm—vertices dressed with the pion vector form factor.

is the tree—level kinematic function, while
Als,t) = 1+ 27 (5,8) + Grow(s,) + Gres(5:1) - (9.7)

includes both real and virtual photons radiative corrections. All the terms in A(s, t) will be explained in
detail later in this work. However, we want to stress the fact that, in order to use the hadronic 7 decay
to compute the ete™ — w7~ cross section, not only radiative corrections have to be understood, but
also appropriate IB effects need to be applied to ensure consistency with the standard photon—inclusive
definition of the LO HVP contribution as determined from the eTe™ scattering, aEVP’LO [7rr].

For now, we do not aim at a full calculation of second—order isospin breaking effects, which are tiny,
and we therefore evaluate Gy (s) in the isospin limit, Mo — M, and FY (s) — fi(s). The only
exception where the pion mass differences does matter in the end concerns the a,, integral, as otherwise
fake isospin—breaking effects can be generated if the phase—space boundaries do not match, i.e., the
threshold singularity in Gy (s) sits at s = 4M2, but the physical threshold of 7+ — 7579, at s =
(M, + My o)?. This mismatch can be avoided by a simple linear mapping [205]

with
(m2 —4M?2)s + [4M§ - (M, + Mﬂo)Q]mE

#e) = mZ (M, + Myo)? ’ (59)

fulfilling §[(Mr + My0)?] = 4M2 and 5(m?) = m2, to ensure that the singularity in Gy [3(s)] is
shifted to the physical threshold. In fact, this threshold singularity leads to the only second—order IB
effects that do need to be included, i.e., the threshold—enhanced terms in Gy (s) multiplied with the IB

corrections from phase space and Sf{; lead to non—negligible contributions, so that a linearized form of

the corrections in Egs. (9.1) and (9.2) should be avoided (see Sec. 13.4).

9.2 Our approach

In the literature, IB corrections to the hadronic 7 decay are computed with model-dependent meth-
ods [34-37]. Here, we developed a new, model-independent dispersive approach for the radiative cor-
rections to 7 — 7w, In this framework, the only relevant unitary diagram is the one in Fig. 9.2. In a

dispersive picture, such a contribution arises by considering the pion—pole singularity in the general ma-
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Figure 9.3: Box diagram in a dispersive approach. The gray blobs denote the pion form factor, in the
neutral and charged channel, respectively. The short—dashed red line indicates that the intermediate—
state pion is taken on—shell

trix element (775X j%,|0) of weak and electromagnetic currents, which could be generalized in analogy
to pion Compton scattering [79-81,227-229]. However, at low energies the pion—pole contribution gives
by far the dominant effect, leading to the picture in Fig. 9.2. Given the short-range weak vertex, the
diagram appears as a triangle topology, but actually originates from a box diagram. In fact, keeping in
mind that the 7v, 77" vertex arises from integrating out the W boson, this topology then takes the form
shown in Fig. 9.3. Once the intermediate—state pion is taken on—shell, both the 7my— and the 7v w7—
vertices appearing in the triangle—diagram of Fig. 9.2 are described exactly by the electromagnetic and
the weak form factor, respectively. In particular, in our dispersive framework, we employ the unsubtracted
dispersive representation

Lo ()
= —— _— 1
Fo = [ (9.0
which satisfies the following sum rule
oo /
£4(0) = l/ dgfw —1. (9.11)
T 4M72r S

In principle, one would need to differentiate between FY (s) and f. (s) for electromagnetic (Eq. (2.34))
and weak vertices, but since the difference is higher order in isospin—breaking, we use the expression in
Eq. (9.10) for both. The unsubtracted form factor in Eq. (9.10) is chosen to ensure that UV divergences
already cancel within the triangle diagram itself (in contrast to xPT ), at the expense of having to fulfill
a posteriori the sum rule in Eq. (9.11) to respect charge conservation.

Our dispersive representation of the triangle diagram (see Fig. 9.2) is sensitive to the high—energy
behavior of this unsubtracted form factor. We therefore need to fix the subtraction constants through a
matching procedure with the xPT result, in order to guarantee the correct low energy behavior. This step
is fundamental not only because our result then display a reduced sensitivity to the high—energy part of
the dispersive integrals, but also because it allows us to restore the correct IR singularities, to be canceled
from photon real-emissions (see Ch. 12), and the correct chiral logarithms. The detailed procedure is

explained in Sec. 11.6.



Chapter 10

0

Radiative corrections to 7 — 7 v, in YPT

As we explained in Ch. 9, radiative corrections to the hadronic 7 decay computed in the xPT framework
are of fundamental importance in order to restore the correct low—energy behavior in our dispersive
computation. In the following sections we detail the xPT computations for the radiative corrections to
7 = a1, showing explicitly the UV— and IR—divergences cancellation, the latter after considering

photon real-emission contribution in the soft—photon approximation.

10.1 xPT representation

At leading order in chiral power counting, the SU(3) xPT Lagrangian including virtual photons and

0

leptons (see Sec. 4.3.5) and relevant for calculating the radiative corrections to 7~ — 7~ 7w v; includes

the terms

LE D [(0y —ieAy) 7] [(0" + ieA") n] + 7 i, (0" — ieA") —m,] T
+ i v, + 225G EV vy [7‘(‘0 (Ou +ieA,) at— 7T+8M7TO} , (10.1)

where e is the elementary charge, G r the Fermi constant and V,,4 a CKM—matrix element. By means of
the interactions contained in the LO Lagrangian, the tree—level amplitude for
77 (11) — 7 (q1)7°(g2) v~ (I2) is found to be

iMee = iGPVgala, vr) (1 +75)(d, — d,)ully, 7) - (10.2)

The relevant counterterms of the radiative corrections to the hadronic tau decay originate from terms in

the NLO Lagrangians L2,2 and Lep listed in Eqs. (4.67) and (4.68) in Sec. 4.3.5.

10.1.1 General Considerations

The decay amplitude of 77 (I1) — 7 (g1)7°(g2)v+(I2), once we include radiative corrections, can be

written in terms of two form factors by

M= iGFVJdﬂ(l% VT)’YM(l - '75)u(l15 T) [(q2 - QI>Hf+(s7t) + (ql + qQ)Mf*(Sa t)] ) (10'3)

92
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where f, represents the contribution due to the J© = 1~ component of the weak current and f_ vanishes
in the isospin limit [34, 35].* The Mandelstam variables are defined as

s= (i =)’ = (g +q)?, (10.4)
=(h—q)=(2+1k),
u=(l —q2)* = (q1 +12)*

Projecting this expression for the tree—level amplitude onto the form factors, therefore implies
fi@s,t) =1, [fr(s,t)=0. (10.5)

The spin—averaged squared amplitude can thus be expressed by

5 S IMP =26 Vaul?{ (m — m2s)f (s, 1) (10.6)

spins

—2m2(2M20 + m2 — s — 2t) Re [f4(s, 1) f*(s,1)]
+ AMZ(M2; —t) +4t(s +t — M2) — m2(s + 4t) +mi]|f+(s,t)\2} .

Furthermore, the differential decay width is given by

10.7
dr = 32m3 78 Z|M| dsdt (10.7)

spms

with the phase space in the 7%, invariant mass square limited by ¢yin < ¢ < ¢y With
5 2
tmin = (qg* + 1(2)*)2 - |: (qg*) - M‘,%O + lg*:| ) (108)
5 2
o = 6 +13° = [\ 2z -] (109)

with particle energies in the 71, center—of-mass frame given by

mes

0*757M72+M720

=71 = (=T 10.10
d2 2\/; ’ 2 2\/5 ( )
In the 7~ ¥ invariant mass squared the phase space is bounded by

(10.11)
Ignoring the dependence of fi(s,t) on the second variable, the integral over ¢ reproduces [34]

dr A TOW,2 ’ 2 307
o QL;' pres) (1= ) [(Bemtol (14 25) + 558 )
6A

[ ()7 ()] +3]7-(5)] } (10.12)

4This is an example of a second—class current [230,231]. As shown in [231], f— can be traded for a scalar from factor fo(s), with
fo(0) =1and f_(s) = % [f_‘_ (s) — fo (s)] , which shows that f_ (s) scales with the pion mass difference Ar = M2 — Mio.
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Vr

Figure 10.1: Leading diagrams for the radiative corrections to 7~ (I1) — 7~ (g1)7°(g2)v-(I2) excluding
wave function renormalization.

10.2 Radiative corrections

At O(e?p?) in xPT, the diagrams arising from the lowest order effective Lagrangian of [190] are shown
in Fig. 10.1. In this work, we employ dimensional regularization to deal with both the UV and the IR
divergences arising in the computation. Following the definition in Eq. (10.3), the form factors f4 (s, 1)
for the diagrams in Fig. 10.1 read

£ ) = e’ { Ao (M2) N 1
1672 AM2 " md —2m2(M2 +t) + (M2 —t)?
X {2 (m? —2tm2 +t(t — M2)) Bo(M2,0, M?2)
— (m2(BMZ +t) + m} — 2(M2 —t)*) Bo(mZ,0,m2)
+ (m2(t — M2) +m} +2t(M2 —t)) Bo(t, M2, m?2)
+2(m2 + M2 —t) Co(M2,t,m2,0, M2, mi)} , (10.13)
Oy =0, (10.14)
© (1) = 1675;43 [Ag(M2) — 4M2By(M2,0, M2)] . (10.15)
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Figure 10.2: Counterterm diagram for the radiative corrections to 7= — 7~ 7'v.

Figure 10.3: Loop and counterterm diagrams of the external leg contributions.

We notice that, in the yPT framework at this order, the form factor f1(¢) depends on the single Man-
delstam variable t. The scalar loop integrals used within these expressions are obtained by utilizing
Passarino—Veltman reduction techniques [232-238] implemented in FeynCalc [239-242]. Since f_(t)

vanishes in the isospin limit we show from now on only the relevant f, (¢) form factors.

In addition to the one—loop diagrams in Fig. 10.1, a counterterms contribution as in Fig. 10.2 must be

included, which gives the following f, (t)
ot 2¢?
(t) = - [12K; — 9(K3 — Ki2) + 10K5 — 3X4] . (10.16)

which is independent on the Mandelstam variable ¢ and where the low—energy constants K; and X;
contain UV—divergences, which, in dimensional regularization, can be separated from the UV—finite parts
accordingly to Eqs. (4.72) and (4.73) with the definition of A(y) in Eq. (4.74).

The O(e?p?) corrections to the 7 and 7~ 2—point functions in Fig. 10.3 (a) and (c) need to be included
and in the case of the 7 lepton, this quantity is given by

d
Z, =1+ dpET(p)‘ : (10.17)

p=m-
with ¥ (p) the associated 7 self~energy function. Analogously, for the 7~

d
ZT!'_ =1+ 722#— (p2)

e (10.18)

p?=M?2

Moreover, the 7 and the pions 2—point functions are subject to renormalization by terms from the NLO
Lagrangians L22 and Liep (see Fig. 10.3 (b) ,(d) and (e)). The counterterms contribution amounts
to [243]

78 = —e?Xg ,
4
78 = 7562 (6K1 +5K5) , (10.19)

70 =

4
¢ = —662 (6K, —9K3 + 5K35) .
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Their contribution to the decay amplitude is obtained through

My, = <\/th (Zn- +2°) (Zs + 220) — 1) Mo - (10.20)

Altogether the O(e?p?) amplitude to 7= — 7~ 7 v, is given by

IMyire = iMg +iMp +iMe +iM + <\/ZCt Z -+ Z;‘,) (Z. 4+ Z) — 1) IM iree

=|10w+ 100+ 100+ 50+ (V7 E 20 @ 2 - 1) i

(10.21)
10.2.1 UV-—divergences cancellation
The UV—divergent terms arising from the diagram in Fig. 10.1 appear as
7e? 9
Bl ova. = T 64n2 Auv,
f(b) B ovan. =0
(c 3¢? 2
|UV div. 64 2 ——327 AUV , (1022)

where Ayy is defined in Eq. (4.74) with the subscript indicating that it refers only to the UV—divergent
contribution (in the following we will employ Ajr for the IR—divergent terms in dimensional regulariza-

tion). For the counterterm Lagrangian we obtain

‘UV—div. T 64n2

2Apy (10.23)

The UV—divergent contribution to the 7 and pions external legs corrections (Fig. 10.3) are

(VZ:Z —1)
(\/(1 + 2 ) (14 2%) (1 + Z2) — 1)

2¢?

UV-div. 64

- 8e?

Uv-aiv, 047

2Auv . (10.24)

Altogether the UV divergences therefore cancel: i M| uv-dgiy = 0.

10.3 IR—divergences in the soft—photon approximation

We will now compute the photon real emission contribution in the soft—photon limit and in sQED and
we will explicitly see how these results cancel the IR—divergences present in the virtual contributions in
the xPT framework.

By considering the box diagram amplitude in sQED, i.e., Fig. 10.1 (a), the IR—divergent contribution

reads
2 T
(a) — € 2) 2 2 _tBO (t) 2 2A 10.2
1(t) 1672 (lwﬂ +m; t)( e (1) 327 AR (10.25)

IR-div
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where

t— (m, — My)? — A2t
logzy, o= — (m ) i /2( ) , (10.26)
t— (mr — My)2 + A2 )

pr iy At
By () = 2 (0

and A\ (t) = A(t, M2,m?2) is the Killén function. This can be written at the amplitude level and
explicitly in terms of e;g = d — 4 as

Mred. 2 M2 —t 2 M2 t )\1/2
iMy| =g T, (M A (10.27)
IRdiv.  €IR A (1) 2m, My
where 20
red. .__ ie FV*d
Mt o= (05, 0,) [, — g ] upr, 7). (10.28)

while the amplitudes M} and M. do not contain any IR—divergent parts. On the other hand, the self-
energy (SE) diagrams contribute with

2
SE €
t)= 10.29
v () 1672 ( )
which again can be written in terms of the reduced amplitude as

4
Ve iMuee| =V iMuee| = —— M (10.30)

IR-div. IR-div. €IR

For the purpose of canceling the IR divergences, it is useful to express this contribution in terms of the

tree—level differential decay width,

1 1
driee = |~ tree| 2| s dt 10.31
(27)332m3 | 2 szms | M sat, ( )
with
1
5Zp\/t“ee\? G| Vial® [4 (M2 —2M2t + t(s + 1)) +m? —m2(s +41)] .

spins

in the isospin limit, i.e., Mo = M,. The IR—divergent contribution to the differential decay width

arising from the interference of the triangle diagram with the tree—level amplitude can be expressed by

2 2 4 A2 2 M2 1/2

dr, S mftm” Liog [ Tzt L A (8) ) e (10.32)
TR-div. 2rier AL (D) 2my My
where this specific contribution to the differential decay width is defined as
dr ——<2W)4Z{'M (iMigee)™ + iMiree(iMq)" } dP3 (1151 )
a — m : LM \1/Mtree 1/Mlree 1/ Vg 3(t15¢02,91,42) ,
spins
with n—body phase space in PDG conventions [244] defined by
n n d3

d®,(P;p1,...,pn) =6 (P Z pi H (10.33)

Pl (2m)32p? ~
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The IR—divergent contribution of the wave function renormalization to the differential decay width can

be written as

e2

dFZW, = dFZT

IR-div.

driee (10.34)

2
IR-div. an €IR

To obtain an IR—finite result we need to consider also the initial- and final-state radiation contribution
which includes the following amplitudes

and for this computation, the soft photon approximation (SPA) can be employed. In the calculation of
squared amplitudes, cross sections and decay widths, photon momenta appearing in the numerators are
to be neglected in this approximation, in order to extract the leading term in the Low expansion.

The initial-state radiation diagram shown above contributing to 7 (I1) — 7 (q1)7°(g2)v> (I2)y(k)

evaluates to

IMSR = —2iG Vi, vr) (¢, — 4, m (ieyulln, ) ()" (1036)

Note that the denominator of this amplitude can be simplified to
(Ih — k)2 —=m2 =20 - k, (10.37)

for an on—shell 7. Furthermore, by using Dirac algebra, part of the numerator can be written as

(ll - % + mT) Vuu(llaT) = [2.9”1/([1 - k)y - 'Vu(ll - % - m‘r)} 'U/(llaT)

SPA
~ [2[1# — ’Y/,L(ll — mT)] 'LL(lhT) = 2l1#u(11, 7') . (1038)

Therefore, the initial-state radiation amplitude in the SPA appears as

iMISR = M“ee[ b e'th) i ](f)} . (10.39)
i

Likewise, the final—state radiation amplitude can be expressed as

. i . - 21 + k *
iMPSR — 2ieGpVyqi(la, vy) (gl + k- gQ) u(ly, VT)(ql(—ifhk)?—)l;\ﬂ (€"(q))
SPA . tree (i (k)]
PA M W 1040
7 [ e ok ( )

Note that in SPA the phase—space integration over the soft—photon momentum can be separated

27
drbrems — % Z | MISR ./\/IFSR| d®4(p1;p2, 1,12, q)

spins
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'6*2
1-k

SPA Gy |
~ drree 10.41
/ 27T (9-)d—1 2|k| Z ’ ( )

by neglecting the photon momentum in the argument of the 4-momentum conserving é—function and
where the primed integral only runs over photon momenta ’k‘ < A, where A is a resolution parameter.

Performing the polarization sum, the integrand appears as

pol.

.12

20 ¢ m?2 M?
T oK)k (k)2 (@ k)2 (1042)

li- €8 q-€
ll'k’ qlk

The integrals have been worked out in [236] and earlier in [245-248]. However we are working in dimen-
sional regularization also for the infrared divergences so we recapitulate here our derivation [249]. The
terms of the integrand in Eq. (10.41) can be split up

derems _ 62d]_—wtree [2(11 . ql)Iint . m?_IISR o M‘?IFSR] ) (1043)

and a detailed computation of the different terms is given in App. F. Here we give only the result for the

IR divergent contribution:

e? m2 + M2 —t m2 + M2 — t+)\1/2()
Cﬂ—\brems _ -1 T ™ 1 T drtree 10.44
2m2€rR + )\}T/Tz ) 0og 2m. M. ) ( )

This term perfectly cancels the IR—divergences coming from virtual corrections in Egs. (10.32) and (10.34).



Chapter 11

Dispersive analysis of the isospin breaking corrections to

T — iy,

As we saw in Sec. 9.2, the only relevant diagram is the one in Fig. 9.2. In fact, by considering the other
loop contributions in the xPT framework, the diagrams (b) and (¢) in Fig. 10.1 do not generate analytic
singularities in the Mandelstam variables. In order to take into account the strong final—state interactions
between 7~ and 7, since the main purpose of studying this decay concerns a precision measurement of
the corresponding mVFF, the tree—level vertex (see Eq. (10.3)) needs to be modified accordingly:

iM = —iGpVygu(le, v )y (1= vs)u(ls, 7) f4(5) [(@1 — a2)u (1 + £4(5,8)) + (a1 + @2)uki—(5,2)]
(11.1)

where f(s) is the pion vector form factor as defined in the non-radiative process, and by factoring it
out, the remaining scalar functions, (s, t) and k_(s, ), are redefined accordingly. The A(s, ) term in
Eq. (9.7) entering the Ggpm(s) definition therefore read

A(s,t) =142 Reri(5,1) + grow(s,t) + Grest(s, 1) (11.2)
In this chapter, we work out our new model-independent dispersive approach which sets the understand-

ing of the isospin—breaking effects to the hadronic 7 decay on a more solid ground.

11.1 Triangle—diagram supplemented by form factors

By considering our dispersive triangle diagram (see Fig. 9.2 and Eq. (9.10)), and projecting it onto the
K+ (s,t) form factor, analogously to what was done in Eq. (10.3), the following expression can be obtained

. 2 o0
KEP(s,1) = m AMi ds'ds” [kp(s,s',s") + Ro(s,t,s, ") + Rp(s,t,s',s")] (11.3)
where
po Im f4 (s") Im f(s") 5 2 2r2 D
Fp = 257(s — 4012) [BO(MW, Mz, s") —2By(s, s, S”)] ,
. Im f. (s") Im f. (s”)
R =

25/ [s((t — M2)% + st) + M2m* — m2s(M2 + )]

X { — [2st(t — M2) +mS + mi(2M2 — s — 2t) —mZ(M2 —t)(M2 — s+ 1)]

100
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x Co(m?2, M2, t,m?, s, M?)
+ [2s(2My — AMZt + (s + 2t)) +mE + m2(3M2 — 25 — t) + mZs(s — t — 3M2)]
x Co(0,m2, 5,8 ,m?,s")
- {S{M#(S — §" —16t) + 2M2t(5s + 5" + 8t) — t(t(3s + 8") + s(s + 5)) }
+mi (8M7 + M2(3s — ") — s?)
Co(M2, M2, s,5', M2, ")
s —4M?2

+m2s(4My + MZ(s" — 65 — 20t) + s> + 4st + s”t)}

s’(mzs(Mg +t) —miM2 —s((t — M2)? + st)) o 1o PP
- S—4M7% CO(MTI'7M7T7S7S?M7T’S )}7
N Im £ (s) Im fy (s")
25’ [s((t — M2)? + st) + M2m% — m2s(M2 + 1))

X {s’(t — MZ)[mZ(M2 + s +t) — 2st —m}t]| Do(m2, M2, M2,0,t,s,m2,s', M2, s")

+ [mg (AM2 + s — §") +mt (4M7 — 2M2 (s + 8" + 2t) — s* + ss” — 6st + 25"'¢)
+m2(Mg(s" — s) + MZ2s(s — s — 8t) + t(3s® + ss” + 9st — s"'t))
+ 25 (M2 = t) (2M} — AMZt + t(s + 5" +21)) |

X Do(mi,M,%,Mﬁ,o,t,s,mi,s’,Mz,s”)}, (11.4)

where

F()(...,S/, ) = F‘O(...,Sl7 ) — F()(...7O, ) s FeB,CD. (115)

Differently from the xPT analysis, here the form factor x4 (s, t) indeed depends on both Mandelstam
variables s and t. Moreover, thanks to the use of the unsubtracted dispersive representation of f(s), the
result is now manifestly UV finite, i.e., the suppression of the high—energy modes due to the additional
propagators is enough to render the loop integrals finite. Note also that the common prefactor appearing
in the denominators of £¢ and £p can be written as

s((t — M2)? + st) + M2m* —m2s(M? +t) = 5(t — tmin) (£ — tmax) » (11.6)

for tmin/max of Egs. (10.8) and (10.9) in the isospin limit. These divergences at the border of the phase space
are canceled by corresponding zeros in the numerator, but the cancellation needs to be made explicit for
a stable implementation (see Sec. 11.4).

11.2 Pion vector form factor f,(s)

The pion vector form factor fy(s) for the 7= — 7~ 7%, decay will be determined by fitting the experi-
mental data (see Sec. 13.1) and the following ansatz is taken

Fls) = |1+ GH(s)+ D cvdyp(s)| ls), (1L.7)

V=p', p"”
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Figure 11.1: 77 rescattering diagram for the decay 7= — 7~ 7%,
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Figure 11.2: Higher order radiative correction to the 77 scattering amplitude.

where the Omnés function [142]

Q1 (s) = exp (s /OO dxé%(x)> , (11.8)

T Janz (T — 5 — de)

is constructed from the 77w P—wave phase shift from solving Roy equations and taking its values at §(so)
and d(s1) with \/sg = 0.8 GeV and /57 = 1.15 GeV as fitting parameters [102]. Above /s = 1.3
GeV, the phase shift is continued to the value of 7 with the prescription

(r —8(s2))

A CETICCETh

(11.9)

ensuring §(s) is continuously differentiable at s9.

The P—wave phase shift entering Eq. (11.8) is the one in the isospin limit. For a complete analysis on the
isospin breaking effects in the hadronic 7 decay, this quantity must also include such corrections, which
leads to the connection with the isospin breaking corrections in the w7 scattering amplitude, previously
described in this work (see Chs. 6-8). Once we include radiative corrections, the isospin limit P—wave
phase &} (s) is replaced by 6" (s) obtained from ¢£5°(s) in Ch. 8, which account for effects due to the
charged—neutral pion mass difference. This will allow us to compute rescattering effects as the one in
Fig. 11.1. The last step is to include the contribution from further virtual photons in the computation of
isospin breaking effects in 77 scattering, i.e., not only effects due to M o # M. This is still a work in
progress and will give rise to corrections as the ones in Fig. 11.2, which contribute in the hadronic 7 decay
through the diagram in Fig. 11.3.

The conformal polynomial

GN(s) = pr (F(s) = 2*(0)) , (11.10)
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Figure 11.3: Contribution from higher order virtual photons to the hadronic 7 decay.

in Eq. (11.7), with conformal variable

_ V/Sin— 8¢ — /5in — 8

#(s) = V/Sin — S¢ + \/Sin — 5

(11.11)

should account for inelastic channels, such as 47. In view of the phenomenological finding that inelas-
ticities below the mw threshold are negligible, we set s, = (M, + Mﬂ)z. Note that for s > s;,, the
square root in z(s) can be analytically continued as v/sj, — $ — —i\/S — Sin, such that z(s) matches the
behavior of z(s + i€) with infinitesimally small ¢ > 0. Furthermore, the correct threshold behavior of
GN (s) is enforced letting the term o< \/s;, — s vanish by means of the condition [102]

N
pr=-> kpi, (11.12)
k=2

amounting to N — 1 free parameters in Gj,(s). The point that is mapped to the origin in the conformal
map is identified as s., which is set to s, = —1 GeV? in the following.

Because of the use of unsubtracted dispersion relation in the calculation of virtual corrections, the sum
rule in Eq. (9.11) is used as a constrained on the inelastic polynomial G (s), such that the coefficient po

is given by foo e Cn(s)
T + a2 CON(S
p2 = f:;fg dz Cp () (11.13)
with
1 N N
Cn(s) = Slm{Q}(s) [Z kpr (2(s) — 2(0) = Y p (¥ (s) — 2°(0))
k=3 k=3
— Z Cv.Ap/p// (1‘) - 1:| } s
V=p', p"”
Cp(s) = %Im {Q1(s) [2%(s) — 2%(0) — 2 (2(s) — 2(0))] } . (11.14)

The last term takes into account the contribution of the p’ = p(1450) and p” = p(1700) resonances in

the 77 spectrum. It is given by

s [7 ImA(s)
AP’p” (S) = ; " dxm ;

(11.15)
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where ]
I =1 11.16
mAS) = Im s (11.16)
where the energy—dependent widths are constructed from the wr phase space [250]
a wm (S /\3/2 S,ij,Mz
Fv(s) = FVLQQ (S — Sin) 5 ’}/V_)wﬂ—(s) = ¥ (1117)

’YVHWﬂ(Mv) 53/2

neglecting the V. — 7w and V' — a1 (a1 — 37) decay channels of p’ and p”. In addition, centrifugal
barrier factors according to [251,252]

Ty (s) = I (S)LA(M?/,M&MEHZLM%}??
VI T VA M T N (s, M2, M2) + 4sp2

pr = 202.4MeV , (11.18)

are implemented, altering the asymptotic behavior of the energy—dependent widths.

Regarding the contribution of p’ and p”, we also tried fit variants in which these two resonances are
directly implemented via the conformal variable [253], but we observed worse performance especially for
the p”” resonance due to its location very close to the border of the phase space.

With this ansatz for the 7VFF, we end up with two free parameters in Q1(s) [102], three for each

resonance and N — 2 free parameters in Gi,(s), to be determined by fitting to experimental data (see
Ch.13).

Finally, we can explicitly list the differences between the ete™ — 777~ and 7= — 7 7%,. In
the ete™ — 7+~ case there is a p” resonance dominance and the p — w mixing is the most important
isospin—breaking effect to include in ¥ (s). In this case the P—wave phase is the one in the 77~ channel
(for detailed analysis see [102]). For the 7= — 7~ 7 v, process instead, the dominant resonance is the
p~ and there is a contribution from the p’ and p”’ resonances to include (no p — w mixing). The P—wave

phase entering f. (s) is the one in the 77~ channel.

11.3 Numerical treatment of “special” D,

The scalar integral Do(m2, M2, M2,0,t,s,m2,0, M2, s"), appearing in the expression for the I{j_isP(S, t)
form factor, exhibits a singularity at s” = s introducing a hurdle to overcome when numerically carrying
out the dispersion integrals in Eq. (11.3). In the scalar integral, this divergent part appears as

do(t 2
DO(miv M72r7 M7%7 07 i, s, m‘2r7 Oa M72r7 S”) = _ﬁ <32772AIR +1- IOg ]\;I;{n> + DgT(Sa i, SH) ’
(11.19)
where
D7 (s,t,s") = s log T + Dg™(t,s"), do(t) = *WBO (t),
res 1 1 M.ym,
D§(t, s") :mm { — log x4 log o +log? 21 + log? o

— Liy(1—2?) + > Lis(1 —2y) |, (11.20)

1z ®mp
y€{$1$2;mxﬁ7a
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. 1/2
where r1 = Y— and 29 = | —F7 , while t) and z; are defined in . .20). e
h /5" and el hile BE d defined in Eq. (10.26). Th

dispersion integral over s can then be written in the following way

o 7 "
itsp(&t) S A ds” Imf.,.(s”) (p1(57t) j‘p2(3,t)$ ) |:2d0( ) log //3_ +Drest( ,) C.21)

M2 s =5

where p; and py collect the kinematic prefactors independent of s”. In order to ease the numerical
integration, we add and subtract the Im f, (s) multiplied with the divergent part of the integrand. By

doing so, we get

90605 [ as (T ()~ o g o) LR (11.22

1
M2 s =S
12

X {Qdo( )log +Dre“( )8 )}

o) [ as” { I £ () I £ ()92 — ")}

x {mo( Jlog 7 + D (¢, s )}

+ Im f+(s){d0(t) [pg(s, t)1e1 (s, A%) + (p1(s,t) + pa(s, t)S)I,@Q(S):|
> » D™ (t,5") A* 11 yrest "
+ (p1(s,t) + pa(s, t)s) /41\/[3; ds ((]9//7*5 + pa(s,t) AMg ds” D§(¢, s )} ,

written in terms of the analytically carried out integrals

A? s
Ipi(s,A?) 2/ ds”log
4M?2 —S

2! slo - AZlog Y — - 4M2 o soAMy (s — 4M2)
— im(s —
& s —amz 4M2 S ™08 T2 w0

o0 S//
IQ :2 log I -

AM2 I —s—ie s — s — e

4M2 2w . s s
=2Liy (1 >3+(2m+10gs—4M§>10gs—4M£ . (11.23)

The dependence on the (high—energy) integral cutoff A? of I;; will cancel the one introduced by the
integral [ ds”D{*'(t,s"”) in Eq. (11.22). The imaginary part that emerges from the Cauchy propagator,
see Eq. (11.23), also needs to be kept, as it contributes to Re 4 (s,t) due to the imaginary part of f(s)
in Eq. (11.3).

114 Endpoint singularities in the phase—space

As pointed out in Sec. 11.1, the common denominator in the expression of the triangle-diagram supple-
mented with pion VFF can be written as in Eq. (11.6). This gives an endpoint singularity once the phase
space integral in ¢ is performed. However, by numerically evaluating these contributions is possible to

show that the two infinities cancel and the result is finite. As a first step we can split the triangle form
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factor /ﬁiiSp(s, t) (see Eq. (11.3)) in the following two contributions

2 o0
dis €
K/+ p(S,t) = m AMQ dSI dSH |:/€T<87t, 3,, S”) +

N(s,t,s',s")

S(t - tmin)(t - tmax) ’ (1124)

where tmin/max are defined in Egs. (10.8) and (10.9), while /@'2_“(3, t,s',s") includes all the terms of nj_iSp (s,t)
without the divergent denominator and it corresponds to Zp(s,s’,s”) in Eq. (114). In order to an-

alytically show that the divergences at ¢ — fyin/max explicitly cancel we want to rearrange the numer-

ator as N(s,t,8",8") = (t — tmin)(t — tmax) N(s,t,8',8”). After checking that N(s,tmn,s’,s") =
N (8, tmax, 8’5 8") = 0, which can be proved analytically using the algorithm provided in [238] to fac-
torize Dy at the phase—space boundary into simpler loop functions

2 2 2 2 2 N
Do(mz, Mz, Mz,0,t,s,m7,s', Mz, s )|t:t

min/ max

1
= D(sts’s”){[mi (s" —s)+s(s—s —s")(t—M?)

+m? (s(s — ")+ (s+s =)t - Mi))} Co(0,m2,s,5",m2,s')
+ ]2 (miM2 +ss"t) + (s — ' + ") (M2 —t)> —m2(s + s")(t + Mﬁ)]
x Co(0, M2, t,m?,s", M?)
+ _mf_(s — ")+ (s+5 — ") (M2 —1)? + 255t — m2(2s + 5’ — 25")(t + M?r)}
x Co(m?2, M2, t,m?,s', M?)

+ —mz <2M,2r(5 +s ="+ s(s" — s)) +s(s—s —s")(t+ Mfr)}

x Co(MZ, Mz, s,s', M2, s”)} : (11.25)
t=%min/max
with
D(s,t,8',8") = Ar(t)A(s, 8, 8")
+ s [mi (s —4MZ) +2m2 (s — s’ + ") (m2 — M2 —t) — 435”75} , (11.26)

and likewise for the second Dy function with s’ = 0. Inserting these relations into Egs. (11.3) and (11.4),
indeed the numerators vanish, canceling the zero in the denominator of Eq. (11.6). Accordingly, we can

write
N(s,t,s',8") = N(s,t,8,58") — N(8,tmax, 8, 8") = (t — tmax) N1 (5,8,8",5"), (11.27)

/7 "y __ ’ "
such that N, (s,t,s',s"”) = N(st.s's (i_ivl(s)"t"‘“x’s =) Then

N(s,t,8",8") = (t — tmax) N1 (5, t,5",8")
(t — tmax) [N+ (8, t,8",8") — Ny (8, tmin, ', 8")]

(t — tmax)(t — tmin) N (s, t,8",5") . (11.28)
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After this rearrangement, the N (s, t, s",s") in Eq. (11.28) can be divided into three contributions
N(s,t,s',s") = N"(s,t,s" s") + Np(s,t,5',8")+ N_(s,t,5,5"). (11.29)

The first term does not present the endpoint singularities anymore and it can be grouped in (s, ¢, 5, s)
such that

i _Im £+ (") Im £+ (s7) { Bo(My, M7, ) — 2Bo(s, &, 8”) +2C(0,m2,8,8",m2,s)

T s’ 2(s — 4M2)
Co(M2,M2,s,s', M2, s") 3s+s"—16M2 - 2 372
T T2 ) T TrC M M /M2 g
2(8—4M7%) + 2(3_4.M7%) 0( oy, 8,8, VL, S )
2 2 _ 2 _9
- MCo(mz,Mz,t,mi,s’,Mg) 4 My 728
2s 2g
m3(s” = 95) + 25 [s + 5" — 6M7 + 2(t + tin + tmas)]

2s

2 2 2 2 2 I
Do(mz, Mz, MZ2,0,t,8,m2,s", Mz, s")

><Do(mg,Mﬁ,Mg,O,t,s,mi,S’,Mfr,s")} ) (11.30)

The other two terms are

N Imfy(s")Imfy(s") {C’J(m%,Mﬁ,t,mi,sﬂMﬁ
2ss’

) V2
= 2 tmax T tmax
* (t - tmax)(tmax - tmin) § ( )

2 (M2 — 1) (M2 — 5+ tae) + (5 + 2Hnes — 2M2) — mi]

(M2 — tay) [mE(ME + 8+ tmax) — M2 — 2stmax]
2s
x D& (m2, M2, M2,0,t,s,m2,s', M2, ")

N+ 2 2 2 2 o 2 N
+DO (m2, M2, M2,0,t,s,m2,s", M?2,s")

T

mé(4M?2 + s —s")

2ss’

+m (4M73 — 2M2 (54 8" 4 2tmay) — 8% + 55" — 65t ey + 23”tmax)
+m2 (Mi(s" — 8) + M2s(s — 8" — 8tmax) + tmax(35> + 55" + (95 — 8" )tmax) )

+ 23(M72r - tmax) (QM;% - 4M7%tmax + tmax(s + SN + thax)) :| } ’ (11'31)

and

) 2
_ 2 tmin Mﬂ— - tmin
(t - tmin)(tmin - tmax) y ( )

N - Imfy () Imfy(s") {C_’O(mE,ME,t,mf,s’,Mﬁ
2ss’

e m2 (M2 — i) (M2 — 5 + o) + (5 + 2t — 2M2) — m?}

(M2 = tmin) [m2(M2 + 5 + tmin) — M3 — 28t min)
2s
x Dy (m2, M2, M2,0,t,5,m?,s', M2, ")
Dy (m2, M2, M2,0,t,5,m2,s', M2, s")

/!

+ mé(4M? + s — s")

2ss

+ml (4M7% — 2M?Z (s 4 8" 4 2tmin) — 8% + 55" — 65t min + 25" tmin)
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+m2 (My(s" — 5) + M2s(s — 8" — 8tumin) + tmin(35> + 55" + (95 — 8" )tmin))

+ 25(M2 — tmin) (2M7 — 4M§tmin+tmm(s+s”+2tmin))]}, (11.32)

where

FE(nt, ) = Fo(oty ) = Fo( oo, tnax/ming o) - (11.33)

while the Fyy functions are defined according to Eq. (11.5) and where we suppressed the arguments
of /ifj_n(s,t, s',s") and Ny (s,t,s',s") for brevity. We notice that N (s,t,s’,s") still have a divergent
denominator at ¢yax/min respectively, but these remaining (removable) singularities can be dealt with by
expanding around t = tpax/min When the integration in ¢ is close to the boundaries ¢y /min.

11.5 IR singularities and low—energy limit

The Dy function discussed in Sec. 11.3 gives an example of an IR—divergent loop function in Eq. (11.4).
However, a second source of IR—divergences arises in

r tBg"(t) 0
Colm2, M2, t,m?,0,M2) = CF7(t) — === (32 2Ar + 1 — log M,,I;:%) (11.34)
with
B T 1, My
cgTin == A2 (1) [2 log® z; —  log m,
M, . m,
+Lip(1—22) — ng(l — xtm—T) _ ng(l _ xthﬂ , (11.35)

and which is the same loop function that defines the bulk of xPT result in Eq. (10.13). For both the Dy
and Cj terms, the only remaining dependence on s’ disappears via the sum rule in Eq. (9.11), and, upon
separating s’ = (s” — s) + s, the Dy terms in which s” appears in the numerator cancel exactly the Cj
contribution, leaving

2 [ee} " 2 2 T
disp € 1 o Im o (s") 26 (M7 + m7 — 1) Bf" (t) 2
) =—-— d 321%A
r (s8) R 1672, (s) ™ /Mz T s A AR
e? 2t(M2+m2 —t)BE"(t)
=— T T 212 A 11.36
1672 ) 32 A (11.36)

after inserting Eq. (9.10). The resulting IR divergence therefore matches exactly the IR singularity of
f(a)( t) obtained in xPT (see Eq. (10.25)).

This observation is more general, i.e., by construction our dispersive representation reduces to xPT in
the pointlike limit, and, accordingly, the low—energy properties of the representations agree. One key
aspect concerns the IR structure, another one the chiral logarithms. To illustrate the latter point, we
consider the expansion around ¢ = 0

2 2 2 4 2,2 4 2
(@), € |m7i—2M7 M+ 2Mim; —Tm; M: Z( 9 _ ,uUV>
+ 0= 15 { 2 M2 (mZ M 8z g \32m Auv —lea Ty
M2 AP
+ 7’” + A (32772A1R +1—log M“I;L )] , (11.37)

where we have written the UV scale with respect to m. to isolate the chiral logarithm. Using a narrow—
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width approximation Im f, (s) = nd(s — M2) M7, the dispersive result for s = ¢ = 0 can be performed

in terms of polylogarithms, and the expansion for M, — oo gives

2 2 4 2,..2 4 2 2
disp 2 T3 m2 MY+ 2M2m2 —Tmt | M2 7. M?
0,0) = 2 log = 4 L1og =2
re(0,0) = 755 [8 22 T d(mE - M2)2 %82 T8
m2+ M2 M2 2 B
v A (327r A+ 1~ log 7 ) n (’)(Mp 2) . (11.38)

The comparison of Egs. (11.37) and (11.38) shows again that the IR singularities coincide, but also that
the coefficients of the chiral logarithm match exactly. Moreover, the coefficient of the UV divergence is
reproduced, upon identifying uyv = M), so that, as expected, the result again becomes UV divergent in
the pointlike limit M, — co. The only difference then concerns finite contact terms, related to LECs in
xPT.

Using the narrow—width limit, one can also study the threshold behavior of the resulting Gum(s) fune-
tion analytically. In particular, we showed that the same factorization of Dy functions based on which the
endpoint singularities in Sec. 11.4 disappear also ensures that Ggm(s) derived from the IR—finite parts
of /idmp(s, t) remains finite at threshold. Accordingly, singularities at threshold only originate from the
remainder of the IR cancellation, see Sec. 12.4.1, which behaves as log(s — 4M?2), and real-emission
diagrams, the latter leading to the dominant 1/(s — 4M?2) threshold divergence.

11.6 Matching with yPT

Our representation of the triangle—diagram supplemented by the pion VFF (see Fig.(9.2)) is sensitive to
the high—energy behavior of the unsubtracted form factor f;(s). In the low energy regime, we need
to utilize the very well known chiral perturbation theory (see Sec.10.1). In order to take the best of
both worlds, we developed a matching procedure by expanding around s,¢ = 0 both the xPT form
factorfxl T (t), which from Eq. (10.21) is given by

PN = 20 + 10 + 19 + £ (\/ZCt (Zo- + 22 (2, +th)—1> . (11.39)

and the dispersive representation of the triangle—diagram (see Eq.(11.3)). From the perspective of a dis-
persive analysis, all terms apart from f_g_a) (t) amount to a subtraction constant, as these diagrams do not
involve a non—trivial dependence on the Mandelstam variables. We then build the new matched form
factor:

Hriatch(s’t) d“P(S t) d‘SP(O 0) + fXPT( ) (1140)

With this procedure, we suppress the high—energy part of the integral in Eq. (11.3) and thus reduce the
sensitivity to the asymptotic form of Imf4 (s). The new form factor K™ (s, ¢) is still UV finite, since
both /@igp(si) and fXPT( t) = 100p( t) + f$'(t) are UV safe, has the right IR singularities and chiral
logarithms.

The expanded xPT form factor X' (0) is then given by

2

e? {mi—zM,% 3 MZm2log s

3
Moy
M2m,

3

T 0) = 1 =k ~ 8™ Xeluuv) + log

—Mz T2 (mE P

m?2 + M? M,

NIR 2
)(log T = 82m AIR)}, (11.41)
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where X, (1) is defined as the combination

4 ~ ph /LQ
- = phys _
Xe(p) = 3X1 + X5 (), Xo(p) = Xo(M,) + 6.2 log 7 (1142)
and Xghys(u) is the long distance contribution of
XE™ (1) = Xo — 4K12 = X0, + X5™ () . (11.43)

In particular, the short—distant part is directly related to the Sgw term defined in Eq. (9.1) via the relation
XN =1 SER + ..., (11.44)

For the numerical evaluation we took the value reported in [254], yielding X,(M,) = 14.0(6) x 1072,
where exactly the needed combination of LECs is computed in Lattice QCD, thanks to lepton flavor
universality, and which differs quite significantly from the resonance—saturation estimate [207,255, 256]

. 7 3 [ M, \’ "
Xo(M,) ~ 52 32 (471'F7r> ~5x107". (11.45)

Moreover, so far we have glossed over the matching to SD contributions, which requires

1 mz
AXyly, = —i3 log 2 (11.46)

to be added to X,(p). This decomposition follows previous conventions for the SD contribution in the
literature [34,35,222]. However, we emphasize that only the combination of SEj, and Ggm(s) is scheme
independent—at the precision at which the matching calculation is performed (see Sec.11.6.1).°

Note that we do not show here the expression for the expanded nfSp(O, 0) since it involves the expansion
of the Passarino—Veltman functions [232-238], performed with the Package—X option LoopRefineSeries

[257,258], and it turns out to be a rather long and complicated expression.

With this procedure, we obtained an amplitude at O(e?p?) for the 7 — 77y, process which has
both the correct low— and high—energy behavior. It also allows us to establish a suitable basis for the
connection to short—distance (SD) contributions and lattice QCD [259], most conveniently expressed in
terms of the chiral low-energy constant (LEC). However, we still need to cure the IR—divergences present
in kT¢h(s,¢). This requires the computations of real photon emission contributions, both from initial—

and final—states, and it will be explained in details in the next chapter.

11.6.1 Scheme—dependence discussion

In the analysis of the isospin breaking corrections for the hadronic 7 decay, only the combination of S,
and Gpm($) is scheme independent—at the precision at which the matching calculation is performed. In
fact, we just showed that the short—distance part of the LEC ng'sy]; can be separated from the rest and
that it is directly connected to the Sgyw correction through Eq. (11.44). The resulting scheme ambiguity

amounts to an O(«a/m) uncertainty in ST, [14], which requires a dedicated matching calculation in

5The scale pyy in the xPT result cannot simply be identified with the scale of the low—energy effective (Fermi) theory after
the W—boson is integrated out (LEFT), which is already reflected by the fact that the xPT running in Eq. (11.42) and the LEFT
running—Eq. (11.46) arises from its naive application between m, and M,—do not agree. Instead, the matching between xPT and
LEFT is most conveniently formulated at the level of the LECs [223]. For a consistent matching, the dependence on both the
XxPT scale and the LEFT scale need to cancel in the decay rate at the considered order.



11.6. Matching with xPT 111

analogy to [223], using input from lattice QCD for the required non—perturbative matrix elements [260,
261].
phys

For future use, we derive a relation between the value of the LEC X£™*(11) we use in our analysis and

any possible value of the same quantity in Gppm(s). As fPT(t), and consequently k7

s,t), depends
only linearly on the combination of LECs, the subsequent dependence of Gy ($), given in Eq. (9.5) with

Egs. (9.6) and (9.7), is also linear,

0GEMm 9
= —e“, 11.47
0X () ( )
and the relation
GEM(‘Q)‘XZ(#) = GEM(S)’XZ(M:)’Q(#) —é (XE(M) - XE(:“)) ) (11.48)

is exact at O(e?p?). Our numerical results, presented for X,(M,) = 14 x 1073 from [254], are therefore

trivial to adjust once an improved matching analysis becomes available.



Chapter 12

Real—emission contributions

The amplitude computed in Ch. 11 is UV—finite but still IR—divergent. Similarly to the analysis performed
in Ch. 10 in the xPT formalism and in the soft—photon approximation, in order to cancel the infrared
divergences, the emission of real photons, both from the initial and the final states, must be included.
In what follows we compute the real emission contributions from photons, necessary to cancel the IR

divergences, and from resonances, in particular p, a; and w resonances.

12.1 Real-emission amplitude

The expression for the triangle—diagram (Fig. 9.2), after restoring the correct low—energy behavior through
the matching procedure (see Ch. 11.6), shows infrared singularities that cancels once we include initial
and final state radiations of Fig.12.1. Notice that also for these diagrams, the Ty, vertex is dressed
with the pion vector form factor fy(s) given in Eq. (9.10). Following [35], the matrix element for the

Figure 12.1: Initial and final state radiations diagrams for 7= — 7~ 7%,

decay 77 (I1) — 7~ (q1)7°(g2)v-(I2)y(k) has the general structure

T = eGrVyge (k) [Fal2)y” (1 = v5)(mr + 11 = F)ypull) + (Vi — A )u(le)y” (1 = vs)u(ly)] -

The first part of Eq. (12.1) describes bremsstrahlung off the initial 7 lepton with

_ (q2 — q1)1/
F, = Wf—&-(s) . (12.2)

The second part of the matrix element describes the vector and axial-vector components of the transition
W= (l; —l2) = 7 (q1)7(g2)(k). The hadronic tensor V,,,, contains bremsstrahlung off the 7~ in the

112
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final state and gauge invariance implies the Ward identities

kuVuV = (Q1 - q2)1/f+(8) )
kP AL, =0. (12.3)

For these resonance contributions, V,,,, and A,,,,, we utilize the expressions in [35],

Vi = ol = BP) 0 (a4 k= 2), = o[ = )l

Sl —12)%] — f4(s)
+
(1 +a2) -k
+ v (g/wq1 k- CImk‘u) + v2 (QWQ2 k- q2uku)
+u3 (qipq2 -k — @2uq1 - k) Qo + 04 (1092 - k — @2uq1 - k) (1 + @2 + k),
A;w = ialﬂwpa (QZ - fh)p k% +ias (ll - 12)1, €upz7*rkpq(17(é— . (124)

(1 +4q2), (@2 —a1),

In particular, the vector corrections vy, va, vs, v4 come from the resonance Lagrangian of [184] where
the contributing diagrams are listed in Fig. 12.2, while the axial-vector ones, a; and az, come from the
leading O(p*) contribution of the Wess—Zumino—Witten (WZW) action [262] and the diagrams are the
ones in Fig. 12.3. Since the strength of the WZW contribution is determined by the anomaly in terms

Figure 12.2: p and a; resonance exchange contribution via resonance chiral theory [184]. In the first
diagram, a photon is to be appended wherever possible.

of the pion decay constant, the free parameters in the resonance Lagrangian can be identified with two
vector couplings Fy, Gy, one axial-vector coupling F4 and the masses parameters My, M 4. By writing
(I1 —12)?> = s+ 2(q1 + q2) - k, Low’s theorem [263] is manifestly satisfied:

ky
Vi =)L ), + () (222 )

@k
df+(5) q1p.92 - k
+2 15 ok @u ) (1 — q2), + O(k) . (12.5)

Additionally, we take into account the contribution from the resonance diagram containing a radiative
wmy coupling (see Fig. 12.4), since its sizable contribution has been noted before [264,265]. More ex-
plicitly, the algebraic expression for this contribution can be found in Eq. (23) of [264], with values of the

Vr S0

Figure 12.3: Chiral anomaly contribution via Wess—Zumino—Witten action [262].
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Figure 12.4: Omega resonance contribution containing a radiative wmy coupling according to [264].

couplings therein given in Eqs. (28), (32) and (33). As in the analysis of 7= — 7~ 7’v, performed by the
different experiments (Belle, ALEPH, CLEO and OPAL), w — 77y is considered a background contri-
bution and excluded from the published data, we follow [36,266,267] in including only the interference
contribution arising from the diagram with the radiative w coupling.

By following [34,35], the fully inclusive decay rate, i.e., with photons of all energies included, is given
by Eq. (9.3) and in particular we are interested in the computation of the electromagnetic correction
function Grm(s). From Eq. (9.7), where after the matching procedure described in Ch. 11.6 the form
factor fi2p2(s,t) is replaced with kTl (s, ¢), the terms containing the real (photon and resonances)
emission contributions are gr o (8, t) and grest (8, t). The first term gy oy (8, t) accounts for the contribution
of (s, t) in the non—radiative Dalitz plot and it can be computed analytically (details in the next section and
in [35]), while the second term g, (s, t), that cannot be accessed by the non—radiative decay, is determined
numerically. Moreover, thanks to this separation, the infrared—divergences will be fully contained in
JLow (8, t) such that, once this term is added to the equally infrared divergent electromagnetic one—loop
correction for the non—radiative decay, i.e., KT*" (s, t), the IR—divergences cancel explicitly. We will see
this cancellation explicitly in the following section. However, we must emphasis the fact that, differently

for what was done in [35], we are working in dimensional regularization also for IR—divergences.

12.2 Determination of gy ow(s,t) and grest($,t)

Once we consider only the leading Low approximation of O(k~?2) to the differential decay rate, we get

OZG2 |V d|2 2[1 g1 m2 ]\42
dr = —f£ el 2D - T _ ™ | drps 12.6
sanim, PO TG TR T e (29

where dy 1ps is the phase space integral given by

&Ply g P Pk
2E2 2F - 2E 20 ) -l —q-w k). (127)

dLIPS =

and the kinematic of the radiative decay can be found in App. G. Integration over neutrino and photon
momenta leads to the three—fold differential rate

aGZ%|Vyal?
dr = (M|f+(s)|2p(87t) [211 cqili (s, t, @) — m2 I (s, t, ) — leog(s,t,il')] ds dt dz
(12.8)
with [268]
1 d3l, &k Sy —ly—q1 — g2 — k)
Lon{s: ) = o / 28,20 (k)™ k)" 12
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The next step consists in performing the integration over x, the invariant mass squared of photon and
neutrino. Here we must distinguish between two different regions in the s—¢ plane. For (s, t) in the Dalitz
plot of the non—radiative decay, the lower limit for the z—integration is 0. This is a consequence of working
in dimensional regularization also for IR—divergences, otherwise it would have been Zin (s, t) = MWQ, with
M., a fictitious photon mass. For (s, t) that cannot be accessed in the non—radiative decay the lower limit
is given by z_(s,t) (see App. G). This last contribution is infrared finite and occurs only for
5 MM (12.10)
m, — M,
The corresponding contribution to the Gy, booked in grest (S, t), is enhanced in the threshold region and
plays an important role in its contribution to a,. The upper limit of the z—integration is always given by
x4 (s,t) given in App. G.
The double differential decay rate in the leading Low approximation, for (s,¢) in the non—radiative

Dalitz plot and integrated over all photon momenta, takes the form

aG%\VudP

dr =
64mim32

| £ (s)2D(s,t) [J11(5,t) + Jao(s,t) + Joa(s,1)] ds dt , (12.11)
where

1lo (1+B>
5*\1-7

Ji1(s,t) |:327T2A1R+ 1 —log [Q’;IRH} ;1 g (:g) + log (224 (s,1)7)

SlelG) s L))

2 2 _
Jao(s,t) 2A1R+1—10gm + log Mr =8 ,
m2 mrz4(s,1)
2 M2 —s—t
Joa(s, 1) 3202Amg + 1 — log HIR ”IR tlog (Tt Ma = . (12.12)
7— M‘ﬂ'x-‘r(sat)

are the functions in [35] and reported in App. G, but with the IR—divergent parts translated to dimensional
regularization. Then g1 ($,t) is given by

Grow(s,t) = % [Tin(s,8) + Joo(s,8) + Joa(s,1)] - (12.13)

The remaining part of the radiative decay rate, containing all terms except the leading Low ones, is
calculated numerically giving the so called grest (s, ¢) term which accounts for the infrared finite remainder
of the rate, i.e., all terms except the ones contained in gr.ow (s, t). Putting everything together, the double
differential rate for the photon—inclusive two—pion decay is given by

Al GESew|Va

dsdt 647T3m3d| | f+(s )‘ D(s,t) [1 +2“mmh(3 t) + grow(s;t) Jrgrest(Sat)] . (12.14)

From these result it is possible to explicitly show that the IR—divergences in 2kT*"(s,t) + grow(s, t)
cancel. After recalling the expression for the matched form factor k7" (s,¢) in Eq. (11.40), the IR—
divergences cancellation happens as follows:

1S (67
K (s 7t)+7r=711(8,t)}

IR-div
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=0. (12.15)

K}dS)(O 0) fXI I(O)+—J20(S,t) J02(57 )
IR-div

This result shows how the matching procedure described in Sec. 11.6 is essential to ensure the IR—

divergences cancellation also in the dispersive calculation (Fig. 9.2)

12.3 Soft—photon limit in ges (s, t)

As remarked earlier, we compute the contribution of g (s,t) purely numerically. This is done by in-
tegrating the square of the amplitude T given in Eq. (12.1). However, the piece that gives rise to the
TR—divergent gy ow($,t) needs to be subtracted. Hence, we write grest(S,1) as

1

(5.6) 12.16

Gres(5,) 1287m3G % Vg 2D(s, )| f4(5)]2 _—
_lTLOW|2}7

X /daz dcos 0, doy

2
mix

e
(m% — s+ x+ cosOp/ (s, x,mZ))

with the measure function of the 4—body phase—space integral spelled out explicitly, see Eq. (G.12) in
App. G, and the amplitude square |T7o|?, giving rise to the expressions in Eq. (12.12), given by

21 g1 m2 M2
Tiow|? = 8¢* G| Via|? *D(s,t { ! L e S 12.17
| I | € F| d| |f+(5)| (8 ) (ll R k)((h K k) (ll K ]C)2 (C]1 . k)g ( )

leading to an expression for g free of IR singularities.

124 Integration at threshold

The numerical integration of grow(s,t) in t and gest in ¢g, cos O, x and ¢ (for details about the phase
space integration see App. G) shows a divergence at the threshold s = 4M2. In order to bypass this

end—point singularity we apply a change of variables where we parametrize ¢ and z in terms of angles:

%I'F(Svt) (22 — 1) in RI
o { % [4(s,t) —2_(8,1)] 20 + % [4(s,t) + x_(s,1)] in RIV\ R (12.18)
% [t_max(s) - t_min(s)] 2t + % [t_max(S) —+ t_min(s)] in RHI
t— { % [(mT - M;)? - fmax(s)] 2z + % [(mT — M;)? + imax(vs)] in RIV\ RII (12.19)

where —1 < z, < 1land —1 < z; < 1 and the expressions for x4 (8, t) and yinmax($) are given in App. G.
With this transformation we can isolate the threshold divergence and numerically integrate the amplitude
on the full s range, i.e., s € [4M2, m2]. In particular, it is the product of the radiative amplitude (after the
change of variables) times the Jacobian arising from rewriting ¢ in terms of z; that becomes integrable at
threshold. In fact, it is easy to see from Eq. (12.19), that the Jacobian in R'*, where the singular behavior
arises, reads

Ji(s) = 3 [tmax(s) — tmin(s)] , (12.20)
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and it vanishes at s = 4M2 since fyex(5) = tmin(8), curing the divergence. The Jacobians in RIV /!,
instead, do not vanish at threshold and this results in a regular but sizable contribution of the real emission
diagrams in this region. Once we checked this approach with the real emission contributions, we apply it
to the determination of KiiSp(s, t) such that also in this case the integration exactly at threshold is under
control.

12.4.1 Threshold singularity of giow(s,?)

The variable substitution described above turns out to be a good solution for the integration of K7 (s, t)

and grest (s, 1) but it does not work for grow(s,t) defined in Eq. (12.13). In fact, this result shows a physical
divergence at threshold, s = 4M72r, which is not solved by rewriting the variable ¢ in terms of the angle 2,
and then multiply for the Jacobian.

In order to solve this problem, we perform the variable substitution also in this case but then we expand
the new expression around s = 4M2. The contribution to Gy (s) from grow(s, 2¢), after the angle

integration, i.e.,

J s) = f—ll dzt Jt(S)D(S7 Zt)gLow(sa Zt)
Chuls) = [l dz Ji(s)D(s,z)

1 2
/ dze Jy(s)D(s, 2) = %(s — m2)2(2s + m2)(s — 4M2)3/2, (12.21)
—1

has the following analytical form
lo s — 4M7% res; res
Gin(s) = {03/% log (W) + 03/5} +c5™/s — AM2
lo s — 4M72r res
+ (s —4M?) [05;@2 log <4M2> + c5/5} + O[(s — 4M?2)3/?] (12.22)

where ¢! include all the terms that are not divergent for s = 4M2, with i = 3/2,2,5/2, ... indicating

the degree of the expansion of the numerator in Eq. (12.21). It is then clear that, after the integration in
2t, the contribution of gr.ow (s, 2t) to Gem(s) is still logarithmically divergent at threshold.

12.5 Determination of resonance couplings

For the numerical evaluation of the resonance contribution to real emission we need to determine the

coupling Fyy, Gy and F4. Frequent choices are from the short—distance constraints [35,183]

Fr
Fy =V2F, ~0.13GeV, Gy = 5= 0.065GeV,  Fy=F,~0092GeV, (12.23)

and the phenomenologically motivated one
Fy =0.16GeV, Gy =0.065GeV, F4=0.12GeV, (12.24)

where Fyy and Gy are extracted from the decay widths of p — ete™, p — 77 and K* — K [269],
while F4 comes from an old measurement [270] of the a; — 7y partial width via Eq. (4.10) in [183].
The extraction of F4 from a; — 7y has been challenged in the literature mostly suggesting smaller
values of F4 [79,186,271-274], but the situation is far from conclusive. Hoping to shed some light on the

issue, we attempted another indirect determination, by assuming that the a; — 7y decay proceeds via
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a1 — pm — mwy [87,250]
For the first step of the decay chain a; — 7p — 77, one needs the coupling for a; — pm, which could
be defined in a hidden—local-symmetry model [275] according to

1
£a17rp = _ﬁgalpw Tr A[L [(P7 V'u}, (1225)

where the relevant fields are collected in

_(=/v2 ot _ (V2 Pt _(a/V2 o
<I>—< — _7_(_0/\/§>3 Vu—< o= _po/\/ﬁ>u, A#_< ay _a(l)/\/i>u

(12.26)

However, in order to ensure gauge invariance, we promote it to

Lairp= Q\fgalmr Tr A, [®, V], (12.27)

formulated in terms of the field—strength tensors V,,, = 0,V, — 0,V and A, = 0,4, — 0, A,.

Momentum—space Feynman rules extracted from this interaction terms appear as, e.g.,

T

I
I

Pl = L aspr (G k- 4 — K (12.28)
I

+
ay, p PV
q k

similar to the ajpm interaction term utilized in [264, 265, 276]. Since the interactions for the different
channels enabled by the above interaction term differ only by sign, the partial widths appear as

T(af — 75p%) =T(as — 7°%F) =T(a) — 75pT) . (12.29)

We can therefore express

T'(ay — 7p) = 2T (aE — 7% ) = Igai::\ M?[p,| (1 n :g\’;'z ) , (12.30)

with the spatial p-momentum |p,| = |/A(m2,, M2, M2)/(2m,, ) in the center—of-mass frame. Further

assuming the total experimental width 'y, = (0.25,...,0.6) GeV [158], to be dominated by the mp decay
channel T'y,, = T'(a; — 7p), yields

|Garpre| = (3.6,...,5.6) GeV ™', (12.31)

or |gaypn| = 5.1GeV™! corresponding to Ty, = 0.5GeV used in the evaluation of the resonance
model terms of Eq. (12.4). Utilizing the total width as measured by the COMPASS collaboration T'y, =
0.380(80) GeV [277), |ga, x| = 4.5(5) GeV 1. For comparison, in [264] they cite gpq,» = 4.843 GeV !
for their coupling strength.

In order to describe the full decay chain, we make further use of the gauge—invariant interaction term
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of [278],

Ly = V2€ TrQV,, (12.32)

9oy
with the charge matrix @ = diag(2, —1)/3 and the electromagnetic field—strength tensors F,, = 0,4, —
0, A,. Coupling the photon to a neutral p with momentum k, the partial decay width can be written as

~ 2

a* = ntey) = ClGmpnl® (K2 K| ( 3k2 + 2|k[? 12.33

((11 - T ’Y)* 247792 Mg_k2 | | + | | ) ( . )
oY p

where the spatial photon momentum is given by |k| = \/A(m2 , M2, k?)/(2mg,). Taking the limits
M,f — 0, k? — 0, the above expression yields

2|~ 2,3 2\ 3
7'r M
i g (283 .
9679, me,
In contrast, in [184] they obtained
2 2 2\ 3
+ + e Fim, MZ
F(al — T 'y) = %TF‘El (1 — mgl> 5 (12.35)
from resonance chiral theory. Equating the above expressions, yields
F4 ={0.069, 0.097, 0.11} GeV (12.36)

for Ty, = {0.25, 0.5, 0.6} GeV, where g,, = 5.98 [91] is employed. With the total width as mea-
sured by COMPASS [277], F4 = 0.085(9) GeV. However, with g,, = 4.96 as extracted from I'(p —
ete™) [250],

Fa = {0.083, 0.12, 0.13} GeV , (12.37)

or Fy = 0.10(1) GeV using the COMPASS total a; width in this case.
These values ought to be compared to the estimate from short—distance constraints in Eq. (12.23) [183]

and from the determination by means of the resonance—chiral-theory interaction and the direct experi-
mental measurement of I'(a; — 7) given in Eq. (12.24) [279] for which the thesis work of [280] found

Fa =0.12(2) GeV. (12.38)

Comparing with the values extracted via a; — mp — 7y and the one due to short—distance constraints
that tend to be smaller than the above one, it seems to fit into the picture. Following the remark in [280],
the photon production experiments suggest that the branching ratio I'(a; — 7y) could be smaller than
the value obtained by the previous direct measurement [273,274].
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Results

We now have all the ingredients to compute the contribution of Gry(s), defined in Eg. (9.5), to the

hadronic 7—decay, where now the A(s,t) term including the radiative corrections reads
A(s,t) =1+ 2Re nﬁawh(s, 1) + grow(s,t) + grest(s, t). (13.1)

In the following we explain in details our fitting procedure, we show the fit results and, at the end, we

give our final estimate of AaHVP’ LO[zm, 7] in Sec. 134.

13.1 Fitting procedure

The pion vector form factor fi(s) is determined by fitting the experimental data from Belle [281],
ALEPH [282], CLEO [283] and OPAL [284]. These experiments measure the spectrum

1 dN o KF(S) 3

N ds T, oo (8)| 4 ()P Grn(s) (13.2)

with partial widths T'. = I'(t~ — e~ 7,1, ) contained in K1(s) in Eq. (94) and Ty = (7~ — 7~ 7%v,).
For the external inputs we use SE& = 1.0233(24) [14], Br[r — ev,v.] = 17.82(4)% and Br[r —
mrvy] = 25.49(9)% from the global fit of [158,285] (whose errors are correlated with coefficient —0.19),
and Vg = 0.97367(32) [158].
Since G (s) itself is dependent on the input of fi(s) but rather expensive to numerically calculate,
a self—consistent iterative procedure is followed:
1. Determine Gy (s) from fi(s) = Q1(s), with §(sg) = 110.4° and 6(s1) = 165.7°, where s =
(0.8 GeV)? and 51 = (1.15 GeV)?, as extracted from fits to eTe™ — 7w+ 7~ (cf. Tab. 10 of [102]).
2. Having fixed Gpm(s), we fit the free parameters in f4 (s) of Eq. (11.7) by means of Eq. (13.2) to the
experimental data, with the regularization of Eq. (9.9). From the discussion in Sec. 11.2, we have
242 x 3+ (N — 2) free fit parameters, with IV the degree of the conformal polynomial Gj,(s).
3. The resulting representation for f(s) is then used to calculate Gup () in the next step and the fit
is repeated with this new input.
The procedure is stopped once there is convergence in the fit parameters, i.e., after a few iterations.
In practice, the differences to the starting point fi(s) = Qi(s) are small but certainly not negligible,
reflecting the important role of inelastic effects for a precision analysis of aEVP’ LO[77] [286,287].
The spectrum provided by the different experiments falls into bins of widths s, e.g., in the case of the
Belle experiment almost all of the bins are of width s; = 0.05 GeV2. Within the bin, events will not be

120
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distributed equally, but weighted by the distribution, so that the actual observable becomes

1 dN bin q pstsi/2 1 gN
(Nds(si)> :E/s. e N @ ) (13:3)

1 i8S,

in the bins with center s;. Alternatively, one can calculate corrected bin centers s§°"" for the pion VFF fit by
anull search, and we checked that both approaches lead to identical results. This effect is analogous to the
required bin average for hadronic cross—section measurements using initial-state radiation [102,288,289].

44(4, j) as well as the full systematic

Furthermore, we make use of the statistical covariance matrix Cov
covariance matrix Cov™¥® (4, j) whenever available, i.e., for Belle and ALLEPH experiments. While for
the CLEO experiment only the systematic covariance matrix is available, the OPAL experiment provides
a combined statistical and systematic covariance matrix, without the information to disentangle the two
error components. In these two cases we treated the single covariant matrix as purely statistical. In order

to avoid the D’Agostini bias [290], the total covariance matrix is constructed via [291]

bin bin syst/: -

. stat s - 1 dN 1 dN Cov™ (i, )
= — (s — e (sy) ) 13.4
Cov(i,5) = Cov®™ (i, 7) + (N P (si) NI (s5) o , (13.4)

where y; is the central value of the experimental observable in bin 4, which is then used in yet another

iterative procedure for each fit of the theoretical distribution to the data.

13.2 Sources of uncertainties

The uncertainties we considered in our analysis and that we propagated to Grm(s) can be divided into
the ones coming from the input data and the theoretical ones. For the first group, the uncertainties are
given by

* statistical and systematic covariance matrices on 7= — 7~ 7’v, data.

* uncertainties on the spectrum due to the branching ratios Br(t— — e v.v;) and Br(r— —

ov,).

The errors derived from the covariance matrices give rise to a fit uncertainty on f,(s), which is then

T

propagated to Gm(s), including a scale factor if x?/dof > 1. Combined with the uncertainty derived
from the branching ratios, this defines the experimental error. On the theory side, the sources of theoretical
uncertainties entering in the pion vector form factor f(s) are

* the variation of the conformal polynomial degree IV,

* the variation of the s, parameter in the conformal polynomial,
while for uncertainties entering the Ggm(s) directly we have

% the variation of the cutoff of the dispersive integral (from 20 GeV? to 9 GeV?),

* the use of different estimates for the couplings Fy/, Gy and F4 that enter once we include the

resonances contribution (see Sec. 12.5).

In the latter case, we define the difference between results obtained with the SD couplings (12.23) and
the phenomenologically estimated ones (12.24) as 1o uncertainties, while for the other uncertainties the
errors are quoted as the maximal deviation from our central solution. Additionally, for the computation
of the uncertainty on the shift Aq,, (and entering also the spectrum in Eq. (13.2)), the uncertainty due to
the scheme dependence of SE[j, as reported in [14], is included. The same uncertainty also affects the
spectrum (13.2), but only via an overall rescaling. Accordingly, we first present fit results that focus on
the uncertainty components listed above, while adding the SD error propagated from SEj; at the end.
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13.3 Fit results

We perform fits for different degree of the conformal polynomial (N = 3,4, 5, corresponding to N —2 free
parameters) to the Belle data only, to Belle+ALEPH and to all the data sets combined (Belle+ ALEPH+
CLEO+OPAL). The reason behind this choice is as follows: first, the Belle data set provides the most
precise spectral function, especially in the p/, p” region, and we find that individual fits to the other data
sets struggle to resolve the detailed resonance structure, which would require using a simplified fit function
in these cases, and thus leading to results that are difficult to compare. For this reason, we always include
the Belle data in each fit variant. Second, the only other data set for which a full documentation of the
statistical and systematic uncertainties is available is ALEPH, while for CLEO and OPAL systematic
errors are either not provided or combined with statistical ones, and this motivates a combined fit with
Belle. We still quote the global fit as our final result, but it is instructive to compare fits to the more
complete data sets only (see Tab. 13.1).

Stable fits are obtained for NV = 3, 4, with p—values ranging from a few percent if we consider only the
Belle data set, over 3.0 x 1072 for the fit to Belle+ ALEPH, to 0.7 x 10~ for the global fit. Accordingly,
it is clear that some tensions are present in the data base, since the fit quality deteriorates considerably in
the latter cases. To investigate the fit quality further, we also studied variants allowing for an additional
parameter in the conformal polynomial, in which case the p—value increases to over 60% for Belle only
and to a few percent for the combined fit, suggesting that the fits with lower N could be too constrained.
However, we observe that the gain in the x? values comes at the expense of clear signs of overfitting,
i.e., the p” parameters need to be stabilized by imposing penalty functions, as otherwise mass and width
parameter would run away to unphysical values. In addition, the asymptotic behavior of Im f; (s) out-
side the region constrained by data starts to show unphysical oscillations, indicating that tensions in the
physical region are transferred to the high—energy tail. For that reason, we define our central values by
N = 4, while including the variation to N = 3, 5 in the uncertainty estimate. This procedure ensures that
both the systematic variation among all fit variants and the error inflation of the statistical error are taken
into account. The latter would be minimized or even absent if choosing the N = 5 fits as central values,
thus hiding the tensions in the data base. We also considered fit variants in which the explicit p’, p” con-
tributions are replaced by corresponding poles in the conformal variables [253]. In general, the behavior
is similar, as fits with smooth high—energy behavior tend to display relatively poor fit quality, which can
be overcome by allowing for more fit parameters, but again at the expense of overfitting and even more
severe instabilities in the p/, p” parameters, presumably due to the fact that the sensitivity to the pole
parameters is reduced compared to parameterizations better tailored for the real axis. While eventually
the former would be preferred, we conclude that with the p” so close to the border of the available phase

space, fits to the 7 spectral function based on the functional form in Eq. (11.7) are better controlled.

The global fit is shown in Fig. 13.1, while in Figs. 13.2 we show a zoom of our fit result around the p
resonance peak (left) and close to the threshold 4M 2 (right), since it is, in fact, the low energy region that
gives the biggest contribution to the muon g — 2 computation from 7 data. Due to the energy weighting

in the calculation of aj; V%O

7, 7|, we find that the threshold region actually plays an integral role,
especially, as there appears to be some (compensating) tension between the threshold and p—resonance
region. That is, while in the central fits with NV = 4 the VFF in the p peak tends to be overestimated, for
N =5 the data around the p(770) are better reproduced, yet the integrated a,, value actually increases,
due to an enhancement in the threshold region. Within uncertainties all fits are compatible, but the
observation remains that the analyticity and unitarity constraints built into our dispersive representation
of f1(s) suggest some tension in the data sets between threshold and resonance region.

The modulus of the pion VFF f, (s) arising from our global fit to the experimental data is shown in

Fig. 13.3, while in Fig. 13.4 we display the real and imaginary parts of f, (s) separately. It is also instructive
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Figure 13.1: Fit to the data sets for the full energy range and considering all the experiments, i.e.,

Belle+tALEPH+CLEO+OPAL.
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Figure 13.2: Fit result for the energy spectrum in the region close to threshold (left) and around the p—

resonance peak (right).
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X?2/dof  p-value 8(s0) [°] 8(s1) [°] psx 102 pyx10°  psx 10 ¢y [GeV] M, [GeV] T, [MeV] ¢y [GeVZ] My [GeV] T, [MeV]

Belle (Nyya = 62)

1.36 0.041 110.05(13)  167.00(10) 3.11(65) 0.47(9) 146(2)  443(47)  —0.24(8) 1.67(2)  257(83)
1.30 0.070 109.95(15) 166.93(11)  —3.7(4.4) 3.4(2.2) 0.33(10) 1.44(2)  375(58)  —0.40(14) 170(2)  289(76)
0.93 0.62 109.60(16) 166.57(13)  —4.3(4.7) 17.5(3.7) —6.4(1.4)  0.66(12) 1.49(1)  566(53)  —0.94(20) L75(1)  398(58)
1.36 0.043  110.04(14)  167.00(10) 3.13(66) 0.47(10) 146(2)  442(51)  —0.24(8) 1.67(2)  257(87)
1.30 0.072 109.94(15) 166.92(11)  —3.6(4.4) 3.3(2.2) 0.33(10) 144(2)  376(58)  —0.39(14) L70(2)  289(77)
0.93 0.62 109.59(26) 166.57(26)  —4.2(4.9) 17.4(5.5) —6.4(2.1)  0.66(12) 149(1)  565(57)  —0.94(21) L75(1)  399(63)
Belle* ALEPH (Nyyq = 62 + 78 = 140)
137 0.0029 109.89(13)  166.77(8) 3.11(64) 0.46(8) 146(2)  450(47)  —0.21(7) 167(2)  262(98)
138 0.0028 109.81(13) 166.71(10)  —1.8(3.1)  2.4(1.6) 0.36(6) 1.45(1)  404(35)  —0.32(10) 1702)  297(71)
1.20 0.062 109.41(14) 166.33(10) —0.77(4.80) 17.7(3.4) —7.3(1.4)  0.75(13) 1L50(1)  611(52) —0.82(19) L75(1)  400(59)
137 0.0030 109.88(12)  166.77(9) 3.13(65) 0.46(9) 146(2)  450(47)  —0.21(8) 1.67(2)  260(120)
138 0.0030 109.79(14) 166.71(10)  —1.7(4.4) 2.4(2.2) 0.37(10) 145(2)  405(57) —0.32(14) 1L70(3)  297(92)
1.20 0.060 109.41(13)  166.33(9)  —0.7(4.8) 17.5(3.2) —7.2(1.3)  0.75(13) 150(1)  610(51) —0.81(19) L75(1)  401(59)
Belle* ALEPH+CLEO+OPAL (Nuyy = 62 + 78 + 43 + 72 = 255)
132 0.0006 109.75(9)  166.59(7) 3.26(69) 0.53(10) 147(2)  482(49)  —0.25(8) 1.66(2)  295(69)
132 0.0007 109.67(12) 166.54(9)  —1.4(42) 2.2(2.1) 0.43(12) 1.46(2)  439(57)  —0.36(14) 1.69(3)  327(90)
1.19 0.021 109.31(12)  166.20(9)  —0.8(5.9) 18.6(3.2) —7.7(1.4)  0.81(21) 150(2)  631(75) —0.88(19) L75(1)  416(57)
132 0.0006 109.74(11)  166.59(8) 3.28(67) 0.53(8) 147(2)  481(44)  —0.25(5) 1.66(2)  295(52)
132 00006 109.66(12) 166.54(9)  —1.2(3.8) 2.2(1.9) 0.43(10) 1. 46(2) 440(50)  —0.36(13) 1.69(3)  326(85)
1.19 0.020 109.31(15) 166.18(14)  —0.7(5.0) 18.4(4.0) —7.6(1.7)  0.81(14) 50(1)  630(59) —0.88(20) L75(1)  417(68)

Table 13.1:  Results of our fits to the (combined) data sets Belle, Belle+tALEPH, and
Belle+t ALEPH+CLEO+OPAL (in brackets the number of data points). For each (combination of) ex-
perimental data set(s), we show the result for N = 3 (first line of each set of fits), N = 4 (second line of
each set of fits), and N = 5 (third line of each set of fits). Moreover, the results account for different values
of Fy, Gy, and F4: SD couplings from Eq. (12.23) (upper half of each set of fits) and phenomenological
couplings from Eq. (12.24) (lower half of each set of fits). The uncertainties refer to the fits errors, prior
to scale—factor inflation (where applicable).

to consider the phase of the pion VFF, see Fig. 13.5, especially in view of the preceding discussion about
the asymptotic behavior. In all fit variants, by construction, the phase ultimately tends to 7, ensuring the
correct asymptotic behavior of the pion VFEF f, (s) ~ 1/5[292-296], but for N = 5 one observes sizable
oscillations before the phase returns to its asymptotic value.

13.4 Determination of Aq,

From the fit described in the previous section, we obtain the results for Ggum(s) in Figs. 13.6 and 13.7. In
particular, Fig. 13.6 shows the result for the leading Low contribution to Ggm(s), i-e., the one obtained
by considering only the effect of KT*(s,¢) and grow(s,?) in Eq. 13.1. Importantly, the curves labeled
by “ChPT” in Figs. 13.6 and 13.7 do not exactly correspond to the numerical results from [34, 35], but
are instead constructed replacing kT*N(s,t) in Eq. (13.1) by fXPT( t), which amounts to replacing the
dispersive evaluation of the box diagram by its xPT approximation. In this way, we obtain a more mean-
ingful comparison of xPT and dispersive results, updating other aspects of [34,35] to the input used in
this work, e.g., input for f (s) and LECs.

Differently from the previous result (red line), our new model—independent dispersive approach shows a
clear structure—dependent correction in the p, p’ and p” regions already in Fig. 13.6. Moreover, we notice
that while the YPT GL{}'(s) contribution remains almost constant with values around 1 for most of the
energy range, our result becomes greater then 1 around the p—resonance region, explaining the difference
we observe for the Aay, V"> O, 7] estimate due to Gy (s) with respect to the result in [35] and leading
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Figure 13.3: Modulus of the pion vector form factor f. (s) obtained by fitting the full experimental data
sets (Belle+t ALEPH+CLEO+OPAL).
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Figure 13.4: Real and imaginary parts of the pion vector form factor f (s).
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Figure 13.5: Phase of the pion vector form factor f (s).

to a substantial decrease by about 2 x 10710, Fig. 13.7 shows the full Ggy(s), i.e., including also gre (s, t)
with all the resonances terms (v;, a; and w). While the qualitative behavior largely matches previous work,
the energy dependence is altered substantially, especially in the vicinity of the p resonance. In addition,
we observe a constant offset, which traces back to the local term in the xPT contribution, especially
the SD logarithm in Eq. (11.46).° The large uncertainty band close to the 4M?2 threshold is mainly due
to the different estimates for the resonance coupling Fy/, Gy and F4 we employed, which as a direct
consequence will give the largest contribution to the theoretical error in the shift AaHVP’ LOlrm, 7). We
are now in the position to evaluate the shift of the HVD integral caused by IB corrections specific to the
hadronic 7 decay, 7~ — m~ 7w, By setting |FY (s)/f1(s)| = 1 in Eq. (9.2), the shift Aa)""° can be
expressed as

K [Ba) 1
AgHVPLO _ (%M / d L —1| v, 13.5
W= (52) Je T (B SR Ge O 099
with the 7 spectral function given by
vr(s) = SERBano (5)].f+(5)*Grm(5(s)) | (13.6)

and charged pion phase space factor frx(s) = \/1 — 4M2/s. Different contributions to Aaj; VMO, 7]

are usually singled out via linearization of the integrand

- (am")2 /:ﬁ 4s50) [E’r(s) - 1] vr(s) (13.7)

s 3 vz 4s? S o(s)
2 A
2 (Mmr K 1
AaEVP’LO[ﬂﬂ',T] = (amu) / ds (z) { — = 1} vr(s) (13.8)
Spw 3m amz  4s EW

OPart of the local contribution to ffPT(t), as given in Egs. (10.16) and (10.19), was absorbed into the definition of the pion
VEF f4(s) in [34,35]). We avoid this bookkeeping, as it would lead to a more complicated form of f4(s) in the fit to the 7
spectral function, in particular, the normalization would differ from unity, by an amount ultimately controlled by the LEC X,.
Moreover, the analysis of the matching to SD contributions would become more complicated, given that this matching relation is
most conveniently derived at the level of the chiral LEC [223].
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Figure 13.6: Result for the leading Low Grum(s) contribution, i.e., including £T*" (s, t), grow(s,t) but
setting grest (S, t) to zero.
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Figure 13.7: Result for the full Ggy(s) contribution, i.e., including nﬁ‘;ateh(s, ), gLow (S, t) and grese(s, ).
In particular g,est (s, t) include the contributions from the different resonances, i.e., p, a1 and w.
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Aay VPO (13.9)

T, T]

Y —

to represent phase—space, SD, and radiative corrections and such that we can write it in a general form

- () o et

Explicitly spelling out the effects of O(e?) in the integrand as M2, = M2 —e?*Ayy, SET, = 1+ e2ASET,
and Ggm = 1 4+ AGgwy, the difference of the linearized integrand and the full one, expanded in €2,

AaEVP’LO [, 7]

(13.10)

T1B

appears as

(1) (520 (s ) - (B smaumen 1)) won
_ _ T — vy .
Grm o St B2 10(8) SEyGrm(3(s))
i/ s —4M?2 5 . . ) 6

suggesting that since Gy diverges at the 770 threshold, the term oc A AGEy could become relevant
due to the resulting threshold enhancement.

The results considering all the three different fit variants for the integrals in Egs. (13.7), (13.8) and (13.9)
as well as the one without factorizing the integral, i.e., Eq. (13.5), are given in Tab. 13.2. In particular, for

the contribution to AaHVP’LO

[r7, 7] coming from Ggpm(s), we have the following splitting:

* GLo¥(s) contribution obtained by setting to zero grest(s, t) in Eq. (13.1).

* GE?MRXPT (8) contribution that includes grest (S, t) but with the resonances terms turned off, i.e., with
v; and a; in Eq. (12.4) and the w contributions set to zero.

* GEl(s) contribution with all the resonances (v;, a; and w) terms restored in gres (s, t).

TIB(S) Belle Belle+ALEPH Belle+tALEPH+CLEO+OPAL
l/G]]gl‘{,‘fV(s) 72.292(15)@)(]3(14)theO 72.279(13)exp(16)the0 72.267(13)exp(14)the0
/G () =5.21(3)exp(2)iheo —5.20(3)exp(2) theo —5.19(3)exp (2)1heo
1 /Ggw‘{(s —5.44(3) exp (40) theo —5.43(3) exp (40) theo —5.41(3) exp (40) theo
3 (5)/B% () —T.7A(L)exp(3)iheo —7.73(4) exp (3)theo — 7744 exp (3)eheo
1/S’ET{;§, —12.180(57)e)q)(8)theo —12.177(57)exp(7)theo —12.166’(56)exp(8)theO
S —25.36(12)exp(44)theo —25.34(12) exp (44) theo —25.32(12) exp (44) theo
Full —24.84(12)exp(39)theo —24.82(12)exp(39)th80 —24.80(12)6Xp(39)th80
iy 510.1(2:4)exp (0-2)iheo 510.0(2:4)exp(0-2)theo 509.5(2-4)exp (0-2) heo

Table 13.2: Result for the correction Aaff¥"O[r7, 7] (in units of 107'%) due to different G (s) con-
tributions (leading Low, full radiation oft 7 and , full real emission including resonances), phase—space
factor, and SZ%,. The results labeled as 3 r1p are obtained by summing the contributions from Gl (s),
phase space, and ST, while “Full” combines the same effects but without linearization. @, refers to the
resulting two—pion contribution a;; ' LO[77, 7], but without consideration of IB in the matrix elements
and before adding e* e~ —specific corrections. The theory error do not include yet the uncertainty due to
the scheme ambiguity in S[{, nor an estimate of higher intermediate states in the virtual contribution.

All results are provided separately for the three fit variants given in Table 13.1.
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Ref. [267] Ref. [297] Ref. [14]  This work
Phase space —7.88 —7.52 —7.7(2) —7.74(5)
S —12.21(15) —12.16(15) —12.2(1.3) —12.2(1.3)
Gl -1.92(90)  (=1.67)1055  —2.0(1.4) —5.4(5)
Sum —22.01(91) (-21.35)*0%  —21.9(1.9) —25.3(1.4)
Full - - —  —24.8(1.4)
a 510.3(3.0) 510.97%7  510.3(3.4)  509.5(2.7)

Table 13.3: Comparison to previous work, following the notation of Table 13.2. Our results have been
supplemented by the SD error from [14], which then dominates the final uncertainty, as well as an estimate
of higher intermediate states in the virtual contribution.

Finally, Table 13.2 also includes a quantity defined as

o (em [ LK) [Bee(9)] enls)
IJ«_( > /4M72rd 432 [57”1—0(8)}3 SE\%GEM[g(S)]’ (1312)

which can be interpreted as the first step towards a 7, T|, prior to considering corrections in the

matrix elements |FY (s)/f1(s)| = 1+ O(e?) and adding IB corrections specific for ete™.

HVP, LO [
m

First, Table 13.2 shows that the differences for the resulting IB corrections among the different fits are
small, which simply reflects the fact that the IB corrections are required with much less relative preci-
sion than the full integral. However, even at this level of precision we observe that a linearization of the
IB corrections should be avoided, since the threshold—enhanced O(e?) terms do become relevant. This
observation also emphasizes the importance of a stable numerical implementation down to the two—pion
threshold, to fully capture these corrections. Considering the changes among the different Grm(s) vari-
ants, the numerically largest contribution arises from the radiation of 7 and 7, around —3.0 x 1071, while
the additional contribution due to resonance diagrams only induces an additional shift around —0.2 units.
This shift, in fact, is less than half the size of the uncertainty propagated from the resonance couplings,
most notably F4, which dominates the overall uncertainty budget for Grum(s). In view of this substantial
uncertainty already of the leading resonance contributions, which are motivated via xPT resonance satu-

HVELO[rr, 7], we do not

ration, together with the overall small impact of resonance contributions on Aa
see a justification for including yet higher resonance multiplets.

By comparing results for our full dispersive and the xPT version of the triangle diagram, we find that
structure—dependent virtual corrections amount to about —2.0 x 10719, yielding the second largest con-
tribution after bremsstrahlung off 7 and 7.7 Accordingly, one could worry about the possible impact of
higher intermediate states in the hadronic matrix element, via resonance left—hand cuts or rescattering
corrections. Given the experience from v*y* — mmw [79-81, 227-229], one would expect such effects
to be small in the low—energy region, with the first major resonance—enhanced structure related to the
f2(1270) resonance. To account for virtual corrections beyond the pion pole, we assign an additional
uncertainty of 0.3 x 10719 to the GuMm(s) contribution, motivated as the same relative uncertainty as

resonance diagrams induce in the case of real emission.

7The separation of real and virtual contributions is of course scale dependent, but the differences of dispersive and xPT results
for the triangle diagram, to quantify structure—dependent virtual contributions, and of G']j’d,v[ and GL‘E’\XV, to quantify radiation off 7
and 7, are well defined.
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Figure 13.8: G (s) contribution to Aa;l"" [, 7] as a function of a cutoff A in the HVP integral,

for our dispersive implementation of the box diagram and its ChPT approximation, in both cases for the
leading Low and full evaluation of real emission. Additionally, the results corresponding to using the full

Grum(s) of previous works by Flores-Baéz et al. (2006) [265] and Miranda, Roig (2020) [37] are shown.

Our final results are summarized in Table 13.3, with central value defined by the N = 4 VFF fits to all
data sets and the mean of the strategies in Eqgs. (12.23) and (12.24) for the resonance couplings

Aay PO [wm, 7 —24.8(0.1)exp(0-5)n (1.3)sp x 10717 (13.13)

”Full =

where the experimental error combines the uncertainties derived from the covariance matrices of the
data for the 7 spectral function and the 7 branching fractions, while the theory error accounts for all
contribution listed in Sec. 13.2, i.e., variation of NN, s., the cutoff of the dispersive integral, and the
resonance couplings, with the latter the by far most important effect. Overall, the uncertainty is now
dominated by the scheme dependence in ST, that is, the matching between SD contributions contained
in SE, and radiative corrections described by Gem(s). As for Guum(s) itself, however, the uncertainty
has been reduced by a factor of three compared to the assignment in [14], which mainly reflects the fact
that potentially sizable structure—dependent virtual corrections are now explicitly evaluated. In Fig. 13.9,
SM

we show the differences Aa,, = aj™ — ;™" for different inputs of aEVP’LO. As we can see our result

slightly shift the correction closer to the WP20 estimate.

It is also instructive to scrutinize the origin of the changes in central value compared to the previous
work listed in Table 13.3, after all, our value for the Ggm(s) contribution shifts by about 2.5 o, part of
which is then canceled upon adding the previously neglected O(e?) effects. To this end, we first evaluate
the Gpm(s) contribution as a function of the cutoff in the HVP integral, see Fig. 13.8, and compare
the result to the yPT evaluation of the triangle diagram, both for the leading Low and full calculation
of the real-emission contributions. The figure shows that there are indeed significant differences in the
energy dependence, as expected from Figs. 13.6 and 13.7, leading to the aforementioned decrease by 2.0 x
10719 due to resonance enhancement of the p(770). Apart from this effect, further changes compared
to [14,267,297] seem surprising, as one would expect these evaluations to be closer to our “ChPT” result,
but a large part of the difference traces back to the local contribution in Egs. (10.16) and (10.19), for which
we use lattice-QCD-based input from [298].°
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Figure 13.9: Difference between SM and experimental estimates for a,, considering different a,

inputs: lattice (red) as reported in [14], data—driven (orange) as in [9], hadronic 7 decay (green) as given

in [14] and the one arising from this work (purple).



Chapter 14

Conclusions

The muon anomalous magnetic moment is a very well studied observable and its possible connection
with New Physics kept it under close scrutiny in the last decades. In this thesis project we reviewed the
state of the art of the Standard Model theoretical prediction of the muon g — 2, paying particular atten-
tion to the hadronic contribution, since it dominates the uncertainty associated to the SM prediction.
Moreover, we detailed the current experimental and (data—driven) theoretical discrepancy, trying to high-

light the possible fields where an improvement of the theoretical results can help in clarifying the situation.

The goals achieved in this thesis project are mainly two: first, we computed the radiative corrections to
the 77 scattering due to the charged—neutral pion mass difference with a model-independent dispersive
approach. This is of fundamental importance in order to better and more deeply understand the tension
between different experimental results for the ete™ — 777~ cross—section. From this observable one
obtains the data—driven SM prediction of the muon anomalous magnetic moment and, therefore, it must
be known with great accuracy, requiring the inclusion of rescattering effects such as the w7 scattering.
Second, given the current situation concerning the ete™ — mr7~ cross—section and the discrepancy
between the data—driven and lattice QCD estimate for the muon g — 2, we applied a model-independent
dispersive approach to compute the isospin breaking corrections to the hadronic 7 decay, offering, at the
end, a completely new estimate of the ete™ — 77~ cross section. The results of this work set the
understanding of this isospin—breaking effects, both in the mm—scattering and in the hadronic 7—decay,
on a more solid ground.

To analyze the radiative correction in the mm—scattering due to the charged—neutral pion mass differ-
ence in a precise and model-independent way, we have generalized Roy equations in order to include
these effects. The subtraction constants appearing in Roy equations are obtained by matching the same
dispersive representation in xPT,. However, differently from what is available in the literature, some
significant work was necessary in order to bring our dispersive framework in the correct form, suitable for
the matching procedure. We have solved these modified Roy equations for the S— and P—wave partial
waves, obtaining the pion—mass difference corrections at low energies, /s < 0.975.

Our results indicate that the most significant relative corrections occur near the corresponding thresh-
old, reaching up to 12% for the neutral channel, with slightly smaller corrections for other partial waves.
For the resonant partial waves, these corrections generally diminish as the energy increases, becoming siz-
able only in the resonance region. In contrast, for the repulsive S—wave, the pion mass difference effects
gradually decrease at higher energies, stabilizing around 3% for the tgo(s) partial wave and approximately
1% for t&(s) at an energy /s ~ 0.5 GeV. These results suggest that, while pion mass difference effects

132
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are most prominent at low energies for most partial waves and gradually fade at higher energies—allowing
for a smooth matching to the isospin limit at s;—they remain small but non—zero for the ¢£°(s) partial

wave.

Moreover, we have extracted the pole position of the f3(500), fo(980), and p*°(770) resonances
by analytically continuing the dispersive amplitudes to the second Riemann sheet. We have assessed
the impact of the charged—neutral pion—mass difference on these pole parameters and find that isospin
breaking produces only very small, charge—dependent shifts in resonance masses and widths, which are

well below the current level of precision of these resonances.

Our result provide a rigorous dispersive representation of 7 scattering that can be used for further
phenomenological studies. In particular, they are highly relevant for assessing the pion mass difference

corrections to the w7 contributions in the hadronic vacuum polarization component of the muon g — 2.

In the computation of the isospin breaking effects in the hadronic 7—decay, we focused on the long—
range corrections, denoted by Grm(s). These are computed in a model-independent way by utilizing a
dispersive representation of the pion vector form factor in order to account for the pion internal structure.
In particular, we employed an unsubtracted dispersion relation of f(s) to ensure the UV finiteness of
the amplitude, while the IR divergences are canceled by including photon real emission contributions.
We also included the effects due to resonances, in particular p, a; and w resonances. The correct low—
energy behavior is then restored through a matching procedure with the xPT result for the same radiative

corrections.

Besides improving the radiative corrections parameterized by Grm(s), our work also strongly motivates
increased efforts in the new measurements of the 7= — 7~ 7"v, spectral function, as possible at Belle
11 [299]. Indeed, our dispersive fits to the spectrum reveal that some tensions among the currently avail-
able data sets do exist, and at the same time we observe differences to previous evaluations. Part of the
difference might originate from the changes in Ggpm(s), but we also find that the constraints imposed by
analyticity and unitarity result in a moderate tension between the low—energy part of the spectrum and

the p region, which tends to increase the integral for small values of s.

Our final result of the impact of isospin breaking corrections to a,, is

AaLIVP, LO[nr, 7

[ = —24:8(0.1)exp(0.5)un(1.3)sp - (14.1)

Looking at the different contributions, we found good agreement with previous works for phase—space
and short—distance corrections, while for Gpp(s) a larger negative correction was obtained. We ob-
served that changes due to structure—dependent contributions are indeed sizable in the vicinity of the p
resonance, leading to a net correction of about —2.0 x 10710 in the HVP integral, while further changes
to previous work trace back to the local xPT contribution.

As main outcome of this work on the hadronic 7—decay, the uncertainty in the Gy (s) contribution is
reduced substantially, leaving the matching between the short—distance factor S[J, and the radiative cor-
rections described by G (s) as the dominant source of uncertainty in the 7—specific IB corrections. This
matching can be further improved using input from lattice QCD, and establishing the latter connection
could also help to address the remaining, most critical IB correction in the matrix elements. That is, our
work allows for a reliable calculation of the long—range radiative corrections, which could be combined
with lattice—QCD techniques as well as complementary dispersive calculations of IB in the pion VFF to
achieve a complete account of IB corrections to hadronic 7 decays, to allow for a robust evaluation of the

two—pion HVDP contribution to the anomalous magnetic moment of the muon.
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Appendix A

Reference formulae

A.1 Feynman rules

A.11 QED Lagrangian

Starting from the QED Lagrangian

2=~ HE 58— m) - e, (A

the Feynman rules read

i(p+
Dirac propagator : J; = M , (A.2)
p? —m* + 1€
Z .
Photon propagator : H ™~V = _229‘“,' , (A.3)
P+ 1€
l
QED vertex : v w\< = —jeyt | (A4)
l
. p s .
External fermions : —<— = u®(p) (initial) , (A.5)
L _ @) (final), (A.6)
p
<
External antifermions : —<—— = ¢°(p) (initial) , (A7)
p
—
—»—=20°(p) (final), (A.8)
p
<
External photons : ~~~~~ = €,(p) (initial) , (A9)
p
—
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A.1.2 xPT with virtual photons and leptons

At lowest order in chiral power counting, the SU(3) xPT Lagrangian including virtual photons and
leptons, introduced in Eq. (4.62), includes the terms

L0 5 [0, —ieAy) 7| [(0" +ieA¥) wt] + T [iy, (O —ieA") —m,]T
+ iU QU + 20G RV vy T [’R’O (0, +ieA,) at — W*(’?ﬂro} , (A.11)

relevant for calculating the radiative corrections to 7= — 7~ 7% ,. The following Feynman rules can be

extracted:

P-;-/’//'ﬂ'Jr
.

7 s =ie(p— —py )", (A.12)

= “2iGrVi(p_ —p,) (A.13)

= —2ieGrV ", (A.14)

where e is the elementary charge, G the Fermi constant and V,,q a CKM—Matrix element. Note that in
the conventions of Ref. [190] the QED vertex appears as

1

Y = jey" . (A.15)



Appendix B

SU(3) group

The SU(3) group is of fundamental importance in the study of strong interactions because on one hand
it is the gauge group of QCD and, on the other hand, flavor SU(3) is approximately realized as a global
symmetry of the hadron spectrum [300-302], so that the observed (low—mass) hadrons can be organized in
approximately degenerate multiplets fitting the dimensionalities of irreducible representations of SU(3).
Moreover, the direct product SU(3), x SU(3)g is the chiral-symmetry group of QCD for vanishing
u—, d— and s—quark masses. In this section we will review few basic properties of this group and its Lie
algebra su(3) [303-305].

The group SU(3) is defined as the set of all unitary, unimodular, 3x3 matrices U, i.e., UTU = 1 and
det(U) = 1. So any group element can be parametrized by a set of eight independent real parameters
© = (04, ..., Og) varying over a continuous range. Elements of SU(3) are conveniently written in terms
of the exponential representation

8
U(©) = exp (—iz ef;) 7 (B.1)

where A, are the eight linearly independent Gell-Mann matrices:

010 0 —i 0 1 0 0 00 1
M=|[10 0], x=]i 0 o, xs=|0 -1 0], x=|0 0 0], (B2
00 0 0 0 0 0 0 0 100
00 —i 00 0 00 0 L[t o0
=00 0], x=[00 1|, xx=[00 —i|, x=—=[0 10
i 0 0 010 0 i 0 V3lo o 2

The structure of the Lie group is encoded in the commutation relations of the Gell-Mann matrices

>\a Ab . /\c
- e B.
|: 2 ’ 2 :| Zfabc 2 ) ( 3)

where fupe = %([)\m Ab)Ac). The anticommutator relations read

4
{/\aa /\b} = gaab + 2dabc>\c y (B4)

where dgp. = i({)\a, Ab}Ac). Moreover, it is convenient to introduce a ninth matrix Ay = \/gdiag(l, 1,1).
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Finally, an arbitrary 3x3 matrix M can be written as



Appendix C

Loop integrals

In this section we show the explicit expression of the loop integrals defined in the wr—scattering amplitude,

following [198,236]:

d’k 1
2\ s 2€
AMT) = —ip /(271')d/<;2—M2—|—z'e7
d’k 1
Jpo(s) =—i 26/ _ — C.1
Pols) == | Gy 7~ 2E T i)k~ p)? M ¥ id -y

d
1
Giw(s):—iuze/ d kd - - —
(2m) (k2 —m2 +ie)[k? — 2k - py + i€][k? + 2k - pa + ie]

where s = p2, 1 is a scale introduced to preserve the natural dimensions of the integrals and the masses

in the propagator are considered reals.

The simplest case is the one—point function for which the explicit expression reads

M? M?
A(M?) = 62 (Ae - 111? + 1) , (C.2)

where A, is the divergent contribution of the loop function and it reads
1
A.=-—7vg+Indn, (C.3)
€

where € is defined starting from the number of space—time dimensions, d = 4 — 2¢, and yg is the Euler—

Mascheroni constant.

For the two point function we recall the definition
Tpq(s) = Jrq(s) + Jrq(0) , (C4)

where for s > (Mp + Mg)? and d = 4, one finds

- 1 Apg , M§  Spo, Mg
J, = 2 In—% — —=1n—=
PQ(s) 32%2{ + s DMI% Apg nMI%
1 2
1 5 2 1
Mpgls) [ (8=2P(s)) —Abg | AR,(s)
C; In ( ; )2 - + 2irEe , (C.5)
(S+)‘PQ(S)) —A%g
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and
1

1 M2 M2 2
JpQ(O)z{AE—ﬁln§+ln2+l}7 (C.6)
1672 Mp— Mg Mg Mg
with EPQ = MIZ;) + Mé, APQ = MIQD — Mé and /\pQ(S) = /\(S7 MIZ;), MZ))
The last loop integral that we worked with is the three—point function G+~ (s). Introducing two Feyn-

man parameters and performing standard manipulations leads to the following integral representation

1 1
Gi4(8) = —32;2 /0 d:r/o dyﬁ . diyln [y f(z) + (1 - y)mi] + (’)(m,zy) ) (C.7)

where f(z) = M2, — (1 —x)s — ie. For s < 0, the roots of f(z) are real and lie outside of the interval
[0, 1], so that the integration is straightforward

1 1-0 w2 1-0o
=————<4Li — +1In?
Gutr(5) 3277250{ 2 <1+a> + 3 i <1+0)

+2

The dilogarithm or Spence function is defined as usual,

Lis(z) = — / ;Ltdt. (C9)
1 - t



Appendix D

Explicit expressions for the subtraction constants

D.1 Neutral channel

For the T™, the exact, explicit expressions of the subtraction constants a% and b2 read

M? - ~ 3. ~ 23 9-116

00 __ 70 T . 2

a,, _3271'F72 {1 + 50 4£1 + 8£2 — 5@3 + 2€4 - 3 — m[/ﬂ— + 930 (4Mﬂ.0)
ka1 10— -
O | — — — ko — Kk ,
+& ( 9 g 2 4) }
00 Mgo 7 7 . 2
b =351 Fgg [16 (€1 + 205 — 3) + 20, (1 — 24X,) + 27jo (4M5)] (D.1)
where & = M2, /(1672F2) = £(1 — 6x), Lr := —In(1 = 6;) = 67 + O(62) and Ay := L /6, =

1+ O(65,).

D.2 77~ channel

For the T amplitude, we get

2
Mz
167 F2

U I 1
{15W5[3(£1+2£2)2(£3+4£4)(15ﬂ)22<1+357r+89853r>

k _ 2 _
—6,(1—6y) <Sl — 4k + %1@ +5k4> 1 } ,

M? ~ 23
T = T (4l -2 4 2
b 487rF3’5( =3 6”+5”> ’
P |
864w F2’
- M 4 - -y 1 5 -
al =16WF3{1+57T+€ g(f1+2€2)—§£3(1—5ﬂ) +204 (1—-62)

27— 900, — 13302 + 12482 (3+4,)°
18(1—6,) 4

jo (4M3)
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k _ 9 B
+ 0 (;1(1 +0r) + k3o (1 — 05) — §k2 (5 —3105) + ka(1 + 567r)) ] } ,

M? _ 97 — 7546, + 29762 + 14463 3 2
4 U T T - . 2
c 24 F2€|:€1 +62 144(1_67r) 39 (3+57T) Jo (4M7r):| )
—_ €&
‘o TI7o8mEZ (D:2)
D.3 77 — 77" channel
For the amplitude T*
M? €33+ 1585, — 2902 — 3662 - )
F 40 (2~ 65)7 = 305 (1 — 6,)° + 1204 (3 — 46, + 02) + s 5 (6= 705 +67) jo (4M7)
+2(2— 118, — 1802 + 963) Ar + gaﬂ (16 — 210, + 262) ]gg - 25;& i
2- - 4- -
+0x <3k31(3 —0r) + 12k32(1 — 6x) + §k2(3 +56x) + 12k4) } ;
ME o, 23 2 3 2y 4 3
by =— 967ng§ 4+ 5+ —5 +202 +2(1—35,) Ar g(l — 6:)(3+ 6x)jo (AMZ) + 340
N S
1447 F2710°
M2 1 1 (17+105, —2362) + 8y (2 — 6) _
= us 2(1 — _£= T 1—
—4(2=0,) (2 =0y —4An) by — 3 (1 — 6,)° (£3+4e4)>
2 2 2572r -1\ > 2
+ 3 [6=8n(2 = 0x) = 0x (7 99+ + 607)] A 1 (2=02) (1=2n7") jyo (4017)
—1\2 {’726;11' = 2 5;‘? 2)
+@2=d)n({(1=2n7") +67 J+0 (4M7r)+§(4 n2-aé ))J+0
6 5 4
10 — 126, 2 3 (1)
((2 5)(9 16) 9(8 20 + 30, 45))
k31 — dkaz + *kg + 414}4) } )
M n? | nto - Ve
= 2 -2 1—n+— s 4M.
b2 == G52y ( At >+3( ot gpg ) dvo (M)
3?62 = —2 4 305\ =1y 30z, o ~2) N0y ~(3)
™ (2 — AM?) - (= us -1 -
+ 5 (2= m) o (4M7) 3 T3 6 Jt0 = 5" (007 =16) g — =%k |
£ -
C2 W]Jro ) (D.3)
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where we have defined 7 := M2/M? and ;_,_O(s) = jro(s) — 35:‘_0(0) , and 35:()) = M20ij,0(s)

[s=0 *

O Or
jo (4M2,) =2+ =5 (—77+2arctan 1_5W> ,

-~ L+Vo .
AM?) =2 — /6, |1 al ,
b -2 5 [0 2V 1o

= T or  no2 P, 4=n(2-0d7)—4p
AM?3) =1 _r _I'm 21
Fro(4M) +< 2 8>/\ﬂ+2n4—n(2—57r)+4p’

- 202 — 4, 4 5, o2 4—p(2—6,)—4
j+o(4M§):1—()+< (1—6ﬂ)+1——’7”>AW+’2’1n ! ) —4p

062 1762 2 8 1= n2—0,) +4p’
i = 55 -2 = 8) =21~ 8)L.]
3% = 322 [0:(12 — 126, +62) — 6(2 — 6,)(1 — 6x) L]
i = % [6(2 = 6,)(30 — 308, + 62) — 12(1 — 6,)(5 — 505 + 62) L] (D.4)
with
pi= /1 —n(l—06:/2) +1?62/16 (D.5)

and with j(s) := 1672J(s) , ; = M2(2 — 0,) and M, = 2= (1 + /T —3,) .



Appendix E

Explicit expressions for the kernels

E.l1 77" channel

The S-wave projection of the 77T channel reads

++ +— (g — St
tJSrJr(s) :a s ag (S S+7) + / ds’ KJ,»;(SI’ s)ImtcS’OO(S')
S+— S+— 500 ©

51
+ / ds’ {K;*‘(s’, s)ImtE™(s") + K3 (s, s) (Imtiqoo( "+ Imtg+_(s’)>
st

+ K:;C(s', S)Imtfﬁ_(s’)} +d&t(s), (E.1)
where the kernels are
K++(s s) = _1 s(s —s4-) ’
ms'(s' —si_)(s' —s)
— / J—
K (s, ) 1{8 2S+S+ + 2 ln<s+s,s+>},
™ (s — 54— S— 54— s
(s'.5) § 3s + 28" — s+_ _ 2(2s+8 —s40) I s'+s—s5_ ' (E.2)
v (s — 54— (s—s1-)(s" —s4-) s

E.2 7 7~ channel

In this case, both an S- and P-wave partial decomposition is present. For the S-wave, we obtain

att(s—s4_) af (s+s4_ St _ e
t5(s) = — (2s+ +o) @ (23+ + )+/ ds' K5 (', 5)Imtg* ()
- - 500

s1
—|—/ ds’ {K:‘g (s, 5) (Imtgoo( "+ Imt§+_(s’)> + K;:;(s’, s)Imt T (s)
54

R ) + a5 (£3)

with

1 s'+s+3(s" —s4-) 1 s'+s—s4_
— + In ,
s —s 2s'(s" — s4-) §— 84 s
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K¥a(s',s) 3 3s+28 — sy 25+ 8" — 84— n s +s— s ’
& ™ 28'(s" —s4-)  (s—s4_)(s" —s54-) s
1[s—2¢ +s_ 1 s+s—si_
K+t (s g) == + 1 + E4
+_’S(S ) T [25’(5’ —s4) + 5—54_ n( s’ ’ (E4)

while for the P-wave we have

c af” —att N ¢,00/
th(s) =————(s—s4-) + ds'K[p (s, s)Imtg ™ (s")

S00

65+_

S1
—|—/ ds’ [K:P(s', s) (Imtg’oo(s’) +Imtgt(s)) - Imt;Jr(s'))
S4—

+ K5 (s, s)ImtS T (s/)} +d%(s) , (E.5)
where the kernels are
_ 1 §— 84— 2 s+28 — 84— s'+s—s4_
Kt ! N + _ + 1 +
ps (559) 7r [ 6s'(s' —s4—) S—Sy— + (s —54-)2 . s ’
_ 1 s(s—s4-) §— 84— 6(2s+ s —s4-)
K*o(s's) == - .
pr(s8) =2 [( ) =) (T =) (s ) —ss )
Jr?)(erQS’754__)(25+s’75+_)ln s +s—s4_ ‘ (E.6)
(s = s4-)%(s = 54-) s'

E.3 77 — 7% channel

The S-wave projection for the 777~ — 7079 scattering reads

CafTs  aflls—2%,

Sy— Sp0

s1
—|—/ ds'K, s(s,s) (Imtg’oo(s') + Imt§’+_(s')>
S4—

S —
t%(s) ] - / ds' K, s(s', s)Imt 5% (")

S00

s1
n / ds’ [Kgfs(s',s)lmtgﬂs') n KS}(S’,S)Imt?f(s’)} } +di(s) (E.7)

S0+

where the kernels read

1 s(s—s4-)
Kos(s',s) ==
:C,S(S 75) T SI(S/ _ S+7)(S/ _ S) I
1 — 28" +4M, M, 1
K (sl s) =4 S x
’ I ) Zalsss )alss0)
4q(s, s1+—)a(s, s00) 4q(s, s+-)a(s, 500)
In(1 —In{1-
{n( * s+ 28" — 2%, . s+ 28" — 23, ’

— s (s +2s—2%,) + A2
TAxo0(s’) 2q(s, s+-)q(s, s00)

{ln (1 n 4Qisf2+s,)_q(§’zioo)> I (1 _ 4qi$;82+5l)iz(§£oo))] } 7 (E£8)

K)h(s',s) =

{35 128 — 2%, —

where g(z,y) = 3/Z — y and Ayo(s) = (s, Mr, Myo) = [s — (Mx + My0)?] [s — (My — M0)?] .
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146
E4 7t7" — 777" channel

The last 7770 — 7770 channel can be decomposed in both an S- and P-wave. For the S-wave, we get

£ (s) :ajo (s + (M, — Mﬂo)z) (s+ so+) B atf=Aio(s)
5 2550+ 285
S4— s1
+ / ds' K2 (s', 5)Imt g™ (s') + / ds'K%%(s', 5) (Imtg’oo(s’) + Imtg+—(8f>)
S+

500
+ /Sl ds’ {Kg:g(s’, s)Imtyt (s) + Kg}(s’,s)lmt%*'(s’)] } +di(s), (E.9)
S0+
with
R = l?ss’??i_) Aol ( o O(S))] |
KO%(/, ) :1{/1 B E/ 1 : (s + s04) (s/+ (M — My0)?)
’ m|s—s s 2ss s’ — S0+

L5y s(s+s —2%;)
" ss' — A2 ’

s (o (s') 255 —282) (s (s+s — 22W)> } |

>\:|:0(5)
KOt (4 — / —
rp(8:5) TAxo(s) {S e 2s Ato(s) ss’ — A2
(E.10)
while the P-wave decomposition reads
afOAo(s)  af " Aio(s) $+-
th(s) =— =< £ ds' K%, (', s)Imt 5" (s'
p(s) 65501 Gss, 4—/800 s'K, p(s, s)Imtg ™ (s")
+ / ds' K2 (s, s) <Imt§’00(3’) + Imtg’+_(s’))
Sq—
s1
—|—/ ds’ [Kg:g(s’,s)Imt%"’(s’) + K)4(s S)Imt?f(s’)} } +dh(s), (E.11)
S0+

where the kernels are

e |

KOF (¢ ) == -
2.p(58) T 6ss'(s'—si-)  Axo(s)  Axo(s)
1 2s Axo(s)
KOt (¢ ) ——
e
Los _ 2s(s+s —2%,) In s(s+s —2%.)
)\j:O(S) )\j:O(S) SS/ — A,%_ )
1 11 65 [AZ — 5" (s +25 — 25,)]
KO+ (s §) — -2 .
p7P(5 ,8) Azo(s) { <s’ — s 23> Ato(s) + Ato(s)

3s [A2 —25' (s — 2)) — ] [Aao(s) — 2s (s + 5" — 25,)]
Ato(s)?
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Appendix F

Soft Bremsstrahlung

The first (phase space) integral we need to compute is

4 N Gy | 1
Imt: 2¢ - F.1
o | )1 2k - F) (@ k)’ ()

where € = % and [ = ply. The parameter p is defined in such a way that (I — ¢;)? = 0 and such that
(19 — ¢9) has the same sign as ¢Y. After performing the integrals over the polar angles (that the integrand

does not depend on) except for 6, we obtain

I Q32¢k ,LL A ™
,ﬁf/ = T(1— 2 )(4@646/ d|k|\k|2*2€/ do (sing)' . (F.2)
0 0

2m)3=2¢  4x?
Now we introduce a Feynman parameterization and define p# = al* + (1 — )¢}’ such that

1 1 1
G BB Jo o (3)

Then the integral in Eq. (F.1) can be written in the form

A 1 ™
. _ 1
PR 90 (4 646/ dJk k*Hf/ da/ df (sin )~ F4
ora - 2g(a [ akk [ [Tae G
The integrals over momentum |k| and angle 6 give
A —2€
A
| = - (E3)
0 2¢
(sin §)' > 2 [ P2 — |pa]
dé = — 1—eo‘loga+(’362].
/ (P = [Palcos0)?  pj, IPal 7 P+ [Pal )
By expanding in € we get
: 1 /o171 1 1. A2 p0 2 — |pal
M"™m=— [ da— {—!— VE—flog 4m) + —log — + =2 log == a] F.6
am® Jo o p3 2 m+gloeta 2lpal 7 P0 + [Pl (1)
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where, in analogy with the UV—divergences, we have e;g = —2e¢. The last step is to compute the two
different integrals in . Due to the way the parameter p is defined,

P =2a(pli-q1 — i) + ¢ = a(p®m? — M2) + M3 . (F.7)

The integral multiplying the IR—divergent term can then be written as

1 2 2 1/2
1 2 m2 4+ M2 —t+ A7 (t)
/ da — = 7z log . (E.8)
0 Pa p>\ (t) 2m‘rM7r

T

Furthermore, the more complicated integral associated to the finite bremsstrahlung contribution, is given

by [236]

1daipg 1ngg—|pa|:{1log2( m(m + v) )_21010g2( v(m + v) )

o P2Ipal TPS+IPal | 4w 20¢) — i —mw ) 20 20q) — ¢ + 02
1 m+v v(m 4 v)
B P Sp — """
Ev[ p( v >+ p<2v6£—6ﬁ+02>}}

272 2
where £ = plf — ¢¥ = +|ply —qu|, v = pléi;ql and p is defined such that (pl; — ¢1)? = 0 and such that

m=p(19~|11)

m=q)—|qu]

(F.9)

(pl9 — ¢?) has the same sign of ¢?:

h-q (hi-q)* 4
p=—f % T 721 . (F.10)
1 1 1
The Spence function is defined by
= log(l—
Sp(z) = —/ du y , (F.11)
0

and the Killén function is referred to with suppressed arguments A = \(¢t,m2, M2). Simplifying this
result and applying identities relating Sp(z) to Sp(1/z), the Feynman-parameter integral can be expressed
by [236]

1 0 0
L p Pa — |Pal

do — La_jog Lo~ Pal _ E12
/0 pé [Pal 7 PO + [Pl )

u=ply

1]1 u® — |ul v—u® — |u] v —u® + |u]

—{ —log? Sp| ——— Sp| ——— . (B13
Ev{él 8 uo—i-\u|Jr p< v +op v (E13)

U=q1

In the 7 rest frame, the auxiliary quantities involved in the expression above appear as

m2 4+ M2 —t+ \2(%)

p= om2 , U=m.p, (F.14)
M2 (¢ m2 4+ M2 — ¢t
g2 gy Mot Myt

2m, 2m,
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Similarly we have

A Ly | 1
JISRESR _  2¢ / = F.15
) @ T o (o R (E15)
1 11 1 1 1 A? Y Y — |pil
= —— — | — + Zyp — = log(4m) + = log = + —1_1og %
4m? p? LIR 21875 g(4m) 2 %2 T 2lp,] gp?Jrlpil

where p; = l1, q1.



Appendix G

Phase—space integration for 7= — 7570, ~

G.1 Kinematics

We will now compute the phase—space integration for a process with 4 particles in the final state, such
as the radiative 7 decay and then we will discuss the physical regions to consider in order to compute the

differential decay rate and spectrum.

The kinematic of the process 7~ (I1) — 7 (g1)7°(q2) v+ (I2)y(k) is described by the following invari-

ants:

s=(q1+q2)? = (L —la— k), (G.
=(h—q)*=(2+q+Fk)>
= (=)= (a1 + 1o+ k)2,
=(@+k)?=0l—-q—e)

with s +t +u+2 = m2 + 2M2, 1?2 = m2 and ¢ = ¢35 = M2. Note that, since we are interested in
O(e?p?) corrections to the hadronic 7 decay, we set M o = M, everywhere in our analysis. After the
integration over neutrino and photon 4-momenta the remaining integrals that need to be computed are
I (s,t, x) given in Eq. (12.9). By writing the d—function in different components we get

d312 d*k O - —aqi —aq2— k)
Lon(s, t, 4k 50 (19 =19 — ¥ — g3 — &° . G.5

In the 7 center—of—mass frame, the four momenta read

ll :(m‘f'vo)a 12:(|12|312)7 k:(|k|ak)7
G = (v M2+ \Q1|2>ql) ; G2 = (v M2+ \QQ|2>012) . (G.6)
By imposing the three momentum conservation in this reference frame, i.e., I = —q1 — q2 — k, and

from the definition of the invariant z in Eq. (G.4), we get

1

ol = g (5 = 6P = el + gzl cos ) (G7)

with 6, the angle between k and |q; 4+ q2|. We can now use the energy conservation by considering the
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argument of the §(®)—function in the 7—rest frame, which reads

FOK]) = my = llo| = /M2 + a2 — /M2 + |az? — [K]. (G-8)

By imposing f(|k|) = 0, we get
m, o

m2 — s+ x + cos /A (s, z, m2)

With these results we can write |k|g in terms of Mandelstam variables, masses and one angle while
SO —19 — ¢9 — ¢ — k°) can be written as

ko = (G9)

5 (|k| — [klo)
SO0 70 _ 0 _ 50 _ 10y = G.10
( 1 2 qq g2 ) ‘f/ (‘kl())| ( )
such that the integral in Eq. (G.5) is now given by
1 k|* & (k| — [klo) 1
Iyn = — [ dcosOy dop dlk — . G.11
g [ deostidon Ml S T (G4
where ) )
k] LI i . (G.12)

/ 2
ALIE Qo) 5 (12 s+ 0+ cos O1/X (o2

We now need to find an expression for |q1|, |q2| and |q1 + Q2| in terms of masses and Mandelstam

variables:
* from Uy - q1 = my\/M2 + |[q1]? = 3(m? + M2 — t) we get
M2 ()

= G.13
=220 (G.13)

 from ly - g2 = me /M2 + |q2]? = $(s +t — x — M2) we get

VOZ = s —t+2)° — aM2m2

lqz| = : (G.14)

2m.,

* a1 +az| = /(a1 + 92)% = /[a1]? + |az2]? + 2[qi][qz[ cos ,, where 6, is the angle between q;
and q2 and can be determined from

s — 2M?

5 = VME + a2V M2 + |q2]? — |ailaz| cosd, - (G.15)

q1 - q2 =

The last step consists in rewriting the scalar products I; - k and ¢; - k in terms of the quantities just
determined. In the 7—rest frame we have

ll k= m‘r‘k‘o 3

q1 -k =1klo (\/M?r + |91/ = |a1] cos@kql) , (G.16)

with 0k, the angle between k and qy. This angle can be determined by looking at Fig. (G.1) and by

choosing the coordinate axes such that
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q1 + 92

q1

b

k

Figure G.1: The 7 — 7n% decay in the 7—rest frame

0 sin 0 cos ¢y
qi+qz = 0 and k= | sinfysing, | |k, (G.17)
la1 + qz| cos 0y,
and
sin 01 —sin By
Q= 0 lq1| and q2 = 0 2| , (G.18)
cos b1 cos O
with constraint
|d1]sin b1 — |gz] sin 2 ' 0
qr+qz = 0 = 0 . (G.19)
lq1| cos 61 + |qz2| cos 2 la1 + qz|
‘We then find 0
cosf; = [ + lda| cos 6, , (G.20)
Viai? + laz[? + 2[ai[[az| cos b,
where cos 6, is determined in Eq. (G.15). Finally, from
qi - k = k||q1] cos Oq, = |k||q1] (sin Oy cos ¢y, sin by + cos Oy, cosby) (G.21)
we get
oS Orq, = \/1 — cos? 0, \/1 — cos2 01 cos ¢y, + cos Oy, cos Oy , (G.22)

and we can write the integral I,,,, in terms of masses, Mandelstam variables and only one angle.

G.2 Integration region and boundaries

In order to calculate differential rates and spectra, we need the physical region D in the form of a normal
domain:
D= {Smin S S é Smax) tmin(s) S t S tmax(5)7 (ﬂmin(S,t) S X S xmax(svt)}a (G23)
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Figure G.2: (s,t) Dalitz plot where R represent the full radiative phase space while R is accessible
to the non-radiative decay. The contribution in R\ R is important for the threshold behavior.

where spin, = 4M2 and Sy, = m2. In order to give the explicit form of ¢pin/max (8) and T min/max (8, 1) We
introduce the functions

ti(s,x) = 2—15 [23 (m2+ M2) —s(m2+s—x) £/ (s,Mﬁ,Mg))\(m%s’x)} ,

7+ (s,1) = 57 [2M§ (m2 + 5) — s (m2 + M2 — ) + \/X (s, M2, M. Aw(t)] . (G.24)
In the following, let us call R'! the region in the s — ¢ plane accessible in the non-radiative three—body
decay, and RV the region accessible in the radiative decay. A plot representing the two different regions
can be found in Fig. G.2. R is given by

tmm(S) =t ( 70) for Smin S S S Smax »
Emax(s) =t ( 30) for Smin S S S Smax » (G25)
while R corresponds to
tmin(s) = t,(S,O) for smin <5 < Spmax )
£(5,0)  for 5. <8< Smu
tmax(s) == +(8’ ) 2 or Sx=8=4 ; (G26)
(m'r - M‘ﬂ') for Smin <5< sy
with )
mzM.
=T G.27
—y (G.27)

Finally, for given (s, t) the limits for z are

Tmax(8,t) = x4 (s, 1) ,



G.2. Integration region and boundaries 155

0 for (s,t) € R

G.28
x_(s,t) for (s,t) € RIV\RU ~ ( )

Tmin(s, 1) = {

where the value Zmin(s,t) = 0 is a consequence of working in dimensional regularization also for IR—
divergences, otherwise it would have been @i (s,t) = M,%, with M, a fictitious photon mass. Moreover,

the following combinations of invariants appear in Eq. (12.12):

1—2@i\/(1—2d)2—(1—32)

Y= - G.29
1,2 1 i ﬁ ) ( )
with
L (mis) (M MR s — 1) Ae (1) B _ A () o A ()
M2 +m37 —t 25 MZ+m?—t’ 25
§=M2(m2—s) (M2 —t)—st(s+t—m2)+ M2 (st —mi+m2s+m2t) — Mpm?, (G.30)
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