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Chapter 1

Introduction

The formation of celestial bodies is dictated by collisions at all length-scales. At the
largest scales, collisions between galaxies can drive accelerated bouts of star forma-
tion (e.g. Struck, 1999). At the smallest scales, (sub)micron-sized dust grains orbit-
ing such stars collide and coagulate (e.g. Birnstiel et al., 2016). In the intermediate
of these two extremes, planetary-sized (~1000 km radius) objects experience large-
scale impacts that can have profound consequences not only for their immediate
post-impact characteristics, but also for their subsequent evolution over geological

time.

Understanding the relevance of these planetary-scale impacts in the general con-
text of planetary systems requires knowledge of the events that lead to their occur-
rence, and thus an understanding of how the dust grains in the initial protoplanetary
disc around the star grew to become massive rocky bodies with intersecting orbital
paths. For very small grains, growth is driven by van der Waals forces which cause
dust particles to coagulate. As these grains grow, however, the relative importance
of such forces decreases, increasing the likelihood of grains bouncing off of one and
other or fragmenting rather than sticking together to form larger aggregates. With
greater grain-size also comes greater relative velocities (Weidenschilling, 1977), and
laboratory experiments have shown that such high relative velocities make frag-
mentary collisions the most-likely outcome, thereby leading to a limit in aggregate
growth (Beitz et al., 2011). Additionally, at similar sizes to this fragmentation bar-
rier, the drag force on the dust grains caused by the slower-moving, surrounding gas

reaches a maximum, causing systematic radial drift towards (and eventual accretion
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onto) the central star, thus causing another growth limit known as the radial-drift
barrier (e.g. Gonzalez et al., 2017). These effects are most prominent at centimetre
to metre length-scales, leading to their collective name as the metre-size barrier.
This barrier is a persistent problem for planet formation theory, and, although there
are various proposed scenarios to circumvent this barrier such as dust traps at gas
pressure maxima (Johansen et al., 2007; Gonzalez et al., 2017), it remains an open

question in astrophysical research.

Regardless of how these barriers are overcome, observations of rocky objects with
sizes far greater than a few metres prove that growth cannot be entirely halted in
reality. Once bodies reach sizes of at least a kilometre, they are large enough to
withstand the head-wind drag force of the gas and thus avoid significant radial drift
towards the star. Such bodies are known as planetesimals. Accretion then continues
through low-velocity, merging collisions. Bodies are now large enough for gravity
to become important: the more massive the body, the more its gravity bends the
trajectory of nearby objects, and thus the more likely these bodies are to experi-
ence collisions. This preferential growth in more massive bodies leads to runaway
growth, which causes initially small differences in mass to be exponentially magnified
(Greenberg et al., 1978; Wetherill and Stewart, 1989). These massive bodies then
take on a new moniker as so-called planetary embryos. Once the mass ratio between
embryos and planetesimals becomes too large (~100), however, the strong gravity
fields of the embryos act to excite the orbits of the planetesimals, increasing their
velocity dispersion. This dramatically affects the efficiency of accretion, effectively
curbing this initial phase of rapid growth. Instead, a new phase of accretion oc-
curs, known as oligarchic growth, whereby the accretion-rate of planetary embryos
decreases with increasing mass-ratio (Kokubo and Ida, 1998, 2000). This causes ac-
cretion rates to become gradually slower as the embryo mass ratios approach unity,
and thus leads to a few tens to hundreds of remaining embryos in the inner disc of
similar mass, around that of Mars (see Figure 1.1). Further out, temperatures are
cold enough for ices to readily form on the dust grains (i.e. beyond the snow line),
and this extra solid material allows some embryos to reach a large enough mass to

accrete significant gas and potentially become gas giants.

During oligarchic growth, the embryos in the inner disc are orderly spaced, and
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the surrounding planetesimals keep their orbits stable and circular through dynami-
cal friction. Eventually, the planetesimal population becomes too depleted to main-
tain this stability, leading to a chaotic stage of embryo interactions and collisions.
This is the final stage of planet formation known as the giant impact epoch, and,
while its precise timing may be affected by the potential migration of gas giants
(Walsh et al., 2011), the planetary-scale collisions it induces shape the final-—and

most striking—characteristics of planets in a planetary system.
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Figure 1.1: An example N-body simulation displaying oligarchic growth of planetary
embryos, from Kokubo and Ida (2002); Raymond et al. (2014). Each plot shows a
snapshot in time of a planetesimal system in eccentricity, e, and semi-major axis,
a, in astronomical units. The circles represent individual bodies and have radii

proportional to the true value.



In the Solar System, these impacts are thought to be responsible for many of the
most distinguishing features of its planetary inhabitants. Possibly the most well-
known of these features is that the existence of our Moon, which is widely accepted to
be the result of a giant impact between a Mars-sized object (often named Theia) and
the proto-Earth. The initial motivation for this impact came from the analogously
large mass-ratio between the Earth and the Moon, which leads to an unusually high
total angular momentum of the system (Cameron and Ward, 1976). This scenario
is difficult to explain in what were the main competing hypotheses of the time, co-
accretion and capture, but is a natural outcome of an oblique giant impact which
propels significant mantle rock into Earth-orbit which quickly accumulates to form
a massive satellite. Further support for the giant impact hypothesis comes from
Apollo measurements of both seismic activity and chemical composition (through
returned rock samples). Seismic analysis indicates that the Moon has a dense iron
core, but it is only 4% of the Moon’s total mass, which is extremely small compared
to Earth’s core fraction of ~30%, or Mars’ of ~25% (Khan et al., 2022), which
are comparable to the free iron mass fraction in unmelted chondrites (the primitive
building blocks of planets). Lunar samples prove to be overwhelmingly igneous with
very little water and volatiles. These properties are well-aligned with the giant
impact scenario, as the Moon would have formed predominantly from rocky mantle
material as the iron present in Theia would have almost entirely merged with the
dense proto-Earth core, and this rocky material would have been initially liquid
(and even partially vaporised) due to the both decompression and shock heating

(Asphaug, 2014).

In terms of core mass fraction, Mercury is at the other end of the spectrum
with an iron core that is ~60-70% of its total mass. This may also be the result
of a giant impact in one of two possible scenarios. In the first, the more massive
proto-Mercury experienced a high velocity (~ 30 km/s), near head-on impact from a
smaller body that caused the loss of a large fraction of its mantle material as it was
stripped away and ejected from Mercury’s gravitational grasp (Benz et al., 2007).
In the second, and more recently proposed scenario, the proto-Mercury instead took
on the role of the smaller body in a collision, where it collided with a larger body

at an oblique angle while retaining enough momentum to remain unbound to the
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system in a so-called hit-and-run collision (Asphaug and Reufer, 2014). As the
proto-Mercury grazes the larger body, it loses a fraction of its mantle, while the
larger body survives almost entirely intact (see Figure 1.2). The high core mass
fraction of Mercury can be achieved in a single, catastrophic event at high impact

velocities, or a combination of several less dramatic hit-and-run collisions.

o

10,000 km

20,000 km

Figure 1.2: A Mercury-forming hit-and-run impact, from Asphaug and Reufer
(2014). These plots come from an SPH simulation, and display the two bodies
as a slice through the impact plane, revealing their interior. The colours indicate
composition, with purple/blue denoting iron core material and red/orange denoting
rocky mantle. Here, we see that the larger body remains largely intact during the
impact, while the smaller body experiences the ejection of almost its entire rocky

mantle, leaving an iron-rich, Mercury-like body.

While Mars’ core mass is in reasonable proportion to its total mass, other promi-
nent characteristics of the Red Planet are thought to be the result of a giant impact.
The most notable of these is the so-called Martian Dichotomy: a stark contrast
in both elevation and crustal thickness between the two Martian hemispheres (e.g.
Andrews-Hanna et al., 2008). Due to the near-elliptical shape of the so-called north-

ern lowlands, this feature has been attributed to a large-scale impact that excavated
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the uppermost material of Mars and left a huge impact crater in its place that has
remained to the present (Marinova et al., 2008; Andrews-Hanna et al., 2008; Nimmo
et al., 2008). Such an impact may have also led to the birth of Mars’ two moons,
Phobos and Deimos. The tiny pair of satellites bear some resemblance to aster-
oids; however, their near-circular, equatorial orbits make asteroid-capture difficult
to reconcile. Formation from an impact-induced debris-disc such as that produced
by the aforementioned collision, on the other hand, would naturally produce such
orbital properties, while also matching the high porosities predicted of the moons

(Rosenblatt et al., 2020, and references therein).

Although the dynamical circumstances that could lead to planetary-scale im-
pacts beyond the inner Solar System are not well understood, there are still several
properties of the outer-system inhabitants that may be a consequence of such events.
Uranus, for instance, has an extremely tilted spin-axis relative to the plane of the
ecliptic, which may be the result of an oblique impact from a projectile of at least
Earth mass (Safronov, 1969; Slattery et al., 1992; Reinhardt et al., 2020). Neptune
may have also experienced a similar, but head-on impact, which would deposit sig-
nificant mass and energy into its deep interior, potentially explaining its higher heat

flux and mass than Uranus (Reinhardt et al., 2020).

At much smaller scales, the Pluto system also exhibits unusual properties that
motivate a potential giant impact origin. Relative to its size, Pluto harbours the
largest moon in the Solar System, known as Charon (Stern et al., 2018, and references
therein). By analogy to our own Moon (e.g. Canup, 2004), this gives the system
an unusually high angular momentum, and is widely regarded to be the result of
a giant impact (McKinnon, 1989; Canup, 2005, 2011). Unlike the lunar scenario,
however, Charon is thought to have formed intact, with its progenitor impacting
Pluto at an oblique angle that propelled the impacting body directly into Pluto’s
orbit (Canup, 2005, 2011). The other moons of Pluto are much smaller, displaying
near-coplanar orbits with Charon that are close to circular, thus suggesting that all
of Pluto’s moons are of the same impact origin, where Charon’s tiny siblings serve

as the surviving remnants of the initial impact-induced debris-disc (Canup, 2011).

Scientific investigations into these collisions are almost always performed via

shock-physics simulations based on fluid dynamics theory. While small-scale impacts
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are well-suited to grid based codes such as iISALE (Amsden et al., 1980; Collins
et al., 2004; Wiinnemann et al., 2006), the highly deformed surfaces and abundance
of ejecta in planetary-scale impacts make mesh-free methods such as smoothed-
particle hydrodynamics (SPH) an ideal choice. Such methods accurately model
the immediate effects of an impact, but can only simulate these events for short
timescales on the order of days (post-impact). In reality, however, the dramatic
consequences of a planetary-scale impact can have great influence on the evolution

of a body’s properties over geological timescales of millions, or even billions of years.

Pluto is useful example in this regard, as its most recognisable feature (other
than its largest moon Charon) is a huge, elongated basin known as Sputnik Planitia
(Stern et al., 2015), that makes up the majority of the dwarf planet’s much-loved
“heart” (i.e. the Lombaugh Regio). Recent observations from NASA’s New Hori-
zons space probe show this feature to be one of the deepest regions of Pluto (Stern
et al., 2015; Schenk et al., 2018), which, along with its quasi-elliptical shape, has
led to suggestions of an impact-origin. However, various geophysical changes are
thought to have occurred since its emplacement. First, a thick layer of nitrogen ice
accumulated in the basin over a roughly 10,000 year time period, thus concealing
its original depth (Bertrand and Forget, 2016). Then, a geophysical phenomenon
known as true polar wander occurred, which caused the feature to move (relative
to Pluto’s spin-axis) towards the equator, eventually settling in its current, near-
equator position. The precise nature of this true polar wander stage is under debate,
as an additional mass excess beneath the basin is required for the intended equator-
ward motion (Keane et al., 2016); however, it is clear that the long-term geophysical

effects must be considered if this feature is to be scientifically explained.

The origin of the Martian Dichotomy is also deeply embedded in the field of
geophysics. Outside of the impact hypothesis, separate investigations utilising so-
phisticated mantle convection models have sought to explain Mars’ crustal disparity
via preferential mantle upwelling beneath the southern hemisphere that leads to in-
creased crust production relative to the north (Zhong and Zuber, 2001; Zhong et al.,
2008; Keller and Tackley, 2009). While this requirement can be successfully fulfilled
in these models, they have thus far been incapable of adhering to the strict time

constraints of the Dichotomy’s formation, which is known to have occurred within
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the first ~900 Myr (Frey, 2006). These issues motivated a proposed hybrid-scenario,
whereby the Dichotomy-forming impact instead occurred in Mars’ southern hemi-
sphere, and the significant impact-induced melt crystallised to form a crust that is
thicker than the primordial crust in the north (Reese and Solomatov, 2006, 2010;
Reese et al., 2010; Golabek et al., 2011). This may in fact be a more consistent
scenario, as the energies involved in an impact large enough to excavate crust from
almost the entire northern hemisphere of Mars would undoubtedly introduce melt-
ing and thus potential post-impact crust production (Ballantyne et al., 2022). The
great temperature anomaly introduced to Mars by such an impact will almost cer-
tainly influence the long-term evolution of its interior, however, and so studying this
scenario comprehensively requires an accurate model of the impact coupled with a
sophisticated mantle convection model that can predict long-term crust production.
A proof-of-concept study by Golabek et al. (2018) gave a glimpse into the possibili-
ties of such a coupled model (see Figure 1.3), but only modelled mantle convection

for ~500,000 years after impact.
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Figure 1.3: Crust distribution for a Mars-like body from combined SPH simulations
with long-term interior evolution models. Adapted from Golabek et al. (2018).
Colour displays crustal thickness ~0.5 Myr after impact from a 1000 km radius

impactor at an angle 0° (left) and 45° (right) from the surface normal.

Clearly, planetary-scale impacts are a topic that sits comfortably at the cross-
roads of the traditional disciplines of astrophysics and geophysics, and must be
approached accordingly. In this thesis, such an approach is adopted throughout, as
SPH simulations are coupled with geophysical models to study both the immediate
and long-term effects of planetary-scale impacts. In Chapter 2, the SPH code used
for this purpose, SPHLATCH, is described in detail, including derivations of the

background continuum mechanics theory along with descriptions of any practical
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developments applied to the code. In Chapter 3, the application of these SPH im-
pact simulations to geophysical investigations is described. A particular focus of this
chapter is the crust distribution inferred by an impact simulation; a novel scheme
that estimates post-impact crust across a body directly from SPH simulations is
described, as well as a more sophisticated approach involving a long-term mantle
convection code. In the remaining chapters, these methods are applied in two scien-
tific studies: Chapter 4 investigates the feasibility of an impact-induced Martian Di-
chotomy through a large suite of SPH simulations coupled with the crust-production
scheme of Chapter 3, and finally, Chapter 5 presents a previously undiscovered im-

pact regime that may explain the Sputnik Planitia region of Pluto.
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Chapter 2

Modelling Impact Events using
SPHLATCH

This chapter describes the theoretical method used to model the impacts studied in
this thesis, which is applied practically in the SPHLATCH code. First, the classical
description of fluid dynamics is described (Section 2.1). Next, the application of the
Smoothed Particle Hydrodynamics (or SPH) method to such a fluid description is
explained, including specific aspects of the SPHLATCH code and the method used
to model solid-state material (Section 2.2 and Section 2.3). The implementation of
gravity forces in a computationally efficient manner is then described (Section 2.5).
Finally, a short review of the yield strength models used in this thesis is given

(Section 2.7).

As for personal contributions I made to the SPHLATCH code, several develop-
ments that I implemented are described throughout the chapter. To summarise,
they include: the discovery and correction of an incorrect rotation rate tensor no-
tation widespread in the research field that causes significant non-conservation of
angular momentum if overlooked at planetary-scales (Section 2.3.3); the integration
of a Mars-specific solidus into the equation of state and material strength model
(Section 2.4); a new neighbour search method that ensures symmetry between SPH
sums (Section 2.6.3); and the introduction of a realistic ice strength model for pres-

sure and temperature conditions relevant to icy dwarfs (Section 2.7).

20
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2.1 Lagrangian Fluid Dynamics

Fluid dynamics is a classical branch of physics that describes the flow of a fluid
(i.e. a gas or a liquid), and involves the calculation of various physical properties
such as density, velocity, temperature and pressure. The formulation of fluid dy-
namics theory relies upon the continuum assumption, whereby the medium can be
sub-divided down to infinitesimally points in space while still retaining these bulk
physical properties. This assumption therefore states that a fluid fills the space it
occupies entirely, and is therefore continuous; while we know that this is not the
case in reality—at the microscopic level they are composed of molecules in truth—
this assumption is highly accurate for macroscopic length scales much larger than
inter-atomic distances.

With the continuum assumption at hand, we can begin considering how fluid flow
influences (or equivalently, is itself influenced by) physical properties at a fixed point
in space. Conservation of mass gives a simple formula known as the continuity
equation:

dp =

2% +V-(pv) =0, (2.1)

where p is density, ¢ is time and v is velocity. Conservation of momentum, on the
other hand, is not quite as simple; the most general expression (when neglecting non-
Newtonian and relativistic effects) that results from this principle is the Navier-

Stokes equation:

0 2 5 S L\ (s
p(a—i—'v-V)v:—Vp—H?VQ’v-l-(C+§77)V<V'v>+p97 (2:2)

where v is velocity, P is pressure and g represents any external body accelerations
(e.g. due to gravity or an electric field) and i and ¢ are the shear and bulk viscosities,
respectively. This equation is discussed further in Chapter 3. If we neglect viscosity,

we arrive at the Fuler momentum equation:

0 - VP
(§+U-V>v——7+pg. (2.3)

This equation can be simplified further if, rather than considering a fixed point
in space, our reference frame follows that of a very small fluid parcel whose mass is

constant!. This is known as the Langrangian reference frame, and is related to the

'In general, the volume of this fluid parcel can vary and is therefore considered compressible.

The volume is often kept constant, however, which leads to fluid being considered incompressible.
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fixed (Eulerian) reference frame via the Lagrangian derivative:
—=—+v-V. (2.4)

If we substitute this into Eq. 2.3 and neglect any external body forces, we are left

with

dv B _ﬁP

= (2.5)

The continuity equation (Eq. 2.1) can also be converted to the Lagrangian reference

frame via Eq. 2.4:

 _ . 2.6
% pV v (2.6)

Conservation of energy is enforced through an expression that directly follows

from the (adiabatic) first law of thermodynamics,
dU = —-P dV (2.7)
where U is internal energy and V' is volume. If we consider that volume is given by
V=m/p (2.8)
where m is mass, we find the following equation for specific internal energy, u:

1 P
du=—-Pd (—> =——dp (2.9)
p p

which, when differentiated with respect to time, leads to

du P dp

—__ F 2.10

dt p? dt (2.10)
Combining Eq. 2.10 with Eq. 2.1 then gives the Fuler energy equation:

du P-

- _1V. 2.11

m A (2.11)

Eq. 2.5, Eq. 2.6 and Eq. 2.11 are collectively known as the convective Fuler

equations. These make up the basis for the more advanced fluid dynamics theory
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that will be presented in the rest of this chapter; however, to be used practically
they must be a closed set, which is not the case as pressure, P, is currently an
unknown variable. This problem is resolved through an expression that relates P to
our known variables (i.e. p and u), known as an equation of state. This expression
varies depending on the application. The equations of state applicable to the work of

this thesis, and that are applied in the SPHLATCH code, are discussed in Section 2.4.

2.2 Smoothed Particle Hydrodynamics (SPH)

The Euler equations provide the necessary theoretical framework to calculate the
flow of an inviscid, Newtonian fluid. In many physical scenarios of interest, how-
ever, calculating this flow analytically is not possible due to the complexity of the
system. Numerical methods are therefore necessary. Many of these methods use a
grid for this purpose, utilising the Euler equations in the Eulerian reference frame to
calculate the fluid properties at each grid cell coordinates. However, such grid-based
methods struggle to handle deformed boundaries. This motivated the formulation
of the the Smoothed Particles Hydrodynamics (SPH) method which instead utilises
the Lagrangian reference frame, following interpolation points of fixed mass known
as SPH particles to calculate the fluid properties “on-the-fly”. These particles have
no arbitrary requirement for any specific distribution, and therefore have no issue
in resolving highly deformed fluid flow in three-dimensions. Clearly, SPH succeeded
in it’s primary goal, but this was not the only advantage discovered over its grid-
based predecessors. For example, advection in SPH is naturally calculated exactly
(it is simply the movement of particles), allowing for material tracking within the
fluid without any numerical diffusion encountered in grid-based methods. Moreover,
numerical calculations scale with the number of particles in a given region, mean-
ing that computational cost is focused upon the (densest) regions of most interest,
avoiding excessive calculations of near-empty grid-cells. These advantages make
SPH a natural choice to study the effects of planetary-scale impacts, which involve
extreme deformation to each of the impacting bodies and often require tracking of
both composition and parent body to infer meaningful results that can be compared

with observations.
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2.2.1 Kernel Interpolation

Deriving the SPH method begins with the following (trivial) mathematical identity:

B(r) ~ /Q B(r'\5(r — ') dr, (2.12)

where B is a function of the position vector r, d(r—7’) is the Dirac delta distribution
and 2 is the volume of the integral that encompasses B. This integral is exact on
the condition that B(r) is fully-defined and continuous within €.

In SPH, Eq. 2.12 is approximated by replacing é(r — ) with a smoothing kernel
W(r —r’ h), giving

B(r) ~ /Q B(r'YW(r — 1/, h) dr’ (2.13)

where h is the characteristic smoothing length of the smoothing kernel. For this

approximation to hold, the kernel function must obey the normalisation condition,
/ W(r—»" h)dr' =1, (2.14)
Q
and the Dirac delta distribution property,

lim W(r — 7' h) =6(r — r'), (2.15)

h—0

thus uniting Eq. 2.12 and Eq. 2.13 in the exact case.
Initially, the smoothing kernel was chosen to be the Gaussian function,

W(r -1, h) - # exp (—(r;—:)z) , (2.16)

as this is the usual example of a function that converges to the the Dirac delta

distribution in the limit h — 0. However, in modern SPH-based research it has

become standard practice to use a smoothing kernel with compact support, where
W(r—r'h)=0 when |r —r'| > kh, (2.17)

with x being a constant. A major advantage of this condition is that the domain
of Eq. 2.13, €2, can be confined to a sphere of radius xh, rather than the infinite

bounds of Eq. 2.16, making it better applicable to numerical calculation.
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The divergence of B(r) is approximated by simply inserting the del operator, 6,
into Eq. 2.13, giving

V. B(r) ~ / 57 B W (r — o', h) dr”. (2.18)
Q
If we consider the identity,

[V - B(r")]W(r — 7', h)

) ) (2.19)
=V [B(r")W(r—r' h)]— B VW -7 h),
then Eq. 2.18 becomes
V- B(r) ~ / V- [B@E)W (r — ' h)] dr’
@ (2.20)

/Q B(r) - N[W(r —r',h)] dr’.

Using Gauss’ theorem, the first term of 2.20 can be converted to surface integral,
giving

V. B(r)~ /B('r’)W(r — ' h) - dS

o ) (2.21)

— /QB(’I“,) -V[W(r —7r' h)] dr’,

where S is the surface of the volume €2, and n is the corresponding unit normal

vector.

Eq. 2.21 brings us to the next major benefit of using a kernel with compact

support; |r—r’| = kh at the surface of the volume 2, and therefore W(r—r’,h) = 0,

making the surface integral term of Eq. 2.21 also equal to zero. For such a smoothing

kernel, therefore, Eq. 2.21 can be written as

V.B(r)~ - /Q B(r') - W (r — 1/, )] dr’ (2.92)

The cubic B-spline function is commonly used as a smoothing kernel for SPH,

as is the case in SPHLATCH, and is given by

W(r—r"h)=W(r—r'|,h) =a{l2_q)p? 1<qg<2, (2.23)
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2 10 1

— ’ 3
where ¢ = |r —7/|/h and o is 3, =55 or

in the 1, 2 and 3 dimensional cases,
respectively. A plot of this kernel in the one-dimensional case is shown in Figure 2.1.

The spatial derivative of W (r — 7/, h) is therefore given by
4
1-3¢+3¢ 0<g¢<1

14

rTr—r
e 3(2 — g)? 1<q<2 (2.24)

6W(r — 7' h) =
lr—r

0 q>2

\

0.1 1

0.0 . . .
-20 —-15 —-10 -05 0.0 0.5 1.0 1.5 2.0
q

Figure 2.1: The one-dimensional cubic B-spline kernel of Eq. 2.23.

2.2.2 Discretisation into Particles

The previous section describes the smoothed aspect of SPH, but thus far has left
us with an integral approximation that is highly non-trivial to evaluate analytically
for complex fluid systems. This is where the particle aspect comes in: the integral
in Eq. 2.13 is approximated by a sum over a finite number, N, of data points, or

particles, as follows:

B(r)~ Y V,BW(r—r,h) (2.25)
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where the subscript j represent each neighbouring particle that contributes to the
sum; B, is the value of the quantity of interest, B, and V) is the volume, for each of
these neighbours.

Eq. 2.25 now allows any quantity B(r) to be calculated by simply summing up
the contributions of each neighbouring particle, which proves to be a highly effective
method in numerically solving the equations of Section 2.1. The position vector can
be chosen, allowing us to probe the fluid continuum for B(r) at any position within
the computational domain. While this position usually corresponds to a particle,
1, whose properties we wish to calculate, it can also be useful to instead calculate
the fluid properties on a uniform grid of coordinates, as will be described further in
Chapter 3.

When calculating the properties of each particle by summing over all of its neigh-
bours, one must be careful when choosing the smoothing length to be used in the
kernel. At first glance, it seems an obvious choice to use the smoothing length of
each contributing neighbour, h,; however, this leads to an issue of asymmetry be-
tween particle contributions if the smoothing length of central particle, h,, is not
equal to that of the neighbour, as the distance between the two particles, |(r—r,]|, is
equal, but the smoothing kernel (i.e. W(r, —r,, h,) # W(r, —r,, h,) when h, # h,).
In SPHLATCH, this problem is resolved by averaging the smoothing length of the

two particles in all SPH sum calculations, which motivates the following notation:

h, +h = ow,
hy, = —5 ’ Ty="T,—T, Wy = W(ry, hy) VW, = or : (2.26)
Eq. 2.25 now becomes
N
B, = Z VJBJVVU (2-27)
7

Eq. 2.22 in its discretised, particle-based form becomes

N
V-B =Y VB -VW, (2.28)

J
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Computing the divergence is only valid when B is a vector, and so it is useful to
also define the gradient of B applicable to scalar quantities. This can be found by
simply replacing W,, with ﬁww, ie.

N
VB, =Y V,BVW, (2.29)

J

As a final note on notation, the magnitude of r,, will be refered to as r,, through-
out this thesis, i.e.

Ty = |7y (2.30)

2.3 Particle-Based Fluid Dynamics

In this section, we will apply the particle-based approach to the fluid dynamics
theory of Section 2.1.

Density

When setting up an SPH simulation, each particle is assigned a mass and initial
position. The mass, m, is constant for each particle, by analogy to the constant-
mass fluid parcels at the heart of the fluid dynamics theory. With mass and position
at hand, it is therefore logical to first derive an equation for density, p, which is

achieved by simply substituting the variable into Eq. 2.27, giving

N
po=> Vip, Wy (2.31)
7
However, we known that
v, =" (2.32)
Py

where m, and p, are the mass and density of the particle. This expression can there-
fore be substituted into Eq. 2.31, leading to a simplified form that is independent
of p,, and that can be evaluated using only the aforementioned input parameters of

particle mass and position:

N
Py = Z m]WZ] (233)
J
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Alternatively, the density can be calculated via the continuity equation (Eq. 2.6),

which gives the time derivative of the density,

dp, -
= — “V),. 2.34
a2 p(V - v), (2.34)

From Eq. 2.29, V- v, can in principle be calculated using the particle sum

(V-v), =Y Do, - VW, (2.35)

;P

but this form has the undesirable property of between asymmetric between particles.

We therefore adopt the approach of Monaghan (1992) and instead use the expression

6-@2%(6-(pv)—v-§p> (2.36)

which, using Eq. 2.28 and Eq. 2.29, can be written as
N N

> 1 m > 1 m, =
(V-v), Z p_Jp]IU] VW, — p_vz : Z —p, VW, (2.37)
9 1

P ;P

which can be simplified by introducing the notation v,, = v, — v,, giving

—

N
]_ —

(V-v), = o 5 myv,, - VW, | (2.38)
'

By substituting this into Eq. 2.34, we arrive at the simple expression

N

dp, -

T E myv,, - VW, (2.39)
J

which can then be (numerically) integrated to find the density for each particle.
Both Eq. 2.33 and Eq. 2.39 are mathematically valid, and thus the choice of
which to use in the SPH model purely of numerical reasoning. Both are commonly
used in SPH codes, and SPHLATCH is capable of following either scheme. Due to
minor advantages of the integrated density scheme (Eq. 2.39) to define a planetary
surface, as shown in Emsenhuber et al. (2018), this scheme was used for all SPH

calculations carried out for this thesis.
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Momentum

Applying the particle approach to the momentum equation (Eq. 2.5) yields

dv, __1 imﬂpﬁw (2.40)
i n ey, |

This equation again suffers from an asymmetry between a particle and its neighbour
in the SPH sum, however, and again motivates a more sophisticated approach to
retain conservation. If we consider the identity

VP - [P P
VT -V <;> + =Vp, (2.41)

and apply the particle gradient of Eq. 2.29, giving

= N N

P P\ - P §
v (B, S ew, e
Pr 9 p] p] Py 7 p]

which can be substituted back into the momentum equation of Eq. 2.5 to give the

following expression:

N

dv, P, P\ =

T > m, (; + p-;) VW, (2.43)
37 ! J

which yields symmetric sum contributions as required.

Internal Energy

The Euler energy equation (Eq. 2.11) can be easily discretised into a particle sum
by substituting in the symmetric velocity divergence expression of Eq. 2.38, leading

to

du,
dt

p o
== Z myv,, - VIV,,. (2.44)
b

Although this expression is symmetric between particles, it is not consistent with the
symmetric momentum equation (Eq. 2.43), and thus requires some manipulation.
For this purpose, we again utilise the divergence identity trick of Monaghan (1992),

allowing us to rewrite Eq. 2.11 as

du - Pv > (P
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which, using the SPH divergence of Eq. 2.28 becomes

N N N
du, P, = P & P &
= — g m,==% - VW, + v, E m,—= - VW,, = g myv, =5 - VW, (2.46)
7 )

J 2
dt o ) P

Eq. 2.44 and Eq. 2.46 are then averaged to give the expression

N

du, 1 P, P -

i =y m (G ) v, (240
J v J

whose symmetric terms match with those of the momentum equation (Eq. 2.43).

2.3.1 Treatment of Shocks

Thus far, the described hydrodynamic model has been entirely isentropic and there-
fore dissipationless. In many fields of research, however, and particularly in planetary-
impact studies, this assumption is not valid due the occurrence of shock waves.
Shock waves are a dissipative, irreversible process whereby kinetic energy is con-
verted into heat, and leads to discontinuities on the shock front in the fluid approx-
imation of various quantities such as density and pressure. In numerical schemes
these discontinuities lead to significant, spurious oscillations behind the shock front.
In SPH, there are two main approaches to mitigate these issues. The first method is
to utilise a Riemann solver to solve the Riemann problem for each particle against
its neighbours. This is known as the Godunov method (Monaghan, 1997). The sec-
ond method, and the approach that is implemented in SPHLATCH, is to introduce
an artificial viscosity term that acts to broaden the shock across a few smooth-
ing lengths, removing the discontinuities and thus avoiding the unphysical effects.

Specifically, we follow the formulation of Monaghan (1992):

_aczjuzg‘f'ﬁﬂ/z :
—2e iy, v, < 0 RoyTy - Oy

_ Ply _
I1,, = ‘ where p,, = 7o [2 4 eh?
0 otherwise ] 2

(2.48)

where p,, and ¢,, are average density and sound speed averaged for the two particles
1 and j. «, 8 and € are constants, usually chosen to take values of « = 1, § = 2
and €. The a-term represents the bulk and shear viscosities of a generalised fluid.

The p-term is known as the von Neumann term (Von Neumann and Richtmyer,
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1950) that is necessary to model strong shocks where v,, becomes large. Finally, the
e-term is included to avoid the possibility of a singularity.

This term is then implemented in the momentum equation (Eq. 2.43) as follows:

N

dv, P, P

S (p + Dy nw) S, (2.49)
2 7

J7#

In order to conserve energy, the artificial viscosity term must also be included in

the energy equation (Eq. 2.47):

d Z PP ;
Y Z ( 3 oy H,J) v, V,W, (2.50)
Py J

2.3.2 Solid Mechanics

Although the SPH method is derived from fluid dynamics, it can be adapted to
also model the mechanics of solids. In the context of astrophysical impacts between
bodies composed predominantly of solid material, the complexity and importance
of these adaptations depend on the mass-scale of the two bodies. For very massive
bodies, the force of gravity dominates over any solid properties (or solid strength)
of material composition, meaning the pure fluid description described thus far is
sufficient. As mass is decreased, solid effects become increasingly more important.
The most obvious visible difference that indicates the importance of these effects
is the geometry of the bodies. Very massive bodies, such as Earth, are ellipsoid in
shape, which is the natural result of fluid body in hydrostatic equilibrium. Con-
versely, small bodies such as asteroids display a wide variety of irregular shapes, as
the rigidity of their solid composition is able to withstand the forces of gravity. The
precise transition mass between these two regimes is unclear, however. Tradition-
ally, rocky bodies with radii greater than ~1 km were deemed large enough for solid
properties to be neglected, based on investigations into the catastrophic disruption
of asteroids (e.g. Benz and Asphaug, 1999); however, later studies on such catas-
trophic collisions showed that solid strength is still important at much larger scales

than previous estimates, suggesting a transition at scales of 100-1000 km (Jutzi,
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2015). More recently, this value has been pushed to even larger scales, with studies
modelling large-scale (1000 km-radius) impactors colliding with a Mars-like body
finding significant differences between the fluid and solid cases for the SPH method
(Emsenhuber et al., 2018; Golabek et al., 2018). The work presented in the later
chapters (Chapter 4 and Chapter 5) of this thesis further support this conclusion,
confirming the importance of strength at Mars-scale, and revealing a previously
overlooked impact regime for Pluto-scale icy bodies that relies upon the inclusion
of such solid properties.

The first step in adapting the SPH method to handle material strength is to
generalise the pressure terms of our hydrodynamic model into a stress tensor o®®.

The momentum equation (Eq. 2.5) thus becomes

0 _ 100
ot p 0xP

(2.51)

where x is spatial position and each index can be an integer of 1, 2 or 3, corresponding
with three-dimensional Euclidean space. The Einstein summation convention has
been used (i.e. repeated indices are summed), as is commonly the case for tensor
notation.

It is convenient to decompose the stress tensor into a hydrostatic pressure com-

ponent and deviatoric stress component
0% = PP 4 §oF (2.52)

where 6% is the Kronecker delta and S®° is the deviatoric stress tensor. The de-
viatoric stresses can only be supported by a solid material, and we see that in the
limiting case where S = 0 the stress tensor is reduced to simply the pressure
component along the diagonal, agreeing with the momentum equation for fluids. It
should also be noted that S is traceless, and so has no net effect on the total

hydrostatic pressure.

Elasticity

To model the elasticity of solids, we assume Hooke’s law, which states that strain

(deformation) is proportional to stress. For an isotropic, continuous medium, this
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Figure 2.2: Schematic diagram illustrating the geometry of the stress tensor, o®%.
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allows us to write S*° as
af af 1 af
S =2I" e* — gewé (2.53)

where I' is a constant of proportionality known as the shear modulus and €*? is a
second-order tensor that describes the strain within the medium?. Note that the
superscript 7y is a dummy index for the Einstein summation rule, and that the second
term ensures that S®° is traceless.

To model time evolution, S is differentiated to give
a3 a3 1, af
S =2I" | €% — gewé (2.54)

this formulation, however, is dependent on reference frame, which is unsuitable for
the constitutive equations. To transform this expression into an equivalent, frame-

invariant version we utilise the Jaumann rate to obtain the form

o8 _ o1 (gaﬁ _ %waaﬁ) L SR 4 SR (2.55)

where R*? and £ are the rotation rate tensor and strain rate tensor, respectively,

defined by

1 /ov*  OvP

aff _ _ -
R = 5 (3305 ama> (2.56)

1 /o OP

af [ Y Y
° T3 (8903 * 695‘1) (2.57)

To conserve energy, Eq. 2.11 must also be generalised into tensor form

du 1 aszan (2.58)
dt »p

which can also be decomposed into a hydrostatic and deviatoric component

d P - 1
d_;‘ - ;(v v) + ;Saﬂéaﬁ (2.59)

2The equivalent constant for the diagonal components of stress tensor is known as the bulk

modulus, and is included in our equation of state for calculating the isotropic pressure, P.
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The application of these equations in the SPH method simply requires the gener-
alisation of each pressure and position term to their tensor equivalents, thus meaning

that Eq. 2.43 and Eq. 2.47 become

N
dov a8 o\ oW
1 m 2 + J ' 2.60
dt Z( p%)w =
N
du 1 goB g% oW,
=y my | A+ L2 2.61
i Z( )a o

where the subscripts denote the particle ¢ and its neighbour j, as in previous sec-
tions. Note that the negative sign at the beginning of Eq. 2.61 is not present in the
fluid description of the SPH energy equation (Eq. 2.47) because it cancels with the
negative sign on the pressure term; in the generalised form using the stress tensor,
this negative sign is still included, but only applies to the hydrostatic pressure terms
along the diagonal and not the off-diagonal shear terms, which therefore necessitates
the minus sign outside of the sum.

To calculate the time derivative of the stress tensor in the discretised, particle
approach, we only need a way to determine the spatial derivative of velocity in each

v

dimension, 27;, which is simply derived from Eq. 2.29 to give

(03
v My, a ow,,

31‘5 o P “ 81‘?

(2.62)

Plasticity

The solid model described thus far is valid for a purely elastic body, which would
re-establish its original shape if all stresses (and thus strains) were released. Above
a threshold stress, however, solids exhibit plastic behaviour whereby deformations
become permanent. In many SPH models, including SPHLATCH, this effect is
implemented via the von Mises model that was originally developed for ductile
metals (e.g. Benz and Asphaug, 1994, 1995; Collins et al., 2004; Jutzi et al., 2015,

and references therein). In this model, stresses greater than the threshold stress, Y,
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known as the yield strength, cause the deviatoric stress tensor to be reduced as
SoP —y f5O8, (2.63)

where we follow the Collins et al. (2004) formulation for f given by

Y
f = min (—, 1) , 2.64
V' (264
with Js being the second invariant of the stress tensor,
1 af qaf

In reality, geological materials such as rock and ice exhibit more complex be-
haviour than that of ductile metals. At high enough strains, these materials expe-
rience brittle failure and begin to fracture. This causes a change in the material’s
ability to support stress that is reflected in the yield strength, usually as a reduc-
tion. In addition, the large pressures present in planetary interiors have a significant
effect on the yield strength, with higher pressures leading to substantially stronger
material.

Both of these effects are included in our model through the formulation of Collins
et al. (2004). For intact material, yield strength, Yj, follows a smooth fit from

experimental data:
wi P
1+ 45

YmM—Yo

Y=Y+ (2.66)

where g is the coefficient of interal friction for intact material, Yj is the yield strength
at zero pressure (often called the cohesion) and Y) is the yield strength at infinite
pressure, known as the von Mises plastic limit.

For fully fractured (granular) material, a Coulomb dry-friction law is used:

where 114 is the coefficient of internal friction for fully fractured material.

The degree of fracturing within the medium is referred to as the damage, D,
where D = 0 for entirely intact material and increases up to a maximum of D =1
for fully damaged, granular material. This allows us to calculate the yield strength

for material in the intermediate of the two end-member cases via

Y =Yi(1 — D)+ YqD. (2.68)
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Damage is calculated through fracture models that usually incorporate a threshold
(or activation) strain beyond which cracks form and accumulate. At the planetary-
scales of the work of this thesis, however, all material is considered fully-damaged
due to the large overburden pressures greater than such a threshold, and thus no
fracture model is implemented. For further reading on commonly used fracture
models in impact studies, see Collins et al. (2004) or Jutzi et al. (2008).

Pressure is not the only quantity that effects the yield strength of solid materials.
As a material approaches its melting temperature, its shear strength decreases,
eventually reaching zero as it becomes a fluid. An expression approximating this

behaviour is again taken from Collins et al. (2004) (after Ohnaka (1995)):

Y — Y tanh (g <Tf¥“ - 1)) (2.69)

where T is temperature, Ti,0; is the melting temperature and £ is a constant known

as the thermal softening parameter that is dependent on the material composition.
Further details on the choice of strength parameters for specific materials are de-

scribed in Section 2.7.

2.3.3 Conserving Angular Momentum with Strength

Generalising the the fluid model into the more complex continuum model that can
handle both fluid and solid materials requires careful consideration of conservation
laws. In particular, there have been multiple discoveries of angular momentum non-
conservation in the planetary-scale impact regime, which I will highlight in this

section.

Rigid-Body Rotation

When applying the strength model described, it was discovered that the scheme does
not conserve angular momentum when attempting to simulate rigid body rotation.
This is due to the discretisation error caused by particle disorder. To correct this
in SPHLATCH, we follow the approach of Schéfer et al. (2007), who applied a

correction tensor, C"?, to the spatial derivatives of velocity according to

ij o 8W EAdSorT (2.70)

,y

8:17Z
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where the inverse of C7? is given by

N
_ owv
oL L my o 2.71
) =3 27
such that
1
D% -t 27
;P ¥ !

This correction tensor forces first-order consistency in angular momentum. A
series of test cases illustrating the effectiveness of this method for planetary-scale

collisions on a Mars-like target can be seen in Figure 2.3

Rotation Rate Tensor

Using the Jaumann stress rate to achieve frame-invariance in the deviatoric stress
tensor computation is standard practice for SPH simulation involving solid bodies.
The precise form of this expression is not consistent in the literature, however, and
can lead to severe errors that particularly affect angular momentum conservation.
Initially, SPHLATCH followed the formulation of Benz and Asphaug (1994),
given by
S = or <a‘a5 — %é’waaﬁ) + S“YRPY 4+ SPYRY. (2.73)

This formulation has been used in a large number of subsequent studies (e.g. Benz
and Asphaug, 1995, 1999; Jutzi and Asphaug, 2011; Emsenhuber et al., 2018); how-
ever, if we compare this formulation to that of Eq. 2.55, we see a discrepancy in
the indices of the rotation rate terms, which read in the opposite order. If such
index swapping occurred in the deviatoric stress tensor, there would be no change
in the expression as it is symmetric. The rotation rate tensor, on the other hand, is

anti-symmetric, meaning that its transpose is equal to its negative?, i.e.
R = —R*P (2.74)

The expression presented in Eq. 2.55 instead follows Schéfer et al. (2007) (and
related subsequent work such as Schéfer et al. (2016)). This discrepancy was discov-

ered due to SPH simulations of planetary-scale impacts on Mars that were performed

3Note that anti-symmetry is only possible for hollow matrices, whereby all components along

the main diagonal are equal to zero.
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Figure 2.3: Angular momentum as a function of time (after impact) for SPHLATCH
simulations of an oblique, planetary-scale impact on a Mars-like body in the case of
no solid strength (fluid), strength without the Schéfer et al. (2007) correction tensor
(non-corrected) and strength with the correction (corrected), taken from Emsenhu-
ber (2017). Angular momentum, L, is normalised to its initial value, Lipyita, and
should therefore have a constant value of 1 if angular momentum is fully conserved.
Here we see that, after rigid-rotation of the target is initiated by the oblique im-
pact, angular momentum is gradually lost from the system, leading to a decrease in
total angular momentum of ~25% after 18 hours post-impact. After applying the
correction tensor, angular momentum is conserved to the same degree as the fluid

case.
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for the study presented in Chapter 4. When using the form of Eq. 2.73, total angular
momentum was seen to increase significantly after impact.

To investigate this issue further, vary tests were made for a simple simulation of
a rotating Mars-like body without any impact. Some of these test cases are shown
in Figure 2.4. These tests confirmed that the Schéfer et al. (2007) form for the
rotation rate tensor indices is correct, which yields angular conservation comparable
to the fluid case without strength. Interestingly, following the incorrect form of Benz
and Asphaug (1994) with the inclusion of the correction tensor leads to a continuous
increase of angular momentum as the rotating body “spins up” over time, in contrast
to the case without the correction tensor, which dampens the body’s rotation causing
it to “spin down” over time, eventually reaching a stationary state of zero angular
momentum.

Clearly, using the correct form of Eq. 2.55 is of great importance for angular
momentum conservation in the size-regime of Mars. At smaller scales, however, the
errors introduced by the Eq. 2.73 form do not have as significant an effect. Tests
were also performed for a giant impacts on a Pluto-like body using a different SPH
code (Benz and Asphaug, 1995; Jutzi et al., 2008; Jutzi, 2015), which found only
minor differences in the total angular momentum for each rotation rate tensor form.
The insignificance of this error at smaller scales also explains why this discrepancy
has remained unnoticed until now, as the great majority of previous works including
the solid description in their SPH model have been conducted for investigations into
small bodies such as asteroids. As shown in Chapter 4 and Chapter 5, however,
solid strength is important even at Pluto and Mars scales, meaning that there will
likely be many future studies including strength in these regimes where the error

induced by the incorrect rotation rate tensor formulation is significant.

2.3.4 Variable Smoothing Length

By construct of the SPH method, particle positions can change over time according
to the momentum equation (Eq. 2.43). This means the number density of particles
can change over time. For optimum resolution, however, the number of neighbours,
Ny, that contribute to the SPH sum for a given particle should be roughly constant.
This number depends on the choice of SPH kernel; for the B-spline kernel used
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Figure 2.4: Angular momentum as a function of time for various SPH test cases
of Mars-like body with an initial rotation period of 10 hours. B1994 refers to the
Benz and Asphaug (1994) rotation rate tensor formulation, while S2007 denotes the
Schifer et al. (2007) form now used in SPHLATCH.
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in SPHLATCH, a number of Ny = 50 is preferred. The smoothing length of
each particle must therefore be varied such that Ny ~ Ny opt, Within its sphere of
influence (radius 2h for the B-spline kernel).

As the mass of each particle is constant, a decrease in the number density of
particles also corresponds to a decrease in mass density. To keep Ny = Ny opt in this
scenario, the sphere defined the smoothing length of a particle must increase. The
cubed smoothing length should therefore be inversely proportional to the density,
ie.

5 1

hy oc — 2.75
n 275

For time variation of the smoothing length, we can therefore differentiate Eq. 2.75
with respect to time. To do this, we first re-write the equation as an equality via
the inclusion of a constant of proportionality, k,

1

h, = kp, ® (2.76)

which, when differentiated with respect to time, becomes

dh, ~4dp,
= ——p, ) 2.77
a 3" (2.77)
By substituting Eq. 2.76 back into Eq. 2.77, k cancels, and we are left with
dh, h, dp,
—_ " 2.78
dt 3p, dt’ (278)
which, according to Eq. 2.6, can also be written as
dh, h,
v 2.
= (V) (279)

Eq. 2.79 can be calculated via particle sum using Eq. 2.38, and keeps the number
of neighbours exactly constant if density evolves isotropically. In most cases, and
particularly in impact models, this is not the case, and the number of neighbours
can therefore greatly deviate from the optimum. To account for this in SPHLATCH,
additional terms are introduced that act to progressively increase or decrease the
smoothing length time derivative as the number of neighbours falls further below
or above the optimum, respectively. These terms are based on the global maxi-

mum velocity divergence across all particles, (V - v) at a given time, and are

max’



2.3. PARTICLE-BASED FLUID DYNAMICS 44

implemented as follows:

dh, 1
i = hz (k)l (V : v)max + ]{725 (V : ’U)Z — k’g (V . v)max) (280)
where L N N
]{51 = 5 -1 + tanh (—%)}
ko =1— k1 — ks (2.81)
1 [ Ny — N max
ks =5 _1 + tanh (%)}
with
2 5)
NN,min - g N,opt and NN,max - g N,opt (282)

A plot illustrating how these correction factors change with respect to the number
of neighbours is given in Figure 2.5. When Ny min < NN < NN max, the ko-term
dominates, and thus gives similar results to Eq. 2.79. When Ny < Ny min 0r Ny >
NN max, the ki or k3 term dominates, respectively, leading to a sharper rate of change
in smoothing length towards the desired number Ny opt.

Eq. 2.80 keeps the number of neighbours within a suitable range for most cases.
However, in scenarios involving highly non-uniform particle distributions with very
steep gradients in density and velocity, the range of smoothing lengths where the ko-
term dominates can become very small relative to the h (V - v) terms. This causes
the correction terms to consistently over-correct in each direction, never landing
within the ko range. The smoothing length time derivatives therefore fluctuate
between large positive and negative values, thus leading to very short time-steps in
the numerical model (see Section 2.3.5 for further details on time-step calculation).

In impact simulations, this regime corresponds with events that produce signifi-
cant but sparse ejecta material. As the ejecta particles move away from the target,
they move from the dense planet to a near-vacuum. If their environment does not
contain enough nearby ejecta particles to fulfill the Ny ~ Ny opt requirement, then a
portion of their neighbours in the SPH sum will need to come from those of the tar-
get planet, even though the ejecta particles now have dramatically larger smoothing
lengths than those of the planet. A small fractional change in smoothing length for
the ejecta therefore causes a very large change in the number of neighbours, thus

leading to the fluctuating smoothing length time derivative as described.



45 CHAPTER 2. MODELLING IMPACT EVENTS USING SPHLATCH

Figure 2.5: Each correction factor used in the smoothing length time derivative cal-
culation (Eq. 2.80) as a function of a particle’s number of neighbours. The optimum
number of neighbours is set to Ny opt = 50, as is the case for the B-spline kernel used
in SPHLATCH. The vertical coloured lines depict N, and Ny, and correspond

with the intersection of the correction factors.
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