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1. Introduction

Since the 1960s scientists have been working on the phase retrieval problem
[I, 2, B], and to this day the work continues. Most generally, the phase
retrieval problem runs as follows:

Consider a complex function u(z) = |u(x)| exp(i®(z)).
Given |u(x)|, is it possible to retrieve ®(x)?

The phase retrieval problem comes up in many fields, including X-ray crys-
tallography [4], electron microscopy [5], antenna design [6], signal and speech
processing [7, 8], and various topics in optics including coherence theory [9],
wave front sensing [10] and astronomical and optical imaging [2, [1T], 12].

In optics the problem is commonly stated slightly differently using the
Fourier transform §{-}:

Consider a complex function f(z).
Given |F (k)| = |§{f(x)}|, is it possible to retrieve f(z)?

It is easily demonstrated that this generally has no unique solution, seeing
that the functions Fi (k) = sin(k)/k, Fa(k) = |sin(k)|/k, F5(k) = sin(k)/|k|
and Fy(k) = |sin(k)/k| all share the same amplitude |F;(k)|, but correspond
to very different functions f;(z), as shown in figure[l.1] Some a priori knowl-
edge on f(z) is needed to solve the problem.

For a while analytical solutions were investigated and found under a set
of assumptions pertaining to complex zeros of F'(k) in the upper half plane
[3], and it was shown that in the case of the complex degree of coherence
v(7) of blackbody radiation these assumptions hold [13], meaning the phase
of 4(7) can be computed directly from its magnitude |y(7)|. A few other
special cases could be identified in optics where analytic solutions could be
obtained [14], though in most cases this remained impossible.

With computers becoming increasingly more powerful, numerical meth-
ods to solve the phase problem were being developed by Gerchberg and
Saxton in 1972 [I5] and Misell in 1973 [16]. The former approach uses the
measurements of |f(x)| and |F(k)| as a priori knowledge, while the lat-
ter method uses two defocused image amplitudes |fi2(z)|. Especially the
Gerchberg-Saxton algorithm gained a lot of attention in the following years
[17].
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Fi(k) h Fy(k) r F3(k) F,(k) "
f1(x) f2(x) m fa(x) l

Figure 1.1: A set of Fourier transforms F;(k) corresponding to the same magnitude
|F;(k)| = Fu(k) but to very different underlying functions f;(x), illustrating that
the phase problem does not in general have a unique solution.

At around the same time, german physicist and crytallographer Walter
Hoppe first described an approach to solve the phase problem in electron
microscopy. He proposed to illuminate a crystal successively with a coherent
electron beam such that the support functions of the illuminations overlap
in lattice space. The ensuing redundancy in the diffracted patterns would
then enable the determination of the relevant phases [18] [19], 20]. The new
method was termed "Ptychography" [21]], from ancient greek m7v¢ meaning
"to fold", relating to the use of convolutions.

However, the approach proved to be difficult to realise experimentally
due to the limited spatial coherence of electron beams. Subsequently, pty-
chography received very little attention from the scientific community.

Two decades later, in 1989, Rodenburg and coworkers picked it back up
[22, 23] and in 2004 presented an efficient iterative algorithm to solve the
phase problem [24]. Although the approach was formulated with scanning
transmission electron microscopy (STEM) in mind, it was quickly adopted in
coherent diffractive imaging (CDT), where images are obtained by analysing
the diffraction patterns created from an incident beam onto a sample. In
CDI, ptychography works by illuminating a sample with a collimated laser
beam at different but overlapping positions, as illustrated in figure [1.2]

Since then researchers have proposed extensions to the ptychographic
model, e.g. the retrieval of the probe illumination profile along with the
object, the correction of probe position errors or the introduction of mixed
states in the probe or the object. Also, a few variations have been suggested
that alter the measurement procedure, like Fourier Ptychography [25], where
not the position of the probe illumination is changed but its angle of inci-
dence. In Fresnel Ptychography [26], 27], the measurements are made with a
divergent beam using a Fresnel zone plate, while in through-focus ptychogra-
phy [28] the object is moved both laterally and longitudinally with respect
to the probe.

Because there are no electronics fast enough to capture the oscillations



Figure 1.2: The ptychographical principle consists of illuminating a sample at sev-
eral overlapping positions. The resulting diffraction patterns are then recorded, and
a suitable algorithm finds a reconstruction of the sample from the set of patterns.

of electromagnetic radiation above radio frequency, the phase problem also
comes up in laser pulse characterisation. The phase information is of great
importance in many laser experiments. The first methods to estimate pulse
characteristics were based on generating second-order autocorrelated signals
[29], 30]. Overlapping the pulse with a copy of itself at various delays allowed
for an indirect determination of the autocorrelation by measuring the inten-
sity of the sum field, though the temporal phase could not be retrieved by
this approach. In the 1990s Trebino and Kane [31] introduced a technique
for amplitude and phase characterisation of ultrashort pulses that would be-
come one of the most influential and widely used methods in the field. The
method termed frequency-resolved optical gating, FROG for short, is very
similar to a second-order autocorrelation approach using second-harmonics
generation (SHG), though the measurement is spectrally resolved. Also, it
can use nonlinear processes other than SHG, like third-harmonics generation
(THG) or self-diffraction (SD) in a Kerr medium [32, B3], and each corre-
sponding FROG variation comes with its own advantages and disadvantages.
In the following years many variations of FROG have been proposed, many of
which were inspired by the zoological nature of the FROG acronym. Like the
elegantly named "GRating-Eliminated No-nonsense Observation of Ultrafast
Incident Laser Light E-fields", GRENOUILLE for short [34, 35, 36], which
describes a compact single-shot version of SHG FROG employing cylindri-
cal lenses, a Fresnel biprism, a thick (rather than a thin) SHG crystal and
a CCD camera instead of a spectrometer. In the "Temporal Analysis by
Dispersing a Pair Of Light E-fields" method (TADPOLE) [37], FROG is
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combined with spectral interferometry (SI) to characterise weak ultrashort
pulses, while XFROG [38] deviates from the autocorrelation approach of
SHG FROG by replacing the copy of the unkown pulse with a known refer-
ence pulse, thus making use of sum frequency generation (SFG) rather than
SHG. Finally, double-blind (DB) FROG, extends this idea to retrieve two in-
dependent pulses simultaneously. One technique, which is inspired by FROG
only in its choice of acronym, is called "Spectral Phase Interferometry for Di-
rect Electric-field Reconstruction" (SPIDER) [39, 40]. It uses SI, specifically
a version of spectral shear interferometry (SSI) [41], employing an optical
nonlinearity to create the spectral shear. A different approach is taken in
"Multiphoton Intrapulse Interference Phase Scan" (MIIPS) [42] 43], where
pulse characterisation and pulse shaping is merged into one simple setup.

This is only a small fraction of the quite literal "zoo" of pulse retrieval
methods, and the interested reader is pointed to [33] and [44] for more details.

In 2015, Time-Domain Ptychography (TDP) [45], 46] joined the ranks of
pulse characterisation tools. It results from transporting the idea of spatial
ptychography into the time-domain, as the name suggests. As illustrated
in figure [1.3] the displacement of the illumination probe is replaced with a
time delay between a the unknown field and a probe pulse, and instead of
a diffraction pattern one measures the spectrum of the product-field. This
directly implies the necessity of a nonlinear optical process to generate the
spectra.

TDP is very similar to XFROG, but it uses a much longer probing field
and much lower sampling on the delay axis, and herein lies one of the ad-
vantages of TDP. While FROG yields a spectrogram, where the sampling on
the delay axis is coupled to the one in frequency, TDP yields what may be
called a ptychogram, where delay axis and frequency axis are decoupled.

TDP has quickly gained popularity as a tool to characterise different
sources of radiation, e.g. for ultrafast laser pulses [46], supercontinuum pulses
[47], single-cycle pulses [48], but also for attosecond free electron laser (FEL)
pulses [49]. However, TDP has rarely been used to gain insight beyond the
characterisation of laser pulses.

This thesis aims to explore possible applications of TDP, which include
some further characterisation methods, but also the extraction of physical
properties in a few different settings.

In chapter[2]T will go into detail on the mathematical description of spatial
ptychography and the transition to time-domain. I will present a few of the
most common algorithms employed to solve the phase problem from the
ptychogram, subdivided into two groups: projection-based algorithms and
gradient-based algorithms. Next I will compare the presented approaches
in a one-dimensional time-domain setting by running reconstructions on a
benchmark of synthetic pulses, followed by a description of a selection of
extensions that have been proposed for spatial ptychography, expressed in
time-domain.



Figure 1.3: While in spatial ptychography we sample a 2D object in space, TDP
involves sampling a 1D object in time, like the oscillation of a laser pulse. The
displacement of the illumination beam becomes a time delay between 1D object
and probing pulse, and the overlap in space is now an overlap in time.

Chapter 3 will explore the use of TDP to retrieve ultrafast time-dependent
states of polarisation. To this end an alteration of the ptychographic model
to vector fields is introduced and a gradient-based reconstruction algorithm
is discussed. The new algorithm will be benchmarked against a set of syntetic
pulses of different polarisation states of varying complexity. Finally, the al-
gorithm is tested on experimental data of both constant and time-dependent
polarisation states.

Moving away from characterisation, chapter 4 will discuss the application
of TDP to SFG spectroscopy, specifically the spectroscopy of vibrational
modes of surface polymers. A short summary of the mathematical model
and its connection to ptychography is given, and the approach is tested in a
set of simulations. The findings are verified with a set of measurements of
the vibrational response of octadecanethiol (ODT) on a gold substrate.

In chapter 5 we will make an excursion into the realm of attosecond
physics and free-electron laser (FEL). I will discuss the use of TDP as a
diagnostics tool to characterise FEL pulses from electron streaking traces.
After providing a mathematical description of a streaking trace and relat-
ing it to a ptychogram, I will explore the possibility of single-shot FEL
pulse characterisation using an apparatus proposed by Hartmann et al. [50].
Later I will again explore the use of TDP beyond characterisation, namely
to estimate the time delay of photoelectron traces occurring from different
instantaneous processes. These considerations will be used to estimate the
time delay between the 2s and 2p photoelectron emissions in neon using
data obtained at the Max Planck Institute for the Structure and Dynamics
of Matter.

Finally, in chapter 6, I will summarise the progress made in the appli-
cation of TDP, and I will look into some possible directions in which TDP
made be extended and used in the future.
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