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Abstract

This monograph presents theoretical efforts aiming at precision probes for the model of cosmological
inflation. The latter is considered for its virtue of explaining the origin of primordial perturbations.
However, the description of the transition from a vacuum- to a radiation-dominated universe is not
yet robust. Asking for a realistic framework, we study the effects of including interactions among
the inflaton field and a thermal plasma.

The concrete setup is the one of [1], where we investigate the dynamics of inflation in the presence
of a heat bath. In [3] real-time lattice simulations are used to improve on the estimation of the
thermal friction felt by the inflaton field. We compute the contributions to the gravitational wave
signal from the warming-up period after inflation |2], and implement thermal corrections to tensor
fluctuations produced during inflation [4]. Depending on the maximal temperature reached after
inflation, the high-frequency part of 2] can be constrained with N, whereas the low-frequency
part of [4] may be probed with LISA or ET. To explore these prospects, in [5] we study the
dependence of the temperature evolution on the confinement scale of the gauge plasma.

The text presented here shows partial overlap with the published material. Nonetheless, the ex-
position commits to be self-contained, including a pedagogical review of cosmological perturbation
theory and inflation, and deriving results through detailed calculations.
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Notation and conventions

Indices denoted by Greek letters run from 0 to 3, describing the components on the four-dimensional
space-time. Roman letters are used for spatial indices and run from 1 to 3. Repeated indices are

summed over. Analytical computations are performed using natural units, where
c=h=kg=1,

but retaining the Planck mass m,. For any physical quantity () we denote:

Symbol Definition Page
Q =(Q1,Q2,Q3), 3-dimensional vector 4]
Q = 0;Q) derivative with respect to time in standard FRLW coordinates 4
Q' = 0,;Q derivative with respect to conformal time 4
Q. = 0;@Q derivative with respect to i-th spatial direction 4
Q.. =D,Q, covariant derivative with respect to x* 4
Q Unperturbed quantity 5
0Q First order perturbation 5
Ngj Symmetric, transverse and traceless tensor QE; =Q'" =0 6
Q Gauge transformed quantity

Q = a(), where a is the scale factor 22

For classical computations in comoving momentum space we use the Minkowski metric 7, with
sign convention 7y, = —1. The Fourier expansion is carried out in spatial coordinates,

Q(r.x) = [Q(rky e, Lz/ézy

Qrk) = [ Q(rx) e, [= e

Fields are quantized in a local Minkowski frame denoted by X = (t,x), where the sign convention
is ngg = +1, and the Fourier expansion is defined in four dimensions, K = (w, k),

QMx) = [Que)eter, [=[2).

Q) = [ Qa) et [=faf

In general we omit hats on quantum operators (hats are rather used as in the last entry of the table
above), with the exceptions of the Hamiltonian H (to be distinguished from the Hubble parameter)
and the density matrix p.

For some computations it is useful to analytically continue from Minkowski to Euclidean space-
time, t - —ity, denoting X = (tg,x). The compact time direction is then transformed to a discrete
frequency space,

QUX) = ¥ QU eitenteion) f=rs )

QUE) = [ QUr)eitntsn [=[lan [

where wy, = 27nT are the Matsubara modes, and 3 = 1/T is the Boltzmann factor.

iv



List of globally defined symbols

The symbols introduced in the different chapters (separated by a horizontal line) and used through-
out the entire document are listed below.

Symbol  Value (SI units) and definition Page
c ~3.00 x 10® ms™!, velocity of light iv|
h ~1.05 x 1073* kgm?s™!, reduced Planck’s constant i/
kg ~1.38x 1072 kgm? s2 K~!, Boltzmann constant ivi
My ~2.18 x 1078 kg ~ 1.22 x 1012 GeV ¢ 2, Planck mass ivi
to ~ 5.39 x 10744 s, Planck time 1
Tdec ~ 3000 K, temperature at decoupling 1}
tdec ~ 102 s ~3x 10° y, time at decoupling 1
To ~ 2.73 K, CMB temperature today 1}
ddec ~3x10% m ~ 100 Mpc, size of visible universe at decoupling 1}
do ~4x10% m ~ 14 Gpc, size of visible universe today i
t Physical time coordinate 3
K Spatial curvature 3!
a Scale factor 3
H Hubble constant (time dependent) 3
T Conformal time n
Ny Minkowski metric n
H Conformal Hubble constant n
M., Submanifold of constant conformal time 7 n
Ny, tH Normal and tangent vector defining time slicing and space threading n
Juvr 9 Metric tensor and its determinant n
V2 — nij 0; aj Z
Og, Oy =" D,D,, D’Alembert operator in FLRW standard/conformal coordinates n
G*, Einstein tensor g
T, Energy-momentum tensor 5
G ~6.67 x 1071 m3 kg™! s72, gravitational constant, G = m;? in natural units 8
huw Perturbations of the Minkowski metric E
'S Parameter of coordinate transformation 7
o, Scalar metric perturbations in Newtonian gauge g
Vij Tensor metric perturbations in Newtonian gauge g
e, Christoffel symbols E
R, R Ricci tensor and Ricci scalar S
e Energy density it
P Fluid pressure

Cs Speed of sound

ut, v’ Fluid velocity and physical fluid velocity

I j Anisotropic stress tensor

R Curvature perturbation

A Relative energy density perturbation

k.kla Comoving momentum and physical momentum 16
") Inflaton field 18
Vi) Inflaton self-interacting potential 18




€V, NV Slow-roll parameters 19
N Number of e-folds during inflation 19
m Inflaton mass 18]
f Inflaton perturbation in spatially flat gauge o)
Wi Annihilation (and creation) operator 23
|0) Vacuum state with respect to wy, 23
H, Hubble constant at horizon exit 2_5
Pr Primordial power spectrum of curvature perturbations o)
€ Tensors of helicity A € {+, x } building helicity basis @
hy Tensor perturbation of helicity A 26
Lag; Projection operator onto transverse and traceless tensor components o7
Kag Projection operator onto perpendicular vectors 27
Pr Tensor perturbation spectrum 7]
hes Short and long-distance fluctuations 2_8
Gr Retarded Green’s function 2_9
T Transfer function 31}
A, Amplitude of primordial power spectrum of scalar perturbations 33
Ng Tilt of primordial power spectrum of scalar perturbations 33
r Ratio of tensor and scalar spectral amplitudes 33
Qaw Observable power spectrum for gravitational waves today 34
fo Physical frequency today 341
N Effective number of neutrino species %
L Lagrangian 36
Vo(e) Tree-level inflaton potential 361
J Coupling of heat bath to the inflaton field 361
T Friction coefficient 36
Mo Thermal mass 37
H Hamiltonian %
Z Partition function 41}
€ =Vk2+m?2 m
te =4t imaginary time coordinate 4]
ng(z) =1/(e®/T — 1) Bose distribution m
s Entropy density 42
Gy Px Number of relativistic degrees of freedom 43}
T. Critical temperature 43}
U Volume fraction in mixed phase 13
fa Decay constant of axion-like particle 44
! = g%/(47) coupling constant of gauge sector 45}
Fy, Non-Abelian Yang-Mills field strength tensor E
Ayv ~+/mf, confinement scale of broken gauge group 45
A Confinement scale of unbroken SU(N,) 45
Q,x Topological charge and susceptibility from non-Abelian gauge sector 45}
da = N2 — 1 color factor 19
o = 1/(6472) 50
[ Reference time given by the Hubble parameter at the beginning of inflation 54]
7,¢ Shear and bulk viscosity 60
5(P) Normalized d-distribution so that [,5(P) =1 65

vi



Chapter 1

Introduction

Any history of the universe begins with something we do not properly understand, let us simply
call this moment in space and time the initial singularity, and assume the immediately subsequent
cosmos to be in an initial quantum state until ¢,, ~ 10™#*s [6]. The present work enters the plethora
of modern efforts to grasp the gap between the initial quantum state and the beginning of the,
theoretically more established, thermal history of the early universe.

The latter starts at ¢t ~ 107'%s |7, p.35], when Standard Model particles filled the universe,
forming an extremely hot and dense environment, that was expanding and cooling (see fig. for
an illustration). In these conditions we expect to find a plasma, where radiation interacts with
fully ionised matter via Thomson scatterings [§8]. As the universe cools down to Tgee ~ 3000K,

{emperature time
\Vj A
1203y £ Yovare here now ~ 1Yy G\/r

&
{] last scattering
Q’L AP 5
g ~ 310 \/y—
g
o
-
Space

Figure 1.1: Sketch of the different processes involved in the origin of the CMB.

around tgee ~ 300000 years after t,,, matter and radiation decouple as the free electrons combine
with the positive particles in the plasma to form a gas [9]. The universe becomes thus transparent
to photons, that from this moment on travel freely across space and time, allowing us to sample
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our universe at t > tgec-

In particular, the radiation that decoupled at t4e. is observed today as a background signal in
the microwave frequency range, redshifted to a black-body temperature of Ty = 2.73 K [10]. We
call this the Cosmic Microwave Background (CMB).

Thanks to the CMB, we learn that the universe is homogeneous and isotropic on scales that
correspond to 1% of the visible sizeE| Temperature fluctuations of the order of 67 /T ~ 1075 are
observed at smaller scales |11]. The large-scale structure in the present universe may have formed
via gravitational collapse of these early density perturbations. Their evolution can be studied
following a perturbative approach within general relativity, as long as they are small. For the
origin of primordial perturbations standard cosmology does however not provide an explanation.

The model of inflation suggests how the perturbations in the CMB could result from vacuum
fluctuations in an early epoch of exponential expansion. Inflationary predictions can be tested
experimentally not only thanks to the CMB and the study of the large-scale structure of the
universe, but also by measuring the abundance of light elements. Another important probe is
expected in the next decades by the detection of a gravitational wave background signal. On the
theoretical side, a realistic and robust framework for inflation is not yet established, and we should
pursue it as meticulously as required for the construction of a new generation of detectors.

In this spirit, here we study the impact of interactions between the inflaton field and a thermal
plasma, seeking to identify a plausible mechanism for transitioning from an epoch of exponential
expansion to one of radiation domination.

Structure of this work

While it may seem more natural to first explore the origin of perturbations and then move onto
their evolution, our approach is to start in chapter 2] with a review of classical perturbations and
their dynamics in cosmology. This provides a natural framework for the introduction of inflation,
which we review in sec. [3.1]in its simplest realization. A step-by-step derivation of standard results
for the primordial power spectrum of scalar and tensor perturbations is presented in secs. (3.2
and [3:3] offering a fresh perspective on the topic. Appendix [A]supplies additional material, while
observational implications are briefly discussed in sec.

Chapter [4] introduces our specific scenario, in which a generic thermal plasma is weakly coupled
to the inflaton. An effective evolution equation for the inflaton field is derived in sec. In
sec. we explore the possibility of the inflaton field undergoing thermalization, and analyze its
impact on the thermodynamic functions of the system. Finally, sec. [I.3] deals with the evolution
equations governing the behavior of the heat bath, distinguishing the case where a phase transition
occurs within the plasma. The example of axion-like inflation is used in chapter [5| to present a
viable inflationary scenario, that is capable of dynamically implementing a heating-up period.
The details on the evaluation of the friction coefficient T and the mass correction entering the
dynamics are left for appendix [Bl While secs. and are dedicated to the determination
of the coefficients entering the evolution equations, sec. [5.4] presents benchmark results.

The implications of our framework for the generation of gravitational waves are studied in chapter
[6] both for the inflationary phase (sec.[6.1)) and the reheating phase (sec.[6.2). The calculations for
the latter are presented in appendix [C} Chapter [7] provides a summary of the main findings and

concluding remarks.

IWhile the CMB radiation was travelling to us, the size of our visible universe has been expanding from dgec ~ 100
Mpc ~ 3 x 10%6cm to today’s value of dg ~ 14 Gpc ~ 4 x 1028 cm, and it is homogeneous at scales ~ 200 Mpc.



Chapter 2

Dynamics of small perturbations in cosmology

The present chapter aims to evaluate Einstein’s equations for small perturbations around the
homogeneous and isotropic background.

The general procedure in cosmology assumes that, as long as the inhomogeneities are relatively
small, we call them perturbations and study their evolution using linear perturbation theory, where
higher powers of small quantities are neglectedﬂ General relativity inevitably leads to an ambiguity
in the choice of the coordinates, considered in appendix[A.T] The perturbative method is applied in
secs. 2.1 and [2.2] where respectively we define metric and energy-momentum tensor perturbations.
The resulting Einstein’s equations are presented in sec. A step by step derivation of the
Einstein tensor can be found in appendix

All the computations in this chapter are performed using flat (x = 0 m™2) conformal FLRW
coordinates, cf. eq. . The assumption of flatness is justified empirically for all observable
epochs in the history of the universe [12]. These do not include the inflationary epoch. Therefore,
when we present the model of inflation in chapter [3] we allow for non-flat initial conditions and
show how, independently of them, the universe becomes flat after inflation.

The gravitational growth depends on the equation of state and the streaming lengthsﬂ of the
stuff filling the early universe [12]. Since the precise nature of the dominant components to the
energy density remains an open question, here we use a general equation of state, cf. eq. .

The background, homogeneous and isotropic universe

Before analysing perturbations, let us introduce the unperturbed background universe. An expand-
ing homogeneous and isotropic universe is described by the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric

dr?

ds? =
1-kr2

FLRW

= —dt* + a®(t) dx> dx?

K K

+r2dQ? (2.1)

where x is a constant representing the curvature of space, x = 0 m™2 for the flat case, and
dQ? = dh? +sin?Ad¢? is the unit solid angle. The parameter a(t) is the (dimensionless) scale
factor, and its relative change in time is called the Hubble parameter,

a

H

o (2.2)

2More details can be found in [13]. For generalisations to the second order see e.g. [14].
3Particle mean free paths between interactions. In addition, the growth is also affected by pressure forces.
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where dots denote time derivatives. Conformal coordinates are defined via the conformal time 7,

dt
dr = — = ds?

o) f LRw = 112(7') [ -dr? + dxi ] . (2.3)

Choosing a positive-definite cosmic time ¢ € [0,00), the conformal time coordinate 7 takes also
negative values. For x = 0 m™2, the metric in eq. (2.3 is related to the Minkowski metric by a
conformal transformation. For classical computations we adopt the sign convention

N =diag(-1, 1, 1, 1) . (2.4)
Let us denote derivatives with respect to conformal time with primes, d, = /, and introduce
al
H=—, (2.5)
a

the conformal Hubble parameter. From eq. (2.3)) we obtain relations between the Hubble parameter
and its conformal counterpart, where @) is an arbitrary physical quantity,

H=aH , H' =ad®>(H? + H) = ai (2.6)
HIQ =H'Q, Q"=d*(HQ+Q) . (2.7)

The so defined space-time manifold for the background universe can be conveniently sliced into
a family of space-like submanifolds M. of constant conformal time 7'E| In a homogeneous and
isotropic universe all physical quantities only depend on 7. Therefore, on each M., unperturbed
quantities reduce to constants.

Spatial coordinates give the threading of the space-time into 2= const threads, as illustrated in
figure @ At each space-time point p we find a covector n, normal to the corresponding time slice
M., and a vector t* tangent to the thread passing through p,

ne=|n|(1,0), "= (1,0) . (2.8)

They can be normalized to unit length with ¢"*n,n, = g, t*t" = -1 (see egs. (2.33) and (2.34)).
For the unperturbed universe, computations are performed in a locally conformally flat frame,
where for any (symmetric) tensorial quantity @ we denote

Q'=0"Q;=Qi, ..., v2Q = 8'9,Q , tr Qi =tr QY =Q! . (2.9)

It is useful to distinguish the d’Alembert (box) operator with respect to the background metric
in standard and conformal FRLW coordinates. Denoting by g,. the background metric given by

eq. (2.I) or eq. (2:3), and g = det g,.,,, we obtain respectively,
R 1 — -3 3 i
0:Q=9""D,D,Q = 7_8;1 (\/__gg 8VQ) =a [at(_a Q) + 0i(al )]
Ve
G- 3HG a0, (2.10)
0,Q =a ™ [0-(-a*Q") + 0;(a®Q") ] =a? (-Q" - 2HQ' + V*Q) . (2.11)

Derivatives are denoted by 9,Q = @ ., while D,,Q = @, is the covariant derivative.

4An introduction to the topic of time-foliation can be found e.g. in [15].
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thread

x*= congt

T =Cohst

T=const

Figure 2.1: Sketch of the time slicing and spatial threading of the space-time in D = 2+1 dimensions.

Components of perturbations

We now switch on spatial fluctuations on top of the constant background on M. and assume that
any physical quantity Q(z) can be decomposed into the sum

Q(7,x) = Q(1) +6Q(7,x) + O(5?%) (2.12)

of a homogeneous and isotropic quantity Q(7), and a small (linear) perturbation §Q(7,x). The
same procedure should be applied to the metric tensor describing the geometry of space-time,
whose zeroth order part is given by eq. . Therefore, indices are raised and lowered using the
perturbed metric. However, at linear order metric perturbations only act on background quantities
Q, so that for §QQ we maintain the notation introduced in egs. 7.

Within the perturbative method, the laws of physics are linearized around the background.
Subtracting the Einstein equations of general relativity at zeroth order from the ones for the full
theory we obtain the first-order equations,

5G*, = 87 GST", (2.13)

where G denotes the gravitational constant. This set of equations describes the evolution of
primordial perturbations towards the large-scale structures we observe today.

Scalars
The first-order decomposition of a scalar quantity A(7,x) accordingly to eq. (2.12)) gives
A(T,x) = A(T) + SA(T,x) + O(6%) . (2.14)

Vectors

An arbitrary 4-(co)vector B* = (B°, B') is made of a scalar temporal component B’ and of a
spatial 3-vector component on M. Applying the decomposition introduced in (2.12]), note that
spatial components of background quantities vanish as there is no preferred direction,

B*(7,x) = B*(1) + 0B"(1,x) + O(6*) ,  B*=(B°, 0), éB"=(",6B"), v’ =0B", (2.15)
and 9; B = 0 for all spatial directions i = 1,2,3. With respect to the flat-space metric, § B* can be
further decomposed into a curl-free and a divergence-free part,

bV =6B =bi+b,  b=-0b=-b", 9;bi =0, (2.16)
denoted as the scalar b (b is a scalar) and vector by parts of the spatial perturbations §B? [16]. In

Euclidean space, this decomposition follows from Helmoltz’s theorem [17, p.97]. All together we
have two scalars {b°,b} and one divergenceless 3-vector b’ .
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Higher order tensors

For the purposes of the present treatise, it is enough to consider rank-2 tensors C,,. Restricting
moreover to symmetric tensors Cy,,, = C,, in four dimensions we are dealing with ten independent
components. We define

Cun(1,%) = Cpp (T)+ 3C,,(1,%x) +O(6?) , (2.17)
—_———
5000 = —200
—260 ‘ —Cj
0Ch; = 6Ci0 = ¢4 = 00, = , (2.18)
—C; ‘ —2(51‘ch + Q'Yij

0Cs5 = =20;5¢p + 235
where v;; = v;; is traceless, Wf = 0. For the homogeneous and isotropic background it holds
Coi=Ci=0, Cij=Céy, 9,C=0;Coo=0Vi=1,23. (2.19)
The 3-vector ¢; can be decomposed as discussed above,

ci=c+c & =-0ic, 9¢c =0, (2.20)

while the traceless 3-tensor v;; can be written in terms of scalar, 3-vector and 3-tensor partsﬂ

Yig = (2.21)

iy = (905 - 6,9 [3) 7, (2.22)
v 1 %

Vi =5 @ +0m) . 9i=0, (2.23)

Fi=0, =0 (2.24)

To sum up, for symmetric tensors we have four scalar degrees of freedom {co,cp,c,v}, two 3-
vector degrees of freedom {c,~;} with one constraint each, and one 3-tensor degree of freedom ij
with four constraints in total. As a crosschek, we are left with 4 +2 x (3—1) + (6 —4) = 10 free
variables. Among these only 6 are physical, i.e. non-redundant via coordinate transformations, as
we show in appendix The strange-looking minus and factor-of-two conventions in eq.
are introduced to simplify the notation in sec. 2.1} and the gauge transformations in appendix [A]

2.1 Flat FLRW metric perturbations

The fluctuations of the spatially flat FLRW metric in conformal coordinates can be computed with

egs. (2.18)—(2.24)). Let us introduce the notation
Guv = Guv + 69;“/ = a® (77/,1,1/ + h;w) s (2.25)

where 7, is the Minkowski metric and h,, its perturbation. The dimensionless scale factor a is
normally defined as unperturbed.

Now, the identification of points in the two different space-times g,,,, and g, is gauge-dependent,
as discussed in appendix The quantity dg,, is therefore not a tensor, neither is h,,. To find
the inverse ¢*¥ = a?g"¥ — n*¥ we solve

I L WO g i PR (2.26)

5As many authors only consider scalar perturbations, the convention of e.g. [12] and others is different: 601?3‘? =

—26;5¢y + 27“1.‘]’. , where w“i‘; is not traceless. However, since the traceless part of 4" agrees with our v, we find the
relations v = "¢ and c¢p = & — (V24")/3 among the two conventions.
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Up to linear order, the inverse metric decomposes then as
gl =g + 6gH" = a’z(n’“’ - ht") . (2.27)

To recover the scalar-vector-tensor decomposition, cf. eq. (2.18]), we deﬁneﬁ

hoo = —2hg (2.28)
hoi = hio = —hy , (2.29)
hij = 2(—51'th + 191'3') . (230)

In matrix form the metric and its inverse are hence given by

) -1-2hg ~hi
- ’ 2.31
Iu a’(7) ( —h; (1=2hp)dij + 29 o
~1+2h —hi
" . ; . 2.32
g% =a(7) ( ~h;  (1+2hy)6;; - 2191‘]') o

We can now normalize the two vectors defining the slicing and threading of space-time (cf.
eq. (2.8)). Recalling that n* is normal to the slices of constant conformal time 7, while t* is
tangent to the threads of constant spatial directions z?, we find

nt = a (=1 4+ ho, hi) , ny =a(l+ho,0), (2.33)
t" =a (1 - ho,0) , ty=a(=1~ho,-h;) . (2.34)

The normal and thread vectors differ by the shift vector h;, while hg gives the proper time sepa-
ration between the slices, taken along the thread.

The 0i and ij-components of the metric can be further decomposed, cf. egs. (2.20)—(2.24)),

hi=-0ih + 1Y O'hi =0, (2.35)
Bij = 05 + 9y, + 9%, 055 = (0:0; - 6:;;V3[3) 0, (2.36)
v 1 7
191']' = —5 (811% + 3]197) s 0 191 =0 s (237)
t i gt
9 =0, 0", =0. (2.38)

Under small coordinate transformations z# = z# + £ they transform as derived in appendix [A7]
The background values can be found by rescaling the zeroth-order components of eq. ([2.31)): Coo =
(=a?)/a*=-1, C=(a?)/a® =1 and C}, = -2d'/a , C' = 2a’/a. We obtain

4

ho=ho- € - 2¢° (2.39)
a
hi=h; +& - 0;¢° h=h+¢&+¢°, (2.40)
hY =hY +&, (2.41)
A
o= by — 2%+ L0 (2.42)
3 a
= 1 1 .
Vij = Vij = 5(0i& + 9;&) - §V2§ = J=09+¢, (2.43)
D =0; + €, (2.44)
03y =05 - (2.45)

6 Another notation frequently used in the literature, see e.g. |18 p.224], is hoo = —2A, hg; = hio = —B; and
hij =2(=Dd;; + E;5), or variations thereof.
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Newtonian gauge

An intuitive gauge choice is the one where the perturbed metric can be described by an almost di-
agonal matrix. The conformal Newtonian gauge satisfies this requirement for scalar perturbations,

~ (2:46)

We consider the gauge transformation from an arbitrary gauge to the Newtonian gauge. From

eq. (2.40) and eq. (2.43) we get

imposing the two gauge conditions

(=9, &=9-h. (2.47)

The remaining scalar quantities transform to

620 =ho— (9 —h) = (0 ) = ho+ ~ [(h-9")a] (2.48)
a a
N 1 2 a/ ’
’(/JEhD:hD+§V 9+ —(0" -h), (2.49)
a

and define two gauge invariant quantities, known as the Bardeen potentials [16]. Gauge invariance
can be proven by using the relation 9’ — h = 9’ — h - £, yielding
7 o @0 1 0_ .1 o @0 10y
¢=ho-¢ —Ef +g[(h+f -9)a] =¢-¢ —Ef +;(§ a) =¢, (2.50)
~ 1 ! 1 1 !
G=hp-=V2E+ L4 2294 -2+ L —h-€0) =4 . (2.51)
3 a 3 3 a
The remaining two gauge conditions can be imposed e.g. as

§==9;, 0¢=-00;=0 = 97=0, hil,=h)-0;, (2.52)

3

so that in this gauge the scalar, vector and tensor parts of the metric perturbations decouple,

6 0 0 —hY, 0 0
B lo=—2 R i)Y R =2 . 2.53
,uu| (0 wéz] /_w| _hliq|v 0 m |'ﬁ 0 1923 ( )

In the remainder of this section we work in the Newtonian gauge and denote

-(1+2¢) —hi

N 2 7 i 7
v = = 5 8hi:0, 191 :O, 819120 2.54
G = Gy =@ ( —h; (1—2¢)5ij+219ij) J (2:54)

In order to evaluate the left-hand side of Einstein’s equations, (2.13), we compute the curvature
perturbations corresponding to eq. (2.54).

Space-time curvature perturbations

The results presented in this section are derived in appendix Here we briefly go through all
steps that lead to the Einstein tensor G*,. The first step is the computation of the Christoffel
symbols at zeroth and first order,

1 o
FZV = §gp (gau,ll + Gov,u — gm/,a) . (255)

The resulting non-zero components of the Ricci tensor,

_ pa 7« « B pa B po
Ry = ROy =T, o ~T% , +T5, T8 ~T0. TG, (2.56)

pnav pv,o po,v
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are to zeroth order

Roo = -3H' = RO =3a7?H’, (2.57)
Rij = (M +2H?)d,, = R'j=a 2(H +2H?)0; . (2.58)

For the perturbed Ricci tensor one obtains the components

6Roo = 3¢" + V2 + 3H(¢' + ') , (2.59)
6Ro; =20 + 2H e ; + %v% - (H +2MH*)h; | (2.60)
OR;; =[O = H(d +5¢) = 2(H + 2H?) (¢ + )] 6i;

+ (=) + %(hm’ +hji)"+ H(hij + hji) (2.61)

+ 07 = VP05 + QMO + 2(H + 21 )y

Raising one index requires the use of the perturbed metric, §R'; = §** 6R,; + 6g"* R,,;. The Ricci
scalar R = R¥,, is then

all

R=6a2(H +H?) = 65 (2.62)
SR =2a"2[-3¢" + V(2 - ¢) - 3H(¢' +3¢") —6(H +H*)9] | (2.63)
and we can compute the Einstein tensor,
G', =R, - %J“VR . (2.64)
On the left-hand side of the unperturbed Einstein equations we thus have

G%=-3aH*, Gov=G%=0, G'j=-a?(2H +H*);, (2.65)

while at first order the components of the Einstein tensor are

6G % =207 [~V + 3H(Y + Ho)] | (2.66)
6G = a2 [2(0 + Hp) ' + V2RI [2+ 2(H - HH)R'] (2.67)
0G0 = —a 2 [2(¢" + Ho) i + Vhi/2] , (2.68)

8G'y =a”? [20" - V2 (1 — ) + 2H (¢ +20) + 2(2H + H?) 9] ',
+a? [(w —0)5+ %(hfj + B+ H (DY + h) = 0,0 + mi;] . (2.69)

We now have all ingredients to evaluate the left-hand side of the Einstein equations and move
further to compute the right-hand side.

2.2 Energy-momentum tensor perturbations

Let us work again in an arbitrary gauge. Being a symmetric rank-2 tensor, the energy-momentum

tensor T, follows egs. (2.18)—(2.24). Therefore we write
T, =T", +0T", , (2.70)

and recall that such a tensor has ten degrees of freedom in the perturbations, six of which are
physical, while four are gauge degrees of freedom. Before proceeding in their 4 + 4 + 2 scalar-
vector-tensor decomposition (2 + 2 + 2 physical), we decompose the energy-momentum tensor in a
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perfect-fluid, and a non-perfect-fluid partE] The background tensor takes the perfect-fluid form
T = (e +p)a'a” +pg"” , T+, = (e +p)u'u, +pé*, , (2.71)

where e is the energy density and p the pressure of the fluid. Their background values are related
to each other by the equation of state

p=p(e) , = g ) (2.72)

The 4-velocity of the medium is denoted by u*. We assume the fluid to be at rest @’ = 0, such that
the velocity is defined by

dr

ut =at +out, at= (—,
dt

o) —a N (1,0), @, =a(-1,0) (2.73)

while the physical velocity is v; = v* = au’ = adu’ . For the components of the covector du, we find

dug = dgou " + gopdu = —2ahg - a?ou’ | (2.74)
du; = 69, 0" + gipout = —ah; + azéijdui =a(-h;+v;) . (2.75)

The value of 6u? is inferred by imposing uyutt = -1,

u,ut = -1+ a (~2ahg - a*6u’) - adu® = ou’ = -a"'hy (2.76)

= u“:a‘l(l—ho,vi) 5 uu=a(—1—h0,vi—hi) . (277)

At linear order the perfect fluid (pf) part of the energy-momentum tensor is thus

T | = T, + (6 + 3p) (=50 8%, ) + (¢ + p) (15% Suy, — ad®, W) +opon, (2.78)
a

(70N P Ep@om) 279
0 pd; -(e+p)v* opd;

Looking at eq. (2.79), one could be worried about TY; # T%. However, raising and lowering the
indices, we find that the energy-momentum tensor is indeed symmetric, 7% = T% and Tpy; = Tjg -

The remaining five non-pf degrees of freedom are encoded in the anisotropic stress tensor Hé,
i _(0p i
oT j|mt =p gé j + 11 il - (280)

Since Hij is traceless, the separation into dp and Hij is unique. Let us remark that dp does not
agree with the thermodynamic pressure perturbation, but it rather includes corrections involving
velocity gradients as well. We decompose the perturbation 67% in scalar, vector and tensor parts

as in eqs. (220)-(224),

v; =V ) v} ==0;v , o'y =0, (2.81)
I;; = IS, + IT; + 1%, IT; = (9;0; - 6;;V2[3)1T (2.82)
IT; = —%(ainj +01;) | o' =0, (2.83)

§9IIY =0, o'y =0. (2.84)

"For a detailed derivation of the energy-momentum tensor of free particles in curved space-time see |12} p. 133].
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In order to construct gauge-invariant counterparts for the variables de, dp, v and II, in anal-
ogy with ¢ and 1 for the metric perturbations, we investigate how these transform under gauge
transformations. Being e and p four-scalars, they obey eq. (A.3),

de=de-e¢, op=0p-p'e® . (2.85)
Under coordinate transformations, the four-velocity u* behaves as described in eq. (A.5)),
1
60’ = ou’ - u”¢” + " u’ = 5u’ + —(HE" + &) (2.86)
a

out = out + ¢ = su' + lg“ = 7 = oy+e. (2.87)
a ()

Since at zeroth order there is no anisotropic stress Il;;, the latter transforms trivially. A gauge-
invariant formulation could be obtained by fixing these quantities in the Newtonian gauge with
€0 =9 —h and € = -9, cf. eq. E| However, the resulting energy-momentum tensor in the
Newtonian gauge does not simplify, suggesting the existence a smarter gauge choice for the right-
hand side of the Einstein equations. Knowing the relation between the gauges explicitly, we can
use them to define new gauge-invariant variables and simplify the Einstein equations.

Comoving gauge

The slicing introduced below eq. (2.7)) is said to be comoving, if it is orthogonal to the fluid
4-velocity[]
nt a_l(l—ho,hi)éu” a_l(l—ho,vi) . (2.88)

A comoving slicing does therefore not necessarily exist in general. However, for scalar perturbations
vg = —v; and hl = —h ;, it always exists, as one can always impose

comoving slicing < wv=h. (2.89)

using the gauge transformations (2.87)) and (2.40). Eq. (2.89) is obtained by choosing

@ =v-h. (2.90)

This does not yet define a (scalar) gauge, as ¢ is still arbitrary, i.e. the threading is left unspecified.
The threading is said to be comoving, if the threads are world lines of comoving observers,

t BED 71 (1 - g, 0) 2w B 07 (1= o, o) (2.91)
For scalar perturbations this means
comoving threading < v=0. (2.92)
According to eq. , we get to comoving threading by the gauge transformation
&=-v. (2.93)

This condition does not fully specify the threading, as one remains free to act with time-independent
transformations &' = 2 — &%, cf. eqs. (A1) and (A.7).

8What justifies the expression gauge invariant is that we have given expressions for the Newtonian gauge quanti-

ties in terms of the corresponding quantities in an arbitrary gauge, and that the Newtonian gauge conditions fix the
gauge uniquely. This is not true for all so-called gauges, see e.g. the synchronous gauge condition hg = h =0 [19].
90r, when TH" is not a fluid, if n,THY is parallel to n” .
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The comoving gauge is defined by requiring both comoving slicing and comoving threading, such
that the threading is orthogonal to the slicing,

th =nt =y < vo=h"=0]. (2.94)

In order to transform from arbitrary to comoving gauge, one uses both eqs. (2.90) and (2.93]). We
relate the comoving and the Newtonian gauges by applying eq. (2.47)),

6 = b — HO — 9" he = ¢ — v — Ho (2.95)

Y =he + %vzﬁc + HO he, + %v%c = +H = -R (2.96)
N = -9 9 = -0~ (2.97)
deN = de — ey de¢ = et —e'v™ (2.98)
opN = 6p° - p'9’ op° = 6p~ —p'oN . (2.99)

The variable R introduced in eq. (2.96|) gives the trace of the three-dimensional metric in the
comoving gauge. It thus describes the curvature of space-like hypersurfaces in this gauge, so that
it is often called the curvature perturbation. Its form in an arbitrary gauge is

1 ~ 1 1
z—[hD+§V219+’H(v—h)] , R:R+§V2£—’H£O—§V2§—’H(—§0) =R . (2.100)
For later purposes, it is also useful to define a further gauge-invariant variable,
Sec S =1 5 5 =1 =/
Az 2 S ony, A=L S0 S (y_h-€=A. (2.101)
e € e e e e

Continuity equations
From the Einstein equations given in eq. (2.13)) one can derive the continuity equations
T,y =T",  + T8, T, T, 1", =0, (2.102)

for the energy-momentum tensor. Sometimes they suitably replace some of the Einstein equations.
For the background, eqs. (2.102)), (2.79) and (A.51) yield

Thop =T+ 4H T -H T % -H6T/ =0 & = -3H(e +p) \ . (2.103)
At first order, eq. (2.102)) becomes
OT*, o+ 01, T, +fZ#5T°‘U =Ty, T, —f‘l‘fﬂéT“a =0. (2.104)

Restricting to scalar perturbations, we evaluate eq. (2.104) in the Newtonian gauge, in order to
make contact with the results of chapter obtaining

v=0: 6eN + 3H(6eN + 0p™) — (e+p) (V2N +3¢') =0, (2.105)

yoi opN + (24 P)(4HV™ - 6) + [(é+p)vN]’—§p VAI=0. (2.106)

2.3 Einstein’s equations
In this section we collect together the results of secs. and to obtain the Einstein equations
G*, = 87GT", (2.107)

in the Newtonian gauge. For an overview, the variety of symbols encountered so far is summed up
in table 211
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3y | | 5T,
gauge arbitrary N ¢ | arbitrary dof
scalar | hg,h,hp, 9 ¢, | R | de,op,v, 1T A | 2
vector hy,9; h; - vy, I, - 2
tensor 05, Vi | - IT;, - 2

o

Table 2.1: Overview of metric and energy-momentum perturbations in their different components,
and variables in Newtonian (N) or comoving (¢) gauges. The number of real degrees of freedom
(dof) is listed in the last column. The curvature perturbation R is listed separately, as it describes
scalar metric perturbations using the notion of the fluid velocity v.

Zeroth order

For the homogeneous and isotropic universe, the 0 and :0-components of

G", =8rG T", (2.108)
vanish, so that we are left with two identities, for the 00 and ij-component respectively,
3a7*H? = 8nGe , (2.109)
—a”?(2H' + H?)8} = 8nGp 0} . (2.110)
Inserting eq. in eq. (2.110) we obtain
a2 = 5TC o2 , (2.111)
H’:—g(m 3p)a* . (2.112)

Note that eq. (2.112) follows from differentiating eq. (2.111]) with respect to conformal time and
using the continuity equation (2.103)). Therefore, only two of the three equations are independent.
To describe the evolution of the background we choose

H? = ?écﬂ : (2.113)
e =-3H(e+p) . (2.114)

As the energy density € and the pressure p are related by the equation of state (cf. eq. )7 we
are dealing with two equations for two unknown variables: a and é. From eq. we learn that if
the expansion of the universe is decelerated, d < 0, then H' < 0. By eq. , the energy density
and the pressure must then satisfy € + 3p > 0. On the other hand, an accelerated expansion d > 0,
as postulated by inflation, implies H’ > 0 and therefore € + 3p < 0.

The equation of state takes a simple form in most cosmological applications, so that egs. (2.113)
and (2.114) are immediately solved,

p=we = ée~a 0 (2.115)

For radiation, non-relativistic matter and vacuum energy one sets respectively w € {1/3,0,-1}.

First order

We evaluate here the different components of
oG+, =8rGoTH, (2.116)

for scalar, vector and tensor perturbations in the Newtonian gauge.



Chapter 2. Dynamics of small perturbations in cosmology 14

Scalar perturbations

The scalar parts of the 00 and Oi-components of eq. (2.116)) yield the coupled equations

V23 - 3H (Y + Hop) = 4rGa’de (2.117)
(V' +Hep) i = —4nGa* (e + p)v; Y +Heo = 4nGa*(é +p)v |, (2.118)
that combined give the constraint equation
V21 = 4rGa’® [de + 3H (e + p)v] < V21 = 4rGa’eA ‘ , (2.119)
—
=eA

where we used the continuity equation (2.103)) for the background, to identify the gauge invariant

quantity A, cf. eq. (2.101). An integration constant would in principle enter eq. (2.118). We omit
it considering that it would correspond to a background contribution. Remarkably eq. (2.119)

reproduces the equation of Newtonian gravity. For the physical interpretation one should however
keep in mind that the left-hand side represents the metric perturbation in the Newtonian gauge,
while the right-hand side is the density perturbation in the comoving gauge. Moreover the definition
of the Newtonian potential is ambiguous, as given by ¢ or .

The ij-components of eq. (2.116|) yield a constraint and an evolution equation for the traceless
and trace part respectively,

1 1
(aiaj - g5ijv2’) (¥ -¢) = 87TGa2}5(5i8j - g(sijVQ) 1, (2.120)
O+ HEQY + )+ (QH +H) b+ %VQ((;) — ) = 4wGa’dp . (2.121)

Integratingjﬂ eq. (2.120) and using eq. (2.110f), these can be simplified into

Y —¢=81Ga’*p 11, (2.122)

V" H(2Y + @) = AnGa? [25 (¢ + évQH) + 5p] : (2.123)

The continuity equations (2.105)) and ([2.106)) follow from combinations of these four constraint and

evolution equations. If there is no anisotropic stress, II = 0, the Bardeen potentials coincide, ¢ = 1,
and the ambiguity of the Newtonian potential is lifted.

There are various ways to turn the coupled system of equations presented above into a sin-
gle differential equation. Conceptually attractive may be to find a wave equation for a metric
perturbation, sourced by energy-momentum perturbations on the right-hand side. Here we briefly
demonstrate how this can be done, commenting afterwards on why the result is, however, of limited
value in the inflationary context (introduced in chapter [3)).

To proceed we eliminate the variable (€ + p) v by making use of egs. (2.118)) and (2.119]). Sub-
stituting 87Ga?p = ~H? - 2H' in eq. (2.122)), one can solve for ¢,

=1+ (H?+2H ) (2.124)
= ¢ ="+ (M2 + 2H ) + 2(HH + H)IL. (2.125)

10For this define D = 1) — ¢ —87wGa’p II. Going over to Fourier space, we find that (kik; —k251-j/3)Dk =0, implying
Dy =0 for all k+0.
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In the remaining terms, we substitute 47Ga? = 3H?/(2€), whereby the system becomes

2
V20— 3HY - 3Hp = %ﬁe + 3H2 (M + 2H)IT, (2.126)
e
2 2
"+ 3HY + (HE+2H ) = 3727_@ —(H* +21") (VSH + 7—[1‘[’)
&
—[2HHH +H") + (H* +21)*| 1T (2.127)

Finally we take a linear combination of eqs. (2.126)) and (2.127). A particularly illustrative one is
obtained by multiplying eq. (2.126) with —c2, yielding

[aﬁ _ 2V 4 3H(1+ ), + 3H? (cg P
e

I3

N —

| W
<

2 50— 25 2= 2 2 B
_3HT ozl  HP Go g o2 (2S8R |, (2.128)
2 e 3 3 p e
where we made use of the background identities
2 = 3 — 2
’H':—H?(l+3fp) , H”:?;(1—:ﬁ3+9c§+‘%sp) . (2.129)
e €

A nice feature of eq. is that in the absence of anisotropic stress, i.e. for II = 0, the right-
hand side is simple, and the combination ép — c2de is gauge invariant (it is proportional to what is
known as the entropy perturbation). Furthermore, in the absence of any source, the wave equation
describes damped oscillations. That said, eq. is useful only in the case that dp,
de and II are independent of metric perturbations. The wave equation takes a different form if
they are expressed in terms of some microscopic degrees of freedom, like the inflaton field, so that
derivatives, and therefore metric perturbations, appear in dT#,, cf. sec. [3.2

Vector perturbations

The vector parts of the 0i and 0 components, cf. egs. (A.66) and (A.67), yield the (after using
egs. (2.111)) and (2.112))) equivalent equations

—%thizstﬁ(mp)(vy-hi), %Vzhi+2(7{’—7-[2)hi:—87rGa2(é+p)v;’. (2.130)

The time evolution of vector perturbations is given by the i¢j-components of the Einstein equations,

cf. eq. (A.68),
[a2(hi7j + hj,i)], = —87TGCL4[3(HZ"]‘ + H]ﬂ') . (2.131)

If the right-hand side is zero, eq. (2.131]) implies a fast decay,

IL; j +11;; =0 = hy;+hj;~ 2 (2.132)
i.e., in the absence of anisotropic stress vector perturbations can be neglected.
Tensor perturbations
The tensor part of the ij-components is, cf. eq. (A.68)),
2 2=
07 + 2H0;; = V05 = 8nGa’p 11 . (2.133)

The differential operator on the left-hand side is nothing but the wave operator for FLRW coor-
dinates, cf. eq. (2.10). Therefore, if Hfj =0 eq. (2.133) describes source-less gravitational waves
propagating through the expanding universe, 0,%;; = 0.



Chapter 3

Origin of primordial perturbations from vacuum

fluctuations

From the results of chapter [2] we learn that:

* scalar perturbations couple to density perturbations, cf. eq. ,

* vector perturbations decay rapidly in time, cf. eq. ,

* tensor perturbations describe gravitational waves, cf. eq. .
Primordial scalar perturbations are therefore the seeds of structure in the universe, while tensor
perturbations are important messengers from the very early times, as pointed out already in [20].
Gravitational wave detectors capable of measuring a background signal from cosmological sources
are now under construction [21]. Until they become operative, the earliest probe of the universe
available today comes from the CMB, at t4e., where we observe relative scalar perturbations of
the order of O(ST/T) ~ 1075 [11].

The observation of §7'/T has some important conceptual consequences. In particular, it is not
clear where these perturbations originate from, and why they are so smallE To elucidate the
latter issue, let us recall the discussion about eq. . If the universe is radiation (p > 0)
or matter (p = 0) dominated, then its expansion is decelerated. Assuming that this is the case
already before tgec, the size of the visible universe at tqe. consists of ~ 10% causally disconnected
regions |12, p.282]. How is it possible that the temperature is so homogeneously distributed over
far apart regions, that could have not equilibrated in the past?

The high homogeneity and isotropy observed in the CMB can be explained by an earlier period
of accelerated expansion, which is commonly called inflation. At the same time, inflation also offers
for an interpretation of primordial perturbations, in terms of quantum fluctuations originated in
the past. We sketch this argument with the help of fig.

Quantum fluctuations are produced at all scales, but at very early times their physical frequency,
k/a on the light-cone, is enhanced by the smallness of the scale factor a — 0. If the universe
expands exponentially, the expansion rate, H, remains constant, while k/a decreases, meaning
that the corresponding wavelengths get stretched rapidly. When the frequency reaches the order
of magnitude of the expansion rate, k/a ~ H, the evolution of the fluctuations is not determined
any more by microscopic quantum interactions, but by classical long-distance effects. We say that

perturbations exit the horizon.
Inflation is introduced in sec. while sec. illustrates the generation and evolution of

11 The standard Big Bang scenario leads also other unnatural observations, see e.g. |25]. Here we discuss only the
so-called horizon problem.

16
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Figure 3.1: Dependence of the physical momentum k/a and the Hubble parameter H on time.
During inflation the universe expands fast compared with time scales of physical processes.

vacuum scalar fluctuations during inflation. A similar analysis is performed in sec. for tensor
fluctuations. Finally, in sec. we address the question of how inflationary predictions can be
tested experimentally.

3.1 Cosmological inflation

The simplest dynamical models of inflation involve a single scalar field ¢ as the order parameter
for the evolution of the inflationary energy in time. In the last two decades, a bunch of different
inflationary models [22] have been sprouting in the effort of improving on the first idea [23]. The
present section should provide a brief summary of the simple chaotic inflation example |24HE|

With the aim of showing that inflation implies a flat (x ~» Om™2) universe, we use conformal
FLRW coordinates (7,r,0, ¢) with generic curvature k (cf. eq. ) Some equations are however
transformed in standard FLRW coordinates (t,r,0,¢) (cf. eq. ) to facilitate their discussion.
Relations among the standard and conformal frameworks can be found in egs. and . The
unperturbed Einstein tensor for generic « is derived in appendix [A-2]

Essential dynamics

Counsider a background (spatially homogenous and isotropic) scalar field ¢(7,2) = @(7), with self-
interaction potential V' (), as the matter source for the universe. The minimally couplecﬂ theory
of general relativity is described by the action [6]

S = ﬁfdzlx\/—_g]% - fd4:c\/—_g[ %<p7ug0"“+V(cp) ] . (3.1)

12For more details we recommend [25].

13Models where the inflaton couples to gravity also via a non-minimal term in the Lagrangian have been considered
(see [26] for a literature review). However this is forbidden if the theory is shift-symmetric under ¢ — ¢ + ¢ with
ceR, cf. chapter El
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Varying the action by the metric we obtain the unperturbed Einstein equations G* = 87GT#, while
varying it with respect to the field ¢ one gets the scalar field equations

v

(V=90 u=vV=9Ve, Ve=5-. (3.2)
@

For the background FLRW expanding universe spatial derivatives vanish, and with the metric
determinant —g(7) = [a®(7)]* or —g(t) = [a*(t)]® one finds

AN R LU - @V 2T (53)
N PR = (3"V/F) = -3HVG (3.4)

The evolution equation for ¢ that follows from eq. (3.2)) is therefore independent of ,
G+ MP +a®V,(p) =0 5 G+3HE+V,()=0. (3.5)

The energy-momentum tensor,

1
=—o" ( 7+ V) +to,, (3.6)

is diagonal at zeroth order. Comparing with the unperturbed energy-momentum tensor of a perfect
fluid in eq. (2.78]), the unperturbed energy density and pressure are

= -1% - O ve-Tave). @)
5 =T, - - @ v 6

Inserting eq. (3.7 in the zeroth order 77-component of the Einstein equationﬁ one obtains

G [ Tt K 8rG

H2 4k = )", V(@)] = gt [ + V(@ )] (3.9)

3| 2 az 3

The continuity condition (2.114]) yields precisely the same equation as (3.5). Taking the derivative
with respect to 7 or ¢ in (3.9 and using eq. (3.5)) yields a k-independent evolution equation,

/ 87TG _r _ Tt .
H =——— [((p )2 —aQV(go)] — H+H*=

87TG [
3

o -V(p)] . (3.10)

The latter corresponds to eq. (2.112f), from which we recall that an accelerated expansion implies
a negative pressure. In this case the potential energy must dominate over the kinetic energy,

1 T vpls0 = V@) (311)

a
The evolution of @ is then strongly damped by the Hubble expansion term 3H @ in eq. (3.5). With
eq. (3.11)), and omitting x/a? for a moment, eq. (3.9) approximates to

B a(t) 8TGV

Talt) 3

meonst = a(t) = a(0)et . (3.12)

Therefore, during inflation the radius a(t) of the universe grows exponentially with time. As a
consequence, the factor x/a? in eq. (3.9)), whatever value it took before inflation, gets exponentially

4For the corresponding Einstein tensor see eq. (A.39)).
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suppressed. If the inflationary period lasts long enough, eventually its curvature becomes negligible:
the universe is stretched out to a flat spatial geometry.

With respect to conformal time we find

da 1
3" const-a®, const=H = a(tT) ® —

T a(1=0)

(3.13)

Hr '

Choosing a(7 = 0)™! = 0, the conformal time coordinate 7 runs from —oo to 0, assuring that
eq. (3.13) is always positive.

It can be shown [24] that, for any initial value @(0) # 0 far from the minimum of the potential,
and for any ¢(0), the solution @(¢) of the eq. enters a highly damped slow-roll regime,

ol < [3H@| ~ |V,| . (3.14)

With eq. (3.14) and H ~ const. the non-linear system of equations (3.5) and (3.9) simplifies to a
linear one. The slow-roll rate is often parametrized by the slow-roll functions,

2
€y = 167er (%) <1, 77‘/57TLM «<1. (3.15)
Inflation has thus an attractor property: it erases the memory of the initial conditions. The end
of the inflationary period occurs when the slow-roll conditions are violated, ey, ny ~ 1, such
that the approximation in eq. breaks down.

Similarly as for the curvature argument, one can assume a non-homogeneous initial state at the
beginning of inflation, such that at t.,, different regions are characterized by a different constant
value of @. If inflation lasts long enough, the inflaton field reaches its minimum @ = 0 in every
region, and the state at the end of inflation is a homogeneously defined vacuum, with respect to
the inflaton field.

The duration of the exponential expansion is parametrized by the number of e-folds

t
AN(#) = dln Wemt) (3.16)
a(t)
that gives the total logarithmic expansion accrued during inflation,
tend Pend H Pend H2 8 Pend V
Niog = f AtH = dp ~ —3[ dp i m - [ dp— . (3.17)
tstart Pstart 2 Pstart Vgp my, J @start Vgp

To guarantee that the modes, which have re-entered the horizon just recently, were causally con-
nected before inflation, it is customary to require that the inflationary period extended for at least
N 2 60 e-folds [12| p.288].

The free massive scalar example

We study an example by considering the simple potential V () = %mQLpQ. The slow-roll conditions

take the form )

pl

6m @2

_ my
> — 3.18
Sy~ (3.18)

For this special choice, the mass m of the inflaton field does not enter eq. (3.18). The fact that
@ is of the order of magnitude of the Planck mass m, doesn’t involve quantum gravity effects,

€y =2ny =
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t Yeheating ¢

Figure 3.2: Time dependence of the inflaton field (left) and the free massive scalar potential (right).

provided that the physical energy scale satisfies \/m@ <« m,,. The equations (3.9) in the slow-roll
approximation become

1 _
Y (3.19)
3 my

3Hp ~ -m>@ . (3.20)

Dividing eq. (3.19)) by eq. (3.20)), one can solve a simple differential equation for @,
3¢ 5 = @) =¢ Moty e <t<t (3.21)

N = ——mpym = Pstart — T /—=10; start end - .
¥ 47T pl ' ® \/m d

The time t,,q4 is given by @..q~m,,/v/67. The logarithmic duration of the accelerated expansion,

. 4 @end 2
Niot _i f @d@ = l [@fﬁart - 953nd] 260, (322)

m12,1 Pstart m;%l

can bound the initial field value from below, @, 2 5y,

At @ approaches the minimum of V', the kinetic term is no longer suppressed by the potential,
and H starts evolving in time. As a result, the dynamics becomes non-linear and the scalar field
begins to oscillate around the minimum of the potential, as a damped harmonic oscillator. During
the oscillations, ¢ is expected to gradually lose its energy to radiation, i.e. Standard Model degrees
of freedom. Its pressure, cf. eq. , averages then to zero, as for non-relativistic matter.

The exact differential equation of motion obtained from eq. can be solved numerically. The
only unknown parameter is the mass m of the inflaton field. In the present example the value of m
does not affect the qualitative behaviour of the solution, shown in figure but it is constrained
by the observables discussed in section [3.4]

3.2 Scalar perturbations

Classically, inflation causes the inflaton field ¢ to become homogeneous inside the horizon. This is a
vacuum: no inflaton particles. However, there are quantum fluctuations around this homogeneous
value. The fluctuations are generated at all scales, but once a given distance scale exits the causal
horizon, the fluctuations at that scale freeze: they begin to evolve classically, i.e. they become what
we call inhomogeneities, anisotropies, or simply perturbations. At first order we write

90(7_7 CIZ) = 95(7—) + 590(7—7 (B) + 0(52) ’ (323)
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where dy is the perturbation originating from the quantum fluctuations. Being a scalar perturba-
tion, under gauge transformations it transforms as described by eq. (A.3),

6p=0p-ge . (3.24)

Let us first work in an arbitrary gauge. The perturbations of the metric are then given in (2.31)—
(2.38), and its determinant is

—g=a®(1+2ho)(1-2hy)3 = =g=a'(1+ho-3hy) . (3.25)
The left and right-hand side of the field equation (3.2]) become therefore

B2y, = ~[a*(1 - ho = 3hp)@" ] + [a®(=hig" + ¢.:)]s (3.26)
=—a”[(1=ho = 3hp)(¢" +2H¢") = Vo = (hy + 3k, — hii)¢'] (3.27)
B2y =a*(1+ho - 3hp)V, . (3.28)

We multiply both sides with (1 + hg + 3hp) and decompose ¢ = @ + d¢. For scalar perturbations
we moreover have —h; ; = V2h. At first order we obtain so the field equation

5¢" + 2HIY' — V25 + a* V0 = —a*2hoV,, + (hi + 3hL, + V2h) @' . (3.29)

In order to evaluate also the Einstein equations at inflation, we need the linear perturbations of
the energy-momentum tensor of a minimally coupled scalar source,

1 ) £32) “2iis 1 g

T = 5900(90 )2 -V(p)+ (’)(52) 8T°, = -[a 25 (69" = ho@") + V0] , (3.30)

T°% = g%¢ v + O(6%) = 6T°% =-a2@ Sy, , (3.31)

Tl = gio(go')2 + gijgp,.j@' = 0T = a_QQZJ'(&p)i +@'hy), (3.32)
i i 1 i i -2 / _

Ty =6 |56 () —V(so)] +O(6%) = T =617 (69" —ho@') - Vo], (3.33)

where 7% = —de and 6Tij =dp (Vj. Note that there is no anisotropic stress at linear order: the
energy-momentum tensor has the perfect-fluid form with Tij =0 for i # j1"°| Then, as far as T},,
goes, we are left with only one unknown variable dp (@ is given by eq. (3.21)).

Comparing egs. (3.30)—(3.33) with the scalar perturbations of the energy-momentum tensor in
eq. ([2.78)), and recalling & + p = a=2(¢’)? from eqs. (3.7) and (3.8), we find

0

4

_de

Ui—hi:—(v—h)’i:— ;
14

v—nh (3.34)
According to eq. (2.90)), the gauge parameter allowing to transform from arbitrary coordinates to
the comoving time slice gauge is precisely £° = v —h = d¢/@’. In particular, this implies that in the

comoving gauge
c 09
dep =6<p—<p’g =0, (3.35)
so that constant-time hypersurfaces correspond to constant-e hypersurfaces, and the inflaton field
 is homogeneous in this gauge.

We use eq. (3.34) to rewrite the curvature perturbation,

: 1 : )
R_(hD+fv219+H6_—<'D)— —’H&% ) (3.36)
3 @' ) Z49) @'

15This is no longer true at higher orders in perturbation theory.
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and the relative energy density perturbation

. 5 _ ~1r
eA se—e 2L - (6g0’ — ho@' +Hp - w,&p) : (3.37)
%) ¥

a?

The first-order Einstein equations (2.118)), (2.119)), (2.122)) and (2.123)), are evaluated in the
Newtonian gauge. Transforming from an arbitrary gauge to the Newtonian one, we find

o B g ny, o B OE
P

N
)

dp (3.38)

as the gauge parameter in the 0 direction is £ =19’ — h. Starting from eq. (2.122)), we find

m=0 = [¢=9], (3.39)

for the diagonal metric perturbations. Therefore, also the left-hand (metric) side of the Einstein
equations can be parametrized by one single unknown variable, e.g. ¥. However, there are three
Einstein equations left to be evaluated, which, together with the field equation for dpy, yield a
total of four evolution equations, that are no longer independent.

Recalling eqgs. (2.46)), (2.48) and (2.49)), the field equation (3.29) in Newtonian gauge is
SQU + 2HOQL — V2 8ipx + a? Vi, 0ipx = =22V, + 40" (3.40)

Inserting e, p and eq. (3.37) in the remaining Einstein equations yields

V2 = 4nG [P 50 - (@) + HP'dpn - ¢ 5on] (3.41)
P+ 3HY + (2 + H) Y = AnG [§'50L — (@) - a®V,60x] (3.42)
O +H = 4rGF Sy (3.43)

The system of equations is solved by transforming to co-moving momentum space. Now, for
a scalar field we have just one degree of freedom associated to each Fourier mode. This can be
chosen to be the metric perturbation #, or the field perturbation d¢p, as they are related by the
Einstein equation . However, a more natural variable is

f=-2R, zz% = dpn=f-2¢. (3.44)

defined by the curvature perturbation R. In order to give a physical motivation for f, let us rewrite
eq. (3.40) for the dimensionless quantity

0P = ady, . (3.45)

Inserting 03" = a’ dp + adpy, and 62" = a” S + 2a’ 0p), + adpll, the equation becomes

1
0" - v + (a?vW - C;) 07 = -2a°V, +4ap'@’ . (3.46)
The left-hand side has the appearance of an unattenuated wave equation. If we go to early times,
a — 0, other terms drop out, and we should be able to make contact with free-particle states.
However, in the presence of a > 0 the metric perturbations ¥ and 1’ on the right-hand side need
to be incorporated. This leads to a generalization of 3, namely f = af, where f = 8" is the field
perturbation in the so-called spatially flat gauge, cf. eq. .
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Appendix m 3| shows how - ) boil down to a second order differential equation for f ,

f vif=0, f=af =-azR , (=zaz. (3.47)

N>‘N>

=
Therefore, once two initial values are specified on some initial time slice 7 = 7;,, the evolution can
be solved. Since the coefficients are determined by the background solution, eq. (| - still depends

implicitly on the shape of the inflaton potential V' (¢). Going over to Fourier space, the resulting
differential equation,

f”+k2f—lf 0], (3.48)

can be easily solved in the asymptotic limits of short and long wavelengths A ~ 1/q, where ¢ = k/a
is the physical momentum. Recall that ¢ decreases rapidly in time during inflation, because of the
exponential growth of the scale factor a. Hence perturbations of different scales k exit the horizon
at different times during inflation, and re-enter the horizon later on, after inflation. The smaller is
k, the earlier they exit the horizon, and the later they re-enter it.

Short-wavelength perturbations

For large momenta, eq. (3.48]) reduces to the equation of motion of a massless scalar field in the
static Minkowski space-time,

k2> 2")% F k2 f~0]. (3.49)

This can be immediately solved,
Fu(7) ® Ae™ + BeTT (3.50)
We quantize the solution f to a field operator in the Heisenberg picture |27} p.21]

ikT—ik-x___t

W) +€—ik7—+ik:~:cwk) , (351)

o= [ o e
with frequency wy, = k. The creation and annihilation operators WI and w, obey the standard

commutation relation,
(W, wi]=0(k' -k). (3.52)

To study the validity domain of this solution let us turn to the slow-roll approximation It is then
convenient to abandon conformal time for a moment and write (cf. egs. and ([3.47))

= ( ). a(t)Nconst a(t) , (3.53)

as ¢ and H evolve slowly during inflation. Therefore, the variable ”/% ~ a”/a = a®(H + 2H?)
increases exponentially in the slow-roll regime. At a given scale k, the short-wavelength regime is
thus valid at early times, when a — 0 and therefore physical momenta are large, k/a > H.

Assuming that this applies at the beginning of inflation, the initial vacuum state for the field f
is the one annihilated by the operator wy.

16For consistency with the rest of the chapter, here we use different conventions than the ones presented on p.
In particular, we quantize in a flat space-time with metric convention %0 = —1.
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Long-wavelength perturbations

For small momenta, i.e. at a late stage of inflation k «< Ha, eq. (3.48) reduces to

11 £rr s
K« 2[5 ool e L2 (3.54)
z f z

As Z only depends on the background solution and thus on 7, it can be considered as a time
variable, and we solve for f = f (2). Then a solution is f ~ C 2, while in general we solve

f'2-f2"=0 e freflE-fi-f2"=0 (3.55)
< f'2-f& = const. = Cy (3.56)
Ay
= f) = Cj (3.57)
z Z
P d
= f=Coz [ 5. (3.58)
z
The complete solution in the long-wavelength limit is thus
p d
frysCiz+Coz [ 5L (3.59)
z

Transforming to physical time 7 — ¢, in the slow-roll regime we approximate Z ~ a, and find

. ~ ~ dt
f@)~ Cia +Cza i (3.60)
growing decreasing

The decreasing part vanishes rapidly as a grows exponentially, and is thus negligible. Comparing
eq. (B:59) with the definition f = —2R yields

frconst-2=-RZ = Rw~const, (3.61)

for long-wavelength modes during the slow-roll regime.

The key result is that we can define a quantity R, related to the perturbation of the spatial
curvature, which stays constant while outside the horizon, i.e. k < aH. At horizon exit, during
inflation, R is related to the inflaton perturbation dp. This can be seen most easily by transforming
to the spatially flat gauge.

Spatially flat gauge

The spatially flat gauge is defined by vanishing comoving curvature,

1
hL + gv%f =0|, (3.62)

such that the perturbations of the curvature are only determined by field perturbations,

[2-100] 1 0 @67 dot
REID _,  looy 900 B 400 (3.63)
B39 3 @’ @'

We transform to the spatially flat gauge with the gauge parameter ¢ = —H7! (hD +V219/3),
cf. eq. (2.42). The other scalar gauge parameter £ does not need to be specified. In the liter-
ature, the inflaton perturbation in this gauge is often called the Sasaki or Mukhanov variable,

=1

1 . 7 B
St = bip+ % (hD ; gv2q9) 5o + %w f (3.64)
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and corresponds precisely to the variable f = f /a introduced in eq. (3.44). Since the relation
op'=f=-2Ris linearm their power spectra follow a simple relation as well,

PR(/{):Z%P,C(/{):(%) Pf(k)(g) Pr(k) . (3.65)

Power spectrum

To find the power spectrum of f, we need to interpolate the solutions (3.51)) and (3.61) at the
time around horizon exit, i.e. when k ~ aH. Considering that this happens during inflation, we use

eqs. (3.13)) and (3.53) to substitute the scale factor Z ~ a in eq. (3.48) with an explicit expression
in 7, and solve

N (_% + k;2) F=0 (3.66)

. A}Ei) _ (1 + é)eiikT ) (367)

Near horizon exit the quantized solution is

3k

f(T, -’13){k} = [{k} m (ff*)(T)e*ik_mWi + flf_)(T)eik'ka) ) (3.68)

The subscript {k} denotes modes of momenta around k = aH. We assume that the quantum
state is the vacuum state, annihilated by w,. At early times we recover the flat-space solution,

T—>—00

f;i) 57 k7 After horizon exit, k < aH, the field becomes

R &3k 1
f(Taw){k}<aH = \/; PN (_E

—ik-x+ioy T+ ik-x—iay ) 3.69
k}<aH (27)3/2\/2k )(e Mo wi) (3.69)

The phases «;, are not specified as they do not enter the power spectrum. Using f = f /a and
eq. (3.13)), the perturbation of the inflaton field f, in the spatially flat gauge, and outside the

horizon, is

Pk H

4 T katiag, T+ ik-x—ioy . 3.70
k)<a (27‘(’)3/2 /—2k k (6 w, t€ Wk) ( )

F(®) (ky<ats = /{

Transforming 7 — ¢, the mean-square value of vacuum fluctuations is

>oom? o

T o2r)3 K3

(Ifi (3.71)

SN
(2m)3/2\/2kk

Eq. (3.71)) is evaluated just after horizon exit, denoted by t., by inserting H = H,. The resulting

inflaton power spectrum, defined as in eq. (A.89)), does not depend explicitly on the mode k,

H?2 H,\?
s (1) 7
Pr(k) = 4nk 2@ 2 (3.72)

From eq. (3.65)) we compute the power spectrum of curvature perturbations in the comoving frame,

2 2
Pr = ( H,:) ) (3.73)
27

17The interpretation of f as the field perturbation d¢ is gauge-dependent.
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3.3 Tensor perturbations

From eq. (3.33) we learn that, at first order in perturbation theory, there is no anisotropic stress
sourced by inflation. Expanding the tensor perturbations of the metric in a Fourier basis,

W L[ Lk Vi (1,k) ™™™ 4
Z‘j(T,(l?) = W ij(Ta )6 5 (37 )
the Einstein equations for tensor perturbations, cf. (2.133f), reduce to wave equations in vacuum,

IO, =0 = 0+ 29 + k™0 =0 . (3.75)

Helicity decomposition

Being a symmetric, traceless and transverse 3 x 3 tensor, the number of independent components of
¥;; is two. As a consequence, it can be decomposed in a two-dimensional basis of helicity tensors,

9is(r,k) = 3 e (k) ha(m,k) . (3.76)

A=+, x
To construct the latter, let us consider two unit (co)vectors € and €® orthogonal to each other
and to the wave vector k, such that together they form a right-handed triple,

Then there are two possible symmetric, traceless and transverse real tensors that can be built,

1 1
. (@) (a) _ () (D) <
€= (7€ —€¢€;”) €=

EANNG A CANNG)

The (massless) graviton is a spin two particle. The projection (helicity) of its spin along the

(eia)e;b) + egb)e;‘”) . (3.78)

momentum direction k is thus either plus or minus two. To verify that €, and €, form an
adequate basis, we compute their transformation behaviour under rotations U € SO(2) by an angle
« around the k-axis. Using complex coordinates for the plane normal to k,

. 1
» € =€l ki) = —e VeV (3.79)

) ij ij 17 \/§ i J )

the symmetry group is U(l)E Under the action of U(1) we find the transformation behaviours

(1) — _(a) ;
€; =€ t1€

(1) i (1) (£2) +2iv _(£2)
e - e = € > e e (3.80)

A general symmetric, traceless and transverse tensor ;5 is then a linear combination of helicities +2.

Although transverse polarization modes are defined on the spatial components, it is sometimes
useful to work in D =3+ 1 dimensions (see e.g. sec. [6.2)), denoting

1 1

(@) _ (@) v (@) (a) _ (b) (b) x (@) ((b) | (b) (a)
€. =(00,¢"), €,= \/5(6# € —€)€ ) y € = \/5(6” €, +e, e ) . (3.81)
The polarization vectors satisfy by construction the sum rules
A oA 7 A AN %
Zeij[eij] =0 ) Zeij [emn] :Lij;mn 5 (382)
1,7 Py

; cosa  sina
18The two groups are related by the isomorphism that associates e’® with the matrix U(a) = ( . )
—-sina  cosa
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where LL is the projector onto the traceless components, transverse to the momentum k of the
graviton. In D =3 + 1 dimensions it reads

Lagyw = % (K3 K3, + KL KE, -KIsKY,) . Kig = naing; (%‘ - %) ; (3.83)
Keeping the sign convention n°° = +1 in the metric unspecified, two useful properties of K* arﬂ
Ky, K5 =-n"Khs, Ki*=-2p". (3.84)
For the operator L,ga;,, one finds the symmetries
Lapiw = Lpasuw = Lagn = Lyvias (3.85)
and, from eq. , the contractions
Lag®, = -1"Kh, , v Lo =Luia®=0,  Lag* =Lag’*=2. (3.86)
We also find the relations

Laﬁ;uy + Lau;u[ﬂ’ = KE{HKEV s Laﬁ;uy + Lyﬁ;ua = KEH/KE# g eee s (387)

Power spectrum

Inserting eq. (3.76]), eq. (3.75) boils down to the same scalar equation for each helicity component,
R+ 2MHRB, +k*h, =0,  Ne{+ x}, (3.88)

that describes the propagation of gravity waves with the speed of light. Introducing the variable

7 h:\, ” ’ a”
hazahy, 2 =h"+2HK, +h, (3.89)
a a

the evolution equation ([3.88)) for tensor perturbations is

a/

U
R+ k2h, - ;hx =0]. (3.90)

Eq. (3.90) has precisely the same form as the evolution equation (3.48]) for scalar perturbations,
whose solution we already computed (see egs. (3.66)—(3.68)).

Summing over the polarizations, the power spectrum of tensor perturbations is

> YRRy = 2(R ) (3.91)
AN 4,5
where A on the right hand-side is one or the other polarization, since they satisfy the same evolution
equation.
When quantizing the fields (cf. eq. (3.51)), the normalization is given by the prefactor 1/(327G)
in the gravity action, and the power spectrum for tensor perturbations is

2
Pr = 320G Y Py 16 (H) . (3.92)

T \m

+y % pl

9The expressions in (3.84) are used intensively in chapter @ and appendix where we use the particle physics
convention n°0 = +1.
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Stochastic derivation

The flat (k-independent) spectrum in eq. resembles a white noise spectrum. This observation
suggests that the same results may be obtained following a stochastic argument (see e.g. [28]), which
we briefly present here.

Consider scalar fluctuations h(7,x) in position space. For us they represent the Fourier-transform
of hy(1,k) for a given polarization A (omitted in the notation from now on). Since the generation
of fluctuations is a random process, they are equally distributed among those extending to short
and long distances. To study how the evolution of long-distance fluctuations is affected by short-

distance ones, we write

h(r,x) = iL: +izi, (3.93)
short long

and quantize short-distance fluctuations using the same prescriptions as in eq. (3.51J),

he(7,%) W (r, k) [wi he(7, k) €™ + wl BE(m, k) e ™ ] | (3.94)

/,/(2 )3

where the coefficients are solutions of eq. (3.88)),

H .
ﬁ(l +ikr)e kT (3.95)

The window function constrains the momentum integration and can be chosen for example as

ho(r, k) =

W(r, k) =00k - er) B2 g (k - ;) , (3.96)

where € is a parameter that drops out when evaluating physical observables. From the evolution
equation for h(7,x) in position space we obtain a relation among hs and h.,

B-13) 2
B+ 2Hh - V?h =0 = R = Zh' =v?h=0 (3.97)
T
(3-93 2
= B = 2K, = Vhs = p - (3.98)

The dependence on the short-distance fluctuations h< is encoded in the quantum noise term,
2
Po = - (aﬁ -=0, - v2) he (3.99)
T

on the right-hand side of eq. (3.98). Inserting eq. (3.94), by construction we have vanishing
contributions when the differential operator in po acts on h.(7,k). The remaining terms are

po(T,%) = / \/(2_ Wi Fi(7) €% + wl Fp (1) e_ik'x] ) (3.100)
Fu(m) = (W7 = 20 bl ) + 20 RL(7R) (3.101)

The operators w, and w,. obey the commutation relations introduced in eq. (3.52)). For the power
spectrum of h, we need the unequal-time two-point function in spatial momentum space,

&k

<0|pQ(T1’X1)pQ(727X2)|O):f(z )3 Fio(m1) T (1p) e Camx2) (3.102)
d3k Bk . ]
:fﬁ (2n )2 (0] po (71, k1) po (72, k) [0) eirxaHheax)

= (0] po(m1,k1)po(T2,k2)[0) = (27)°3 (ks + ko) Fi (1) F (72) - (3.103)
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Back to eq. (3.98]), it can be solved using a retarded Green’s function Gy satisfying

(az—%aT+k2)GR(T,Ti,k'):6(T—Ti) ; Gr(T<7,73,k) =0 (3.104)
For 7 > 7; the general solution is the linear combination of two independent solutions,
Gr(r,70,k) =0(7 - 73) [C’k(l + ik;T)e_ik(T_”) +Cr(1- ikT)eik(T_”)] . (3.105)
The coefficients C}, are obtained by integrating eq. , i.e. from
TIIIE Gr(r,75,k) =0 =  Cp(l+ikr)=-C;(1-ikr;) (3.106)
TIEE 0,Gy(7,7i,k) =1 = =2ik372C) =1 -ikT; . (3.107)

The resulting Green’s function is therefore

GR(Tv Tiy k) = % Im [(1 + Zle)(l — ikr)eik(T—n)]
= (T - 7i) [(1 + k1) sink(r - 1) = k(1T - 7;) cosk(r - Tz)] ; (3.108)
k372

and the solution of eq. (3.98) in spatial momentum space reads

ha (7,K) = / d7; G (7,70, k) po (71, K) - (3.109)

To obtain the power spectrum for tensor perturbations we compute the equal-time correlator
(ha(r 1) ho(r@) = [ dn [~ dn Gu(r 71 k) Gul7,720) (0] pal(ra K )pa (2. k) [0)

r 2

=I

The integral in eq. can be carried out by inserting Fj from eq. . Choosing the
window function as in eq. we have W’ = §(7; — Tux), where 7. = —¢/k denotes the time at
which the mode k crosses the horizon. The expression Fj, is therefore made of delta functions and
derivatives thereof. To get rid of the latter we use partial integration once, obtaining

182 [ anwi(n) [—(anGR)m +Gx (h’< - zh<)]
—0c0 Ti

8 {0, Gu(r )] he() + G [ () - % ]} (8-111)

Ti=Tuk

Eqgs. (3.95) and (3.108) yield the explicit form of the three terms in I. Modulo Ay(7;) = ’H;;:L
the latter read Z

(8GR 1+ k2

2
AL = = (1+ikm;) { sink(r-1;) [MO ! +]£TTTZ + 0(r-1) ( 2

_cosk(T-ﬂ-)[5(7-@);;7: 0 -7) n) %Z T)]} (3.112)

-0
/ 2 X
Grhe —0(r-m) [ 1+k7rr
A, AT TR
=1

2 Grhe 1+ k277
G h —2(1+zk‘7’1)9(7 TZ) ?Zcosk:(r 7i) %smk(r 7i) (3.114)

sink(r—7) - (r=7) cosk(T-n)] , (3.113)
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The sum of the three contributions in eq. (3.111]) gives therefore
I=——¢e i [(1+ikt) cosk(T —7;) + (=i + k7) sink(r - 7;) ] =
NGTE [( ) ( )+ ( ) sink( )] NG

Perturbations of long wavelengths (small momenta) exit the horizon in the earliest stages of the

(1+ikr)e™™™ . (3.115)

slow-roll regime of inflation and soon satisfy k << H ~ 1/7. We thus expand at first order in k7,

cT<<1 H
R (3.116)

V23
Inserting the result in eq. (3.110) and multiplying by 2 x 327G x k%/(272) one obtains precisely the
power spectrum found in eq. (3.92)).

3.4 Observational constraints

What is the relation between the power spectra of scalar and tensor fluctuations in egs. and
, and the power spectrum of CMB temperature fluctuations?

Let us follow the evolution of a mode & after inflation. While k is outside the horizon, we expect
that inflation ends, the universe gets reheated and becomes then radiation dominated (or even
matter dominated for the largest scales, i.e. smallest k). During this time the power spectra of the
primordial scalar and tensor perturbations remain unchanged. But in the meanwhile the dominant
component in the energy density filling the universe changes from the one of the inflaton field, e,
to radiation energy density, e, that we describe as a fluid satisfying the equation of state p, = e,./3.

Once the mode has re-entered the horizon, i.e. k = aH has occured again, it propagates through
the radiation dominated epoch as described by a more complicated version of Einstein’s equations,
now coupled with some Boltzmann equations. Then we write the perturbation as a functional of
its initial value at k = aH. As an example we take the perturbations in the relative energy density
at decoupling (but the same applies for tensor modes). In the co-moving gauge we have

A7, k) = X(7, 7, k) A7, k) X(1e, 7, k) =1, 0; X(7,7e,k)|._,, =0, (3.117)

cf. eq. (2.101). The initial time 7, denotes the moment when k re-enters the horizon, or equivalently
when it exits the horizon, if A remains constant in the meanwhile. Therefore the power spectrum
observed at 7 is related to the primordial power spectrum at 7, by the so-called transfer function,

Pa(T, k) = [X(7, 7, k) Pa(Ta, k) (3.118)

| —
=T (7,7« ,k)

The transfer function 7, itself contains lots of physics, which has been studied intensively, see
e.g. [29-31] and references therein.

Let us relate Pa to the spectrum of curvature perturbations, Pr. Transforming eq. (2.119) to
comoving gauge, cf. eq. (2.96)), and comoving momentum space, yields

O C
K2(R - H) = 47rGa2éc% . (3.119)

According to eq. (2.97) and eq. (3.38)), the second term on the left-hand side corresponds to the
velocity ¥¢' = =5¢p~/@’. At the time when the largest scales re-enter the horizon, we assume the
latter to be a negligible contribution, while R remains at the same value since horizon-exit. The

right-hand side of eq. (3.119) can be written in terms of H? using eq. (2.111]), thereby

A(r,k) = ‘5: _ % (%) R(rK) . (3.120)
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When a given mode k crosses the horizon, k = aH, we thus have

2
Pa(Te, k= G,H)—*'PR(T*,]C aH)—(2H7T%0) ) (3.121)

which gives the initial conditions for Pa(7, k).

Cosmic microwave background

In the following it is more convenient to use the physical time coordinate t. The observed temper-
ature T ~ 2.73 K of the CMB radiation shows (see fig. and fig. for a broader perspective)
relatively small temperature anisotropies of the order oﬂ [104/11]

(‘LT) :(iT) +(‘LT) ~107° (3.122)
T obs T intr T jour

Besides an intrinsic (intr) component already present at recombination, they arise also from differ-
ent physical processes (jour) occurring during the journey of the photons to the present. Among
the latter, the dominant contribution at large scales is known as the Sachs- Wolfe effect [32]. This
decomposition in an intrinsic and a journey component depends on the gauge chosen, but not their
sum, the observed anisotropy.

To relate the perturbations in the energy density at t,.. to the temperature perturbations ob-
served in the CMB let us assume the so called adiabatic conditions [33]@ This means that the
composition of the cosmic fluid is everywhere the same, and close to equilibrium the fluctuations in
the energy density of each component can be parametrized by temperature fluctuations. Intrinsic
temperature perturbations are related to perturbations in the photon energy density by Planck’s
law for blackbody radiation ]

oT 16

T o (T) _Loer (3.123)
T intr 4 €r

The standard deviation in the temperature is thus related to the power spectrum of primordial

density fluctuations by

d([0T/TT* (tac.))

e 1
dlnk T(tdemt*)k) PR(t ) (3124)

where ¢, denotes horizon exit/entry. Note that this moment is different for all modes k. Hence for
each mode, Pr(t.) is evaluated at a different moment in time, resulting in a hidden dependence
on k, which motivates the notation Pr (k) = Pr(t.)-

Extracting the primordial power spectrum from the observed anisotropy is a complex procedure.
Here we sketch how an ansatz for the power spectrum of primordial density perturbations is
obtained. First of all, one expands temperature fluctuations in terms of spherical harmonics Ylmﬁ

5T(9 ¢) = amYim(0,0) , (3.125)

l,m

20 Observations reveal a stronger anisotropy of the order of 6T/T ~ 1073, However, the latter has a clear dipole
structure and can be explained by the motion of the Earth relative to the CMB reference frame.

21This is a good approximation for most cases, however isocurvature modes may also play a role in general, see
e.g. |34]. Moreover, note that the definition of adiabatic modes is gauge-dependent.

22 At recombination the photon momentum distribution starts deviating from thermal equilibrium. However this
effect is negligible for the large scales we are interested in.

23Spherical harmonics form an orthonormal basis of square-integrable functions on the sphere (sky). As 1 = 1
corresponds to the contribution discussed in footnote @ here the sum over [ starts from [ = 2.
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where the coefficients a;,, are independent complex variables. Averaged over the directional index
m, their absolute values determine the power spectrum,

1

l
i1 3 Jawm]? (3.126)

m=—|

CZE

We note that the larger is the multipole moment [, the smaller is the corresponding angular scale
0, = m/l, and the shorter the wavelength A ~ k7! of the density perturbations producing the
temperature ﬁuctuations@ The standard deviation of the latter is given by an angular average
over the multipoles,

_ L Jagm? 20+ 1
6T |T?) = ml_ Cr, 3.127
(r/IP =% ¥ -2 (3127)
and the total power in the multipole [ is conventionally defined as [12, p.200]
(l+1
p, =D (3.128)
2

The measured D; (ﬁgure present an oscillatory behaviour, with a global maximum at [ ~ 200.
The amplitude decreases as [ increases, starting from [ ~ 500, and oscillations are damped after
[ ~1000. This shape can be explained by thinking that, in the plasma era just before decoupling,
small-wavelengﬂﬁ perturbations in the energy density propagate as a sequence of compressions
and rarefactions of the medium, like acoustic waves@ At wavelength A .. ~ =1 smaller than the
photon mean free path ..., some photons may escape the compressed regions before colliding
with the free electrons and spreading out in the rarefied regions. As a consequence, the wave is
smoothened out and the corresponding oscillatory behaviour of D; is damped at large lm For
the overall decline of the power spectrum there are many hypotheses considered, e.g. the decrease
of the dark matter gravitational potential at high momenta, and the finite thickness of the last
scattering surface.

Subtracting all contributions described above, the surviving shape of the power spectrum in
terms of k can be parametrized by

Ps(k) = As (kﬁ)_ ~ Pr(k) (3.129)

with the overall normalization chosen so that this is expected to reproduce the power spectrum of
primordial scalar perturbations Pr (k).

The numerical values of the parameters A; and ng from the CMB experiments are [3§]

A% = (2.0989 + 0.0292) x 1077, (3.130)
no™ = 0.9649 + 0.0042 . (3.131)

bt =
Repeating the entire exercise for tensor perturbations [39], one finds the further parameter r, given
by the ratio of the tensor to the scalar perturbation spectrum, for which only an upper bound is

known [3§],

A
o = A—t <0.056 . (3.132)

24 An explicit relation among ! and k is derived by writing plane waves in terms of spherical harmonics (see

e.g. |35, p.12]), with the maximal contribution given by [ ~ kxdec, where zqe. denotes the distance from the observer
to the last scattering surface at tqec.

25This means small compared with the Jeans length Ay ~ u//e, with u the fluid velocity and e the energy density.
Larger scales experience gravitational instability, for more details see |12} p.6].

26The oscillations in D; are considered to be a smoking gun of inflation, see however also [36].

27This phenomenon is known as Silk damping |37]. It affects length scales smaller than those of galaxy clusters,
suggesting that the their origin must have a different explanation, e.g. the fragmentation of larger objects.
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Figure 3.3: The CMB power spectrum as seen by Planck [40]. The red dots with error bars are
the data points, the green line is the best fit theoretical model. Theoretical uncertainty (shaded

region) arises from averaging over an ensemble of universes (cosmic variance).

With the theoretical predictions of the power spectrum of scalar, eq. (3.73)), and tensor, eq. (3.92)),
perturbations from inflation, the CMB parameters can be computed as

02\
ASEPR(k*):(*.) , (3.133)
2T
co1s PRy 20 (GH e (3.134)
dink |, H2+H\ H o
-\ 2
T 4p
i . =A (3.135)
Pl H

These expression can be further simplified by considering that the scales probed experimentally
exit the horizon deep in the slow-roll regime of inflation. With eqgs. (3.11)) and (3.14)) we obtain an

estimate of eqs. (3.133))—(3.135) in the slow-roll approximation,

3 3 2
Ay~ 1657¢ V—Z LS (3.136)
3 Vga t, 3 (e ty
- 2
ns~1+€l£8¢(1) w12V [Ye Ve (Voo Vo
V H ev /|, Vo | ev 87rGe%/ vV V2 L
= 1-6Gey(t) +2nv(te) | (3.137)
Vo, \?
~ 164 G( ) = 16ey (L) . 3.138
ret6anG (o Ep ) | = 10eve) (3.13%)

Hence CMB experiments yield three different constraints on the potential for inflation.

Gravitational wave background

We have seen in sec. [3.3]that tensor perturbations propagate as gravitational waves during inflation.
Analogously to the microwave background signal discussed above, the hope is to detect them as
a background signal in future gravitational waves experiments. Other non-resolvable sources will
contribute to the background signal as well, impelling theoretical efforts in the search for templates.
In particular, in the next decade or so, a new orbiting interferometer, the Laser Interferometer
Space Antenna (LISA), should become operative in the frequency range ~ [107>,10]Hz [41}143].
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Figure 3.4: An impression of events that distinguish different epochs in the history of our universe.

What LISA may measure today (to) is the fractional energy density carried by gravitational

radiation,
1 degw

1 3H{
ecdlogkl,, -

8rG’

where the current value of the Hubble rate is parametrized in terms of the reduced rate, h, as

Qow €c = €aa(to) (3.139)

Hy = 100hkms* Mpc™!. Instead of the wave number k, the physical variable for Qg is the
frequency fj of the radiation measured today, which is related to k by

klag =2 fo fol rsa € [107°,10] Hz . (3.140)
The lower bound for the LISA sensitivity is [44, fig. 10]
RPQESA 210718 (3.141)

The gravitational wave spectrum observed today can be related to the primordial one as in
eq. (3.118)), with a different transfer function for tensor modes, which is way simpler than for
scalar modes. Here we anticipate the result for a standard inflation scenario, the complete deriva-
tion can be found in sec. [6.1

2
16 ( H
Qewh? ~107% x — ( * ) . (3.142)
™ \mp,
If observed, ¢y would yield a further constraint on the parameters of inflation. In sec. [6] we study
further possible contributions to the gravitational wave background, sourced by thermal processes

during the inflationary and reheating epoch.

Effective number of degrees of freedom

The first occurrence of nucleosynthesis of the lightest elements takes place in the radiation dom-
inated epoch, and is known as Big Bang Nucleosynthesis (BBN)@ Fusion processes of neutrons

28Probably one of the oldest references is [45], while a readable review can be found in [46].
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and protons into nuclei via weak interactions can only start at energy scales about 7' ~MeV,
corresponding to the first couple of seconds in the early universe. Observed abundances of light
elements can therefore impose an upper limit on the expansion rate of the universe via eq. ,
which for a radiation dominated universe takes the form

H? = %m : (3.143)

In this context radiation means more broadly light, relativistic particles. If we modify e, by adding
more relativistic degrees of freedom, the expansion of the universe is faster, the decoupling happens
earlier and the abundances change. Conventionally, the energy density of additional relativistic

components is parametrized by an effective number of neutrino species, N,
er=ey+Nyexe, +... (3.144)
The Standard Model prediction for N, after the electron-positron recombination is (see e.g. [47448])

NSM =3.043 . (3.145)

eff

This value is slightly larger than 3, because neutrinos do not decouple instantaneously, but continue
interacting with electrons and positrons for a while [49]. As additional relativistic degree of freedom,
the energy density from a primordial gravitational wave background would then contribute as
e
AN = No* = N3 > —BGW . (3.146)

For a specific model of inflation, eqy can be estimated by integrating eq. (3.142)) over all modes k.
From the joint analysis of CMB measurements and BBN light element abundances we have

N =2.862 + 0.306 (3.147)

eff

at 95% confidence level [50]. The experimental accuracy is expected to improve, promoting N to
a precision probe of Beyond Standard Model physics and primordial gravitational waves.



Chapter 4

A thermal treatment of the inflationary epoch

The model of inflation predicts that the universe expands exponentially at an early stage of its
history. Since the energy density of radiation scales like a(t)™%, cf. eq. , during this period
the temperature is expected to decrease rapidly. Thermal effects are therefore usually neglected
during inflation, and the mechanism responsible for the transition to a hot universe is known
as reheating [51} 52]@ In the same spirit, and keeping in mind that for successful inflation the
dominant energy density must be e, also the interactions of the inflaton field ¢ with other degrees
of freedom are normally neglected.

Dreaming of a complete framework, here we want to keep track of the continuous transition from
the vacuum dominated (inflation) to the radiation dominated (hot big bang) epoch, assuming that
inflation starts in a low temperature regime and in the presence of other ﬁeldsm The latter enter
the Lagrangian via L,,,, and an operator J in the interaction term,

L= —%g“”%tp Ao =Volp) —pJ + Lo - (4.1)
Similar efforts with the different goal of enlarging the parameter space for phenomenologically
non-viable potentials are classified under the name of warm inflation models, see e.g. [53-56].
However, generally speaking the initial conditions for warm inflation are given by a heat bath at
a macroscopic temperature, whose interactions with ¢ are on the strong side. Instead, we assume
here that the coupling J between ¢ and the heat bath is weak. The evolution of ¢ is characterized
by time scales much longer than those of the medium, which equilibrates fast. This setup assures
the validity of a decoherent classical evolution equation for ¢ [57, p.188]. Expanding in time
derivatives and powers thereof, the background field follows the evolution equation

+3HG+0,V(5) = ~Té+0(3,5) (4.2)

which is derived in sec. .1} As the inflaton interacts with other particles, part of its kinetic energy
dissipates to the heat bath, implying that the entropy of the system increases and the medium
heats up. This mechanism of energy transfer is encoded in the additional friction coefficient Y.
At the same time, the interactions with the medium modify the inflaton potential Vo(@) - V (%),

29The name reheating comes from the fact that originally the model of inflation [23] was presented in the format
of a phase transition occurring in the hot early universe at the corresponding critical temperature. Therefore after
inflation the universe must heat up again, to produce the hot and interacting multi-particle environment predicted
within the standard big bang cosmology. Later on, see e.g. |24], it was realized that, in a simpler manner, an
exponential expansion of the universe can be driven by the energy density of a slowly evolving scalar field. Here we
follow this second perspective.

30Those of GUT or of another generalization of the Standard Model at high energy scales.

36
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often parametrized by a thermal mass m,. Although the role of T and m. is different, technically
they are determined respectively by the imaginary and real part of the retarded correlator of J.
Their properties depend thus on the characteristics and on the evolution of the heat bath, and
eq. (4.2) must be completed with a second equation describing the latter.

If we want to compute concrete predictions we need an input about the nature of J. It is a
non-trivial task to determine which type of interactions could heat up the universe towards the
end of inflation. If the thermal corrections on the potential are large, the slow evolution of ¢ may
be spoiled and inflation does not take place. On the other hand, if the interactions are strongly
suppressed, it may take forever until a radiation dominated epoch can be reached. Imposing a
global symmetry for ¢ solves the problem, as it constrains the modifications to the potential. As
an example, in chapter [5] we consider the shift symmetry induced by an axion-like interaction term.

When is the thermalization assumption self-consistent?

To conclude this introduction, let us address the important question of when the temperature is
a useful concept. It is difficult to estimate in general how fast a system equilibrates. A frequent
approach used to study the dynamics after inflation is to solve classical field equations of motion [51}
52]. However, classical field dynamics is correct only for large occupation numbers, but not in
the diluted regime at large momenta, p ~ 71, where the occupation is of order unity. Because
momenta precisely from the latter domain carry most of the radiation energy density, the issue of
thermalization cannot be properly resolved with classical field theory.

Another approach can be found in the heavy-ion context, where thermalization of non-Abelian
systems has been studied extensively, relying mostly on effective kinetic theory [58]. In that
language we can draw diagrams responsible for thermalization. The gauge plasma equilibration
rate is then given by the thermally averaged amplitude squared, I'j. On the other hand, the inflaton
equilibration rate is ~ Y. For the example of a non-Abelian gauge plasma, in sec. we compare
these with the Hubble rate a posteriori. The lesson is that I', in our setup is suppressed with
respect to I'j ~ T by several orders of magnitude. Nevertheless, the computations themselves

are carried out in the presence of a temperature-like parameter, reminiscently of warm inflation.

4.1 Inflaton evolution in the presence of a thermal bath

To derive the evolution equation , we keep the interaction term J to be a general gauge
invariant operator. Considering that multiple plasma interactions occur while @ changes only a
little, it is useful to recall the equivalence principle, and work with local Minkowskian coordinates.
The resulting equation of motion can then be written in a covariant form, and finally evaluated
for an expanding FLRW universe.

In a local flat frame, the Euler-Lagrange equation for ¢ resulting from the Lagrangian in eq. (4.1)),

p+V'(@)=-(J(1)) , (4.3)

is non-trivial because the average value of J depends on the slow evolution of the inflaton ¢. Let us
define the time coordinate such that ¢t = 0 denotes an arbitrary initial time. The physical picture
we are studying is the one of a medium in equilibrium, responding to a small time dependent
perturbation, which is induced by the presence of the field . At the same time the interaction
term should represent a small correction also during inflation. A linear response argument can
thus be applied to determine (J(t)).



Chapter 4. A thermal treatment of the inflationary epoch 38

The Hamiltonian of the system is
H=H,.+3J . (4.4)
The equilibrium value for the inflaton is thus @ = 0. Considering that this should also represent
the minimum of the potential, V' (0) = 0, and defining the mass as the curvature of V around the

minimum, we expand

I P _
V(g) = 5m* @ + 0(¢%) . (4.5)
Following the time evolution of a physical observable, e.g. the density matrix p(t) of the heat bath,
i0:p(t) = [H (1), p(1)] , (4.6)
the average value of J can be written as
(1) = tx[p(t) (1] (4.7)

At linear order in J eq. is solved by
¢ . t .
PO =p(0) = =i [ L), p(0)]+ OU2) =i [ atp()I(#).p(0)]+ O . (48)
We insert the result in eq. (4.7) and move to Schrodinger’s representation,
J(t) = e Hoant/h f()eiHlbant/h (4.9)
With the assumption [Hpaen, #(0)] = 0, the contribution from 4(0) is
tr[ﬁ(O)e_iﬁbatht/hj(o)eiHbatht/h] - tr[eigbatht/hﬁ(o)e_iﬁbatht/hj(O)]
= tx[p(0)J(0)] = {J(0))o - (4.10)
Going similarly to the second order in J, we get
A A t N A
(J(1) = (J(0))o = - [0 at'g(t )t [i[ (1), p(0)]J ()] + O(J?)
t N N
== [ ey [, (0] + 0
t N A
- [ are)u il 1), J()]50)] + 0

= [Tt GLI @), (Yo + O(F) (4.11)
We now define the retarded correlator as
Gr(t—t")=0(t-t')G[J(t), J(t)])o - (4.12)
If J is odd under discrete symmetry transformations, then (J(0)) = 0, and eq. becomes
() = - fow A B()Gr(t - 1) + O(J?) . (4.13)
Inserting this back in the equation of motion , yields
@ +m2p> —fowdt'@(t’)GR(t—t') ~0 . (4.14)
To solve the differential equation for ¢ we transform into frequency space,
Pz [Tareen . emen= [ et o), (115)
Gr(w) = fowdtei“tGR(t) ) (4.16)

Being agnostic about Gy (t—t"), one should integrate carefully, as the function may even diverge
at short time intervalsﬁ Then neither the convolution integral in eq. (4.13)), nor its Fourier

31 This is the case e.g. for a non-renormalizable operator J, like the one we consider in chapter
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transform are well-defined. Let us assume that, as is usual in quantum field theory, the divergences
can be taken care of by introducing some regularization and subsequently cancelling them by local

counterterms in eq. (4.14)).

A dependence on the initial conditions enters via the transformation of ¢,

fo T At g0t = —3(0) + iwd(0) - wp(w) . (4.17)

Analogously, the counterterms would yield further contributions of the same type. In the following
we assume that the counterterms cancel the divergences. Encoding the dependence on @(0) and
its derivatives in a function G, the solution to eq. (4.14]) is

o dw e—zwt

00 2 w2 —m? + G, () Gl ¢™(0)] (4.18)

o) = [

Now, the idea is to consider the dynamics of ¢ at some macroscopic t > 0, far after the regime
dictated by the initial conditions. Then it is possible to deform the integration contour in eq.
into the lower half-plane. The deeper we go, the faster the exponential fall-off of the solution.
Hence, the slowest dynamics of ¢ can be identified by searching for the singularities closest to
the real axis. We note in passing that G[w, (™ (0)] has zeros, however their locations depend on
initial conditions, and therefore cannot coincide in general with the roots of the denominator.

Whether a deformation of the integration contour is well defined or not depends on Gy (w), which
in general is not analytic in the lower half-plane. That said, G, is still defined in the lower half-
plane, but it must have singularities@ In the following we assume that the singularity structure
of Gy, is known and come back to this issue in sec. 5.2 with a concrete example.

For G, given, let us search for the roots of the denominator. Concretely, we inspect

e Glw, oM™ (0)] w0, (4.19)

¢+T¢+m2¢——fmdﬁ w? + Tiw —my
T —00 27 W2 =m? + G (w)

asking for which parameters YT and m2 the leading singularities at ¢ > 0 are lifted.

In general, T is a function of the frequency w at which the system is probed. Then the full
equation of motion does not have a local form, but rather contains a dispersive integral over the
medium response. Recalling that the whole setup is consistent only to the extent that G is
treated as a small correction around the global minimum, we can solve for the roots iteratively.
At tree-level, the roots are at w = +m. The symmetries ReG,(-m) = Re G (m) and ImG, (-m) =
—Im G (m) imply that the positive root can be chosen as a representative, w - m. Denoting

G.(m)=ReG, +iImG, , (4.20)

the desired parameters are given by

I
TwLGR, m2 ~m? -ReG,, . (4.21)
m

Before the system settles to the global minimum, in principle one may rather replace the fre-
quency scale by the curvature of the potential, w — \/max(O,VW,) Since the focus of the

32 A possible way to determine Gy is to solve the Cauchy-Riemann differential equations, taking Gy (w + i0%)
as the initial condition. This system can be rephrased as a 2-dimensional Laplace equation. It is known that the
solution of the Laplace equation with Cauchy boundary conditions is unstable, reflecting the singularities.

33Then, if Ve <0, temperature is the only scale at early stages of inflation. But, as shown in sec. T=0is
an unstable fixed point in this setup.
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current study is the heating-up period, we adopt the replacement w — m throughout, with the
understanding that at early stages of inflation this is just a recipe.
The evolution equation in a local Minkowskian frame, eq. , can be promoted to a general
coordinate system,
@+ Tutp, , +mip = 0. (4.22)
Choosing FLRW coordinates (cf. eq. )7 and returning to the general form of the potential,
yields our final equation of motion for the inflaton field,

6+ (BH+T)G+0,V(p) = 0] (4.23)

An equation of the same form is used in warm inflation models, see e.g. [59-62]. Our setup is
different in the sense that T obtained from eq. (4.21]) may contain a non-polynomial T-dependence,
and m2 may contain a non-trivial correction as well.

The Hubble rate is given by eq. (2.113)),

5 8T

el, (4.24)

YN
3mz,

in terms of the total energy density of the system at equilibrium, e. Before we turn to study
the evolution of the latter (see sec. 4.3), we should complete the discussion about the thermal
corrections to the inflaton potential.

4.2 Perturbative thermodynamics for a thermalized inflaton

As the system heats up, the inflaton field might equilibrate as well (see however the discussion on

p- . In that case further temperature dependent corrections affect the potential V', contributing

2 2

to the thermodynamic functions p,, and €. Differently from m* — mZ, which only modifies the

T
curvature of the potential around the minimum, now also the shape of V' around the minimum

may change depending on the temperature. To sum up, the contributions to the potential are

1) ( )
~
Vs Vo |m2 + W |m2—>mf—m2 + V;ff ) 4.25
—— | S —— ——
UV physics thermal mass thermalized
from J fromJ %)

where V.\i’ denotes the 1-loop expression for a thermal effective potential (independent of .J).

For thermal corrections that enter the dynamics already during inflation, the interesting inter-
actions are the ones that do not spoil the flatness of the potential. Ideally we would like to satisfy
this condition in a trivial way, postulating a symmetry so that the induced corrections vanish
at all orders in perturbation theory. On the other hand such operators still have an effect non-
perturbatively. At least for the concrete example of an axion-like interaction term (see eq. )7
we show in sec. that m+ is negligible also non-perturbatively, and mostly temperature inde-
pendent. In the following we therefore neglect the temperature dependence of m., denoting by V
the full temperature-independent potential.

Since the hypothetical thermalization of ¢ would happen late after the slow-roll regime of in-
flation, to study the latter we can consider the inflaton as a weakly coupled massive scalar field,
Vo ~» m2p?/2. The starting point for the evaluation of p, and e, is then the 1-loop expression for
a thermal effective potential, given by the free energy density,

VO - _lim I InZ® = d°k [3 +TIn(1- e_e’c/T)] (4.26)
off Lo [3 (2m)3 L2 €, =Vk2+m? ' .
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To obtain eq. (4.26)) we have quantized ¢ in a local Minkowski frame, and derived the partition
function from the Euclidean action (¢ — —ity) in the path integral formulation (see e.g. [57, p.15]),

m1? RS mTw?
20 () (752) [ Dol oo -1 5 55 (o8 + ) ot

1 —p(Bx) X Tl

T = % e/ (2T)
ke ' 4.27
I;Ielc gw%"’% I_kl 1-e /T ( )

The discrete frequency modes w,, = 2rnT are known as the Matsubara modes.

We absorb the T-independent vacuum part of K(ffl ) in the definition of Vo. Changing integration
variables d*k = 4rdk k? = 4mde, €,1/€2 — m?2, the pressure and energy density from eq. (3.7) then
obtain the contributions

T oo
-p,2V > V0+Ff de, e,/ €2 —m? ln(l—e_ek‘/T) , (4.28)
™ m
1 oo
e, 2V -To.V > V0+ﬁ/m de, 2\/e2 —m2ny(e,) (4.29)

where n,(z) = 1/(e*/T = 1) is the Bose distribution. Finally, eqs. (£.39) and (4.41) contain the
contribution of ¢ to the heat capacity,

. 7 e
0,V > 550 fm de, /@ —mZn, () [1+ns(e)] . (4.30)

A numerical evaluation at low or intermediate temperatures may be facilitated by representations
in terms of modified Bessel functions. These can be found using geometric series and, for example,
via a further substitution to hyperbolic functions €, = mcosh z,

T &1
py,+ Voo ) 3= [ de, e,\/e2 —m2e /T

m ’I’L=1 nJm
Tm3 &1 s1nh(2x) ( T _mncosh )

_ - dz Tt coshx
272 Z:: n f v mne
T?m? °° 1 mn cosne  MAT? &1 nm

= T / dz cosh(2z) e T ohe = 52 Z_:lﬁ 2(?) (4.31)

The energy density e = Td,p - p and the heat capacity ~T9,V = Td.e can be obtained from the
pressure. Making use of recursive relations for the derivatives of Bessel functions,

1
0 Ko(2) = ~Ko1(z) - %Ka(yc) - %Ka(x) - Kan(@) = =5 [Kana(0) + Ko (2)] - (432)
eqs. and ( - ) become
m2T? & (1 nm m nm nm
_VOD 271-2 ;{EK2(T)+2”7T|:K1(T)+K3(T):I} 5 (433)
B A nm nm

=T K K . 4.34
8TV°47T2T,;{ 2(T)+ 4(T)} (4.34)

In the limit of a massless inflaton field, i.e. m <« 7T, the thermalization of ¢ described in
egs. (4.28)—(|4.30) amounts to the addition of one light degree of freedom in the radiation equations
of state in eq. (4.42)), i.e. g, > g, +1l and h, - h, +1.
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4.3 Heat bath equation of motion

We now turn to study the energy density entering eq. via the Hubble rate in eq. . To
describe the evolution of the system, the equation for ¢ must be completed by a second equation
tracking the total energy density in terms of the increasing temperature. The latter can be obtained
by imposing either entropy increase or energy conservation.

Let us denote the energy density and pressure of the radiation plasma by e, and p,, respectively.
In equilibrium, the corresponding total variables are

2

e=e +e, ews%+V—T8TV, (4.35)
3
P=D, 4D, pSOE?—V. (4.36)
The condition of entropy increase can be imposed as
TO,[(sr - 0pV)a®] =a®Y@*(t) . (4.37)

The presence of a thermal potential implies that the free energy density carried by the inflaton field,
V (@), also contributes to the total entropy density. The physical interpretation of the negative
sign of -0,V is that, storing free energy in ¢, whose value carries definite information, decreases
the total entropy.
Making use of
e, =Ts.—p,,  $.=0rp,, (4.38)

eq. (4.37) can equivalently be rewritten as an equation for the energy density,

¢, +3H (e, +p, —TOpV) -TopV = YG(t) | . (4.39)

We note that, as long as the source given by ¢ is active, the sign of é, is determined by many
effects. During inflation e, may fulfil é, — T9:V ~ 0, and the corresponding temperature remains
around a stationary value. The growth of T" becomes significant towards the end of inflation, when
V ~ @2, and the oscillations of @ inject energy to the plasma for a while. A maximal temperature
(T...x) is reached when the energy dissipated from ¢ stops compensating for the Hubble dilution.
Denoting ¢* = e, + p,,, this happens when

€r + Pr >£

T, 2 .
e +py, SH

M 3H(er +pr) - Y(ep+py)20 < (4.40)
In a weakly coupled regime we have T « H during inflation, implying that T, may be reached
already shortly after inflation, when the energy density of the inflaton is still dominating. According
to the formal definition, inflation ends when the expansion becomes decelerated, i.e. e, ~ ? /2.
Calling reheating the subsequent period up to radiation domination, e, S e,, we see that generically
it starts after T,,,, has been reached, and is characterized by a decreasing temperature.

Coming back to a technical description of eq. , let us briefly sketch how it is obtained
imposing the conservation of the energy-momentum tensor [63]. If we multiply eq. by ¢, the
evolution equation for ¢ can equivalently be expressed as

e, +3HP* +TOLV =~ -T&* . (4.41)

Summing together eqs. (4.39) and (4.41)) yields the overall energy conservation equation,
é+3H(e+p)=0.
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If T =0, like in standard inflation, there is no source term for the radiation plasma, and any
possible initial temperature just redshifts away. It has been realized, however, that the assumption
T = 0 is mathematically troublesome. Even if the T = 0 solution represents a fixed point, it can
be an unstable one. Just a small perturbation may drive the system to another fixed point, where
T>0and T >0 [59,64]. This thermal fixed point characterizes the almost stationary value of e,
during inflation discussed below eq. , and is visible in the examples shown in fig.

Eqgs. (4.23), (4.24]) and (4.39) apply for any type of a radiation equation of state. A simple ansatz
is given by the conformal form

2 2 2
g, T 4 g, 4 2h>(-7T
=T T = g T e =eptp = — T

(4.42)

with h, ~ g, constant. This is a good approximation if the plasma has a weak self-coupling. If this
information is not known, one should consider the possibility that plasma interactions can become
strong. Then the equation of state eq. must be replaced by non-perturbative expressions
(see sec. for an example).

Motivated by the reasoning above, we consider the possibility that, as the temperature evolves,
a critical temperature T, may be crossed, so that a first-order phase transition takes place in the
heat bath. When the system is in a mixed phase, the temperature stays constant at T' = T, so
that 7= 0. At the same time, the energy density has a discontinuity, e, (7:*) = e,.(T;) > 0, so that
3Te,,|T:TC diverges, and eq. needs to be supplemented by another equation.

Although a mixed phase incorporates complicated physicsﬁ the overall picture should be well
captured by an adiabatic approximation. We re-parametrize e, (t)|, through a volume fraction u,

e.(t)=e (THu(t)+e (T7)[1-u(t)], 0<u<l (4.43)
= &.(t) =u(t) [e,(T))—e.(TO)] - (4.44)

The pressure p, is continuous at 1" = T, since it equals minus the free energy density, and is
therefore independent of u. Thereby eq. (4.39)) gets replaced with

i [ep(TY) = e, (T0) 1+ 3H [e, (T ) u+ e, (T7) (1= ) +p,(Te)] = TG, (4.45)

where e, depends on u as given in eq. , and appears also in the Hubble parameter H.

The solution of the differential equations needs now to be complemented by a monitoring of T’
and u. If we are solving eq. (4.39)), and notice that 7' — T, (respectively T'— T.}), then we need
to go over into eq. , with the initial condition w = 0 (u = 1). Similarly, if we are solving
eq. (4.45), and v - 1 (u — 0), then we need to go over into eq. , with the initial condition
e, =e.(TF) (e, =e.(T.)). It is possible that the system enters and exits the mixed phase from the

same side (for instance, if T =T), or from different sides (if the transition is passed through on

the way towards higher or lower temperatures).
Having suggested a formalism depending on G, the remaining step is to specify its form. Chap-
ter [5] motivates a concrete choice for the interaction term @.J and constructs a potential for @.

34For example bubble nucleations, sound wave dynamics, turbulence, ... .
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Example: axion-like inflation

Let us briefly outline an inevitable (and incomplete) historical overview.

Despite the many advantages of inflation already in its simplest realizations, see sec. [3.1] for an
example, the search for the perfect self-coupling potential for the inflaton field V(@) threatens to
turn into a new fine-tuning problem. First models of axion inflation rose originally to construct a
potential which is naturally flat, a feature that suggests the name natural inflation. The earliest
examples date back e.g. to [65-67], that appeared shortly after the model of inflation [23].

To understand these early works, one should keep in mind that inflation itself was first presented
in the format of a phase transition occurring in the hot early universe. Energy scales were thus
compared with a high, decreasing temperature. Denoting by f, the axion decay constant, first
attempts identified the QCD axion with the inflaton at energies Aqep < €, < faﬁ The parameters
of inflation, axion mass and decay constant in this case, are therefore constrained by the high-
energy limit of QCD. Precisely the dynamics of QCD instantons is then the origin of a flat inflaton
potential at high temperatures (we construct the latter on the next pages).

With the advent of the CMB observations by the Planck satellite and the first constraints on
inflation 38|, p.19], the QCD axion was ruled out. In its place, an abundance of still undetermined
axion-like inflatons started sprouting. Non-thermal models are reviewed in 70|, while more recently
axion-like interaction terms are widely used in warm inflation models, see e.g. [59H62L/64L71H76].

Over the past forty years the literature concerning axion-like inflation has grown according to
the increasing interest in inflation, with the original idea being modified in a similar manner. To
be more precise, in the modern perspective inflation is usually placed foremost in any sketch of
the history of the universe, and is described as an exponential expansion driven by the energy
density of a slowly evolving scalar field [24]. No notion of the temperature is needed, except if a
warm inflation scenario is explicitly considered. Hence, generally the UV physics that generates
the axion potential is not discussed and the latter is taken as an ansatz.

Strictly speaking, these models do not benefit from a naturally flat potential a priori. On the
other hand, aiming at a complete framework for inflation that can describe the transition to the
radiation dominated epoch, an axion-like potential remains interesting.

We now turn to sketch the original setup of axion-like inflation, coupled to a non-Abelian gauge
sector, in order to introduce the framework used in the rest of the present chapter.

350Other models identified the QCD axion with a dark spectator during inflation, see |68| for a modern example.

44
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Basic setup of axion-like inflation

The idea of axion-like inflation is to postulate a symmetry, as in the Peccei-Quinn solution to the
strong CP problemﬁ such that the smallness of the coupling constant in the self-interaction of
the inflaton ¢ arises dynamically from a ratio of mass scales.

Concretely, considering the Lagrangian in eq. for a massless scalar inflaton field, one adds
an axion-like interaction term. Required is a Yang-Mills sector with the gauge group SU(NC)E
coupling constant g% = 47, field strength tensor Fy,,

1
L= —59“”8,& O — o + Loan (5.1)
Y o« a 1rapv a a a abc gb pc QWY — VPO 1a
QOJ = jﬁF;“/F s s Fjuy = 8#14” —GVA# +gf A[LAD 5 FOHY = hvp Fpo . (52)

The scale f, measures the energy at which the axial U, (1) symmetry is explicitly broken by ¢J.
It is proportional to the mass scale of further excitations in the broken phase (see footnote ,
and is conventionally called the azion decay constant. If the axial U, (1) symmetry is explicitly
broken at a high scale f, ~ m,,, then the associated pseudo-Nambu-Goldstone boson ¢ is very
weakly coupled to the gauge sector.

The gauge sector itself is characterized by two further scales. Technically, we assume that
inflationary physics has an energy scale €, << Ayy, where Ay, is the confinement scale of some
unified theory. At the same time, the unbroken SU(N,) subgroup also displays a confinement scale
Aix. During inflation we mostly assume €, > Ax, implying that the gauge sector is weakly coupled
a <1 at the energy scale of the inflationary epoch (see however [5] and discussions below).

Because J can be written as a total derivative, it does not contribute to the classical equations
of motion of the gauge sector, if ¢ is constant. A non-trivial contribution to the action,

[t y=g- -% CQ=— [ dte g (AgapAg +4 fabCAgAgAg) ¢Z, (53)
ie. @ # 0, arises from non-Abelian gauge fields with pure-gauge boundary conditions A, pniy
Ut9,U, for U eSU(N,). The topological charge @ represents the winding number of non-trivial
field configurations known as instantons (@ > 0) and anti-instantons (@ < 0).

As a consequence of eq. , the action corresponding to eq. is invariant under the shift
symmetry ¢ — ¢ + 2w f,. This is not the case in the presence of a mass term.

a

1> it does enter the

Even if ¢J may not contribute to the classical equations of motion for A
dynamics of ¢ generating a potential and an additional friction term,

G+3HG+0,V(p) ~-YH* . (5.4)

To derive them it is convenient to use the partition function in the path integral formulation.
In particular, treating 6 = /f, as a free parameter, Wick-rotating to the Euclidean action, and
integrating over all fields in J and L,,,,, one can evaluate the potential

N -10)

V(6) =~ lim — In (Z(O)) , (5.5)

36 In the Peccei-Quinn construction [77], the axion ¢ arises from the phase of a complex scalar field ® = ¢ew/fa‘
The latter is added to the QCD Lagrangian, together with a quark field Q = (Q1,Qr), which is a color-triplet,
and a singlet under electroweak transformations. The additional fields transform under a postulated global U(1)
Peccei-Quinn group, ¢ — ¢, ¢ — @ +¢, Qur — e7¢/2
Lagrangian at energies Aqcp < e, < fq. For a compact review see |78].

37The Abelian case has been studied as well, see [79] for an example.

, and source the anomalous interaction term in the effective
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that arises from a non-trivial topological sector,
Z(0)= Y €99z,. (5.6)
Q=-—00

To further evaluate V, it is convenient to assume that for |@| > 1 the dominant contribution to Z,
arises from the superposition of n l-instantons and 7 l-anti-instantons, such that Q =n-n. In
this semi-classical approximation of a dilute instanton gas, eq. (5.6) can be written as

Zlew]n [Zle—ie]ﬁ
n! 7!

2(0) = io [ - exp[22; cosh] . (5.7)

Inserting A%, ~lim,_. 2T Z;/L?, the potential for the axion-like inflaton from eq. (5.5) is then

V(p) =~ AL, [I—COS(%)] , Vip+2nfa) =V () . (5.8)
a

In the Peccei-Quinn construction, the semi-classical expansion about instantons suffers from an

ill-defined integration in Z, that diverges in the absence of a physical cut-off scale [80,81]. The

problem arises classically, since then the action of any instanton with @ =1 is 47/«. However, in

the regime of quantum fields at finite temperature one expects confinement to provide a physical

scale, which may serve as a cut-off, which we denote here as Ayy.

If we define the mass as the curvature of the potential at the minimum, this evaluates to
4
_ AUv

=T = Aygv~mf, . (5.9)

The appearance of the confinement scale means that the amplitude of the potential cannot be

2 _ 42
me = BWV(@)L;:O

addressed via perturbation theory. In terms of a non-perturbative quantity, m? is related to the
topological susceptibility x,

= lim <Q2>

Jim 27 =x . (5.10)

7 [y=  Q2itez o Wz \*
22 = BV (O)],q = lim — lZQ_mz}Q(oe) - (ZQ_}C()S) Q) ]

In the QCD context, some exploratory lattice results for y were available at the time of the first
axion-inflation models [82]. They confirmed that at high temperatures instanton effects are strongly
suppressed, and for T > Ay, the topological susceptibility decreases rapidly as the temperature
increases [83]. The potential is then essentially independent of the axion field, and no value of
© is singled out dynamically, but it is randomly distributed between 0 and 27 f, (mod2xf,) in
causally distinct regions. In those regions where ¢ ~ 7 f, the inflaton starts inflation by slowly
rolling down to the minimum. Because of this stochastic flair, the inflationary setup appears to
emerge naturally.

For our concrete example we consider m and f, as free and independent parameters of the model
and treat Ayy as a constant. A nice feature of the potential in eq. is, that near the minimum
V(p) ~ m?¢?/2 reproduces the simple chaotic potential, and close to the maximum ¢ ~ 7f,,
V ~const +O[ (-7 f,)?] yields a viable slow-roll regime of inflation. Besides the potential, we keep
the interaction term in the Lagrangian, representing the unbroken SU(N,.) subgroup of the non-
Abelian sector. Together the shift-symmetry and the topological nature of J suppress perturbative
corrections to the potential and permit for a friction. These are two essential ingredients for a
successful inflationary period with a hot final.
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To make use of lattice results (cf. e.g. sec. [5.3), as an example we set N, = 3. When lattice
results are not available, we adopt a leading-logarithmic running value for the gauge coupling,
representative of a Yang-Mills plasma,

bm ! [\/(x 21N )2+ (27T)2 + m2]

o~

A1
11N, A (5.11)

C IR
The first term in the square root serves as an (arbitrary) infrared (IR) regulator, so that any value
of T or m can be inserted; in sec. we check the IR sensitivity of the results by varying the
parameter z in the range x € [0.2,2.0]. Nevertheless the expression is guaranteed to be physically

meaningful only for max{27T,m} > A, so that a « 0.3. Here Az represents the confinement

IR’

scale of the unbroken SU(3) gauge group.

5.1 CMB constraints on inflaton mass and decay constant

Scalar perturbations accessible via CMB observations exit the horizon at the beginning of inflation,
deep in the slow-roll regime. At this stage, thermal corrections are still negligible, T ~ 0, but
interactions with the gauge sector at high energies enter already via the potential. To compute
the CMB observables we therefore solve the simplified evolution,

G+3HG+V'(p)~0, H?w i”‘g , V(¢)mm2f3[1—cos(f£)] . (5.12)
m

pl a

The free parameters of the model that can be constrained by the CMB are therefore the inflaton

mass m and the decay constant f,. Not accessible is the confinement scale Az of the Yang-Mills
sector. We discuss in sec. how the temperature evolution is affected by Ag. In turn, the latter
enters the predictions for the gravitational wave background studied in chapter [6]

To solve eq. we also need an initial value for the inflaton field, @g. As the slow-roll regime
should represent an attractor solution, the expectation about @g is that its value does not affect
the dynamics, as long as the simulation starts far enough away from the minimum of the potential.
This means choosing @q close to one of the maxima, e.g.

@o(fa) #0.97f, . (5.13)

Returning to m and f,, we recall eqgs. (3.133)—(3.134) for the CMB observables, which in the
slow-roll approximation are replaced by

2
A GV (5.14)
3 €y t
TLSN].—Gev(t*)+2’I7v(t*) s (515)
r~16ey(t.) . (5.16)

The time ¢, denotes when vacuum fluctuations exit the causal horizon and become classical per-
turbations. For the scales probed at the CMB, ¢, can be obtained by backtracking N ~ 60 e-folds
from the end of inflation t.,4 (cf. eq. ) A conservative choice of t.,, is at moment when the
exponential expansion ends, i.e. when the parameters (cf. eq. )

1 (V)2 1 sinz(%)
V= 16nG (VSO) " 167GSf2 [1_COS (f}a)r : (5.17)
e i e ) (5.18)

T 817G V. 871G f2 1 _ cos 2)’
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Figure 5.1: The procedure to establish the values of the parameters f,, in fig. and m, in

fig. The value of the observables Ag, ns and r is evaluated according to eqs. (3.133)—(3.135]).
The present figure reproduces the left and middle panels in fig. 2 of .

reach order unity. However, considering that the accelerated expansion continues, even if not
exponentially, until V ~ /2, and that this could happen later (see the discussion below eq. (4.39)),
we choose t..q to be the time when the maximal temperature is reached.

Inserting egs. (5.17) and (5.18]) in egs. (3.136)—(3.137)), we learn that r and ns do not depend

directly on the inflaton mass m. Considering the experimental constraints (cf. sec. ,

P <0.056,  n* =0.9649 £ 0.0042 (5.19)

we hence first fix the parameter f,, as illustrated in fig. (N > 60 is satisfied for any value of

fa in the chosen range). More delicate is the matching of ng and 7: increasing f,/m,, increases

both r and ng, such that the ideal region for r, where f, < 1.25m,,, does not correspond to the

ply
one preferable for ng, where f, ~ 1.6 m,,. We set

far125m, , (5.20)
such that both quantities still lie safely within 20 distance from the observed value,
r(fa=1.25m,) ~0.055 , ns(fa =1.25m,,;) ~ 0.9607 . (5.21)
Once f, and thus also @y are fixed, we vary m in order to match the observation [38]
AP = (2.0989 + 0.0292) x 1077 . (5.22)

As shown in fig. A, is highly sensitive to the mass parameter, with the allowed range within
the narrow region m € [1.05,1.07) x 10™%m,,. Choosing m = 1.06 x 107%m,, we obtain the value

Ag(fa=1.25m,,m=1.06x10"05m,) ~2.1144x 1077 . (5.23)

ply

Now that we have a first estimate for m and f,, the plan is to solve the full set of equations
(4.23), (4.24), (4.39) for different values of the confinement parameter A;z. To proceed towards
the numerical solution, in the next sections [5.2] and [5.3] we determine the remaining unknown coef-

ficients entering the equations for the concrete example of an SU(3) Yang-Mills plasma interacting
with the inflaton.



Chapter 5. Example: axion-like inflation 49

5.2 Friction coefficient and mass correction

As derived in sec. the friction coefficient and the mass correction originating from an interaction
term L 5> —pJ are determined respectively by the imaginary and real part of the retarded correlator
of J, cf. eq. (4.21). For J from eq. (5.2) this takes the form

GR(w):( o )2 [0 " gt it [ A LEg, B (1x), F E 0,00 - (5.24)

167 f,

In a weakly coupled thermal system at 1" > Az, G, contains a lot of structure. At w > 7T it
is dominated by a vacuum part [84]; at w ~ #T', it develops substantial thermal modifications [85];
at w ~ g7, features originate from collective plasma excitations and Debye screening [85]. For
very small frequencies, w < o', yet another behaviour takes over, dominated by non-perturbative
dynamics [86], so that a reliable determination of G, requires lattice simulations. The real part is
related to the topological susceptibility studied in four-dimensional simulations [87,(88], while for
the imaginary part only so-called classical real-time simulations [3] can be employed.

An evaluation of the contribution of the scales w ~ g7 and 7T [85] suggests that the small-w
regime is dominated by the contribution from very small w $ oT frequencies. Therefore, we adopt
a model in which G, only contains a vacuum part, G5V, from w > 77T and an infrared part, Gu',
from w $ oT'. Furthermore, the tails of the two contributions are numerically small outside their
domains of validity, so we can establish an interpolation simply by adding the parts together,

Gp(w) ~ GV (w) + G (w) . (5.25)

When T' S A
by full four-dimensional lattice simulations. Unfortunately, extracting real-time information from

., the effective-theory type setups used in real-time simulations should be replaced

the latter is exponentially hard (see e.g. [89,/90]). To determine Y and m2 from the available
information in a confined regime we follow two different approaches. However in both cases our
estimates contain a systematic error, discussed in the following.

Friction coefficient

The friction coefficient is defined by (cf. eq. (4.21]))

_ImGL(m)
M

T (5.26)

In [3], classical real-time simulations are used to estimate T at very high temperatures, T > A, .
The setup for the simulations and perturbative analytical results at leading order in « are illustrated
in appendix Here we report the results originating from the two parts in eq. (5.25)),

2
__m
« )2 L+ (cira?N2T)?

f _om?2
e (CmOl]VcT)2

o (2 oo (2]

where d, = N2 - 1. Ty represents the decay width for the process ¢ — gg.

Little is known about Y at T' $ A,
four-dimensional lattice simulations have been launched [9192]. For this reason, we adapt the weak-

Yin = dar(aN.)>T? ( ., k~l5, cr~106, c,~5.1, (5.27)

1+

even if exploratory studies for determining Y, with full

coupling computation from above to a strongly coupled regime through a modelling of the Yang-
Mills coupling .. Our estimates contain therefore a systematic error, reflected by the parameter x
introduced in eq. (5.11)) to test the IR sensitivity of the results.



Chapter 5. Example: axion-like inflation 50

A € [107,10°] x m

10-15 - -

g mmm Tw/my,

p
. — Yu/my

10-2 1 102

T/m

Figure 5.2: Hierarchy of the UV and IR contributions to the friction Y: in the low mass limit
m < T eq. dominates, while at low temperatures m > T, T ~ T from eq. . We use
the parameter values m = 1.06 x 10_6mpl and f, = 1.25m,, determined in egs. and .
For comparison, we also plot the thermalization rate ~ o7 of the heat bath. The error bands
originate from varying Ay in the range [1071°, 103] xm (lines are evaluated at Az = 10’6m).

Figure [5.2] illustrates eqs. and as functions of T'/m and at different A;z/m. The
behaviour of T = T + Ty changes from vacuum to non-perturbative physics with a gentle cusp
when T~ m. Comparing the thermalization rate of the inflaton ~ Y,; with T, we note that the
gauge sector thermalizes more efficiently than the inflaton at both T'> m and T <« m, with some
orders of magnitude difference. When solving the dynamics numerically in sec. we therefore
omit the thermal corrections to the potential derived in sec. Their effects have however been
studied in |5], where the interested reader can find more details.

Mass correction

The effective mass squared is given by (cf. eq. (4.21))),

m2 ~ m? -ReG(m) . (5.29)

‘Weakly-coupled Yang-Mills sector

For high temperatures T' > A;z we show in appendix how Re G, can be determined through
a perturbative computation in terms of a (or g% = 47a).

Denoting with fi? = 4ru?e™® the MS renormalization scale [93], the result is

dac?gim? 1 i e 16¢°n,(q)
ReG = X7 22l 2 m g [ dgP | — B2 O(qg° 5.30
Gu(m) = 57 {mu (:“mz ) Cup [ s ] o G

where P denotes the principal value, and ¢, =1/ (647%). Vacuum contributions, i.e. terms without
ng, are denoted by Re GV in the following. The scale parameter appearing in the latter is an
auxiliary quantity, and must cancel from physical results. The 1/e divergence and In i in eq.
can be cancelled by a counterterm, as discussed below eq. . As a result the combination
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Figure 5.3: Absolute values of: (a) the UV and IR contributions to the thermal mass m?2 accord-

ing to eq. . The cusps at m ~ 5.27 and m ~ 1023.07T mark the moments where the IR
contributions change sign. (b) the thermal contributions from m? to the total entropy density and
heat capacity, compared with the entropy density of a radiation plasma in the deconfined phase
(normalization factors correspond to egs. (2.14) and (2.15) of [5]). The cusps are again given by
the crossing of zero. We use the parameters m = 1.06 x 10°5m,, and f, = 1.25m,, (cf. eqgs. (5.21)
and ) To show how the result would naively extend to a strongly coupled plasma, the
shaded ranges indicate the variation of A,. However, for m2 we follow a different prescription, as

described in eq. ([5.33).

2

2., where A2 ~mf, is the UV completion

1/e +1Ini? gets replaced with a physical logarithm In A
of the theory introduced in eq. (5.8]).

An estimate of the thermal part yields the asymptotic behaviour

44
e Ny (PO
ReGi(m) — 4 "% P K , (5.31)
dyc289m T > m

x3 fz

implying that the thermal mass corrections change sign at m ~ 5.27'.

We show in fig. that both parts of ReG, are about ten orders of magnitude below the
tree level value m?, and in both regimes 7' <« m and T > m (T < Ayy ~ 10_3mpl ~ 10%m is an
upper bound in our model). Similarly, the corrections emerging from d.m?2 and 92m2 to the
thermodynamic functions are generally suppressed, see fig. [5.3b, We therefore omit m?2 and its

derivatives in the numerical solutions in sec. [5.4]

Strongly-coupled Yang-Mills sector

In principle we could carry out a discussion similar to T also for m?2, adapting a weak-coupling result
at T > Az to a strongly coupled regime. However, partial non-perturbative lattice information is
also available for Re G, so we would like to make use of it, even if it is not exactly what is needed.
Let us explain the issues.

The lattice simulations are usually viewed in the context of the QCD axion mass. Since a mass
term would break the shift symmetry, it is assumed that the axion has no mass at tree level, so that
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all of it is generated by the SU(3) gauge dynamics. Then, the mass correction can be evaluated at
w = 0, in which case it is proportional to the topological susceptibility as described in eq. .
Though the problem is technically challenging, results have become available (cf., e.g., [87,88] and
references therein), and we return to them presently (cf. eq. (5.32)).

However, a mass determined at w = 0 is correct only if there is no bare mass from an UV theory.
This is a problem, since our inflaton potential Vj, already contains a mass; it is envisaged to have
been generated by an UV gauge theory, at a scale higher than the IR one on which we focus. In
this situation, the contribution to the mass through the SU(3) topological susceptibility is only a
correction, and its determination at w = 0 rather than w ~ m represents an approximation from
the physics point of view.

Despite these reservations, we estimate how large the mass correction could be. We denote by
x the SU(3) topological susceptibility, and by ¢, an auxiliary quantity often used for setting the
scale in lattice simulations. Then, at 7' =0, t2x = 6.67(7) x 10~ [87], whereas examples of thermal
values are £§ x = 2.25(12) x 10™% at T'\/8t, = 1.081 and t§ x = 3.43(27) x 1075 at T\ /8¢, = 1.434 [88].
Inserting a conversion to the critical temperature, TC\/t_O = 0.2489(14) [94], a rough qualitative
representation, incorporating an expected functional dependence at higher temperatures, is

0.17T%, T 50957, (5:32)
X = 11 s .
0 T320.95T,
and the corresponding mass corrections from the IR (w — 0) gauge theory evaluate to
2 T50.95T¢ 0'17TC4 2 T20.95T¢ 0.12T011 2 2
omg ™ 2 mi T omz < dmg . (5.33)

To connect m? to the mass parameter appearing in the potential let us recall the discussion about
Vo above eq. . We refer to V, as the tree-level potential plus those radiative and thermal
corrections which do not change the shape of V[, (in contrast, shape-changing structures lead to
what we have denoted by V). With m? the value of the tree-level mass, at temperatures below 7T,
it gets modified to the temperature-independent quantity

m? - m2=m? +om3 (5.34)

whereas a would-be thermal mass squared at T > T, reads

m? - m2 =m?+dm2 = mi - Smg + om2. . (5.35)

After these order-of-magnitude estimates, let us explain why the mass correction should be
unimportant. Inserting the numerical values for m and f, and estimating the bare mass as m? ~
At /f2 following eq. (5.8), the scale of the UV gauge theory is A, ~ 107®m . According to
sec. [5.4] the solutions fall in two different classes. If the system heats up to T, . > T., then
|6m2 — 6md| ~ A Jf2 «< AL,/f? ~ m?, ie. the thermal mass correction is exceedingly small. If

T .. <T., the system stays in the confined phase, and there is no thermal mass correction.

max

5.3 Non-perturbative thermodynamics for a radiation bath

As an essential ingredient to eqs. (4.39) and (4.45), we need the thermodynamic energy density
and pressure of the radiation plasma, e, and p,. These are often parametrized through degrees
of freedom g, or h,, according to eq. (4.42)). If the plasma is very weakly coupled, g, is to a
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good approximation constant and h, ~ g,. However here we want to consider also the case, where
interactions can become strong as wellﬁ In the latter case, g, and h, decrease rapidly at low
temperatures, and their complete functional forms are needed.

It turns out to be convenient to parametrize the thermodynamic information through the entropy
density, s,.. On one hand, this is because we need s, for eq. . On the other, s, can be
precisely studied with lattice simulations, cf. [95]/96] and references therein. Denoting by 7., the
critical temperature, and setting N, = 3, the results of the deconfined phase of a Yang-Mills plasma
can be represented a@ [96]

1.0348

6.9829 - ———— ,  T>3.222T,
s In(T/T,)
73 1.7015 + 77.757In(T/T,) + 232.331n*(T'/T.) (5.36)
lattice : . ¢ ’ 5 ¢ , T, <T<3.222T,
1.0 +19.0331n(T/T..) + 32.200 In*(T/T,.)
For T/T, — oo this agrees within 0.5% with the Stefan-Boltzmann value

s, 2712 x 16
—| =———=7.018. 5.37
T3 e 45 (5.37)

The determination of s,/T® is more difficult in the confined phase, as the results soon become
exponentially small. Fitting to the tabulated results from |96]ﬂ ViZ.

s,/T° T|T,
0.37(15) 1.0
0.31(11)  0.980 , (5.38)

0.108(23) 0.904
0.001(4)  0.660

which appear to be consistent with [97], we model the low-T" region with the ansatz

Sr

T3

T<T, T b cT
~ ¢ a(T) exp(— TC)7 a=458, b=6.81, c=4.80. (5.39)

c

lattice

The transition is of the first order, so that s,/T? displays a discontinuity at 7' = T,. For the
conversion between T, and A, we estimate T, ~ 1.24A , [94].

Given s, =dp, /dT, the other thermodynamic functions can be obtained as

T s
p (D) -9 (0) = [AT'T? (28] e (T) =, (0)=Ts, ~ (D) -p,(0)] . (5.40)

Furthermore, in order to evaluate ¢, = Tc,, we need the heat capacity ¢, = d e, = Td.s,. At low
temperatures eq. ([5.39) implies

— < 4
WT}M*)(%) r(—b—4, Cg) : (5.41)
b b-1
rer, T T T
o) (3) To(F). o

38In this section we make use of non-perturbative information, so that the coupling can be arbitrarily strong.

39 (96| gives T = 3.433T,, as the transition point between the two functional forms; we have replaced this with the
value at which the curves cross each other, with the approximate coefficients at our disposal.

40The first number can be found in the text, not the table. The last number appears to contain a typo in the
table of |96]; we have reconstructed the correct value from the e, and p, given on the same line.
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where I'(s,z) = [~dtt" ' e™" is an incomplete gamma function.

Restricting to the SU(3) plasma is a special case, however this is the system for which the
most reliable non-perturbative information is available. In addition, it entails a weak first-order
transition, which is typical of many other thermal systems.

5.4 Numerical results and parameter scan

Having established all the coefficients appearing in the evolution equations , and ,
we now want to solve them. From the results of secs. [B.IH5.3] we learn that the thermalization of
the inflaton field is a slow process compared with the thermalization of the gauge plasmaﬂ and
that interactions among the two yield negligible thermal corrections to the inflaton mass and to
the shape of the potential. It is therefore a fair approximation to simplify the potential by setting
OV 5 0.V w 0 We hence finally solve

o+(BH+YT)g+V'(p)=~0 (5.43)
T¢22{ér+3H(er+pr) i T¢Tc (544)
u [er(T:)_er(Tc_)]+3H[er(Tc+)u+er(Tc_)(1_u)+pr(TC)] ) T=T.

numerically for the functions {p(t), T(¢), u(t)}. With the simplifications discussed above, the
Hubble rate and the potential read

~9 _

H? =~ s er+¢—+V , V(@) =~ m?f2 [l—cos(ﬁ)] . (5.45)
3m§l 2 fa

The form of the friction T = T1z + Ty as a function of m, T, f, and « is given in egs. (5.27)) and

(5.28)), where the coupling « in eq. (5.11)) is parametrized by m, T and A;z. Conveniently the time
parameter is normalized by a reference Hubble time

3m2, 1
toes = Y ) (5.46)
87V[po]  H(tw)
With the values
m~1.06x10"%m,, , fa~1.25m,, , (5.47)

fixed by the CMB constraints (see sec. , the only free parameter left is A;zg. We thus scan the
solutions in terms of Ay, discovering a rich dynamics, that determines the value of the maximal
temperature reached after inflation.

To determine the convenient initial conditions for egs. 7, we study the emergence of

a stationary temperature, 7., ,, analytically.

tat?

Stationary temperature

The existence of a stationary temperature at intermediate stages of warm natural inflation follows
from the argumentation in [591/64]. Physically, this corresponds to a situation in which the energy
released from the inflaton to radiation through friction, precisely balances against the energy
diluted by the Hubble expansion. After a while, T starts to increase above T

stat?
. While estimating T requires the solution of the coupled set of differential

obtaining a
maximal value, T,

x

equations, for T,,, we can employ slow-roll approximations to find algebraic equations.

tat

41 This is not the only argument. In fig. right) we show that it appears unlikely that the inflaton thermalizes,
because its would-be thermalization rate ~ Y is much below the Hubble rate, for any choice of Ag.

421n [5] we illustrate solutions in the three qualitatively different cases of a Yang-Mills plasma and: (i) a non-
thermal inflaton, (ii) a thermalized inflaton, (iii) a thermalized inflaton 4 one extra degree of freedom.
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Figure 5.4: (a) Example of left hand-side (lhs) and right hand-side (rhs) of eq. at A =
1075m,,. The band correspond to the variation of x € (0.2,2.0) in the parametrization of «,
eq. (5.11). (b) Solution 7., of eq. at different values of Az. 7. denotes the critical
temperature. The present figure reproduces partially fig. 3 of .

Let us start with the slow-roll approximation of eq. (5.43]),

5 Ve 5.48
LY 7N O (5.48)

while in eq. (5.44]), we search for a stationary solution, with é,. ~ 0. Recalling the thermodynamic
relation e + p = T's, where s is the entropy density, yields the master relation
2
TV

3T, =T 5.49
stats H (3H+T)2 ( )

As further simplifications, the Hubble rate can be approximated as H ~ \/W during the
slow-roll period, and we may furthermore set ¢ - @o in V and V.

The left and right-hand sides (lhs, rhs) of eq. are illustrated in fig. The resulting
values of T, /m_,, from the crossings of the respective curves, are plotted in fig. It can be
observed from fig. that there is a specific domain of A, at which the behaviour of the system
changes. To determine the smallest value A,,;, for which the system reaches 7., we ask for which

A the stationary temperature satisfies 7T.,., = T.. This corresponds to
2
T |

ST s= —— %
<* T H(BH+T)?

= Apw 2 3x1077m,, . (5.50)

AR =Amin

In fig. the cusp in the rhs curve is where the behaviour of T changes, from Y, at low
temperatures to YT, at high temperatures. When A, = A, the lines cross in a domain where
T ~ Y. Therefore, A,,, is independent of the non-perturbative physics of T .

Maximal temperature
We now move on to a full solution of egs. (5.43) and ([5.44)). As initial conditions, we take

T(t) =027, , @(t,)=097fa, @(t.)=-V,/(3H) (5.51)

ref
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Figure 5.5: Scan of T, as a function of A;z/m,, from the solution of eqs. (5.43)) and (5.44]). Our
setup is self-consistent only for A < Ayy ~ 1073m,,. T, denotes the critical temperature. The

present figure reproduces partially fig. 5 of .

from sec. [5.1] However, the solution is an attractor, and therefore soon independent of the initial

conditions. For the given parameters, the confinement scale at which the system heats up exactly

to T,

is found to be in the vicinity of A ., ~ 2 x 10‘8mp1.

Examples of solutions are shown in fig. and a scan of T, __ in fig. We conclude that

*

*

T

ma

if Ay < Ao,

for Ain < Ajp < Ay, the system undergoes two phase transitions, one as it heats up to

. > T, and a phase transition occurs as the system cools down (cf. fig. [5.6al).
T,

max?
one as it cools down. Yet in this domain a?T « T <« H, so it is questionable whether the
temperature has a literal meaning during the first transition. The maximal temperature has
the numerical value T". S A,.. ~2x 10’8mpl (cf. fig. [5.6¢)).

max ~

if A, ~ Ay, then the system heats up to 7, ~ T,. This happens just between the examples
in figs. and
if Ajp > Aaxs 1), < T, and the system undergoes no phase transition. Nevertheless it heats

~ Ay (Cf fig. ‘

up to a high temperature, T

max
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Chapter 6

Gravitational waves from thermal processes

We are interested in estimating the contribution to the gravitational wave background, that can be
associated with a thermal axion-like inflation scenario, as described in chapter Our starting
point is thus the interaction Lagrangian

L enveo pe e (6.1)

L>-oJ+h"T,, , J = T6n7. P

where h* represents the propagating part of a graviton field (suitably rescaled). The parameter
fa denotes the decay constant of the scalar field into the gauge bosons that populate the thermal
bath. Interactions in the latter are described by the Yang-Mills coupling constant g = 4ma, the
Yang-Mills field strength F;,, and ce {1, ..., N2 -1}, for N, the number of colours.

During inflation, scalar perturbations (cf. sec. are sourced quantum mechanically, from the
vacuum fluctuations of the inflaton field. Tensor perturbations (cf. sec. are geometrical vacuum
fluctuations, and grow according to the exponential expansion, until they exit the horizon. For
scalar perturbations produced during warm inflation [110H113], thermal corrections are negligible

in the regime T « H where the thermal friction is small compared to the Hubble friction.

We show in sec. [6.1] that the story is different for tensor perturbations, which get directly sourced
by thermal fluctuations of physical momenta k/a S a?T. Since the Hubble friction still dominates
for a long period after the slow-roll regime, in general we have a?T <« H. This means that
physical modes exit the horizon at the very beginning of inflation, and remain outside for its whole
duration. Gravitational waves are sourced by thermal fluctuations continuously in time, not only
at horizon crossing. For the primordial gravitational wave spectrum we derive an interpolating
formula that incorporates both vacuum and thermal production during inflation. The resulting
signal has a model-independent frequency shape fi in the LISA window [41], whose coefficient
allows to measure the maximal shear viscosity predicted by the model. Our methods and results [4]
are to a certain extent comparable to those of [107}[108], respectively@

The vacuum and thermal perturbations produced during inflation are outside the horizon in the
reheating period. However, new fluctuations are produced at different scales by the interactions
between the oscillating inflaton field and the heat bath at equilibrium. These modes are there-
fore inside the horizon and the Minkowski metric offers suitable local coordinates to describe the

43Gravitational waves for non-thermal axion-like inflation have been studied e.g. in [98,/99], or [100H106], where
contributions from efficient non-thermal particle production mechanisms are considered during or after the inflation-
ary epoch. Thermal contributions are usually taken into account in the context of warm inflation, e.g. [107-109].

4 However, |107] applies the same methods to scalar instead of tensor perturbations during warm inflation, while
|108] computes the thermal contributions to tensor perturbations during the slow-roll regime (without interpolation
with the vacuum contribution, nor transfer function), and assumes YT ~ T for the friction coefficient.

58
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interactions. In sec. we compute the gravitational energy contribution from the momentum
regime H < k/a $ o®T, and report the results for larger momenta, k/a ~ 7T, derived in appendix
Gravitational waves at reheating are found to peak at high (GHz) frequencies [2].

Having shown in sec. that thermal corrections to the inflaton mass are irrelevant, we neglect
them throughout the entire chapter, and denote by m the tree-level mass.

6.1 During inflation

Thermal corrections affect tensor perturbations in different ways. The most obvious contributions
enter via the non-vanishing fluid anisotropies HEJ- # 0 produced by thermal fluctuations, which
directly source gravitational waves through Einstein’s equations (2.133). On top of them, tensor

perturbations may also get damped by an additional thermal friction in this scenario. However, the

2

2
pl’ Ty ~ T]/mp17 where

corresponding damping coefficient for tensor perturbations is suppressed by m
7 is the shear viscosity of the plasma, and thus negligible compared with the damping caused by
the expansion of the universe H ~ T%/m,,. Finally, the tensor perturbations produced at inflation
propagate through the thermal era before we can observe them today. The way their signal gets
modified during this journey is encoded in the transfer function. In the present section we study
the first and third contributions mentioned above, and draw some conclusions on the observability

of the gravitational wave signal.

Tensor perturbations from thermal fluctuations

We start from the evolution equations (2.133|) for tensor perturbations. Going over to co-moving
momentum space and helicity basis, the dynamics of a given A-helicity mode reads

(02 + 2HO, + k)0, (7,k) = 87Ga*p Y eIl (1, k) = p(7,k) . (6.2)
ij

Independently of the source p, eq. (6.2) can be solved using a retarded Green’s function. At 7 > 7,
we are thus solving the same equation already encountered for the vacuum solution of tensor
perturbations, cf. eq. and eq. . Considering that small momenta exit the horizon in
the earliest stage of inflation, and soon satisfy k << H, to find the super-horizon Green’s function
we solve the equations,

[a*Gy(, TZ')], v O(r-7), Gu(r<m,7)=0, lim G(r,m)=1, (6.3)
k<t 2 T d”]:
=  Gr(1,7) =~ a*(7) / Y (6.4)
i a?(T)

which does not depend on k. In principle, during the slow-roll regime of inflation one could use the
relation a(7) ~ =1/(H7). However, thermal fluctuations contribute mostly at high temperatures,
i.e. when the thermal bath warms up to its maximal temperature towards the end of inflation. In
this regime the de Sitter approximation is no longer valid and we should rather solve eq. as
we are solving the inflation dynamics numerically.

The solution of eq. is then the convolution integral, such that its correlator can be written
in terms of the one of the source. In order to make use of this property, we need the correlator of
the thermal perturbations in the energy-momentum tensor, which at large wavelengths are known
as hydrodynamic fluctuations |114] §88].
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The macroscopic variables that describe the fluid are the local temperature T', and the local fluid
velocity v®. At first order, the energy-momentum tensor is then expressed as a gradient expansion,

Tyt = Ty + 6T + Sy, + O(87) (6.5)

where the zeroth order Tf;-ly,dr" contains no gradients and depends therefore on the averaged variables
T and 7 = OE At linear order in small perturbations, there are contributions from the first
order expansion in 67 and v’ = §v?, which we denote by 5TI‘L‘{;‘”. There, the dependence on T is
parametrized by the shear viscosity 7, and the bulk viscosity ¢ [115, p.44]. Since viscosities transfer
part of the kinetic energy of the fluid to thermal energy, at the same order an extra thermal noise
term S, must be included 114} §88,89]. The latter is characterized by the autocorrelator [116]@

Sijimn (1,€)
2 1) - o(rm -
(85 (T1,%1) Smn (72, X2)) = 2T I:n((sim(sjn) + (C - é’) 5ij5mn:| (a1 \/% 72) (6.6)
= (Sij(m1,k1) S; (12, ko)) = %Sij;mn(mC) 5(r1 - 72) (2m)%5 (k1 +ka) . (6.7)

In a decomposition according to eqs. (2.21)—(2.24), 67}.., has only scalar and vector modes,
and no contribution to tensor modes. These get thus sourced only by the shear viscosity,

p° Y e (k) [ (k)] (1L (71, Ko ) [T, (72, Ke2) )

= ei(ka) [, (k)] (Sij (11, k1) Sy, (72, k2)) (6.8)
%{Liﬂmn(kl)sﬁj;mn(n, ) 3(r1 — 1) (27)%6 (K + k) (6.9)
3 857”5(71 —72) (27)35(ky + ko) . (6.10)

In a system with a thermalized inflaton coupled to a heat bath through a damping coefficient T,
the shear viscosity gets two contributions: 7; from the interactions between the inflaton and the
plasma, and n, from reactions characteristic of a pure gauge plasma.

In general, the form of 7 is derived in a local rest frame of the fluid. For physical modes inside
the horizon, H « k/a $ T, interactions are fast compared to the expansion of the universe,
and we can use local Minkowskian coordinates. The same assumption is not accurate for modes
outside the horizon, and in principle an out-of-equilibrium shear viscosity should be derived in an
expanding frame. However, the modes were within the horizon a short time earlier, and for a first
estimate we retain the thermal value.

The scalar field contribution to 7 is studied in detail in sec. [6.2} and here we only report the
result for low temperatures,

T'Im GR : (OJ, k) T< T5 2mm %
Tn; = li 2YiTY ~ ( ) -m/T 6.11
[y s W o\t ) € (6.11)

The gauge plasma contribution dates back to [117],

. 2712674 272
Tny e —— my= I (6.12)
0 g ln(Q':ng) 3

45This corresponds to the perfect-fluid energy-momentum tensor introduced in eq. (2.71).
460nly the spatial part yields a non-vanishing contribution at this order.
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Figure 6.1: Contributions to the shear viscosity of the thermal plasma by interactions with the
inflaton field T'n s, and by pure gauge plasma reactions T'n,. The error bands originate from varying

Az in the range [1071°,10%] x m (lines are evaluated at A, = 1075m).

The inflaton contribution eq. (6.11)) is exponentially suppressed at, relatively speaking, low tem-
peratures T' < m, i.e. most of the time during the inflationary epoch. The two contributions are
shown in fig. beyond the low-T expansion. Through g, which appears also in the definition

of T, cf. egs. (5.27) and (|5.28)), and through the non-linear dynamics that gives T, they depend

non-trivially on the confinement scale A,y of the dark sector.
It is worth remarking that we find no momentum dependence, neither in the Green’s function,

nor in the correlator of the source, such that the resulting power spectrum scales like ~ k3. However,
before evaluating the power spectrum for thermal fluctuations, for a more accurate prediction we
want to incorporate also tensor perturbations that originate from vacuum fluctuations.

Combining vacuum and thermal fluctuations

We start again from eq. (6.2), with the thermal source term on the right-hand side, and write
9, (7,k) as the sum of short J., and large ¢, distance fluctuations, as in the stochastic approach

in sec. 3.3} The evolution of the slowly varying large-distance fluctuations is then described by
(6.13)

(02 + 2H0, + k*)0. (7, k) = (pr + po) (T, k) ,
where pq is defined in eq. (3.99)). Taking already into account canonical normalization (see discus-
sion above eq. (3.92), its autocorrelator is given by
(pa(T1,K1) po(T2,k2)) B5 327G d(ky + ko) Fi(1) Fi (72) (6.14)
where Fj, can be taken from eq. (3.101)), since vacuum fluctuations freeze out once they exit the
horizon, and this happens deep in the slow-roll regime of inflation. Therefore eq. ((6.14) is evaluated
at 719 € {-00, 775}, where 77, denotes the moment just after horizon exit.

Since the mixed noise correlator is suppressed by higher powers of G, with the result for the
(6.15)

thermal autocorrelator
(pr(11.k1) pr (2. ka)) B2 (167G)22Tn 6(my — 72)8(ks + ko)
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Figure 6.2: Vacuum contribution to the primordial power spectrum of tensor perturbations from

inflation, cf. the first term in eq. (6.16)): (a) time of horizon exit, (b) corresponding value of
eq. (3.92)). The present figure reproduces fig. 4 of [4].

we can write the result for the power spectrum of tensor perturbations from inflation,

647GE?

Te 2 Te
PT(k'):27T2{‘[MdnGR(Te,n,k)}"k(n) +327rc:[oodnGi(Te,n,k)T(n)n(n)} . (6.16)

While for each mode k the first term gets integrated only up to the specific moment of horizon exit
T«k, the source in the second term never switches off, such that thermal fluctuations at all scales
continue contributing until the end of the inflationary period 7., compensating partially for the
additional 1 /mzl suppression. We choose 7, as a moment when all momenta affecting cosmological
predictions are safely outside the horizon (see discussion below eq. )

As discussed around eq. , the integrand for the vacuum contribution can be simplified in
the slow-roll regime, obtaining again eq. . This is not the case for the thermal contribution,
since T'n is a complicated function of time, and in particular it peaks at a late time, long after the
breakdown of the slow-roll regime. Examples of the two contributions to eq. are shown in

figs. and respectively.

From the primordial power spectrum to today’s energy density

In coordinate space, the energy density carried by gravitational waves today (1p) is [118]

(hgj (70, X)h;j (70,%))
327G a?(t)

GGW(T(]) = (617)
The average brackets on the right-hand side denote here simultaneously an average over vacuum
and thermal states. Transforming to co-moving Fourier frame in the spatial direction, and again
to a helicity basis (see sec.|3.3), the power spectrum is

decw(m0) _ o K (93(70, k)9 (70, K))
dlogk 212 327G a?(1p)

(6.18)

Tensor perturbations today can be written as functionals of their initial values, taken to be at
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Figure 6.3: Thermal contribution to the primordial power spectrum of tensor perturbations from
inflation for A;z = 0.2GeV: (a) evolution of the shear viscosities in time, (b) all modes in the
considered frequency range are outside the horizon when T peaks, (c¢) the Green’s function entering
the second term in eq. . The present figure reproduces fig. 5 of .

the end of inflation (see discussion below eq. (6.16])),

(70, k) = X (70, Te, k) Ox(Te, k) X(TesTesk) =1, 0 X(70,7e, k)|, _,, =0 (6.19)
The evolution equation (6.2]) at 7 > 7, is therefore in terms of X E
(8% + 2HO, + k*) X (7,76, k) =0 , (6.20)

and the time derivative in eq. (6.18)) acts only on X. The observable Q¢ can so be expressed in
terms of the primordial power spectrum of tensor perturbations from inflation (cf. eq. (6.16])),
[8T0X(T0’ Tes k)]Q
1272
;TT(k:)
where H is defined in accordance to Hy given in eq. (3.139). The transfer function 7+(k) encodes
the evolution of tensor perturbations from the end of inflation until today.
To solve eq. (6.20)), it is convenient to change variables and reason in terms of the ratio k/H [121],
20, X
PX + =2
v kIH

Outside the horizon, k < H, the perturbations remain close to the initial value at u.,

Qaw(k) = Pr(k) , (6.21)

+X=0, U= KT > Ue . (6.22)

X 0o = Xw~1. (6.23)

After inflation the expansion of the universe starts decelerating, H’ < 0 (cf. eq. ), and at
some point k ~ H again. Modes that correspond to frequencies in the LISA window re-enter the
horizon deep in the radiation-dominated epoch. Therefore, from now on, we denote by 7. the end
of the inflationary epoch, i.e. the moment where the dominant component of the energy density
is given by radiation. Then the heat bath is already represented by the full Standard Model, and

described by the thermodynamic equation of state,
2 _ dpr _ orpr _ s

= = 6.24
" de, Ore, ¢ (6.24)

C

47In principle, in the radiation-dominated era tensor modes are damped by freely streaming neutrinos .
However, this effect is visible only at frequencies fo § 1072Hz below the LISA window [120].
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where the energy density, pressure, entropy density and heat capacity satisfy the standard relations
er+pr=Ts., s.=0rp,, c.=0re,=T0rs, . (6.25)

Once k 2 H, we solve the full equation (6.22)) for X. Using the identities in eq. (6.25)) and going
back to the time coordinate for a moment, the background evolution equation (2.114f for a heat
bath composed only of radiation can be written as the conservation of entropy,

el =-3H(e,+p,) < s +3Hs,=0 <= (s5.a°)=0. (6.26)

Denoting a. = a[T(7.)] and s, = s,.[T(7e)], the Hubble rate in eq. (6.20) is more naturally given
as a function of the temperature,

B Se g - _ | 8me(T) Se g
a(T) = a. (ST(T)) H(T) = ’ p) Ge (ST(T)) . (6.27)

To track the evolution of X in the radiation-dominated epoch it is therefore helpful to change

integration variable from 7, or u, to

z =log (%) , (6.28)

such that we solve the system of coupled equations that follows from eqgs. (6.22) and (6.26)),

83X+2,?/“4f +X=0,

u T k/H

(6.29)

with the initial conditions X|r, =1 and 9, X|r, = 0. To track the evolution of k/H in terms of fy

and T, we can use egs. (3.140) and (6.27)),

k ‘3 2 ~\? \3 1 T (s.)T3\°
— :27Tf0 &@(i)3 :mepl 3771—(87)3 - 37”7 EM S / 3 . (630)
H 8me, ae \ Se 2e, \ 59 2 sTy Hz /e, [T* so/T5

=6.0837x10-12

To compute the prefactor we have restored physical units (Tps)™ = TS etrevy - The temperature

evolution of s,./T3, e,/T* and c? has been studied in [122], and is available online at [123].

Using eq. we can now follow how a mode f; starts outside the horizon at T, re-enters
at some point, and finally goes over into a highly oscillatory regime, once k > H, so that the last
term in eq. dominates. This asymptotic solution for modes deep inside the horizon can be
found analytically,

X +X F0 = X~ O sin(u-um+7) (6.31)
a
where C' and ~ are integration constants,
X \" X
~ = arctan (ﬂ + 2 ) oo Xlum) (6.32)
k X weu sin~y

and u,, denotes the moment where the solutions of eqs. (6.29) and (6.31)) match. Concretely, we
choose uy, such that k/H = 30, resulting in 30/(27) ~ 5 oscillations.
To find the transfer function in eq. (6.21), X is evaluated at ug = k7o, when all modes satisfy
k > H. We can thus insert the asymptotic solution (6.31)),
02

k \%(s0\3
ﬂ%E(CLOHO) (i) cos® (g = U +7) (6.33)




Chapter 6. Gravitational waves from thermal processes 65

--- envelope

—— average

Te h? x 10°

fo/Hz

Figure 6.4: Average (solid line) and envelope (dashed line) of the transfer function from eq. (6.34)).
The present figure reproduces fig. 1 of .

but we need to solve the whole dynamics anyway to fix C' and fy@ Restoring again physical units,

S i (fo)2 [27r(hc/m/H0)(T0/K)(kBK/eV)]2 (GeV)z( s0/T3

2
3
2
— Uy +7) -
12 \Hz 109(cs/m) T sm/T;:’l) cos™ (o = tm +7)

[4.5535%x105]2
(6.34)

The envelope and average over the rapid oscillations in eq. are shown in fig. for frequen-
cies around the LISA window. The general shape can be understood with and : small
frequency modes, fo ~ 107® Hz, re-enter the horizon later, at temperatures 7' S Thep ~ 160 MeV.
They are therefore sensitive to the QCD crossover, which affects the thermodynamics of the Stan-
dard Model heat bath . In particular, in that 7 range, 3c2 # 1 enters eq. , and s, /T3
and e,/T* enter eq. , modifying the dynamics in a non-trivial way and contributing to the
enhancement of the amplitude C', visible in fig. In a similar way, the crossing of the mass
thresholds at some higher temperatures , results in the smooth features at fy ~ 107 Hz.

To estimate an upper bound for the resulting gravitational wave signal Qgwh?, we multiply
Toh? ~ 1075 from fig. with the result of fig. for vacuum fluctuations, and with the results
of figs. and for thermal fluctuations. Inserting first only the numerical values of model-
independent quantities we obtain

2 3
_ 16 H* fO T’I7
Qawh? ~107° [7 ( ) — ] 6.35
v U7 \m, ) "\tomz) ™ mi ) (6.35)

pl

vacuum thermal

For the potential and the parameters m and f, chosen here@ the amplitude of the vacuum
contribution is roughly Qqwh?|e.. ~ 1078 x 16(H, /m,,)?/7 ~ 10716, which amounts to a signal that

48Note that, even if C, um, and s,, depend on the matching point, this is not the case for final results, as long as
U, is chosen after k/H 2 20.

49These parameters are fixed by the CMB constraints, see sec. The parameter Aig does not affect the Hubble
rate in this regime, since the vacuum energy of the inflaton field is the dominant contribution.
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will not be seen by LISA: Qqyh?|,.. < QEE2h2 ~ 10713, For the thermal contributions, we note that
the maximal value of Ty depends on the confinement scale A of the heat bath.

The example shown in fig. for Ajp = 0.2GeV ~ 1072%m,, yields Tn/mfjl ~ 1073, ie. an
amplitude far below the LISA sensitivity [44]. Moving Az to larger values increases the maximal

vac

temperature considerably [5], however, the result for the shear viscosity presented here should
then be revisited. Increasing the coefficient of f3 it may happen that the peak amplitude of the
gravitational wave spectrum breaks the upper bound given by N_,, (cf. p. . However, this occurs
only at T~ 2x 107 GeV [125,/126]. With a larger coefficient the power spectrum could move
close to the observation threshold of the LISA or Einstein Telescope (ET) window, particularly if
the peak in T'n is broad.

6.2 During reheating

At some point after the end of inflation, when the expansion of the universe turns to decelerated,
plasma reactions become fast compared with the dilution caused by the expansion, o7 > H. In
this regime, computations can be carried out in a local Minkowskian frame. As we therefore move
from general relativity to particle physics, to facilitate the comparison with the literature we also
change the convention for the signature of the Minkowski metric into

n =diag(+,-,—,-) . (6.36)

To distinguish 4-vectors in the local frame we introduce curly capital letters X = (¢,x).

In a local Minkowskian frame, the production rate of the energy density carried by gravitational
radiation can be expressed as [125[(126]

degw _ k4wa
dtdlnk w2

where fqw is the polarization-averaged phase-space density of gravitons, and the dot stands for a

(6.37)

time derivative. On general grounds [127], the evolution equation for fsy takes the form
faw = T(k) [ng() = fow] + O(my) (6.38)

where ng (k) = 1/(e*™ - 1) is the Bose distribution, and m,, ~ 1.221x 10'? GeV is the Planck mass.
In practice, fow < ng(k), so the right-hand side can be approximated as I'(k) ng (k).

The dynamical information about the processes taking place is encoded in the interaction rate
I'(k), which in turn can be expressed as [126]

4rLB Im GR, (kyk
r'(k) = sy (K- F) , (6.39)
km2,
where GEB; W(w, k) is the retarded correlator related to the energy-momentum tensor 7),,,
G (w0, k) = ifxem‘xe(t)([TaB(X),TW(O)])T . K-X=zwi-k-x, (640

and (...)r denotes a thermal average. In practice, it is sometimes convenient to choose the special
frame in which k = k e,, whereby rotational symmetry implies thaﬂ

Lefmrgr, , P2t 4Gn

y;zy\k=kez ) (6.41)

50Physically, there are two transverse-traceless polarizations, and if we choose the one in non-diagonal components
as a representative, viz. (Try + Tygc)/\/ﬁ7 then the equality Ty = Tyz leads to the additional factor (V2)?=2.
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R
Tyszy
momenta, we find ourselves in the so-called hydrodynamic domain. Then Im G

The method to compute Im G depends on the momentum range considered. For very small

R
zy;zy
nw, where 7 is the shear viscosity [125]. On the other hand, for typical thermal momenta, k ~ 7T,

evaluates to

elementary gauge bosons and axions can be resolved as quasi-particles. Then we are faced with a
Boltzmann type of a computation, which is outlined here and performed in appendix [C]
Hydrodynamic regime

At low frequencies, elementary particles cannot be resolved, and the relevant degrees of freedom
for the gauge plasma are hydrodynamic fluctuations. In the hydrodynamic domain, the traceless
part of the energy-momentum tensor is then given by

T 2000 +T,, , (6.42)
where T}, is the contribution of radiation. The interaction Lagrangian is therefore

Lo -ffx 0 (Do + TS,) (6.43)

In order to compute the contribution of ¢ to eq. (6.41]), we make use of the real-time formalism
of thermal field theory. In the so-called Keldysh (r/a) basis (cf. e.g. |57, p.131]) the propagator of

( becomes a matrix,
Grr Grg A —II®
(G. G ):(—z’HA 0 ) (6.44)

All components are determined by the retarded propagator that follows from eq. (4.22)),

1
HR(w,p) = m s 6; = p2 + m2 s (645)
P
with m the inflaton mass, using the relations
R WT A R\ *
A=[1+2ng(w)]p, p=ImII*= I = (II%)* . (6.46)

(w? - 612))2 +w2Y?2”’

The vertices are obtained by substituting @1 = ¢, + pa/2 and @ = ¢, — /2 in the Lagrangian
L(¢1) = L(p2),

he T, ha 1,
hiT1 — hoTy = (hr + —) (TT + —) - (hr - —) (TT - —) = hoTy + h,. Ty, (6.47)
2 2 2 2
where in our chosen frame
Pa,zPa,
Tr=rapry+ =30 Ta=Paapry*Prafay - (6.48)

We can now compute the retarded correlator needed in eq. (6.39). Given that the propagator
Gaq vanishes (cf. eq. (6.44))), the contribution of ¢ originates from

=i Ggy;mg’kzkez = (T2 Ta) = {(Prapry) (PacPry + PraPay)) - (6.49)

Wick-contracting and going over to momentum space with egs. (6.45)) and (6.46|) yields

x—k

((@rz0ry)(PapPry + Prabay)) — waH,I;/y + 2A,$yﬂiy + A,yynf;x ) (6.50)
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such that, taking the imaginary part and symmetrizing in P; < Pa, eq. (6.49) becomes
Im G2 (w0, K)o = fﬂ%wc C Py = Po) [1 4 (1) + 1 (w2)] (6.51)
${p,2,2(P1)P,yy(P2) + 0,y,y(P1)pa,e(P2) + 20,0,y (P1)p,y,«(P2)}
where [,8(P) =1 and Py = (wqa,Pa)- The Bose distributions can be factorized,
1+ ng(w1) +np(wa) = 15 (w)ns (w1 )ns (ws) (6.52)

We use the d-distribution to integrate over Ps, and the identity p(P) , = ipzp(P), obtaining

1(w)[ ng(w1)np(w-wi) 4pubpy p(P1) p(K-Py)

_n_l(w)v[(2 )3 p> 2[@ %nB(wl)nB(w—wl) (6.53)

y w1 Y (w=-w1)Y
(Wi —e2)? +wiT? [(w-w1)? =€ ]2+ (w-w)?T?’

where p = p; and € = (p - k)2 + m2. The w;-dependence in the spectral functions can be
partial-fractioned, as

4ép xw T _ T T (6.54)
(Wi-€e)?+wiT? (W —&)%+ TTQ (w1 +6p)2+ TTQ ’ ’

4€pp, x (w —wp)Y - T T (6.55)
(@) - P+ @-o)PT2 (w1 -2+ 2 @owna i)+ I '

having introduced the variables €, = 2 — T?/4 and &, (defined analogously).

P
As a next step, we integrate over wy; with the residue theorem. The poles are given by
* the poles of the Bose distribution ng(wi) at wy = iw, = i27nT, n € Z. The poles at wy =0
and w —wy = 0 (the latter from ny(w — wy)) are however lifted by the spectral function
contributions.
+ the poles of the spectral functions p, respectively wy = zw.(p) and w; = w + w,(pk), with
wi(p) = £6, +iY/2.
Choosing to close the contour in the upper half-plane, the poles contributing to the integral are
w1 € {iwy, w+iwy,, we(p), w+ws(pk)}, with n > 1. We therefore write

_1 p pmpy .
» (@) [ (2m)3 4épépk Z [I"B|iwn *+ Ing |w+iwn + Ip|wo(p) + Ip|w+wa(pk)] ’ (6.56)

n>1
o=+

and evaluate the single contributions separately. From ng(w;) we obtain

v
= 2ing (W) YT Im [(gp +iwp)? + 4] (6.57)

nB |iwn

1 1
[(épk—w+iwn)2+ff (épk +w—z’wn)2+ﬂz] ’

while ng(w — wy) yields

I"B |w+iw”

2]
= 2ing (w) YT Im [(gpk +iwn )% + 4] (6.58)

1 1
X - .
I:(gp—w—iwn)2+22 (€p+w+iwn)2+1::|
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The contributions from the spectral functions are given by

Ll iy = i 1 (E +iT/2) [ 1+ n5(8p —w +i0/2) ] T (6.59)
1 1
8 - r\2 r2 = = ry\2, r2 |
_(w—ep—epk—zg) + o (w—ep+epk—25) + 5
Ip|w,(p) =—ing(ép+w—1Y/2)[ 1+ng(6-iY/2) ] T (6.60)
1 1 |
) - - V2, r2 =
(Wt -G —ix) + 5 (w+&+En—iy) + ]
Dolissur, (oiy =~ M (Epi + w + 8T /2) [ 1+ np (i +40/2) ] T (6.61)
1 1
8 - = V2L - - .xN\2,ox2 |
(W= +Ep+it) + (w+&+p+it) + 2]
IP|w+w_(pk) =i np(Epp —1Y/2) [ L+ np(&p —w—iY/2) ] T (6.62)
1 1
% ~ ~ T\Z vz - - T2 T2
_(w_ep_epk-"'li) +T (w+€p—€pk+’&§) +T_

Even if the result can be integrated numerically, it is helpful to put it in a more transparent
form, by considering
wk, T <e,~nT . (6.63)

The residues I,,; in egs. (6.57) and (6.58)) are parametrically suppressed by the prefactor. The
remaining contributions (6.59)—(6.62|) can be simplified by approximating

Ep R €p Epk M €p — UK, v, = - (6.64)
P

such that all Bose-distributions evaluate to ~ ngs(ep). The sum of the residues in the integrand of

eq. (6.56]) yields

Z>:1 [InB‘iwn + InB|w+iwn + Il)|w<,(p) + Ip|w+wg(pk)] (665)
i
w,k,Y<nT . 1 1
~ -1 nB(ep)[1+nB(€p)]T2R,€ (Uk w+iT)2+T2 +(Uk+w+iT)2+T2] .
P -5 e > L x=

2 2 4

Inserting into eq. (6.56) and substituting p, - —p, in the second term yields
&p vip;
(2m)3 €2

- &’p PPy ns(ep)[1 + 1 (ep)]
—nsl(w)Tf(Qﬂ)3 612] (kvz—w)2+T2

ns(ep)[1+ns(ep)] Re |:(ka W Zg)Z " T2:|_1

R o~ o1
ImG (w, k) = ng (w)T/ 1

YTy

(6.66)

The result in eq. is either directly or inversely proportional to the coupling T, depending
on whether we are in the regime w,k > T or w,k «< T, respectively. The latter regime (~ 1/T)
of very low frequencies describes the hydrodynamic fluctuations originating from the most weakly
interacting particle species.

Going over to spherical coordinates, using

™

2
2, 2, T
[0 d¢cos® ¢ sin” ¢ = 1 (6.67)



Chapter 6. Gravitational waves from thermal processes 70

and denoting z = cos 6, the remaining angular integration becomes

F(w,vk,T) = f dzi vzl (6.68)
(vkz+w)2+72"’ e '
At light-cone w = k and for the largest wavelengths k «< T, eq. (6.68) simplifies to
k<t [ (1-2%)2 16
k,vk,T) "% f d - . 6.69
F(k, vk, T) B TR T O ¢ (6.69)

Otherwise, the integral in eq. (6.68)) can be solved analytically by partial-fractioning the integrand.
The full expression on the light-cone reads

2k2(9 5v2) - 372 E2(1-v2) =72 k2(1+v)+ 72

F(k,vk,T) == -2k 1 6.70
(k, ok, T) = (vk)* (k) T R2(1-v)+ T2 (6.70)
E2(1-0?) - T2]% - 4k27Y? k(1 k(1-
[ ( v ()vk)5l]‘ arctan (1+v) —arctan ( T v) ,
from which we can extract an estimate also for the small wavelengths k& > T:
16
k<Y
F(k, vk, T) » ¢ 1017 ol . (6.71)
oo [v(9-5v?) - 6(1-2%)In 1+”] Moo E>»>T
The gravitational wave production rate can now be expressed as
deqgw  w.k,Y<rT k3T /w pﬁ p
~ _— dp = 1 Flk,—kT]). 6.72
Tdlnk 2w, Jo Pz np(€p)[1+ns(€p)] . (6.72)

This grows fast, ~ k3, for k < T and more moderately, ~ k, for k > Y, suggesting that most of the
energy density carried by gravitational waves lies at larger momenta.

In both limits of large and small wavelengths, the dependence on the momentum p in F(k, %k’, T)
cancels out, such that we are left with the integral

J(m,T) = fowdp %nB(ep)[1+nB(6p)]. (6.73)

For a numerical evaluation we change integration variable and express eq. (6.73]) in terms of the
dimensionless quantity
2 5 N
oo zc-1)2 erT
l = dz ( ) — .
mb 1 x (eT*-1)2

At small values of Ajx < m, the maximal temperature reached in the reheating period in the

(6.74)

considered set-up is generally speaking O(T'/m) ~ 1073, In this regime, using partial integration
and the geometric series Y00 2™ = (1 -z)7! for |z| < 1, eq. (6.73)) evaluates to

oo 2 2\3
(o] 6 —m 2
—TZ[ de, 7( 2 ) 8€pe_"€”/T
n=1Ym
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m> €~ o0 2 m
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m 1 xT
sz 5Tm (_7) f dy sinh3 yaye—% coshy
m 0

15 T oo . _m g m\? m
= ?Tng(_E)./(; dy sinh(2y) 0ye” 7 hy:15T5(?) KQ(?)

3
maT 5 [T (MY -m/T
15T \/;(T) emiT (6.75)
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Figure 6.5: Kinematically allowed (a) 2 - 2 and (b) 1 - 3 processes contributing to the production
of gravitational waves at large momenta, k ~ 77T. Dashed lines denote the inflaton ¢; wiggly lines
gauge fields; doubled lines gravitons; blobs the insertions of the energy-momentum tensor.

T—00

Here K, (x) — /7/(2x)e™" is a modified Bessel function of the second kind.

Increasing Ag, the ratio T'/m could reach order unity at some point in the reheating period.
The integration over p can then be carried out approximating €, ~ p,

g Tdppt na()[1+ s ()] (6.76)
4
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Inserting J (m,T) back in eq. (6.72) yieldﬂ

4\2 k3 1°
deqw k<t |27 (Ts) mZ T m < T
s 11 1. i 5 3 .
dtdlnk 16 k* T° m \2 ,-m/T

s m?)l TUV (27\'T) e m > T

(6.78)

The result in the regime m <« T is illustrated numerically in figure

Boltzmann regime

Larger momenta, k ~ 7T, allow for elementary particle excitations to be resolved. The energy-
momentum tensor for the fields in eq. (6.1)) is
Ty 20,9 0vp— F i FJ° . (6.79)

pot v

Trace parts are omitted, since they drop out when projected with eq. . The production rate
of gravitational waves from processes whose vertex structure is included in the Standard Model
Lagrangian has been computed in [126]. Here we study the additional production of gravitons
involving one appearance of the vertex in eq. . This contribution is represented as

Laﬁ;;w Im Ggﬁ;;w(ka k) = @ scatn—m (glv 2 92) Gn—ﬂn(Pgl ) P#Pv Pg’z) s (680)

where scat,_., is a phase-space average, and gi, g3 label two (identical) gauge bosons (cf. fig. [6.5al).
The function © in eq. (6.80]) contains the dynamical information concerning the production process
and it may be referred to as the matriz element squared.

51The friction T can be parametrized by Yir (cf. eq. (5.27)) in the low-mass limit m <« T, and by Tyv
(cf. eq. (5.28))) in the low-temperature limit m > T.
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Figure 6.6: Kinematically not allowed 3 — 1 amplitudes used for deriving eq. (6.80)).

To evaluate the rates of these reactions, we adopt the method presented in [128]. The com-
putations are sketched in appendix [C} while here we briefly present the methods and the result.

We start by considering the processes in fig. which are not kinematically allowed, but have a
simple structure, as non-equilibrium and plasma particles are on different sides of the reaction. The
allowed 2 - 2 and 1 — 3 processes can then be obtained by permuting one or two legs respectively
to be final states. We therefore simplify the notation to

@ = @3%1(P91,P¢,'Pg2) . (6.81)

In order to estimate ©, we first determine the Feynman rules. We define the propagators for
+ scalars with momentum P and mass m: A¥(P) (virtual),
+ gauge bosons with momentum P, helicity s and SU(N,) index a: Ai’gb(’P) (virtual), and
G (P, s) (external),
« graviton with momentum K and helicity A: hqs(K,A) (external).

Vertices can be written as

2
a .CxG ca
=99 Uap(Py,Py,)= —SZ’}—a YeaprsPy Py, » (6.82)
h=pp: VO (Py,Py,) = 2iP5,PL, (6.83)
h—gg: WP Pl =25 [PEPE 1+ (Py, Py, )0 = PE PO Pl P ]
(6.84)

where ¢, = 1/(647%). With the definitions above, and denoting P13="Py, 4, P2=P,and Q; = K-P;
for ¢ = 1,2, 3, the amplitudes in fig. can be written as

MTCd = /Alaﬁ(IC, /\)VQB(Q% PQ) 8277712 U’Yé('Pf, Pg) Q’y('Ph 81)95(?3, 83) y (6.85)
13 —

M= R (I, WS (Q5, P ALY (Q3) U (Q5, PE) 6y (Pr, 51)5(Ps, s3) (6.86)

Met= ME oy (6.87)

The squared amplitudes can be represented as the self-energy diagrams illustrated in fig.
@I,I @]I,]I 6111,]11

0= - + 5 + 5 +0,1+0O, 1 +6y, (6.88)
Oup=> > (MML+ M ML), ABe{lII}. (6.89)
A 81,83

For s13 = (K - P2)? = (P1 + P3)?, the result derived in appendix [C|is

1694dAC§< 5‘113+7n8 m2<s;, 1694dACi 9 (6 90)

— T3 513
12 (513_77"‘2)2 f2

e(7)91 ’ PSP’ Pgs) =
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Figure 6.7: Self-energy diagrams as matrix elements squared entering eq. (6.88)).

The matrix element squared is free from poles if the mass scale is negligible, m <« T'. Let us point
out that the analysis exposed in the present chapter has been carried out with the idea of dealing
with a high temperature regime. After a careful parameter scan in 5] this expectation turned out
to be in general not satisfied. The results presented here should then be extended for m > T for
a complete picture.

In the regime of high temperatures m <« T, the contribution to the production of gravitational
waves is only from 2 — 2 scattering processes (see fig. [6.5a)). Going over to the channels 2 - 2
means inverting one of the initial state momenta to a final state momentum. There are thus two

possibilities to invert a gluon momentum and one possibility to invert the inflaton momentum,

2o 2: @(_Pgl;P¢7P93):@(_Pgs;Pgl’PW) °<t2 )

6.91
@(_Ptp;Pnggs) o< 52 ; ( )

corresponding to the ¢ and s-channel in terms of the Mandelstam variables. Note that the function
O(Py,, Py, Py, ) of the s-channel is identical to eq. , as there is no dependence on P,. Inserting
the results in eq. the dependence of the production rate on f,, T and m? is parametrized
by the dimensionless combination

2 2
fa mpl der k~:,rT

d E3ng (k) (g
79 dtdnk 4

2
7o 5 ) [ scato_o(s?) + scata_o(2t%) ] . (6.92)
7 T

In order to evaluate eq. (6.92), the integrations in scats_o can be performed numerically modifying
the algorithm provided in [128].

Numerical results

The infrared (IR), cf. eq. (6.78)), and ultraviolet (UV), cf. eq. (6.92)), contributions to the production
rate show a parametrically different behaviour. At high temperatures m < T we find

degw (k) f2re
I . _— ~ — .
B ddmk \r) om2 (6.93)
degw ( k ) 7°
: ~ )y = 94
uv atams ~ O\ f2m2 (6.94)

inserting Tx from eq. (5.27). The numerical solution for the dimensionless coefficients Cix and
Cyv is illustrated in fig. In the limit m «< T, the mass parameter m is neglected, although in
principle it still enters the evaluation of Cir and Cy via the parametrization of « in (5.11)).

In order to establish an upper bound for the production rate in the regime m « T, in [2] we
adopted Ay ~0.2GeV, and T ~ T, ~ (107°,1072)m,,. In the later work [4] we realized that, with
the values of m and f, dictated by the CMB constraints (see sec. , for such a low confinement
scale the system only heats up to T,,.. ~ 10_9mpl <m ~ 10_6mp17 as shown in fig. A valid
T > m regime is rather obtained at A;x ~ 107*m,, (see fig. , where the interactions within
the thermal plasma are strong. However, our computations for the gravitational wave production
rate both in the UV and IR regime were carried out with the assumption o << 1. We hope to come
back to this issue in the future and generalize our results to a strongly coupled gauge sector.
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Figure 6.8: Coefficients of the (a) infrared (IR) and (b) ultraviolet (UV) part of the axion con-
tribution to the production rate of gravitational radiation during reheating, see egs. (6.93)) and
(6.94). The present figure reproduces the middle and right panels in fig. 3 of .

The Standard Model contribution to the production rate computed in has a similar shape as
the UV axion contribution shown in fig. To compare with the latter, let us set k ~ 7T, where
the UV production rate peaks. We redefine the coefficient Cy, — C’UV to track the dependence
on «. Then, the parametric behaviours are

B 2T9
axion-like inflation: deow UV ( i ) -

dtdink T) m2f2’
d 3 i (6.95)
. Cow «
Standard Model: Tramz "~ O (T) migl ,

and the proportion of the corresponding numerical coefficients is C’UV/CSM ~ O0(107%) . In
order for the axion contribution to exceed the Standard Model one, the maximal temperature
reached during the reheating period should then satisfy 107 x aT? 2 f2 ~ mgl. Assuming T < m,,
in general, the conclusion is that, around its maximum, the production rate of gravitational waves
during the reheating period is dominated by the Standard Model contribution.
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Conclusions

7.1 Overview

The model of inflation explains how primordial perturbations originate from the vacuum fluctu-
ations of a postulated scalar field, which, in a quasi-static initial regime, drives an exponential
expansion of the early universe. Since the radiation-dominated epoch is the earliest epoch probed
experimentally today, to consolidate inflationary predictions, a reasonable mechanism for the tran-
sition to a radiation dominated universe is needed. New experimental constraints on these epochs
are expected from the detection of a gravitational wave background by future interferometers.

Towards a realistic friction coefficient

Warm inflation models incorporate the inflationary mechanism into a thermal bath via a strong
coupling and high temperature. Early attempts at modelling this complex thermal system using a
simple friction coefficient yielded discouraging results [53./54]. Recently, there has been a renewed
interest in warm axion inflation models, noting that a more realistic thermal friction coefficient
changes the nature of the solution, possibly rendering a phenomenologically viable scenario [59-62].
However, these studies acknowledge that the new friction coefficient is still not entirely realistic,
but specific to a certain frequency domain, which may or may not be realized by the actual solution.

The purpose of |1] has been to present a theoretical framework which permits to eliminate this
approximation. In particular, we focus on the heating-up process following a standard inflation
scenario. Therefore we assume that the inflaton field is coupled weakly to a thermal plasma, and
that the latter thermalizes efficiently. The evolution equations for such a system with generic
interaction term are derived in chapter

To compute concrete predictions, in chapter [5| we come back to the example of axion inflation.
Regarding the friction coefficient, we confirm the existence of scenarios proposed in [59H62] on a
qualitative level. However, we find a strong dependence on the vacuum contribution in ,
which was not considered in those works. In particular, the friction T ~ T™ used in [59-62] is
not effective at the beginning of inflation, when the thermalization rate of the plasma is small
compared with the mass scale of the inflaton field, a?T <« m. Our results for T are supported by a
quantitative study of the retarded pseudo-scalar correlator using real-time lattice simulations [3].

(0]
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Neat example

The allowed values of the inflaton field’s mass m and decay constant f, are strongly constrained
by the CMB Planck data [38]. Having constructed the interaction term around a non-Abelian
Yang-Mills sector, we treat the confinement scale A;; describing the self-interactions of the latter
as a free parameter. A closer look at the dynamics emerging for a strongly coupled gauge sector is
taken in [5], asking whether a transition between the deconfined and the confined phase may occur
in the plasma as the system cools down (or heats up).

Numerical benchmark results in fig. [5.6] show that this system would preserve the powerful
predictions of standard inflation and at the same time heat up efficiently afterwards.

For the largest confinement scales, A, ~ (10‘8—10‘3)mp1, we observe relatively high temperatures
in the solution. This can be explained by the fact that in the confined phase of a Yang-Mills
sector, thermodynamic functions such as entropy density and heat capacity are exponentially
small. Therefore, a small release of energy density from the inflaton field can lead to a significant
increase in temperature. As a result the system heats up efficiently, even if it remains just slightly
below T, (see fig. . This scenario is treated most reliably by our methods, as the gauge field
thermalization rate clearly exceeds the Hubble rate. Thus, there is no doubt about the validity of
temperature as a physical notion (see fig. [5.6hl).

Lowering the confinement scale, A, < 10’8mp1, the system heats up above the critical tempera-
ture, confirming the possibility of a first-order phase transition in the gauge plasma [129]. Whether
the maximal temperature is above T, or not has implications also for dark matter production, but
the details are very model-dependent (see e.g. [130H132]).

Physical implications for gravitational waves

Non-Abelian gauge fields are believed to thermalize rapidly [58]. In view of this fact, in [4] we have
considered the contribution of thermal fluctuations to the gravitational wave background that
originates during inflation, concentrating specifically on the LISA frequency window. We have
derived a model-independent interpolating formula, eq. , that incorporates both vacuum
and thermal contributions. Moreover, its validity is not restricted to de Sitter spacetime, which
becomes an inadequate approximation towards the end of inflation.

Our key finding is that, in stark contrast to the approximately constant vacuum contribution, the
thermal contribution scales as f3 in terms of the current-day gravitational wave frequency. Since
the tensor-to-scalar ratio, 7, originates from very small frequencies, f, < 107'% Hz, such a growth
implies that CMB constraints can be respected, yet the signal could in principle be observable
in the LISA or Einstein Telescope window, f, ~ (107 — 10?) Hz. The growth is cut off only at
very large frequencies, f, ~ 10'* Hz, where most of the gravitational energy density lies [125] (the
overall shape of the spectrum is illustrated in fig. .

Whether the thermal part could be observable depends on the coefficient of the f3 growth. This
coefficient is proportional to the maximal shear viscosity 7 of the inflaton plus radiation system.
For the particular model where an SU(3) plasma is weakly coupled to an axion-like inflaton, we
have found that T ~ T4, whereby the dominant contributions emerge from T,,... A hot scenario
is thus particularly interesting.

The production rate of gravitational waves during the reheating period after inflation depends
as well. This was studied in [2], in the limit m « #T __ (prior to

max

on the magnitude of T

parameter scanning in [4], we expected this regime to be realized towards the end of inflation).

Parametrically, the contribution from interactions involving an axion-like inflaton exceeds the one
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Figure 7.1: Possible shapes of the gravitational wave spectrum from the inflationary epoch. The

f3 growth originates from hydrodynamical fluctuations (sec. [6.1), while the turnover at f, ~GHz
from elementary scatterings (sec. [6.2).

from Standard-Model interactions [125] if 107 x aT?2, > f2 ~ m?, which is unlikely. If this is not

the case, the signal is not strongly constrained by N_,,, given that for T~ 10'” GeV the Standard
Model contribution yields only AN, <« 1073 [126].

However, after [4] and [5], we know that a valid T' > m regime is obtained at A, ~ 1074m,, (see
fig. [5.6g)), where the interactions within the thermal plasma are strong. The problem then is that

our computations for the gravitational wave production rate both in the UV and IR regime were
carried out with the assumption o <« 1.

Axion-like inflation has been used as a motivation for the LISA physics program, asserting that
an observable signal could be obtained in certain Abelian cases [41], where an efficient tachyonic
instability may convert a significant fraction of energy density to gravitational waves. Our study
demonstrates that this statement depends on model details, and is unlikely to apply to generic non-
Abelian constructions. One of the reasons why the non-Abelian case differs so notably from the

Abelian one is that if the system thermalizes, tensor modes are excited only through interactions,
whereby their production is suppressed by a.

7.2 Outlook

There are multiple directions in which our work could be expanded. One concerns the retarded
pseudoscalar correlator G, which determines the value of the vacuum or thermal friction coef-
ficient. Hoping that exploratory low-temperature investigations of the friction coefficient [91}92]
turn ultimately into a semi-quantitative tool, we could improve our results beyond the perturbative
expansion in the gauge coupling constant. Similarly, a reliable derivation of the shear viscosity of

a strongly coupled gauge sector would allow for more robust conclusions about the f3-part of the
gravitational wave background.

Furthermore, it would be intriguing to investigate how the visible sector present in the radiation-
dominated epoch is populated within our scenario. Finally, the non-equilibrium physics of a system

possessing two adjacent transitions (see fig. [5.6c) might reveal interesting gravitational wave sig-
natures and thus merit further investigation.



Appendix A

Cosmological perturbation theory

This chapter collects together derivations of the properties and relations within the perturbative
approach to cosmological inhomogeneities. It thus complements the general overview presented in
chapters |2| and |3} and illustrated in table The first three sections follow mostly [13|, while
sec. is the result of multiple discussions with C. Caprini, A. Midiri and A. Roper Pol, and is
based on unpublished notes by M. Laine.

background perturbed universe
7 7
\ i,
metric EW uv = g;w + 69#1/
Einstein tensor G*, Gt,=G*,+o6GH,
energy-momentum tensor T, TH, =TH, +6TH,
Einstein equations G*, =87GT", G*, =8rGT*,

Table A.1: Comparison of the homogeneous and isotropic background and the perturbed theory
(sketches in D = 1 + 1 dimensions). Unperturbed background quantities are denoted by a bar,
perturbations up to linear order are indicated by a §.

A.1 Coordinate transformations

An intrinsic property of general relativity is the absence of a preferred choice of coordinates. In
the perturbative picture, any set of coordinates describing the inhomogeneous and anisotropic
universe assigns a space-time point p in the unperturbed background U, to a space-time point ¢
in the perturbed universe Us. The points p and ¢ are thus labelled with the same coordinates x®.
Let us define this point identification map as fs : Uy — Us. However, the space-time slicing in the
perturbed universe Us, and thus the choice of ¢, is not unique. A small coordinate transformatiorﬂ

52Comparing literature, one should be careful with the existence of two non-equivalent definitions of small trans-
formations. On one hand, active transformations are defined as acting only on the physical quantities. These are
thus evaluated at the same coordinate point. On the other hand, in the context of diffeomorphisms, one may also
consider passive transformations. These are transformations of the coordinates and act therefore on all quanti-
ties as a relabelling. In the framework of cosmological perturbation theory, both points of view are valid. Active
transformations of the fluctuations correspond to coordinate transformations on the unperturbed Uy, while passive

78
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" R
X=lonst . const

Figure A.1: Sketch in D = 1+ 1 dimensions of the identification of a point ¢ in the perturbed
universe Us with one p in the unperturbed universe fy. Another choice of coordinates in Uy would
lead to another point identification map, between p and §.

on the perturbed universe Uy,

~ o O « =p - v, =K _ ~ _
T (q)~l’ (q)+§ (q)a ‘—'l;— xp~§g+£’l;” '—‘ﬁ—ai.p’\‘(s;: :up7 (Al)
such that ¢ becomes ¢ in the new coordinates,
(P =2"(q) = z(Q~z"(¢)-£"(q), (A.2)

leads to another mapping gs : Uy — Us among the unperturbed and the perturbed universe. In par-
ticular, €Y changes the slicing, while ¢? the threading of the perturbed universe. The non-uniqueness
of the mapping automatically leads to redundancies in the physical description, interpretable as
gauge freedom. This can be used as a powerful tool to simplify the computations, as done in sec-
tions 2.1 and where we introduce the Newtonian and the comoving gauge, and in section [3.2
where we mention the spatially flat gauge. It is thus useful to derive the transformation behaviours
of the quantities of interest.

In this section we denote a general function by Q = Q(cj), and compute how the fluctuations
of arbitrary scalar, vector or tensor quantities behave under gauge transformations defined as in
eq. . Since scalars do not transform, and the background only depends on time, we find

A=A+6AB2 A_ (9, 4)¢" + 54+ 0(5¢) = [sA~sa- 0], (A.3)

Perturbations in scalars thus only depend on the slicing of the space-time. Vector perturbations
can be calculated as

B =El[B’ - (0aB")6" + 6B + O(6¢) | » B - (0o B")¢™ + B*¢H, + 6B (A.4)
= [6B"~5B" -BME+ B%|.  (A5)

For the zeroth component it follows that
b0 =" - BY¢0 4 B¢V (A.6)

transformations of the fluctuations are induced by coordinate transformations in the perturbed universe Us. Here we
follow the passive picture, as described in figure @ For a mathematically detailed discussion of both approaches
see [133|, the active picture is partially followed e.g. in [134].
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By decomposing the spatial gauge parameter into its scalaﬂ and vector parts,
£=-0¢+& . 9:=0, (A7)

one finds the transformation behaviour of the scalar and vector components of §B?, cf. eq. (2.16)),

bi=-0"(b+B%) = b=b+B%¢, (A.8)
bi =0t + B¢ . (A.9)

The behaviour of tensorial perturbations under small coordinate transformations is

Cuv =E% E7 [Cpo = (0aCp0)E* +0C,pe + O(58)] (A.10)
~ Cry = E0,Cpy = €5,Crp = (0aClun )EX +6C,, (A.11)
= | 6Cu »6Cu - €,Cp —€,,Chp - C,6° | . (A.12)

Using egs. (2.18)—(2.24) we find how the single components transform. The 00-component of
eq. (A12) yields

_ 1.
Co =Co + C()ofo, + 506060 . (Al?))
For the 0i-components we apply eq. (A.7) and eq. (2.19) and obtain for the quantities in eq. ([2.20)
G :CZ‘+C’§Z{+C’OQ€2 = &:C+C’§,_COO€O y (A14)
& =c+0¢ . (A.15)

Analogously, one finds the transformation behaviour of the ij-components

. . 2 2 .
6Cyj = 6Cy; - C (gj,i +E - g(sijgfk) —gcaijg,’; - C'6;;6° (A.16)
tr=0
~ 15 2 1 A1 0

= Cp ZCD—§CV f+§C§ y (A].?)

- 1_ 1-
Yij = Yij — gc(gj,i +&ij) - §C5ijv2§ (A.18)
3:)/:’7_'_057 ’71:’714'65;/’ ;?ztjzp)/ztj (Alg)

Let us sum up the total gauge degrees of freedom. In addition to two scalar gauge parameters ¢°
and &, there are also the 3-vector degrees of freedom of £!. Imposing the divergence-free constraint
from eq. , they reduce to two more degrees of freedom. Useful gauges and gauge invariant
quantities are introduced in chapters 2] and [3] For the moment we only list them:

+ Newtonian gauge: introduced in section to derive the Einstein equations.
* Comoving gauge: introduced in section to define curvature perturbations R.

+ Spatially flat gauge: introduced in section to compute the power spectrum of scalar
(and tensor) perturbations.

A.2 Computing the Einstein tensor for a FLRW metric

In this section we derive the results presented in sec. [2.1

53For some reasons in |7], and in the following literature, the scalar part of the gauge parameter is defined with
the opposite sign: 52 = 9*¢. However, here we want to keep the traditional minus sign for a scalar potential. Final
results agree with [7].
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Zeroth order Einstein tensor for curved FLRW universe

As a warm-up for the derivation of the perturbed Einstein tensor, we first show the computations
of the unperturbed Einstein tensor for a background universe described by the FLRW metric with
generic spatial curvature s (cf. egs. and (| . Using conformal and reduced-circumference
polar coordinates (7,7,6, ¢), the latter is given by

Gu = a*diag(-1, (1-rr®)7", r%, rsin?0) . (A.20)
The Christoffel symbols at zeroth order are given by

| B _
F;pu/ = igp (gau,l/ + Gov,u — g,w,a) . (A.21)

The non-vanishing ones are

(A.22)

)

e () (4.23)

1
[7, =0y, =0Y=1?, =§a_2(a2)'=7{

2 1-kr2 1-kr2’
— 1
5o = 5(—a_2)(—azr2)' =r’H (A.24)
_ 1
;(b = 5(—@‘2)(—a2r2 sin? 0) = r?sin?0H , (A.25)
P2y, (2 il (A.26)
=-a - Kkr°)0y = , .
) 1-kr2 1-kr2
1 _ _
e, = Ffd) =37 20.(r*) =171, (A.27)
— 1
b = 507 (1= K20 (-a%) = (1~ %) (A.28)
— 1
b = §a_2(1 - kr?)0p(—a*r?sin® 0) = —rsin® 0 (1 - kr?) | (A.29)
_ 1 5 0
F$¢ = ia_2r sin™2 0 0g(a’r? sin9) = CiorTQ , (A.30)
1
F¢¢—§a r 25'9( —a?r? sin? 0) = —sinfcosf . (A.31)
The Ricci tensor
- 5 =
R = RZ‘DW = FZ‘V o Fﬁa L+ ijfga - Fuafgy , (A.32)
resulting from egs. (A.22)—(A.31)) is diagonal, with the components
Ry =M —4H + H(AH) - 4H? = -3H' , (A.33)
_— KT ) KT B KT B
Ry =220 1—kr2 (27" +/1[m"2) 1/1457“2 27
Hl . 47_[2 ~ 27_[2
1 kr2  1-rkr?2 1-kr?
(H +2H% + 2K) | (A.34)

1_

Ree—'HT -1+ 3rr? —39(005

0

) +AH(r*H) - r(1 - kr?) (1 Hl:’I“Q + 27“‘1)
i)

=r?(H +2H? + 2k) | (A.35)

=2[r*H? - (1 - kr?)
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Ryg =12sin® 0 H' — 0g(sinf cos ) — 9,[rsin® 0 (1 - kr*)] - cos” 0

—rsin20(1 - #r2) (2/& i ) +r25in? 0 H(4H) - 2r2sin2 0 H>

1 - kr?
+ 2sin?4-="rr") + 2cos’ 0
=r?sin® O(H' + 2H> + 2r) . (A.36)

Raising one index, the components of the Ricci tensor simplify to
R, =3a"H", R,=a*(H +2H*>+2k), R)=R%s=a2(H +2H*+2xK) . (A.37)

The Ricci scalar is therefore
R=R',=6a2(H +H*+r) , (A.38)

yielding the Einstein tensor G*,=RM, - 5“,,1?/2,

GTr=-3a2(H*+ k), (A.39)
G=Gly=Gl=—a2(2H + H> + k) , (A.40)

which is also diagonal.

First order Einstein tensor for flat FLRW universe

Setting now k =0, we recall the unperturbed flat FRLW metric in conformal coordinates,

_ 2 Hy o _ 2
Juv = a ) 3" =a . (A.41)
g ( 0ij 0ij
All computations are performed in the Newtonian gauge, where metric perturbations are
-2¢ —h; _of 2¢ -h;
6 v = 2 v y 6 MV = 2 v 3 A.42
Iu @ (—hl _2¢6ij + 2191]) g “ (—hl 2¢6U - 2191]) ( )

with the constraints
d'h;=0,  9;;=0, ¥.=0. (A.43)

The scale factor a = a(7) depends only on time, such that 9;a = 9;H =0 for i = 1,2,3. Indices of
linear perturbations are moved up or down with the background metric, such that we are free to
choose spatial indices to be always down.

Christoffel symbols
To compute the perturbed Christoffel symbols we first write

1

o (= — - 1_ o
6PZU = iégp (ga-/,l,,l/ + go'u’ﬂ - gm,’[,) + igp ((sgo—u’y + (59(,”,” - 69#1},0‘) 5 (A44)
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and evaluate it for the different components, yielding

OG0 = %2 {-(-20%0)" +20[2(-0®)" - (-a*)1} =2MG+ &' -2HT = ¢/, (A-45)
dTg; = %2 [-(-20%¢) i = hi(a®)'] = ¢ = Hhi , (A.46)
3Thy = - {[2(-ahY - (-20%) ]~ h(-a®)'} = -20h i+ 6+
= ¢7i =Hhi-h (A.47)
STy, = %2 {-[(-a®h:) j + (=a®hy) i = (—2a*¢d;; + 20°0;5)'] + 2¢[-(a®)']}
5 (i + i) =iy + 2Hp + )]+ 9%, + 2 (A.48)
5%— {[( a’hy) j + (~2a%90;; + 2a°9;) - (=a®hy) ;] + 2(dik — Vi) (a°0k;)'}
- ;( i) + O (1 — 2H + THE) + 0L, + 2H - 2T
= i = hig) =00 + 9} (A19)
Tl = (0055 + D)+ (<004 0) 5 = (<0030 + D) o] = Bl ~(0%63)']
= =0k — Ok 5 + 05t s + Vg + Vinj — Vjra + Hhidji (A.50)

The unperturbed Christoffel symbols follow from eq. (2.55)) straightforwardly,
Lo, =Tho =Tl =0, Tf=H, IY=Hs;, T\ =Hs. (A51)

Ricci tensor

From the Christoffel symbols we calculate the components of the perturbed Ricci tensor,

0Ry, =0R,, =0T%, - o0T%, , +T0 005, +T5,0T5, -Th . 005, -T5,0T5, . (A.52)

nov pr,o pno,v
The results are summarized in eqgs. (2.59)—(2.61)), with the intermediate steps amounting to
§Roo = 6RG0 = 015 o = 660 + Too0T e + L500T 00 — ToadT%0 — L5000,
= ¢+ V2 - ¢+ 39" + HOTG,, + AHITH, — 2HOTG — 2HATY,
=3 + V2 +3H(Y + ), (A.53)
0Ro; = 0RG,,; = 0T o - 5r0a + D007, + 5,00y, -5, 0T, —T%:0T5,
= —H'h; - HR, +g>/+ V2 hi =, = ¢+ 3¢, + HOT, + 4HOTY,
— 2HOTY, - HOTL, - Hb;;0T),
1
= —H'h; - Hi, + iv% + 20 + 3H(-Hhi + ¢;) - H(-Hhi - W+ ¢.1)
1
=20 + Hop) i + fv% - (H +2H*)h; | (A.54)
_ s ‘,8 a B _ B T B
SR;; = 6Rf“a] 0T¢ = 0T%, , +T06TG, + 15,00, — T 6T, - T'%,0T%,

= 5(}%,;‘ +hji) = 0" + 07 = 2H'[(6 + ) dij — Vi) = 2H[ (¢ + 1) dij — Vij]
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= Q)i + 0V = V20 + B — ¢ — Hhb + 35 + Hi; 6T,
+ 4HOTY, - H(20TY, + 6T, + 6T%,)
= i+ Ry = 8"+ 0% = TH[(6 + 9)dsy — 93] = THL(D + )3~ )
+1h a5+ 6V = V5 — i + HOij (¢ 31) + H(hij + D)
H

- QM (Bep=75) = AH[(¢ + )35 = Vi) = o (hy=Ti ;)
= =0i; [V + H($+50) + 2(H + 2H*) (¢ +¥) = V] + (¥ - 6) 45
5 O By + o+ )+ 0%+ OHO, = 02055+ 2(H + 2H2)05; . (A5D)
The components of the unperturbed Ricci tensor follow directly from eq. and eq. ,

Roo=-3H", Roi=0, Ri=(H +2H?)5; . (A.56)

Let us now raise one index of the perturbed Ricci tensor. With

SR = GMPSR,, + 69" R, (A.57)
we obtain
R =-a2[39" + V26 + 3H(¢ +') + 6H 9] | (A.58)
SRY = -a™? [zwji +2Ho ; + %v% — (M +2H*TT; + Mﬁ}yﬁ]
- g? [z(w’ S HO) 4+ %v%] , (A.59)

OR, = a2 [2% +2Ho ; + %v% —(H' +2H*)h; + 3thi:|
=200 4 M) 4 TR w 2(H -] | (A.60)
OR! = a ™ [0R; +2(H' +2H?) (i - Vij) ]
=—a [+ H($ +5¢") + 2(H +2H?)p - VY] &
+a [(1/) —¢)ij + %(hi,j + hgi) + MR g+ hy) + 055 + 2HI5; - Vzﬁij] : (A.61)

Computing the unperturbed trace Rij with eq. (A.56]), we obtain the Ricci scalar at zeroth order,
1=
S = 3a72(H' +H?) . (A.62)
The perturbed Ricci scalar follows from eq. (A.58]) and eq. (A.61)),

1 1 :
50R = SOR} = 5(5}28 +0RY)

-2

T2

e N

[-3¢" = V%6 - 3H(¢' +') - 6H'¢
=3¢ = 3H(¢" +5¢") - 6(H' +2H*)p + 3V°¢ + V(¢ - ¢) ]
=—a? [39" + V(¢ - 2¢) + 3H(¢' + 3¢") + 6(H' + H*)¢] . (A.63)
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Einstein tensor
We have now all ingredients to compute the perturbed Einstein tensor
1
0GE =R - §5R5f,‘ . (A.64)

We evaluate its components and distinguish the parts involving scalar (s), vector (v) or tensor (t)

metric perturbations,

0GE = a2 [ =3¢ - Y6 - 3H(# + ) - 6HD
3¢+ 920 - 207 + B + 30) + 6(H + H?) |

=207 [BH(Y' + Ho) - V7], (A.65)
0G) = 6R) = —a?[ 2(¢' + M) i +V>hi/2 ], (A.66)
0Gy = 6R = a [ 2(¢" +H¢) i+ V2hi/2+2(H - H*)hi ], (A.67)

6GY = —a™2 [0 + H(S +50) + 2(H' + 2H2)6 - V20
=30 = V(6 - 20) = BH(¢' + 30) ~ 6(H' + H)9] 6y,
+a? [W - ¢)ij+ %(hi,j +hya) + Hhi g+ hy) + 055 + 219, - vwij]

=207 [ +H2Y + ¢ +HP) +2H ¢+ V(d-1)/[3] 65+ a*[®] (A.68)
S tr=0

® = (618] - 6ijv2/3) (w - ¢) + (80/2 + 7‘[) (hi,j + hj,i) +19;I' + 27‘[19;]- - v2’l91‘j .

J

s v t

These results are summed up in egs. (2.66)—(2.69).

A.3 Simplifying Einstein’s equations for scalar perturba-

tions at inflation

In this section we reduce the evolution equations for the metric and inflaton perturbations during
inflation, cf. egs. (3.40)—(3.43]). As only two of the four equations are independent, we choose two
of the Einstein equations, viz.

V2 = 4nG @60l — (@) + HE Spn - ¢"00n] (A.69)
'+ H = AnGE' oy (A.70)

The following identity, obtained by adding egs. (3.9) and (3.10)), turns out to be useful,
H2 —H = 4nG(F)? . (A.71)

The results of this section are used in section[3.2]to compute the early universe observables predicted
by the theory of inflation.
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Let us start by rewriting the given system of equations in terms of the curvature perturbation,
REI _,_ f&pN . (A.72)

We use eq. (A.71)) and eq. (A.70) to manipulate the right-hand side of eq. (A.69),
=1

—=\2 2
D), - 47@% [—W+H,5¢N+H,6so;—% Lrten
¥

(¢)?
(A.71) H ’
= 6 4 — 0y — )
=) |:¢ M ‘PN*‘M"’ 5 ©n H( ,)2 ("IN
2 5 N - 2
G (u) n12? ) 3 —47TG@R’ . (A.73)
H H
With the left-hand side of eq. |D this yields
=1\2
vy = —47‘&'G%R' . (A.74)
We thus guess new variables
f=-2R, zz% E R P (A.75)
In terms of f and z eq. (A.74) becomes
V24 = 4rGH=? (1) . (A.76)
z
We rewrite also eq. (A.70)) substituting dpy with f, z and ¥,
(70 <« o +HY = 42GF (f - 20)
—7\2
'+ ('H +47TG(SD”H)) Y =4nGP' f
" P+ (27—[— H)z/) An Gy’ f
a? \ A A
> (”Hw) =4rGZf , 2=zaz, f=zaf=-2R. (A.77)
Applying the operator V2 to eq. (A.77) and using eq. (A.76)) one then gets
v2(ATT lng (f)l =4ArGEVE f
3
o Gf -2yt
o |- fov2f=0]l. (A.78)
2

This is a second order differential equation for the variable f =af. In section we see how the
variable f turns out to match the inflaton field perturbations in the spatially flat gauge.
A.4 Statistical properties of small perturbations

In this section we explore the implications of assuming randomly generated small perturbations,
and derive useful properties for the computation of ensemble averages in stochastic correlators. For
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cosmological perturbations, randomness and Gaussianity are assumed in the space-like directions,
while the time evolution is often given deterministically by some evolution equations. In the
following we work in co-moving conformal coordinates and denote x = (7,x).

Consider a discrete Fourier transformation over space-like directions, in a box of co-moving size
L (and physical size aL). By construction, each Fourier component Q) evolves independently and
the set {dQ\} is the result of a random process, such that we cannot predict the individual values
6Q. However, by the central limit theorem, random fluctuations can to a good approximation be
described by a Gaussian distribution. A pedagogical and rigorous treatment can be found in [12] p.
433]. Let us discuss a generic scalar Gaussian perturbation (for vector and tensor perturbations
all results follow analogously)

SA(r,x) = % 64, (7) e | (A.79)

where the set {JA,} is the result of a random process, and each mode 04, evolves according to
some given equations. From now on we let the argument 7 implicit for all Fourier coefficients.

If JA(z) is assumed to be real, then for the Fourier components 04_, = JA;, so that one finds
even and odd symmetries

R, =Re(dA,) =R_, , I, =Im(0A,) = -1, (A.80)

of the real and imaginary part respectively. This means that only half of the momenta k are
independent. Dealing with a Gaussian random process implies that the real quantities R, and I,
are picked from Gaussian distributions

1 1 RE) 1 ( 112 )
—exp|l-=—— 1], p(ly) = ——exp|l-—=—] , A8l
V2mo, ( 2 02 (L) V2o, 202 ( )
meaning that the probability of R, to be in the interval dR, is p(R,)dR, (similarly for I,.). The

width of the distribution is described by the dispersion oy, while o2 is the variance (ARy)? =
(R2) - (R,)? from the expectation values (R,) =0 and (I,.) = 0, as

p(Rk) =

(R)= [ AR p(R) =02 =(I2) = (6P = (R)+ () =202, (A82)
Note that, if we restrict to the corresponding domain of k-space, the variables {R,, I} are all
independent (R, L) = 0 and (R Rw) = (L) = 0 for k" # k, but R, and I, have the same
variance o2. Except for the reality condition, the different 64, are therefore independent random
variables obeying
(OAZ6A,0) = 25,0007 = B (|BA?) (A.83)
In particular, this relation holds also for k' = ~k as (0A_,04_,.) = (R?_+2iR_, I, - 1% ) =0.

We assume here that fluctuations are produced democratically in all directions, such that the

variance o2 = o2 is independent of the direction of k, where k = [k|. Since JA(x) is a perturbation,

it satisfies (0A(x)) = 0, while the magnitude of the perturbation is given by the positive quantity

(6A(z)?) LG S {SALSA YK TRx - 75 Z |6A,[2) =76 Za . (A.84)

k,k’

Power spectrum

The dependence of the variance of 04, on the wave number k is called the power spectrum of Aﬁ

3
Pa(r k) = (ﬁ) Ak (5A) (A.85)

540ften used is also the spectral density Pa(7,k) = %(|5Ak| )= 32 Pa(r k).
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which is commonly used to parametrize the variance of dA(z),

T 3
() = BAGY) = 25 TP = () 8 i Patrh) (A.36)

At this point we take the limit of large box size L — oo, replacing series with integrals,
d3k ik-x 3 —ik-x
SA(T,x) = / (AR s = f A3 6A(T, x) e | (A.87)
7r

such that we have the correspondences

LZ [ d°k SA SA(T, k) (A.88)
L3 2 (277)37 k T, . .

In the infinite volume limit, eq. (A.86) becomes

1 rd% = dk o0
A(@) = — [ SEPa(rk) = f S pa(r k) = f dInkPa(r, k) . (A.89)

4 k3 0 k —o0
The power spectrum P4 (7, k) describes the contribution to the variance per logarithmic inter-
val. Since P4(7,k) represents the meeting point among theoretical predictions, simulations and

observations, it is important to understand how it is evaluated from different sides.

Translation invariance in space and momentum conservation

The equivalence among the different prescriptions follows form translation invariance and stochas-
ticity. These two properties allow us to express statistical averages as spatial averages, and even-
tually evaluate them over the initial conditions. In an expanding homogeneous and isotropic
universe, we can use translation invariance in space-like directions, but generically not in time@

In our applications, small stochastic fluctuations dA(7,x) satisfy some differential equation
DA(T,x) = p(7,%x) , (A.90)
= 6A(rx) = [ dn [ @yGulrnx-y) p(ny) | (A91)

where the coefficients of the differential operator D do not depend on x. Then D and thus also
the Green’s function G = D! are translationally (and rotationally) invariant and we can assume
Gr(7m,11,x-y) =Gr(7,71,[x-Y]|)-

If the observable O[A] = A% is quadratic in A and we want to evaluate its average over the
observed final state over different realizations, then we are considering the equal-time correlator.
Translational invariance implies that the equal-time correlator evaluated at two different space
locations x; 2 is a function of the distance,

(0A(7,%1) 0A(T,%2)) = (JA(T,%x1 — X2) JA(T,0)) . (A.92)

55Time translation invariance is a property of Minkowskian space-time, that allows similar manipulations of the
correlators when the nature of the source is not stochastic, but the background is static. Some results may thus
appear in a similar form.
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Fourier-transforming to co-moving momentum yields
fdsxl fd3$2 e_i(xrkl_XTkQ) <6A(7a Xl) 6‘4(7—’ X2))
= [d3x1 [d3x2 emiCakimxake) (5A(7 %1 —x5) 0A(T,0))

(6A(7,kq) 04% (7, k2))

x>

x

2 [y [ty emerarie) et 5 (r x1) 6A(7, 0))

(27)269 (ki - ko) f &Py e K (A(T, %) FA(T,0)) ,  (A.93)

EPA(’T,kl)

which can be interpreted as momentum conservation (Noether’s theorem). Therefore, when we
compute the equal-time correlator of an operator taken twice at the same location, in co-moving

momentum space this amounts to
Pk [ Pk
(2m)? J (27m)?

Bk
o )13PA(T ki) = f dky K2

where dQy = d¢dfsin 6 is the infinitesimal solid angle of k = k(sin 6 cos ¢, sin 0 sin ¢, cos #) in spher-

(8A(7,%x) 6A(T,x)) = e aka) (90363 (k) —ky) P, (7, k1)

A,
(2rL)3

(0A(7, k1) 04 (1,k1)), (A.94)

ical coordinates. For simplicity we omit the limit lim;_, . in the infinite spatial volume L? that
arises from (2m)%6®(0) = [, =limj e L* in eq. (A.93).

Looking at the result in eq. , we observe that indeed the right-hand side does not depend
on x any more. We identify the power spectrum P, (7, k) as the angular average of the equal-time
and equal-momentum statistical correlator of A, on a logarithmic scale dInk = dk/k,

Pa(r,k) = f A (6A(7, k) 6A* (7, K)) . (A.95)

(2rL)? L)3

If the fluctuations dA are produced randomly at all scales and in all directions, such that the
spectral density P, only depends on k = |k|, then the average over the direction of k is trivial,

<5A(T,X) 5A(T,X)) — fowdk k2 ( 47T)SPA(7- ]41) f dlnk PA(T k) (A.96)
=Pa(r,k)

Statistical vs. spatial averages

A statistical average, like the one in egs. (A.92)—(A.94]), is generically defined as the weighted sum
over all possible configurations,

Z pi O[AD] (A.97)

with p; the probability to realize the i-th configuration. If the interactions underlying A are
random, and many different configurations are possible, then far away regions are uncorrelated,
and for the generic 2-point functioﬂ at unequal times we have

(O(11,%) O(12,5)) "5~ {O(11,x)){O(72,¥)) - (A.98)

In most systems, the approach to this limit is exponentially fast, such that we can write

(O(11,%) O(12,5)) = {O(11, ) {O(72,3)) + f (11,72, %~y )e Ve, (A.99)

56That corresponds to a 4-point function in A, if @ is quadratic in A.
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where £ is the characteristic correlation length of the system. Therefore, if we observe and measure
O[A] in domains separated by a distance which is large compared with £, we do not obtain
information about the non-trivial quadrupole moment f of A, but instead we are probing distinct
representations of the ensemble, with their respective probabilities.

We can therefore replace the statistical average in eq. by a volume average over a volume
that is large compared with the correlation length of the ensemble. Transforming to co-moving
momentum we find,

(O141(%) = 75 [ @284 (r)5A(r, %) A100
:ngfdsxfg;’f)lg (C;‘:f)zg ¢061K2) 54 ke, )5A* (7, ko) (A.101)

3
= %M(r,k)w(r,k). (A.102)

To summarize, we have found that, as a consequence of space-translational invariance, and for
random interactions, the statistical average of the quadratic observable O(7,x) can be written as
the average of its counterpart in momentum space O(7,k), over all momenta k,

(O[A](T7x)):[:dlnk(2717€;3/ko@[A](T,k), O(7,k) = 6A(r, k) 6A* (1,k) . (A.103)

For the power spectrum P,(7,k), this means it is entirely determined by the average over the
direction of k,

k3

PA(Tak):W

f A0 SA(7, K)SA* (7, K) | (A.104)

provided that A is the result of a random process and the physics is invariant under translations
in space. Analogous results can be found applying time-translation invariance in Minkowski space.

Average over initial vs. final ensemble

If we now go back to eq. and transform this to co-moving momentum space,
Ak = [ fonTl [ yGurimlx-y) a(ry)
- fOTdTlf d3yp(7_17y)e—ik‘y/ B Go(r, 1, % - y|)e k)
= /OTdTl p(71,k) Ge(1,71,k) , (A.105)

then the power spectrum in eq. (A.104) can be written as

kS T 2
Pa(r.k) = f A0 [0 dr p(r,K) Gy, K)| (A.106)

(2rL)?

Yet another representation is obtained by noting that, since the statistical properties of A are
determined by the properties of the source pﬂ then the statistical average in eq. (A.96]) can be
transported to the initial state. Assuming the latter to be invariant under space translations as

57The contribution of the Green’s function G is deterministic as dictated by the evolution equation (A.90).
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Pu(r, k) P,(T1,72, k)
experiments spatial average over measured JdA: eq. -
theory from P, (11,72, k): eq. ensemble average
simulations | spatial average over randomly generated p: eq. -

Table A.2: Comparison of experimental, theoretical and computational methods to obtain the
power spectrum P, of the perturbations of a physical quantity, sourced by a stochastic source p.

well, we find

(A )A(r0) = [Cdn [Can [dy [ @ Gulrnly - x)G(r . lya - x)

x(p(11,¥1)p" (72,¥2))

T T d®ky A’k p p
/0 )y )]V ] o ) e c
X Gr(T,T1,k1)Gr(T,72,k2) {p(T1,¥1)p" (T2,¥2))

. T T . 3k ks : ;
kg—~-kg 3 3 1 2 ix-(ki-k2) _—iyi-ki iy2ks
= dr [ d fd fd f (k1 -k
/0 Lo 7 n b2 (2m)3 J (2m)3 ¢ ¢ ¢

X G (7,71, k1)Gr(T, 72, k2) (p(T1,¥1)p" (T2,¥2))

T T 3k Bl e
= ‘/O dT1/O‘ dTQ ‘/W (271_)236“((1{1 kQ)GR(T77'1akl)GR(T,T27k2)

x (p(11,k1)p" (72, k2))

T T P Phe e
= ‘/U dT1/O‘ dTQf(2ﬂ)13 (271_)23 Elx(kl kz)GR(TyTlakl)GR(T77'27k2)

x (27)30(ky — ko) P, (11, 72, k1)

- f dlnkf dTlf 7o G (7,71, k)G (7,70, k)P, (71,72, K) .| (A.107)
—o0 0 0

Pal(r,k)

Comparing eqgs. (A.106)) and (A.107) for the unequal-time power spectrum of the source p we
conclude

7]63 dQ k k il

P(r1,7m2,k) = f 1, k)p* (12, k) = —

o (71,72, k) (2rL)3 kp(11,k)p" (72,k) o2

The very same conclusion would follow from applying the reasoning in eq. (A.104]) for p. This

means that assuming space-translation invariance and randomness for the final state is equivalent

Pp(Tl,Tg,k‘) . (AlOS)

to the same assumptions for the initial state.

Having shown their equivalence, different methods to compute the power spectrum from the
experimental, theoretical and computational point of view are summarized in table
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The retarded pseudoscalar correlator

The goal of the present appendix is to elaborate on the estimation of the friction coefficient, T, and
the mass correction, m, introduced in chapter [ for the axion-like-inflaton example of chapter
The two quantities are determined respectively by the imaginary and real part of the retarded

correlator (cf. eq. (5.24)),
GR(W):fowdteiwfL(i[J(t,x),J(o,o)po, [Xzfd?’:r , (B.1)

of the topological charge density operator

fad = e g? P Fe F ae{l,....,N2-1}, ¢, =1/(647%) . (B.2)

uvs po

Here F, denotes the Yang-Mills field strength defined by

| =

T°Ff,=~[Dy, D],  D,=08,-igT" A}, (B.3)

g
where g% = 47a is the Yang-Mills coupling and 7 are Hermitean generators of SU(N..), normalized
as tr[T?,T] = 67°/2.

The friction coefficient, cf. egs. and , is determined using three-dimensional lattice
measurements [3]. To compare with the latter, in sec. we compute the imaginary part of G,
in the classical limit. For the mass correction, cf. eq. , in sec. we evaluate the real part
of G, in the quantum theory for g2 <« 1.

B.1 Imaginary part: Chern-Simons diffusion rate

The way how thermal rates can be extracted from equilibrium 2-point correlation functions is
described by the so-called Green-Kubo relations. In our case the relation for the inflaton decay
rate, cf. eq. , is

_ ImG(w)
- w

T (B.4)

w—=m
Physical observables on the lattice are however more directly related to a statistical, i.e. time-

symmetric, correlator,

oo ; 1
Guw)= [CateG . G.=r2 [ (§{J(t,x), J(o,o)}> . (B.5)
The imaginary part of the retarded correlator can be obtained from eq. (B.5) via

Gs(w) = f2[1+2ns(w)] Im G, (w +130%) | (B.6)

92
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where ng(w) = 1/(e%% - 1) is the Bose distribution.

In order to provide a calibration for a lattice study, we want to compute the classical limit,
G () = lim G (w) | (B.7)

perturbatively at g7 <« w. We consider a theory discretized in the spatial directions, with lattice
spacing a@ such that w ~ a™!, and we quantize it in the gauge A} = 0. For this, we transform the
time coordinate t to an imaginary-time coordinate t; € (0,53), 8 = 1/T, and denote X = (tg,x).
Within this framework we obtain the imaginary-time correlator

Galte) = 12 [ (I(t2,%),7(0,0)) . 0<te<h. (B3)
Gg(wn) = /OBth B Gy (ty) | wp = 2mnT . (B.9)
Transforming to frequency space, we obtain the statistical correlator by
Gs(w) =[1+2ns(w)] Im Gy [w, = —i(w +i0%)] . (B.10)
For the classical limit we should keep A explicit, so that energies appear as hw. However, to simplify

the computations we suppress h from the notation till the end and finally recall

ng(hw) e % (B.11)

Imaginary-time correlator

The continuum operator in eq. (B.2)) can be written as
fad = 4Cx€ijk92El)7ingk ‘ (B.12)
To define the analogue of the continuum field strength on the lattice, we introduce the link matrices
Ui(X) = T A0 21 4+ iagTP A(X) + O(g%) , U-i(X)=US(X —ai) (B.13)

using the notation X +y = X + (0,y). The canonical momentum is denoted as &;(X), and conve-

niently averaged for numerical purposes,
- 1
£(X) =3 [£:(X) + U] (X - ai) (X — ai) Ui (X —ai)] . (B.14)

In the canonical real-time formalism, the Gauss law constraints must be satisfied at any time ¢
and location x |57, p.63],

G(t,x) =&(t,x) - UZ—T(LX —a))&;(t,x —al)U;(t,x —ai) =0 . (B.15)

In the imaginary-time path integral representation of the partition function Z, eq. (B.15)) means
that we are only interested in the contribution to Z from the states annihilated by the operator G.
The relevant contribution to the partition function can thus be written as a trace over all states,

with the insertion of a Kronecker delta function, Z , . = tr [6g eBH ] We may represent the latter

phys

with the help of an auxiliary function 1218,

i
dAg oiA0G

59 = 2

(B.16)

58Note that, throughout the rest of this document, a denotes the cosmological scale factor.
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A plaquette is defined as
Pij(X) = U(X)U; (X + ai)US (X + aj) U (X) . (B.17)
We rewrite eq. by expanding the link matrices as in eq. . The Fourier transform
AUX) =, AL(P) PO (B.18)

of the gauge field, refers to the notation jP =T, fp, and P = (py,p), where p,, = 2n7T are the

Matsubara modes. The spatial integral [, = fj;//‘fl d?
to linear order, the plaquette (B.17) is

P)(X) = 1+iag {[A}(X) - AY(X +aj)] - [AUX) - AY(X +ai) ]} + O(g%)
- 1+iag j P X {A?(P)eiap-i/Qeiap-j/2 [e—iap-j/Q _ eiap-j/Q]
%
_ A?(P)eiap‘j/Qeiap-i/Q [e—iap-i/2 _ eiap-i/2]} n 0(92)
~1+ad2g ;i P X {AL(PYp; - AL(P)p} P02 L O(g?) (B.19)

p/(27)? is restricted to a Brillouin zone. Up

where to simplify the expressions we have adopted the notation

. _2 . (ap; _ ap; N _

pj:aSID(TJ) , ?j:COS(T) , pjzgsm(apj):pj]gj . (B.20)
Inverting spatial directions with the definition of U_; in eq. (B.13)), the plaquettes become

P (X) =1 +iag {~[AY(X - ai) - AY(X +aj - ai) ] - [A%(X) - A2(X - ai)]} + O(¢?)

~ 1+iag ;’: oiPX {_A?(P)e—iap-i/Zeiap-j/Q [e—iap»j/Q _ eiap»j/Q] (B.21)
" _A?(P)eiap'j/Ze—iap-i/Z [eiap~i/2 _ e—iap~i/2]} + @(gz)
-1-da2g i PN LAY (PYpy - AB(P)p:} e P2 4 0(g?) (B.22)
Pl (X)=1-d’g y_i X LAY P)p; - AL(P)pi } P2+ O(g%), (B.23)
P (X)=1+d% ;i PN LAY (PYp; - AL(P)p:} e P2 4 0(g?). (B.24)

The magnetic part of the field strength tensor F;-’k(x) is given by

-
ngk(X) = @ [Q?’k(X) - QZj(X)] ) (B.25)
where we have defined

_ 4+ a2y ;i ¢ PX[AL(P)pr, - AL(P)j;] + O(g%)

% [eia(pj+pk)/2 +e—ia(pj—pk)/2 +e—ia(pj+pk)/2 +eia(pj—pk,)/2] 4 0(92)
=4+2a’%g i et X [A?(P)ﬁk - A (P)p;] [COS (a@) + cos (a%)] +0(g%)
P
=4 +4a’g ip et X [A?(P)ﬁk - Az(P)p'j] cos (%) cos (%) +0(g%)

_ 4 +4d%g i P X[ AL (PYpipk - AL(P)pip;] + O(6?) - (B.27)

b (X) = Ph(X) + PP (X)) + P 1 (X)) + PV (X) (B.26)
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Then the field in eq. (B.25) can be expressed at zeroth order in g as
F(X) =i L e [pmnAL(P) - pups AL(P)] + O(g) (B.28)

A discretized Buclidean electric field strength F{; can be defined using the auxiliary field A}

introduced in eq. (B.16)),

X 1 1 . ,
Similarly to the averaged operator in eq. (B.14)), we define
L) = % [F2,(X) + UN (X — ad) B4 (X — ab)Ui(X —ai)] - (B.30)

Expanding Ag(X) in a Fourier representation, like in eq. (B.18)), at zeroth order in g we find

FL(X) = 0 AY(X) + S[AL(X) - AL(X +ai)] + O(g)

a

_; ipnAg(P)eiP(Xmi/z) 4 1 j Ab(P)eiPX (1 3 eip~ai) +0(g)
P a Jp

=i 3f PO [, A2(P) - 5, AK(P)] + Og) (B.31)
%

and the corresponding averaged operator from eq. (B.30) at order g is
. 1, -~ . . ) . .
F(X)| = 3 [F3:(X) + F{(X —ai)]| + O(g) =i ;i e Xpi [pnAY(P) - B AG(P)] + O(g) . (B.32)
With the results from eqs. (B.28) and (B.32)), the topological charge density at order g* becomes

fad (X)|,, = Bicyg®eijn i €i(P+Q)'X}3¢(5m Pn = 640 51450 AL (P)AS(Q) + O(g") (B.33)

P,Q

using the notation u € {0,1,2,3} and 4,7,k € {1,2,3}, and summing over repeated Greek indices.
To compute the Wick contractions for Gy (cf. eq. (B.8])), we write

FuT O, =8icygerun f,  h(Bael = b0 B gl AL (P AL(Q) + O(g") (B.34)
For G we need the two-point correlation function of the gauge fields,
(A5 (P)AG(Q)) = 6”3(P + Q)Aas(P) (B.35)

where A,g denotes the gauge field propagator, and the é-distribution is defined as

s ,
5(P+Q) =0, +q,002m)°0 (p+q) = fo dty, et Prran)te f elpra)yx (B.36)

Carrying out the integrals with d-functions, eliminating the sums with the Dirac-§’s, and defining
da = 6%¢6% = N2 — 1, the imaginary-time correlator becomes

Gr(ts = —646294dAT2 2m 6 €ijk€suv ei(P+Q).Xpip,
av X 0 It o Jx J /is
X 43k Gy (O P =~ 0,0 i) (Oexs Pr, = Oar0 D)
%[0 1, 0-g0., 0P (0 + D)0 (0 + 4 Ay (P) A1 (Q)
+5fpmq’n57qn,p;5(3)(P + q')5(3)(q + PI)A;m(P)Aja(Q)] + 0(96)
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= —64cig4dAT2 > eiprran)te fp q(27f)35(3)(p +q) €ijk€suv Piqi Gk (0pi Pn = 0,0 Di)

X [A;La(P)Aju(Q)Psgu(_év)(_l)(éas Pn — 5a01~)s)
+A,uu(P)Aja(Q)gspu(_ﬁv)(_l)((sas gn — 5040 (js)] + 0(96)

:—64C>2<g4dAT2 > ei(Pntan)te f&'jk%uvPz‘]}j(—ﬁk)ljs?uﬁv(émpn_(Suoﬁi)
Prsdn p

X [_A;La (pnv p)AJu(Qna _p)((sas Pn — 6&0 ﬁs)
+Auu(pm P)Aja(Qm —P)(0as n + a0 ﬁS)] + 0(96) . (B~37)

Its Fourier transform is

GE(wn)‘av = _64Cig4dAT Z 5wn+pn+qn,0 fﬂjkﬁsuv pl?]ﬁk???uﬁv(dlil Pn — 5/L0f)i)

Pnyqn p
X [Aua (pn7 p)Aju(Q’ru _p)((sas DPn — 5&0 ﬁs)
-Auy (Pn, p)Aja(QTn ~P)(Oovs Gn + a0 Ps)] + 0(96) . (B.38)

Defining pg = p,,, the longitudinal AL 5~ Dabp contribution from the propagator vanishes,

A}, (Pr,P)(Oas Pn = 0a0Ds) ~ DulPsPn = Pubs) = 0, (B.39)
AL (@0, =P) (Bas @n + a0 Ps) ~ G (~Pstn + anbs) =0 , (B.40)
A} (PrsP)(0pi Pr = 0,0 Bi) ~ Pu(PiPn — Pnpi) =0, (B.41)
A (Gns =P)€ijk€suv DiPubkPu ~ €ijkEsuv PiPubkPo = ~€ijk€suv DiPoPrPu = 0 (B.42)

as expected. Therefore, propagators can be replaced by their Feynman parts,

dap on _ N 2n
Aaﬁ(P)—>p%+ﬁ2 , P :;pj , n=1,2,..., (B.43)
and eq. reduces to

Gu(wn)l,, = -642g*d, T 3 Ountpatan0 PPy | 0(g%) . (B.44)

paran I (07 + D) (47 + P°)
Writing the index summations explicitly, the function ®(p)|  in the integrand of eq. (B.44) is
q)(p)LW = Z Z Z €ijk€suv Pi?jﬁk?s?uﬁv (6u1pn - 5u0 ﬁz)
a,p 4,5,k S,u,v
X [(S;Laéju(éas Pn — (SaO ﬁs) - 5;4u5ja(5as gn + 50(0 ﬁs)]
= Z z €ijk€suv Pngﬁkpspuﬁv [(625 pi + ﬁlﬁs)éj - 6iu6js ann]

i3,k 8,uv

= > (Ph+Pun) Pi3 PR = (D5 + Prn)0(P) - (B.45)
ixj+k
Using trigonometric relations,
2 2

a” _ o . a~
—P; . B =P - P (B.46)

pi=1-7

the function ¢ in eq. (B.45)) becomes

o= % (150t (1-5a2) (- t) - (Ba7)

ixj+k
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The two Matsubara sums in eq. (B.44]) can be carried out using the Dirac-d’s,
A 3 +pn+ t
6O;Wn+pn+qn = Tf th ez(wn puran )t ’ (B48)
0

Moreover, we take advantage of the p, < ¢, symmetry to replace the expression p2 + p,g, in
eq. (B.45)) with its symmetrized version,

2
50-,wn+pn+tm wn
R R

1
pfzz +Pngn — i(pn + Qn)2 ? . (B49)
Denoting p = \/p? from eq. (B.43) and using the relations derived in |57, p.133], both contributions

from p, and ¢, are of the form

ipnte 2 ~ _
Ty S ne(D) [opte , (p5t5)] | (B.50)
P Dn +D 2p

yielding the result

2 B ) 5)2 _
GE(wn)Lw _ —64Cig4dAWn f dt,, e“nte fnz(g) [6ptE i ep(ﬁ—tE)]2¢(p) + 0(96)
0 o) %

p)? e2pB _ 1o1- e?P
- —64c2g%d, % LI PR 16)
2 ghd, =t 2 S |E S+ ST Al ¢(p)+ (%)
nB(P) 258 [ 1 1 ] 6
- —64c2g%d, Y P8 _q - )
g da | 172 (e ) PTRET Y- ¢(p) +O(g°)
1+ 2n,(p) 1 1
= —64c% g'd —”f = [ - ] 0(g%) . B.51
hY | T e % o(p) +0O(g") (B.51)

To arrive at eq. (B.51]), in the last step we have used the identity

PP 1 =ny(p) 2+ 2n(p) " . (B.52)

Statistical correlator
Substituting w,, - —i(w +i0*) and taking the imaginary part in eq. (B.51]) yields the cut

1 N s . w
Im[m]——ms(w—Qp)——§5(P—5) : (B.53)

All in all, the averaged statistical correlator is

o=t catran(-5) f & 0 oot sl )|

d3p 1+2nB(p) (
@ry 4P

= 167Tcig4dAw2[l +2ng(w)]

)<z>(p> (B.54)

In the continuum limit a - 0 we have p — p and ¢(p) — 2p?, and eq. (B.54) becomes

as 47?2 e 1+2n w
Gs(w) & 166ig4dAw2[1+2nB(w)]%/0 dp+@2p25(p—§)

16 w\11 (w)?
= ?cig4dAw2[1+2nB(w)][1+2n3(5)]1(5)
2 gtdyw?

= A oy ()] [1 + 20, (g)] . (B.55)
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In order to have an illustrative limiting value in the domain ag?T < aw < 1, we take the classical
limit of eq. (B.55]). Restoring A in the Bose distributions yields

w 2T 4T
lim[1+2 1+2 — . B.
tin[1+ 2, ()] [ 1+ 20, ()] = 25 (B.56)
With the normalization introduced in [86] and setting again h =1 we find
G (W) ao?reaws 1627% gida 8 w? dA(w)2 (B.57)
(aT)* ¥ @ 163 T T2 21 \g2T '

We now proceed to a full (i.e. at a # 0) evaluation of eq. (B.54)) in the classical limit. Using
the d-function we can still take the factor [1+ 2n5(w/2)] out of the integral and apply eq. (B.56)).
Moreover, we introduce the rescaled integration variables

4 = ap; = 4i = ap; , (B.58)
such that eq. (B.54)) becomes

™ q
Géd)(w):lfiﬂcig‘LdASTQ 23 / da f tdgz / das ( E)d,(ﬂ), (B.59)
a a

The upper boundary of the integration over go becomes g; by taking into account the symmetry
in g1, g2 and g3 of the integrand and choosing g3 to evaluate the §-function. This yields the factor
of two in front of the integration. Evaluating the §-function for the variable g3 instead of ¢ yields

the Jacobian

aq 5 a’w

|s1n( )cos( )| —) |sings(q1, g2, aw)|

Using the notation introduced in eq. and eq. (B.20)) and performing the integration over gs
using the o-function, the integrand ¢ from eq. (B.47)) becomes

d(d/a)| ™
dgs

(B.60)

s(2)- 642<4 DE-BE-)

5

— (A=) (4 - B[4 -3 (q1, g2, aw)]

(16)2
2 [ 2 |
Lcosz(q—l)COSQ(q—Q) 4—M—cosq1—cosq2 . (B.61)

16 2 2 8 ]

We now drop all the prefactors and define the full integrand after the integration over g3 to be

_ aw 2 g2 [ (aw)2 ]

o(q1,G2,aw) = — cos cos? 4 - ~—" —cosqi —COS (B.62)

|sings(q1, g2, aw)| 2 271 8

o 5 () ()] - (5 (3)]

where the step functions 6 take care of the integration range for ¢3. Normalizing as in eq. (B.57)),
C(w) _a*GE (w)

(aT)* ~ 16¢2(ag?T)* (B.63)
we are left with the expression
G ot T g
(aT)* _,‘K)(;/g(ag?T)‘1 a8 46 Jo Ty CROVILEAY
= L/-qul fqldqg &(q1,q2,aw) (B.64)
m2(ag?T)? Jo 0
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SU(2) SU(2)
: : : R e ; :
ag®T = 0.100
2 —
300k ag™T = 0.123 || ]
------ ag®T = 0.163
—— ag®T = 0.240 I I I I
< 200F 1 5 : :
g5 S I S — :
< S T e {
& 3 i I i1 i I+ {
9 f/’_’_—l— ag®T = 0.100
100F 1 - o
7 ag”T = 0.123
; ry ,
1§ o ag’T =0.163
v ag*T =0.240
0 - ol I I AT e
0 2 1 6 8 0 1 3 3 4 5 6
aw w/ (4°T)
(a) (b)

Figure B.1: (a) Open symbols illustrate the lattice data for G (w)/(aT)? in the SU(2) exam-
ple . Lines represent perturbative results, i.e. the numerical integration of eq. . (b) Lattice
data for G (w)/(aT)* in the SU(2) example [3], after the subtraction of the perturbative contri-
bution (cf. fig. , and a relabelling of the x-axis. The lines indicate a qualitative interpolation
(cf. eq. (5.27))). The present figure reproduces the left panels in figs. 4 and 5 of .

that can be integrated numerically as a function of aw. Benchmark solutions for N, = 2, ag?T =
0.244, ag®T = 0.163, ag>T = 0.123 and ag>T = 0.100 are shown in figure

For a better resolution, in fig. we show the non-perturbative remainder, after subtracting
eq. from the lattice data. The fits illustrated by the curves correspond to eq. , and
are discussed in detail in [3] (also for N, = 3).

B.2 Real part: thermal mass correction

In the weak coupling limit o << 1, the thermal mass correction,

2 ¥ m*-ReGL(m) , (B.65)

m

can be evaluated perturbatively in the full quantum theory by evaluating the real part of the
2-point correlator of the operator J, cf. eq. (5.24). For this we start from eq. (3.2) of \|

K4 2K
L(D-3)(D-2)g ?g?{QQ(Q—K)?‘ o’ }Kauwww

I(w+i0+)

Gr(w+i0%) = +0(¢°) , (B.66)

f2

where D = 4 —2¢, and the overall sign has been inverted to conform with the Minkowskian conven-
tion. Our task here is to carry out the integral I(w +¢0"), which we write explicitly as

I(w+i0") = TZ[{

59Eq. (B.66) can be derived using the machinery introduced in appendix [C| (the propagator and the vertex are
defined in egs. (C.6) and (C.12) respectively), using the imaginary-time formalism.

w? 2w?

n - : (B.67)
[a7 +@*1[(gn —wn)?+¢*] a7 +¢? }wn”[moﬂ




Appendix B. The retarded pseudoscalar correlator 100

using the notation ¢ = |q|. The expectation is to obtain precisely the continuum version of
eq. (B.51)), after the substitution w, - —i[w +i0"].
We evaluate eq. (B.67) by carrying out the Matsubara sums first. Using the formula eq. (B.50)
for tg = 0, the second term gives the simple contribution
—2uw?2 w?

—20.)2T§ o = 2q"[1 +2n5(q)] — ?[1+2nB(q)] . (B.68)

To evaluate the contribution from the first term in eq. (B.67]) we make also use of the Dirac-§ and
its integral expression in eq. (B.48]),
. 1 1

qu (42 + 2 - 2. 21 w:lsz TZ B0, +n-wn

@2 + [ (qn —wn)? +¢?]

C+@Er2+q?

zqnt 1rnt
- / dt,, o iwnte I:TZ:q E ] [ Z e E2:|

2 +q? ~7r2 +q
2
4 fﬁth e~ iwntn ns(q) [ent +eQ(ﬁ—tE)]
™ Jo 2q

3 w 1 1
[1+2nB(Q)] [ - - :|
4¢% Liwn, +2q  iwn, —2q

wt 1 1
— [1+2nB(q)] [2q+w+20+ 2q—w—z‘0+]' (B.69)

As expected, we recover here the continuum limit of eq. (B.51). With eqs. (B.68) and (B.69) the
real part of the correlator in eq. (B.66) is therefore given by

np w?
ReGR(w”OJr): f2 (D NP -2’ qul+2q s [(2q+w)(2q—w)+1]
_ f2 (D 3)(D - 2)g'w fq[1+2 5 (0)] oI (B.70)
I(w,...)

Renormalization of UV divergences

The term without the Bose distribution ng in the integral Z is a vacuum contribution Zy. Its
evaluation can be carried out analytically, but it requires the renormalization of UV divergences.
For this we first write [q in d-dimensional spherical coordinates and carry out angular integrations,

d’g 2 d-1
@m? ~ (m)irr(df)

dq. (B.71)

Subsequently we perform the substitutions ¢? = w?t/4 and t = 1-1/s,
¢

) Gy b e
- Gt (3) ) e oo
— w\4 1 _d+l d-1
:m(z) /Odss 2 (1-s)2 . (B.72)

Io(w, .
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We recall the relation among the g and the I' functions,

L(x)I'(y) = fo dttx_le_tfo dssy_le_s:_/O dtft dut®™ (u—t)vte
1 oo
t”zzu/ dzzw—l(l_z)y—l/ duua:+y—le—u (B73)
0 0
=6(z,y) =T'(z+y)
_ (=4 (1xd
:6(1 d71+d): (5)r(s9) _
2 2 (1)

The next step is to insert eq. (B.74) in eq. (B.72)) and substitute d = 3—2¢ and D = 4-2¢, recovering
also the prefactor (D - 3)(D - 2) from eq. (B.70),

L (1-9(1-2¢) (&)“ D(e-1)I(2-¢)
D-3)(D-2)To(w,...)=—2— L~ (2 ) TR C) B.75
( )( ) 0( ) (47T)§_E 4 F(%—G) ( )

The result (B.75)) can be expanded up to zeroth order in € using the properties of the I function,
I(e-1)= ﬁl‘(l +€)
T2-¢)=(1-e)T'(1-¢)

F(§—€):(1—6)1—‘(1—6)%\/E(%—e)[1+6(’y]3+1n4)]

} = T(e-1I'(2-¢)= —% +0(e) , (B.76)

2 2 2
R r(3 )_1 2 +e2=v-nd)]+0O(2),  (BAT)
——€|] =— €(2 -y — € .
2 v e ’
and its derivatives as [136]
1
r'(g) A +22), (1) = . (B.78)
The remaining terms to be expanded are
2\1-¢ 2 2
4
(“‘;) :ju26(1+eln:2)+(9(62), (B.79)
(4m)% = (4m) 2 (1 + elndr) + O(€2) | (B.80)
where ;172¢4%¢ = 1 is a scale introduced in the logarithm for dimensional reasons. Denoting fi? =

4p®e ™ ® the MS renormalization scale [93, p.137], eq. (B.75) becomes

2UJ2 M—QG 4/1'2
(D—3)(D—2)IO(W7M,€)“w - (1—36)[1+e(2—7E—ln4)](1+elnwQ)(1+eln47r)
w2’u,—26 1 ,l_L2
=3 (e +IHE -1]1+0(e) . (B.81)

Numerical estimate of IR contributions

Going back to eq. (B.70), the term with the Bose distribution leads to finite contributions, but
it needs to be estimated numerically via a principal value integral P. Transforming to spherical
coordinates and carrying out the angular integrations, one finds

DN T 2 [T ‘f’”B(q)]
(D -3)(D - 2) Zp(w) F2f0 qu[(q_;)(qug) . (B.82)
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=== [ReGY|/ (am,)?

e T }(’)ng-} / (am,)?

. .
1072 1 102
T/m

Figure B.2: Absolute value (in units of (am,,)?) of the temperature-dependent contribution to
the thermal mass (second term in eq. ), and the corresponding correction to the entropy
density, (B.88) and eq. (2.14) of [4], integrated numerically. The cusps indicate where the thermal
corrections change sign. For the parameters we have set m = 1.06 x 10™%m,, and f, = 1.25m,,
determined in egs. and @D The full results taking into account the running of the
coupling o are shown in fig. E

Before proceeding with the numerical integration, we can estimate limiting values for w <« T and
w > T, considering that in both regimes, the dominant momentum contribution to Z; arises from
q ~T. Therefore, in the limit of high and small temperatures we have

w 1 o0 q 1 & o g TPX&1 T
T <<T7‘/ d - [d T — _ —=—, B.83
. — =, qeq/T—l WQT; 0 qqe 72 Zn? 6 ( )
——
€(2)
w 4 = ¢ 4 & e ne_ 24T' &1 AnPT
I i’z;_ f d - _ f d 3_T:—7 _ = B.84
- 2.2 o qeq/T_l 7T20J2nZ::1 0 qq€ 7r2w2,;n4 1502 ( )
——
¢(4)
TZ
=, wkT
= (D-3)(D-DTi(w) — {T (B.85)
-Ter ., w>T

For the numerics we divide eq. (B.82)) by w?, in order to obtain a function of w/T. The result is
illustrated in figure (with w - m).

All in all, the real part of the retarded correlator can be expressed as

ducygiw? 1 2 oo 1643
O e L R O A [P | Y
€ w 0 (¢

o ~9)+3)

Inserting eq. in eq. (B.65)), we should require the thermal mass m?2 to be positive, with
Re Gy, representing a small correction, such that Re G (m) <« m?. Considering the limiting values
in eq. , this is not obvious in the regime T > m, where ReGr(m) > 0. However, the
constraint Re G (m) <« m? is satisfied for a?T? « f2, which is the condition for the validity of the
effective theory description (see discussion in section [f]).
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Thermal corrections enter the dynamics not only via the thermal mass m., but also through its
derivatives by the temperature, cf. eq. (4.39). These can be computed using eq. (B.86) and

Oxnia(4) = Zyme(@)[1+ ()] (B.87)

so that after the substitution w — m we find

16d,cyg*m? o
Oym? = - =209 T [ qqp il ‘o (@)1 +15(q)] (B.88)
w2 f2T 0 q- %) (q + —)
P2 = _16dAcXg4m2 dqP @*ns(q)[1+n5(q)] 2 . 1+ 2ns(q) . (B.89)
TR < 9 aes) Lo 7
In the limits - ) the expressions in egs. ) and (B.89) simplify to
16dAcXg4m2T
——x—, m<xT
8Tm'2f ) a4 T?ff ) (BQO)
15‘}2 , m>T
16dAcXg4m2
——5—, m<xT
omz — { o A : (B.91)
& da m>T

T



Appendix C

Gravitational wave production via scatterings

Processes characterized by momenta in the Boltzmann regime, k/a ~ 7T, are fast with respect
to the expansion of the universe after the end of inflation. In this regime we thus work in a
local Minkowskian frame, and simplify the notation by the redefinition k/a — k. Moreover, in the
following we change the signature of the Minkowski metric to the particle physics convention,

n:diag(+7_7_a_) . (Cl)
The production rate of gravitational waves in a local Minkowskian frame is [2]

deaw  k~rT 4k3ng (k)
dtdlnk  wm2

where scatoo,2 1.3 is a phase space operator for all crossed channels, that contains the integration

Scat2<—>2,1<—>3(917§0>g2) G(Pgupcpvpgz) s (02)

measure, as defined in [128]. In sec. the corresponding integrand © is inferred from the matrix
elements squared for 3 — 1 processes, fig. which we compute here along the lines of ref. [128].
The advantage of considering 3 — 1 processes instead of the kinematically allowed ones (see fig.
is that the expressions are more symmetric and compact, because non-equilibrium particles and
plasma particles are on different sides of the reaction.

@ o P o Pl P e e el L e ol e
(b) e >,W, >,w,

Figure C.1: (a) Matrix elements squared contributing to gravitational wave production in the
Boltzmann domain, represented as cuts of a 2-point correlator of the energy-momentum tensor
T, (b) The corresponding 3 — 1 amplitudes, which are not kinematically allowed, but can be
used for deriving eq. . Dashed lines denote the inflaton ¢; wiggly lines gauge fields; doubled
lines gravitons; blobs the energy-momentum tensor operator.

C.1 Feynman rules

We derive the Feynman rules from the interaction Lagrangian,

fanz c ac _ o vpo e c
LZEQ_()OJ+h# (8H806V¢_FMOCFI/ ) y J = Tmﬁﬂ P FMVFpO s (Cg)
1 1
Lo~ 5 (8" dup —m?¢?) - TR (C4)
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following a procedure analogous to the one described in [27, p.123]. The inflaton potential is

expanded around the minimum, V (¢) » m?¢?/2, because we consider late stages after the end of

inflation.

Propagators

From the free part Ly of the Lagrangian in eq. (C.3) one derives the needed propagators for

* scalars with momentum P and mass m:
)
internal: AP(P) = 5 -
-m

+ gauge bosons with momentum P, helicity s and SU(N,.) index a:

internal: Ag’ab(P) = 75ab( Nap + fP 73'8) )
external: 9u(P,s) .

The internal propagator is here in an arbitrary gauge &.

* graviton with momentum I and helicity A:

external: has(IC, ) .

(C.5)

(C.6)

(C.7)

As a consequence of the Ward identities, gauge boson and graviton helicities obey the sum rules

2 9u(P,5)g,(P,s) =P, ,

Z ;Laﬁ(lca A)iLZV(]C7 )‘) = LO&[MW )
A

(C.8)

(C.9)

where L is the projection operator defined in eq. (3.83)), while P" is defined with respect to the

momentum P of the gauge bosons as

PP piD; . ;
P;Tw = N + ;;LP b = Nuillvy (5 p2j) PH = (’PO’_P )
PP, =0.
The parentheses { ... } denote here total symmetrization.

Vertices

Denoting ¢, = 1/(647?), from eq. (C-3) we find the vertices

2
g a .C g a
Y =499 - Uaﬁ(PgNPb ) =T >]<Ca 0 ' a5]757);1pgz = _87/)}7@6 beaﬁvélp’y PQQ ’
h—>pp : Vo‘ﬁ(’P%”Pw) = z'P{a'Pﬁ} QZ'PQ 7352 ,

h—gg : were (P; Pd )=- 5Cd9{aﬁ}76(rpgurpgg) = _Qi‘stgam&(Pgupgz) )

17

with the h — gg vertex function

gaﬂwé(g)p) Qapﬁ 75+(Q p)nva B _ avpﬂgé_naégﬁpw_

(C.10)

(C.11)

(C.12)

(C.13)
(C.14)

(C.15)
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Symmetries and contractions
Let us label the momenta and the helicities of the gauge bosons as
Pr=Pg» Py=Pg,, Py=P,, 51=8g, , 83=358g,, (C.16)
Pi=P;=0, Py =m*. (C.17)
We also introduce a more compact notation for the internal momenta and their squares
Q=K-P;, s12=03, s13=095, s32=0}. (C.18)
From the definitions one can derive many useful relations among the Mandelstam variables,

’C2 2812+813+823—m2 = 813—m2=’c2—(812+823) ) ey (Clg)

that can be further simplified imposing the graviton to be on-shell, X2 — 0. For the momenta of
the gluons we find the identities

PyQqy =Py, (C.20)
2(PK) = ~(K-P,)+ P2 K2 =k2-Q2 3" g2 (C.21)
2(QyK) =—(K-0Qy)*+Q2+K*=K*+ Q) =2(K-P,)-K pline 2 (C.22)

2 (991'992) =K +m? Ki;o m? . (C.23)

We define the transverse momentum with respect to the graviton’s momentum K as
2 _ T apf
p. =K, zPP”, (C.24)

where K" is defined like in eq. (C.10)) but with P — K. Useful relations following from momentum
conservation K = Py + Py + P3 , with Q =K - P, are

@ =p’, LagywP*PPPHPY = Lopy PP QH QY = %pf : (C.25)

KPP = —p? | Lag. P PPPH Q" = Lop,, P*QP Q1 QY = —%pj* : (C.26)
Similarly we find relations for the projection operators acting on (all) combinations of momenta,
KEsPEPS = S (R - i 1) » oo (c.27)

Laguu PRPIPIPY = 10 (0, ok 7). (C.29)

Using the definition of the projection operator K™ and choosing K2 = 0, one can find the following

expressions for the transverse momenta,

2 __ (PuK) 5 o 2y (P2K) 2 _ . (PsK)
Py, = —S523 2k2 ) by =—-m - (813 -m ) 242 ) P3, = —S12 2k2 . (029)
Adding these together it follows the relation
2 2 2
Py, P P3__ S13 (C.30)
$23 S13 — m?2 512 513 — m?2

Finally, we introduce a new symbol for a quartic combination of transverse momenta that occurs

in multiple computations,

P* = pi, +p, + 3, - 203,05, — 2p7.p3, — 2p3,p3, - (C.31)
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Figure C.2: The same 3 — 1 amplitudes as in fig. with the notation introduced in egs. (C.34)—
(C-36).

Due to the ¢ — gg vertex (C.12)), contractions of one or two indices of two Levi-Civita tensors
may occur. The full uncontracted expression in Minkowskian signature is
oot — _pligplepele e pylvpalepelep e g rlegele,plr
Ty ot Pr oo Pyl T a7 plepole Al (C-32)

where the parentheses [ ... ] denote total anti-symmetrization.

C.2 Matrix elements

Cuts

We are interested in the contributions to the graviton self-energy from interactions involving two
gauge bosons and one scalar field, cf. fig. [C.2] To obtain the matrix elements squared for the
self-energy diagrams in fig. we sum over graviton helicities and gauge bosons’ spins,

Oup=, > (M ML + MM ), A Be{l,ILI}. (C.33)

A 51,83

Cutting the self-energy diagrams, there are three types of contributing amplitudes,

i A 7 . .
M= hP (K, A\ Vag(Qa, P2) P —) U (P§,PS) v (P1,51)35(Ps3, 53)
13—

16iCX5Cd 1 popB Yépo N N
= 7 513 — T2 h (’C7 )\)’P2a QQB 3 PlpPSJgry (Pl, 51)95 (PZ)" 53) , (034)

M= hOP (I, WS (Q5, PY) ALY (Q3) U(QS,PY) Gv(P1,51)3s(Ps, 53)

[
16ic, 6?1 - X X
= fixs*haﬁ(ﬂ)\)ei%(Q&"%) (=n¢p) €777 P16 Q379 (P1,51)35(Ps,83) . (C.35)
a 12
Myt = M 1 (C.36)

depicted in fig. [C:2}

Note that in the internal gluon propagators AY, the gauge-fixing part proportional to £ drops
out when contracted with the two vertices, such that one can equivalently choose the Feynman
gauge £ = 0. We finally add all contributions together, obtaining

@I‘I + @H,H + 9111,1]1
2 2

O(Py,, P, Pgs) = +01+O1p+ Oy - (C.37)

The overall normalization factor 1/2 is introduced to avoid double-counting of the two identical
gluons.
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Matrix elements squared
We introduce the common prefactor
16c2g*d s

N=—xX2 72 f2 : (C.38)

where dg = N2 - 1=§%6,, fora=1,...,N2 -1, and ¢, = 1/(647?).

Diagonals

Let us denote p = |p|. The simplest contribution is

N « a o 00
22}\: Z |M |2 m2)2 L A 'BIPQaQZ,BIPQaQQQ E’Y(Sp 6"/6/ Pl,y,y 355731,)7330'P19'P3U . (C.39)
51,83 ne >
=3P, 0

Thanks to eq. (C.10]), and inserting (C.32)), the term I in eq. (C.39) can be simplified to

Ip = [nv[ﬁné]énpfrnaﬁ 4 nvénépnpana"y 4 nvanpéné[ np]a] Pfprgglgplpp?mplpp?m

2
= 2(P1P3)? = % , (C.40)

The result is thus )
Ous N 513 4

2 (513 —m2)2 P2,

(C.41)

The |[M,|*> and |[My|*> contributions have the same structure after the relabelling P; <> Ps . I
is therefore enough to compute one of them. We start from

22 S IM,[? = 16N LO5BG,5,00,5,°(Qs, Pa)Plys €177 7PTPY Py Qy P1yQyr ,  (C.A42)
51,83 2 S S
and first simplify the ¢ — gg channel,
(Io)?” = [Pl yy7? 4 VP e Loyl (C.43)
— O Voo s oy TI o Y P Py Q3 Prs Qsr
= — (P1-Q3)*n"? — Q2PPP! + (P1-Q3)PLP QF) . (C.44)

We recognise three types of contributions. The last term vanishes due to the symmetries of the L
operator,

(1) 5P QF = 227950 ,5,°(Q5, P3) P{ Py
x| QP55 0] + (P305Y@500) ~ QuaPiT) - 65, 045¢P0s) | =

The remaining two terms are

(C.45)

(L) ,,5 7P = 1Lo%9F0, 5.2 (Qs, Ps)
[QsanPT(; + (P3-Q3)60P5, 5 — 66 P35P555 Q5 — §5@Q357’§’]
~LOPB (2P, PasPsaPss + [4(P3Q5) + Q3] aaP3sPss + (P3-Q3)*aalss]

K20 2 3%2

— —p3, — S12P3, - 5 (C.46)
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()5 PYP] = L% [ Qo PagPiss Pl + (P Qs)PraPyss = PraPagPys Q5 = i 5Qas(PoPr)
x [ QsaPss Pl + (PyrQs)Pradl ~ PraPss Q) - 5. Qy5(Py Ps)
= Lo [2(P3-Q3) PraP1sPsaPss — K*PraP3sPiaPss
— 2(P1-Q3)P1oPssPsaPys - 2(P1-Ps) (P3Qs)naaP15Pss

~(P3:93)*NaaP18P15 — (P1-Ps3)*Nac P3sPsjs]

K*s0 1 4 92,2 .4 2 4
— 1 [512(1011 DT, D5, +Da,) + M P3,

— (s12+m*)p3,p3, — (s12 = m*)p7.p3, (C.A47)

+512(523 — m2)pi + 512813]9%1 +513(823 — m2)p§L] .

Denoting P* as in eq. (C.31]), and imposing the graviton to be on-shell X2 = 0, the final result is

2 819

2 _n2)2 2 2
&jngwzm)+¢+m(m_qﬁ
2 519

@]1[[ 8 ) 0
1 N (P 4 Q2RI

2 2 (C.48)
()t (1- 2 )t
S12 812
S
+(s23 —m?)pi, + 8135, — P3, [323 +m? — 519+ 82(323 - 2m2)]} .
12
By permuting 1 <> 3 we obtain the remaining diagonal element,
Oun K20 QN{(523_m2)2+P4+mQ(m2—1)pi
2 2 523 \ 523
m?\ 5 o m?\ 5 o C.49
+{1+— P1.p3, + 1-— P1,Pa, ( : )
523 523
512
+(812 - m2)p§l + 813193L —pi [812 + m2 — S93 + SL(SU - 2m2)]} .
23
Interference terms
Also in this case, it is enough to compute one of the gluon contributions,
-16/N .
> ¥ (MaMI s MM]) = — T L0,5,° (Qs, Ps ) Paa Qa5
N 51 s12(s13 —m?)
T (C.50)

o1 _50pG T
x 1PN P15 Q3 P15 P35 Py

)

and symmetrize the final result to obtain ©, 5. Thanks to the gluonic projection operators P35 ,
the double-epsilon expression can be simplified to

(IEO)’)S _ [nvﬁnp[gnff]dnfﬁ + nﬂnpﬁna[gnﬁ]f + nwgnp[ﬁn'ﬂfna& + nvﬁnp["vnﬁ]fnm?]
x P17 P10 Q3-P15P3s (C.51)
= —(P1Ps)(P1-Q3)n” — (Ps:Q3)PY P} + (P1-Ps)PL Q3 + (P1-Qs) PSPy
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Contracting term by term in the X2 — 0 limit we have
(ml) P8 —]LQB;&B'P PasPos Pz
087 3a /738 2a /25 5

— 1 s
(INy) 5 PE Py — _§Laﬁ’aﬂ [s12P1aPsjz + (s12 = m*)P3aPsz| PacPaj

L (C.52)
(Nl)psplppf g —§La5’aﬂ [812P1aP1ﬁ - (813 —S12t m2)P1aP3ﬁ] 7)2@7)25 )

— 1 Lz
(Iy) 5Py Q5 — —j{f“ﬂaﬁ [512P1aP3s — 523P3aP3s] PocPaj -

Adding together all terms with the corresponding coefficients yields
K20 AN

O WV
e s12(s13 —m?)

x {[3%3 + (512 = m?)2 P2 Pag + s12(512 — m?) P1aPas + szplofpm}

1 2 2 _ 2
- N{(mm)p2mp (C.53)

Lo%%8 Py, Py

21
512 513 —m? 513 —m?
2m2 2 92 1 2 2m2813 m2 2 2
+ 2p1¢p21+2 S13—m- + 2 | 2 P2,P3, .
S13— M 512 S13—MmM S13 =M

We obtain O, by simply switching the labellings 1 <> 3. For on-shell gravitons the result is

2 2
K20 1 2m*“sy3 So3 — M
O — N{—|s13- m? + — Py 27279; (C.54)
523 s13 =M §13 =M
2m? 1 5 2mZsy3 m? 9 o
+ 2p21p31+2 Sz —m- + 2 |~ 2 P1.DP2, .
S13 =M 523 S13 =M S13 =M

Adding eq. (C.53)) and eq. (C.54) one gets

B (812 + 823)2 + 2m2$13

2
61,11 + 61,1]1 g N|: P4 - 2% i (C55)
512523 S13—m
2 2 2
4—2])3i (ph + p?’i) (813 - mQ‘ + 72777/ 5132 )] .
S23  S12 S13 =M
The remaining contribution is given by
i iy _ 16N L asap, s ) T
Z Z (MmM]I + M]IM]H) = L Haﬁp (lepl)PléﬁeaBﬁ (Qg,lpg)ﬂ'bs&y
A 51,53 512523
_1:1__ (C.56)
x €77 TPy, Q1€ T P15 Q35 .
Yo
The two epsilon-tensors can be treated as
(Vo)"777 = [(P1-Q1)(P3-Q3) — (P1-P3)(Q1-Q3) 1" "n’”
+07[(Q1-Q3)PL Py - (P3-Q3)PL O — (P1-Q1) Q4PL + (P1+P3) Q59 | (C.57)

-7 [(Q1-Q3)PIPL - (P5:Q3) P QF — (P1-Q1) QI PL + (P1-P3) Q3 QF ]
+PIQIQUPL - PIQIQIPS - per .
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After anti-symmetrization, the first row of eq. (C.57) gives

(T1)p55 170070 = L0707 {(P1-Q1)(P3-Q3)naanss + [(P1-Ps) + (Q1-Q3) 1aaPisPsj
+2(P1-Q1)NaaPssPsj + 2(Ps-Q3)NaaP1sP1a
—2P1ap1ﬁ7)3a7)35 + 2P1QP35P1@P35}
g R {—2791&73157%7’35 + 2P0 P3sP1aPag + %na@nﬁﬁ- (C.58)

S13 + m2

naapl,@,P3BT = S23Naa P3sPsz — SlzﬁaaPme} .

The corresponding coefficient in the limit X2 — 0 is (s12523-m?s13)/4. We now proceed to summing
together the terms with the same coefficient first. Starting with the first terms in eq. (C.57)), with
the coefficient (Q1-Q3) = (K? + m?)/2 - m?/2, they give

S af [m? 2513 +m?
(M1)vp75 ngnﬂhpg] ~ Loses {2P1a771ﬁ773a7)3[3 + BTPlaPSﬁ’Pl(i,PSB

- 523P1aP3BP3&P36 - Slzplaplﬁplapgg

’ , (C.59)
S12(S23 — M 231512 7
+ %Uaaplﬂplﬁ * %%&P‘Q’BP‘O’B
2
+35125234W$13nw7>mp3ﬁ} |

We now repeat the same procedure for the other terms. The two (P3-Q3) = (K2 - Q2)/2 - —s12/2
terms yield

5 ~p a3 [ S
(W)pmp PO QY > L0 {?%Pw%% = (513 + m*)P1aP15P1aPas
523(812 - 523) (C'GO)

+8127)1a771ﬁ7)1a7)15 + 1

naaplﬁPBB} .
For the (P1-Q1) = (K? - Q3)/2 — —s23/2 terms we have

(Y1)rpvp QE,”n”]”Pz?] ~ Lofas {s12P1aP1sP3aPs5 — (513 + m*) PraP3sP3a Pz

$12(823 — 8 (C.61)
12(523 12)770«17)1[37)3/3} .

+823P30P3sPsaPsg + 1

The last two terms with the coefficient (P;-P3) = s13/2 are

5 ~p ap [ m? 513 + 2m?>
(W) QY 17QY — Lo {_27)1“7)157)3@7)35 ty PePasPiaPy;

s s
- %7’1(17’357’3&7’35 - %plapwplapw-
(C.62)

+ 3812523 + m2513
4

2 2
S So3 — MM S S12—M
lozs 217 QZ )naanPlB 212l 11 )

nadplﬁPSB

na&P3ﬁP36} .
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Finally, the fourth row of eq. (C.57)) contains two terms that together yield

. a5 (1
(Y1)vp30 Q;[;pplﬂ QEV'Pg] - LoPeh {Z [(812 — 593)? —m® (512 + $23) — 312523] P1aP15PsaPsj

1
- Z [(812 + 823)2 + 2812523 + 4m2513] Plapg,ﬁplapgg
+ %(813 2513 + 4m*)P1oaP3sPsa Psp (C.63)

+ %(813 — 2893 + 4m2)7)1a7)1,37)15¢7335
2 2
—%’P3Q'P3B’P3&’P3B - TPMPWPMPW} ’

in the K? - 0 limit. Adding eqgs. (C.58)—(C.63) one obtains

1 1 Naallgs + —5 (m? + 513)Nac P1sPsj

2
o 16N [afaf | 512523 512523 — M7 S13 512523
I,

512523

2 2
S S
- ?(3512 +523)NaaP3sPag — %(3823 +512)NaaP15P15

1 (512 — 523)°
2 2

S
+ %(812 - m2)731a7735733a7733

+ m2313) P1aP15P3aPs5 (C.64)

s
+ %(823 - m2)771a771ﬁ771a7735

5%3 3%2
+T'P3Q'P3ﬁP3@'P3B + TPMPWPM‘PLB .

Separating the term that contains P?*, the result can be written as

2 2
S12 — S923)" + 2m 513
611,111 — N{2(812823 —m2313) + ( B )5 P4 _41031(513 +m2)
12523

2 2
s s
+2p7, (512 + 519 — 2893 + 4m2) +2p3, (323 + 893 — 2512 + 4m2)
23 12

4 4 4
1 1 4m
+2mz(pll +ph)—pi]o§l 4+2m2(—+—)— ]
S23  S12 S12 523 512523

(C.65)

S12 — 9 S23 — M

2 2
+2pi_p§¢ + 2p§1p31812} N

Final result

The different contributions can now be added together as described in eq. (C.37)). For this, it is
worth to proceed in steps. First we compute the total p,-independent contribution,

O = s%Q —o9m?sp +mt + 333 —2m?s93 + m + 2519503 — 2m?s13 = (513 —m?*)? . (C.66)
On the other hand, the coefficients of the P* terms add to

@|P4 4 (812 + 823)2 + 2m2313 + (812 - 823)2 + 2m2513

=0. (C.67)
S$12523 512523
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Similarly, we compute the total coefficients for the p* contributions,

2
512 S
®|p%; = —2812 - 4m2 + 4823 - 27(812 - 2m2) + 2£ + 2812 - 4823 + 8m2
523 523
512
= 4m? (1 + 7) ,
523 (C.68)
2 2
@|ng =4s13 - 4(s13 + m*) = —4dm* |
523
(C] :4m2(1+ —) ,
3L 812
such that together they yield
2 2 2
@|pf — pll + p21 + pSJ_ ‘. _ 513 (C 69)
—4m2(313 - m2) $23 S$13 — m2 S12 S13 — m2
The remaining pf—contributions are
om*  2m?  2m? om?
6|p‘1‘l =2 + T2
533 523 523 533
ol 252, 9513 +m? 2m?
4 = - =
p b
2 (513 - m?)2 si3—m2  (s13—m?2)2
om*  2m? 2m? om?
Olps, = —— - + =2
S1o S12 512 S1o (C 70)
2m? s13 —m?> Am2sy3 2513 Am*
@|p2p2 =2- +2 5 -2- = o
1 523 S23 s23(s13 —m?) s23  S23(s13 —m?)
4 4
S12 + S23 S12 + S23 4m 4m
Olpz p2 =4+2m> ——= —4-2m> + = ,
1L 512523 512523 S12823  S12823
ol 4m*
2 2 . —
P5, P53 b)
21P3, 312(313_m2)
such that they add to
2
2 2 2 2
elp‘f [ P1, 3, p3, (C.30) 513
eyl i et do = — (C.71)
2m S923 S13—mMm S12 S13—mMm

Therefore from egs. (C.66]), (C.69) and (C.71), the final result for massless gravitons reduces to

o(P,,, P, P, ):N(Slg—m2)4+4m2513(313—m2)2+2m43%3
et (813—m2)2
o stam® mPxsy, 16g%dacy oo
"M Gom2)? T g2 1 (C.72)
3 a

Given that the thermal average in eq. (C.2]) sets the average magnitude of the Mandelstam invariant
(or its crossing) to be s13 ~ T2, in the regime T > m the dependence on the inflaton mass m can

be neglected, and the result is free from poles.
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