
s
o
u
r
c
e
:
 
h
t
t
p
s
:
/
/
d
o
i
.
o
r
g
/
1
0
.
4
8
5
4
9
/
5
7
3
6
 
|
 
d
o
w
n
l
o
a
d
e
d
:
 
7
.
2
.
2
0
2
6

The Weather and Climate of Exoplanets

Examining their dynamics, radiative transfer, cloud structures, dis-
and equilibrium chemistry

Inaugural dissertation
of the Faculty of Science

University of Bern

presented by

Pascal Andreas Noti

Co-Supervisor
Prof. Dr. Christoph Mordasini

Theoretical Astrophysics and Planetary Science Group
Space Research and Planetary Sciences Division

Institute of Physics
Faculty of Science of the University of Bern

Co-Supervisor
Dr. Elspeth Kim Huan Lee

Center for Space and Habitability
Faculty of Science of the University of Bern

https://www.unibe.ch/index_eng.html
https://www.space.unibe.ch/research/research_groups/theoretical_astrophysics_and_planetary_science_taps/index_eng.html
https://www.space.unibe.ch
https://www.phinst.unibe.ch/
https://www.philnat.unibe.ch
https://www.unibe.ch/index_eng.html
https://www.csh.unibe.ch/
https://www.philnat.unibe.ch
https://www.unibe.ch/index_eng.html




iii

The Weather and Climate of Exoplanets
Examining their dynamics, radiative transfer, cloud structures, dis-

and equilibrium chemistry

Inaugural dissertation
of the Faculty of Science

University of Bern

presented by

Pascal Andreas Noti

Co-Supervisor
Prof. Dr. Christoph Mordasini

Theoretical Astrophysics and Planetary Science Group
Space Research and Planetary Sciences Division

Institute of Physics
Faculty of Science of the University of Bern

Co-Supervisor
Dr. Elspeth Kim Huan Lee

Center for Space and Habitability
Faculty of Science of the University of Bern

Accepted by the Faculty of Science.

Bern, 19.12.2024 The Dean of the Faculty of Science

Prof. Dr. Jean-Louis Reymond

This work is licenced under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License https://
creativecommons.org/licenses/by-nc-sa/4.0/

This licence exclude the chapters 6, 7 and 8 since their contents run under 
the licences of the related journals. These licenses are specified in these 
chapters.

https://www.unibe.ch/index_eng.html
https://www.space.unibe.ch/research/research_groups/theoretical_astrophysics_and_planetary_science_taps/index_eng.html
https://www.space.unibe.ch
https://www.phinst.unibe.ch/
https://www.philnat.unibe.ch
https://www.unibe.ch/index_eng.html
https://www.csh.unibe.ch/
https://www.philnat.unibe.ch
https://www.unibe.ch/index_eng.html
https://creativecommons.org/licenses




v

Für meine seligen Grosseltern und insbesondere 
für meinen Grossvater und Leitfigur Otto, 

welche mich begleiten.

Du hast gewirkt bei Tag und Nacht,
hast Opfer ohne Zahl gebracht.
Für all die vielen früh und spät,
gesorgt mit Arbeit und Gebet.

“Not all those who wander are lost.”

J.R.R. Tolkien

“Turn your face to the sun and the shadows fall behind you.”

Maori saying





vii

University of Bern - Faculty of Science - Institute of Physics

Abstract
The Weather and Climate of Exoplanets

by Pascal Andreas Noti

The overarching goal of this thesis is to examine the limits of 3D Global circulation models
(GCMs) simulations to characterise the climate of exoplanets. This thesis derives 3 major in-
vestigations from the overarching goal. In the first first research project, this thesis investigated
implications that rise from different approximations of the full dynamical equations. The sec-
ond project looked at the impact of the temperature in the interior on the mixing and cloud
structure. The third project forecasted the dynamics, temperature structure and chemical abun-
dances of the cold Jupiter WD-1856b+534b which brought the used GCM to its forecasting lim-
its. At first, the thesis provides an introduction to the exoplanetary science, the hydrodynamics,
radiative transfer and to analytical methods for the work with GCMs.

Global circulation models play an important role in contemporary investigations of exo-
planet atmospheres. Different GCMs evolve various sets of dynamical equations which can
result in obtaining different atmospheric properties between models. In this study, we inves-
tigate the effect of different dynamical equation sets on the atmospheres of hot Jupiter exo-
planets. We compare GCM simulations using the quasi-primitive dynamical equations (QHD)
and the deep Navier-Stokes equations (NHD) in the THOR GCM. We utilise a two-stream non-
grey "picket-fence" scheme to increase the realism of the radiative transfer calculations. We
perform GCM simulations covering a wide parameter range grid of system parameters in the
population of exoplanets. Our results show significant differences between simulations with
the NHD and QHD equation sets at lower gravity, higher rotation rates or at higher irradiation
temperatures. The chosen parameter range shows the relevance of choosing dynamical equa-
tion sets dependent on system and planetary properties. Our results show the climate states
of hot Jupiters seem to be very diverse, where exceptions to prograde superrotation can often
occur. Overall, our study shows the evolution of different climate states which arise just due
to different selections of Navier-Stokes equations and approximations. We show the divergent
behaviour of approximations used in GCMs for Earth, but applied for non Earth-like planets.

The vertical mixing in hot-Jupiter atmospheres plays a critical role in the formation and
spacial distribution of cloud particles in their atmospheres. This affects the observed spec-
tra of a planet through cloud opacity, which can be influenced by the degree of cold trapping
of refractory species in the deep atmosphere. We aimed to isolate the effects of the internal
temperature on the mixing efficiency in the atmospheres of ultra-hot Jupiters (UHJs) and the
spacial distribution of cloud particles across the planet. We combined a simplified tracer-based
cloud model, a picket fence radiative-transfer scheme, and mixing length theory to the Exo-
FMS general circulation model. We ran the model for five different internal temperatures at
typical UHJ atmosphere system parameters. Our results show the convective eddy diffusion
coefficient remains low throughout the vast majority of the atmosphere, with mixing domi-
nated by advective flows. However, some regions can show convective mixing in the upper
atmosphere for colder interior temperatures. The vertical extent of the clouds is reduced as
the internal temperature is increased. Additionally, a global cloud layer gets formed below the
radiative–convective boundary (RCB) in the cooler cases. Convection is generally strongly in-
hibited in UHJ atmospheres above the RCB due to their strong irradiation. Convective mixing
plays a minor role compared to advective mixing in keeping cloud particles aloft in UHJs with
warm interiors. Higher vertical turbulent heat fluxes and the advection of potential tempera-
ture inhibit convection in warmer interiors. Our results suggest that isolated upper atmosphere
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regions above cold interiors may exhibit strong convective mixing in isolated regions around
Rossby gyres, allowing aerosols to be better retained in these areas.

Insights into the Earth’s future can be gained from White Dwarf (WD) systems that went
through the red giant branch. The cold Jupiter WD-1856b+534b (WD-1856b) can provide more
insights. A recent JWST observation targeted WD-1856b, and future observations can be ex-
pected. For supporting the interpretation of observations, we computed simulations from a 4D
general circulation model (GCM) and post-processed emission spectra. We used the Exo-FMS
GCM with a correlated-k radiative transfer (RT) scheme and mixing length theory (MLT). Ad-
ditionally, we computed the chemical abundances of 13 chemical species with the miniature
chemical kinetics model mini-chem and with FastChem 2 in a 1x, 10x and 100x Solar case. Our
results show higher lapse rates than the 1D models of ATMO2020 and Sonora Bobcat predict.
The differences in the prediction arise from incoming radiation, non-constant heat capacity in
the MLT (adiabatic lapse rates) and in the heating rates, from the 3D heat advection, and from
the more accurate gravity. The higher Solar metallicities lead to higher temperatures in the
deep atmosphere and lower temperatures in the upper atmosphere. The lower temperature
and higher H2O abundances shrink the "spread" (difference of dew point and the local tem-
perature) so that H2O cloud formation is possible in the upper atmosphere in the 100x Solar
case. Moreover, higher metallicities cycles the overturning circulations at higher rates which in-
creases the advective mixing. At Solar composition, the most abundant chemical species apart
from He and H2 are H2O, CO and CH4 (in the range of 100 and to 1’000 ppm). At 100x Solar
composition, H2O and CO increase to a few percentage, whereas CH4 remains closely below
1’000 ppm in the upper atmosphere.
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Introduction

“ There’s no such thing as bad weather,
only inappropriate clothing.”

Sir Ranulph Fiennes

Numerical weather and climate predictions provide useful information for our daily lives,
naval and aviation safety, business operation, tourism, public policies and science. The re-
search on weather and climate used to be limited to naked eye observations in ancient times.
Aristotle wrote the influential work Meteorologica on the formation of all meteoric phenomena
and made the base for a new science (Beech, 1993). A first boost in the research in atmospheric
sciences came along with the introduction of measuring instruments in the Renaissance and
in the Age of Enlightenment e.g. the first standardized rain gauge in 1441 by Prince Munjong
(Chun & Jeon, 2005), the swinging-plate anemometer in 1450 by Leone Battista Alberti (Jacob-
son, 2005), the thermoscope in 1607 by Galileo Galilei, and the mercury barometer in 1643 by
Evangelista Torricelli. A bit later, Halley (1686) was one the first observing and explaining
regional wind patterns. His findings helped Hadley (1735) to conclusively explain the atmo-
spheric dynamics of a substantial part of Earth.

For forecasting weather and climate, the Navier-Stokes equations build the fundamentals
(Navier, 1823; Stokes, 1845, 1846). But these equations were too expensive and not usable to
calculate manually. Therefore, Bjerknes (1904) proposed a more usable basis with the hydro-
static primitive equations (HPEs). Soon after, L. F. Richardson (1922) used these equations to
derive equations which enable to perform the first attempt at a numerical weather forecast
by hand. In 1950, computational power was high enough so that J. G. Charney and Eliassen
(1949) could produce the first numerical weather model on ENIAC (often seen as the first pro-
grammable and digital computer). Since the dawn of forecasting, computational power and
the forecasting performance has increased dramatically.

1.1 Simulations of planetary atmospheres in the solar system

As the space exploration literally sky-rocketed after world war II, the interest in simulating
the atmosphere of other planets did rise. Leovy and Mintz (1969) made the first attempts to
simulate the Atmosphere of Mars with a modified Global Circulation Model (GCM). Similar
global, meso- and microscale models (Lian & Richardson, 2023) have been used to examine
the atmospheres of Venus (e.g. C. Lee et al., 2007; C. Lee & Richardson, 2012; Lebonnois et al.,
2016; Sugimoto et al., 2019; Lefèvre et al., 2020), Mars (e.g. Leovy & Mintz, 1969; Pollack et al.,
1981; Haberle et al., 1993; R. J. Wilson & Hamilton, 1996; Forget et al., 1999; S. R. Lewis et al.,
1999; Rafkin et al., 2001; Toigo & Richardson, 2002; Tyler et al., 2002; M. I. Richardson et al.,
2007; Spiga & Lewis, 2010; González-Galindo et al., 2013; Shaposhnikov et al., 2019), gas giant
planets (e.g. Lian & Showman, 2008; Palotai & Dowling, 2008; T. Schneider & Liu, 2009; Lian
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& Showman, 2010), Titan (e.g. Barth & Rafkin, 2010; Mitchell et al., 2011; Newman et al., 2011;
T. Schneider et al., 2012), and Pluto (e.g. Toigo et al., 2015; Forget et al., 2017).

1.2 Simulations of exoplanetary atmospheres

A new era of space exoploration started as Wolszczan and Frail (1992) and Mayor and Queloz
(1995) discovered the first planets orbiting a neutron star and a Sun-like (G-type) star (Mayor &
Queloz, 1995) respectively, the first exoplanets. These discoveries opened a new scientific field
as well as extended the planetary and atmospheric sciences to totally new planets. Soon after
their discovery, Kasting et al. (1993) determined the habitable zone within stellar systems with
1D radiative-convective climate models. The first implementation of a GCM for an exoplanet
followed soon after by Joshi et al. (1997). They showed distinct conditions and large tempera-
ture differences between the permanent dayside and nightside hemisphere on a tidally-locked
exoplanet. Since the GCM implementation for an exoplanet, several groups have been us-
ing and developing GCMs or Radiative-Hydrodynamic models (RHD) to study atmospheres
of different types of exoplanets like warm Neptunes or (ultra) hot Jupiters (e.g. Showman &
Guillot, 2002; Dobbs-Dixon et al., 2010; Rauscher & Menou, 2010; Heng, Menou, et al., 2011;
Dobbs-Dixon & Agol, 2013; Mayne, Baraffe, Acreman, Smith, Browning, et al., 2014; Charnay
et al., 2015; Kataria et al., 2015; Amundsen et al., 2016; Mendonça et al., 2016; Zhang & Show-
man, 2017; Carone et al., 2020; Deitrick et al., 2020; Deitrick et al., 2022; Komacek, Gao, et al.,
2022a; E. K. H. Lee, Prinoth, et al., 2022). In this way, the models for simulating the atmosphere
of exoplanets have to address the various and extreme physical conditions on exoplanets.

1.3 Research goals of the thesis

The overarching goal of this thesis is to examine the limits of 3D GCM simulations to charac-
terise the climate of exoplanets.

Sophisticated numerical weather simulations are computationally expensive. Therefore,
approximations of the Navier-Stokes equations were used to create the first numerical weather
forecast by hand (L. F. Richardson, 1922) and by computer ENIAC (J. G. Charney & Eliassen,
1949), respectively. Since the dawn of forecasting, the computational power has dramatically
increased along with emergence of supercomputing. This makes the use of more complete
dynamical equations sets more economical. But supercomputing for weather simulations is
expensive and limited when simulations last for thousands days. Hence, many approxima-
tions of the Navier-Stokes equations are still in use and their limits still assessed to this day e.g.
the energy conservation in global circulation models (GCMs) (Tort et al., 2015), and the forecast
of short-period waves at small scales (e.g. Álvarez et al., 2019) for Earth. For exoplanets, atmo-
spheres, there are only the studies of Mayne, Baraffe, Acreman, Smith, Browning, et al. (2014),
Mayne et al. (2019) and Deitrick et al. (2020) which have assessed the use of approximations so
far. Hence, this thesis examines the limits of Navier-Stokes approximations for simulations of
exoplanetary atmospheres further.

Vertical transport and mixing counter the gravitational settling of condensates. This rela-
tion affects abundances of chemical species and of clouds in the atmosphere (Powell et al., 2018;
Helling, 2019). Therefore, vertical mixing and gravitational settling play a crucial role win the
potential detection of chemical species by telescopes. Telecopes can observe atmospheres only
to certain depth (optical depth) (Heng, 2017). Usually, the advective (effective) mixing is simu-
lated in GCM relatively well and can be quantified from GCM outputs (Chamberlain & Hunten,
1987). But GCM do not simulate convective mixing on their grid, unless the resolution is very
high. For this reason, subgrid processes (e.g. the mixing length theory Marley & Robinson,
2015; Joyce & Tayar, 2023; E. K. H. Lee et al., 2024) and dry convective adjustment have been
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developed to quantify such kind of processes. Several previous studies have estimated the
vertical advective mixing for hot Jupiters (Cooper & Showman, 2006; Showman et al., 2008;
Showman et al., 2009; N. K. Lewis et al., 2010; Heng, Frierson, et al., 2011; Moses et al., 2011;
Parmentier et al., 2013; Showman et al., 2013) to implement in 1D models. These studies did
not examine the effect of differently warm interiors on the vertical mixing. Since Thorngren
et al. (2019) and Sarkis et al., 2021 showed that the deep atmospheres of HJs and UHJs likely
have higher temperatures than assumed in previous studies, the strength of the vertical mix-
ing might change with higher temperatures in deep atmospheres. Including convective mixing
may change the total mixing and consequently the distribution of chemical species and clouds.
This has a crucial impact on what our telescopes can observe and detect. Therefore, this thesis
aims to study the effect of internal temperature on the vertical mixing and the cloud structure
additionally.

In about 5 billion years (Veras, 2016), our Sun will turn into the Red Giant Branch (RGB).
Then, our red giant Sun will engulf the inner planets. The Earth will likely be destroyed or be-
come inhabitable (Veras, 2016). Looking at other star systems at the end of the RGB can provide
a preview how the fate of the Solar system could be. However, WD-1856b+534b (WD-1856b) is
the only planetary mass object orbiting a White Dwarf (WD) that is discovered so far (Vander-
burg et al., 2020). Recently, a JWST mission has targeted WD-1856b for a transmission spectrum
(MacDonald et al., 2021). For the interpretation of the observational data, a 4D GCM simula-
tion can support actual and future observational studies. Accordingly, this thesis performed a
GCM simulation and provided emission spectra for comparisons to WD-1856b observations.
The expected high gravity and metallicity of WD-1856b (gp = 221.0 m s−2 , 100x Solar) bring
GCMs to their limits.

On these grounds, the thesis examined the limits of 3D GCM simulations to characterise the
climate of exoplanets. In particular, this thesis tried to answer the following research questions:

1. What are the differences which arise just due to different selections of the Navier-Stokes
equations in GCMs?

2. How does the orbital parametrization lead to diverse results in GCM simulations with
different selections of the Navier-Stokes equations?

3. What are the effects of differently set internal temperature on the mixing of cloud particles
as well as on the cloud structure in the atmospheres of ultra-hot Jupiters?

4. How large is the contribution of convective mixing compared to the total mixing in the
atmospheres of ultra-hot Jupiters?

5. How does the atmospheric dynamics, chemistry and 3D thermal structures of a cold
Jupiter WD-1856b+534b orbiting a WD look like?

1.4 Layout of the thesis

In this thesis, I provided an answer to these research questions. In order to understand and
answer the research questions, I familiarise the reader with basic concepts. At first, we start
with the basics to observe exoplanets and their atmosphere in Chapter 2. Since we come across
GCMs in several chapters, we continue with basic equations in hydrodynamics, radiative trans-
fer and with analytical methods in Chapter 3, 4, and 5 respectively. After the basics, we can
move on to Chapter 6 which answers the major research questions examining different selec-
tions of the Navier-Stokes for exoplanets. In Chapter 7, we look at the research questions what
the effect of intrinsic temperature on the vertical mixing and the cloud structure is. Afterwards,
we get an insight into the fate of the Solar system in Chapter 8. This chapter answers the re-
search question how the atmospheric dynamics, chemistry and 3D thermal structures of a cold
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Jupiter WD-1856b orbiting a WD will look like. Finally, the Chapter 9 provides us a summary
and an outlook.



5

The Birth of Exoplanetary Science

“Where there’s life, there’s hope.”

J.R.R. Tolkien

Are we alone?
For millennia, humankind thought about the existence of other worlds across cultures. For 
centuries, some cultures have been counting different amount of planets in our Solar system. A 
few decades ago, the International Astronomical Union (IAU) reduced the amount of planets 
down to 8 by excluding and transferring Pluto from the group of planets to the dwarf planets. 
Starting near our Sun, our Solar system consists of 4 rocky planets (Mercury, Venus, Earth and 
Mars), an asteroid belt and four gas/ice giants (Jupiter, Saturn, Neptune and Uranus) flanked 
by the Kuiper belt and the Oort cloud. Only recently, Batygin and Brown (2016) proposed the 
existence of a so far undiscovered ninth planet orbiting the Sun. These debates focus on Solar 
System centric views which got shaken by the discoveries of exoplanets: first orbiting a pulsar 
(Wolszczan & Frail, 1992; Wolszczan, 1994) and only about 3 years later orbiting a star similar 
to our Sun (Mayor and Queloz, 1995). (Heng, 2017)

This chapter deals with the question how the exoplanetary science was born and what are 
the basic observational methods. There are several books covering the observational methods 
(e.g de Pater & Lissauer, 2010; Seager & Deming, 2010; Perryman, 2018; Armitage, 2020), but 
this chapter follows Heng (2017)’s book.

Up to this date, 5’787 exoplanets have been detected through several methods (see https: 
//exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html). The exoplanet are much more 
diverse than the Solar system. For instance, their sizes and distances to the host star vary to 
what we know from our Solar system (see Figure 2.1). Therefore, the climates of exoplanets can 
be more extreme.

https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
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FIGURE 2.1: The population of exoplanets detected by the Kepler mission (yellow
dots) compared to those detected by other surveys using various methods: radial
velocity (light blue dots), transit (pink dots), imaging (green dots), microlensing

(dark blue dots), and pulsar timing (red dots). (NASA, 2024)
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2.1 Transits and Occultations

The transit method has established to the major method (about 74.5 % of all detection meth-
ods, currently, 4’309, https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html) and
is the "royal road" for the observation of exoplanets (Winn, 2010; Heng, 2017). Figure 2.2 illus-
trates a transit (primary eclipse) and an occultation (secondary eclipse) of an exo-
planet.

2.1.1 Transit probability and duration

Borucki and Summers (1984) assessed the transit probability of an exoplanet. Half the angle
subtended by the star, θ [rad], is defined as

tan(θ) =
R⋆

a
, (2.1)

where R⋆ [m] is the stellar radius and a [m] is the distance between the star and exoplanet. Since
this angle θ [rad] is expected to be small, the Equation 2.1 becomes

θ ≈ R⋆

a
. (2.2)

Now, we integrate over the entire celestial sphere, then an observer in a far distance may detect
a transit within a "celestial band" as, ∫ ∫

dθ dϕ ≈ 4πR⋆

a
. (2.3)

We get the transit probability by dividing the Equation 2.3 by the coverage of the celestial band
by the total solid angle (4π [steradians])

Ptransit =
1

4π

∫ ∫
dθ dϕ ≈ R⋆

a
. (2.4)

According to Charbonneau et al. (2000), the transit probability is estimated relatively high for
hot Jupiters, about 5− 50% for around star sizes of our sun. This relatively high probability led
to the fact that hot Jupiters were the first category of exoplanets been discovered. This proba-
bility is much higher than the probability to discover Earth or Jupiter with the transit method
(0.5% and 0.09%) as a comparison. In general, the probability of detection through transits
relates linearly to the stellar radius. Later-type of stars support the discovery of smaller ex-
oplanets, since the semi-major axes are much smaller due to the close-in orbits despite the
smaller stellar radii (Charbonneau, 2009; Charbonneau et al., 2009). Astronomers classify stars
in spectral categories O, B, A, F, G, K and M (Heng, 2017). Short lived, early type stars (∼ 106

years) are denoted as O stars, whereas astronomers denote the smallest stars with lifespans up
to the age of the Universe (∼ 1010 years) as M stars. Within each stellar type, astronomers cre-
ated subcategories. The numbers sub-divide the spectral class into finer effective temperature
(or color) bins. There are letters (luminosity class) that specify evolutionary stage. Our Sun is a
G2V star.

Another question to ask is how long such events last. Short transits (less than the typical
cadence related to an observing strategy or instrument) are expected to be infeasible to observe
(Heng, 2017). The transit duration ttransit [s] is defined (Winn, 2010) as

ttransit =
R⋆tperiod

πa
, (2.5)

https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
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FIGURE 2.2: Illustration of an exoplanetary transit, its phases, its phase curve and
the implication of the atmospheric dynamics. (Heng & Showman, 2015)
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where tperiod [s] is the period of the circular orbit. By assuming the stellar mass surpasses the
planetary mass by far, we may use Kepler’s third law

tperiod =
2πa

3
2

(GM⋆)
1
2

, (2.6)

to eliminate tperiod in Equation 2.5, which becomes

ttransit = 2R⋆

(
a

GM⋆

) 1
2

, (2.7)

where G and M⋆ [kg] represent Newton’s gravitational constant and the mass of the star. More-
over,

√
GM⋆/a stands for the circular speed. Typical values of transit duration are ttransit ≈

1 − 4, 13 and 30 hours for a hot Jupiter, Earth and Jupiter (Heng, 2017). This example illus-
trates the weak scaling of a in ttransit so that even a Jupiter-sized exoplanet at a distance of
a = 100 AU has a ttransit ≈ 130 hours. But the likelihood to discover the planet is very low
since tperiod ≈ 103 years and Ptransit ≈ 0.005% lead to rare transits and small geometries. So
far, we neglected several considerations which lowers the accuracy to the order-of-magnitude
level. Eccentric and/or inclined orbits make correction factors of the order of unity necessary
(Stevens & Gaudi, 2013). Moreover, orbits deviate from a Keplerian period in a multiple planet
system. To infer the exoplanets’ masses, the transit timing variations (TTVs) can be used (Agol
et al., 2005; Holman & Murray, 2005).

2.1.2 Stellar density and limb darkening

The phases at the beginning and ending of an eclipse are called ingress and egress. The ingress
and egress provide information about the density of the star (Heng, 2017). For an spherical star
has a mass M⋆ [kg] as

M⋆ =
4π

3
ρ⋆R3

⋆, (2.8)

where ρ⋆ [kgm−3] stands for the stellar density. By using Equation 2.8, we can reformulate
Kepler’s third law (Seager & Mallén-Ornelas, 2003) as

ρ⋆ =
3π

G

(
a

R⋆

)3

(tperiod)
−2, (2.9)

After assessing the orbital period, transit photometry can measure R⋆/a directly as the term
R⋆/a is linked to the duration of the ingress respectively egress and the transit depth (Seager
& Mallén-Ornelas, 2003; Winn, 2010).

The optical depth τ indicates if a medium is transparent (τ ≪ 1) or opaque (τ ≫ 1). If we as-
sess the edge of the Sun, we determine it by the optical depth τ ∼ 1 (Heng, 2017). But the radius
changes since the optical depth is wavelength-dependant. Moreover, there is no sharp edge,
when we use 2D projection of stars on the star (stellar disk). Astronomers call combination
of these effects limb darkening. The temperature-pressure profile at the limb is decreasing tem-
perature with decreasing pressure, which leads to the limb darkening as the limb photosphere
moves to lower pressures. The limb darkening leads to rounded bottoms and a smoothing of
the ingress and egress in the transit light curves (Mandel & Agol, 2002). Therefore, only an
accurate and precise determination of the limb darkening allow the extraction of the correct
exoplanetary radius.
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2.1.3 Transmission and emission spectra

On the flip side, the exoplanetary radius is not wavelength-dependent to the lowest order,
on the other hand it is wavelength-dependent if the exoplanet has an atmosphere which ab-
sorbs and emits thermal radiation at some wavelengths (Seager & Sasselov, 2000; Brown, 2001).
Brown (2001) defined the change in the transit depth δtransit as

δtransit =
π(R2 − R2

0)

πR2
⋆

≈ 2R0δR
R2
⋆

, (2.10)

where R0 [m] and R [m] are the transit radii at a specific reference wavelength and at a gen-
eral wavelength respectively, whereas δR denotes the (small) deviation between the both radii
(R = R0 + δR). In short, Equation 2.10 describes the ratio of the annulus of the atmosphere
(2πR0δR) to the area of the stellar disk (πR2

⋆). Furthermore, we can assume that δR exceeds the
(isothermal) pressure scale height H [m] by some multiple. The pressure scale height is defined
(Heng, 2017) as

H =
kBT
mg

, (2.11)

where kB [m2kgs−2K−1] stands for Boltzmann’s constant, T [K] the temperature, and g [ms−2]
for the surface gravity of the exoplanet. Generally, partially absorbed and scattered starlight
shines along a chord through the exoplanetary atmosphere during a transit (Fortney, 2005;
Heng et al., 2015). The wavelength influences the location of the chord and the transit radius
because δR and δtransit depend on the wavelength. Measuring δtransit across the range of wave-
lengths allows a constraint of the atmospheric composition (Charbonneau et al., 2002). We can
create a simple example with atmosphere made up by only water vapour (Heng & Showman,
2015). The water vapour remains transparent at certain wavelengths or absorbs strongly at
other certain wavelengths. When the starlight gets absorbed strongly, the transit radius of the
exoplanet gets larger at these wavelengths and vice versa. When we measure the transit radius
over a band of wavelengths, we get a transmission spectrum. The transmission spectrum can be
used to create a opacity function of the atmosphere which allows the identification of individ-
ual atoms and molecules. Such an identification can be achieved by retrieval techniques (e.g.
Lueber et al., 2023).

In the ultraviolet range, the starlight mainly passes through the upper atmosphere which
allow one to assess the atmospheric escape (Vidal-Madjar et al., 2003).

The occultation or secondary eclipse (see Figure 2.3) provides a complementary and more dif-
ficult option to assess the atmosphere (Heng, 2017). The secondary eclipse happens when the
exoplanet disappears behind its host star which has smaller dimension than the transit. During
the secondary eclipse, we only measure the starlight without any absorption or scattering by
the exoplanet. In the moments before and after the secondary eclipse, we measure the photons
reflected and emitted from the dayside of the exoplanet when we substract the stellar contri-
butions (Charbonneau et al., 2005; Deming et al., 2006). The secondary eclipse depth Declipse is
defined as

Declipse =
F

F + F⋆
≈ F

F⋆
, (2.12)

where F [Wm−2] and F⋆ [Wm−2] represent fluxes from the exoplanet and its host star dependent
on the wavelength.

2.1.4 Phase curves

Knutson et al. (2007) measured the first planetary light curve also known as phase curve for the
hot Jupiter HD 189733b (see Figure 2.4). A few years later, another hot Jupiter, HD 209458b,
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FIGURE 2.3: Transit light curves (top-left) and transmission spectrum (top-right)
of the jot Jupiter WASP 43b from near-infrared measurements by the Wide Field
Camera 3 (WFC3) of the Hubble Space Telescope. For information, the limb dark-
ening of the star changes the widths of the light curves across wavelengths and
the varying opaqueness of the atmosphere depending on the wavelength lead
to different depths. The second row shows the secondary-eclipse light curves
(bottom-left) at different wavelengths and the emission emission spectrum of the

WASP 43b (bottom-right). (Kreidberg et al., 2014)
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FIGURE 2.4: Phase curves of the hot Jupiters HD 189733b (Knutson et al., 2007)
in the IRAC 8 µm bandpass.

was observed by Zellem et al. (2014) (see Figure2.5). We get a phase curve by measuring the
combined light of the planet and host star as a function of the orbital phase. A phase curve can
be considered as a 1D "map", since the curve provides information in the longitudinal direction
and about the geometry. We use the phase curve to assess the atmosphere at different altitudes
and get 2D information by measuring at different wavelengths (Stevenson et al., 2014). In order
to get information both longitudinal and latitudinal direction, we need to process a transit light
curve with high cadence at egress and ingress (Majeau et al., 2012). This procedure is called
eclipse mapping
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FIGURE 2.5: Phase curves at 4.5 µm of the hot Jupiters HD 209458b (Zellem et al.,
2014).
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2.2 Radial velocity measurements

About 18.9 % of all detection methods (currently, 4’309 detections, https://exoplanetarchive.
ipac.caltech.edu/docs/counts_detail.html) are made through the radial velocity. A star and its
planets orbit a around a common center of mass (Heng, 2017). We can measure the radial
velocity of the star around the center of mass by assessing the blue- and redshift. Mayor and
Queloz (1995) used the same method in their discovery of the first observed exoplanet. The
velocity semi-amplitude of the Doppler variation, K⋆, describes the half of the peak-to-peak radial
velocity variation and is defined as

K⋆ =

(
2πG
tperiod

) 1
3 M sin (i)

(M⋆ + M)
2
3
(1 − e2)−

1
2 , (2.13)

where M [kg], i [rad] and e represent the mass of the exoplanet, the inclination and the eccen-
tricity of its orbit.

2.3 Direct imaging

Astronomers name the direct taking of a photograph (point source) of exoplanets and their
atmosphere as direct imaging (Heng, 2017). Direct imaging comes along with the challenge of
the small ratio of the light from the exoplanet to the stellar light. The ratio usually lies between
1 in a million to 1 in a billion, depending on the wavelength. As a consequence, the stellar light
has to be blocked to measure only the emission spectra of the exoplanet. Figure 2.6 illustrates
obseravtions with the direct imaging method.

The direct imaging leads to about 1.4 % of all detection methods (currently, 82 detections,
https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html).

https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
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FIGURE 2.6: Observation of 4 young exoplanets (about 107 to 108 years) and the
diminished stellar light of their host star HR 8799 in L-band (top-left and bottom)

and Ks-band (top-right) by Marois et al. (2008) and Marois et al. (2010).
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2.4 Gravitational microlensing

Paczynski (1986) suggested unseen objects in the halo of our Galaxy to be used as gravita-
tional lenses which transitionally brighten stars in the background of these unseen objects. The
brightening occurs when a quasar or a distant star is in line with a massive object in the fore-
ground which leads to the bending of light due to gravitational field of the foreground object
(Einstein, 1915a, 1915b) and to the magnification (two images) (Dominik, 2011). Paczynski
(1986) estimated the likelihood of such an event as 1 in a million. For exoplanets, the probabil-
ity of detecting the same effect lies relatively high around 10% due to matching quantities like
the orbital distance and the Einstein radius (Gould & Loeb, 1992). The Einstein radius lEinstein as
the characteristic length scale for the occurrence of gravitational lensing is defined as

lEinstein ∼ (GM⋆llens)
1
2

c
, (2.14)

where c [ms−2] and llens are the speed light and the Schwarzschild radius. The Schwarzschild
radius is defined as

lSchwarzschild ∼ GM⋆

c2 . (2.15)

The detection through microlensing make up about 4 % of all detection methods (currently,
230 detections, https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html).

https://exoplanetarchive.ipac.caltech.edu/docs/counts_detail.html
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Fundamentals of Hydrodynamics

“There’s no such thing as good weather, or bad weather.
There’s just weather and your attitude towards it.”

Louise Hay

This thesis contains the results of three research projects that used global circulation models
(GCM) to study atmosphere of exoplanets. For the understanding of the atmospheric dynamics
and thermodynamics, especially in Chapter 6, but as well in the later chapters, this chapter
explains fundamental quantities, the conservation of momentum, mass and of energy, and the
dynamical equation sets used in GCMs.

3.1 Fundamental quantities in atmospheric sciences

At first, we need to deal with fundamental quantities before we look at the more complex
equations.

3.1.1 Mass of the atmosphere

We start with the distribution of mass in the atmosphere and the force balance. In the vertical
dimension, the vertical pressure gradient force is in balance with the gravity. This relation is
described by the hydrostatic balance that is given (Martin, 2013) as

∂p
∂z

= −ρg, (3.1)

where p [Pa] denotes the gas pressure, z [m] the height above the pressure surface, ρ [kgm−3]
the density of the gas, and g [ms−2] the gravity. When we combine ∂z and ρ in Equation 3.1, we
can retrieve the column mass (density), Σ [kgm−2], (Paczynski, 1983) as

Σ =
p
g

. (3.2)

ρ and p are as well described by the ideal gas law that is defined (Martin, 2013) as

p =
mRT
VM

= ρRdT, (3.3)

where m [kg] is the mass of the gas, R [JK−1mol−1] the molar gas constant (or the gas constant,
universal gas constant, or ideal gas constant, V [m−3] the volume of the gas, M kgmol−1 the
molar mass, Rd [JK−1kg−1] the specific gas constant, T [K] the temperature of the gas.
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3.1.2 Potential temperature and Exener pressure

Many equations in atmospheric sciences use the potential temperature of a parcel of a fluid at
given pressure, θ [K], and the Exener pressure, Π [Pa]. θ and Π are defined (Mayne, Baraffe,
Acreman, Smith, Wood, et al., 2014) as

θ = T
(

p0

p

)κ

, (3.4)

and

Π =

(
p
p0

)κ

, (3.5)

where p0 [Pa] stands for the set reference pressure and κ for the ratio of Rd/cp. cp [JK−1kg−1]
stands for the specific heat capacity at constant pressure.

3.1.3 Lapse rates

The temperature stratification is often described by the lapse rate, Γ [Km−1], that is given (Mayne,
Baraffe, Acreman, Smith, Wood, et al., 2014) as

Γ =
∂T
∂z

. (3.6)

The dry adiabatic lapse rate, Γad [Km−1], is defined (Mayne, Baraffe, Acreman, Smith, Wood, et
al., 2014) as

Γad =
g
cp

. (3.7)

3.1.4 Buoyancy

The vertical movement due to pressure and density changes is described (Markowski & Richard-
son, 2010) by the expression

ρ
dω

dt
= − (pe − p)p

∂z
− (ρe − ρ)g, (3.8)

where ω [Pas−1], pe [Pa] and ρe [kgm−3] are the vertical wind speed (pressure change), pres-
sure and density of the environment, respectively. By rewriting the Equation 3.8, we get the
buoyancy, B [kgms−2], that is given (Mayne, Baraffe, Acreman, Smith, Wood, et al., 2014) as

B = −(ρe − ρ)gα = − (ρe − ρ)g
ρe

m = − g
T
(Γad − Γ)∂z, (3.9)

where α [m−3] denotes the specific volume. Therefore relation of Γ to Γad provides an indication
about the static stability of atmospheric layers (Martin, 2013). Moreover, it describes as well
how a vertically displaced parcel of air is accelerated. Γ < Γad or ∂θ/∂z > 0 correspond to
statically stable layers. A parcel of gas in stable layers that was pushed upwards experience a
downward acceleration. Neutral stratification is when the layers become Γ = Γad or ∂θ/∂z = 0.
A vertically displaced parcel of gas in neutral stratification experience no acceleration by the
environment. Convection happens when the stratification changes to Γ > Γad or ∂θ/∂z < 0 that
corresponds to statically instable condition. The behaviour of buoyancy oscillation is described
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by Brunt-Väisälä frequency, N [s−1], that is defined (Martin, 2013) as

N =

[
g
T
(Γad − Γ)

]0.5

=

[
g
θ

∂θ

∂z

]0.5

. (3.10)

The buoyancy oscillation only happens in stratified atmospheres with dθ/dz > 0.

3.1.5 Gravity and geopotential

The acceleration due to gravity, g(r) [ms−2], in the dependence of the radius is defined (Mayne,
Baraffe, Acreman, Smith, Wood, et al., 2014) as

g(r) = gp

(
Rp

r

)2

, (3.11)

where gp [ms−1], Rp [m] and r [m] are the gravitational acceleration at the inner boundary, the
planetary radius and the radial distance to center of the planet. The altitude z [m] is computed
as z = r − Rp. The equations are formulated in the traditional latitude-longitude system, here
denoted with ϕ [rad] and λ [rad]. The geopotential height, Z [m], is given as

Z =
Φ
gp

, (3.12)

where Φ [m2s−2] is the geopotential. The geopotential quantifies the needed work to lift a par-
cel of gas by a distance dz against gravity. Mathematically, the geopotential is given (Mayne,
Baraffe, Acreman, Smith, Wood, et al., 2014) as

dΦ = gdz. (3.13)

3.1.6 The frictional force

The shear force, Fzx [kgms−2], in the zx-plane is given (Martin, 2013) as

Fzx = µA
∂u
∂z

, (3.14)

where µ [kgm−1s−1], A [m2] and u [ms−1] are the dynamic viscosity coefficient, the area of the
shear plane and the wind speed in x-direction, respectively. The shearing stress or viscous force,
τzx [kgm−1s−2], is defined as

τzx = µ
∂u
∂z

. (3.15)

3.1.7 The centrifugal force

The centripetal acceleration, [ms−2], is defined (Martin, 2013) as

dV⃗
dt

= ω2⃗r, (3.16)

where V⃗ [ms−1], ω [rads−1] and r⃗ [m] denote the wind vector, the angular velocity and the radius
of rotation.
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3.1.8 The Coriolis force

If the coordinate system rotates with the planet, any non-synchronous movements on the planet
seem to experience an apparent force, the Coriolis force, that is defined (Martin, 2013) as(

Ω +
u
R

)2

R⃗ = Ω2R⃗ + 2Ωu
R⃗
R
+

u2R⃗
R2 , (3.17)

where Ω [rads−1] and R⃗ [m] represent the rotation rate and position vector in relation to the
center of the planet. The 3D Coriolis force is given by

du
dt

= 2Ω sin ϕv − 2Ω cos ϕw = f v − 2Ω cos ϕw, (3.18a)

dv
dt

= −2Ω sin ϕu = − f u, (3.18b)

dw
dt

= 2Ω cos ϕu, (3.18c)

where w [ms−1], v [ms−1], ϕ [rad] f = 2Ω sin ϕ [rads−1] denote the wind speed in z and y direc-
tion, the latitude angle and the Coriolis parameter, respectively.

3.1.9 Potential Vorticity

The relative vorticity describes the local spinning or rotation of a fluid relative to a location that
is flowed through. The relative vorticity, [s−1], is defined (Martin, 2013) as

ζ = ∇× V⃗ =

(
∂w
∂y

− ∂v
∂z

,
∂u
∂z

− ∂w
∂x

,
∂v
∂x

− ∂u
∂y

)
. (3.19)

Including the rotation of the planet, we can combine the relative vorticity ζ and the Coriolis
parameter f to the absolute vorticity, [s−1], that is given (Martin, 2013) as

ζa = ζ + f . (3.20)

For understanding cyclogenesis (the birth, development and end of a cyclone) better, the com-
bination of vorticity and stratification can provide useful information. As a consequence, mete-
orologist came up with the concept of Potential Vorticity (PV), [m2s−1Kkg−1]. When we combine
the absolute vorticity ζa, the fluid density ρ and the gradient of the potential temperature ∇θ,
we get the Ertel’s PV, [m2s−1Kkg−1], that is defined as

PV =
ζa · ∇θ

ρ
. (3.21)

The potential vorticity is constant unless there is an external forcing or diabatic heating so that
we get

dPV
dt

= 0. (3.22)

Therefore, if any quantity in Equation 3.21 changes, at least another quantity needs to com-
pensate so that the condition in Equation 3.22 is met. For instance, if a parcel of gas moves
northwards on the northern hemisphere, the Coriolis parameter gets larger. In order to con-
serve PV, the parcel of gas can gain negative vorticity (clockwise rotation) to counteract the
changing Coriolis parameter f . Alternatively, the parcel of gas can change its ρ, ∇θ or any
combination of these three terms.
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3.2 Conservation of momentum

Newton’s second law is about the conservation of momentum that is strictly true in all coordi-
nate systems. Since the coordinate system rotates in our case, these coordinates are accelerating
the momentum (Martin, 2013) that is given as

d⃗V
dt

=

(
du
dt

− uv tan ϕ

a
+

uw
a

)
î +
(

dv
dt

− u2 tan ϕ

a
+

vw
a

)
ĵ +
(

dw
dt

− u2 + v2

a

)
k̂, (3.23)

where î, ĵ, k̂ are the unit vectors in each direction. We can expand du/dt, dv/dt and dw/dt
terms by

du
dt

=
∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

, (3.24a)

dv
dt

=
∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

, (3.24b)

dw
dt

=
∂w
∂t

+ u
∂w
∂x

+ v
∂w
∂y

+ w
∂w
∂z

. (3.24c)

3.3 Conservation of mass

Similar like the conservation of momentum, the mass in a cube fixed in space is conserved,
unless there is an inflow or outflow. For instance, imagine we fill water in our bath at home
and empty it later. The mass continuity equation for our bath is (Martin, 2013) then

∂mw

∂t
= Inflow rate − outflow rate, (3.25)

where mw [kg] is the mass, in this example the mass of water. Considering all 3D advection
of mass and the local mass change, we can write the equation for the conservation of mass in
fluids as

dρ

dt
− ρ

∂u
∂x

+ ρ
∂v
∂y

+ ρ
∂w
∂z

=
dρ

dt
+ ρ∇ · V⃗ = 0. (3.26)

If the fluid is incompressible, the term dρ/dt becomes 0.

3.4 Conservation of energy

The energy inside a finite volume can change through changes in the kinetic, potential energy
and friction. This change is expressed through the mechanical energy equation (Martin, 2013) as

d
dt

[
(u2 + v2 + w2)

2
+ ϕ

]
= −1

ρ
V⃗∇p + V⃗F⃗. (3.27)

In the energy balance, we need to include as well the first law of thermodynamics in the form

Q̇ = cv
dT
dt

+ p
dα

dt
, (3.28)

where Q̇ [Jkg−1s−1] denotes the diabatic heating rate and cv [Jkg−1K−1] the specific heat of the
gas at constant volume. Therefore this expression relates the diabatic heating rate to the internal
temperature (e.g. absorption of radiation) and to the mechanical energy (e.g. expansion work).
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When we combine Equation 3.27 and 3.28, we get the energy equation as

Q̇ =
d
dt

[
(u2 + v2 + w2)

2
+ ϕ + cv + pα

]
− α

∂p
∂t

− V⃗F⃗. (3.29)

3.5 Classification of momentum and continuity equations

Now, we can combine everything above to form the momentum and continuity equation sets that
are used in GCMs. This thesis used the THOR GCM (Mendonça et al., 2016; Mendonça, Malik,
et al., 2018; Mendonça, Tsai, et al., 2018; Deitrick et al., 2020; Deitrick et al., 2022; Hammond
& Abbot, 2022; P. A. Noti et al., 2023) and the Exo-FMS GCM (e.g. E. K. H. Lee et al., 2021).
For understanding different GCMs better, this section will provide a systematic of dynamical
equation sets in GCMs that was presented by Mayne, Baraffe, Acreman, Smith, Wood, et al.
(2014).

Mayne, Baraffe, Acreman, Smith, Wood, et al. (2014) described the sets for the momentum
and continuity equations in the equations according to their approximations. These sets differ
from each other by the amount of approximation they obtained and are grouped in the full,
deep, shallow and primitive equation set. The Table 3.1 shows the classification of momenta
and continuity equation sets according to Mayne, Baraffe, Acreman, Smith, Wood, et al. (2014).

The Exo-FMS GCM was used for the research projects in Chapter 7 and 8 and make use of
the primitive equation set that is presented in the Table 3.1. But the THOR GCM has dynamical
equation sets that differ from the classifcation of Mayne, Baraffe, Acreman, Smith, Wood, et al.
(2014). Therefore, we will see the dynamical equation sets in the THOR GCM in Chapter 6.
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Introduction to Radiative Transfer

“ Fix your course on a star and you’ll navigate any storm.”

Leonardo da Vinci

This chapter deals with the basics of radiative transfer (RT) which helps for the understanding
of the RT methods in Chapter 6. This introduction to RT follows widely the book of Heng
(2017) and covers optical depth, extinction, single scattering, different concepts of the albedo,
radiative transfer equation, Beer’s law, direct solution, Planck function and the two-stream
approximation.

4.1 Optical depth

We start with the most fundamental quantity for the understanding of RT field (Heng, 2017):
the optical depth, τ. The optical depth is a quantity describing how much a medium is trans-
parent, diffusive or opaque. Therefore, it describes how radiation passes through a medium
and how much radiation gets absorbed. It explains how much radiation we receive on Earth.
It explains as well why transiting exoplanets appear to have different radii depending at the
wavelength we look at it, as we have seen in Chapter 2. The optical depth is defined as

τ ≡
∫

nσdx, (4.1)

where n [m−3], σ [m2] and x [m] are the number/mass density, the cross section and the path length
of the radiation. Applied to a planet, the limits of the integral starts at zero at the Top Of
the Atmosphere (TOA) and ends at the lower boundary (sometimes the terrestrial or ocean
surface). The number/mass density tells us how dense a medium is packed. Whereas, the
cross section give us an indicator how absorbent the atoms or molecules inside a medium are.

Alternatively, we may express the optical depth in two other ways. For atmospheric studies,
it is more convenient to relate the optical depth to the pressure p [kgm−1s−2] and the column
mass. We can cast the pressure in a per-unit-area form (actually Newton’s second law) as

p = m̃g, (4.2)

where m̃ [kgm−2] and g [ms−2] stand for the mass per unit area and the surface gravity. By
incoprating the column mass, we rewrite the Equation 4.1 as

τ ≡
∫

κdm̃, (4.3)

where κ is the opacity with units [m2kg−1].
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The third way to express the optical depth is when use the extinction coefficient αe [m−1].
Therefore, Equation 4.1 becomes

τ ≡
∫

αedx, (4.4)

where x [m] is the path length of the radiation. Consequently, we may calculate the path length
of a photon until its first interaction with the medium, the so called mean free path lm f p, as

lm f p =
1

αe
1

nσ

. (4.5)

The optical depth indicates how far a photon can likely pass through a medium before
getting absorbed or scattered by the medium. The absorption happens at the corresponding
distance of τ ∼ 1. Similarly, the same principle applies to scattering. In both cases, the optical
depth is an estimation of the number of likely interactions the photon encounters on its way
through the medium. In order to determine the exact number of interactions, we would need
to know the detailed properties of the atmosphere.

Coming back to exoplanets, we can define 3 radii: the photospheric radius corresponding to
the last scattering and absorption of the radiation emitted by the exoplanet, the transit radius
is the shortest distance to planet’s center from the longest chord of stellar radiation filtering
through the atmosphere, and the radius of the diffusive atmosphere which stellar radiation gets
still diminished minimally within. Beyond the diffusive atmosphere, when we have τ ≪ 1,
radiation propagates in the freely streaming limit and at the speed of light. Differently, within the
photospheric radius, where we have τ ≫ 1, radiation gets absorbed and re-emitted multiple
times. In a summary, the magnitude of the optical depth really counts for the behaviour of light
passing through a medium. We will cover one among the simplest RT implementations in the
Chapter 4.7.

4.2 Basic quantities

4.2.1 Extinction efficiency

When we assume a spherical particle, we get a cross section πr2
p [m2], where rp [m] is the radius

of the particle. Indeed, the radius of influence is larger than the geometric cross section by
factor Qe, known as the extinction efficiency (Pierrehumbert, 2010). Therefore, the effective cross
section is

σ = Qeπr2
p. (4.6)

The factor Qe depend on the relative size of the particle and can be separated into absorption
Qa and scattering Qs components as

Qe = Qa + Qs. (4.7)

The relative size of the particle relates to the ratio of the geometric cross section to the wave-
length and is called parameter x. The relation of the dimensionless size parameter x to the
wavelength is

x =
2πr

λ
. (4.8)

Also, the particle is small relative to the wavelength if the ratio becomes 2πr/λ ≪ 1. Whereas,
a particle is considered large in relation to the wavelength, if we have 2πr/λ ≫ 1. For instance,
when radiation in the visible wavelength range (300 to 600 nm) interacts with Au, Ag and Cu
(particle sizes of 50 nm), then the particle is radiatively large (X. Wang & Cao, 2020). However,
the same particle is radiatively small when interacting with radiation in the far infrared.
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In order to get an exact function of Qe, we need at detailed calculation of the absorption
and scattering by a certain particle (Sharp & Burrows, 2007). More practical than calculating
each time a function are tables of Qe(λ, r) which are widely used in atmospheric science and
in its models (Draine & Lee, 1984; Laor & Draine, 1993). Approximately, we may simplify the
extinction efficiency to

Qe ∼ min
{(

2πr
λ

)4

, 1
}

. (4.9)

Furthermore, we can distinguish between 3 types of regimes with different scattering behaviour:
when the ratio is 2πr/λ ≪ 1, we have the regime with the Rayleigh scattering, when the ratio is
2πr/λ ∼ 1 we have the regime with the Mie scattering, and when the ratio is 2πr/λ ≫ 1, we
have the regime with the optical scattering or the geometric optics regime, respectively. Though,
each material comes along with its specific resonant transitions. All different members of the
same chemical species family, like the olvine group, share a similar overall shape of the extinc-
tion efficiency.

4.2.2 Single scattering

There are cross sections for the absorption, σa [m2], and the scattering, σs [m2]. The single-
scattering albedo, ω0 , is defined (Heng, 2017) as

ω0 ≡ σs

σs + σa
. (4.10)

How much a particle reflects or scatters light in single scattering event is quantified by the
single-scattering albedo.

Additionally, the scattering asymmetry factor, g0, tells us how the behaviour of the scattering
direction: If the factor is g0 = 0, a particle scatters in all direction equally, the isotropic scattering.
If the factor is g0 < 0, a particle scatters more in backward direction, backscattering. If the factor
is g0 > 0, a particle scatters more in forward direction, forward scattering. In order to be more
practical, atmospheric scientist tabulated g0(λ, r) and ω0(λ, r) (Laor & Draine, 1993).

Therefore, smaller particles tendentially scatter radiation with shorter wavelength isotrop-
ically. Whereas, larger particles scatter radiation with larger wavelength preferentially in for-
ward direction. That is the reason why the sky appears blue for our eyes. The blue light is
scattered isotropically by Rayleigh scattering. While, atmospheric particles scatter red light in
forward direction by Mie scattering, which creates the warm light at sunrise and sunset. (Heng,
2017)

4.2.3 Geometric, spherical and Bond albedo

The atmosphere contains a variety of different particles of different species. They come along
with their absorption and scattering characteristics, which contributes to radiation reflected
out of the atmosphere. The geometric albedo, Ag, describes the brightness of a celestial body
compared to the illuminated Lambertian disk (isotropically scattering disk) at a given wave-
length and full phase (Seager, 2010). Strangely, the geometric albedo can become Ag > 1. But
the geometric albedo does not describe the fraction of incident stellar radiation scattered by an
atmosphere.

During orbital phases of an exoplanet, astronomers see different sides of its scattering sur-
face. When we integrate over all solid angles, we get the spherical albedo (Russell, 1916; Marley
et al., 1999; Sudarsky et al., 2000; Seager, 2010), As, defined as

As = AgPg, (4.11)
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where Pg stand for the phase integral. In summary, the geometric albedo corresponds to the
spherical albedo at the zero phase angle (secondary eclipse). The properties of the scatter-
ing surface determines the relation among the spherical and geometric albedos. For instance,
Rayleigh scattering leads to Pg = 4/3, whereas a Lambertian sphere with isotropic scattering
leads to Pg = 3/2. When we integrate the spherical albedo over all wavelengths (weighted by
the stellar spectrum), we get the Bond albedo, AB, defined (Russell, 1916; Marley et al., 1999) as

AB =

∫
I⋆,λ,Ω Asdλ∫

I⋆,λ,Ωdλ
, (4.12)

where I⋆,λ,Ω [Wm−3sr−1] denotes the wavelength-dependent (specific) intensity of the host star
and should not be mixed up with a Planck function. The Bond albedo describes the entire
incoming stellar energy which atmospheric particles scatter (not absorbed). By measuring the
secondary eclipse, we get the geometric albedo by the following formula

Ag =
F
F⋆

(
a

RP

)2

, (4.13)

where a [m], RP [m] and F/F⋆ are the orbital distance of the exoplanet to its host star, the
planetary radius and the ratio of the flux of the planet to its host star as observed from Earth.

In Chapter 2.1.3 in Equation 2.12 describes the secondary eclipse depth Declipse at wave-
lengths. If we relate the secondary eclipse depth (in the optical or visible range ) to the geometric
albedo Ag at the zero phase angle (Seager & Deming, 2010), we get

Ag = Declipse

(
a

RP

)2

. (4.14)

4.3 The radiative transfer equation

In the following, we deal with the essential equation of radiation passing though a medium.
There are cleverly designed and complex derivations for the radiative transfer (Mihalas, 1970;
Goody & Yung, 1989). Nevertheless, we will start with a more simple approach. We do not
need to use spatial distances, since we already introduced the optical depth which contains
information about the transparency or opaqueness.

First, we need the (specific) intensity, Iλ,Ω [Wm−3sr−1] (energy per time, per area, per wave-
length, and per solid angle). The intensity describes the energy per unit area, per time, per
wavelength and at the solid angle θ, [rad], which the radiation impinges at the surface. We use
the cosine of solid angle as µ for hereafter as

µ ≡ cos (θ). (4.15)

We design µ in that way that we the following relations

µ →
{
> 0 reflection from the surface,
< 0 passing through the surface.

(4.16)

Therefore, the loss of intensity by extinction is described by I/µ. Here, the thermal emission
of the object, −S/µ, can compensate the loss by the extinction, where S denotes the source
function. We can quantify the change in intensity, ∆I, related to path through a medium, ∆τ,
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(Heng, 2017) as

∆Iλ,Ω =
∆τ

µ
(I − S). (4.17)

If we shrink ∆τ to infinitesimal, the Equation 4.17 becomes the radiative transfer equation (Heng,
2017) as

µ
∂Iλ,Ω

∂τ
= Iλ,Ω − S. (4.18)

The Equation 4.18 looks quite simple at first glance, but the complexity hides inside the source
function. The source function includes the thermal emission and flux scattered from other di-
rection into the intensity beam. Moreover, astrophysics developed the radiative transfer equa-
tion for stars which was transferred later to atmospheric and climate science (Pierrehumbert,
2010).

4.4 Beer’s law

By cancelling out the source function (S = 0), we get the simplest solution for the radiative
transfer equation and the Equation 4.18 (Heng, 2017) becomes∫ I

I0

dI
I

=
∫ τ

0

dτ

µ
. (4.19)

At the beginning of the beam’s path through the medium, we have the optical depth τ = 0 and
the initial intensity of I0. When we integrate Equation 4.19, we get Beer’s law (note that µ < 0
in our convention) as

Iλ,Ω = I0,λ,Ωe
τ
µ . (4.20)

The Beer’s law describes the exponential decrease of an intensity passing through a medium
with absorption. For instance, a medium can have 37% of the intensity removed, when beam
passed a distance corresponding to τ = 1. Beer’s law is inappropriate to apply for the RT in
the atmosphere, since it ignores the source function relevant in the atmosphere and both the
incoming and outgoing components.

There are two extremes if a medium is transparent we have τ ≪ 1 and if opaque when
we have τ ≫ 1. We meet this conditions if we try to look at the Sun in the clear sky or at
sky covered with dark clouds during the day (with our naked eye). If we see the Sun, then
we spot the photosphere where we have τ ∼ 1. The photosphere corresponds to the surface of
the last scattering and absorption when photons are leaving the Sun. We cannot see deeper
layers of the Sun because these layers have already τ ≫ 1. Another familiar situation is if
dense fog surrounds us. Then, we can only recognise objects and structures which lie within
the maximum distance corresponding to τ ∼ 1. But it is relevant for transmission spectroscopy.

4.5 Direct solution

We can derive a direct solution in the limit of pure absorption (Heng, 2017). For that, we solve
the intensity, rather than integrating. That requires coherent scattering (constant scattering across
all wavelengths) which only happens if we assume no scattering. The opposite, non-coherent
scattering, imply a random scattering pattern across some range of wavelength (Mihalas, 1970).
In short, coherent scattering does contain poorly spectral lines. However, if we use wavelength
intervals/bins larger than the widths of individual spectral lines, then coherent scattering be-
comes a reasonable approximation. So, the source function in the limit of coherent and isotropic
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scattering is defined (Mihalas, 1970) as

S =
ω0 Jλ

4π
+ (1 − ω0)Bλ, (4.21)

where Bλ [Wm−3] stands for the wavelength-dependent blackbody or Planck function and J
[Wm−3] is the total intensity. The total intensity is defined as

Jλ ≡
∫ 4π

0
Iλ,ΩdΩ, (4.22)

where dΩ = dµdϕ stands for the solid angle subtended and ϕ denotes the azimuthal angle. We
can prove the validity of the equation, by inserting the limiting values as

S →
{

for pure absorption (ω0 = 0), Bλ

J/(4π)                                                 for pure scattering    (ω0 = 1).
(4.23)

By the assumption of 0 or 1 for ω0, the Equation 4.18 can be rewritten as

µ
∂I
∂τ

= I − ω0 J
4π

+ (1 − ω0)B. (4.24)

In the following, we look at an example of RT between 2 points (labeled by 1 and 2). In order
to assess the RT between these 2 points, we integrate the Equation 4.24 and we get

I2e−
τ2
µ − I1e−

τ1
µ = − 1

µ

∫ τ2

τ1

[
ω0 J
4π

+ (1 − ω0)B
]

e−
τ
µ dτ. (4.25)

Looking at the Equation 4.25, we have to continue with ω0 = 0, since we do not know the
functional form of J(τ) a priori (Heng, 2017).

Now, we apply the Equation 4.25 for the RT in the atmosphere. Therefore, we only consider
radiation in upward or downward direction, which we indicate with a subscript ↑ respectively
↓. The corresponding angles are then 0 ≤ θ ≤ π/2 for the upward and π/2 ≤ θ ≤ π for
the downward direction. But first, we introduce the quantity spectral flux density, Fλ [Wm−3]
(energy per time, per area and per wavelength), as

Fλ = π Iλ,Ω. (4.26)

We assume I1, I2 and B to stay constant. We assess the downward and upward fluxes for the 2
layers by taking the integral of Equation 4.25 over all angles and rewriting the equation as

F↑1,λ = F↑2,λT + πBλ(1 − T ), (4.27a)
F↓2,λ = F↓1,λT + πBλ(1 − T ), (4.27b)

(4.27c)

where T is the transmission function which is defined (Heng, 2017) as

T ≡ 2
∫ 1

0
µe−

∆τ
µ dµ, (4.28)

where ∆τ ≡ τ2 − τ1 stands for the differences in the optical depth between the 2 points and
the set τ2 > τ1 as condition for the coordinate system. In this new form of the RT equation,
the transmission function can vary between 0 and 1 which corresponds to the range between
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complete absorption (pure blackbody radiation) and complete transparency (no blackbody ra-
diation) for radiation from the points above and below.

4.6 Planck function

There are various forms of the Planck function (Heng, 2017): When we use the wavelengths
units, λ [m], in the Planck function, the Planck function is

Bλ =
2hc2

λ5

(
e

hc
λkBT − 1

)−1

, (4.29)

where h [m2kgs−1] denotes the Planck constant (h = 6.62607015 · 10−34 m2kgs−1), c [ms−1] de-
notes the speed of light (c = 299′792′458 ms−1), kB [m2kgs−2K−1] denotes the Boltzmann con-
stant (kB = 1.380649 · 10−23 m2kgs−2K−1), and T [K] denotes the Temperature. The Planck
function with the frequency units, υ [Hz] has the following relation with the Planck function
with wavelengths units: ∫

Bυdυ =
∫

Bλdλ. (4.30)

When we use the frequency units in the Planck function, the Planck function becomes

Bυ =
2hυ3

c5

(
e

hυ
kBT − 1

)−1

. (4.31)

We can relate the black body flux, FB = πB [Wm−2], with its various forms including the
wavenumber units, υ̃ [m−1], to each other by the following equations

π
∫ ∞

0
Bυdυ = π

∫ ∞

0
Bλdλ = π

∫ ∞

0
Bυ̃dυ̃ = σSBT4, (4.32)

where σSB [kgs−3K−4] denotes the Stefan-Boltzmann constant (σSB = 5.67037442 · 10−8 kgs−3K−4).

4.7 Two-stream approximation

In general, photons pass the atmosphere in many directions. On the passage, some photons
get absorbed, re-emitted or scattered several times, which may change their wavelengths. For
modelling the RT in the atmosphere, we need to reduce the complexity by an approximation.
Since the atmosphere of planets have a small extent compared to the radius of the planet in
some cases (Earth, Mars, Titan, Venus), we may consider the atmosphere as shallow. In the so
called shallow atmosphere, we may ignore radiation propagating horizontally. As a consequence,
photons propagate only upwards and downwards if we assume a shallow atmosphere. This
simplification is called the two-stream approximation. For hot Jupiters, this approximation re-
mains appropriate because the modelled atmosphere is still relatively thinner than the planet’s
radius. The relative thinner extent of the modelled atmosphere is partially given by the depth
which the stellar heating still occurs at. (Heng, 2017)

In the RT equation, the optical depth and the propagation angle are the independent vari-
ables. In order to simplify the calculations, it is easier to integrate over the outgoing and incom-
ing radiation separately than solving the partial differentials. Nonetheless, we have one more
dependent variable than the number of equations. Therefore, we assume ratios of the these
dependent variables which are called Eddington coefficients. This assumption with the freely
chosen coefficients implicates an ambiguity in the types of closures used. (Heng, 2017)
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For encountering the different behaviours of wavelengths, we may calculate the two-stream
approximation in multiple wavebands with Eddington coefficients for each waveband (Toon
et al., 1989; Cahoy et al., 2010). Furthermore, we may implement multi-stream methods (Chan-
drasekhar, 1960), particularly when we would like to use detailed information of scattering
(Kitzmann, 2016). (Heng, 2017)
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Analytical Methods

“No plan survives first contact with the enemy.”

based on Helmuth von Moltke the Elder

This chapter covers analytical methods which were used to create the results presented in
Chapter 6, 7 and 8. In particular, the used analytical methods comprise the Python software, its
packages, the change to tidally locked coordinates, streamfunction, Helmholtz decomposition,
OLR phase curve, radiative and dynamical timescales, large-scale flow quantities, vertical heat
flow, Richardson number and the turbulent heat flux.

5.1 Python and packages

Data and plots were processed and produced with PYTHON version 3.9 (Van Rossum & Drake
Jr, 1995) and the community open-source PYTHON packages Bokeh (Bokeh Development Team,
2022), Matplotlib (Hunter, 2007), cartopy (Elson et al., 2022; Met Office, 2010 - 2015), jupyter
(Kluyver et al., 2016), NumPy (C. R. Harris et al., 2020), pandas (pandas development team,
2020), SciPy (Jones et al., 2001), seaborn (Waskom, 2021), windspharm (Dawson, 2016) and xarray
(Hoyer & Hamman, 2017).

5.2 Tidally locked coordinates and velocities

For analysis of symmetries in the atmosphere of a tidally locked planet, we make use of the
‘tidally locked coordinate system’ suggested by Koll and Abbot (2015). In the transformation,
the traditional latitude-longitude system (ϕ [rad], λ [rad]) is replaced by the ‘tidally locked co-
ordinate system’ (ϕ′, λ′) as the following:

The coordinates are effectively a rotation of regular latitude-longitude coordinates, so that
the polar axis runs from the substellar point to the antistellar point. They define the tidally
locked latitude ϕ = 0 to be the angle to the terminator, and the tidally locked longitude to be
the angle about the substellar-antistellar axis. That rotation of the coordinate system results
into the tidally locked coordinates according to Koll and Abbot (2015) as

ϕ′ = sin−1(cos ϕ cos λ), (5.1a)

λ′ = tan−1

(
sin λ

tan(ϕ)

)
, (5.1b)

where ϕ′ is the tidally locked latitudes, λ′ the tidally locked longitude, ϕ the original lati-
tude and λ′ the orginal longitude. The tidally locked wind velocities consist of fractions of the
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original zonal and meridional wind components. The fractions change depending on the coor-
dinates. According to Koll and Abbot (2015), the tidally-locked zonal and meridional wind u′

and v′ are defined as

u′ = cos ϕ

(
∂λ′

∂λ

u
cos ϕ

+
∂λ′

∂ϕ
v

)
, (5.2a)

v′ =
∂ϕ′

∂λ

u
cos ϕ

+
∂ϕ′

∂ϕ
v, (5.2b)

where u and v are the zonal and meridional wind components of the original coordinate sys-
tem.

5.3 Streamfunction and tidally-locked streamfunction

For analyzing the mass flow, we performed the tidally-locked streamfunction Ψ′ and the Eule-
rian mean meridional streamfunction Ψ in the same fashion as Hammond and Lewis (2021) as

Ψ =
2πa cos ϕ

g

p∫
0

[v]λdp, (5.3a)

Ψ′ =
2πa cos ϕ′

g

p∫
0

[v′]λ′dp, (5.3b)

where g declares the gravity, a the equatorial radius, ϕ the latitude, [v]λ averaged wind over
longitude and the [v′]λ′ an averaged wind over tidally-locked longitude.

5.4 Helmholtz decomposition

We performed a Helmholtz decomposition according to Hammond and Lewis (2021) to analyse
changes due to altered parameters in our grid which might be discovered in the components
of the total circulation such as the overturning circulation, stationary waves, and superrotating
jet. In the Helmholtz decomposition, the total circulation is split up into the divergent and
rotational components ud and ur (Dutton, 2002):

u = ud + ur = (5.4a)
= ▽χ + k ×▽ψ, (5.4b)

where χ stands for the velocity potential function and ψ for a streamfunction which are defined
as:

▽2χ = δ, (5.5a)

▽2ψ = ζ, (5.5b)

where δ is the divergence and ζ the vorticity.
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5.5 OLR phase curve

Cowan and Agol (2008) formulated the phase curve as

F =
∫ λ2

λ1

∫ ϑ2

ϑ1

∫ π/2

−π/2
R2 FTOA

π
cos2 (θ) cos (ϑ − α) dϕ dϑ dλ, (5.6)

where FTOA is the flux at the top of the atmosphere coming from the each atmospheric column
of the GCM at a given wavelength λ, ϕ and ϑ declare the latitude and longitude and α the orbital
phase angle. Deitrick et al. (2022) introduced a formalism to calculate the F on an icosahedral
grid as

F =
Ngrid

∑
i=1

FTOA,i

π
µi

Ai

R2
p

, (5.7)

where Ai declares the area of each control volume at the top of the atmosphere Rp, the radius
of the planet and

µi =

{
cos (ϕ) cos (ϑ − α), α − π

2 < ϑ < α + π
2 ,

0, ϑ > α + π
2 or ϑ < α − π

2 .
(5.8)

We take the approach of Deitrick et al. (2022) adapt it to a longitude-latitude grid and limit
it to long-wave radiation. Kelly and Šavrič (2021) defined the surface area of a grid-cell in a
longitude-latitude grid on the sphere as

AS =
∫ ϕ2

ϕ1

∫ ϑ2

ϑ1
R2

p cos (ϑ) dϕ dϑ = R2
p(ϑ2 − ϑ1)(sin (ϕ2)− sin (ϕ1)). (5.9)

By switching to a longitude-latitude grid, we modify the Equation 5.7 with Equation 5.9 and
reformulate as OLR phase curve as

FOLR =
Ngrid

∑
i=1

FOLR,TOA,i

π
µi(∆ϑ)(sin (ϕ + ∆ϕ)− sin (ϕ − ∆ϕ)), (5.10)

where ∆ϑ is the longitudinal width of a grid cell, ∆ϕ the latitudinal width and we defined µi as

µi =

{
cos (ϕ) cos (ϑ − α), cos (ϕ) cos (ϑ − α) ≥ 0,
0, cos (ϕ) cos (ϑ − α) < 0.

(5.11)

5.6 Radiative and zonal timescales

We computed the radiative timescale as in Showman and Guillot (2002) as

τrad ∼ P
g

cp

4σBT3 , (5.12)

where P [Pa] declares the pressure, g [ms−2] the gravity, σB the Stefan-Boltzmann constant,
cp [Jkg−1K−1] the heat capacity at constant pressure and T [K] the temperature. The zonal
timescales was calculated as well like in Showman and Guillot (2002) as

τzonal ≳
R

umax
, (5.13)
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where R is the planetary radius and umax the maximum of the zonal wind speed. We computed
the radiative and zonal timescale for each layer with the related values.

5.7 Large-scale flow quantities

For the analytics, we used several quantities for the large-scale flow characteristics. The scale
height H is defined in Parmentier (2014) and we reformulated it as

H =
kBT
mg

=
RdT

g
, (5.14)

where kB [m2kgs−2K−1] is the Bolzmann constant, T [K] the temperature of the gas, g [ms−2] the
gravity, m [kg] the mass of the gas and Rd [Jkg−1K−1] the specific gas constant.

The Rossby number indicates the balance in the momentum equation between the Coriolis
and the advection term (Parmentier, 2014; Kataria et al., 2016):

Ro ≡ U
f L

, (5.15)

where L [m] is the typical horizontal scale, U [m/s] the typical wind speed and f [rads−1] the
Coriolis parameter as

f = 2Ω sin (ϕ), (5.16)

where Ω [rads−1] represents the rotation rate of the planet and ϕ [rad] the latitude. The typical
horizontal scale is typically calculated as the Rossby deformation radius LD [m] (see hereafter).
The Coriolis force becomes negligible and the advection, pressure gradient and dissipation
remain the terms relevant in the force balance, when the Rossby number is much larger than
one (Parmentier, 2014). On the other hand, a much smaller Rossby number indicates a force
balance among pressure gradient and Coriolis force.

Pressure gradients may be equalised by gravity waves, unless the gravity waves are not
deflected by the Coriolis force. The Rossby deformation radius LD [m] defines the distance at
which the gravity waves get deflected by the Coriolis force (Parmentier, 2014):

LD =
ND

f
, (5.17)

where N [s−1] is the Brunt-Väisälä frequency (actually, the oscillation frequency of gravity
waves) and D [m] the vertical length scale of the atmosphere. The vertical length scale of the
atmosphere is calculated at the order of one scale height, so D = H. Whereas Equation 5.17
applies for fast traveling Kelvin waves, the horizontal phase speed, c [ms−1], can be estimated
for long vertical wavelength gravity waves as c ∼ 2NH (Tan & Showman, 2020). Then, LD
becomes

LD =
2NH

f
. (5.18)

In Chapter 3.1.4, we came across the Brunt-Väisälä frequency as

N =

[
g
θ

∂θ

∂z

]0.5

. (5.19)

For an isothermal atmosphere, the Brunt-Väisälä frequency can be simplified (Parmentier, 2014)
to

N =

√
cpg

RdH
, (5.20)



5.8. Vertical heat flow 37

where cp[JK−1] represents the heat capacity (we corrected a typing mistake in Parmentier
(2014)). The Rhines scale LRh indicates the scale at which the transition from dominant lin-
ear advection to the appearance of an inverse cascade occurs. The inverse cascade is the energy
injection of small scales vortices into larger atmospheric flow. The Rhines scale is also known as
an indicator for flow reorganization into the bands of alternating zonal jets, often called zona-
tion (Sukoriansky et al., 2007). In unsteady flow regimes, the Rhines scale might be associated
with the moving energy front propagating towards the decreasing wavenumbers. The Rhines
scale is defined as (Parmentier, 2014):

LRh = π

√
U
β

, (5.21)

where β corresponds to the meridional gradient of the Coriolis force, also known as the "β-
effect, and defined as (Parmentier, 2014; Kataria et al., 2016):

β =
2Ω cos (ϕ)

Rp
, (5.22)

where Rp [m] is the radius of the planet.

5.8 Vertical heat flow

For quantifying the advection of potential temperature, we follow a similar approach as in
Sainsbury-Martinez et al. (2023). The mean vertical enthalpy advection FHr [Wm-2] can be
quantified as in Sainsbury-Martinez et al. (2023) as

FHr = ρcpTw, (5.23)

where ρ [kgm-3] is the density of the gas, cp [Jkg-1K -1 ] stands for the specific heat capacity, and
w [ms-1] denotes the vertical wind speed. In order to address varying grid point sizes, we take
the surface integral of mean vertical enthalpy advection so that Equation 5.23 becomes

∂Qr

∂t
=
∫ 2π

0

∫ 2π

0
ρcpTwR2 cos ϕ dϕ dλ, (5.24)

where ϕ and λ are the latitudinal and longitudinal angles, and R [m] stands for the distance
from the planetary center to the specific pressure surface. R has the relation R = rp + z, where
rp [m] is the radius of reference surface and z [m] the height from the reference surface to the
specific pressure surface. As most planets have rp ≫ z, we ignore z.

5.9 Richardson number

Many studies rely on Miles’ instability condition if the Richardson number is lower than the
critical value Rig < Ric (Miles, 1961; Abarbanel et al., 1984, Ric between 0.25 and 1) to estimate
the stability of the flow and the presence of turbulences (Egerer et al., 2023; Ostrovsky et al.,
2024, see). The gradient Richardson number Rig describes the ratio of the buoyancy N [s-1] (the
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Brunt–Väisälä frequency) to the wind shear S [s-1] as

Rig =
N2

S2 =
g
Tv

∂θv

∂z(
∂vh

∂z

)2 , (5.25)

where g [ms-2] is the gravity, Tv [K] represents the virtual temperature, θv [K] stands for the 
virtual potential temperature, z [m] denotes the height, and vh [ms-1 ] is the horizontal velocity. 
The Ric has been altered in several ocean and atmospheric studies (see Egerer et al., 2023). Re-
cent observations revealed that turbulences even occur at Rig up to 10 and more (see Ostrovsky 
et al., 2024). Nevertheless, low Rig still indicates the presence of turbulent flow. In this study, 
we made use of 3 thresholds for Ric = 0.25, 1 or 10 as different uncertainty thresholds.

5.10 Turbulent heat flux

For quantifying the turbulent heat transfer, we follow Youdin and Mitchell (2010). They ex-
pressed the turbulent heat flux Feddy [Wm - 2 ] as

Feddy = −Kzzρg
(

1 − Γ
Γad

)
, (5.26)

where Kzz [m 2 s-1] denotes the (thermal) eddy diffusion coefficient, ρ [kgm-3] is the density of
the gas, g [1ms-2] represents the gravity, Γ [K] is the vertical lapse rate (temperature gradient),
and Γad [K] denotes the adiabatic lapse rate.
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After the basics, we can move on to answer the major research questions which examines the 
consequences due to different selections of the Navier-Stokes. We will see as well how the 
parametrization lead to diverse results in GCM simulations due to different selections of the 
Navier-Stokes equations. The content of this chapter was published in P. A. Noti et al. (2023).

6.1 Introduction

Numerical weather and climate predictions provide useful information for our daily lives, 
naval and aviation safety, national policy, strategy development and for research in atmo-
spheric science. Running numerical simulations can be computationally expensive, therefore, 
approximations of the Navier-Stokes equations (Navier, 1823; Stokes, 1845, 1846) have been 
proposed for global scale simulations. Bjerknes (1904) proposed the basis of the hydrostatic 
primitive equations (HPEs hereafter). L. F. Richardson (1922) derived a variation from Bjerk-
nes’s primitive equations to perform the first attempt at a numerical weather forecast by hand. 
J. G. Charney and Eliassen (1949) produced the first numerical weather model on ENIAC (Elec-
tronic Numerical Integrator and Computer) in 1950. Already at the dawn of numerical forecast-
ing, J. Charney (1955) identified those approximations as an important obstacle to overcome.

For the flight safety, national weather services run expensive subregional models with non-
hydrostatic equations (NHEs) at high spatial and temporal resolutions on supercomputers. 
Such models are needed to detect clear air turbulences (e.g. Sharman et al., 2012) and other avi-
ation hazards at small scales (see for further aviation hazards Krozel et al., 2008). The detected 
aviation hazards are included in the flight planning and dynamic route optimisation (e.g. Kim 
et al., 2015; Lim & Zhong, 2018).

Integrated Forecasting System (IFS-FVM) of the European Centre for Medium-Range Wea-
ther Forecasts (Kühnlein et al., 2019; ECMWF, 2021) or Global Forecast System (GFS) of the US 
Na-tional Weather Service (Snook et al., 2019; Zhou et al., 2019) and Global Spectral Model of 
the Japan Meteorological Agency (Nakano et al., 2017). Nevertheless, high resolution forecast 
mod-els with NHEs are being developed intensively to become operational along with the 
growing computational power of supercomputers (e.g. by American and Chinese institutions 
Snook et
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al., 2019; Zhou et al., 2019; J. Gu et al., 2022). The Geophysical Fluid Dynamics Laboratory has
developed a new variable-resolution global model with the ability to represent convective-scale
features on the basis of NHEs (Snook et al., 2019; Zhou et al., 2019).

The limits of the HPEs are still assessed to this day; e.g. the energy conservation in global
circulation models (GCMs hereafter) for Earth (Tort et al., 2015), for short-period waves at small
scales (e.g. Álvarez et al., 2019), as well as for global simulations of exoplanetary atmospheres
(e.g. Mayne et al., 2019; Deitrick et al., 2020). While numerical models utilizing the primitive
equations have been relatively successfully applied to Earth’s atmosphere, the applicability
of the primitive equation set has been questioned for exoplanet atmospheres. For example,
Mayne et al. (2019) discovered important differences in the zonal advection between simula-
tions using the "primitive" equations and the "full" Navier-Stokes equations (according to the
nomenclature of Mayne, Baraffe, Acreman, Smith, Wood, et al., 2014). Those differences in the
zonal advection lead, for example, to significant differences in the atmospheric redistribution
of heat in simulations of the warm and tidally-locked small Neptune GJ-1214b. The primitive
equations are more problematic for Neptunes due to their large atmospheric scale height rela-
tive to planetary radius. For hot Jupiters, Deitrick et al., 2020 see changes of 15 to 20 % in the
peak zonal winds in simulations with the non-hydrostatic, deep atmospheres (NHD hereafter)
and quasi-hydrostatic, deep atmosphere (QHD hereafter) equation sets.

Atmospheric simulations can be of interest for observations of exoplanets; the era of JWST
will bring us several phase curves observations of exoplanet atmospheres, ranging from hot
giants to temperate terrestrials, at higher resolutions than ever before. Continuous and long
duration observations combined with a larger spectral resolution, collecting area, and a wider
spectral coverage ranging from 0.6 µm to 20 µm will lead the studies of exoplanets and their
habitability to quantum leap forward in evolution (Stevenson et al., 2016; Bean et al., 2018).
At the same time Feng et al. (2016), Blecic et al. (2017), Dobbs-Dixon and Cowan (2017), Cal-
das et al. (2019), Flowers et al. (2019), Irwin et al. (2020), Taylor et al. (2020), Beltz et al. (2021),
and Parmentier et al. (2021) highlight the importance of multidimensionality in interpreting
observations. Therefore, simulations of the dynamics and the 3D structure of exoplanetary at-
mospheres are essential tools for helping to understand and interpret the new observation data
from JWST. Moreover, phase curve data of hot Jupiters in the optical and infrared wavelength
regimes can benefit from the findings of 3D simulations of exoplanetary atmospheres: the Tran-
siting Exoplanet Survey Satellite (TESS, Ricker et al., 2014), CHaracterising ExOPlanet Satellite
(CHEOPS, Broeg et al., 2013), the Atmospheric Remote-sensing Infrared Exoplanet Large sur-
vey (ARIEL, Tinetti et al., 2016), and the high altitude ballon mission EXoplanet Climate In-
frared TElescope (EXCITE, Nagler et al., 2019). Since the 3D simulations of the exoplanetary
atmospheres are necessary tools for the understanding of exoplanets, identifying significant
differences between simulations with different dynamical equation sets is important.

White et al. (2005) and Mayne, Baraffe, Acreman, Smith, Wood, et al. (2014) reviewed the
shallow, deep, hydrostatic, quasi-hydrostatic and non-hydrostatic equations in GCMs. For a
complete overview on the NHD and QHD equation sets, see Deitrick et al. (2020). Other con-
ventions of dynamical equation sets can also be used e.g. Mendonça et al. (2016) and Deitrick
et al. (2020).

Simulations with HPEs can represent gravity-waves and nearly-geostropic motions (White
et al., 2005). For representing nearly-geostrophic or ‘balanced’ motion much attention has been
put into deriving approximations (see reviews in Norbury & Roulstone, 2002a, 2002b). Several
approximations can be found in the HPEs: the ‘hydrostatic’ assumption, ‘shallow atmosphere’,
‘spherical geopotential approximation’ and the ‘traditional approximation’ (Eckart, 1960).

The traditional approximation was first introduced to study the oceanic and atmospheric
dynamics of Earth considering the negligible Coriolis terms in shallowness of the Earth (e.g.
Eckart, 1960; Gerkema et al., 2008; Zeitlin, 2018). In the momentum equation, several terms go
to zero (see Mayne, Baraffe, Acreman, Smith, Wood, et al., 2014): for longitudinal wind u the
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terms 2Ωω cos ϕ (traditional approximation) and −uω
r (shallow approximation), for latitudinal

wind v the term −vω
r (shallow approximation) and for the vertical wind ω the terms 2Ωu cos ϕ

(traditional approximation) and u2+v2

r (shallow approximation). In astrophysics, the traditional
approximation of rotation (TAR) might describe the dynamics of gravito-inertial waves on stars
(e.g. Mathis & Prat, 2019) well, but it is problematic for some exoplanets such as dynamics of
the warm and tidally-locked small Neptune GJ-1214b, as Mayne et al. (2019) showed. The dis-
cussion of the cos ϕ terms have been in contention for many years (White et al., 2005). Studies
by N. Phillips (1990) and Thuburn et al. (2002), using linearized and adiabatic analysis, showed
those cos ϕ terms are minor given the parameters of Earth if the ratio of planetary rotation fre-
quency to buoyancy frequency is very small (≪ 1). White et al. (2005) regarded the terms
to be unsettling, because buoyancy frequency differs across the globe and diabatic processes
drive the global circulation. Furthermore, they find that the cos ϕ terms are problematic if the
buoyancy frequency increases through climate change. Bretherton (1964) and de Verdière and
Schopp (1994) showed the importance of the cos ϕ terms near the equator. Moreover, the cos ϕ
terms become relevant for the mesoscale motion (Draghici, 1989). The traditional approxima-
tion to models simulating exoplanets varies widely in their climate regimes. Therefore, we
could assume that the traditional approximation might be not valid for many exoplanets.

Models with non-hydrostatic equations (NHEs) for global simulations are used for 3 rea-
sons (White et al., 2005); models with HPEs cannot resolve effectively at high resolution, so
Daley (1988) suggested to apply a single equation set for all scales. Secondly, Tanguay et al.
(1990) saw that semi-implicit methods treat acoustic waves efficiently and that more accurate
NHEs should be developed. Thirdly, White et al. (2005) judged the mathematically evolution-
ary derivations of HPEs as less mature compared to NHEs which are designed for classical
compressible fluid dynamics. Already outside the original discipline, the meteorology, some
approximations perform already less well on Earth; For the dynamics of deep oceans, the cos ϕ
terms become more important (White et al., 2005) because of the larger ratio of the planetary
rotation frequency to the buoyancy frequency. The larger ratio is due to the smaller buoyancy
frequency in the ocean, by one order of magnitude (see p. 52 of Gill, 1982).

For understanding the observational data better, Yamazaki et al. (2004), Müller-Wodarg et
al. (2006), Hollingsworth and Kahre (2010) and Lebonnois et al. (2010) implemented GCMs
for Jupiter, Saturn, Mars and Venus. Since first discovered (Mayor & Queloz, 1995), several
hundreds of exoplanets have been observed. Exoplanets and their central stars vary widely
in their parameters which makes modelling challenging (see for review Showman et al., 2010).
Hot Jupiters are of prime interest, since they represent easier targets for observation due to their
large radius and the stronger thermal emitted radiation. Showman et al. (2009), Dobbs-Dixon
and Lin (2008) and Dobbs-Dixon (2009) adapted some of the first GCMs to hot Jupiters.

Several groups have used GCMs or Radiative-Hydrodynamic models (RHD) to study atmo-
spheres of (ultra) hot Jupiters and warm Neptunes (e.g. Showman & Guillot, 2002; Showman
et al., 2009; Dobbs-Dixon et al., 2010; Rauscher & Menou, 2010; Heng, Menou, et al., 2011;
Dobbs-Dixon & Agol, 2013; Mayne, Baraffe, Acreman, Smith, Browning, et al., 2014; Charnay
et al., 2015; Kataria et al., 2015; Amundsen et al., 2016; Mendonça et al., 2016; Zhang & Show-
man, 2017; Mayne et al., 2019; Carone et al., 2020; Deitrick et al., 2020; E. K. H. Lee et al., 2021;
Deitrick et al., 2022; E. K. H. Lee, Prinoth, et al., 2022). Several physical processes have been
added to GCMs. Regarding radiative transfer (RT), GCMs contain the Newtonian relaxation
(e.g. Showman et al., 2008; Rauscher & Menou, 2010; Heng, Menou, et al., 2011; Mayne, Baraffe,
Acreman, Smith, Browning, et al., 2014; Carone et al., 2020) and multi-band grey or non-grey
schemes in various adaptations (e.g. Heng, Frierson, et al., 2011; Rauscher & Menou, 2012;
Dobbs-Dixon & Agol, 2013; Mendonça, Malik, et al., 2018) in studies for hot Jupiters. Such
simplified RT schemes run in GCMs efficiently. The computational efficiency enables easier
benchmarking between GCMs (e.g. Heng & Showman, 2015) and to explore parameters (e.g.
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Komacek & Showman, 2016; Komacek et al., 2017; Tan & Komacek, 2019a; Tan & Showman,
2020) for investigations of dynamical regimes. Showman et al. (2009), Charnay et al. (2015) and
Amundsen et al. (2016) combined detailed real gas, correlated-k RT schemes to GCMs which
led to more computationally expensive operations. Studies such as Kataria et al. (2014), Kataria
et al. (2016), Amundsen et al. (2016), Parmentier et al. (2016), T. Schneider and Liu (2009) and
Deitrick et al. (2022) perform GCM simulations including real gas RT schemes. In E. K. H. Lee
et al. (2021), they compared semi-grey, non-grey picket-fence and correlated-k RT schemes and
suggested to use the picket-fence scheme as simple and computationally efficient, but realistic
solution.

Regarding the validity, Tokano (2013) raises doubts about the primitive equations in rel-
atively thick atmospheres. In such thick atmospheres, the ratio of scale height to the plane-
tary radius gets sufficiently large so that the traditional approximation becomes inappropriate.
Similarly, Tort et al. (2015) and Gerkema et al. (2008) analysed the limits of the primitive equa-
tions for Earth respectively, the traditional approximation in particular. In the past decade, a
few models with the full or deep Navier-Stokes equations have been developed for exoplan-
ets: the 3D radiation-hydrodynamics model of Dobbs-Dixon and Agol (2013), the dynamical
core of THOR (Mendonça et al., 2016; Deitrick et al., 2020), the modified UM ENDGame of
(Mayne, Baraffe, Acreman, Smith, Browning, et al., 2014), and LFRic-Atmosphere (Adams et
al., 2018; Sergeev et al., 2023). However, only a few studies (e.g. Mayne, Baraffe, Acreman,
Smith, Browning, et al., 2014; Mayne et al., 2019; Deitrick et al., 2020) have investigated dif-
ferences between simulations with different dynamical equations for exoplanets. While two
studies uses two-stream, double-grey RT respectively, only Mayne et al. (2019) applied de-
tailed real gas, correlated-k RT scheme for the comparison of the dynamical equations. They
suggested to study differences emerging out of different dynamical equations by implementing
a full radiative transfer solution as used in Amundsen et al. (2016).

In this study, we investigate the differing effects of simplified Navier-Stokes equations in
a GCM. We use THOR GCM because of its computational efficiency, and update the RT using
the picket fence scheme of E. K. H. Lee et al. (2021). THOR allows us to simulate atmospheres
with different dynamical equations, as shown by (Deitrick et al., 2020) with NHD and QHD
equation sets. We will focus on the NHD and QHD equation sets in our investigation similarly.

For investigating the effects between the NHD and QHD equation sets, we analyse effects
in a parameter grid space appropriate for the hot exoplanet regime. We alter the gravity, ro-
tation period and irradiation temperature at the top of the atmosphere separately to see the
differences among the equations and their dependence on those parameters.

6.2 THOR Model

Mendonça et al. (2016) developed the open-source THOR GCM for the purpose to study ex-
oplanet atmosphere dynamics. Further model developments were published by Mendonça,
Grimm, et al. (2018), Mendonça, Malik, et al. (2018), Mendonça, Tsai, et al. (2018), Deitrick et al.
(2020), and Deitrick et al. (2022). THOR simulates the global atmospheres in a full 3D icosahe-
dral grid with customizable altitudes in the vertical dimension (instead of pressure) and with
a given horizontal resolution (customizable by the glevels settings). Consequently, singularities
and resolution crowding at the poles do not occur like in latitude-longitude grids.

6.2.1 Hydrodynamics

The momentum and continuity equations presented above differ from those used in THOR,
because THOR follows the denotation used in White and Bromley (1995). Nonetheless, THOR
evolves the general non-hydrostatic Euler equations (Mendonça et al., 2016). The integration
schemes are horizontally explicit and vertically implicit. Mendonça, Malik, et al. (2018) and
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Mendonça, Tsai, et al. (2018) added a dry convective adjustment and a ‘sponge layer’, as a
form of drag for numerical stability similar to most contemporary GCMs. Furthermore, the
model offers hydrostatic shallow (HSS), quasi-hydrostatic deep (QHD), and non-hydrostatic
deep (NHD) equation sets (Deitrick et al., 2020). In summary, the vertical momentum flux
differs between both equation sets.

THOR solves the flux forms of Euler equations using a finite-volume method on an icosa-
hedral grid (Tomita et al., 2001; Tomita & Satoh, 2004; Mendonça et al., 2016; Deitrick et al.,
2020) as

∂ρ

∂t
+∇(ρv⃗) = 0, (6.1)

∂ρv⃗
∂t

+∇(ρv⃗ ⊗ v⃗) = −∇p − ρgr̂ − 2ρΩ⃗ × v⃗, (6.2)

∂ρθ

∂t
+∇(ρθv⃗) = 0, (6.3)

, where r̂ [m] is defined as

r̂ = cos ϕ cos λê1 + cos ϕ sin λê2 + sin ϕê3, (6.4)

where ϕ and λ represent the latitude and the longitude, and v⃗ the velocity vector of the fluid.
The potential temperature θ, the gravity g, the density ρ and the pressure p were already intro-
duced in Chapter 3 (see Equations 3.4 and 3.11). p is described by the ideal gas law as

p = ρRdT. (6.5)

A single parameter glevel sets the horizontal resolution (Deitrick et al., 2020) as the number
of times the icosahedral grid gets refined. The average angular distance among grid points is

θ̄ =

√
2π

5
1

2glevel
. (6.6)

In the following simulations, we set the glevel = 5 which corresponds to ≈ 2◦.
THOR has a slow and fast mode: the superscript [t] indicates the slow mode and gets up-

dated every large time step in the following equations, whereas the superscript [τ] or [τ+∆τ]

declares the fast mode and gets updated every small time step. The fast mode represents all
the terms related to acoustic waves. Furthermore, the superscript ⋆ should indicate the devia-
tion.

Horizontal NHD and QHD continuity and momentum equation sets

The horizontal continuity equation for the NHD equation set in THOR (Deitrick et al., 2020) is
given as

ρ⋆[τ+∆τ] − ρ⋆[τ]

∆τ
+ ∆h(ρv⃗h)

⋆[τ+∆τ] +
1
r2

∂

∂r
r2(ρv⃗h)

⋆[τ+∆τ]

= −∇h(ρv⃗h)
t − 1

r2
∂

∂r
r2(ρv⃗h)

t +F [t]
ρ ,

(6.7)

where v⃗h is defined as
v⃗h = v1⃗̂e1 + v2⃗̂e2 + v3⃗̂e3 − v⃗r̂, (6.8)

where vi [ms−1] represents the total velocities in the 3 corresponding directions and ⃗̂ei are the
axes of the coordinate system. The horizontal momentum equation for the NHD equation set
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in THOR (Deitrick et al., 2020) is given as

(ρv⃗h)
⋆[τ+∆τ] − (ρv⃗h)

⋆[τ]

∆τ
+ ∆h p⋆[τ] = −∇h p⋆[t] −A[t]

h − C [t]
h −F [t]

vh − G [τ]
vh , (6.9)

where A[t]
h is the horizontal advection term, ∇(ρv⃗⊗ v⃗), C [t]

h represent the Coriolis term, 2ρΩ× v⃗,

F [t]
vh is the flux from the “slow” drag or numerical dissipation mechanisms, and G [τ]

vh the 3D
divergence damping computed at small time steps.

Thermodynamic equation set

THOR (Deitrick et al., 2020) uses the entropy equation set which based on equation 3 in Tomita
and Satoh (2004) as

∂ρe
∂t

+∇(hρv⃗) = v⃗∇p + qheat, (6.10)

where e [Jkg−1] is the specific internal energy, h [Jkg−1] the specific enthalpy, and qheat [Jkg−1s−1]
represent the diabatic heating rate. Regarding the heating rate, the absorption computed by
the picket-fence RT scheme (presented in Chapter 6.2.2) links to the dynamics through the
diabatic heating rate (absorbed fluxes summed over 5 bands). The equation 6.10 corresponds
to Equation 6.3 (Deitrick et al., 2020), apart from the heating term (see further details in section
1.6 in Vallis, 2006). The specific internal energy e and the specific enthalpy h are calculated as

e = CV T, (6.11)

h = CPT, (6.12)

where CV [JK−1] and CP [JK−1] represent the heat capacity at constant volume respectively at
constant pressure, and T [K] the temperature of air.

Changing the equation to "slow" and "fast" quantities, the Equation 6.10 becomes (see all
steps in Deitrick et al., 2020)

p⋆[τ+∆τ] − p⋆[τ]

∆τ
+

Rd

CV

1
r2

∂

∂r

(
r2h[t](ρvr)

⋆[τ+∆τ]

)
− Rd

CV

(ρvr)⋆[τ+∆τ]

ρ[t]
∂p[t]

∂r

=
Rd

CV

[
−∇h

(
h[t](ρvh)

)[τ+∆τ]
)− 1

r2
∂

∂r
(
r2h[h](ρvr)

[t])+ (ρv⃗h)
[t]

ρ[t]
∇h p[t]

(ρvr)[t]

ρ[t]
∂p[t]

∂r
+ qheat +F [t]

p

]
,

(6.13)

where Deitrick et al. (2020) introduced then the effective gravity g̃ defined as

g̃ =
1

ρ[t]
∂p[t]

∂r
, (6.14)

to define SP as

SP ≡ Rd

CV

[
−∇h

(
h[t](ρv⃗h)

[τ + ∆τ]
)
− 1

r2
∂

∂

(
r2h[t](ρvr)

[t])
+
(ρvh)

[t]

ρ[t]
∇h p[t] − g̃[t](ρvr)

[t] + qheat +F [t]
p

]
.

(6.15)
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The effective gravity g̃ and SP can be used to change equation 6.13 to the final form as

∂

∂r
p⋆[τ+∆τ] =

∂

∂r
p⋆[τ] − ∆τ

Rd

CV
×
[

1
r2

∂2

∂r2 r2h[t](ρvr)
⋆[τ+∆τ] − 2

r3
∂

∂r
r2h[t](ρvr)

⋆[τ+∆τ]

]
−∆τ

Rd

CV

∂

∂r
g̃[t](ρvr)

⋆[τ+∆τ] + ∆τ
∂

∂r
SP.

(6.16)

Vertical NHD equation set

The vertical momentum equation for NHD equation set in THOR (Deitrick et al., 2020) at large
time steps is given as

Svr ≡ − ∂

∂r
p[t] − ρ[t]g −A[t]

r − C [t]
r −F [t]

r , (6.17)

where vr indicates the vertical component of the wind speed, Ar the vertical component of the
advection term, Cr the vertical component of the Coriolis acceleration and Fr the hyperdiffusive
flux. At small time steps, the vertical momentum equation becomes

− 1
r2

∂2

∂r2 r2h[t](ρvr)
⋆[τ+∆τ] +

2
r3

∂

∂r
r2h[t](ρvr)

⋆[τ+∆τ]

− ∂

∂r
g̃[t](ρvr)

⋆[τ+∆τ] − cV

Rd

g
r2

∂

∂r
r2(ρvr)

⋆[τ+∆τ] +
cV

Rd∆τ2 (ρvr)
⋆[τ+∆τ] = C0,

(6.18)

where r [m] is the radial distance from the center of the planet, g̃ [ms−2] the effective gravity,
and where

C0 =
cV

Rd

[
1

∆τ2 (ρvr)
⋆[τ] +

1
∆τ

(
Svr −

∂

∂r
p⋆[τ] − ρ⋆[τ]g

)
− ∂

∂r
SP − Sρg

]
, (6.19)

where Mendonça et al. (2016) defined SP as

SP ≡ cV

Rd

[
−∇h

(
h[t](ρvh)

[τ+∆τ]

)
− 1

r2
∂

∂r

(
r2h[t](ρvh)

[t])

)
+
(ρvh)

[t]

ρ[t]
∇h p[t] − g̃[t](ρvh)

[t] + qheat +F [t]
r

]
,

(6.20)

and Sρ as

Sρ ≡ −∇h(ρvr)
⋆[τ+∆τ] −∇h(ρvr)

[t] − 1
r2

∂

∂r
r2(ρvr)

[t] +F [t]
r . (6.21)

Vertical QHD equation set

The vertical momentum equation for QHD equation set in THOR (Deitrick et al., 2020) at large
time steps is given as

SQH
vr ≡ − ∂

∂r
p[t] − ρ[t]g − (AQH

r )[t] − C [t]
r , (6.22)

where (AQH
r )[t] becomes

(AQH
r )[t] =

ρvhvh

r
, (6.23)
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where vh [ms−1] is the horizontal momentum vector. At small time steps, the vertical momen-
tum equation becomes

− 1
r2

∂2

∂r2 r2h[t](ρvr)
⋆[τ+∆τ] +

2
r3

∂

∂r
r2h[t](ρvr)

⋆[τ+∆τ]

− ∂

∂r
g̃[t](ρvr)

⋆[τ+∆τ] − cv

Rd

g
r2

∂

∂r
r[2](ρvr)

⋆[τ+∆τ] = CQH
0 ,

(6.24)

where CQH
0 is defined as

CQH
0 =

cv

Rd

[
1

∆τ

(
Svr −

∂

∂r
p⋆[τ] − ρ⋆[τ]g

)
− ∂

∂r
SQH

p − SQH
ρ g

]
, (6.25)

and SQH
P is defined as

SQH
P ≡ cV

Rd

[
−∇h

(
h[t](ρvh)

[τ+∆τ]

)
− 1

r2
∂

∂r
(r2h[t](ρvh)

[t]))

+
(ρvh)

[t]

ρ[t]
∇h p[t] − g̃[t](ρvh)

[t] + qheat

]
,

(6.26)

and SQH
ρ is defined as

SQH
ρ ≡ −∇h(ρvr)

⋆[τ+∆τ] −∇h(ρvr)
[t] − 1

r2
∂

∂r
r2(ρvr)

[t]. (6.27)

Main differences among the vertical NHD and QHD equation sets

The NHD and QHD vary mainly in 3 terms: Dvr
Dt the Langrangian derivative of the vertical

velocity, Fr the hyperdiffusive flux and Ar the vertical component of the advection term. The
terms Dvr

Dt and Fr turn to zero in the QHD case. Ar = ∇(ρv⃗ ⊗ v⃗) becomes

AQH
r =

ρv⃗h · v⃗h

r
, (6.28)

where ρ is the density of the air, v⃗h the horizontal momentum vector and r the radial distance
from the center of the planet. For a more complete review on the NHD and QHD equation sets,
see Deitrick et al. (2020).

6.2.2 Picket-fence RT scheme

A two-stream, double-grey RT scheme is available in THOR since the update made by Deitrick
et al. (2020). However, to increase the realism of the RT scheme, we use the non-grey "picket-
fence" (Chandrasekhar, 1935) translated from E. K. H. Lee et al. (2021) which refers to the ap-
proaches of Parmentier and Guillot (2014) and Parmentier et al. (2015). The picket-fence ap-
proach of E. K. H. Lee et al. (2021) simulates the radiation propagating in 5 bands (3 visible,
2 infrared) through the atmospheric layers. The picket fence scheme uses two representative
opacities: the molecular and atomic line opacity, and the general continuum opacity. The val-
ues of these opacities are derived from the Rosseland mean opacity computed through fitting
functions (analytically derived by Parmentier & Guillot, 2014; Parmentier et al., 2015). This
scheme does not include scattering.

Ignoring the effects of multiple scattering, the net flux, Fnet,i[Wm−2], at each level i is given
by the difference of the outgoing longwave flux, FIR↑,i, to the downwards longwave flux, FIR↓,i,
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and shortwave fluxes, FV↓,i,
Fnet,i = FIR↑,i − FIR↓,i − FV↓,i. (6.29)

Assuming hydrostatic equilibrium, the partial optical depth, ∆τi, (Parmentier & Guillot, 2014)
is given by

∆τi,b = κR,i,b(pi, Ti)∆hiρi, (6.30)

where the opacity, κR,i,b[m2kg−1], for the level i and for the band b, the height difference between
levels ∆hi and the density ρi determines the partial optical depth. We implemented a Bézier
interpolation to compute pi and Ti from the pressure and temperature at the layers of the model
from the altitude levels. We consider the atmosphere above the model grid using a ghost layer
with optical depth

∆τghost =
κR,top(ptop, Ttop)ptop

g
. (6.31)

where p[Pa] stands for the pressure and g[ms−2] for the gravity. The Rosseland mean opacity
is calculated (Parmentier et al., 2015) as

1
κR

≡
∫ ∞

0
1

κλ

dBλ
dT dλ∫ ∞

0
dBλ
dT dλ

, (6.32)

where κλ[m2g−1] is the wavelength dependent opacity and dB − λ/dT the temperature deriva-
tive of the Planck function. In order to quantify the non-greyness of the atmosphere, κi,b is
computed for each level as well as for each V and IR band through the relation

κP,i,b ≡ γbκR,i,b(pi, Ti), (6.33)

where γb is the opacity ratio coefficient (Parmentier & Guillot, 2014; Parmentier et al., 2015) for
each band, b, and κR(pi, Ti)[m2kg−1] the Rosseland mean opacity for each band b. Adding the
opacity ratio coefficient to the Equations 6.30 and 6.31, the equations become

∆τi,b = γbκR,i,b(pi, Ti)∆hiρi, (6.34a)

∆τghost =
γbκR,top,b(ptop, Ttop)ptop

g
, (6.34b)

where γb = 1 accounts for a grey atmosphere and γb > 1 for a non-grey atmosphere in the
band b (King, 1956). Applying the formation definition in Equation 6.32, the Rosseland mean
opacity is computed from fitting function and tables in Freedman et al. (2014).

The Rosseland mean opacity is calculated from the pressure and temperature in a given
layer as (Parmentier & Guillot, 2014; Parmentier et al., 2015)

κR(pi, Ti) =
(10κlow p + 10κhigh p)

10
, (6.35)

where κlow p[m2kg−1] is the low pressure expression and κhigh p[m2kg−1] the high pressure ex-
pression. The model computes κlow p as

κlow p = c1 · arctan
(

log10(T)− c2

)
− c3

log10(p · 10) + c4
·

exp

((
log10(T)− c5

)2
)
+ c6 · met + c7,

(6.36)
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TABLE 6.1: Coefficients for the fit Parmentier and Guillot (2014) to the table of
Freedman et al. (2014).

c1 = 10.602
c2 = 2.882
c3 = 6.09−15

c4 = 2.954
c5 = −2.526
c6 = 0.843
c7 = −5.490
T ≤ 800K T>800K
c8 = −14.051 c8 = 82.241
c9 = 3.055 c9 = −55.456
c10 = 0.024 c10 = 8.754
c11 = 1.877 c11 = 0.7048
c12 = −0.445 c12 = −0.0414
c13 = 0.8321 c13 = 0.8321

where met is the stellar metalicity [Fe/H] and the cs are coefficients for the fit to the table of
Freedman et al. (2014) (see table 6.1). κhigh p is computed as

κhigh p = c8 + c9 · log10(T) + c10 · log10(T)
2 + log10(p · 10)·(

c11 + c12 · log10(T)
)
+ c13 · met·(

0.5 +
1
π

arctan
(

5 · (log10(T)− 2.5
))

.

(6.37)

The γb in equation 6.33 gets calculated for each b band. For the visual bands, γV is described
by (Parmentier & Guillot, 2014; Parmentier et al., 2015) as

γV = 10aV+bV ·log 10(Te f f ), (6.38)

where aV and bV are coefficients of the analytical model (see Parmentier and Guillot (2014) and
tables 6.2 and 6.3).

The γb for the IR bands is defined for γIR1 and γIR2 as

γIR1 = β IR1 + (1 − β IR1)R, (6.39a)

γIR2 =
β IR1

R
+ 1 − β IR1, (6.39b)

where R is defined as

R = 1 +
γP − 1

2 · β IR1 · β IR2
+

√(
γP − 1

2 · β IR1 · β IR2

)2

+
γP − 1

2 · β IR1 · β IR2
. (6.40)

We compute γP as

γP = 10

(
aP∗log 10

(
Te f f

)2
+bP∗log 10

(
Te f f

)
+cP

)
, (6.41)

where aP and bP are coefficients of the analytical model (see Parmentier and Guillot (2014) and
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Parmentier et al. (2015) and tables 6.2 and 6.3). The fractions of the visual bands, βV , are set to
1/3. The following equations describe the fractions of the 2 IR bands as

β IR1 = aβ + bβ · log 10
(
Te f f

)
, (6.42a)

β IR2 = 1 − β IR1, (6.42b)

where aβ and bβ are coefficients of the analytical model (see Parmentier and Guillot (2014) and
tables 6.2 and 6.3).

The γb, β, and the Bond albedo ,AB, depend on the effective temperature, Teff[K]. Therefore,
Teff[K] is computed in advance according to Parmentier et al. (2015) for each column as

Teff =
4
√

T4
int + (1 − AB)µ⋆T4

irr, (6.43)

where Tint[K] is the internal temperature, µ⋆ = cos ϕ cos ϕ the cosine angle from the sub-stellar
point, AB the Bond albedo and Tirr the irradiation temperature at the substellar point. Equation
6.43 simplifies to Teff = Tint for nightside profiles. We use the fit of Parmentier et al. (2015) to
the Bond albedo, AB, which depends on g, the gravity, and Teff.

The RT scheme operates for each column as follows:

1. Computation of the Bond albedo according to Parmentier et al. (2015), with Teff assuming
µ⋆ = 1/

√
3.

2. Computation of all γb and β with Teff calculated according to Equation 6.43 for each col-
umn and according to the fitting coefficient tables in Parmentier et al. (2015) and defini-
tions in Parmentier and Guillot (2014).

3. Compute the IR band Rosseland mean opacity, κR(pi, Ti), in each layer from the fits and
tables of Freedman et al. (2014).

4. Compute the V band opacities in each layer using the γb and κR relationships as in the
Equation 6.33 .

5. Compute the IR band opacities in each layer using the γb and κR relationships as in the
Equations 6.33.

6. Compute the optical depth as in the Equation 6.34b.

7. Compute the two-stream calculations for each V and IR band.

Shortwave radiation

For the stellar flux at the top of the atmosphere, F0 [Wm−2], is given by the irradiation temper-
ature, Tirr[K], (Guillot, 2010) as

F0 = σT4
irr =

(
R⋆

a

)2

σT4
⋆ , (6.44)

where σ[Wm−2K−4] is the Stefan-Bolzmann constant, R⋆[m] the stellar radius, a[m] the semi-
major axis and T⋆[K] the effective temperature of the star.

The downward shortwave flux at each layer i is summed over the short-wave bands with
the optical depth to layer i, τi,b

FV↓,i = (1 − AB)F0µ⋆

Nb

∑
b=1

βV,i exp

(
− τi,b

µ⋆

)
, (6.45)
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where Nb stays for the number of V bands (3 in this study), and βV,i the fraction of stellar flux
in band b (1/3 in this study).

Longwave radiation

We implement a two-stream solution using the short characteristic method with linear inter-
polants introduced by Olson and Kunasz (1987). The downward intensity, the intensity of the
ghost layer, the upward intensity and the upward intensity at the bottom IIR,g,i[Wm−2sr−1], at
levels i and in IR bands for a Gaussian quadrature g point are given by

I↓,IR,g,i = (ϵ0i − 1)I↓,IR,g,i+1 + α−
i Bi+1,IR + β−

i Bi,IR, (6.46a)

I↓,IR,g,ghost = [1 − exp (τIR,top)/µg]Btop−1, (6.46b)

I↑,IR,g,i = (ϵ0i − 1)I↑,IR,g,i−1 + β+
i Bi,IR + γ+

i Bi−1,IR, (6.46c)

I↑,IR,g,bottom = Bint + I↓,IR,g,bottom, (6.46d)

where

ϵ0i = 1 − exp(−∆τIR,i/µg), (6.47a)
ϵ1i = ∆τIR,i/µg − 1 + exp(−∆τIR,i/µg) = ∆τIR,i/µg − ϵ0i, (6.47b)

with the coefficients for linear interpolation

α−
i = ϵ0i − ϵ1i/∆τIR,i, (6.48a)

β−
i = ϵ1i/∆τIR,i, (6.48b)

γ−
i = 0, (6.48c)

α+
i = 0, (6.48d)

β+
i = ϵ1i/∆τIR,i, (6.48e)

γ+
i = ϵ0i − ϵ1i/∆τIR,i, (6.48f)

and for optical depth lower than 10−6 the coefficients are set to

α−
i = 0.5 · ϵ0i(BIR,i+1 + BIR,i)/BIR,i+1, (6.49a)

β−
i = 0, (6.49b)

γ−
i = 0, (6.49c)

α+
i = 0, (6.49d)

β+
i = 0.5 · ϵ0i(BIR,i + Bi−1,b)/BIR,i, (6.49e)

γ+
i = 0, (6.49f)

which reduces to the isothermal approximation to avoid numerical instability. µg is the emis-
sion angle, and BIR,i[Wm−2sr−1] the wave-length integrated blackbody intensity defined as

BIR,i = β IRBi = β IRσT4
i /π, (6.50)

where β IR,b is the fraction of flux in band b. This forces the RT scheme to return to the isothermal
approximation at low optical depths where numerical stability would be an issue. The upward
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and downward longwave fluxes FIR,i[Wm−2] are given by

FIR↓,i = 2π
NIR

∑
b

Ng

∑
g

wgµg I↓,IR,g,i (6.51a)

FIR↑,i = 2π
2

∑
IR

5

∑
g

wgµg I↑,IR,g,i, (6.51b)

where NIR is the number of IR bands (here 2), Ng the number of Gauss quadrature points (here
2) and wg the quadrature weight.

6.2.3 Altitude setup

The THOR GCM uses an altitude grid to compute the hydrodynamics. Strong temperature
gradients pose a problem in the simulations with a low vertical resolution. Instead of increasing
vertical resolution, which would increase numerical cost, we instead alter the relative thickness
of the atmosphere layers. Where the temperature gradient remains relatively constant (e.g.
deeper atmosphere), a higher thickness can be tolerated. Therefore, we create a function, which
increases the vertical resolution at a chosen relative height, hrel . We define the altitude at the
levels (interfaces), hlev [m], and the for altitude at the layers, hlay [m], at the very start for the
entire run as

hlev(i) = z(i)htop, (6.52a)
hlay(i) = [hlev(i) + hlev(i + 1)]/2, (6.52b)

where i stands for the height index, htop [m] is the chosen top altitude of the model, and z(i)
gives the relative height and was defined by

y(i) = a(i − c)3 + b(i − d)2, (6.53a)

z(i) =
y(i) + y(0)

y(Nlev − 1) + y(0)
, (6.53b)

where c and d are parameterized as

c =
hrel(Nlev − 1)

2
+

b
3a

+
(Nlev − 1)

4
, (6.54a)

d =
1
2

, (6.54b)

where a and b are parameters which can be chosen. In this study, we set hrel = 0.7, a = 1 and
b = 6 for our simulations. Figure 6.1 illustrates the different heights of the levels in the new
setting compared the standard setting. The new scheme aims to have a slightly smother T-p
profiles where temperature gradients are large like at pressures p < 105 Pa.

6.2.4 Initial condition setup

We assume an initial T-p profile given by the picket-fence analytical solution at the substellar
point. We implemented the suggestion of Sainsbury-Martinez et al. (2019) aiming for a hot
adiabatic profile for the deep atmosphere of hot Jupiters. Furthermore, a hotter T-p profile
can quickly cool down towards a realistic adiabatic gradient compared to a warming up from
colder temperatures. The internal temperature, Tint[K], was calculated in advance, using the
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FIGURE 6.1: Distribution of the cumulative heights of the levels in the new vary-
ing height setting compared to the standard setting with constant level heights.

expression of Thorngren et al. (2019). A pressure grid with 1′000 grid points is generated by

p(x) = pre f e−
20(x)
103 , (6.55)

where pre f is the reference pressure. The opacity at the layer i is defined as

τi = τi+1 + κ(pi+1, Ti+1)(pi − pi+1)/g. (6.56)

The scheme of the initial conditions operates as follows:

1. Computation of the Bond albedo according to Parmentier et al. (2015), with Teff assuming
µ⋆ = 1/

√
3.

2. Initialise a 1D pressure grid to create an initial T-p profile.

3. Computation of all γb, γp and β with Teff calculated according to Equation 6.43 for each
column and according to the fitting coefficient tables in Parmentier et al. (2015) and defi-
nitions in Parmentier and Guillot (2014).

4. Compute the IR band Rosseland mean opacity, κR(pi, Ti), in each layer from the fits and
tables of Freedman et al. (2014).

5. Compute the temperature (T-p profile) on the 1D pressure grid from the top to the bottom
of the atmosphere with a first guess followed by a convergence loop.

6. Compute the adiabatic correction of the initial T-p profile on the 1D pressure grid accord-
ing to Parmentier et al. (2015).
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7. Compute an initial altitude grid in addition to the T-p profile with the hydrostatic equa-
tion in the bottom up approach.

8. Interpolate the temperature structure for the altitude grid with the temperature structure
of the initial pressure grid.

9. Adjust the temperature structure of the altitude grid with the hydrostatic equation and
the reference pressure from bottom up.

6.3 Test cases

For investigating the differences between the NHD and QHD equation sets, we run simulations
across a parameter grid. In the JWST mission, WASP-43b was among the first exoplanets to be
observed with the MIRI/LRS instrument (Bean et al., 2018; Venot et al., 2020) and many more
exoplanets will follow in the coming years. Therefore, we used WASP-43b as role model planet
and altered only the parameters for the rotation rate Ω, g and Teff. The Teff in the Equation 6.43
was changed in the way that the Tirr reaches our targeted values. Additionally, we analyse the
effects rising from altering Ω, g and Teff in regard to the differing terms Dvr

Dt , Fr and Ar in the
NHD and QHD case. Due to the lack of computational resources, we performed simulations
across 9 parameter sets. Figure 6.2 illustrates the grid values with the altering Ω, g and Teff one
by one. Table 6.4 lists the other parameters for the simulations. For the divergence-damping
and hyperdiffusion coefficients, we follow the suggestions by Hammond and Abbot (2022).
The simulations are computed over 5′100 days. We take the mean of the last 10 outputs cover-
ing 100 days. Each pair of NHD-QHD simulations share the same altitude grid. To compare the
18 simulations, the outputs are interpolated and extrapolated to pressures ranging from 108 Pa
to 103 Pa. For the first 100 days, Ddiv and Dhyp,v was increased by a factor of 10 to damp waves
caused by initial instabilities.

In our results, we compare and contrast the NHD and QHD T-p profiles, maps showing the
temperature and horizontal wind velocity at 104 Pa, mean zonal wind, vertical and horizontal
momenta-pressure profiles, Outgoing Longwave Radiation (OLR), OLR phase curve, radia-
tive and zonal wind timescales. Additionally, we generate further composites with NHD and
QHD equation sets which we present in the Appendix A; temperature, horizontal and vertical
wind at 104 Pa, the streamfunction Ψ, the tidally-locked streamfunction Ψ′, the components of
the Helmholtz decomposition, vertical and horizontal density acceleration and the sign of the
vtan(Φ)

10w − 1 for quality assessment (like in Mayne et al., 2019). The vertical and horizontal (zonal)
density acceleration is computed as in Hammond et al. (2020) and Hammond and Lewis (2021).
In the discussion, we classify the results into climate states based on the simulations with the
NHD case and relate the results to the literature. Furthermore, we computed (large-scale flow)
characteristic quantities and scales including the scale height H, Rossby number Ro, Rossby
deformation radius LD, Rhines scale and the Brunt–Väisälä frequency N. We relate these char-
acteristic values to climate states in the discussion. The section 5.2, 5.3, 5.4 and 5.5, 5.6 and
5.7 of the Chapter 5 describe how the tidally-locked coordinates and wind, the streamfunction
Ψ, the tidally-locked streamfunction Ψ′, Helmholtz decomposition, the OLR phase curve, the
radiative and zonal timescales and the large-scale flow quantities and scales are calculated.
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FIGURE 6.2: Grid of simulated exoplanetary parameters compared to the known
exoplanets organized by host star type (retrieved on the 22.11.2021 from the en-
tries with sufficient information in the NASA exoplanet archive Institute, 2020).
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6.4 Results

6.4.1 Altering rotation rate

Figure 6.3 shows T-p profiles (vertical temperature-pressure profiles) for the NHD and QHD
equation sets with g = 10 ms−2, Tirr = 2′000 K and altering Ω. Looking at the differences be-
tween the NHD and QHD equation sets at the slow rotation rate, the regions around the eastern
terminator and antistellar point reach much lower temperatures in the NHD case at pressures
< 50′000 Pa. In contrast, the areas around the poles and western terminator are warmer in the
NHD case. At the fast rotation rate, the temperature differences between the NHD and QHD
cases increase by two times in many regions. The temperatures at antistellar point, eastern ter-
minator and at the western terminator differ more than 1′000 K, 800 K and 450 K at pressures
< 105 Pa. In general, the differences in temperatures diminish at higher pressures. In the lower
atmosphere, the high rotation rate produces larger temperature differences. At the low rotation
rate, temperature differences almost vanish in the deep atmosphere.

Figure 6.4 shows the temperature and horizontal wind at 104 Pa for the NHD and QHD
equation sets with g = 10 ms−2, Tirr = 2′000 K and altering Ω. The NHD case shows a hotspot
shift to the east at low Ω. Increasing Ω leads to smaller hotspot shifts to the east. The QHD
case leads to the opposite effect with a larger shift to the east with higher Ω. Regarding the
horizontal wind, we see strong divergence at the substellar point at low Ω in the NHD case.
Higher Ω cause more deflection by Coriolis forces. Furthermore, jets have evolved at high
latitudes on the eastern hemisphere, while a retrograde equatorial jet occurs on the western
hemisphere. The QHD case has evolved a large jet spanning from pole to pole at low and
high Ω, but a different wind field at moderate Ω interestingly. The wind field at moderate Ω
looks similar to the NHD case, but varies at different pressures. The different wind field to the
NHD case leads to different advection at low and high Ω. Therefore, the NHD case has lower
temperatures at the nightside and higher temperatures at the poles than the QHD case.

Figure 6.5 shows the zonal mean wind for the NHD and QHD equation sets with g =
10 ms−2, Tirr = 2′000 K and altering Ω. We see a 3 prograde jet system at all Ω in the NHD
case and at some Ω in the QHD case. The QHD case seems to be in transition to a 2 prograde
jet system with superrotation at low Ω. We ignore the very top layers because they might be
affected by extrapolation and boundary conditions in some simulations. The QHD case has
much higher horizontal wind speeds which increase with Ω, except for the moderate Ω. There
is a deep retrograde jet at low Ω in both cases, but more pronounced in the NHD case. The
height of the westerlies decreases the faster the rotation rate gets in the NHD case at pressure
p < 106 Pa (in the upper atmosphere) as observed in Showman et al. (2015).

Figure 6.6 shows the zonal momenta [kg/m3m/s] along vertical profiles at each grid point
for NHD and QHD equation set with g = 10 ms−2, Tirr = 2′000 K and altering Ω (without the
deep atmosphere). Throughout all profiles and simulation cases, the range of the momenta get
smaller with higher altitude mainly due to decreasing density. The QHD case would follow the
same trend at pressure p < 106 Pa, if the simulation of the moderate rotation rate did not resem-
ble the NHD case. In the NHD case at the poles, the zonal momenta changes from a divergent
to a more zonal field of momenta (see divergent component of the Helmholtz decomopostion
in the appendix A). The balance between eastward acceleration and vertical advection of west-
ward momentum (Showman & Polvani, 2011) favour westward winds above major westerly
jet at lower latitudes in the upper atmosphere at higher rotation rates. The QHD simulations
show two regime changes at pressure p < 105 Pa with increasing rotation rate; At high ro-
tation rates, high positive momenta dominates at pressure p < 107 Pa and the flow pattern
varies qualitatively to the NHD simulations. Interestingly, the flow pattern in the QHD case is
qualitatively much more similar to that of the NHD case at moderate rotation rate at pressure
p < 105 Pa (in the upper atmosphere). But in the deep atmosphere (at pressure p > 105 Pa, the
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FIGURE 6.3: T-p profiles of covering entire planet for the NHD and QHD equa-
tion sets with g = 10 ms−2, Tirr = 2′000 K and with altering Ω. The coloured lines
indicate T-p profiles along the equator and its coordinates by the colourbar. The
dotted black thin line shows T-p profiles at the latitudes 87°N and 87°S. The bold
coloured lines represent T-p profiles at the western, eastern terminators, sub- and

antistellar point. The grey lines represents all the other T-p profiles.
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FIGURE 6.4: Temperature and wind speed at 104 Pa for the the NHD and QHD
equation sets with g = 10 ms−2, Tirr = 2′000 K and with altering Ω.
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