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Abstract

We study the effects of a finite cubic volume with twisted boundary conditions on pseu-
doscalar mesons. We apply Chiral Perturbation Theory in the p-regime and introduce the
twist by means of a constant vector field. The corrections of masses, decay constants,
pseudoscalar coupling constants and form factors are calculated at next-to-leading order.
We detail the derivations and compare with results available in the literature. In some
case there is disagreement due to a different treatment of new extra terms generated from
the breaking of the cubic invariance. We advocate to treat such terms as renormalization
terms of the twisting angles and reabsorb them in the on-shell conditions. We confirm that
the corrections of masses, decay constants, pseudoscalar coupling constants are related by
means of chiral Ward identities. Furthermore, we show that the matrix elements of the
scalar (resp. vector) form factor satisfies the Feynman—Hellman Theorem (resp. the Ward—
Takahashi identity). To show the Ward—Takahashi identity we construct an effective field
theory for charged pions which is invariant under electromagnetic gauge transformations
and which reproduces the results obtained with Chiral Perturbation Theory at a vanish-
ing momentum transfer. This generalizes considerations previously published for periodic
boundary conditions to twisted boundary conditions.

Another method to estimate the corrections in finite volume are asymptotic formulae.
Asymptotic formulae were introduced by Liischer and relate the corrections of a given
physical quantity to an integral of a specific amplitude, evaluated in infinite volume. Here,
we revise the original derivation of Liischer and generalize it to finite volume with twisted
boundary conditions. In some cases, the derivation involves complications due to extra
terms generated from the breaking of the cubic invariance. We isolate such terms and
treat them as renormalization terms just as done before. In that way, we derive asymp-
totic formulae for masses, decay constants, pseudoscalar coupling constants and scalar
form factors. At the same time, we derive also asymptotic formulae for renormalization
terms. We apply all these formulae in combination with Chiral Perturbation Theory and
estimate the corrections beyond next-to-leading order. We show that asymptotic formu-
lae for masses, decay constants, pseudoscalar coupling constants are related by means of
chiral Ward identities. A similar relation connects in an independent way asymptotic for-
mulae for renormalization terms. We check these relations for charged pions through a
direct calculation. To conclude, a numerical analysis quantifies the importance of finite
volume corrections at next-to-leading order and beyond. We perform a generic analysis
and illustrate two possible applications to real simulations.
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Introduction

General Overview

As far as we know, there are four fundamental interactions in nature: gravitational, weak,
electromagnetic and strong interactions. Their ranges of action and their strengths are
remarkably different, as one can see from Tab. 1. The gravitational interaction (or gravita-
tion) is essential for the existence of galaxies, planetary systems, stars (and for our everyday
life) but at subatomic distances is so feeble that can be neglected. The weak interaction
plays a fundamental role in many subatomic processes as e.g. the S-decay of the neutron.
The electromagnetic interaction (or electromagnetism) appears in all phenomena involving
electric charges or radiation of the frequency comprised between radio waves and gamma
rays. The strong interaction holds together protons and neutrons within the nucleii of
atoms and is the strongest interaction at the distance of 1 fm.

The strong interaction is also responsible for the formation of hadrons. Hadrons are
bound states formed by quarks and gluons (fundamental particles of unknown substructure)
and are classified in two groups: baryons and mesons. In the simplest description, baryons
are triplets of quarks bound together via gluon exchanges whereas mesons are quark-
antiquark pairs. The best known baryons are the proton p and the neutron n which are
commonly referred to as nucleons, N'= {p,n}. Mesons are less familiar: the best known
are pions, kaons and eta which are all members of the subgroup of pseudoscalar mesons.
In this work, we study the lightest pseudoscalar mesons and the effects on their physical
properties of a finite volume. Apart from being an interesting subject on its own, the

Table 1: The four fundamental interactions, their ranges of action and their relative strengths at
the distance of one femtometre, i.e. 1fm = 1071 m. Note that gravitational and electromagnetic
interactions have an infinite range of action and may act at all distances.

Interaction Range Relative strength
[fm]

Gravitational 00 10738

Weak 100 1076

Electromagnetic 00 1072

Strong 1 1




2 General Overview

study of finite volume effects is mainly motivated by a specific research area of Theoretical
Particle Physics, namely Lattice QCD. This area has greatly progressed in the last few
years and in the future, will allow one to solve Quantum Chromodynamics completely
from first principles.

Over the years, Quantum Chromodynamics (or QCD) has been established as the fun-
damental theory describing the strong interaction. It was formulated during 1970es as a
relativistic quantum field theory relying on Quantum Mechanics and Special Relativity.
Since then, it has been precisely tested, becoming a part of the successful Standard Model
of Particle Physics. However, QCD still poses some theoretical challenges. At high ener-
gies, the theory is worked out with the standard approach used in quantum field theories:
perturbation theory. The coupling constant serves as an expansion parameter and physical
observables are expanded in its powers. As long as the coupling constant is small, the
expansion converges and the results of physical observables can be compared with exper-
imental measurements. This provides precise tests on the validity of the theory. At low
energies, the coupling constant is however not small. The terms of the expansion, instead
of becoming smaller, get bigger and bigger leading to divergent expressions. In that case,
standard perturbation theory fails and alternative methods must be applied in order to
solve the theory.

Already in Ref. [1] Wilson proposed an alternative approach, known as Lattice QCD.
He discretized the space-time and formulated QCD on a 4-dimensional lattice. The lattice
acts twofold. On one hand, it serves as a regulator, rendering the theory finite. On the
other hand, it enables calculations of physical observables through numerical simulations.
Lattice QCD is so simulated on computers and solved with the help of Monte Carlo tech-
niques. It turns out that such task is challenging even for the powerful computers of the
last generation. Firstly, because Monte Carlo techniques rely on sophisticated algorithms
that often, do not succeed to simulate the light quarks at their physical masses. Secondly,
because the computational power needed to solve the theory grows rapidly as the lattice
approaches a continuum space-time of infinite extent. In practice, most of the simulations
are performed with light-quark masses larger than in nature (rm > mP%*) on cubic lattices
with a coarse site spacing (a > 0) and a finite extent (L < 00). To give a rough estimate,
present-day simulations feature: m ~ 10 20 MeV, a =~ 0.05 0.1 fm and L =~ 2 4 fm, see
Ref. [2]. Hence, to compare the results of such simulations with real experiments one has
to take three extrapolations: m — mP™$, @ — 0 and L — oco. These extrapolations are by
no means straightforward and must be guided in some way.

Another method to treat QCD at low energies are effective field theories. This method
is rather old: first simplest applications are due to Fermi, Euler and Heisenberg around
mid-1930s, see Ref. [3—7]. The rigorous mathematical formulation came solely 40 years later
with the decoupling Theorem of Appelquist—Carazzone [8] and the Weinberg Theorem [9].
Towards mid-1980s Gasser and Leutwyler applied the method to QCD and relying on a
few general principles, they constructed an effective field theory for pions [10] which was
extended to other pseudoscalar mesons in Ref. [11]. This effective theory is mainly based
on an approximate symmetry of QCD (the so-called chiral symmetry) and is named after
that as Chiral Perturbation Theory.
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Chiral Perturbation Theory (ChPT) is the low-energy effective field theory of QCD. It
approximates QCD at low energies where “low” means under the scale A, ~ 1 GeV. Below
this scale, ChPT is mathematically equivalent to QCD and allows one to perform perturba-
tive calculations. Physical observables are expanded in powers of small external momenta
and light-quark masses according to an expansion which is known as chiral expansion.
The chiral expansion is formally different from the expansion of standard perturbation
theory. In particular, it involves low-energy constants that are not determined by the ef-
fective theory itself and must be determined in other ways. Already in Ref. [10,11] Gasser
and Leutwyler determined about twenty of them, comparing theoretical results with the
phenomenology of the strong interaction. Since then, many calculations have been done
in ChPT and many extensions for its theoretical framework have been proposed, see e.g.
Ref. [12-18]. The picture that emerges 30 years later, is a substantial success of this
effective field theory.

Nowadays, Lattice QCD and ChPT are mature research areas of Theoretical Particle
Physics. It is not uncommon that they are combined together to provide a joined analysis.
Specifically, Lattice QCD can pin down the low-energy constants of the chiral expansion and
in turn, ChPT can guide the extrapolations of numerical simulations. In this respect, the
present work deals with the infinite volume extrapolation (L — oo). Herein, we study finite
volume effects and determine the L-dependence of various physical observables applying
ChPT in finite volume. Knowing the algebraic form of the L-dependence is essential to
extrapolate the results of numerical simulations. In Ref. [19-21] Gasser and Leutwyler
first showed how to apply ChPT in finite volume. They proved that if the volume is large
enough, the theory enters the so-called p-regime and only a few modifications must be
taken into account, see Ref. [21]. Physical observables are calculated in a similar way as in
infinite volume and their results are shifted by additional finite volume corrections. These
corrections are L-dependent and decay exponentially as the volume gets large. In the limit
L — oo, finite volume corrections disappear and the results of physical observables return
as in infinite volume.

The physical origin of finite volume corrections lies in the vacuum polarization. Each
real particle is surrounded by a cloud of virtual ones that polarizes the vacuum. In general,
virtual particles can propagate up to distances of the extent of their Compton wavelength.
If the system is enclosed in a finite volume, the cloud of virtual particles is squeezed and
there is a probability that during their propagation, virtual particles encounter the bound-
aries and wind around the volume, before they are reabsorbed by the real particle. This
winding generates the finite volume corrections and makes physical observables dependent
on L.

In Ref. [22] Liischer introduced another method to estimate finite volume corrections.
He derived an asymptotic formula relating mass corrections to an integral of a specific scat-
tering amplitude, evaluated in infinite volume. A detailed derivation was then presented
in Ref. [23] where Liischer succeeded to generalize the proof to all orders in perturbation
theory by means of Abstract Graph Theory. Successively, the formula was widely ap-
plied in combination with ChPT [24-30] and extended to other quantities such as decay
constants [31,32] and pseudoscalar coupling constants [31]. In these applications, ChPT
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provided oneself with the analytic representation for the amplitudes entering the integrands
of asymptotic formulae. Knowning such representation at a given order, it is then possible
to numerically estimate the corrections at one order higher. This is a very convenient
aspect of asymptotic formulae as they automatically push the estimation of corrections to
higher orders.

In this work, we study finite volume effects by means of ChPT and asymptotic formulae.
We consider finite cubic volumes with twisted boundary conditions [33-36] which are a
generalization of the periodic ones. Twisted boundary conditions are usually imposed in
lattice simulations to introduce continuous momenta that were otherwise not allowed by
the periodic ones. In this way, it is possible to extract specific physical quantities which
are defined from continuous limits such as e.g. square radii or curvatures of form factors.
Note that results obtained with twisted boundary conditions can be always reduced to the
case with the periodic ones just by setting the twist equal to zero.

Structure of the Work

In Chapter 1 we present ChPT. We first outline the method of effective field theories: we
summarize its general principles and sketch the construction of effective theories in practice.
Then, we apply the effective method to QCD at low energies. We give a short introduction
on QCD highlighting its symmetry properties and construct the effective chiral Lagrangian
of ChPT. The chapter ends with four applications of ChPT: we calculate masses, decay
constants, pseudoscalar coupling constants and form factors at NLO in the chiral expansion.

In Chapter 2 we study ChPT in finite volume. We give an overview of finite volume
effects and introduce twisted boundary conditions. Then, we calculate finite volume cor-
rections at NLO. We start with the corrections of masses and decay constants for which
we detail the derivations of pions (corrections of other pseudoscalar mesons can be analo-
gously derived). We compare the expressions with the results of Ref. [36,37] and outline
the main differences with Ref. [38]. From these expressions, we calculate the corrections
of pseudoscalar coupling constants by means of chiral Ward identities [10,11]. We check
with the results obtained through the direct calculation [38] and confirm that they are
in agreement. Successively, we calculate the corrections of the matrix elements of pion
form factors. We compare the expressions with Ref. [37,38] and show that in this case,
the Feynman-Hellman Theorem [39,40] and the Ward-Takahashi identity [41-43] hold in
finite volume with twisted boundary conditions.

Chapter 3 begins with an overview of asymptotic formulae. We outline the method
and recall the asymptotic formulae of pseudoscalar mesons valid in finite volume with
periodic boundary conditions. Then, we revise the original derivation of Liischer [23] and
generalize it to twisted boundary conditions. We derive asymptotic formulae for masses,
decay constants, pseudoscalar coupling constants and scalar form factors. The formulae for
scalar form factors are derived relying on the Feynman—Hellman Theorem [39,40] and are
then valid at vanishing momentum. Furthermore, we show that the asymptotic formulae
for masses, decay constants, pseudoscalar coupling constants are related by means of chiral
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Ward identities. We check these relations for charged pions through a direct calculation
combining results of ChPT with asymptotic formulae.

In Chapter 4 we apply asymptotic formulae in combination with ChPT. To express
the amplitudes entering the formulae, we take the chiral representation at one loop from
Ref. [10,44-48]. We work out this representation for the kinematics needed in the asymp-
totic formulae and expand them beyond NLO. The results are presented in terms of inte-
grals in a similar way as Ref. [32].

Chapter 5 summarizes the numerical analysis. We first discuss the numerical set-up and
perform a generic analysis. The corrections are evaluated numerically at NLO using the
expressions obtained with ChPT in Chapter 2 and then, estimated beyond NLO using the
asymptotic formulae of Chapter 4. Results are presented by means of graphs representing
the dependences on the pion mass and on the twisting angles. Successively, we illustrate
two possible numerical applications to real simulations. We take lattice data from two
collaborations [49-51] and estimate finite volume corrections at NLO and beyond NLO.

The Appendices contain further details on analytical aspects. Appendix A is a list
of results that may be useful for the evaluation of loop diagrams in finite volume. In
Appendix B we study the (electromagnetic) gauge symmetry in finite volume. We first
construct an effective theory for charged pions which is invariant under gauge transfor-
mations and which reproduces results obtained with ChPT in Chapter 2. As the gauge
symmetry is here preserved, we show that the Ward-Takahashi identity [41-43] holds in
finite volume if the momentum transfer is discrete. Such considerations were previously
presented in Ref. [52] and in this work, are generalized to the case with twisted boundary
conditions. In Appendix C we introduce some concepts of Abstract Graph Theory and
generalize the first part of the derivation of Liischer [23] to twisted boundary conditions.
At last, Appendix D contains some cumbersome expressions of the integrals presented in
Chapter 4.






Chapter 1

Chiral Perturbation Theory

1.1 Effective Field Theories

Effective field theories (EFT) are a method of a wide application in Physics. There are EFT
in many research areas: from Condensed Matter to Nuclear and Particle Physics as well
as in General Relativity, see Ref. [53-57]. Most of them are low-energy approximations:
they approximate fundamental theories at energies lower than some characteristic scale
A. Below the characteristic scale the EFT is mathematically equivalent to the underlying
fundamental theory. It provides the mathematical apparatus to expand physical quantities
in powers of p/A (or E//A) where p is an external momentum and E'is an energy. As long as
E < A the expansion converges and the results can be compared with experiments testing
the reliability of the approximation. For higher energies the expansion breaks down and
one must reformulate the EFT in order to reliably approximate the fundamental theory.

The method of EFT relies on a few general principles. These were summarized by Wein-
berg in a folk’s Theorem which was proven under specific circumstances by Leutwyler [58]
as well as D’Hoker and Weinberg [59]. The Theorem states [9]: a “[...] quantum field
theory itself has no content beyond analycity, unitarity, cluster decomposition and sym-
metry”. Analycity follows from causality, i.e. after a Lorentz transformation cause and
effect cannot change their time ordering. Unitarity guarantees the probability conserva-
tion postulated by Quantum Mechanics: the theory is compatible with a description in
terms of the scattering matrix S, in which an initial state ¢ evolves in a final state f with
total probability, 3 [(f[S|i)|* = 1. The cluster decomposition principle ensures locality,
namely that there is no mutual influence for sufficiently spatially separated experimen-
tal measurements. The word symmetry summarizes the invariance of the system under
various transformations: Poincaré, charge-conjugation, parity, time reversal and internal
transformations.

In practice, the construction of EFT proceeds in the following way. For a specific energy
region (defined by the characteristic scale) one writes down the most general Lagrangian
containing the fields of active particles and including all possible terms allowed by the
symmetry of the underlying fundamental theory. Then, the perturbative expansion of the

7
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effective Lagrangian produces the most general S-matrix consistent with the principles
summarized in the Weinberg Theorem [9]. In most of the cases the effective Lagrangian
contains an infinite numbers of terms. However, as the Lagrangian is written for a specific
energy region it is possible to order the terms according to their relevance and work (within
a certain accuracy) with a finite number of them.

One can distinguish two main types of EFT relying on the transition from high energies
(i.e. E> A) to low energies (F < A), see Ref. [55].

Decoupling EFT. The fundamental theory contains fields with well separated masses,
M, < A 5 My,. Here, the characteristic scale corresponds to the mass of heavy
fields. At low energies the degrees of freedom of heavy fields are frozen. The decou-
pling Theorem [8] asserts that the heavy fields H; can be integrated out from the
theory and the effective Lagrangian depends only on light fields [;,

1
L0 Hy) — Lall) = Laci+ D 17 0000 (1)

E<A
>4 kq

The effective Lagrangian is split in renormalizable and non-renormalizable parts.
The renormalizable part £, , contains a finite number of terms constructed from
operators of light fields. The operators have dimensionality d < 4 and are poten-
tially renormalizable. The non-renormalizable part is an infinite series of operators
Oy, with an increasing dimensionality and a decreasing relevance. These operators
are multiplied by negative powers of A and their contribution is suppressed at low
energies. The coupling constants gy, are dimensionless and their values must be
determined from the fundamental theory.

Non-decoupling EFT. Owing to some phase transition the degrees of freedom at low
energies differ from those of the fundamental theory. An example of such phase
transition is a spontaneous symmetry breaking. Here, A is the charateristic scale
where the spontaneous symmetry breaking occurs and where new degrees of freedom
~the Goldstone bosons— are generated. In the presence of a mass gap in the energy
spectrum, the Goldstone bosons characterize the dynamics at low energies. The EFT
is constructed in terms of their fields and according to their symmetry properties.
As the spontaneous symmetry breaking relates processes involving different numbers
of Goldstone bosons, the effective Lagrangian contains infinitely many terms with
an arbitrary number of fields. Such Lagrangian is intrinsically non-renormalizable.
However, it is still possible to order the effective Lagrangian by means of a power
counting. As each derivative corresponds to a momentum of Fourier space, terms
with n derivatives count as O(p"/A™). The effective Lagrangian is ordered in terms
with an increasing number of derivatives and a decreasing relevance at low energies.
It turns out that at a given n there are finitely many terms O(p"/A") which can
be renormalized among themselves. Thus, the effective Lagrangian is renormalizable

order by order and provides finite results. An example of non-decoupling EFT is
Chiral Perturbation Theory (ChPT).



1.2 Quantum Chromodynamics 9

Table 1.1: Flavors q¢, masses my and electric charges Qe of quarks from Particle Data Group [2].
For light flavors the values of the isospin I as well as of its third component I3 and the values of
the strangeness quantum number S are additionally listed. Note that the masses of light flavors are
in [MeV] whereas those of heavy ones are in [GeV]. For light flavors, these values were estimated
in the MS scheme with renormalization scale jp = 2 GeV. For heavy flavors, the values of me, my
refer to the “running” masses in the same MS scheme and the value of my is a combined result
of measurements at Tevatron and LHC [63)].

(a) Light flavors. (b) Heavy flavors.
g my Q. I I3 S qr my Q.
MeV]  e] [GeV] €]
w 2397 +2 5 45 0 c 127540025 +2
d 48793 -+ 1 -4 0 b 4184003 —1
s 95+5 -+ 0 0 -1 t 173.34+0.76 +2

1.2 Quantum Chromodynamics

We give a short introduction to Quantum Chromodynamics [60,61]. We study its symmetry
properties and discuss how the strong interaction can be described at low energies. The
discussion is based on Ref. [62].

1.2.1 Gauge Invariance

Quantum Chromodynamics (QCD) is the fundamental theory underlying the strong inter-
action. It describes the dynamics of the strong interaction in terms of quarks and gluons,
fundamental particles of the Standard Model. Quarks are spin-1/2 fermions and are repre-
sented by Dirac spinors. They occur in six flavors: up, down, strange, charm, bottom and
top (in short u,d, s, ¢,b,t). Without going into details we list them in Tab. 1.1 and report
the values of their masses as well as some quantum numbers. Gluons are spin-1 bosons
and are represented by vector fields. They are massless and do not carry electric charges.
In QCD there are eight gluons which may interact among themselves.

QCD describes the strong interaction among quarks and gluons by means of gauge
invariance. Gauge invariance requires that the theory must be invariant under a continuous
group of local transformations. In QCD the continuous group is called the color group and
is represented by the set of 3 x 3 unitary matrices with unit determinant, SU(3).. The local
transformations can be parametrized in terms of eight real continuous functions 6,(x) as

U(z) = exp <—i @a(x)%) € SuU(3)., a=1,...,8. (1.2)
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Here, the repetition of the index a implies a sum'. The matrices A\, are the Gell-Mann
matrices and act in color space,

010 0 —i 0 1 0 0
AM=[100] X=[i 0 0 Aa=[0 -1 0
00 0 0 0 0 0 0 0
001 00 —i 00 0
M=[000] X=[00 0 As= 10 0 1 (1.3)
100 0 0 010
00 0 L (100
A=[00 —i] d=—[01 0
0i 0 V3\o 0 —2

According to gauge invariance the local transformations (1.2) leave the theory invariant.
This implies that the QCD Lagrangian reads
N 1
Lacp = ZQf (@i —mys)qy — 1 Guva GG (1.4)
f=1
The index f runs over the number of flavors. In ordinary QCD there are N; = 6 flavors
and the masses my are free parameters. Each quark field ¢; = ¢;(z) is a triplet in color
space and transforms under the color group as

qf,rR CJ},R
qr = | 4£.B | q},B :Z/{(Jf) qyf. (15)
qr.G C]},G

The components of the triplet represent quarks of a different color charge (red, blue, green
or R, B, ) but identical in all the rest. The adjoint field gy := quo transforms under the
color group as

a5 — qrU'(z). (1.6)
Here, 7Y is the Dirac gamma matrix with the Lorentz index y = 0 and acts in spinor space.
The covariant derivative ) := y*D,, is defined so that under the color group it transforms
in the same way as the quark field,

DFqp — U(x) (D"qy) . (1.7)

This request introduces eight gluon fields G#* = G*(x) which carry different combinations
of color charges. The gluon fields generate the interaction in the Lagrangian and transform
under the color group as

A A 1
2@ ap 20 g gt __
5 Gt — U(x) 5 GhU'(x) .

!Unless stated otherwise, we will use this convention throughout.

[0"U(z)] U (2), (1.8)
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where g is the strong coupling costant. In the first term of Lgcp, gluon fields enter through
the covariant derivative

DH =9t —ig %Gg, (1.9)

and couple to quark fields generating the interaction among quarks and gluons. The
strength of such interaction is measured by the coupling constant g. Since g is equal for
all f =1,..., Nf gluon fields couple to quark fields independently of the flavor.

In the last term of Lqp, gluon fields enter through the field-strength tensor

GH = "G — 8 G" + g fupe GLGY. (1.10)

Here, fu. are the structure constants of SU(3).. The tensor transforms under the color

group as

%Gﬁ” — U(7) %GZ”Z/{T(J:). (1.11)

The term —iGW@Gg” is the simplest one that can be constructed with just gluon fields
and in the respect of gauge invariance. It incorporates kinetic and self-interaction terms
of gluons. The kinetic terms consist of monomials with exactly two derivatives of G*.
Self-interaction terms contain either two gluon fields and a derivative of G* (describing
a self interaction among three gluons) or four gluon fields (describing a four-gluon inter-
action). Note that there is no mass term for G*. This is excluded by construction as it
would explicitly break the gauge invariance in Lqoop. For that reason, gluons are assumed
massless.

QCD features asymptotic freedom [64-69]. This property refers to the dependence of
the coupling constant on the energy (or momentum) transfer among interacting particles.
In QCD the coupling constant decreases when the energy gets higher. In the asymptotic
limit of extreme high energies the coupling constant is so small that quarks and gluons
behave as if they were free. Still, nobody has ever directly observed a single quark or
gluon [2]. Instead one observes a large variety of hadrons, i.e. bound states of quarks
and gluons with no color. This is supposed to be a consequence of color confinement: the
strength of the strong interaction increases with the separation distance of color charges so
that two color charges can not be singularly isolated and remain confined within hadrons
in configurations with no color. Color confinement has not been mathematically proven,
yet. It has been proven under certain circumstances in simulations of Lattice QCD [1] but
a rigourous mathematical proof still lacks [70].

Asymptotic freedom justifies the use of perturbation theory in QCD. At high energies
the coupling constant is small enough and can be used as an expansion parameter. Physical
observables are expanded in its powers and the results are compared with experimental
measurements providing precise tests for the theory, see Ref. [2]. At low energies the
situation is quite different. The coupling constant is not small enough to guarantee a
perturbative expansion. One must apply alternative methods. Relying on the Weinberg
Theorem [9] Gasser and Leutwyler have applied the method of EFT to low-energy QCD
and have formulated Chiral Perturbation Theory [10,11]. This effective theory allows one
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to perform perturbative calculations at low energies using as expansion parameters small
external momenta and small masses. In the following, we will briefly introduce the basic
concepts and the principal equations underlying ChPT.

1.2.2 Accidental Global Symmetry

The scale of 1 GeV is typical in the hadron spectrum. The lightest vector mesons {p, w,
K*, ¢} the nucleons N' = {p,n } and other light baryons —such as e.g. { A% ¥ }- have all
masses close to 1 GeV. For instance, the proton has a mass M, ~ 0.9383 GeV, as reported
by PDG [2]. In the simplest description, the proton is a bound state formed by three valence
quarks: uud. Naively, one can sum up their masses obtaining 2m,, +my ~ 0.009 GeV which
is well under 1 GeV. It is clear that the masses of valence quarks contribute to M, in a
negligible way and there must be some more complicated mechanism giving the mass to
the proton.

ChPT is formulated at energies lower than A, ~ 1 GeV. From Tab. 1.1 we observe
that quark masses encompass a wide range: from a few MeV up to hundreds of GeV.
Taking A, as the characteristic scale, we observe that three flavors (i.e. u,d, s) are lighter
than 1 GeV while the others are heavier. This is just a qualitative comparison but suffices
to give the idea that at low energies (i.e. for F < A,) the degrees of freedom of heavy
flavors are frozen. The decoupling Theorem [8] tells us that the fields of heavy flavors
can be integrated out. Hence, we just consider light flavors and set Ny = 3 in the QCD
Lagrangian. For convenience, we introduce a new notation and gather the fields of light
flavors in a vector,

u
q= (Qf)1§f§3 =14, (1.12)
s
while their masses in a matrix,
m, O 0
M=| 0 mg 0 |. (1.13)
0 0 ms,
With this notation the QCD Lagrangian can be rewritten as
Lqocp = 5%013 —qMyg,
(1.14)

. 1 »
E%OD =qilDq— ZG“"’“ GH.

The Lagrangian Lqqp describes the dynamics of the three light flavors. The kinetic
terms (as well as terms of gluon fields) are contained in EOQCD while the masses are acco-
modated in —g M ¢. The mass term —¢ M g disappears as m,, mg, ms — 0. As a first
approximation, we can set —qg M ¢ to zero since the masses m,, mg, ms are well under
1 GeV. We will reintroduce the mass term later as a small perturbation of L¢p. In the
following, we concentrate on L%CD and study its symmetry.
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The Lagrangian EOQCD describes the dynamics of three massless flavors. It exhibits
a global symmetry in flavor space. The symmetry manifests itself in two independent
subspaces defined by the chiral projections,

1 1
PL = 5(]14 — ’75) and PR = 5(14 +’)/5) (115)

Here, 14 is the 4 x 4 unit matrix and 5 = 7% = i7%y!4243. The chiral projections are

hermitian operators of spinor space and satisfy: the completeness relation (i.e. P, + Pr =
14), the ortogonality condition (Pr,Pgr = PrP;, = 0), the idempotence definition (P} = Py,
resp. P32 = Pg). They project the quark fields in two chiral components,

q¢ = Prq+ Prq = qr + qr- (1.16)

The massless Lagrangian can be rewritten as

| - 1 )
‘C%CD =qL ZZD qr +dr ZlD dr — Z G,uu,a GZ . (117)

We observe that chiral components can be transformed independently from each others,
leaving E%OD invariant. This corresponds to an invariance under the symmetry,

U(?))L X U(?))R = SU(3)L X SU(3)R X U(l)L X U(l)R, (118)
namely under the transformations,
qr = V0L qr qr — VRR

A . A _OR
VI = exp (—i @aL?a) e @ cU@B3), Vi = exp (—i @f;) e 9" c U(3)p.

(1.19)

Here, )\, are Gell-Mann matrices in flavor space and ©F, ©% 6L ©F are 18 real constant
parameters with a = 1,...,8.

By virtue of the Noether Theorem [71] the symmetry (1.18) implies the existence of 18
currents,

A A

IF =g, ~* 22 RM = gyt 22
o = Q75 AL o = ARV Ty 4R (1.20)

LM = qry*qr R" = qr"qR,

which are conserved at classical level,
oLt =0, " =0,R = 0,R" = 0. (1.21)

In this case, their charges,
@t = [ war Q= [ @

(1.22)
QLI/d?’SL’LO QR:/d3sL’RO,
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are time independent operators and correspond to the generators of the symmetry (1.18).
For convenience, we rewrite the currents as linear combinations with a definite parity

A A
ViA=Lt RE= gt 22 Al = R — LI = Gyl 2
S= L+ Ry =0 T f= R L =05 (1.23)
Vi = LF + R = qy'q AP = RF — LF = Gyysq.

The linear combinations V*, V# (resp. A¥, A*) have positive (negative) parity and trans-
form like vector (axialvector) currents. The charges can be rewritten in an analogous
way,

" "
Q= Qb+ Q= [ @G Q= Q- Q= [ dadig

(1.24)
Q" = Q" + Q" — / & gl QM= Q- QF = / & iy,

and have the same parity as the currents they originate from.
It turns out that at quantum level, the theory is affected by an anomaly, see Ref. [72-75].
The singlet axialvector current A" = gy*75q is not conserved and its divergence values

3g°

w_ 29
Oudl 2(4m)?

€pe IV GE (1.25)

Here, €,,,0 is the totally antisymmetric Levi-Civita tensor and the factor 3 corresponds to
the number of light flavors. The anomaly breaks the part of the symmetry corresponding
to the singlet axialvector current, U(1)4 = U(1)g-r. Then, the massless Lagrangian £2,qp,
is invariant under the global symmetry?

GX = SU(3)L X SU(3)R X U(l)v, (126)

with U(1)y = U(1),4+r. The part SU(3), x SU(3)g is known as chiral symmetry.

1.2.3 Explicit Symmetry Breaking

In QCD chiral symmetry arises when quark masses are zero. If we add the mass term,
—qMg=— (G Mar+qgaM q), (1.27)

we observe that the chiral components of quark fields are mixed. The QCD Lagrangian is
not invariant under the transformations (1.19) and chiral symmetry is explicitly broken.
However, the breaking is small and —q M g can be viewed as a perturbation. Hence, Lqcp
exhibits an approximate chiral symmetry at low energies.

2For completeness, we keep the part U(1)y which could be omitted for the purposes of this work.
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As chiral symmetry is approximate one can still rely on the Noether Theorem [71].
Then, the currents (1.23) provide the divergences,

)\a . Aa
0, VI =iq {M, ?} q 0,AL = zq{./\/l, 7} V5q (1.28a)
9V =0 9, A" = 2i GM e 1.28h
1% - 1% =41 q V54 + 2(47T)2 Euupa a a ( . )

Apart from 9,V* the divergences are non-zero. In general, the currents are not exactly
conserved. They are broken by quark masses. The singlet axialvector current A* is broken
by the term 2ig M~ q as well as by the anomaly. The multiplet currents A* are broken
by a non-zero anticommutator. These currents are always not conserved if the mass term
—q M q is added. In general, the multliplet vector currents V* is also broken. The commu-
tator in Eq. (1.28a) does not vanish unless m,, = mg = mg. In this case, V* is conserved
and Lqcp is invariant under the transformations

qr. — Uy qr,

A
h Uy = —i®V 2 ) € SUB)y. 1.29
an s Uy an where v exp( i0, 2) (3)v ( )

Here, ©) are eight real constant parameters. This invariance corresponds to the vector
symmetry SU(3)y = SU(3),1r. Note that the singlet vector current V# stays always
conserved. It originates from a part of the symmetry (1.26) that is not broken by ¢ M gq.
This part corresponds to U(1)y, namely to the transformations where qr, qr are rotated
by the same phase factor.

We distinguish among four cases depending on the values of quark masses, see Ref. [62].

1. If my, = myq = ms = 0, the currents V*, A# V*# are conserved. The singlet axialvector
current A* has an anomaly and is not conserved. The Lagrangian Lqcp is invariant
under G, = SU(3), x SU(3)g x U(1)y and hence, under chiral symmetry. The limit
of zero masses is called chiral limit.

2. For mutually different quark masses one can rotate the chiral components of each
flavors with the same phase factor. The Lagrangian £, is invariant under the direct

product H?c:l U(1)s. The single flavor currents uy*u, dy*d and §y*s are conserved.
Since the sum of such currents equals V#, the singlet vector current is conserved.
In turn, the charge Q" is a conserved quantity: it represents the difference of the
number of quarks and antiquarks contained in a particle. This difference is commonly
normalized to B = @V /3 and then, called baryon number. For mutually different
quark masses the currents V*, A AH are not conserved.

3. If my = my = m, # 0 the Lagrangian L, is invariant under SU(3)y x U(1)y and
hence, under the vector symmetry. The multiplet vector currents V* (as well as the
singlet vector current V*) are conserved. Axialvector currents are not conserved.
In this case, the divergence 0,A% has a particular structure: it is proportional to a
pseudoscalar bilinear form containing the matrix A,.
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4. If my, = mq # ms # 0 the Lagrangian Lqogp is invariant under SU(2)y x U(1)y.
This is case of the isospin symmetry SU(2)y where u,d can be rotated into each
others leaving the theory invariant. The u-quark represents a state with the isospin
quantum number [ = 1/2 and I3 = 1/2 while the d-quark one with I = 1/2 and
I3 = —1/2. The isospin symmetry is more exactly realized than the vector symmetry
as the difference |my — m,| is signicantly smaller than |ms; — m,| or |ms — my|, see
Tab. 1.1. The limit where m, = mg = m is called isospin limit.

1.2.4 Spontaneous Symmetry Breaking and Goldstone Bosons

From previous considerations we would expect that hadrons are approximately grouped
according to the irreducible representation of G, = SU(3);, x SU(3)g x U(1)y. Actu-
ally, U(1)y induces a grouping principle: depending on the value of the baryon number
B, hadrons are grouped in mesons (B = 0) and baryons (B = 1). If the charges Q4
are generators of G, and commute with the QCD Hamiltonian, one would expect that
each hadron state of a given parity is accompanied by a state with the opposite parity.
This parity doubling is not present in the hadron spectrum, see Fig. 1.1. Rather than
multiplets of opposite parity, hadrons are approximately grouped according to irreducible
representations of SU(3) with one definite parity, see Ref. [76]. Moreover, the pseudoscalar
mesons { 7, K, 1} have remarkably small masses. They are spinless and are approximately
grouped in an octet with a negative parity, see Tab. 1.2. These features suggest that chiral
symmetry undergoes spontaneous symmetry breaking [77-79].

Spontaneous symmetry breaking (SSB) occurs whenever the ground state of a physical
system is not fully invariant under the continuous symmetry of the theory. The symmetry
is realized but does not appear in the ground state. It is hidden. A classical example is a
ball on the top of a mexican hat. The system is rotation invariant with respect to the axis
passing through the center of the ball and the top of the hat. The ball is not stable and
will fall in a ground state within the hat brim. The fall occurs in a specific direction and
the resulting ground state is not rotation invariant.

In general, SSB occurs if the Lagrangian is invariant under a continuous group G and
the ground state is only invariant under a subgroup H C G. The group G has ng generators
and the subgroup has ny generators. The generators of the subgroup annihilate the ground
state. Each of them is associated to a massive state that is grouped in a ny-multiplet
according to the irreducible representation of H. The remaining ngg = ng — nug generators
do not annihilate the ground state. They span a coset space G/H of order ngg. The
Goldstone Theorem [81,82] asserts that each generator of the coset space is associated to a
massless, spinless state called Goldstone boson. The Goldstone bosons have the symmetry
properties of the generators of the coset space and are grouped in a ngg-multiplet. They
do not interact at rest because the strength of their interaction is proportional to their
momenta. Note that the situation changes in presence of explicit symmetry breaking. If
the breaking is small one can still rely on the Goldstone Theorem [81,82] and Goldstone
bosons acquire small masses proportional to the breaking parameter. In this case, the
ngp-multiplet is just approximate and Goldstone bosons slightly interact at rest.
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Table 1.2: Flavor contents qsGs, masses MPYs and some quantum numbers of pseudoscalar
mesons from Particle Data Group [2].

qrqy MPhe Qe I Iz S
MeV] €]
w0 =5 (uti — dd) 134.9766 + 0.0006 01 0 0
Pions Tt ud 139.57018 £ 0.00035 +1 1 +1 0
T di 139.57018 £ 0.00035 —1 1 -1 0
(Kt us 493.677 + 0.016 +1 1 +3 +1
K- St 493.677+0.016 -1 3 —3 -1
Kaons
K" ds 497.614 + 0.024 0 3 —3 +1
| K° sd 497.614 £ 0.024 0 5 +5 -1
Eta meson 7 —-(uti+dd—2s5)  547.862+ 0.018 00 0 0
15 ) 727
i A0 1/2+ 1
L - ]
1+ , ~ —
= | " Y N 1/2+ ]
% i K* 1- i
o | ]
= “;) - ]
0.5 _
o Z
K 0~
i 71|Chiral
| _||region
T 0~

B=0 B=0 B=1 B=1
S S=1 S=0 S=1

Figure 1.1: Hadron spectrum taken from [80]. Hadron states are represented depending on the
value of the baryon number B and of the strangeness quantum number S. For each hadron is
additionally displayed J¥ i.e. the value of the total angular momentum J and of the parity P.
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Let us apply these general considerations to the group G, = SU(3), x SU(3)g x U(1)y.
We assume that the subgroup H, = SU(3)y x U(1)y leaves the ground state invariant. The
generators Q' do not annihilate the ground state and span the coset space G,/H,. By
virtue of the Goldstone Theorem [81,82] each generator of the coset space is associated to a
spinless Goldstone boson which in presence of explicit symmetry breaking acquires a small
mass. The Goldstone bosons have negative parity and are grouped in an octet according
to the irreducible representation of H,. In the hadron spectrum the pseudoscalar mesons
{m, K,n} have similar properties: they are spinless, have small masses, negative parity
and are grouped in an approximate octet. Hence, {7, K,n} can be identified with the
eight Goldstone bosons arising from spontaneous breaking of SU(3), x SU(3)r x U(1)y
down to SU(3)y x U(1)y.

A series of theoretical arguments confirm that chiral symmetry undergoes such SSB.
In Ref. [83] Coleman and Witten show under reasonable assumptions that for N. — oo
where N, is the number of colors, the symmetry U(Ng)p x U(Ng)g is either exact or is
spontaneously broken down to SU(N;)y x U(1)y. The authors then exclude the first case
applying a method of 't Hooft [84] based on the anomaly of Adler, Bell, Jackiw [72,75].
In Ref. [85] Vafa and Witten show under plausible assumptions that in a vector-like gauge
theory like QCD, the vector part of chiral symmetry is not spontaneously broken. This
means that the subgroup SU(3)y x U(1)y does not break spontaneously. Furthermore,
recent simulations of Lattice QCD confirm a non-zero quark condensate in chiral limit:
(ut) = —(271 4 15 MeV)?, see Ref. [86-89]. Such result implies the existence of the mass-
less states required by the Goldstone Theorem and can only occur if chiral symmetry is
spontaneously broken [90].

One can show that there is a map from the coset space G, /H, into the vector space
of the fields of Goldstone bosons, see Ref. [62,91,92]. The map is surjective as well as
injective and allows one to express the fields of Goldstone bosons in a 3 x 3 unitary matrix,

U(z) = exp (z q);:)) . (1.30)

Here, ®(z) contains the fields of Goldstone bosons and is an hermitian matrix,

¢3 + %@3 G1— 1Py Py — iP5
D(x) = A@a(x) = | ¢1+id2 —P3+ %cbs P — 107

1+ 105 G + 17 —\/%Gbs
1.31
a0+ L V2ot V2K+ ( )
3
= Vor —nb 4 %77 V2K
_ =0 2
V2K V2K -z

The parameter Fj is the decay constant in chiral limit and is defined by the matrix elements
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of the axialvector decay of Goldstone bosons,
(0] AL () [op(p)) = i p" dupFpy ™" (1.32)

In a first approximation, Fy can be equaled to the decay constant of pions whose value is
measured experimentally [2]:

Fr=Fy[1+0(m)] = (92.240.01) MeV. (1.33)

However, keep in mind that Fj is a parameter of the strong interaction since pions do not
decay in QCD (nor in massless QCD) until one accounts for the weak interaction. From
the matrix elements (1.32) we can see that Goldstone bosons are indeed massless states.
Deriving both sides of the equation, we obtain

8, (0] A%(x) |9n(p)) = p° GupFo ™. (1.34)

As the multiplet axialvector currents are conserved in chiral limit, the left-hand side of the
equation vanishes. This implies that the momentum square p? on the right-hand side must
also vanish and that |¢,) are massless states, as expected for Goldstone bosons.

We return to the unitary matrix (1.30) and to the bijective map from G, /H, into the
vector space of the fields of Goldstone bosons. As the set of unitary matrices does not
define a vector space (the sum of two unitary matrices does not give a unitary matrix) the
map is not a representation but rather a non-linear realization. The unitary matrix U(x)
transforms under SU(3), x SU(3)g as

U € SU(3)L

Uz) — U Ulx) UL h
(z) RU@)Uy  where Ur € SU(3)x.

(1.35)

The ground state corresponds to U(z) = Uy = 13 [or ®(z) = 0] and is invariant under
SU(3)y. This can be easily showed if we consider transformations that rotate the chiral
components in the same way, see Eq. (1.29). Setting Uy = U, = Ug in (1.35) we obtain

Up = Uy UgUi, = Uy U, =13 = U, (1.36)

If we take transformations that rotate the left chiral component by U4 and the right chiral
component by Z/Ii1 the ground state does not remain invariant,

Uy — UL Uy Ul = Ul U, +# U (1.37)

This is in agreement with spontaneous symmetry breaking of chiral symmetry.
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1.2.5 QCD with External Fields and the Generating Functional

We couple external fields to the massless theory and introduce the generating functional.
This allows us to express Green functions as well as their symmetry relations (i.e. chiral
Ward identities) in a very concise way. Green functions are expressed as functional deriva-
tives of the generating functional and chiral Ward identities are equivalent (in the absence
of anomalies) to the invariance of the latter under local transformations of external fields,
see Ref. [58]. There is another practical advantage: external fields allow us to introduce
electromagnetic and weak interactions. For the purpose of this work, we outline the case
of the electromagnetic interaction.

We consider the evolution of massless QCD in the presence of external fields v*, a", s
and p. In the remote past the system is in the initial ground state [Oi), , .- Far in the
future the system ends in the ground state (Oyy|. The generating functional represents the
probability amplitude for the transition of the system, from the initial state to the final
one, in the presence of external fields,

SO = (O | O 5 = (O T {7 @ L [0). (1.38)
The operator T is the time-ordering operator and £, is the part of the Lagrangian con-
taining the external fields,

L= E?QCD + Lo = L((]QCD + @7 (vu + v50,) ¢ — 4 (s — ip) q- (1.39)

The external fields v#, a*, s, p are color neutral objects. They are hermitian matrices in
flavor space and can be expressed in terms of Gell-Mann matrices,

A A
vt = 7% vy () + ?b vy () s =Xo So() + Ap sp()

M (1.40)
at = 5 ay (z) P =Xopo(®) + X pp(2).

Here, the repetition of the index implies sums over b = 1,...,8 and \g = \/%]13. The
field vf couple to the singlet vector current V*# whereas the fields v}’ (resp. al) couple
to the multiplet vector currents V' (resp. multiplet axialvector currents A)). The fields
S0, Sp (resp. po, pp) couple to scalar densities (resp. pseudoscalar densities),

So = qMoq Py=1qvMq

’ - (1.41)
Sy =q N q Py =1iqys\q.

Note that for v = a* = p = 0 and s = M the Lagrangian £ reduces to the QCD
Lagrangian of Eq. (1.14). In that case, L, corresponds to the mass term —q.M gq.

The Lagrangian £ is hermitian and invariant under charge-conjugation, parity, time
reversal transformations. This means that v*, a", s, p transform like: vector, axialvector,
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scalar and pseudoscalar fields, respectively. Furthermore, £ is invariant under the local

transformations,
o)

qr, — e*iT Z/{L<SL’) qr, Z/{L(Jf) c SU(3)L (1 42>
PCiC)] )
gr — € 3 Z/[R(ZL‘) qr UR(I‘) € SU(3)R
Here, ©(x) is the real function which parametrizes local transformations e 1% ¢ U(1)y.

The invariance of the Lagrangian under the local transformations (1.42) 1mphes that ex-
ternal fields transform like gauge fields,

() 4 iUy (x) 0"U] (z) — O (x)

uy
(M + at) = Up(z) (0" + o) UL (x) + iUg(x) 8UL(x) — O (x)

)

) (1.43)
(s —ip) — Ur

)

(s+ip) —UL(x

The generating functional collects Green functions formed by the symmetry currents
and densities. Green functions can be obtained through functional derivatives with respect
to v*, a*, s, p. Chiral Ward identities are automatically satisfied due to the invariance of
the generating functional under the local transformations (1.43). Green functions of QCD
can be obtained evaluating at v# = a* = p =0 and s = M.

We can introduce electromagnetic and weak interactions considering external fields as
gauge fields. For instance, the electromagnetic interaction can be introduced through the
vector field,

F=—eAt(x) Q. (1.44)

Here, e is the elementary electric charge, A*(z) is the electromagnetic gauge field and
Q = diag(2/3,—1/3,—1/3) is the matrix with the electric charges of quarks in elementary
units. In this case, L, corresponds to —egy*A,(z)Qq¢—gMqgifa* =p =0, s =M
and the electromagnetic Ward identities are automatically satisfied as v* transforms as a
gauge field.

In the above discussion, we have intentionally omitted the field coupling to the singlet
axialvector current and deliberately ignored the anomaly. It is possible to include the
anomaly by adding an appropriate term. In Ref. [93,94] Wess, Zumino and Witten con-
struct a generating functional which includes the anomaly in the so-called Wess—Zumino—
Witten term. This term successfully describes specific physical processes, such as the decay
of the neutral pion into two photons: 7 — v, see Ref. [62,94].
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1.3 Effective Chiral Lagrangian

1.3.1 Construction

We are now in position to construct the effective Lagrangian of ChPT. In Section 1.1 we
have seen that the Weinberg Theorem [9] provides the general principles to construct the
effective Lagrangian: one writes down all possible terms containing the fields of active
particles which are allowed by the symmetry of the underlying fundamental theory. The
symmetry just provides the structure of the terms but not the strength of their coupling
constants. These are encoded in a set of low-energy constants (LEC) that represent the free
parameters of the EFT. In ChPT, the LEC must be determined either by the comparison
with phenomenology or by the direct calculation in Lattice QCD.

There are infinitely many terms containing the fields of Goldstone bosons which are
allowed by chiral symmetry. If we then promote chiral symmetry to a local symmetry,
terms containing external fields are allowed as well. In principle, once one term is found,
each power of it is a possible candidate. It is convenient to introduce a scheme that orders
the terms of the effective Lagrangian by means of their relevance. In ChPT, one usually
adopts the Weinberg counting scheme [9] which orders the terms in powers of momenta.
The counting rules are

U~ 0@
MU ~ O(p") vt at ~ O(p')
oro"U ~ O(p?) o"v*, 0 ~ O(p?) s,p ~ O(p?) (1.45)

The first rule indicates that the unitary matrix U = U(z) counts as a constant like the
ground state, Uy = 13. Successive rules indicate that each derivative 0" counts as a power
of a momentum like in Fourier space. The external fields v*, a* count as O(p') because
they are at the same level of 9#. The fields s, p count as the square of a momentum O(p?)
as we will see in Section 1.4.1. By means of these rules, the effective Lagrangian can be
ordered as a series in powers of momenta where odd powers are excluded due to Lorentz
invariance,

Log=Ly+ L+ Lo+ ... (1.46)

Note that £, is excluded by the unitarity (viz. U'U = 13): such term would be an
irrelevant constant reflecting the fact that Goldstone bosons do not interact at rest.

At leading order O(p?) there are only two terms allowed by the local chiral symmetry.
These were found in Ref. [95-97] after having worked out the linear o-model [98-100],
see also Ref. [9,57] and review articles cited therein. In the notation of Gasser and
Leutwyler [11] they read

£y

L, =} (DU (D) + xUT + UXTY. (1.47)
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Here, (.) is the trace in flavor space and Fj is the parameter of Eq. (1.32). The prefactor
F3/4 is chosen so that £, reduces to the usual kinetic term (i.e. $0,0,0"¢,) if one sets
v* = a* = s = p = 0 and expands the unitary matrix as
) b2

U=13+i— — — + O(®%). 1.48
The covariant derivative D*U is defined so that under the local transformations (1.42) it
transforms in the same way as the unitary matrix U,
UL(I‘) c SU(3)L
Ugr(z) € SU(3)g.
This request introduces vector and axiavector fields by means of the minimal coupling
prescription,

DU — Ug(z) D*U U] (z)  with (1.49)

DrU = 0*"U —i[v*, U] —i{a", U} . (1.50)
The matrix y contains scalar and pseudoscalar fields,
X =2By(s+1ip), (1.51)

and transforms as x — Ur(z) YUl () as a result of Eq. (1.43). Note that By is a free
parameter like Fy: they represent the LEC at O(p?) and are related to the quark condensate
of QCD as F}By = — (uu), see Ref. [62].

At successive orders the number of terms allowed by local chiral symmetry rapidly in-
crease. The reason is, each product resulting from two terms O(p?) is a possible candidate.
Moreover, new terms are allowed by the symmetry. At next-to-leading order (NLO) there
are twelve terms allowed by the local chiral symmetry. They were found out by Gasser
and Leutwyler in Ref. [11] and can be summarized as

12
L,=) L;P; (1.52)
j=1

Here, P; are monomials containing U, external fields and derivatives thereof. The first ten
monomials Py, ..., Py describe physical processes; the last two monomials P;q, P contain
just external fields and hence, do not describe physical processes. The coupling constants
Ly, ..., L5 are not determined by the symmetry and their finite values represent the LEC
at O(p*).

At next-to-next-to-leading order (NNLO) the effective Lagrangian is composed by even
more terms [101-105]. The simplest version involves 94 terms, see Ref. [102]. The con-
struction proceeds as for £,, £, but is complicated due to the large number of terms, one
must account for. Another complication is to determine the minimal set of independent
terms and rule out redundant structures. To-date there is no systematic method to deter-
mine independent terms. The accumulated experience just confirms that the number of
redundant structures is decreased during years. Recently, another term was ruled out from
the version of L4 with 2 light flavors, see Ref. [106]. Despite these complications many
physical quantities are known up to O(p®): for an overview we direct to Ref. [107].
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1.3.2 Path-Integral Representation of the Generating Functional

In Section 1.2.5 we introduce the generating functional for an extended version of QCD.
At low energies, the generating functional can be represented by the path integral

oi Zeglv.asipl — / (AU ()] &) 4w Lo, (1.53)

By construction, the effective Lagrangian L g is invariant under the local chiral symmetry
and includes the external fields v*, a*, s, p. The effective Lagrangian can be expanded in
even powers of momenta and such expansion induces an analogous one for the functional
Zg=Zglv, a,s,pl:

€ €

Zg=2Zy+ 2+ ... (1.54)

[S)

The terms are ordered according to the Weinberg counting scheme [9]. Note that the
scheme also orders Feynman diagrams in terms of the chiral order D. A diagram with Ny,
loops and Ns, vertices from L, counts as O(p”) where

D=2(Ny+1)+ Y 2(n—1)Ny,. (1.55)

n>1

hs has non-negative terms since the effective Lagrangian starts with n = 1. This formula
allows us to distinguish the terms of the functional Z_; by means of the chiral order and
identify the Feynman diagrams which contribute. Up to O(p*) we have,

D=2: N,=0, n=1 Zy= [d'z L,

_ 1.56
D=4: Ny=0, n=2 Z*0= [d** L, + Zyyw (1.56)

Ny=1, n=1 Z*=" with vertices of L,.

At leading order, Z. coincides with Z,, namely with the classical action | d*z £,. This
term incorporates the contributions of tree graphs (i.e. N = 0) with vertices of £, (i.e.
n = 1). At NLO the functional consists of two subterms: Z, = Z;2=° + ZN*='. The
subterm Z;»~" incorporates the contributions of tree graphs (N, = 0) with vertices of £,
(i.e. m = 2) while Z)'*=" incorporates the contributions of one-loop diagrams (N, = 1)
with vertices of £,. Acutally, the subterm Z;*~" consists of the action [ d*z L, plus
the Wess-Zumino-Witten term Zy,y. Here, we have added Zy,y only to show where
it enters in the path-integral representation of the generating functional. This describes
processes with odd intrinsic parity involving an odd number of pseudoscalar mesons. Since
here we are not interessed on such processes we can ignore Zy,, for the remainder.
According to the formula (1.55) loop diagrams start at O(p*). Their contributions
are divergent and must be renormalized. To treat divergences we choose a regularization
scheme that is independent from masses and at the same time, respects the symmetry
properties of the effective Lagrangian. A possible choice is dimensional regularization
which treats divergences by means of a d-dimensional space-time. As L g is the most
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general effective Lagrangian allowed by the local chiral symmetry, it already contains all
counterterms needed for the renormalization, see Ref. [108]. Then, the renormalization
absorbs the divergences through the redefinition of the coupling constants. This occurs at
each order of the chiral expansion (1.54) so that Z is renormalized order by order.

We briefly illustrate the renormalization of Z,. At O(p*) the divergences arise from
one-loop diagrams and are incorporated in Z iv =1 According to Ref. [108] such divergences
have the form of an action with the symmetry properties of £,. They could be expressed
in a Lagrangian of the form [109]

12
LY = —A(p) erpj, (1.57)
j=1

where P; coincide with the monomials of Eq. (1.52) and I'; are rational numbers, see
Ref. [11]. The precise expression of A(y) depends on the regularization scheme and in our

case’ reads
d—4

Ap) = %{ﬁ — [In(4m) +T"(1) + 1] } (1.58)

Here, u is the renormalization scale and (1) is the derivative of Gamma function I'(z)
at z = 1. Note that divergences appear as simple poles if d — 4. To renormalize Z, we
redefine the coupling constants of Z;*=" that are contained in the action [ d*z L,:

Ly = Li(p) + T\ (), j=1,...,12. (1.59)

The renormalized LEC Lj(u) correspond to the finite parts of the coupling constants of
Eq. (1.52). The redefinition absorbs the divergences (1.57) so that the sum,

Zy / d'e Ly (L) = Zyg (1) + / ' £4(L (1)) (1.60)

is finite on both sides of the equation. On the right-hand side, Z ivﬁLn: (1) incorporates the
finite contributions of one-loop diagrams at O(p*) and the action [ d*z £,(L}(n)) contains
renormalized LEC. Their dependence on the renormalization scale cancels out in all Green
functions so that results of physical observables are finite and independent from .

1.3.3 Restriction to Two Light Flavors

If we study energies £ < 0.5 GeV we can integrate out the degrees of freedom of the s-
quark and consider Ny = 2 light flavors. The group is restricted to G, = SU(2), xSU(2)x X
U(1)y and the pions —which in the hadron spectrum are approximately grouped as a triplet—
can be identified with the three Goldstone bosons arising from the spontaneous breaking
to H, = SU(2)y x U(1)y. The formalism introduced so far remains mostly unchanged and

3We use dimensional regularization in the modified minimal subtraction (MS + 1) scheme.
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the necessary modifications can be included in a straightforward way. We just discuss the
relevant modifications needed for this work. Further details can be found in Ref. [10].

The restriction of the group to two light flavors implies that at the place of Gell-Mann
matrices we must use the generators of SU(2), namely Pauli matrices

T = <(1) (1]) Ty = ((3 _OZ) T3 = ((1) _01> : (1.61)

Then, v#, a*, s, p and ®(z) are expressed in their terms and are 2 x 2 matrices in flavor
space. For example,

_ 0 +
D(x) = Ta¢q = <¢1 fs% ¢1_¢i¢2) _ (\/gﬂ \/_577:0 ) : (1.62)

Here, the repetition of the index implies a sum over a = 1,2, 3. The definitions (1.30, 1.50,
1.51) remain unchanged apart from the fact that U, D*U, x become 2 x 2 matrices, too.

In general, the form of the effective Lagrangian £ 4 must be modified. Some structures
are redundant and must be ruled out. At leading order, £, has the same structures as in
the 3-light-flavor case, see Eq. (1.47). Only, Fy, By are replaced by

F = Fy[1+0O(my)] B = By[1+0O(m,)]. (1.63)

These new parameters encode information on the s-quark which is now treated as heavy.
Hence, F', B have a different physical meaning compared to Fy, By.

At NLO the effective Lagrangian consists of ten terms. These were found by Gasser
and Leutwyler in Ref. [10] and can be summarized as

10
L,=) (P (1.64)
j=1

The monomials P; are different from those of Eq. (1.52). Here, Py, ..., P; describe physical
processes. The last three monomials Py, Py, Pjy contain just external fields and do not
describe physical processes. The coupling constants /4, ..., ¢y take the place of the 3-
light-flavor constants L;. They can be redefined and absorb the divergences at O(p*). The
redefinition reads

;=0 (p) + A (1), (1.65)
where (;(u) are renormalized LEC and «; are rational numbers, see Ref. [10]. Often,

the renormalized LEC (1) are replaced by constants which are independent from the
renormalization scale u. The p-dependence is isolated in a logarithm according to

() = ;_zjv {Zj +1log (Aj—;)] , (1.66)

where M? = B(m, + mg) and N = (47)2. The constants ¢; are p-independent and were
originally introduced in Ref. [10]. Note that in chiral limit (i.e. for m,,mq — 0) the
definition (1.66) is not valid and one can not use ¢;.



1.4 Applications of ChPT 27

1.4 Applications of ChPT

We present some applications of ChPT up to O(p*). We calculate masses, decay constants,
pseudoscalar coupling constants and form factors. The results and the derivations presented
will be extensively used in the rest of the work.

1.4.1 Masses

In ChPT the masses of pseudoscalar mesons are calculated setting v* = a* = p = 0,
s = M in the functional Z 4. At leading order the masses can be directly read from the
classical action [ d*z £,. Inserting the expansion (1.48) in £, and retaining terms O(®?)
we obtain,

M2 = 2By
M2 = By (i + my) (1.67)

o, 2
Ms = gBO (m + 2my) .

Note that from here on we set m, = my = m and work in isospin limit. The above
expressions correspond to Gell-Mann—Oakes—Renner formulae [110]. One can show that

they satisfy the Gell-Mann—Okubo relation [76,111,112]:
AN = M2 + M. (1.68)

As the expressions (1.67) are at leading order, the masses count as ]\oﬁ, ]\04[2(, ]\043 ~ O(p?).
This is in agreement with the on-shell condition p?> = M?2. From the right-hand side of
Eq. (1.67) follows that quark masses count as the square of a momentum. In turn, the
mass matrix counts as M ~ O(p?). Since s = M, we deduce that the external scalar field
counts as s ~ O(p?), too. This justifies the counting rule presented in Eq. (1.45).

In general, the mass of a particle is defined by the pole of the full propagator. For a
pseudoscalar particle P, the full propagator reads

Ap(p) _ 1 . e>0. (1.69)

! i [J\?% —p? = Zp(p?) - iE]

Here, M p is the contribution to the mass at leading order and X p is the self energy of P.
The mass of the particle corresponds to the solution of the pole equation,

o

M} —p* =3p(p*) =0,  for p*= M}. (1.70)
At NLO we can expand the self energy as

Sp(p®) = Ap + Bpp® + O(p°), (1.71)
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(a) Tree graph. (b) Tadpole diagram.

Figure 1.2: Contributions to the self energies at NLO. Solid lines stand for pseudoscalar mesons.
The square corresponds to a vertex of L, whereas the intersection of four lines corresponds to a
vertex of L,.

where the coefficients Ap, Bp count as Ap ~ O(p?) resp. Bp ~ O(p?). Inserting the
expansion in Eq. (1.70) we obtain the mass of the particle,

M} = MR = Ap| (1+ Bp) '+ O(°)

g . (1.72)
=M% — Ap — M3 Bp + O(1%).
We can now reexpress the full propagator in terms of the mass Mp as
A Z
LN S— (1.73)
i i [M3 — p? — i€
where Zp is the renormalization constant of the particle wavefunction at NLO, i.e.
Zp = —2 (1.74)
P 1 By '

In ChPT the self energies of pseudoscalar mesons have two contributions at NLO. They
are represented by the diagrams of Fig. 1.2. The tree graph has a vertex of £, in which two
pseudoscalar mesons couple together. The contribution can be directly read from £,. The
tadpole diagram has a vertex of £, in which four pseudoscalar mesons couple together.
Two lines are closed and form a loop. The loop can be evaluated integrating over all
possible values, taken by the momentum flowing in the loop. Such integration leads to
divergences that can be treated by means of dimensional regularization. Altogether, the
diagrams of Fig. 1.2 contribute to the self energies of pseudoscalar mesons as

Y,=A_+B_p
Y, =4, +B, P2,
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where the coefficients are

M2 (A, Ap A,
=2 L DK L T 39B [(2h 4 my) Le + ML
F(]Q{6i+ Y +6i o [(2m + my) Lg + m 8]}
M2 (A, A A . dtm
A= T2 {—42» i o 32Bo (20 + my) Le + "5 L] (1.762)

1 o A A A o 2A
/D B /N B : S—| M2
K FOQ{ ”[2@' 31 6i]+ T3

o . 4
—32B, {Mg (2 + my) Lg + ™2 L] + —By (1h — m)” [3L7 + Lg]} } :

9
and
1 2A A
By = — {1680 (2 + my) Ly + Ls) — =% — —K}
0 31 31
1 ~ m-+m. A’7'I' AK A

1 . A
_ S m+2ms K
The coefficients depend on the coupling constants L; and on the loop integrals A, A,
A,. The coupling constants L; originate from the evaluation of the tree graph while A_,
Ay, A, from the evaluation of the tadpole diagram. By means of dimensional regulariza-
tion we can separate the loop integrals in divergent and finite parts,

A ek 1 M3 ;
—2 = / 5Vd =72 {QN)\(M) —|—€p:| ) for P=m K,n. (1.77)
i i(2m) M2 — k2

Here, N = (47)2, Ep =2 log(]\o/[p/p) and A(p) is given in Eq. (1.58). The divergent part
contains A(u) and in the calculation of masses, is absorbed by the redefinition (1.59) of

the coupling constants L;. The finite part contains l? p and depends logarithmically on the
renormalization scale p. In the mass calculation, this dependence exactly cancels out with
the p-dependence of the renormalized LEC L%(u). Note that the loop integral (1.77) count
as the square of a momentum because the finite part is proportional to a mass square.
This confirms the Weinberg counting scheme (1.55) which for each loop counts O(p?).
Using Eq. (1.72) we now calculate the masses at NLO. We insert the expressions (1.76)
and retain terms up to O(p*). The divergences are absorbed by the redefinition (1.59) and
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we obtain

o, M2 (0N M2
M2 = N2+ { T _ K6 1 4+ 16N B, [(2m+ms)[2Lg_Lg]+m[2Lg—Lg]]}

NEZ| 2

o, M2 [ 0,2 :

M = M+ {% +16N B, [(Qm +mg)[2L5 — L] + Eme[2 L% — Lg]] }
0
(1.78)

0 M2 [e oo ° o, oo 128 BZ . N
M2 =N - O i [3&1\472 26 M2 — anﬂ n 7F—Og(m — my)?[BLE + L]

Os 5 2 2 257]]\043 S r r m-+2ms r r

+ g ) e = =5 + 16N By [(Qm + mg)[2L — LY] + m42ma oLy — L5]] .

These expressions coincide with the results of Ref. [11]. One can easily show that the
expressions do not depend on the renormalization scale: the derivative with respect to u
vanishes.

1.4.2 Decay Constants

The decay constant of a pseudoscalar state |¢y) is defined by the matrix element,
(0] A(2) |64(p)) = 1 7", (1.79)

where Fy;, denotes the decay constant. Without loss of generality we can set x = 0 and

define

oy, = (0] AR(0) ¢p(p)) = i " Fup. (1.80)

In ChPT the matrix element <7/, can be evaluated taking the functional derivatives of the
generating functional with respect to a* and then, setting v = a* =p =0, s = M. At
leading order, the matrix element gives the same result for all pseudoscalar mesons: the
decay constant is Fy, = 04 Fp, see Ref. [11]. This result coincides with the expression in
chiral limit, cfr. Eq. (1.32).

At NLO the matrix element </, receives additional contributions from the diagrams of
Fig. 1.3. The diagrams are similar to those encountered in the calculation of masses but
now one external line represents the axialvector currents. Altogether, they contribute to
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—— W

(a) Tree graph. (b) Tadpole diagram.

Figure 1.3: Contributions to the matriz elements of the axialvector decay at NLO. Solid lines
stand for pseudoscalar mesons while wave lines represent the azxialvector currents. The square
corresponds to a vertex of L, whereas the intersection of four lines corresponds to a vertex of L,.

the matrix elements of pseudoscalar mesons as
1 2. A A
JZ{FM = Zp“F {1630 [(Qm -+ ms) Ls+ mL5] — g |:2 — + —K:| } + 'l.pMFO N L
0 1 )

) A A A .
m—zmng,] — |:2—:+TK +2_::|}+1qu0 \/ZK

1
ot = i — {1630 (200 + my) Ly +
0

1 . r2m A .
= zp“FO {1630 [(Qm +my) Ly + %Lﬂ -2 TK} +iptFo\/ 2.
(1.81)

Here, Z, Z, Z, are the renormalization constants of pseudoscalar mesons at NLO and can
be calculated from Eq. (1.74) inserting the coefficients (1.76). The coupling constants L,
identify the contribution of the tree graph while loop integrals A, A, A, the contribution
of the tadpole diagram.

The decay constants can be extracted from Eq. (1.81) contracting the matrix elements
with —ip,, and dividing by the mass square of the external meson. Retaining terms up to
O(p*) we obtain,

.l o o UM

Fp = Fod 1+ —— |8N By [(21n + my) L} + mLL] — £, M2 — LK
NF; 2

17 )

Fg = Fo{l + g |8V Bo [(2 + my) L + %L;H
2|
(1.82)
3 o o 2 e} o 9 o o 9
i [EWMW 20 M2 + EnMn] }

1
Fy=F1+——
" 0{ T NF

i - 30l
8N By [(2rn + my) Ly + P2ma ] — K2 K]}

These expressions coincide with the results of Ref. [11]. Also in this case, one can show
that the expressions do not depend on the renormalization scale .
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1.4.3 Pseudoscalar Coupling Constants

The coupling constant of a pseudoscalar state |¢;) is defined by the matrix element,

Gap = (0] Pa(0) [24(p)) - (1.83)

In ChPT, this matrix element can be evaluated taking the functional derivative with respect
to p and then, setting v* = a* = p =0, s = M. At leading order the matrix element gives
the same coupling constant for all pseudoscalar mesons, namely ¥,;, = 0,Go with Gg =
2By Fy, see Ref. [11]. At NLO the coupling constants differ according to the pseudoscalar
meson under consideration. One obtains

[SNBO [(Qm +mg)[ALg — Ly +m[4Lg — LE]H

GW:GO{l_'_N—FOQ

S o

o o ] [¢] gMQ
0 M2 + (M2 + "3 ’7]}

~ 2NE?

[SNBO [(m +mg)[ALE — L] + Time[4Lr — L;]H

o o o} [e] on\%z
— = [ M2 + 20 M} 4
SNF? be Mz 4 265 Mic + ]}

1 o r r m+2m r r
G, = Go{l t N [SNBO [(Qm +m)[ALG — L] + mt2ms gy LS]H

1 © o é)K]\CZQ ° o
——— |0, M? K 40, M?| 3.
ZNFOQ[ T TR

These results were recently presented in Ref. [38]. Here, we show an alternative way to
obtain these results relying on chiral Ward identities.

From Ref. [10,11] we know that the matrix elements of the axialvector decay are related
to those of the pseudoscalar decay through

9 (0] AZ(0) [¢(p)) = m (0] Pa(0) [¢u(p)) , a,b=1,2,3
0y (0] AL(0) |6a(p)) = 5= (0] Pe(0) |6a(p)) , ¢,d=4,56,7 (1.85)
0. (0] A5 (0) |95 (p)) = 5= (0] Py(0) [ds(p)) + V2 5= (0] Po(0) [s(p)) -

These identities are a consequence of chiral symmetry and hold to all order in ChPT. The

identities for a,b = 1,2, 3 concern pions; those for ¢,d = 4,5,6,7 concern kaons and the
last identity concerns the eta meson. On the left-hand side the derivative of the matrix




1.4 Applications of ChPT 33

elements is proportional to the product of the mass with the decay constant. On the right-
hand side the matrix elements are proportional to the pseudoscalar coupling constants.
We bring the pseudoscalar coupling constants on the left-hand side of the identities and
isolate the rest on the right-hand side. We find

Gr=m *M2F, (1.86a)
G = [25m] 7 M} F (1.86b)
Gy = [242m] 7 [ M2F, = V2 257 G| (1.86¢)

Apart from Gy, we already know all other quantities up to NLO. The matrix element
Gon = (0] Py(0) |¢s(p)) can be determined applying the functional method. The result is

V2

Gon = Gogrpe

{64N30(m — m)[3LE + LE] — 30, M2 + 60, M2 + Enz\%g] . (1.87)
Note that Gy, has no contribution at leading order but only from NLO onwards. Knowing
all quantities of the right-hand side of Eq. (1.86) we determine G, Gk, G,. We insert the
expressions (1.78, 1.82, 1.87) and retain terms up to O(p*). We obtain the results (1.84).

We may reexpress the results (1.84) in terms of quantities at NLO. We insert the
expressions (1.67, 1.78, 1.82) and retain terms up to O(p*). We find,

G, = G0{1 + [41\[ [(Mﬁ Y OM)ALEL — L1] + M2[ALL — Lg]H

NF?

! O M? + L M3 by My
~ 2NF2 i+ 3

1
G = G0{1 + 7 [4]\[ [(Mﬁ Y OMR)ALL — L]+ M2ALL — L;]H

3
8NF2

2 e
M +2€KMK 5

1 r r Tr r
G, = Go{l + 5 [4N [(Mg + 2MZ)AL, — L) + M2AL; — L5]H

1 s LM, )
gl S ]|

Here, (p = 2log(Mp/p) with P = m, K,n. We observe that the contributions at NLO
appear with a prefactor 1/(NF?) = (4nF,)~2. This suggests that the scale of ChPT is
A, =4nF; = 1.2 GeV, see Ref. [113]. In the remainder we will use that scale and expand
physical quantities in powers of 1/A,,.
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(a) Tree graph. (b) Tadpole diagram. (c) Fish diagram.

Figure 1.4: Contributions to matriz elements of pion form factors at NLO. Single solid lines
stand for pions while double solid lines represent the scalar densities (or the vector currents).
The square corresponds to a vertex of L, whereas the intersection of various lines corresponds to
a vertex of L.

1.4.4 Pion Form Factors

As a last application we discuss the form factors of pions. In this case we restrict the group
to G, = SU(2) x SU(2)g x U(1)y and consider only Ny = 2 light flavors. The mass and
decay constant can be calculated in the same way as before. At NLO we find

2

M? = M? {1 — Lég + O(MA‘)]

2NF?
) (1.89)
— 7 4
F.=F {1+ NF2£4+O(M )} .
Here, M? = 2B, N = (47)? and B, F, {; were introduced in Section 1.3.3.
According to Ref. [10] the form factors are defined by the matrix elements
)| So |ma = 6u Fs(q*

(o ()] So [ma(p)) b Fs(q7) (1.90)

(mo()] V2 [7a(p)) = ieare(®’ + )" Fyr(q),
where ¢* = (p’ — p)* is the momentum transfer. In ChPT these matrix elements can be
evaluted taking the functional derivatives with respect to s (resp. v*) and then, setting
v =a" =p=0,s =M. At leading order one obtains,

Fs(¢®) = 2B
FV(QQ) =1.
The form factors are constant and do not depend on the momentum transfer g*.
At NLO the matrix elements receive additional contributions from the diagrams of

Fig. 1.4. The diagrams have an external double line representing the scalar densitities
(resp. the vector currents). They contribute to the pion form factors as

Fe(e) = RO 1+ 35 |8 (- 3) @+ 1 -1 |+ o)

™

M2 q2 _ q2 B 1
2\ ™ o 2 _ 4
FV(Q)—1+6NF7? {N(—Mg 4) J(Q)+M£ («% 3)]+(9(q ),

(1.91)

(1.92)
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where

UE 4
Fs(0) =2B [1 — N2 <€3 — 5)] + O(My). (1.93)
These expressions coincide with the results of Ref. [10]. The function J(¢?) is the finite
part of the loop integral defined in Eq. (D.19). The form factors depend on the square
of the momentum transfer and are invariant under rotations of ¢*. In position space this
rotation invariance implies that the charge distribution depends on the radial direction but
not on the angular ones. At ¢?> = 0 the charge distribution becomes pointlike and the form
factors satisfy

OM?
F5(0) = -t (1.94a)

Fy(0) = 1. (1.94b)

The first relation follows from the Feynman—Hellman Theorem [39,40] while the second one
is a consequence of the (electromagnetic) gauge symmetry and Lorentz invariance [114].
For ¢*> < 4M? we can expand the form factors in power series of ¢*:

2

Fx(q®) = Fx(0) [1 + % (r)% +¢'cx + 0(d%)] (1.95)

where X = S, V. The linear coefficient (r?)% is the square radius and can be determined
from the derivative of the form factor with respect to ¢>. The quadratic coefficient % is
the curvature of the form factor and can be determined from the double derivative. These
quantities are known at two loops [115] and at the lowest order, their expressions are

M? - 13 19 M?
2\ T — ™ 6£ Y T 7 ™
s = Nz ( 1T ST 120 NE?
P o (1.96)
(r*y, = —Z(lg — 1) cy = -

60 NF2'






Chapter 2

ChPT in Finite Volume

2.1 Overview of Finite Volume Effects

Numerical simulations of Lattice QCD are performed in a volume of finite extent. The
volume is usually a finite cubic box on which boundary conditions are imposed. The
choice of boundary conditions depends on the properties of the system and in particular,
on the symmetry of the action §. Mostly employed are periodic boundary conditions
(PBC) which require periodic fields within the cubic box,

q(x + Lé;j) = q(x), j=1,2,3. (2.1)
Here, L is the side length of the cubic box and é;‘ = " ; are unit spatial vectors of position
space. Requiring periodic fields ensures that the action is single valued within the box and
that physical observables can be evaluated unambiguously.
In momentum space the periodicity of the fields corresponds to a discretization of the
momenta. The spatial components of the momenta become discrete and take values

p= fm, m e Z°. (2.2)

As spatial components are discrete one can not arbitrarily boost or rotate a momentum.
Lorentz invariance is broken. However, there is a subgroup of Lorentz transformations
which still survives and remains intact: the subgroup of cubic rotations (i.e. spatial rota-
tions of 90°). This subgroup leaves the system invariant and generates the so-called cubic
invariance.

The momentum discretization introduces a new scale: 1/L. If we want to apply ChPT
we must consider momenta smaller than the characteristic scale, i.e. |p| < A,. Taking
A, = 4nF;, one obtains the following quantitative condition,

2 1
2.« 4nF L>—~1f¢ 2.
< ArF = >>2F7r m, (2.3)

where on left-hand side, one has inserted Eq. (2.2) in the first non-zero mode |m| = 1, see
Ref. [116]. This condition guarantees that ChPT is applicable in finite volume. However,
it gives no information on how much L must be larger than 1 fm.

37
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(a) e-regime. (b) p-regime.

Figure 2.1: Propagation of pions in finite volume. In the e-regime (a) the Compton wavelength
of pions is larger than the side length L and pions can not properly propagates within the volume.
In the p-regime (b) the Compton wavelength is smaller than L and pions propagate within the
volume in a periodic way.

In Ref. [19-21] Gasser and Leutwyler showed how to apply ChPT in finite volume. They
proved that for a large enough volume the effective chiral Lagrangian and the values of LEC
remain the same as in infinite volume. This, despite the breaking of Lorentz invariance.
A symmetry argument demonstrates that all breaking terms disappear and the effective
Lagrangian is the same as in infinite volume. The only changes concern the counting
scheme and the propagators. The counting scheme now accommodates the new scale 1/L
and the propagators are modified by discrete momenta. To introduce such changes there
are two possible regimes defined by the size of the product M_L:

M. L <1 e-regime (2.4)
M_L>1 p-regime. '

In the eregime, M, is less than 1/L. The mass is a small quantity compared with
spatial momenta, see Eq. (2.2). The counting scheme is completely modified so that it
accommodates the mass resp. the side length as M, ~ O(€?) resp. 1/L ~ O(e), see
Ref. [20]. The situation is qualitatively sketched in Fig. 2.1a. The (reduced) Compton
wavelength 1/M_ of pions! is larger than L. Pions encounter the boundaries of the box
before they can properly propagate and feel the presence of the volume strongly. The
propagation is completely deformed and propagators look very different from those in

'Here, “pions” generically refers to the Goldstone bosons arising from the spontaneous breaking of the
chiral symmetry.
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infinite volume. As we will work on the other regime (i.e. M_L > 1) we refer the reader
to [20,117-119] for more information about the e-regime.

In the p-regime, M_ is larger than 1/L. Here, the counting scheme of infinite volume
can be applied with the additional rule 1/L ~ O(p), see Ref. [21]. Now, the Compton
wavelength 1/M_ is smaller than L and pions® can propagate within the box. There is
a non-zero probability that they reach the boundaries and wind around the volume, as
sketched in Fig. 2.1b. The propagation is then periodic. The expressions of propagators
are similar as those in infinite volume and the only modification is that integrals over
spatial components are replaced by sums over discrete values,

dko e—z‘kx
A . 2.
() =3 ;/ k2 —ic (2:5)
m€Z3

By means of the Poisson resummation formula [117]:

7 dgk * iLik
L3 g g(k) g ) e (2.6)
e wa ez
meZ3

one can reexpress the propagator as

—zlm R
AW7L<I‘) = Z / T eank
ez /0 ( (2.7)
= Z Ay (z+ nL),
neZ3

where in the argument n* = (2) is a Lorentz vector of integer numbers and A, (z) is the

propagator in infinite volume. There is a nice interpretation of the numbers 7 € Z3: each
component n/ with j = 1,2, 3 gives the number of times the pion winds around the volume
in the direction 27. For instance, pions winding around the volume once are associated to
the number |77| = 1. Pions not winding around the volume are associated to |7i| = 0 and
they contribute as in infinite volume. Note that the expressions (2.5, 2.7) are both periodic
and satisfy: Ay p(z+ Lé;) = Ay p(z) for j =1,2,3.

Although the propagators are periodic, physical observables can be calculated in a
similar way as in infinite volume. Tree graphs produce exactly the same contributions.
On the contrary, loop diagrams generate additional contributions which shift the results of
physical observables in finite volume. These additional contributions are known as finite
volume corrections and are due to the periodicity of propagators. In the p-regime, they
depend exponentially on L. As example, the results of the mass resp. decay constant of

2See footnote 1 on the page 38.
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pions are shifted at NLO from Eqs. (1.78, 1.82) to

ML) = 022 1+ E 00 - 2,0 (2.50)
F(D) = Fr 1= 6o0e) - 00| (2:80)

see Ref. [32]. The corrections are here expressed in terms of

4 K1(Aplfi])
Ap) = S SR 2.9
gl( P) P )\P|n| ( )
neZL
(740

where for P = 7, K, we have defined the parameters A\p = MpL and {p = M2 /(47 F,)>.
The function g; (Ap) depends on the modified Bessel function of the second kind, K4 (Ap|7|).
As Ky(x) ~ /m/xe™™ for x > 1, the corrections decay exponentially in Ap = MpL. We
observe that if we keep L fixed, the exponential decay goes faster if Mp increases. Heavy
particles do not very contribute to finite volume corrections. The dominant contribution
is given by the lightest particle of the spectrum. As expected, the corrections disappear in
the limit L. — oo and one recovers the original results in infinite volume.

2.2 Twisted Boundary Conditions

A strong limitation of PBC is the momentum discretization. Momenta occur only in integer
multiples of 27/L and are not continuous. This is an hindrance whenever a continuous
limit in momenta is needed to extract physical observables. A possible remedy is provided
by twisted boundary conditions (TBC), see Ref. [33-36].

We consider 3-light-flavor QCD in a finite cubic box and impose twisted boundary
conditions,

qr(z + Lé;) = Ujqr(z) where é&§ =¢"; and j=1,2,3. (2.10)

The subscript T specifies that the quark fields satisfy TBC. The transformations U/; con-
stitute a symmetry of the action Sqcp = [ d*x Lqocep- They leave the Lagrangian Lgap
invariant and commute with the mass matrix M = diag(m,, mg4, ms). The precise form
of U; depends on M and especially, on the degeneracy of the quark fields. In general, we
may consider

U; = e 4 ¢ SU(3)y (2.11)
with
Iz u>‘a
vy =055 (2.12)

The matrices \; represent the generators of SU(3)y commuting with M. In the case of
three different quark masses, \; are the diagonal Gell-Mann matrices, i.e. A3, Ag. Other
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choices are possible depending on the specific form of the mass matrix®>. The Lorentz

vectors 0
9 = (5), a=3,8, (2.13)

are called twisting angles and their spatial components U, can be arbitrarily chosen.
For convenience, we redefine the quark fields through

qr(z) = V(x)q(x), with V(z) = e "7, (2.14)

From the condition (2.10) follows that the fields g(x) are periodic and therefore, satisfy
q(x + Lé;) = q(x) for j = 1,2,3. The redefinition introduces the twist in the QCD
Lagrangian in an explicit way;,

1
Locp = Gr(x) [il) — M] qr(z) — 1 Gva GEY

= 4(a) [V (@) DY) ~ M] a(x) —  Goua GI 015
= q(z)[i (I —ipy) —M]q(x) — i G G,
—_——

::ﬁ
The twist enters as a constant vector field v}y and couples to the periodic fields g(z). We can
either impose the condition (2.10) and work with Lqp in its original form or redefine the
fields as periodic ones and introduce v} in the Lagrangian. Both approaches are equivalent.

The effect of the twist can be inferred from the new Dirac operator containing 7. The
momenta of quark fields are shifted by the twisting angles according to their flavor. For
the three light flavors we have

VSV
gh = 3 4 T8
Vi 0%
W = —73+% (2.16)
Vs

The twisting angles ¥#, 9/, 9# vary continuously as the spatial components Jg, 1573 can be
arbitrarily chosen. In this way, the spatial momenta are shifted to continuous values which
differ from integer multiples of 27/ L.

Twisted boundary conditions introduce twisting angles and break various symmetries.
The cubic invariance in momentum space is broken. More generally, all symmetries not
commuting with vf are broken. For three different quark masses, these are: the vector
symmetry SU(3)y and the isospin symmetry. Note that in this case, the third isospin

3In the isospin limit, we may choose Az = A1, A2, A3, Ag since are all commuting with M. Still, this
choice breaks the conservation of the electric charge and is not considered in this work.
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component I3, the strangeness S and the electric charge (). are still conserved quantities.
In addition, there is a new one: as the transformations U; constitute a symmetry of the
action, at each vertex the sum of incoming and outgoing twisting angles is conserved and
amounts to zero, see Ref. [36].

In the effective theory the condition (2.10) implies that the unitary matrix with the
fields of pseudoscalar mesons satisfies

Ur(x + Lé;) = UUp(2)U!

77

j=1,2,3. (2.17)

On the right-hand side, the repetition of j does not imply any sum. The subscript T’
specifies again that the fields satisfy TBC. We redefine the unitary matrix so that the
fields are periodic

Ulx) = VI(2)Up(z)V(z), V() = e ™07, (2.18)

The redefinition introduces the twist in the effective Lagrangian as a constant vector
field vfy. Each derivative must be replaced by o*. — 0*. — i [vf,f , ] At leading order we
have

F2
Ly= 0 (D UMD + xUT + Ux, (2.19)
where
D'U = D"U —i [v},U]. (2.20)

The operator D* consists of the covariant derivative (1.50) minus the commutator con-
taining the constant vector field v). We stress that all fields in (2.19, 2.20) are periodic.
The commutator acts on the fields of pseudoscalar mesons in different ways. Pseudoscalar
mesons sitting in the diagonal of U commute with vy and their momenta are untouched
by the twist. Pseudoscalar mesons off the diagonal do not commute with vfy and their
momenta are shifted by twisting angles,

. 0 \/519%7?* \/_19

[vf,U] = - V2 9" m 0 V2 19“ KO + O(®?), (2.21)
" \Vv2 K- V2 9% KO o
where
O =0 — 9 =4 =9,
VL]
Vi =0 =05 = 5 + 0% V- = U+ (2.22)
QQM

Iy =l — 9 = —7 + iﬁ“ Wy = =

Momenta of charged pions and kaons are shifted by twisting angles and their spatial com-
ponents may take continuous values. Note that twisting angles reflect the flavor content
of the particles. A pseudoscalar meson with the flavor content ;¢ has the twisting angle

(A iy = (Vg — Uy f/)“. Antiparticles have twisting angles of opposite sign.
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Twisting angles enter the expressions of external states and internal propagators [36].
As an example we consider charged pions (kaons have similar expressions). The field
redefinition (2.18) implies that the propagators read

A (o) = = 3 / dko e . (2.23)
o L3 4~ Jg (2m) M2 — (k+U,=)? — i€

The twisting angles enter the denominator but not the exponential function exp(—ikz)
of the numerator. The propagators are periodic [viz. Ay p(x + Lé;) = Ayx (x) for
j = 1,2,3] and obey Klein-Gordon equations® with new d’Alembert operators [I:

[(0 — i0,2)? +M2] Aps () = 69 (). (2.24)
=0

From Eq. (2.23) we see that twisting angles shift the poles in the denominator of propaga-
tors. At tree level the poles are shifted to

(k+0,=)* = M2 (2.25)

Here, M? is given by Eq. (1.78) and contains the contribution in infinite volume at NLO.
We note that in Eq. (2.23) the substitution kg — —ky and k — —Fk reverse the propagation
direction and the sign of the twisting angles. Since antiparticles have twisting angles of
opposite sign, we conclude that the propagation of a positive pion with ¢, in the forward
direction of space-time is equivalent to a propagation of a negative pion with ¢¥/'_ in the
backward direction.

As a concluding remark we observe that PBC are a particular case of TBC. If we set
V¥4 = 0 the condition (2.10) reduces to the condition (2.1). This means that we may
partly check calculations by taking the limit 95 — 0 and comparing the results with those
obtained in finite volume with PBC.

2.3 Finite Volume Corrections with TBC

We consider pseudoscalar mesons in a cubic box with TBC and calculate finite volume
corrections with ChPT in the p-regime. The corrections of masses, decay constants, pseu-
doscalar coupling constants and pion form factors are calculated at NLO. The corrections
of masses and decay constants for pions and kaons were first presented in Ref. [36]. Here,
we detail the derivations and add results for the eta meson. We compare our expressions
with the results of Ref. [38] and explain how they are related with each other. Relying

4YWithout the redefinition (2.18) propagators read as in Eq. (2.23) but twisting angles enter the exponen-
tial function of the numerator, as well [e.g. e ik+0.2) for charged pions|. In that case, the propagators
satisfy TBC [i.e. Apx (v + Lé;) = e 4%+ A 4 | (z) for j = 1,2,3] and obey Klein-Gordon equations
with the usual d’Alembert operators [J := 9,,0".
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on chiral Ward identities, we then calculate the corrections of the pseudoscalar coupling
contants. Our expressions coincide with the results obtained from the direct calculation of
Ref. [38]. At last, we calculate the corrections of matrix elements of the pion form factors.
We show that here, the Feynman—Hellman Theorem [39,40] as well as the Ward—Takahashi
identity [41-43] hold in finite volume with TBC. We conclude comparing our expressions
with the results of Ref. [37,38,52,120-124].

2.3.1 Masses

To determine the mass corrections at NLO we must evaluate the tadpole diagram of
Fig. 1.2b in finite volume. The finite volume discretizes the momenta and introduces
twisting angles. The propagators are modified in the measure that integrals over spatial
components are replaced by discrete sums and twisting angles enter the denominator. For
example, the propagator of the neutral pion has the form of Eq. (2.5) whereas those of
charged pions have the form of Eq. (2.23). The discrete sums can be evaluated by means
of the Poisson resummation formula (2.6). The different twisting angles force us to dis-
tinguish the various particles propagating in the loop of the tadpole diagram as they have
propagators of different forms. This elongates a bit the evaluation of the diagram which
nonetheless remains straightforward. For convenience, we detail just the derivation of
pions; mass corrections of other pseudoscalar mesons can be derived in an analogous way.

In finite volume the tadpole diagram of Fig. 1.2b generates the corrections of the self
energies at NLO. For pions, we find

AYo = AA0o + ABo p2 + O(p6/F;1) (2.26&)
AY e = AAs + ABre (p+0,2)> +2(p+ Upt ) AV, + O(p°/FY), (2.26b)

where we normalize AXY. o, AX¥ + so that they just contain the corrections due to finite
volume. The contribution in infinite volume can be found in Egs. (1.75, 1.76). The
coefficients entering the self energies read

2

M
Adn = =63 81(Ar) = 2 g1 (Ar, V)]

6
2
+ % {€x (81 Ak, V) + 81 ( Ak, Uo)] + &y 81 (Ay) ) (2.27a)
ABno = _é {4§7r gl()‘ﬂv 197r+) + &k [gl(AKv 19K+) + gl()‘KaﬁKo)]} ) (227b)

and
M2
AAT(':t = ?ﬂ fn [2 gl()\wa 197r+) - gl()‘ﬂ')]

2

+ % {€x (g1 (Ars Ue+) + &1 (i, Ope0)] + & g1(A) T (2.28a)

ABr+ = —% {2& [81(Ar, Unt) + 81(Ax)] + €r [81 (A, V) + 81 (A, Do)} (2.28b)
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Here, g, (Ap) is the function of Eq. (2.9) and Ap, {p (with P = 7, K, n) are the parameters
defined after Eq. (2.9). The function g,(Ap, 1) is defined by the difference of the sum in
finite volume minus the integral in infinite volume,

dky 1 d4k 1 B M2
L‘°’ Z / 2m i [ME — (k +9)’] _/R4 2m) 10— (v 7] Gy 2O

mEZ
(2.29)
It can be evaluated by means of the Poisson resummation formula (2.6) and values
4K1(Ap|TT]) pad
g (Ap, ) =D 7Al< f|”|) et (2.30)
— plii|
nEL
|72]0

Note that g, (Ap,?) is even in the second argument and thus antiparticles contribute as
particles, e.g. g, (Ar, Ur-) = g1 (Ar, ¥r+). For vanishing angles, g,(Ap,0) = g,(Ap) and we
recover the function of Eq. (2.9).

In addition, the self energies of charged pions exhibit extra terms proportional to A", .
Such terms are not present in finite volume with PBC and feature

A", =+ {gﬂ Ay Ut ) + %{ [ (A, O ) — £ (AK,vKo)]}. (2.31)

The function f}'(Ap, 1) is defined by

1 dl{}o (/{;—|-19)M MFQ’ .
2 /(%) iME— (k+0)2]  (47)2 £ (Ap, 9), (2.32)

and can be evaluated by means of the Poisson resummation formula (2.6):

t(A\p, ) =

e 0
——nt Ko(Ap|f]) e, where n* = (ﬁ) (2.33)

In Ref. [37] this function® was studied in partially quenched ChPT with partially twisted
boundary conditions. Despite the different framework we can make similar remarks. The
function ff'(Ap, ) decays exponentially in \p = MpL and disappears for L — oo. It is
odd in the second argument so that antiparticles contribute with the opposite sign, e.g.

5For j = 1,2,3 the function fJ(Ap, ") is related to K7

1/2(19,M123) of Ref. [37] via

“n?

f{()\P’ﬂ): 2M2 1/2

(9, MB).
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' (A\r, 0p-) = =11 (Ag,9s+). For 9* = 0, the summand in Eq. (2.33) becomes odd in
i and f{'(Ap, V) disappears due to the summation over 7 € Z3. This explains why the
extra terms Ad”, are not present in finite volume with PBC: they disappear due to the
cubic invariance. In general, the function f{'(Ap, ") has non-vanishing components in the
directions where 9" is non-vanishing. In the case that ¥* = (%) with

) A\ [0\ [0\ | [\ 4 [0\ 4 [0\ ; (7
dged ol o). fo]. = (o] (0], (o], =[v]) @39
{0019@0\/519\/519\/519}

f1'(Ap, 1) is aligned to ¥#. This fact intimately relates f}'(Ap, ) to ¥* and more in general,
the extra terms A¥”, to the twisting angles.

From Eq. (2.26) we observe that the isospin symmetry is broken in the self energies. The
twisting angles break the symmetry and lift the degeneracy among pions. In general, AX o,
AY+, AY, - have different expressions. At NLO, the breaking affects the coefficients [i.e.
AAy # AA,+ and AByo # AB,+] as well as the external momenta [i.e. p* # (p + 0= )*
and (p+9.+), AV, # (p+90,-),AV"_]. The breaking disappears only for J%, = 0, namely
when the isospin symmetry is restored in the theory as the u-quark and the d-quark have
equal twisting angles (ie. 9* = ¥%). Note that in the rest frame (where 7 = 0) the
isospin symmetry breaks in a specific way. The first two components are broken but not
the third one. Pseudoscalar mesons with I = |I3| remain degenerate as they are aligned to
the third component. For example, charged pions are degenerate and have the same self
energies, AY .+ = AY,—. This can be showed setting p* = pt* = (%0) in Eq. (2.26b): terms
with coefficients AA,+, AB,+ become equal due to Eq. (2.28) and terms 2(p + ¥, ), Av%.
become equal as well, due to 9" = =9/ A9 = —AY" | see Egs. (2.22, 2.31).

In finite volume, masses are defined in the usual way. They are given by the poles of
the full propagators. In the case of pions, AY 0, AX + further shift these poles. The pole
equation of the neutral pion reads

M? —p* —AY0=0 for p*= M?Z(L), (2.35)
where M _,(L) is the mass in finite volume. Inserting (2.26a) in the pole equation we find
M?(L) = M? — AAyo — ABoM? + O(p%/FY). (2.36)

For charged pions, the self energies AY. + exhibit the extra terms A¥”,. Currently, there
are two distinct treatments for such terms which lead to two different mass definitions, see
Ref. [36-38]. In Ref. [36,37] the extra terms A", were treated as an additive renormal-
ization to the twisting angles and were reabsorbed in the on-shell conditions. This leads to
a momentum-independent definition of masses. On the contrary, the authors of Ref. [3§]
adopt a momentum-dependent definition and treat A", as parts of the mass corrections.
At NLO, both definitions are equivalent although they provide different results for the cor-
rections. Here, we adopt the definition of Ref. [36,37] which is more compact and provides
momentum-independent corrections. We start from the pole equations of charged pions,

M? — (p+ ) — AXpx =0, (2.37)
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and insert (2.26b). Working out the left-hand side we find,

MZ = (p+0r2)° — ASpe = M2 — (p+0rt)® — 2 (p+ Oz ) yAIEL
— AAe — ABps(p+9,4)* + O(p° ) F2)
(2.38)
=M — (p+0ps + AUz )?
— AAzs — ABrs(p+ 05t + AV )? + O/ FD).
In the last equality, we have followed Ref. [37] and added terms O(p®/F?%) to complete the
momentum squares (p+U,+)* with AJ”, . As noted in [37] after completing the momentum

squares, the extra terms A¥", appear as an additive renormalization to the twisting angles
¥",. The renormalization terms can be reabsorbed in the on-shell conditions,

Pre(L) = (p+ Vps + A2 )? = M2 (L). (2.39)
Then, the pole equations (2.38) provide the masses in finite volume,
MZ*.(L) = M? — AA,+ — AB+ M? + O(p®/F2). (2.40)

In an analogous way, one can determine the masses of other pseudoscalar mesons in
finite volume. For the eta meson one proceeds as for the neutral pion. For kaons one follows
the derivation of charged pions and completes the momentum squares as in Eq. (2.38). In
that case, the renormalization terms read

A = {5 RO D) 4 O, 0] + 5 1200 0 | (2412)

A9, ™

NG } = { S i) + 28O D) - SO0 b @a)
KO

One can reabsorb these terms in the on-shell conditions and calculate the masses in a
similar way as in Eq. (2.40).

We summarize the results and make some concluding remarks on the masses in finite
volume. In general, we define the corrections of an observable X as

AX

where AX := X (L) — X is the difference among the observable evaluated in finite volume
and in infinite volume. Accordingly, the mass corrections of pseudoscalar mesons read

§7r 577

SM?Z, = ) 28, (s, Dt ) — g1 (Ar)] — " g1(\) (2.43a)
SMZe = %gl(kw) - %gl(hn) (2.43b)
My = %gl(%% (2.43c¢)
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and
2
5M3 = % [gl()\K,ﬂKJr) + g1<)\K,"l9K0)] — gfn g1<)\n)
M (¢ ¢
+ ﬁg {EK [g1<)‘K779K+) + gl()\K,ﬁKo)] + gﬂ g1<)\n)}

M2 €,
i % (8 (An) + 28, (Ams 920 )] . (2.43d)

These expressions are obtained with the mass definition of Ref. [36,37]. The first three
expressions coincide with the results of Ref. [36]. As further check we set 0%, = 0%, =
Vo = 0 and recover the results® for PBC, see Egs. (94, 95, 96) of Ref. [32]. In Ref. [36]
it was pointed out that at this order, the mass corrections decrease exponentially in \p =
MpL where P = 7w, K,n. Moreover, the dependence on the twist is a phase factor. The
twist can change the sign of overall corrections. This is a consequence of the breaking of
the vector symmetry SU(3)y due to twisting angles. For instance, §M2,, dM? can turn out
negative depending on 9%, , 0% ., ¥%,. With an appropriate choice of ¥, , 9%, ¥, (or
averaging over randomly chosen twisting angles) we can even suppress the mass corrections
as discussed e.g. for nucleons in Ref. [125].

In general, the isospin symmetry is broken in the expressions (2.43). We observe that
the breaking occurs in the same way as in the rest frame. The first two components
are broken but not the third one. At NLO, pseudoscalar mesons with / = |I3| remain
degenerate and form some multiplet. Charged pions form a duplet with I = |I3] = 1, see
Eq. (2.43b). Kaons should form two distinct duplets with I = |I3] = 1/2. However, this
is not apparent in Eq. (2.43c). Other pseudoscalar mesons are singlets. Note that the
degeneracy among charged and neutral pions is lifted by

SMZ — 6M2 = & [5,0s) — 81 (hm, 0t)]. (2.44)

This splitting term vanishes only for 9", = 0, namely when the isospin symmetry is
restored in the theory. In Ref. [37] a similar splitting term was found using partially
quenched ChPT with partially TBC. Analogously, one would expect that a splitting term
lifting the degeneracy among kaons. However, at this order no splitting term appears and
kaons still remain degenerate, see Eq. (2.43c). The splitting term will appear at NNLO
when loop diagrams containing virtual kaons begin to contribute to the mass corrections.
In that case the masses of kaons are not degenerate.

The mass corrections of pseudoscalar mesons were recalculated at NLO in Ref. [38].
Therein, the authors adopt a momentum-dependent definition and treat the extra terms
AO" LAY, AYh, as parts of the mass corrections. The results for the neutral pion and
the eta meson coincide with Eqs. (2.43a, 2.43d). On the contrary, the results for charged

In Ref. [32], the authors present the corrections of linear masses rather than of squared masses which
differ by a factor 1/2.
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pions and kaons correspond to Eqs. (2.43b, 2.43c) plus

2

— W(p + V) AVE

— —5 (P + U= ) A (2.45)

These terms are momentum-dependent and make the mass poles of charged pions and kaons
varying. This is not suitable as on lattice the mass is extracted from the exponential of
the correlator function evaluated at the pole of the propagator. The pole is, by definition,
fixed and momentum-independent otherwise its location would vary as the integration
in momentum space is performed further complicating the calculation of the correlator
function. Moreover, the terms (2.45) definitely break the isospin symmetry. In general, the
three components of the isospin are broken so that pseudoscalar mesons are all singlets.
Only in the rest frame, the breaking occurs in the specific way for which pseudoscalar
mesons with I = |I3] remain degenerate.

We remind the reader that at NLO the mass definition of Ref. [36,37] and the one of
Ref. [38] are equivalent. The difference is just formal and lies on which side of Eq. (2.39) the
extra terms A", are taken. However, we advocate to adopt the momentum-independent
definition [36,37] as mass poles are at fixed locations as considered in lattice simulations.
Furthermore, the expressions (2.43) are more compact and exhibit a degeneracy of pseu-
doscalar mesons with I = |I3].

2.3.2 Decay Constants

To determine the corrections of decay constants we consider the matrix elements (1.80) for
pions,

= (0] AL (0) |du(p)) = ip" Fup,  a,b=1,2,3. (2.46)

According to Ref. [10,31] the decay constant of the pion is defined as the residue at the
mass pole of the two-point function containing the axialvector current and the interpolating
field of the pion

Fop = Jim (M —p?) Pus(p), (2.47)
where
Po(0) = Noy py / dty &7 (0 T {A4(0)n(y)} [0) (2.48)

The prefactor Ny, is a normalization constant which depends on the interpolating field ¢y.
In finite volume the mass pole as well as the residue are shifted. In Section 2.3.1 we have
studied the shift of the mass pole at NLO, see Eqgs. (2.35, 2.39). At the same order, the
shift of the residue is given by the tadpole diagram of Fig. 1.3b. The diagram looks like
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that of Fig. 1.2b and generates corrections similar to those of self energies. Evaluating the
diagram of pions, we obtain the following two-point functions

Nwopu

Po= et (e pana V] o 80)

Prs = - [ z\]j;:(%tﬁ;;j&)] {i(p + Ot )P Fy [QAB,Ti + \/@] (2.49)

+ 2 A0 + O/ F2) |,

where ABro, AB,+ are the coefficients of Egs. (2.27b, 2.28b) and A¢”, are the extra
terms of Eq. (2.31). The masses M (L), M_. (L) are defined so that they are momentum-
independent [36,37] and are given by Eqgs. (2.35, 2.39). Accordingly, the momentum squares
p2i(L) = (p+ Ut + A¥y+)? are completed with AY”, and provide M2, (L) if external
momenta are on the mass shells (2.39). The renormalization constants AZ o, AZ, + are
calculated expanding the self energies (2.26) in terms of (pY)%. At NLO they read

1
AZp = —
L ?Bﬂ(’ (2.50)
Ape = ——
™= + AB,+

Note that in general, the two-point functions P.+, P.- are different. In the rest frame,
charged pions are degenerate and hence, P,+ = P,-. This can be showed by similar argu-
ments as those demonstrating AYX+ = AX - in the case p* = p* = (%0 ), see discussion
after Eq. (2.34).

To extract the decay constant we must take the residue as in Eq. (2.47). At this order
the mass poles in the full propagatores are shifted according to Egs. (2.35, 2.39). The
residues must be then taken in the limits: p* — M?2,(L) resp. p>. (L) — M2, (L). For the
neutral pion, we can take this limit directly and the residue provides

Fo(L)=F, |1+ SABWO +O(p*/EH] . (2.51)

For charged pions the presence of A¥”, additionally shifts the two-point functions Pr.
Contracting the momenta in Eq. (2.49) we obtain two contributions: the first contribution
is proportional to (p + U,+)? Fy [2AB,« + v/AZ+] and the second one is proportional to
2 F: (p+ 0r2),A0%, . In the limits p?, (L) — M?. (L) the momentum squares of the first
contribution tend to

(p+Vnz)? — MZ(L) — 2 (p+ ) AL + O(p°/FY), (2.52)

due to the on-shell conditions (2.39). Taking the residues, the first contribution then
generates a term O(p*/F,) which cancels out the second contribution proportional to
2 F; (p+ V), A0, . At this order the cancellation is exact and we obtain

Foe(L)=F, |1+ ;ABﬂi + O FH| . (2.53)
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The decay constants of other pseudoscalar mesons can be calculated in an analogous
way. For the eta meson one proceeds as for the neutral pion. For kaons one follows
the derivation of charged pions and takes the residue in a similar way. In that case, a
cancellation occurs at O(p*/F) analogous to that described above for 2 Fy (p+0,+),A0%, .
Altogether, the corrections of decay constants read

0Fr0 = =& 81 (A, V) — %K (8, (Ar, Vi) + 81 (A, Pco)] (2.54a)
5 = =2 8,00) 1 (s 90 )] = 2K iy O, D) 81 (s Do) (2.54b)
5Fice =~ [ (0) + 28300, 1)
- %K 281 (Ak, Vic+) + g1 (A, Vic0)] — gfn gi(\,)  (2.54¢)
o = =2 [gy(he) + 281 (A, )]

- %( (g1 ( Ak, Vg+) + 28 (Ak, Vo) — g&n g1(N), (2.54d)

and
3
5Fn = _ZfK [g1<)\K7,l9K+> + g1<)\K7 ﬂKO)] . (2546)

The first four expressions coincide with the results of Ref. [36]. As further check we set
V", =04 = 9%, = 0and recover the corrections for PBC, see Egs. (97, 98, 99) of Ref. [32].
At NLO, the dependence on the twist is a phase factor. The sign of overall corrections
may change due to the twisting angles and with an appropriate choice of 9%, , V%, V5,
(or averaging over randomly chosen twisting angles) we can even suppress the corrections.
We observe that the isospin symmetry is broken in the same way as in the rest frame:
pseudoscalar mesons with I = |I3] remain degenerate”, see Eqs. (2.54b, 2.54c, 2.54d). The
splitting term among pions is exactly one half of that for masses (2.44) and has the opposite
sign,

SFos — 6F0 — % 0, (s s ) — 8, ()] (2.55)

The splitting term among kaons is smaller and originates from loop diagrams containing
virtual kaons,

5FKi - 5FKO = % [g1<)\K779K0> - gl()\KaﬂK‘F)] . (256)

These splitting terms disappear only for 9%, = 0 (or equivalently, ¥%., = ¥%.,) namely
when the isospin symmetry is restored in the theory.

The corrections of decay constants were recalculated in Ref. [38]. Therein, the authors
define the decay constants directly by the matrix elements <7y = (0] A¥ |¢,) in finite volume

"At this order the neutral kaon and its antiparticle are degenerate, i.e. §Fgo = 6 Fxo.



52 2. ChPT in Finite Volume

and not as the residue of the two-point function (2.48). The results for the neutral pion
(resp. the eta meson) with the current A% (resp. A%) coincide with Eqs. (2.54a, 2.54e).
On the contrary, the results for charged pions and kaons correspond to Egs. (2.54b, 2.54c,
2.54d) plus terms that in our notation read

(F7|— )M - 2 Fﬂ'AﬁZi

14

+
(Fies)' =2 Fr A . (2.57)
(Fro) =2 F Al

These extra terms are the same that appear in the two-point functions, see e.g. Eq. (2.49).
In Ref. [38] they are treated as parts of the corrections. Here, we treat them at the same
level of the renormalization terms of self energies: they cancel out when the residues of the
two-point functions are taken. The decay constants are then defined as the residues and
the results do not display the extra terms (2.57). Again, we are faced with two definitions
that are equivalent at NLO and just differ formally. However, we advocate to adopt the
definition from the residue as it relies on mass poles with fixed locations as considered in
lattice simulations. The expressions (2.54) are more compact and exhibit a degeneracy of
pseudoscalar mesons with I = |I5].

2.3.3 Pseudoscalar Coupling Constants

The corrections of the pseudoscalar coupling constants were first calculated in Ref. [38].
Therein, the authors apply the functional method and perform a direct calculation in ChPT
with TBC. At NLO the results are

50 =~ 1 00) — S iy O, ) + 8 Ok )] — 2, () (2.582)
5Gs — _% o () — %K 18, e, Des ) + 8, (e, Dgc0)] — %"glun) (2.58b)

6Ges = —%’f g1 (Ar) + 281 (Ar, Ut )]
K g, e ) 1O )] — Sy () (2:580)

G0 =~ [g1(he) + 281 (o )
- %K [g1 (A, Okc+) + 281 (e, Ogc0)] — %gl()\n) (2.58d)

56y =~ 3 00) + 281 (s, 00
_ % 181 O\, D) + 81 (s Do) — %gl()\n). (2.58¢)

Note that 0G0 (resp. 0G,) correspond to AYGro3/G, (resp. AYG,5/G,) presented in
Eq. (6.10) of Ref. [38]. At this order, pseudoscalar mesons with I = |I3| are degenerate



2.3 Finite Volume Corrections with TBC 53

and no extra terms A, A, A, appear in the expressions. We show an alternative

way to obtain these results relying on chiral Ward identities.

In finite volume chiral Ward identities are modified by the presence of the twist. If we
introduce the twist through the constant vector field vf; the chiral Ward identities (1.85)
become

8, (0] A5(0) [7°(p)), = m (0] P3(0) |7°(p)) (2.59)
(0 — i0rx),, (0] AYin(0) |75 (p + Vrt)), = (0] Pria(0) |7 (p + V) ), (2.59h)

(0 —i0k=), (0] Azi5(0) | K*(p + Ox+)), = 252 (0] Pagis(0) [K*(p+Vg)),  (2.59¢)
(0 — ko), (O] Ab_7(0) |K°(p + o)), = 252 (0] Ps_i7(0) |[K°(p + Vgo)),  (2.59d)

8, (0] AL(0) [n(p)), = 242m= (0] Ps(0) |n(p)),,
+ V2 22 (0] By(0) [n(p)) ;- (2.59€)

Here, the subscript L indicates that the matrix elements are evaluated in finite volume.
The external states are given in the physical basis and the operators on the left- (resp.
right-) hand side are linear combinations of the axialvector currents (resp. pseudoscalar
densities):

1 , 1 :

A'Lfiﬂ = ﬁ(Al + ZAQ)“ Pl:l:i2 = ﬁ(Pl + ZPQ)
1 . 1 ,

Alpis = ﬁ(!‘h +ids)" Payis = E(Pz; +iFs) (2.60)
1 , 1 :

Al n = —=(A — 1A Ps_ir = —=(Bs —iP).

V2 V2

Note that the chiral Ward identities of charged pions and kaons are shifted by twisting
angles. For convenience, we first focus on the identities of pions and show how to de-
termine the corrections of the pseudoscalar coupling constants. The corrections of other
pseudoscalar mesons can be determined in an analogous way.

We rewrite the chiral Ward identities of pions as

Oy (O] AL |7°) = (0] Py |=°),
(90— mni)u (O] A7’ }Wi>L 1 (0] Prgio }Wi>L7

172
and work out both sides of the equations. On the right-hand side the matrix elements are
proportional to the pseudoscalar coupling constants in finite volume. At NLO we have

m (0] Ps |7°), = mGro(L)
m <0‘ P1¢i2 ’7'(':‘:>L = mGW:I:(L),

(2.61)

(2.62)

where we retain terms up to O(p°/F2). On the left-hand side the matrix elements are
proportional to the decay constants in finite volume. Retaining terms up to O(p®/F3) we
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have
9, (0] Af |7°), = p*Fro(L)
, i L ) " (2.63)
(0 — i), (0] Afgsn ‘ﬂ' >L = (p+Vrt)" Frx (L) + 2F(p + 0rz ) LAV,
The pions are on the mass shells and the momentum squares value
2 — M2 I
P = Ma(L) (2.64)

(p+ 0pe)? = M2 (L) — 2(p + Vp2) AV, + O(p°/F2).

Inserting these expressions in Eq. (2.63) the terms containing 2(p 4 0.+ ),A¥" . cancel out
and we obtain
9 (0] AL |7°) = M2 (L) Fro(L)

(0 — i), (0] Al |[75), = MZo(L) Fr (L),

1F42

(2.65)

where we retain terms up to O(p®/F?). We equate both sides of the identities and find
MG o (L) = M2 (L) Fro(L)

MG+ (L) = M2+ (L) Fex(L). (2.66)

These relations can be written in terms of finite volume corrections as defined in Eq. (2.42).
Dividing both sides for mG, = M2F, we find

5G7TO = 5M30 —|— (SFWO —|— (SMgo (SFWO
6G s = OM2 + 6Fps + M2 6Fps . (2.67)
0(2)

Note that the last products are O(£2) and go beyond NLO. It turns out that the corrections
of the coupling constants are given by the sum of the corrections of the masses and of
the decay constants. Inserting the expressions (2.43a, 2.54a, 2.43b, 2.54b) one finds the
results (2.58a, 2.58b).
In an analogous way, we determine the corrections of other pseudoscalar mesons. For
kaons we obtain,
6Gr+ = OMzs + 6Fg+ + O(&2)
§Gro = SMpo + 6 Fo + O(E2).

Inserting (2.43c, 2.54c, 2.54d) one finds the results (2.58¢, 2.58d). For the eta meson, we
must consider an additional term. From Eq. (2.59¢) we see that the chiral Ward identity
has term proportional to (0| P(0) |n(p)) ;. This matrix element can be calculated applying
the functional method. In Section 1.4.3 we present the result at NLO in infinite volume,
see Eq. (1.87). Here, we give the result at NLO for the difference among the matrix element
in finite volume minus the matrix element in infinite volume:

AGoy = (0] F(0) [n(p)), — (0] Fo(0) [n(p))
V2

= _? GO fﬂ [gl <)‘7r) + 2 g1<)‘7ﬁ ﬁﬂ*)] (269)

(2.68)

Y2 G e 1 O D)) + 1O D)) + 010}
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Knowing AG, at NLO we can now proceed as in the case of the neutral pion. Work-
ing out both sides of the chiral Ward identity (2.59¢) we find a relation connecting the
corrections of the pseudoscalar coupling constant with the corrections of the mass, decay
constant and AGy,:

mdms G 5GYy = M2F, (M2 + 6F, + 0M2 6F,) — 2(1h — my) AG,,. (2.70)
We divide both sides for [%ZWG"] and retain terms relevant at NLO. This gives
V2 [ M? AGy
2 Ve | Mr | 2boy
0G, = 0M, + 0F, 5 [MQ 1] G, + O(€2). (2.71)

Inserting the expressions (2.43d, 2.54e, 2.69) one finds the result (2.58e).

The results (2.58) confirm that at NLO the definitions of Ref. [36,37] and of Ref. [3§]
are equivalent. They both respect the chiral Ward identities (2.59). The chiral Ward
identities relate the matrix elements in a way that at this order, the renormalization terms
of self energies exactly cancel out extra terms arising from the matrix elements of the
axialvector decay. This leaves us the choice to treat such terms as parts of the corrections
or not. Masses, decay constants and pseudoscalar coupling constants can be then defined
accordingly. However, we advocate to adopt the definitions relying on mass poles with fixed
locations just as considered on lattice. This avoids further complications in the integration
of correlator functions in momentum space.

We add some concluding remarks on the corrections of pseudoscalar coupling constants
at NLO. In general, the corrections are negative, see Eq. (2.58). The dependence on
the twist is a phase factor and may change the overall sign. The corrections can be even
suppressed with an appropriate choice of ¥/, , 9%, , ¥, or averaging over randomly chosen
twisting angles, see e.g. Ref. [125]. We observe that here, the isospin symmetry is broken
in the same way as in the corrections of masses and decay constants: pseudoscalar mesons
with I = |I3| remain degenerate. The splitting term among pions and the one among kaons
are exactly as those of decay constants but with the opposite sign,

0G+ — 0G0 = —% (21 (Ams Ut) — 21(An)]
(2.72)

5GK;t — 5GKO = —% [gl()\K,’&KJr) — gl()\K,ﬁKO)] .

These splitting terms disappear for ¥, = 0 (or equivalently, ¥} = ¥}.,) namely when the
isospin symmetry is restored. Setting all twisting angles to zero (i.e. ¥%, = 0%, = ¥4, =0)
we obtain,

§7r gK gn

0Gr = D) g1(Ax) — 7%1()%) - €g1<)‘ )

3 3
0GK = —g&rer(Mn) — k8 (Ak) = 54 g1(\y) (2.73)
0G, = —%&(}‘w) - %&(}\K) 52”&()‘ )-

These expressions correspond to the corrections of pseudoscalar coupling constants in finite
volume with PBC.
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2.3.4 Pion Form Factors

To study the finite volume corrections of pion form factors we restrict the group and
consider only two light flavors. We impose TBC to QCD and introduce the twist as in
Section 2.2 through a constant vector field

o= ﬁg‘%. (2.74)

Here, 73 represents the unique generator of SU(2)y commuting with the mass matrix and,
at the same time, conserving the electric charge. The twisting angle 9% shifts the momenta
of quark fields. In the effective theory, the momenta of charged pions are shifted by
V", = 205 The corrections of pion masses, decay constants and coupling constants can
be calculated as before. One gets

M2 = S R (e ) — ()] M2 = () (2.75a)
0F 0 = =& g1 (A, Opt) 0F .+ = —% [g1(Ar) + g1(Ar, Ot )] (2.75Db)
0G0 = —% g1(A\r) 0G + = —% g1 (A, Ut ). (2.75¢)

These results can be obtained from Eqs. (2.43, 2.54, 2.58) discarding the contributions of
virtual kaons and eta meson. The functions g;(\,), g;(Ar, ¥,+) are defined in Egs. (2.9,
2.30) and the parameters A, &, after Eq. (2.9). Note that the restriction to two light
flavors implies that the renormalization terms (2.31) become

AW, = €, B Ay, O ). (2.76)

At NLO the splitting terms among charged and neutral pions remain the same as in the
3-light-flavor case and are given in Egs. (2.44, 2.55, 2.72).

The corrections of pion form factors can be determined from the matrix elements (1.90).
For convenience, we rewrite them as

(mo(p)] So [ 7ma(p)) = (m] So |ma)
(mo (P V5" Ima(p)) = (mp| V5" |ma)

and define the corrections of the matrix elements as

(mp| So |ma), — (m| S0 |7a)
(] So [Ta) g2—g (2.78)
WA = (mp| V' [ma)  — (mo| Vi I7ma) -

(2.77)

T =

Here, the subscript L (resp. ¢> = 0) indicates that matrix elements are evaluated in finite
volume (resp. in infinite volume at a vanishing momentum transfer).

In finite volume the corrections of form factors still depend on the momentum trans-
fer ¢* = (p/ — p)*. The twist shifts the momenta of charged pions but not necessarily
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induces a continuous ¢*. If the incoming and outgoing pions are the same, the twisting
angles cancel out from the spatial components of the momentum transfer and

. . 2 .
q= (ﬁ, +197Ti> — <ﬁ—|— 197ri> = fﬂ-l with leZ3. (2.79)

We use this fact to work out the matrix elements and evaluate their corrections. However,
we must keep in mind that —depending on the kinematics chosen— the zeroth component
¢° may contain the twisting angles of external pions and hence, vary continuously.

We first discuss the corrections at NLO of the matrix elements of the scalar form factor.
The corrections can be evaluated from the loop diagrams of Fig. 1.4 in finite volume. The
tadpole diagram generates corrections similar to those encountered in Section 2.3.1. The
fish diagram generates additional corrections which can be calculated with the Feynman
parametrization (A.4). Altogether, we find

oTT = %"[2 g1 (Ar, Ut ) — 81(Ar)]

+ %{ /Odz [Mﬁ 22(Az,q) +2 (q2 _ Mg) 2o(A2, 197r+)] } (2.80a)

T 67‘(’ !

5115i ) 81(Az) + [dz [(QQ - Mﬁ) g2(A @) + ¢ 8o (s, q7,l97T+):| + P,AO7.. (2.80b)
0

The functions g,(\., q,7), g2(A,, ¢) originate from the fish diagram and can be evaluated

by means of the Poisson resummation formula (2.6). We find

2 S\ ALA[T+q(1-2
g2(>\27Q7Q9) = W Z Ko()\z|n|) eL [79+Q(1 )]

T gez3
|ﬁe\7é0 (2.81)

g2()‘27 q) = g2()\z7 q, 0)7

with A, = A;y/1+ 2(2 — 1)g2/M2. Note that g,(\,,q,¥) is even in the second and third
argument. This is a consequence of the discretization of the spatial components of the
momentum transfer, see Eq. (2.79). The last term in Eq. (2.80b) consists of the product
among

Pr= +0.2)" + (p+d.2)", (2.82)
and )
ABH, = £¢, / dz [f5(\s, q,0xt) + ¢ (1/2 = 2) go(As g, 074 )] - (2.83)
0

The Lorentz vector A©", has non-vanishing components in the directions where both 9",
and ¢* are non-vanishing. It vanishes for 9", = 0. The function fy ()., ¢, ) originates from
the fish diagram and can be evaluated with the Poisson resummation formula (2.6):

£\, q,9) = == Ky (7)) LT +a0-2)] (2.84)
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Note that as a consequence of the discretization of ¢, the function f5(\,, ¢, 1) is even in
the second argument and odd in the third one.

The corrections (2.80) decay exponentially in A, = M_L. In the limit L. — oo they
disappear and hence, one recovers the scalar form factor in infinite volume. As further
check we set ¥, = 0 and find

1

T =5 a0 + 2 - 2] [az 00,0 (2.85)
This expression is the result obtained in finite volume with PBC, see Ref. [120,121]. In
this case (i.e. for 9%, = 0) the corrections 0I'g are negative: the more the volume shrinks
the more the value of the scalar form factor decreases. This corresponds to a screening of
the scalar charge distribution. The situation can be better understood considering a pion
sourrounded by a cloud of virtual particles. The virtual particles have the probability to
wind around the finite volume and to be reabsorbed by the pion. The external scalar source
has then the probability to probe several times the same virtual particle. This screens the
scalar charge distribution of the pion and in finite volume, the value of the scalar form
factor decreases.

A screening effect takes place also for small twisting angles. Here, the corrections 5T§O,
5F7Sri stay negative as the dependence on the twist is roughly a phase factor. The corrections
may turn positive for large twisting angles. In that case, antiscreening effects take place.
With an appropriate choice of twisting angles we can even suppress the corrections. Note
that the terms P,A©", depend linearly on ¥*,. This linear dependence increases 5ng at
large twisting angles. Thus, in order to keep the corrections under control, it is important
to employ small twisting angles, e.g. |J,+| < 7/L.

At a vanishing momentum transfer, the corrections (2.80) reduce to

5P§0 }q2:0 = % {2 g1(>‘7ﬂ 0#*) - gl()‘w) + Mg [gQ(Aﬂ) - 2g2()‘7r> Ut )]} (2.86&)
U5 oy = 52 1) = M2 gy (A)] £ 260 (p 405, B A D). (2.56b)

The new functions are defined setting ¢*> = 0 in Egs. (2.81, 2.84) i.e.
g2(>\7ﬁ Q97r+) = g2(>‘7ﬁ 07 197r+)7 gQ()\ﬂ') = gQ()\ﬂ'v 07 0)7 fg(A7ﬂ Q97T+) = fg()\ﬂW 07 Q97T+)’ (287)

In Section 1.4.4 we have seen that at a vanishing momentum transfer the Feynman—Hellman
Theorem [39, 40] relates the scalar form factor with the derivative of the pion mass, see
Eq. (1.94a). This relation can be extended to finite volume. At NLO the relation for the
neutral pion reads

0
DM2

where AM?2, = M?,(L) — MZ2. The relation can be easily showed if one multiplied
Eq. (2.75a) with M2 and derive with respect to dyz = 9/0M2. The result is Eq. (2.86a).

0% | oo = AMZ, + O(M?), (2.88)
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For charged pions one must make some specification. As pointed out in Ref. [10] the
Feynman-Hellman Theorem states that the expectation value (my|Sp |7a),2_, 18 related
to the derivative of the energy level describing the pion eigenstate. In finite volume the
energy levels are additionally shifted by the twisting angles and by corrections of the self
energies. At NLO the energy levels are given solving Eq. (2.38) with respect to the zeroth
component. We obtain

= 2
E2(L) = M2+ (§+ U ) — AS,e + O(MY). (2.89)

Here, AX,+ are the self energies (2.26b) and the external momenta are on the mass
shells (2.39). Taking the derivative 0;, = 0/0m on both sides of the equation, the momen-

tum squares (p'+ Jwi)Q disappear. We get
O B2 (L) = 05 M? — 05 AS 1+ + O(M2). (2.90)

On the right-hand side, the term 9, M? provides the relation of the Feynman-Hellman The-
orem in infinite volume, see Eq. (1.94a). Defining the corrections according to Eq. (2.78)
and rewriting the remaining terms with 9, = (OM2/0m) Oz, we have

)
5l = 208

[—AY <]+ O(M2), (2.91)

where the derivative of the self energies is evaluated at p2.(L) = M2, (L). This relation
extends the statement of the Feynman—Hellman Theorem in finite volume: at ¢ = 0 the
corrections of the matrix elements of the scalar form factor are related with the derivative
of the self energies with the respect to the pion mass. One can show that the expres-
sion (2.86b) results deriving Eq. (2.26b) with respect to M?2.

The corrections of the matrix element of the vector form factor can be evaluated in a
similar way from the loop diagrams of Fig. 1.4. In this case, one must pay attention as the
evaluation involves tensors in finite volume. We find

1
(AT ) = Q.. /O dz {P" (3,00, ¢ 0ns) — 81 (s 00 )] + 2P, WY (M g, 01}

1
—Q. {@r /dz ¢" (1 —22) [P, {5(\., q, 0rt)] — 2808, + qu@ﬁi} . (2.92)
0

Here, . = =1 represents the electric charge of 7% in elementary units and the new
functions are given by

4N,

g1 g 0) = 37 5= K)o ) (2.932)
2 i
\ﬁ\#o

hMV z’ ’ )\2 ntn’ K ()\‘ D zLﬁ[ﬂ-{—(T(l—z)]. (293b)
ez’

|7]7#0
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The corrections decay exponentially in A, = M_L and disappear for L — co. In Ref. [3§]
the corrections were calculated in 3-light-flavor ChPT with TBC. Their result coincides
with Eq. (2.92) if contributions of virtual kaons and eta meson are discarded. In general,
the corrections depend on the twist through a phase factor, see Eq. (2.92). For small
twisting angles the corrections stay negative (resp. positive) for positive (resp. negative)
pions. This corresponds to a screening of the electric charge distribution. Note that the
corrections (2.92) contain terms linear in ¥*, . This increases the absolute value of (AT
at large twisting angles.

We set ¢, = 0 and compare our expression with results obtained in finite volume with
PBC. In this case, we have

(Al—w‘r/i)u = Qe&r /0de {(p/ + p)M [gl(Aza Q) - gl()‘ﬂ)] + 2(p/ +p)u hgy()‘za q)}

1

+2Q&x /dz 2" (P +p) 5\, q)], (2.94)
0
where new functions are defined setting 9* = 0 in Eqgs. (2.93a, 2.93b, 2.84) i.e.

g1( X, q) = 81(X.,¢,0),  h5"(A\.,q) =hb"(A.,¢,0),  f5(\.,q) =15(N.,q,0).  (2.95)

Our expression coincides with the result obtained by Héfeli [120]. If we consider the
zeroth component (i.e. = 0) the function hb”(\,, ¢) does not contribute and the correc-
tions (2.94) consists of: one term proportional to (p’ +p)° and one term proportional to ¢°.
In Ref. [122-124] the corrections are calculated in finite volume with PBC by means of: par-
tially quenched ChPT [122], Lattice regularized ChPT [123] and 3-light-flavor ChPT [124].
The authors present different results for the zeroth component. Although they use different
frameworks, we compare their results with Eq. (2.94). In [122,123] the term proportional
to (p + p)° is the same as Eq. (2.94) but in [124] is different. The second term (propor-
tional to ¢°) differs in all three cases: in [122] this term is absent whereas in [123,124]
two different results are presented and both differ from Eq. (2.94). We make a further
comparison and consider Ref. [37]. Therein, the corrections are calculated in partially
quenched ChPT with partially TBC. The result is expressed in three distinct contribu-
tions: Gpy, G52, GV, see Eq. (19) of [37]. For vanishing twisting angles the contribution
G, disappears and the result coincides with the zeroth component of Eq. (2.94). In this
sense we agree with [37]. However, we disagree where the authors claim that the con-
tribution G\, disappears when the twisting angles are zero. Actually, such contribution
disappears when both the momentum transfer and the twisting angles are zero.
At a vanishing momentum transfer the corrections (2.92) reduce to

(ATT )y = Qe {4&x(p + Vs )y D5 (A, Vs) + 2 A0P ) (2.96)

where hb” (A;, ¥,+) = WY (A;, 0,9,+). The corrections are non-zero and disappear only for
L — oo. As further check we set ¥/, = 0: the corrections (2.96) reduce to the result
obtained in finite volume with PBC, see Eq. (7) of Ref. [52]. In general, expressions like
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Eq. (2.96) indicate that the (electromagnetic) gauge symmetry or Lorentz invariance are
broken. In Section 1.4.4 we have seen that at a vanishing momentum transfer the vector
form factor equals unity, see Eq. (1.94b). This result follows from the Ward identity [114].
The Ward identity relies on both the gauge symmetry as well as Lorentz invariance and
can be derived from the Ward-Takahashi identity [41-43] taking a continuous limit on
the momentum transfer. In finite volume the spatial components of the momentum trans-
fer are discrete and the continuous limit can not be taken. The Ward identity is then
violated. It turns out that the expressions (2.96) are consequences of the breaking of
Lorentz invariance. In Ref. [52] the above considerations are presented for finite volume
with PBC. Therein, the authors demonstrate that at a vanishing momentum transfer the
corrections respect the gauge symmetry and are a consequence of the breaking of Lorentz
invariance. Moreover, they show that the Ward-Takahashi identity holds in finite volume
with PBC. In Appendix B we generalize these considerations to our case. In particular,
we construct an EFT invariant under gauge transformations which reproduces Eq. (2.96)
and show that the Ward-Takahashi identity holds in finite volume with TBC as long as
the spatial components of the transfer momentum are discrete.

We make some final remarks on the symmetry properties of the matrix elements of
form factors. In Sections 2.3.1—2.3.3 we have seen that the isospin symmetry is broken
by twisting angles. In the rest frame, the breaking occurs in a specific way: the first two
components are broken but not /3. Pseudoscalar mesons with [ = |I3| remain degenerate
and form some multiplet. We observe that such breaking also occurs in the matrix elements
of form factors (2.86, 2.96) if both external pions are in the rest frame (i.e. 7" = p'= 0).
In Sections 2.3.1—2.3.3 we have taken this as a guide line to identify renormalization
(or extra) terms Av%.. The static physical observables (like masses, decay constants
or pseudoscalar coupling constants) were defined so that their corrections at NLO still
preserve the degeneracy [ = |I3]. This can not be done for form factors. In the matrix
elements (2.80, 2.92) the isospin symmetry is broken in kinetic (e.g. ¢, P*) as well as in
dynamical quantities (e.g. A¥",, A©Y.). In particular, all functions depending on the
zeroth component ¢° already break the degeneracy I = |I3|. It is therefore difficult to
identify functions that can be treated as renormalization terms. For this reason, we have
not defined form factors in finite volume and we have presented here the corrections of
their matrix elements.

To conclude we observe that twisting angles break another symmetry in the form factors.
In infinite volume, form factors depend on the square of the momentum transfer and are
invariant under rotations of ¢*. This rotation invariance corresponds —in position space— to
a charge distribution that depends on the radial direction but not on angular ones. In finite
volume, the rotation invariance is broken as the matrix elements of form factors depend
on products involving the Lorentz vector of winding numbers (i.e. g,n*) and twisting
angles (i.e. ¢,0%.). Hence, the charge distribution is deformed and varies in the angular
directions. As a consequence, form factors can not be expanded in powers of ¢2. This
prevents us to define square radii and curvatures in the way done in Eq. (1.95). In finite
volume, new definitions for such quantities are needed, cfr. e.g. Ref. [126-129].






Chapter 3

Asymptotic Formulae

Asymptotic formulae represent another method to estimate finite volume corrections. They
relate the corrections of a given physical quantity to an integral of a specific amplitude,
evaluated in infinite volume. The method was introduced by Liischer [22] and relies on a
behaviour, universally observed in quantum field theories!: for asymptotically large volume
the lightest particle of the spectrum provides the dominant contribution to finite volume
corrections of physical quantities.

In the hadron sector, the method has been widely applied in combination with ChPT.
The result is a collection of asymptotic formulae for pseudoscalar mesons [24-26, 31, 32],
nucleons [27-30, 130, 131] and heavy mesons [30]. These formulae are valid in the p-regime
and for PBC. Here, we revise the original derivation of the Liischer formula [23] and
show that the method can be generalized to TBC. We derive asymptotic formulae for
pseudoscalar mesons and apply them in combination with ChPT. This allows us to estimate
corrections beyond NLO in finite volume with TBC.

3.1 Overview of Asymptotic Formulae

In Ref. [22] Liischer presents an asymptotic formula estimating the mass corrections of a
particle P in a finite cubic box with PBC,

51t — Mell) = Me
Mp (3.1)
6 M

e — d —Arx \V/ 1+y2 y =\ )
2(4m)2\p Mp Jp ye Fp(iy) +O0(e™)

Here, Mp is the mass of the particle in infinite volume, L is the side length of the cubic
box and A\p = MpL. The constant A\ = ML contains a mass bound which can be set

to M = /2 M_, see Ref. [32]. The original Liischer formula displays an additional term
that in Eq. (3.1) is absent as we consider P a pseudoscalar meson. The amplitude Fp(iy)

!The theory must have massive fields and small couplings, see Ref. [23].

63
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describes the forward Pm-scattering in infinite volume and is evaluated in Minkowski space.
The argument y is a dimensionless real variable so that Fp(iy) is integrated in a region of
the complex plane away from cuts.

In Ref. [31] Colangelo and Héfeli present analogous formulae estimating the corrections
of the decay constant Fp and of the pseudoscalar coupling constant Gp,

SFp = %};Fp
_ (M)LAP % K VI Np(iy) + O(e™)
(3.2)
B (47T§52)\P Mgffp /R W e*A“\/@Cp(iy) ’ O<ei;\).

The amplitude Np(iy) [resp. Cp(iy)] describes the decay in infinite volume of the pseu-
doscalar meson P in two pions via the axialvector current [resp. the pseudoscalar density].
Both amplitudes are evaluated in Minkowski space and are integrated in a region of the
complex plane away from cuts. The amplitudes can be determined evaluating the matrix
element (rm| A#|P) resp. (wm| P, |P) in the forward kinematics. In that kinematics, these
matrix elements have a pole which does not contribute to the finite volume corrections and
must be subtracted. The subtraction can be performed by means of the Taylor expansion:
one expands the matrix elements around the mass shell of P and removes the pole which
arises in the first term of the expansion, see Ref. [31]. The resulting expressions are analytic
and can be integrated in the integration domain of the asymptotic formulae. From such
expressions one defines the amplitudes Np(iy), Cp(iy).

The formulae (3.2) are very similar to the Liischer formula (3.1). They account for
the dominant contribution of the finite volume corrections. In this case, the dominant
contribution is given by loop diagrams in which exactly one pion propagator is in finite
volume. This contribution decays like O(e™*r) as one can be seen from the integrands of
Egs. (3.1, 3.2). Note that the asymptotic formulae are derived without necessarily relying
on ChPT. The explicit form of the effective chiral Lagrangian is never needed in the proof
and its knowledge just shortens the derivation [23]. However, for numerical estimations
one needs an explicit representation for the amplitudes Fp(iy), Np(iy), Cp(iy). ChPT
provides us with the chiral representation, an analytic representation consistent with low-
energy QCD.

In Ref. [116] Colangelo showed that one can resum the asymptotic formulae and improve
their accuracy without modifying the original derivation of Liischer. The resummation ac-
counts for a part of neglected contributions. This part corresponds to the winding numbers
i € Z3 with || > 1. The resummed asymptotic formulae were presented in Ref. [32] and
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read

My — fMWW » Y
SN = i 11 2 |5 Foliy) + O™

Ao

0Fp =

2Ap FpﬁeZ/ o eIV A (i) + O(e) 33)

[0

M M = 2 . by
5Gp = = 2)\ P Z/ = eI 0 () 4 O(e ).
P

In\sﬁO
For completeness, we have added here the resummed formula for Gp which was not pre-

sented in Ref. [32]. The constant A = ML now contains a larger mass bound which in
Ref. [32] was estimated as
— V341

M="7

Since M > /3 M_, the resummed asymptotic formulae account not only for the dominant
contribution O(e~*r) but also for contributions O(e~V2*r) as well as O(e~V3r). Still, the
resummed formulae miss two main classes of contributions [32]:

M, >3 M,. (3.4)

1. The contributions originating from diagrams with more than one pion propagator in
finite volume. In ChPT these contributions are O(e~ (VB+1) Ar/ f) and start at NNLO.

2. The contributions originating from singularities further away than M_ from the real
axis. Such contributions arise if one considers the amplitudes entering the resummed
formulae at one loop or if one considers the pion propagator at two (or more) loops.
In ChPT these contributions are O(e=2*) and show up from NNLO onwards.

The resummed Liischer formula exactly reproduces the mass corrections at lowest order.
This was already noted by Gasser and Leutwyler in Ref. [19,132] where they calculated the
mass corrections at NLO with 2-light-flavor ChPT. In fact, if we insert in the asymptotic
formulae (3.3) the chiral representation at tree level,

: M? : M, : G
Fuliy) = — 5 Niliy) = 2 5= Cliy) = — o2, (35)

we obtain dropping O(e*;\),

5M = %&(}\ ) O, = =&, gl()‘ﬂ) 0Gr = —— g1<)‘7r)- (3'6>
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These expressions coincide with the results? (2.8, 2.73) if the contributions of virtual kaons
and eta meson are discarded. In general, an asymptotic formula —with the corresponding
amplitude at [-loop level- provides corrections at (I + 1)-loop level. Hence, asymptotic
formulae automatically push the estimation of the corrections one-loop order higher. In
view of this result it would be very convenient to have asymptotic formulae for TBC. On
one hand because the twisting angles complicate the calculation of the corrections. On the
other hand because up-to-date no corrections beyond the one-loop level has been estimated
in finite volume with TBC.

3.2 Asymptotic Formulae for Masses

3.2.1 Preliminary Definitions

We introduce some notation that we will use in the derivation of the asymptotic formulae.

We follow Ref. [23] and we work in Euclidean space where p* = p, = [Z;? ], k' =k, = [k]ﬂ

with p-k = poko+p’ k. We consider a pseudoscalar field ¢(z) describing a spinless particle of
the mass M. The propagator of the particle is given by the connected correlation function,

G(z) = (¢(2)¢(0))
d*p

:L@ywww

2

(3.7)

We assume that G(p) has a pole at p?> = —M? and no other singularity occurs below the
two-particle threshold, i.e. until p? = —4M?. We can write

G~ '(p) = M? +p* — X(p), (3.8)

where we normalize the self energy so that the propagator has a unit residue,

9 2 2
X(p) = %Z(p) =0 for p*=-M". (3.9)
In general, the amputated n-point function G(py,...,p,) is given by the connected

correlation function

(p(x1) ... p(xy)) = /11&4 ((;:)14 e éf)’l glPrerttpnzn) (945 (py 4 - 4 pp)
x G(p1) - G(pa) G(p1, .-, pa). (3.10)

For a real z < 0 we define

Gulprseoop) = Gl ) it = |20, (3.11)

2In Eq. (2.8a) are given the corrections of squared masses rather than those of linear masses. The two
are related as dM2 = 26 M, + O, where O are contributions beyond the accuracy of asymptotic formulae.
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By virtue of the spectral condition one can show that for every fixed configuration py, ..., p,
of real momenta, G,(p1,...,pn) can be analytically extended in the complex half plane
H={z€C|Rez <0}, see Ref. [23]. Then, the scattering amplitude T results from the
mathematical limit

T(ﬁluﬁ2|ﬁ37ﬁ4) = ll—% Gif€<p17p27 —Ps, _p4) (312)

Here, pi, p (resp. p, ply) are incoming (outgoing) momenta. They are on the mass shell
and their zeroth components value

Pl =\/M>+ ;> for j=1,...4 (3.13)

Often, the scattering amplitude is expressed in terms of the three independent Man-

delstam variables,

s=(m +p2)2 = (p3 +p4)2

t=(p1—p3)* = (pa— p2)* (3.14)
u=(p1—pa)’ = (ps — p2)*.
The sum of the Mandelstam variables coincides with the sum of the squares of the momenta,
4

stt+tu=> p;, (3.15)

J=1

and here values s + t + u = —4M? due to the on-shell condition (3.13). Note that the
scattering amplitude is invariant under the interchange of the two incoming (or outgoing)
particles. This invariance is commonly referred as crossing symmetry and implies

T(s,t,u) ="T(s,u,t). (3.16)

In the Liischer formula the scattering amplitude enters in the forward kinematics. In
that kinematics, initial and final states are equal. In our case, the momenta can be set to
p1 = p3 = p resp. ps = ps = k and the Mandelstam variables become

s=—=2M(M +v)
t=20 (3.17)
u=—2M(M —v).

It turns out that the scattering amplitude is a function of a single Lorentz invariant,

T(5, k|5, k) =T(s(v), 0, u(v))

3.18
=: F(v), ( )
which is called the crossing variable,
poko — ik
=" 7 1
v i (3.19)

The amplitude F(v) can be analytically continued in the complex plane, see Fig. 3.1. It
has two physical cuts starting at ¥ = £M and is analytic in the rest of the plane. Owing
to the crossing symmetry (3.16) the amplitude F(v) is an even function in v.
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Im(v)

Physical cut Physical cut

—————————— e <07
—M M

Figure 3.1: Analycity domain of the amplitude F(v) in Minkowski space.

3.2.2 Generalization of the Derivation of Liischer
In infinite volume the pion propagator reads

Gule) = [ | s Gl

Gyl (p) = M2 +p* — S (p).

(3.20)

Here, we use the convention of Section 3.2.1 and normalize the self energy so that the
propagator has a unit residue,

0

27r<p> = @

Yep)=0 for p*=—-M2 (3.21)
The mass M_ is the physical mass of the pion and its expression at NLO in ChPT is given
in Eq. (1.78).

Let us consider a cubic box of the side length L on which we impose TBC. We redefine
the fields so that they are periodic and we introduce the twist as in Section 2.2. The field
redefinition implies that the propagators are periodic in position space. The propagator of
the neutral pion becomes

G7T07L('I):E ; /RWGWO,L(p)ep
p=Fm (3.22)
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whereas those of charged pions read

1 d .
Gwi,L("L‘) = ﬁ ﬂ;_‘ /R %Gwi,[/(p)elpx
=2 (3.23)

™

Gl (p)=M2+ (p+0,e)” — ASpe (p + 02 ).

Here, we can leave out the contribution to the self energies in infinite volume as we will later
expand in the neighbourhood of the condition (3.21). The twisting angles ¥, are given
in Eq. (2.22) and AX 0, AY_+ are normalized so that they just contain the corrections due
to finite volume. We expect that AX 0, A¥ + disappear as L — oo so that for ¢/, =0
the expressions (3.22, 3.23) reduce to the propagator in infinite volume (3.20).

To derive the asymptotic formulae for masses we first consider the pole equation of the
neutral pion,

Gd (p)=M*+p*—ASw(p)=0, for p'= lleg(L)] . (3.24)

The momentum p* describes the pion at rest in finite volume. We decompose the mass
as M (L) = M. + AM , and expand the pole equation around AM ,. Up to quadratic
terms we have

AM_ o = — ,Agﬂ()(p) + O[(AM0)?], where p* = {2]\{”} . (3.25)
2M, + i [ AYo(K)], 0

Note that p* describes the pion at rest in infinite volume. The above relation is the starting
point of the derivation of the asymptotic formula for the mass of the neutral pion.

To derive the asymptotic formula it is necessary to know the asymptotic behaviour of
the self energy. In Appendix C we study the asymptotic behaviour of the self energy by
means of Abstract Graph Theory. We show that for asymptotically large L the self energy
behaves like

R V3,
AXro(p) = Ole™ > 77)

0 3.26
[—OAZMM] — O(e= ) (3:20)
ok k=p
By virtue of the asymptotic behaviour, the relation (3.25) may be rewritten as
AX o (P X
AM_, = _# +0(e™), (3.27)

where A = ML with M = /2 M_, see Appendix C.2. In finite volume, the dominant
contribution to the self energy is then given by the diagram of Fig. 3.2. For P = 7° we
have I

70

AT (p) = 5+ O(e™), (3.28)
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Figure 3.2: Skeleton diagram contributing to asymptotic formulae for masses. Solid lines stand
for a generic pseudoscalar meson P and dashed lines for virtual pions. The spline indicates that
the pion propagator is in finite volume and accounts for winding numbers i € Z3 with |ii| = 1.
The blob corresponds to the vertex functions defined in the text.

where 1/2 is a symmetry factor and

4 -
Lio= Y / d—k; LR T 000G (k) + Tpops Gr(k 4+ 0t ) + Tror- G (b +9,-)] . (3.29)

aezs 'R (2m)

|i]=1
The above expression deserves a few comments. The integral [0 represents the dominant
contribution to the self energy. The integral is summed over the winding numbers 7 € Z3
with |7i] = 1. Contributions from other winding numbers are O(e=*) and can be neglected.
The sum originates from the Poisson resummation formula (2.6). The loop momentum A*
is continuous and the integrand is multiplied by an exponential factor exp(iLﬁE). The ex-
ponential factor is responsible for the L-dependence of the entire expression. In the square
brackets appear vertex functions and propagators. These quantities are in infinite volume
though their momenta are shifted by twisting angles. The vertex functions are defined
by the one-particle irreducible part of the amputated four-point function G(p1, p2, ps, ps),
see Ref. [23]. They are analytic and their momentum dependence is

FT('OT('O = F7r07r0 (p7 k7 _ku _p>
Fﬂow+ = FW0W+ (]3, k -+ 197r+, —k — 197r+, —ﬁ) (330)
1—‘7r07r* = 1—‘7r07r* (ﬁa k+ 197r*7 —k — 197r*7 _ﬁ)a

where positive (negative) momenta correspond to incoming (outgoing) pions. The propa-
gators are given by Eq. (3.20). Their momentum dependence is

1
M2+ kY

1
GAk+ﬁﬁ):Aﬁ+wk+ﬁﬁP’

for virtual 7°,

G (k)
(3.31)

for virtual 7.
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To evaluate the integral Io we substitute k# — k# — ¥%, in the expression (3.29).
The substitution cancels the twisting angles of virtual pions from the quantities in square
brackets and introduces two phase factors,

d*k .z o .
Lo = Z / — etlik Gw(k‘) [Fﬂoﬂo + Fﬁoﬂ-re_wmgﬂ+ + Pwoﬂ—e_d’nﬂ”’ . (3.32)
£ )
|7]=1
After the substitution, the vertex functions have all the same momentum dependence,

F7T07TO = PWOWO (ﬁ) k:a _kv _ﬁ)
Cropr = Dropt (P, ky —k, —D) (3.33)
1—‘7r07r* = 1—‘7r07r* (ﬁa ka _ka _ﬁ)

In particular, they depend on three Lorentz scalars: p? = —M?2, p-k = iM_kq and k2.

We take a closer look to the expression (3.32). We note that the integration over
k= (k1, ko, k3) € R3 is independent from spatial rotations: we may replace the exponential
factor exp(iLitk) with exp(iL|ii|k;). The expression can be rewritten as

Iﬂo:/ dky f(ky)

dkq d2 b . o
f(kl) _ Z /Ra 0 1 zL\n|k1 Gﬂ_(k) |:F7|—07-‘-0 + Fﬂ-oﬂ.-reiszg”‘F + Fﬂoﬂ__eszmﬂw_] ’

e 5
(3.34)
where k) = (ko, k3) € R2. Here, we leave the absolute value |7i| = 1 to track where it enters
in the expressions (in this way we can later derive the resummed version of the asymptotic
formula). To estimate the integration on k; we take the variable k; in the complex plane
and approximate the integration by the contour of Fig. 3.3. This can be done as the vertex
functions are analytic. The integrand f(k;) has two imaginary poles originating from the

denominator of G (k),
ki = +i\/ M2+ k2 + K. (3.35)

The poles depend on kg, k; and will consequently move when we integrate over those
components. We can keep the pole k] within the contour if we restrict the values of ko, k|
from R? to

B= { (ko, k1) € R® | k§ + k7 < ZMj } : (3.36)

Obviously, this restriction affects the result of the ki-integration but, because of the expo-
nential factor exp(iL|7i|k;) in the integrand f(k;) and because of

3 _
Im(k) > 5 M, > V2M_=M  for (ko, k)¢ B, (3.37)

the net effect is of order @(e*) and hence, negligible.
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Tm(k)

FERY
V3 15 Mr

—R " R Re(k1)

Figure 3.3: Contour for the integration over ky. Here, k‘f are the poles of f(k1) and R is a
positive real number.

By virtue of the Residue Theorem we may write

/hf = 2miRes(f)e =y = [mf—/%f—/m f (3.38)

The integrals on the right-hand side of the equation can be neglected: fw f and fw f
#k%) ~ 77 for R — oo while f% f~O(e™?) as Im(k)) = $M, > M along 7s.
The only non-negligible contribution arises from the residue,

Res(f)/ﬁ:k;r = lim (k1 — kf)ﬂkl)

vanish as

ki —kf
dky d?k ~ N o
_ Z / o L, L\n||kﬂ[1—\7r0ﬂ0 I +P7r07r*e_ZLn197r7i| '
27) 2@|k+\ ki=k;
\n\ 1
(3.39)
Note that the condition k; = k" puts the loop momentum on the mass shell,
Koy = ko + (K02 + k1 = =M. (3.40)

Hence, the vertex functions depend on p* = —M? p-k = iM_ko and k* = —M2. We
rewrite the integral

dko 2k, e LIV Ma+ki+kL - o
Z / 0 3l € [Fwoﬂo + FWOWJreszn??T# + Fﬂow_eszmSTr,] ’

B M2+ kg + k% _—
|n\ 1

(3.41)
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and we extend the integration on (ko, k) from B to R*. This can be done as the resulting
effect is O(e™*). Since the vertex functions are independent from k,, we may integrate
over k, by means of

A2k, e BVePtkl  o—Ba
= . 3.42
/2 27)? 2 /a2 + k2 Anp (3.42)
The result is
dkg e_LW V ME+k g
7r0 - Z / 87T2 | |:P7r07r0 + (P7r07r+ + 1—‘7'(07r*) e 7T+i| kl:kr , (343)
REZ3
|7i]=1
where we have substituted 7 — —ii in the sum and used ¥ = —9”, to reexpress the

phase factor with the twisting angle of the negative pion. The expression in the square
brackets is on-shell. It corresponds to a forward scattering amplitude in which the neutral
pion scatters off neutral and charged pions. The twist enters as a phase factor eXp(iLﬁ@;ﬁ)
and gives a different weight to the scattering with charged pions.

From Egs. (3.27, 3.28, 3.43) we obtain the asymptotic formula for the mass of the
neutral pion,

AMQ
5M7T0: Mﬂ
3.44
- & L e i o). B
P T

The amplitude Fo(iy, J,+) is defined by the forward mr-scattering amplitude weighted by
the phase factor containing the twisting angle,

Fro(0,05+) = Troz0(0, =AM, V) + [Tror+ (0, =AM 1) + Trop- (0, —4M, V)] Lt (3.45)

Here, v = (s —u)/(4M,.) corresponds to the crossing variable (3.19) and 7 = v/M_ = iy is
its dimensionless ratio. The functions Troo (¢, u— ), Trop+(t,u— ), Tror- (t,u— s) are the
isospin components in infinite volume of the wr-scattering amplitude and in the t-channel
with a zero isospin,

Tt u — 8) = Tropo(t,u — 8) + Trops (t,u — 8) + Tror— (t,u — 5), (3.46)

see Ref. [32]. They are evaluated in Minkowski space.

The formula (3.44) generalizes the Liischer formula for pions presented in Eq. (27)
of Ref. [22]. It estimates the mass corrections of the neutral pion in finite volume with
TBC. The dependence on the twist is given by Fro(iy,v,+) and namely, by the phase
factor exp(iLﬁﬁﬁ) contained therein. For 9", = 0 the phase factor becomes one and the
formula (3.44) reduces to the formula valid for PBC and presented by Liischer in Ref. [22].
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The derivation for charged pions involves some complications. The self energies contain
renormalization terms that do not enter in the mass definition [36,37] adopted here. These
terms must be isolated in order to estimate the mass corrections. In general, we may
decompose the self energies in

A c(p+,2) = AY,: —2 (p+U.x) - Aﬁgﬂi — (Aﬁgﬁi )2. (3.47)

Here, AY,+ is defined as the part of the self energies generating the mass corrections
and Adg, | are the renormalization terms of self energies at higher order3. Inserting the

decompogition (3.47) in the pole equations we obtain

;i,L(p) =M>+ (p+ 197ri)2 —AY s (p+ )

=M+ p?i(L) — A=, (3.48)
where in the second equality we complete the momentum square (p + ¥,«)? in similar
way as done in Section 2.3.1. The renormalization terms can be reabsorbed in the on-
shell conditions which then read p2.(L) = (p + ¥p+ + Aly ,)* = —M2.(L). Setting
p2.(L) = —M?2. (L) the pole equations (3.48) become equal to zero and define the masses
in finite volume. We decompose the masses as M _.(L) = M+ AM_. and expand the

pole equations around AM .. Up to quadratic terms we have

Aiﬂ'i (p:l:)

. ]\47_r o &
2Mﬂ_ + Z\/W [WAET(i(k>:|

= [z\/M% + [P with fi = §+ Upe + Ay, . (3.50)
+

Note that p!. describe pions on the mass shell of infinite volume despite the presence of
twisting angles and renormalization terms in pZ.

To derive the asymptotic formulae for masses we need the asymptotic behaviour of the
self energies. In Appendix C we show that for asymptotically large L

AMﬂi - —

+ O[(AM,+)?], (3.49)

™

k=p+

where

AT, = (ps) = O(e 5 )
) VI (3.51)
{%Azﬂi(/ﬁ)} . = O(e2 ™).

3Tn Section 2.3.1 we have calculated these quantities in ChPT at NLO. In Euclidean space, they read

AY + =AA .+ — ABr:(p+9,+)* + Op°/F)
A = AV + O/ FY),

where AA;+, AB,=+ are given in Eq. (2.28) and A¢", in Eq. (2.31).
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By virtue of the asymptotic behaviour, the relation (3.49) may be rewritten as
Aiﬂi (pi) Y
ERETT AR

_ T 3.52
_ Azni(p‘I“ﬁﬂi) +O( —5\) ( )
- oM. ° )

where A\ = ML with M = v/2 M_, see Appendix C.2. In the last equality of Eq. (3.52) we
use the estimate

AM . =

AS s (pr) = ASs (p+ 9p2) + Oe ™), (3.53)
which follows from the construction of AY, +(p+). In general, AY +(ps) is a power series
in (p+)? with coefficients at most O(e™*r). By definition, p/{ contain Ads, ,, see Eq. (3.50).

As Aﬁgw . ~ O(e*") the terms of the power series containing Ads,+ are at most O(e=2*7)

and hence, negligible as smaller than O(e™*). This allows us to leave out Ads,+ in the
argument of AY. + and write (p + ¥,+)* at the place of p/;.
Without loss of generality, we express Eq. (3.52) as

AS = (p+ Dp) 5
AM . = — .54
. o +0(e™), (3.54)
where we replace the momenta

(p+ Os) = (P + D ), (3.55)

with , .

g — [ Mx T et

D [ G ] , (v [ﬁﬂi . (3.56)

Here, p* describes the pion at rest in infinite volume as in Eq. (3.25). The Lorentz vectors
¥”, have no physical meaning. They depend on the twisting angles of external pions and

on the parameters,
Dyt = \/ M2 + |[0+|2 — M, (3.57)

Note that such Lorentz vectors disappear when 1§;i — 0. Later, we make use of this
property to perform an expansion in small external twisting angles.

We now estimate the self energies. From Appendix C.2 we know that in finite volume
the dominant contribution to the self energies is given by the diagram of Fig. 3.2. Taking
into account a symmetry factor 1/2 we have

A I+ N

A i (p+ Vqt) = - Oe™), (3.58)

where

e
=Y / 8 G (T oGia(k) + Tyins Go(k + 051) + Tt Gk + 05-)]
HEZS R4 (27T)

=1

(3.59)
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and . .
It0 = Fﬂiwo<ﬁ + 197ri, k,—k,—p— ﬁﬂi)
Fwiﬂ"‘ = Fﬂiw+ (ﬁ + éwia k+ 197r+a —k — Q97T+a _ﬁ - ’lgwi) (36())
Do =T (p+ éﬂi, k+vY,-,—k—90,.-,—p— 1§7r;t).
Vertex functions and propagators are defined as before. To evaluate the integral I+ we
substitute k* — k* —¥%, in Eq. (3.59). The substitution cancels the twisting angles of

virtual pions from vertex functions as well as from propagators and introduces two phase
factors in the integral,

d4k: LAk Litd Ll
=y / - PG () |Tatgo + Dpsgre” et 4 T om0 | 0 (3.61)
nezs R4
=1

Now, the vertex functions have all the same momentum dependence,

[ot0 = FMO( + 19 ke, =k, —p— Up)
Dpine = Datnt (p+ Ot k, —k, —p — Ut (3.62)
It = —((p+0 i,k’, —k’,—ﬁ—’lngt).

Note that the vertex functions still depend on the twisting angles of external pions through
the Lorentz vectors ¥",. We can express the dependence of vertex functions in terms of

three Lorentz scalars: (p + 0,+)% = —M2, k2 and k- (p + U= ). Defining

k(P + Ot )

_l’_
EEpTA (3.63)

vy =

we can write
[pipo = Do (M2 K vy)
Dpipt = Dyt (M2 K 0y) (3.64)
| D (Mﬁ, k2, Vi)

Since twisting angles employed in lattice simulations are preferably small, we may assume
that ¢, are also small. We expand the vertex functions around J*, = 0 or equivalently
around vy = v where by definition, v = k,p* /M. Up to quadratic terms we have,

ke, 0" .
o 1 O[(0,+)7]. (3.65)

™

Dpqo = DO (M2 K2 v) + T (M2 k2, v)

™

The functions 'y+,+, I'z+.— have similar expressions. Here, Ffr"i)ﬂo (M2, k?* v) stands for
the n-th derivative in vy of the vertex function I' + o0, eyaluated at v+ = v. The expan-
sion (3.65) induces an analogous expansion in powers of ¥*. in the integral (3.61),

Lt = 19 + 1% + O[(0,+)?]. (3.66)
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The superscript indicates the derivative order of the vertex functions. The term Ifi) cor-

responds to the part of the expansion with the zero-th order derivative, namely the inte-
gral (3.61) evaluated at vy = v. This integral can be estimated with the contour integration
of Fig. 3.3. We proceed as before (see the case of the neutral pion) and find

4 d . o
ankG (k?)|: 9, +1—\5r0i)7r+e—sz9ﬂ+ +P£r0i)ﬂfe_Zngﬂ_:|
REZ3 7
|7i]=1
(3.67)
dk e—L\n\\/MQ—I—kQ -
-y / : T+ (10, 41 o]
= 8 |77 ke =k
|7]=1

The second term of Eq. (3.66) contains the part of the expansion with the derivative
of the first order,

) d4’f L R o) () gmilady ) -iLad,
') = Z Gr(k)=5 Lo+ e +T 1. (3.68)
R4

mEr—
\nl 1

We decompose this term according to the components of 19‘; +,

19 = 19 00,) + 19 (0,4), (3.69)
where
ko )°
[(1 190 / ank k 0Y rt
7r:t % R4 ( ) Mﬂ_
|7i|=1
1) (1) —iLAd_4 (1) _—iLAd__
X T i+ L e 4T e =1, (3.70a)
and
d4k: . -
I ankGﬂ k? ™
Z / 05

x P+ T e 4 T it | (3.70D)

To estimate I (190 ) we use the contour of Fig. 3.3 and perform the integration as before.

We find

dko k(ﬂgoi oLl |7t|\/ M2+k32
9= % [

YAl
|7i|=1

x [Ffrliﬂo + (Fffi,ﬁ + Ff}i’r) em%] L. 371
ey =k
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The result can be reformulated by means of the chain rule. In the square brackets the
derivative with respect to vy can be expressed as a derivative in v = k,p*/M_ = iky. We
have

—L|fi|\/ M2+k2
7 (goi) _ Z D+ dkoy e Il Mk
mE AT M_ Jp 872 L]

d L
X ko [0 + (TOL L + T, ) et |

T (3.72)

ky=ki

To estimate I ( )(ﬁﬂi) we use the differentiation under the integral sign. We introduce
a fictitious Vector 7 € R? and express the integral in terms of a vectorial function and a
gradient in Z evaluated at ¥ = L. We have

~
—

2, s =

10 () = =55 37 [e(@) + Vabue@)] (3.73)
T fczd

|i[=1

with

2 d*k . -
Gr:(Z) = 197r+/ = e G (k) [Fsi)ﬁefmﬁ F(1) *MW—]
e (3.74)

Ak
frt (2) :/ T e G (k) [F(l)ﬂo 4T e +F7(T1ﬁﬂ_e’m9"*].
R4 1 (4T0

The functions g,=(Z), fr=(Z) contain the same kind of integral as before. Using the contour
integration of Fig. 3.3 and evaluating the resulting expressions at ¥ = L, we find

) 3 e [y TR (L S
17| M Jp 872 Ll Ll o

REZ3
|7i|=1

x [r@ L -1l el (3.75)

+
T ]/ﬂkj

Again, we express the derivative with respect to vy as a derivative in v = iky. This allows
us to simplify the expression by means of the partial integration in ky. We find

2, 19 + dk 7l 3732 [(0 0 .
1O (g _ n 0 1. o—Lliily/M2+k3 [F() r© _] LA (376
P ( 7T:t) E : |TL|M = ]2 0€ rEat rtx ]ﬂ:]gf e ( )

\nl 1

The results (3.67, 3.72, 3.76) represent the dominant contribution to the self ener-
gies AY+. To extract AX,+ we consider Eq. (3.47) and rewrite the momenta according
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to BEq. (3.55). The square (Ady , )% is O(e™*'7) and can be neglected. Up to O(e™) we
have

A x (b4 Ops) = AS s — 20,2 ATy, + O(e™). (3.77)

The above expression can be compared to Eq. (3.58) feeded by the expansion (3.66) and
by the decomposition (3.69). The comparison yields

AL, . = % [1}2 + 1t (qé?ri)} +O(e?) (3.78a)
Tos i, = — [19(0)] + 0fe) (3.78D)

These identities result from some reasonings based on our knowledge on finite volume
effects. In Section 2.3.1 we have seen that the effects generating the mass corrections
break the cubic invariance through a phase factor containing the twisting angle of a virtual
particle, see e.g. Eq. (2.30). The cubic invariance is broken as long as the twisting angle
does not take the value of an integer multiple of 27?/ L. An analogous breaking affects
Egs. (3.67, 3.72). For that reason we associate [ (i, I (190 ) to AX,+. Renormalization
terms yield an additional breaking. The cubic invariance is broken not only by phase factors
containing twisting angles of virtual particles but also by terms involving the scalar product
between the twisting angles of external particles and the winding numbers 7i. These terms
arise from the contraction of external momenta with vectorial functions such as Eq. (2.33).

An analogous breaking affects Eq. (3.76) and therefore we associate I&) (Jwi) to Aﬁ;ﬁ N

From Egs. (3.54, 3.67, 3.72, 3.78a) we obtain the asymptotic formulae for the masses
of charged pions,

B AMwi

oM .
™ M,

Ay /2
st = L (3.79)

7‘—*23
|7i|=1

X (1 +y ZX;; %) Fre(iy, U+ ) + O(e‘X).

The amplitudes are defined by the forward mr-scattering amplitude weighted by a phase
factor,

Fut (0, 07+) = Tt (0, =AM v) + [Tz s (0, =AM, v) + Trtr (0, —4M _v)] 'Lt (3.80)

Here, Tz 0(t,u—s), Trtp+(t,u—s), Trtr—(t,u— s) are the isospin components in infinite
volume of the wr-scattering amplitude in the ¢-channel with a zero isospin,

Tt u — 8) = Trago(t,u — 8) + Tt pr (t,u — 8) + Tt (L, u — 8), (3.81)

see Ref. [32]. They are evaluated in Minkowski space.
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The asymptotic formulae (3.79) generalize the Liischer formula for pions presented in
Ref. [22]. They estimate the mass corrections of charged pions in finite volume with TBC.
The dependence on the twist is twofold. On one hand, the formulae depend on the twisting
angle of the virtual positive pion through the phase factor exp(iLﬁgﬁ) contained in the
amplitudes. On the other hand, the formulae depend on the twisting angles of external
pions through the parameters D+, see Eq. (3.57). If we set all twisting angles to zero we
recover the formula valid for PBC and presented by Liischer in Ref. [22]. Note that the
dependence on external twisting angles is a consequence of the expansion (3.65). Indeed,
the formulae (3.79) represent the first terms of an expansion in powers of D,+ whose
validity relies on the smallness of external twisting angles.

The asymptotic formulae for the masses of other pseudoscalar mesons can be derived
in an analogous way. For the eta meson we proceed as for the neutral pion. For kaons we
follow the derivation of charged pions and isolate the part of the self energies generating
the mass corrections. Altogether, we find

SMs — — 1 M, dy oA/ TH9
(47T) A M |n|

ZS
|n|=1

x (1 +y D 83) Fres(iy, 9,+) + Ole™) (3.82a)

1 M, d T2
5MKO = — 5 y 7>\"|n|
2 (4m)* A Mc . Jr |l

|ﬁ|:1

Dgo
x(1+y K 819) Froliy, 0,+) + O(e™) (3.82b)

M, 0
1 M d Y
5]\/[77 = - " / &y e M1ty T (1Y, Vet ) + Ole™ ) (3.82¢)
2 (47)° N, M, = r |7
A|=1
where

Dyt = \/ M2 + |[Jgcx|2 — M, Dyo = \/ M2 + |[Uxo|2 — M. (3.83)

The amplitudes Fy+ (iy, 05+ ), Fro(iy, I,+) are defined through the forward Kn-scattering
amplitude,

Fice(,0n4) = Tiesno (0, —4 M)
+ [Tt (0, =4AMv) + Tip (0, =AM ev)] 77t
(3.84)
Freo (0,0t ) = Ticono (0, —4Myev)
+ [TKOﬁ (0, =AM g v) + Txor-(0, —4MKV)} QiLd ¢
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Here, v = (s —u)/(4M}) is the crossing variable of the Kr-scattering and v = v/M_ = iy.
The functions Tg+ro(t,u — s), ..., Tgor—(t,u — s) are the isospin components in infinite
volume of the Km-scattering amplitude in the t-channel with a zero isospin,

TIE0tu — 8) = Tgapo(t,u — ) + Tiept (t,u — 8) + Tesr (L, u — 8)

3.85
= Txopo(t,u — 8) + Trop+ (t,u — 8) + Tior—(t,u — 5), (3:85)

see Ref. [32]. They are evaluated in Minkowski space.
The amplitude F,,(iy, J,+) is defined through the forward nm-scattering amplitude in a
similar way,

Fo(0,07+) = Ty (0, =4M, v) + [T,

et (0, —4M, v) + T (0, —4M, )] 277+ (3.86)

where v = (s —u)/(4M, ) and v = v/M_ = iy. The functions T (¢, u — s), Tyt (t,u — ),
T»-(t,u— s) are the isospin components in infinite volume of the nr-scattering amplitude
in the t-channel with a zero isospin,

Tnlfo(t, u—5)=To(t,u—s)+ T+ (t,u—s)+ T (t,u—s), (3.87)

see Ref. [32]. The formulae (3.82) generalize the formulae presented in Eq. (22) of Ref. [32].
They depend on the twisting angle of the virtual positive pion through the phase factor
exp(iLﬁﬁWJr). The formulae for kaons additionally depend on the external twisting angles
of kaons through the parameters Dy, Dgo. These formulae result from expansions similar
to Eq. (3.65) and are valid for small external twisting angles. Note that if all twisting angles

are set to zero the formulae (3.82) reduce to the formulae valid for PBC and presented in
Ref. [32].

3.2.3 Asymptotic Formulae for Renormalization Terms and Re-
summation

The derivation of Section 3.2.2 provides us not only with asymptotic formulae for the masses
but also with asymptotic formulae for the renormalization terms of the self energies. For
instance, we can derive asymptotic formulae for A%, . from the identities (3.78b) inserting

™

the expressions (3.76). Altogether, we obtain

— M N =/ \
Aﬁzﬂi - v Z 4/ dy e A v Y Grt (1Y, Ort) + O(e_/\) (3.88a)
2 (4m)” == 1] Jr
|7i]=1
. 1 M2 = . _
Ay, =522 5™ / dy e MV 4 Gres (iy, 0,0) + O(e ™) (3.88b)
8 2 (4m)" My = |71 Jr

|7]=1

S 1 M?

Ay =
Xxo 2 (47T)2 MK =

|7]=1

% / dy e MV G (iy, 004 ) + O(e ™). (3.88¢)
R
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The amplitudes are defined by the difference of the isospin components,

Gt (0,054 ) = [Tt (0, =AM, v) — Tyt (0, —4M 1) LTt (3.89a)
Gret (0, 05+) = [Tictn+ (0, —4Myv) — Tietr— (0, —4Myv)] oLt (3.89b)
Gro(,0nr) = [Tron+ (0, —4Myv) — Tion- (0, —4M 1) S (3.89¢)

The asymptotic formulae for the renormalization terms are valid for small external twisting
angles. They depend on the twist through the phase factor exp(iLﬁiirJr) contained in the
amplitudes. Note that for /', = 0 the sums in Eq. (3.88) are odd in 77 and hence, disappear.
This is in accordance with the expectation that renormalization terms are not present in
finite volume with PBC.

Until now, we have derived asymptotic formulae accounting only for winding numbers
i € Z® with |fi] = 1. These winding numbers provide the dominant contribution to finite
volume corrections and originate from loop diagrams in which exactly one pion propagator
is in finite volume. In those cases, virtual pions can propagate over the length L|ii| = L
and wind around the volume exactly once. Obviously, there are virtual pions which can
propagate further and wind around the volume more than once. We may include the
contribution of such pions in a very simple way, see Ref. [116]. We must replace |7i| = 1
with |7i| # 0 in all sums of the derivation of Section 3.2.2. As pointed out in Ref. [116] this
resummation is of the same nature as the extension of the integration from B to R* done
after Eq. (3.41) and does not modify the arguments of the derivation. It turns out that the
numerical accuracy of the asymptotic formulae is improved since contributions O(e_‘/ﬂ”)
and O(e~V3*) are now taken into account near to the dominant one. As illustrative
example, we write down the resummed asymptotic formulae for pion masses,

™

SMyo = — Z/ WY bV F (i, 9,0) + O(c)

A = e 1]
fil o
Ay agay/ir
My = ———5— Y / 7l (3.90)
7r ez’
fil o

D _
X <1 +y ]\;i %) Frz (i, 051) + Oe™).

Note that the sums run over 7 € 73 with |fi] # 0 and the constant A = ML contains the
mass bound M = (/3 + 1) M, /+/2, given in Eq. (3.4).

We apply the resummed asymptotic formulae at lowest order in combination with
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ChPT. We insert the chiral representation at tree level,

2

Foo(0,92) = 55 (1-2e7)

Frt (0, 0,+) = —% Gt (7, 9,4) = F 4}{}5 5 il

Frx(0,0:+) =0 Gr+(D,0,4) = F LM}(QM’T D LTt (3.91)
Fio(7,051) = 0 o7, 05s) = AN it

2

M -
Fo, ) = 25 (14 261701

in the resummed asymptotic formulae. Dropping O(e™*) we find

5M7r0 = % [2 g1<)\7r7797r+) - g1<)‘7f>]

5M7ri = %gl()\ﬂ) Aﬁgﬂi - :l:gwf;()\ﬂ—,ﬂﬂﬂr)
5MKi =0 A'gEKi == %F1<)\7r7 197r+) (392)
5MK0 =0 A'ﬁEKO = - %F1<)‘7r7197r+>
M3 &
oM, = _ﬁ% 19 [81(Ax) + 281 (Ar, Ut )] -

These expressions coincide with the results (2.43, 2.41, 2.76) obtained at NLO in ChPT
if contributions of virtual kaons and eta meson are discarded. Note that at tree level the
chiral representation of Fy+ (0, Ur+), Fro(D,Ur+) disappears. This means that the mass
corrections of kaons estimated by asymptotic formulae are O(e=*) and hence, negligible.
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‘ J ‘ J
4\0/\/\/\/& 4\0/—0\/\%
(a) (b)

Figure 3.4: Skeleton diagram contributing to asymptotic formulae for decay constants after (a)
and before the subtraction of the pole (b). Solid lines stand for a generic pseudoscalar meson
P and dashed lines for virtual pions. Wave lines represent the axialvector currents. The spline
indicates that the pion propagator is in finite volume and accounts for winding numbers @i € 7.3
with |7i] = 1. Blobs in dark (resp. light) gray correspond to vertex functions after (before) the
pole subtraction.

3.3 Asymptotic Formulae for Decay Constants

3.3.1 Sketch of the Derivation

The derivation of the asymptotic formulae for decay constants is in large part analogous
to that of Section 3.2.2. The main difference is that at the place of the self energies there
are now the matrix elements of the axialvector decay. The starting point is to study the
asymptotic behaviour of the matrix elements,

Puy, = Pu (O] AZ(0) [én(p)) (3.93)

in finite volume with TBC*. One can show that at large volume the dominant contribution
to &7 is given by the diagram of Fig. 3.4a. The demonstration relies on Abstract Graph
Theory and is similar to that of the self energies, see Appendix C. The fact that now one
external line represents the axialvector currents does not touch the argumentation at all.

The dominant contribution can then be estimated with the contour integration in the
complex plane. One proceeds as in Section 3.2.2 and in case, one expands the vertex
functions as in Eq. (3.65). It turns out that the dominant contribution can be expressed as
the integral of the amplitude obtained from the diagram of Fig. 3.4a if one breaks up the
loop and puts the resulting lines on-shell. This amplitude describes the axialvector decay
in infinite volume of the pseudoscalar meson P into two pions and can be determined from

P (me(P1)Te(p2)| AL(0) |é6(p)) - (3.94)

Here, |m.(p1)m.(p2)) is a two-pion state with a zero isospin and the momenta are in the
forward kinematics, i.e. py = —pf.

As we know, the matrix elements (m.m.| A% |¢p) has a pole in the forward kinematics.
This pole originates from the exchange of an additional virtual pseudoscalar meson P, see

4Note that here, we work in Minkowski space where p* = (%U), kt = (%") and p,k* = pokg — ]3’/;:



3.3 Asymptotic Formulae for Decay Constants 85

Fig. 3.4b. We can understand the presence of the pole if we review the definition of the
decay constant [31]. The decay constant is defined as the residue of the two-point function
containing the axialvector current and the interpolating field of the pseudoscalar meson,
see Eq. (2.48). In finite volume the mass pole as well as the residue are shifted. For charged
pions, the mass poles are shifted as p2. (L) = (p+ 0+ +Ads | )* = M2, (L). The residues
are shifted by the mass poles and by the two-point functions P,+. Ignoring the shift of
the mass poles corresponds to multiply the two-point functions P+ by [M2 — (p + 04+ )?]
instead of [M?2.(L) — p2.(L)] and then, take the limit (p + 9J,+)*> — M2. This generates
the pole term of the Fig. 3.4b.

To explicitly see how the pole term is generated we consider Eq. (2.49) at higher order
and multiply the two-point functions with [M2 — (p + ¥,+)?]. Up to O(e ) we find

Mg - (p + ﬁwi)Q
M2 (L) — pia(L)

(M2 — (p+ 9,2)?] Pre = Nya [(p 40,42 Fpe (L)

2B (p+ Vs )y AL + O]

AY x(p+D,2)

= |1 -
Mg_<p+197ri>

] N[+ 0.2 Fe (D)

+ 2P (p+ ) A, |+ 0(&)] .
(3.95)

Here, A%, are the renormalization terms of the matrix elements 7%, = (0] Af;, [7%),

at higher order®. Tn the last equality of Eq. (3.95) we use

M? — (p+ 0y+)? B { At (p+ Ogt) } -1 ’ (3.96)

M2 (L) —p2e(L) | MZ2—(p+1ns)
which follows from
[M2(L) = pe(D)] = |M2 4+ AMZ = (p+ s + A, )]

[Mg — (p + ﬁﬂi)2 — AY+ (p + 197r;t):| (3.97>

_ AYx(p+ Uae)
Mz —(p+d-:)* ]

— (M2 = (p+ 0a)] [1

If we expand Eq. (3.95) for asymptotically large volume and retain terms up to O(e™?),

5In Section 2.3.2 we calculated these terms in ChPT at NLO. We have found
Aﬁ‘;{ﬂi = Aﬁii + O(pg’/F;f),

where Ad”, are the extra terms of Eq. (2.49). Note that in ChPT, the renormalization terms AJ%, |,
AdY, | coincide at NLO and are both given by Eq. (2.31).
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we find the poles for (p + ¥,+)? = M2,

I,
[MQ (p+ Vpt) } ot~ Fa (L) +2 W (p+ 197ri>,u<A’l9&{Tri - Aﬁ‘gﬁi)“
AY e (p+ ) N

-X
+ F, 0 +0(e™). (3.98)

Since we know the formulae of A¥, + up to 0(6*5‘) we can subtract the pole terms from
the right-hand side of Eq. (3.98) and obtain asymptotic formulae for F+(L) resp. AvY, .
Altogether, the asymptotic formulae for the decay constants read

1 M. dy iz
o = 1 2 fy Y Al ) + O (3.99)
A
|70

SF — 7)\Tr|ﬁ\\/1+y2
T 2)\ . Z/R 7]

o

X (1 + yl;f g—y) Ny (iy, 9,+) + O(e)  (3.99D)

dy
§Fy+ = / e Al 1+
o AK Fy Z 17

~»

o
Dgs O
(HyAfa )Nm@y, 9,+) +O(e™) (3.99¢)
6Fyo = #M Y /I
(4m)* A Fie =, v |71
[m0
Dyo O
x (HyMK 3 )NKo(zy, 0,e) +O(e™)  (3.99d)
M, o~ AN 1+ A7 (; X
OF, = @i ™ N, iy, 0rs) + O(e™). (3.99¢)
T

Note that we display the resummed version of the formulae for which A = ML with
= (V34 1)M_/v/2. The parameters D+, Dg+, Do are given in Eqgs. (3.57, 3.83).
The amplitudes are all defined in similar way for the various pseudoscalar mesons. For
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instance, the amplitudes of charged pions are
Noi (5, 0,4) = —i{AﬂiWo(o, —4M.v)
+ [Apine (0, —AM,v) + Aps,— (0, —4M,v)] eiLﬁ%}, (3.100)

where v = (u—t)/(4M, ) and o = v/M, = iy. The functions A+ro(s, t—u), Apers (s, t—u),
Agtr-(s,t — u) are the isospin components in infinite volume of the amplitude describing
the pion decay into a two-pion state with a zero isospin,

AR5t —u) = Apepo(s,t —u) + Apepr (8,6 —u) + Aper— (5,1 — 1), (3.101)

see Ref. [32]. The bar indicates that the pole has been subtracted from the isospin compo-
nents. In Section 3.3.2 we illustrate how to subtract the pole by means of two examples.

The asymptotic formulae (3.99) generalize the formulae for pseudoscalar mesons pre-
sented in Eq. (23) of Ref. [32]. They estimate the corrections of the decay constants in finite
volume with TBC. The dependence on twist is twofold. On one hand the formulae depend
on the twisting angle of the virtual positive pion through the phase factor eXp(iLﬁ"&Tﬁ) in
the amplitudes. On the other hand the formulae depend on the external twisting angles
through the parameters D+, D+, Dgo. If we set all twisting angles to zero we recover
the formulae valid for PBC and presented in Ref. [32]. Note that the formulae for charged
pions and kaons are valid for small external twisting angles as they result from expansions
like Eq. (3.65). On the contrary, the formulae for the neutral pion and the eta meson are
valid for arbitrary twisting angles.

In Section 3.2.3 we briefly discuss how to derive asymptotic formulae for the renormal-
ization terms of self energies. In an analogous way we can derive asymptotic formulae for
the renormalization terms of the matrix elements considered here. We obtain

2
AV, = —;M / dy e M INVIFY 3 L (i, 904 ) + Ofe™ ) (3.102a)
T 2 (47T) T |TL|
o
2
AVy . = —;M / dy e M INVIFY 3y iy, O ) + O(e™ ) (3.102Db)
K 2 (4m)* F, (7]
o
2
AYy = — 1 M / dy e VI Hiyo(iy, O+) + O(e” ) (3.102c¢)
K 2 (47T) |n|
\"\#0

Here, A9", - (resp. A¥", ) represent the renormalization terms of &), = (0| Ay s |[KF),
710 F
(resp. @ty = (0| A5_..|K?),). These formulae are valid for small external twisting angles.

KO —
The amplitudes are given by the difference of the isospin components. For instance,
Hops (0,054 ) = —i [Age s (0, =AM, ) — A (0, =AM, )] 2=t (3.103)

Note that for ¢, = 0 the sums in Eq. (3.102) are odd in 7 and hence, disappear. This
is in accordance with the expectation that renormalization terms are not present in finite
volume with PBC.
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3.3.2 Pole Subtraction

In ChPT the matrix elements (3.94) have been calculated for charged pions in Ref. [47] and
charged kaons in Ref. [48]. We use these results to illustrate the pole subtraction leading
to the amplitudes entering the asymptotic formulae (3.99, 3.102).

The amplitudes of charged pions can be determined from the matrix elements of the
tau decay 7 — 37 v,, see Ref. [47]. We define,

(Ar—ro)* = (7% (p1)7° (p2)7~ (p3)| A _5(0) |0) (3.104a)
(Ar—r )" = (7 (p)7" (p2)7 (ps)| AL _5(0)]0). (3.104b)
According to [47] these matrix elements can be decomposed®as
(Ap—r0)* = Fias ph + Gias (p1 + p2)* + Hizs (p1 — p2)* (3.105a)
(A )" = Fla vy + GLoh (o1 + p2)" + Higl(p1 — p2)". (3.105D)

The factors Fio3 = F(s1, S92, S3), G2z = G(s1, S2, 83), Hi2s = H(s1, 89, 3) are scalar func-

tions of the variables )
P2+ p3)

s1=(
s2 = (p1 + p3)? (3.106)
s3 = (p1+p2)?,
and satisfy the properties,
Fa3 = Figs
Ga1z = Ghas (3.107)
Hy3 = —Hios.

They are related to Fl[_g = F[i](81752783)7 G[IECL = G[i}(81752783)7 Hl[;% = H[i}(81782753)
by virtue of
Fl[;?l = Flog + Gaz1 — Haz

_ 1
G[u% = Gio3 + B [Fog1 + Glag1 + Hag (3.108)

- 1
Hl[QZl, = H123 =+ 5 [F231 - C7Y231 - H231] .

The factors Fiaz, Gia3, Hie3 are calculated up to NLO in Section 4.2 of Ref. [47].

To subtract the pole from the matrix elements we must expand (3.105) in the neigh-
bourhood of Q? = (p; + pa2 + p3)> = M?2. The pole appears in the factors Fla3, G1o3 Tesp.
F 1[2_:2, G[lgg and can be expressed in terms of the wm-scattering amplitude, see Ref. [47]. We
obtain
T7T_7T0<837 51— 82)
M2 - Q2
(53,81 — 52)

M2 — (2 ’

(Ap o) = (Ao )" — i F Q"
3.109
(Awfﬂfyt = (AN*W*)M - iFWQM Tﬂ—_ ( )

6The factors Fiaz, Gias, Hiag are 1/\/5 times smaller than those of Ref. [47].
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where T)- ;0(s3, 51— S2) resp. Trn—r-(s3, $1 —s2) are isospin components of the wr-scattering
amplitude in the sz-channel, given in Eq. (4.4). The bar indicates that the pole has been
subtracted from the matrix element.

The amplitudes entering the asymptotic formulae (3.99b, 3.102a) can be obtained
through the contraction with p5/M_ and setting the momenta py = —p{ resp. p§ = (]VO{” ).
The amplitude of the negative pion reads

Ny (0,050 ) = Z{Aﬂ (0, —4M_v)

+ [Ape e (0, =AM, 1) + Ay i (0, —AM, v)] /70 } (3.1108)

Mo (0, 054) = —i [Ap e (0, =AM, v) — A, (0, =AM, v)] Pt (3.110b)
(

where v = (s2 —51)/_4 ) and 7 = v/M_ = iy. The isospin components A, o(s3, 51— 3),
Ai—r- (83,81 — S2), Ar—r+ (83,81 — $2) are given by the contraction of the matrix elements
with Ps /M7r7

A7r_7ro<337 S1 — 82) = 3 (Aﬂ'_ﬂ'o)
App (83,51 — 5) = 22 (Ar-r-),, (3.111)

Aﬁ_ﬂ+(83781 - 82) = ]@—3 (Aﬂ_w+)

™

"
Here, Ay +(83,51 — s) is defined by exchanging p} <> p4 in the matrix element (3.104b).
The sum of the isospin components amounts to the amplitude describing the decay in the
sg-channel of the pion into two a (27)-state with a zero isospin,

A=V (55,81 — 59) = A ro(s3,51 — 82) + Ap—rt (53,51 — 82) + An—r— (53,51 — 52), (3.112)
see Ref. [32]. Note that isospin symmetry relates the amplitudes of the negative pion to
those of the positive pion via

Nt (0,054 ) = Np= (0, 0+) (3.113a)
Hot (0, 004) = —Ho— (0, 0+ ). (3.113b)

We can now apply the asymptotic formulae at tree level. Inserting the chiral represen-
tation,
M o
Nos (0, 054) = =% <1 + ewwﬂ*)

Fr (3.114)

4M. g
Hos (0, 054) = F —= 0Lt

and dropping O(e~ ) we obtain

_ &
OFrs = =2 [81(Ax) + 81 (Ar, Ut (3.115)

Ay . =+ &E (O, Upr).
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These expressions coincide with Eqgs. (2.75b, 2.76).
The amplitudes of the charged kaons can be determined from the matrix elements of

the Ky decay, see Ref. [48]. We define,

(Agcrro)* = (7 (p1)7° (p2) | Af_i5(0) [ K (ps)) (3.116a)
(Agcert) = (7 (p1) 7™ (p2) | Af_i5(0) [K T (p3)) - (3.116b)

According to [48] these matrix elements can be decomposed”as

—i ~
(Ascrmo)t = —= [Fi (0 + 22" + Gy (01 = o) + R, Q] (3.117a)
K
—1 ~
(AK+7T+)M = M— [Fstu (pl +p2)u + Gstu (pl - p2)u + Rstu QH] ) (3117b>
K

where Q* = (ps — p1 — p2)*. The factors Fif, = F*t(s,t,u), Gu, = G (s,t,u), RE, =
R*(s,t,u) are scalar functions of the Mandelstam variables (3.14) and satisfy the proper-

ties,

Fs—Zt = Fs—"t_u
G, = -G (3.118)

They are related to Fy, = F(s,t,u), Gsp, = G(8,t,u), Ry = R(s,t,u) by virtue of

1

Fstu: i[Fstu"i_Fsut]
1
1

R;;u = 5 [RStu + Rsut] .

The factors Fyu,, G, Rs are calculated up to NLO in Section 3.2 of Ref. [48].
To subtract the pole from the matrix elements we must expand (3.117) in the neigh-
bourhood of Q? = M2. The pole appears in the factors RY, resp. R, and can be

stu
expressed in terms of the Km-scattering amplitude, see [48]. We obtain

(AKﬁTO)M = (Ag+q0) — Z'FKQ“ Ticrro(s,t —u)

Mf = Q2

3.120

(A = (e = iF Qe 20 10 (3120
M~ @2

where Tx+,0(s,t — u), Tk+r+(8,t — u) are isospin components of the Kr-scattering in
the s-channel, see Eq. (4.23), The amplitudes entering the asymptotic formulae (3.99c,

"The factors Fysy, Gstu, Rstu are 1/+/2 times smaller than those of Ref. [48].
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3.102b) can be obtained through the contraction with p4 /M, and by setting p) = —p¥

and p5 = (MGK ) For the positive kaon we have

N+ (0, 0,+) = —i{AK+Wo (0, —4M . v)

+ [Agr+ (0, =AM gv) + Agsp- (0, —4Mv)] eiwﬁﬁ} (3.121a)

Hicr (5, 05+) = —i [Ascr e (0, —4Mpev) — g (0, —4Mev)] e+ (3.121b)

where v = (u —t)/(4My) and v = v/M, = iy. The isospin components Ag+ro(s,t — u),
Ag+p+(8,t —u), Ag+o—(s,t —u) are given by the contraction of the matrix elements with

p“/MKa
"

AK+7T0(S,t — u) = ]]\Z—K(AKJFFO)M

_ p/‘ _

Agipt (8,6t —u) = —<AK+7r+)u (3.122)
MK

_ p“ _

AK+7T— (S, t— U) = M—K<AK+7T—)“.

Here, Ag+,-(s,t — u) is defined by exchanging p4 < p4 in the matrix element (3.116b).
Note that the isospin symmetry relates the amplitudes of the positive kaon to those of the
negative kaon via

Nic— (5, 07+) = Nig+ (7, 05+ ) (3.123a)
Hy— (0, 074) = —Hp+ (0, 0t ). (3.123b)

Inserting the chiral representation at tree level,

M S
Nigs (9, 071) = =25 (14 260770+ )

‘;1;2 (3.124)
Hi+(D,0,+) = F—== ﬂeiLﬁﬂﬂ+,
Fr
and dropping O(e*;\) one obtains
5 =~ [ (A) + 261 (A, 0]
: (3.125)
Aby , ==+ Eﬂfl()Hﬁ Vot ).

These expressions coincide with the results (2.54c, 2.41a) if the contributions of virtual
kaons and eta meson are discarded.
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3.4 Asymptotic Formulae for Pseudoscalar Coupling
Constants

3.4.1 Sketch of the Derivation

The derivation of the asymptotic formulae for pseudoscalar coupling constants is similar
to that for decay constants, see Section 3.3.1. In this case, the starting point is to consider
the matrix elements of the pseudoscalar decay,

Gav = (0] Pa(0) [¢(p)) (3.126)

in finite volume with TBC. One can show that at large volume the dominant contribution to
“.p 1s given by a diagram similar to Fig. 3.4a where the wave line represent the pseudoscalar
densities. The dominant contribution can be estimated with the contour integration as in
Section 3.2.2. It turns out that one can express the dominant contribution as the integral
of the amplitude describing the pseudoscalar decay into two pions. This amplitude can be
determined from the matrix elements,

<7Tc(p1)7rc(p2)| Pa(o) |¢b(p3)> ’ (3127)

in the forward kinematics. As we know, the matrix elements (mw.7.| P, |¢y) have a pole in
the forward kinematics. The pole does not contribute to the corrections of the pseudoscalar
coupling constant and must be subtracted by means of a prescription similar to the one
of Section 3.3.2. The amplitude resulting from the prescription is analytic up to physical
cuts starting at v = £M_, see Fig. 3.1.

Altogether, we find the following asymptotic formulae for the pseudoscalar coupling
constants,

1 M2 d _ 7 2 . —\
6G 0 = WG—“ > /R%e AT € o (i, 004 ) + O(e7) (3.128a)
™ ™ 6Z3
740

D+ O ,
X <1 +y Af @) Cre (iy, V) + O(e™)  (3.128b)

™
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5Cics = M, MK Z/ Ay /1T
(4 ) e Gro e |7
(70

X (1 +yDKi aﬁ) Cres (iy, 95t ) + Oe™) (3.128¢)

5G o = M MK Z/ Ay /T
e 2 J, i
T0

DKO 0 . _x
X (1 +yMK @) Cro(iy,U,+) +O(e™) (3.128d)

0Cy = Z / eIV C iy, 00) + O(e™). (3.128¢)
(47T An 7]

i

Note that we display the resummed version of the formulae. The parameters D+, D+,
Dyo are given in Eqs. (3.57, 3.83). The amplitudes are all defined in similar way for the
various pseudoscalar mesons. For instance, the amplitudes of charged pions read

Crt (U, 0n+) = Clrt o (0, —4M_v)
+ [Crins (0, =AM, ) + Corip (0, =AM, 1)] €270+ (3.129)

where Cr+r0(s,t — ), Crrt(s,t —u), Crip—(s,t —u) can be determined from the matrix
elements,
Crtpo = <7T p1)T p2 ‘P1$22<O) ‘Wi(ps»
Crin+ = (7T (p1)7 (p2)| Pigi2(0) |7 (p3)) (3.130)
Crtn- = <7T*(p1)7r+(p2)‘ Pi+i2(0) ‘Wi(ps» )

after the pole subtraction,

Trtro(s,t —u)

C_',Tiwo(s, t— u) =Crt0 — Gy

_ Qz

_ T _

Cﬂiw+(57 t— u) = Cﬂiw+ - G7r it <8’ t~ u> (3131)
— QQ

C’ﬂ_iﬂ_7 (S’ t . u) _ Cﬂ_iﬂ_7 _ Gﬂ_ T7ri7'(_ <S7 t~_ u) .
_ QQ

Here, Q* = (p3 — p1 — p2)* and Trtpo(s,t — u), Tntn+(s,t — u), Thtr—(s,t — u) are the
isospin components (3.81) in the s-channel.
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The formulae (3.128) are similar to the asymptotic formulae derived before. Their
dependence on the twist is twofold: they depend on the twisting angle of the virtual
positive pion through the phase factor exp(iLﬁgﬁ) and on the external twisting angles
through the parameters D,+, Dg+, Dgo. If all twisting angles are set to zero the formulae
for pions reduce to the formula valid for PBC and presented in Ref. [31]. We stress that the
formulae for charged pions and kaons are valid for small external twisting angles because
result from expansions like Eq. (3.65). On the contrary, the formulae for the neutral pion
and the eta meson are valid for arbitrary twisting angles.

Analogously, we find asymptotic formulae for the renormalization terms. The resummed
version reads

Y 1 M i ) )
Ady =-——— 7 v d At/ 1492 - S 3 150
G + 2 (47)* G 223 |ﬁ|/R ye y Kt (iy, 0,+) + Oe™)  (3.132a)
Iﬁlﬂ)
7 1
Al = Axlitl/1+y?
7 ( ™) GKM Z| |/ dy e” y Krx(iy, 9,+) + O(e” )
W#O
(3.132b)
— 1 M2
A ™ dy e 7l 1492 Koo p o
T 2 () GreMy |n|/ e y Kioliy, V) + O(™).
\nl#O

(3.132¢)

Here, A9, . A9, A9, represent the renormalization terms of the matrix elements,
G + Gt G0 p

gﬂi = <0‘ P1$Z'2<O> ‘Wi(p —+ 197r;t)>L
G = (0] Prgis(0) | K*(p + 9k2)), (3.133)
Gico = (0| Ps—i7(0) |[K°(p + ko)), -

The formulae (3.132) are valid for small external twisting angles. The amplitudes are given
by the difference of the isospin components, e.g.

Kt (7, 05t) = [Crptgs (0, =AM, 1) — Ct (0, =AM, )] ' F7=+ (3.134)

Note that for ¥¥, = 0 the sums in Eq. (3.132) are odd in 7 and hence, disappear. This
is in accordance with the expectation that renormalization terms are not present in finite
volume with PBC.

Among the amplitudes entering the asymptotic formulae of Eqgs. (3.128, 3.132) only
those of pions are known in ChPT. They can be determined from the off-shell amplitude
of the point function containing four pseudoscalar densities, see Eq. (16.4) of Ref. [10].
In this case, three pseudoscalar densities serve as interpolating fields for pions and the
fourth is left unchanged. The pole affecting the off-shell amplitude can be subtracted by
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means of the prescription (3.131). The results are the chiral representation for Co (7, ¥,+),
Cot (0,04+), Kyt (0, 0,+) at one loop. As check we take the tree-level,

Cwo(ﬂ7 ,197T+) = T o Cﬂi (ﬂu 197F+) - _% I;eiLﬁﬁﬂ-F K”i<ﬂ’ ,197T+) = 07 (3135)

and feed Eqs. (3.128, 3.132). Dropping O(e ) we find

5Gro = —%” g1 (Ax) 5Gs = —% g1 (A, Ot Ay, = 0. (3.136)

These expressions coincide with the results (2.75¢) obtained in 2-light-flavor ChPT at
NLO. Note that K,=(7,U,+) = 0 at this order. This is in accordance with the results of
Section 2.3.3, namely that no renormalization terms AV, . appear at NLO. Such terms
will appear from NNLO onwards. !

3.4.2 Chiral Ward Identities

In Ref. [31] Colangelo and Héfeli pointed out that the asymptotic formulae for masses,
decay constants and pseudoscalar coupling constants are related by means of chiral Ward
identities. They showed that

0Gy = 26M, + 6F, + Oe™), (3.137)

where M _, §F, 0G, are given in terms of Eqgs. (3.1, 3.2). The relation holds only if the
amplitudes entering the asymptotic formulae satisfy the condition®

Fr(D). (3.138)

In the following we demonstrate that the relation (3.137) can be generalized to finite volume
with TBC and in turn, that the amplitudes satisfy conditions similar to Eq. (3.138).

We start from the relevant chiral Ward identities needed to obtain the above relation.
We introduce the twist as in Section 2.2 through the constant vector field vfj. In Sec-
tion 2.3.3 we have seen that the twist modifies chiral Ward identities in the measure that
each momentum is shifted by the corresponding twisting angle. In momentum space, the

8In Ref. [31] the condition given in Eq. (15) has a typo. As noted by Héfeli in his PhD thesis [133] the
prefactor /M _ was originally forgotten.
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relevant chiral Ward identities we need, are

—iQu (me(p1)me(p2)| A5 (0) |7°(p3)) = 11 (me(p1)me(p2)| P3(0) |7°(ps))  (3.139a)

~i(Q + V) (me(pr)me(p2)| Algin(0) [ (03 +02)) =
= 11 (Te(p1)Te(p2)] Prgiz(0) |7 (ps + U2 ))  (3.139D)

~i(@Q + V=) (me(p1)Te(p2)| Az (0) | K= (03 + Ves)) =
= e (o ()7 (p2)| Pagis(0) | K= (ps + 9c+)) (3.139¢)

—i(Q + Vxo) (Te(p1)Te(p2)| Af_i7(0) [ K°(ps + Vo)) =
= % <7Tc(p1)7Tc(p2)| P6—i7(0) ’Ko(pg + Q9KO)> (3139d)

—iQu (me(p1)me(p2)| AL (0) In(ps)) = 222 (mo(py)me(p2)| Ps(0) In(ps))
+ V2 22 (7 (py ) me(p2)| Po(0) In(ps)) - (3.139)

Here, the matrix elements are in infinite volume though momenta are shifted by the twisting
angles. These matrix elements will provide us with the amplitudes entering the asymptotic
formulae (3.99, 3.128). Note that (m.(p1)7.(p2)| is a two-pion state with a zero isospin.
We can leave out the twisting angles of that state as they will appear in the phase fac-
tors (3.148) after a substitution of the loop momentum like Eq. (3.32). On left-hand side,
the momentum Q* = (ps — pa — p1)* is defined as before and will be set on-shell by the
pole subtraction. For convenience, we detail here just the demonstration of charged pions.
The relations of other pseudoscalar mesons can be demonstrated in an analogous way.
We rewrite the chiral Ward identities (3.139b) in a compact notation as

i (Q + mi) (At (952))" = 10 Cr (02), (3.140)

I

where

(Arsr, (V)" = (Te(pr)7e(p2)] Az (0) [75 (03 + V)
Cﬂiwc (,ﬁﬂi) = <7Tc<p1)7Tc<p2>| P1$i2<0) ‘ﬂ-i <p3 =+ 197ri>> .
According to Ref. [47] the matrix elements (A« (J,=))" have a pole that does not enter

in the amplitudes of the asymptotic formulae. We subtract the pole expanding the matrix
elements around (Q + ¥,+)* = M2,

(3.141)

(A (0))" = (Ao (00))"

N ZF,T(Q N ﬁﬂi)“TWiﬂc (s(ﬁﬂi), tH(Vnr) — U(ﬁﬂ-;t)) .

M2 — (Q + U,x)?

(3.142)
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Here, Tysr, (5(072), t(05+) — u(V5+)) correspond to the isospin components (3.81) and

2

$(Ur) = [Q + s — (ps + s
t(0p2) = (Q + Vgt + p2)? (3.143)
w(rz) = (Q + 0pe +p1)?,

are the Mandelstam variables (3.14) shifted by the twisting angles of ps, Q. We observe that
the first variable does not depend on ¥*. as twisting angles exactly cancel out: s(,+) = s.
The bar indicates that the pole has been subtracted from the matrix elements. This means
that (Aptn, (9,))" correspond to the matrix elements (3.109) with ps, Q shifted by the
twisting angles 0%, .

Similarly, the matrix elements C,+,_ (9¥,+) have a pole that does not enter in the am-
plitudes of the asymptotic formulae, see Ref. [31]. We subtract the pole expanding the
matrix elements around (Q + ¥,+)% = M2,

Trtn, (s, tH(0qr) — u(ﬁwi)) .

C(7r7r ,197r :Cﬂw 197.- +G7r =
+ c( i) + c( i) Mq%_ (Q+,l97ri)2

(3.144)

Note that Cirtr, (U,=) correspond to the matrix elements (3.131) with ps, Q shifted by (.
We insert the expansions (3.142, 3.144) in the identities (3.140) and divide for M_.
Using G, = M2F, we find

—ML <Q n ﬂwi)u (Apir, (052))" = Mﬂ Crin(Ors) + 17 Trtr, (53,51(05) = 52(07)).

(3.145)
The last term can be brought on the left-hand side. We set py = —ph = k" and rewrite
the momenta (p3 + U,+)* = (p + J,+)* as in Eq. (3.55). We obtain

i _ . F. mo - R
i (p+ ﬂwi)H(Aﬂi%(ﬂwi))“ 7 Tt r, (0, —4M, 1) = A Crip (Vyx),  (3.146)

where vy = [u(0,) — t(0,+)]/(4M,) = v + k,ﬂ%i /M. Now, we expand for small external
twisting angles (i.e. around ﬁi + = 0 or equivalently around vy = v) and multiply both

sides for \
1 d*k e Qe
— L 3.147
2_;23/]1{;4 (27T)4e M7%+k27 ( )
|7] 70
where

exp(—iLiid,.), for c=1
Q. = { exp(—iLiid,-), for c¢=2 (3.148)

1, for c=3
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The contour integration of Fig. 3.3 provides us with the relations

) S 2 = S S <
0Cirs = 20 Ay, = 20Ms + 6Fps — 3 Vs (Aﬂ%i . Mzwi) LOE™). (3.149)
Here, 0M ., 0Fr+, 0G = Tesp. AJEW . A'l;;{ﬂ_ s Aﬁgﬂ . are given in terms of asymptotic for-
mulae. Obviously, these relations hold if the amplitudes entering the asymptotic formulae
satisfy the conditions

7 F,
Mﬂ Crt (7, D) = Ny (7, 0) = 2T Fs (7, 0
P =y (3.150)
E Kﬂi(ﬂ, ’197T+) = Hﬂ—i (ﬂ, ’197T+) - ﬁi gﬂ-i (ﬂ, 197T+).

As check we compare the amplitudes on the left-hand side with the amplitudes on the
right-hand side by means of the chiral representation. We use Eq. (16.4) of Ref. [10] to
calculate Cr+ (0, Ur+ ), Kyt (7, 9,+) and the results of Ref. [44,47] to calculate Fr+ (7, 9,+),
Gt (0,04 ) resp. Npx(0,0,+), Hat (7,9,+). We find that the expressions agree on both
sides. Thus, in ChPT the conditions (3.150) are satisfied at NLO.

The relations for other pseudoscalar mesons can be demonstrated in an analogous way.
Altogether, we obtain

§Gro = 26M o + 6F0 4+ Oe™)

0Grx — 20xs Ay, =206Mys + 0Fye

2 & o . o
~ 377 e (A0, = ATs,, ) + O

5 (3.151)
0G o — QﬁKoAﬁgKo = 25MK0 + 6 Fko

2 (AT — AV, ) +O(e™)

K
m+2m G \/5 m—ms -
%MQF 0y = 26M, + OF, = - 252 AGoy +0(c™).

Here, all corrections and renormalization terms are given through asymptotic formulae.
Note that the relation for the eta meson exhibits an additional term, namely AGy,. In
Section 2.3.3 we have calculated this term at NLO in ChPT, see Eq. (2.69). In this case,

it is given by the asymptotic formula,

AGo, = (0|Po\?7> (0] Py [m)
Z/ Y AT € iy, 0,0) + O, (3.152)

7]
o
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where

Con(D,0p+) = C_'omﬂo (0, _4Mn V)
+ [Copms (0, —4M, 1) + C - (0, —4M, 1)] 10+ (3.153)

The functions Cy (s, t — u), Co et (8,6 — 1), Con-(s,t — u) can be determined from

u), )
Como = (7 (p1)7°(p2)| Po(0) [n(ps))
Comt = (Tt (p1)7 (p2)| Po(0) [n(ps)) (3.154)
Com- = {7~ (p1)7 " (p2)| Po(0) )

after the pole subtraction
Coro(8,t = 1) = Coro — G0 et
Cort (5, = 1) = Co s — Gop—" (3.155)
Copr— (8, — 1) = Co - — Go =L

The function T} zo(s,t —u), Tyrt (s,t — u), Ty (s,t — u) correspond to the isospin compo-
nents (3.87) in the s-channel. The matrix element Gy, = (0| Py |n) is in infinite volume

and is evaluated at NLO in Eq. (1.87).
The relations (3.151) hold if the amplitudes entering the asymptotic formulae satisfy

the conditions

m F

E ﬂ.O(ﬂ"ﬁﬂJr):./\/;TO(ﬂ"l?ﬂJr)_E.Fﬂ-O(l;"ﬁﬂJr)
m—+ms - F ~
2;\_4[( CKi(ﬂ, ’l97r+) :NKi<I/,197r+) — M—I;FKJE<I/,197T+)
m+msg ~ FK
o M ]CK;t<V7 ’l97r+) HKi<I/ ’l97r+) - M— gKi<I/ ’l97r+)
o Fo (3.156)
QMK CKO(ﬂ, ’l97r+) :NK0<IJ7’Z97T+) - M—K‘FKO(ﬂ’ﬁW+>
m—+ms - ~ F ~
: LK Ko (7, 0nt) = Hgco (5, 0 ) — M—f; Grco (7, 9+)
m+2msg ~ ~ F ~ \/érhfm ~
3+TC77<V7 ,197r+) = Nn<V,197r+> — ﬁnfn(y, ’l97r+) — ﬁ 3 = C(],n(V, 197T+).
n n n

From these conditions we can determine unknown amplitudes if we know the explicit
representation of the related amplitudes. For instance, we can determine Njo(7,0,+)
from the chiral representation of Fro(7, Ur+), Cro(D, ¥r+) or we can determine C= (D, Ut )
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[resp. Kg+(7,0,+)] from the chiral representation of Fp+(D, Uy+), Ng=(D,9,+) [resp.
Gr+ (D, 0:+), Hig+(D,0,+)]. At tree level we find

M_ . -3
Noo(D,0,4+) = =2 Tﬂ e’L"ﬁﬁ,

GK TR0
Crs(0,0,4) = — (1+2e2Lm9w+>
w7 0n0) = i (3.157)
~ Mﬂ' F ~ LAY
KKi(V,§W+):$2TF[1—?j:| l/eLﬁ"+.
———

Inserting these amplitudes in the asymptotic formulae (3.99a, 3.128¢, 3.132b) we obtain the
results (2.75b, 2.58) if the contributions of virtual kaons and eta meson are discarded. Note
that Kg=(0,0,+) =04+ O, M, /F;). This means that the renormalization terms Aﬁg‘;ﬁ

are not present at this order: they will appear from NNLO onwards.

3.5 Asymptotic Formulae for Pion Form Factors

3.5.1 Vanishing Momentum Transfer

As proposed by Héfeli [120] we can rely on the Feynman—Hellman Theorem to derive
asymptotic formulae for the matrix elements of the scalar form factor. In Section 2.3.4
we have seen that in finite volume the Feynman—Hellman Theorem relates the corrections
of the matrix elements of the scalar form factor with the derivative of the self energies.
Extending Eqs. (2.88, 2.91) to higher orders we have

5rg°‘q2:0 = Oz [—AX 0] (3.158)
OTF | oy = sz [~AT].

The self energies AX 0, AX + are on the mass shell in finite volume and dy2 = 9/9OM?2.
Starting from these relations we derive asymptotic formulae valid at a vanishing momentum
transfer (i.e. for ¢*> = 0).

In Section 3.2.2 the asymptotic formulae for the masses of pions were derived relying
on Egs. (3.27, 3.54). We can solve these equations with respect to the self energies where
for charged pions we additionally use Eq. (3.77). We obtain

A0 = —2M2 Mo + O(e ™)

AS & = —9M26M. o — 20+ AP - (3.159)
= 7 OM =+ A0y . +O0(e).

Here, 0M o, 0M _., Agzﬂi are meant up to O(e*;\) where A\ = ML has the mass bound
M = (/34 1)M,/v/2. We insert these expressions in the initial relations and take the
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derivative dp2. We have
OT% | oy = 20Myo + 2M? 020 Mo + O )

i ) . . r (3.160)
oT'% \quo = 20M i +2M7 Or20M s + 20, 2 AUy , + O(e™).

Since the formulae of 6M ,, 6M ., A’l;gﬂ . are known up to (’)(e‘j‘) we find the following
asymptotic formulae,

0 dy 5
]y s 3 [ i

nng

770
(1 AT+ R+ 2M 8M2> Froliy,9+) + O(e™) (3.161a)

ot dy nlitN/T1?
(5FS ‘qzzoz Z/ ‘n| Ax|7|

7'(' ~o Z3
fiT£0
X [(1 — A1+ 92 + 2M728M72r) Frt (1Y, Ut
D+ M,
_ 2y m 29
Yy A ()\ I7i|/1+ 3% + D —2MZ0y )8 Frt (1Y, Urt)

+y Lt (1 — AT+ 2+ 2M§6M;) Gt (i, 05t ) | + O(e7). (3.161Db)

These asymptotic formulae estimate the corrections of the matrix elements of the scalar
form factor at a vanishing momentum transfer. The formulae depend on the amplitudes
defined in Egs. (3.45, 3.80, 3.89a). Here, the dependence on the twist is threefold. The
formulae depend on the twisting angle of the virtual positive pion through the phase factor
eXp(iLﬁJﬁ) in the amplitudes. Furthermore, they depend on the external twisting angles
through the parameter D, + and through the product ﬁgﬂi in the last line of Eq. (3.161b).
Note that the formulae for charged pions are valid for small external twisting angles. The
formula for the neutral pion is valid for arbitrary twisting angles.

We check the above asymptotic formulae in two ways. First, we set all twisting angles
to zero. We find

5PS}q2:0: Z/ s oA/

2 T

In\sﬁO
(1—)\ 17\ /T + o2 +2M28M2> (iy) + O(e™). (3.162)

This expression coincides with the formula originally proposed by Hifeli [120] and valid
for PBC. In this case, F,(7) is the amplitude entering the Liischer formula for pions,
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\
J Lp 1
P r ‘ e
. /

(
Y
S F
Figure 3.5: Skeleton diagrams contributing to asymptotic formulae for matriz elements of form
factors. Solid lines stand for a generic pseudoscalar meson P and dashed lines for virtual pions.

Double solid lines represent the scalar densities. The spline indicates that the pion propagator is
in finite volume.

see Eq. (3.1). Second, we insert the chiral representation at tree level in the asymptotic
formulae (3.161). The expressions obtained coincide with the results (2.86) found at NLO
with 2-light-flavor ChPT.

3.5.2 Non-zero Momentum Transfer

The general derivation of asymptotic formulae for form factors is complicated by the pres-
ence of a non-zero momentum transfer. We anticipate that in this case we were not able
to derive asymptotic formulae. However, we illustrate the steps undertaken and the com-
plications encountered.

To keep the discussion simple, we focus on the scalar form factor and consider the
matrix elements,

(mo(p')] So(0) [ma(p)) , (3.163)

in finite volume with TBC. In Appendix C.3 we show that these matrix elements behave
like O(e~V32/2) at asymptotically large L. The demonstration relies on Abstract Graph
Theory and is similar to that of the self energies. It turns out that the dominant con-
tribution is given by the diagrams of Fig. 3.5. The diagrams have an additional external
double line representing the scalar densities. In principle, their contributions should be
estimated with the contour integration in a similar way as in Section 3.2.2. In practice,
the integration can not be performed as in Eq. (3.42) due to the presence of a non-zero
momentum transfer introduced by the scalar densities.

To illustrate the complications encountered, we concentrate on the diagram Lp and
consider P a neutral pion. Moreover, we choose the kinematics,

A .
p"zﬁ“z{zﬁ“], p"‘:[zg’f} with E. = \/M2+|p'|2 and ﬁ’:%’f(é).

(3.164)
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In that kinematics the momentum transfer ¢* = (p’ — p)* has two non-zero components:
the zeroth component ¢y = i(E. — M_) and the first spatial component ¢; = 27/L. The
diagram under consideration should be then estimated from the integral

Lo=Y / 2 050G (R) G + )
Aczs
[0

+ Eport Gr(k 4 Ut )Gr(k + 0t +q) (3.165)

¥ Erop- Gk 4+ 05 )G (k + 05 + q)] .

In this case, we directly account for all winding numbers 7 € Z* with || # 0. The
propagators GG are defined as in Eq. (3.31) and

E7r07r0 = F7r07r0<]§7 k+ q, _kv _p/) A7r0<_k - 4,49, k)
a0+ = Lo+ (]3, k+ 9.+ + q, —k — Y.+, —p,) AW+(—k‘ — Y+ — q,q, k + 297T+) (3.166)
Eﬂ'oﬂ'_ = F7r07r+ <ﬁ7 k+ ’19#_ + q, —k — 197r_7 _p/) Aﬂ'_(_k - 197r_ —4q,q, k+ 197r_>7

are products of vertex functions. Note that positive (negative) momenta correspond to
incoming (outgoing) pions. The vertex functions I';ozo, 'yor+, [0+ are the same of
Section 3.2.2. The vertex functions Ao, A+, A;- are defined by the one-particle irre-
ducible part of the amputated three-point function containing a scalar density and two
interpolating fields of pions. In Ref. [23] Liischer showed that such vertex functions can be
analytically extended to a domain of the complex plane.

We substitute k* — k* — 9", and write the integral as

=>> / iLﬁEGﬂ(k)Gﬂ(k +q) = (3.167)
A R4
[0

where

(1]

- [Ewowo + Spopse i Eilnt | Eﬂoﬂ_e—mﬁr]. (3.168)
After the substitution, the vertex functions have all the same momentum dependence,
Eron0 = Troqo (P, ki + q, =k, —p') Apo(—k — q,q, k)
Epont = Lrons (P, k 4+ q, =k, —p") A+ (—k — ¢, ¢, k) (3.169)
Enon- = Dront (D, k + ¢, =k, —p') Ax-(=k —q,q. k).

The product G (k)G.(k + q) can be expressed by means of the Feynman parametriza-
tion (A.4). Substituting k* — k* — (1 — 2)g" we have

dz d4]€ eank tL(1—2)7q
Lo = ; 3.170
=3 / / 4 ST (3.170)

REZ3
|7i|#£0

(1]
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where M2 = M? + 2(z — 1)¢* and z € [0, 1] is the Feynman parameter. The momentum
dependence of vertex functions is now given by

Erono = Drono (B, k + 2q, —k + (1 — 2)q, —p') Ao ( —k — 2¢,¢.k — (1 — z)q),  (3.171)

and similarly for Z 0.+, =0.—. Note that such momentum dependence can be expressed
in terms of six Lorentz scalars (i.e. p? ¢* p-q, k* p-k, ¢-k) which are multiplied by
non-negative powers of z.

We take a closer look to the expression (3.170). We observe that if we take the winding
numbers belonging to

Alz{ﬁ€Z3|ﬁ:(n(0Jl>,n17é0}, (3.172)

we may rotate k € R so that exp(iLiik) = exp(iL|f|k;) without changing the rest of the
integrand. This is a consequence of the kinematics chosen in Eq. (3.164). We decompose
the integral in

Lo = Lyo[Ay] + Loo|Z\ Ay, (3.173)
where L,0[A] is the part of the integral with winding numbers in A; and L.o[Z3 \ A4] is
the rest. Denoting k = (ky, k1) € R® we may rewrite the part with winding numbers in
A as

Loo[Aq] = / dky f(ky)

dz dky dk:L gtk —iL(=2)ng (3.174)
kl Z // 2 2 2 212 =-
e R3 27T (M2 4 k§ + ki + k3]
|7i|#0

To estimate the ki-integration we take k£ in the complex plane and approximate the
integration by the contour of Fig. 3.3. The integrand f(k;) exhibits two imaginary poles

of the second order,
k= +i/ M2+ K2 + k2. (3.175)

The poles depend on kg, k;, z and will consequently move when we integrate over those
variables. We observe that we can keep the upper pole k" within the contour of Fig. 3.3
if we restrict the values of kg, k., z from R3 x [0,1] to

W = {(k;o,lﬁ,z) eR’ x [0,1] | k§ + kT +2M_ (E, — M) 2(1 —z) < ZMg}. (3.176)

Obviously, this restriction affects the result of the k;-integration but, because of the ex-
ponential factor exp(iL|7i|k1) in the integrand f(k;), the net effect is O(e™*) and hence,
negligible.

By virtue of the Residue Theorem, we have

/71f=2m' ReS(f)klkj—/mf—/ygf—/Mf. (3.177)
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One can show that the integrals on the right-hand side are negligible. The argumentation
is similar to that of Section 3.2.2. It results that the non-negligible contribution arises from
the residue,

d

R, = lim — [(k — k)2 f(k
es(f)/lm:/rgl+ k11—1>rkl+ dk; [( 1 1) f( 1)]
dz dk ko —L|7| |k |~ LAg(1—2) . 1 d=
DN B e T LR ) Kb 7=l R
ficA Lk 1 1 oy =k
|7i]#0

(3.178)
Note that the condition k; = k; puts the loop momentum on the shell of the mass M. :
Kok = kg + (K7)? + kT = =M. (3.179)

Hence, the momentum dependence of the vertex functions can be expressed in terms of
the six Lorentz scalars,

ﬁQ = _Mg q2 = QMW(E;F - Mﬂ')
prq=M. (M, - E}) k= —M: (3.180)

We rewrite the part of the integral with winding numbers in A; as

A dz dko ko_ eiL|n‘ M2+k2+k2 —iL(1—=2)

neA]
740

1 =
X Lin| + =— — .
[( 4 ¢—Mz+ka+ki> dk]
-1

Here, we have extended the integration from W to R3x[0, 1] as the resulting effect is O(e ™).
The above expression is quite complicated to integrate. The vertex functions depend on
the momenta according to Eq. (3.171). Setting k; = k", the momentum dependence can be
expressed in terms of the six Lorentz scalars listed in Eq. (3.180). In particular, we observe
that —through the Lorentz scalar ¢-k— the vertex functions depend on k;” and hence, on
k1. This complicates the k| -integration as one can not directly integrate as in Eq. (3.42).
Moreover, the condition k; = kI puts the loop momentum on the shell of the mass M,.
This confuses the identification of the vertex functions with physical on-shell amplitudes.
We stress that these complications might be circumvented if one could expand the vertex
functions around ¢?> = 0. However, the discretization of ¢ prevents one to perform such
expansion and one must devise an alternative way.

The rest L.o[Z? \ A;] is even more complicated to integrate. The winding numbers
in Z* \ A; have more than one spatial component different from zero. For these winding
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numbers and for the kinematics chosen, there is no spatial rotation so that exp(iLﬁ/;) =
exp(iL|7i|k;) without changing the integrand of L,o[Z3\ A;]. In particular, spatial rotations
change the arguments of vertex functions through the Lorentz scalar ¢ - k. This complicates
the integration on k; € R? even more.

We conclude observing that the complications encountered here should not arise in
matrix elements with two different external states, as e.g. (K| Sy |7°). There, both ex-
ternal particles can be taken in the rest frame and the momentum transfer does not vanish.
Then, the vertex functions can be expanded around small external angles and the integra-
tion performed in a similar way as Section 3.2.2. In principle, no further complications
should arise in that case.



Chapter 4

Application of Asymptotic Formulae
in ChPT

4.1 Chiral Representation of Amplitudes

We apply the asymptotic formulae derived in Chapter 3 in combination with ChPT and
estimate finite volume corrections beyond NLO. For that purpose we need the chiral repre-
sentation of the amplitudes at least at one-loop level. At that level the chiral representation
is known for the most of the amplitudes presented in this work. In Tab. 4.1 we summarize
all amplitudes and —if it is known— we give the review article containing the chiral repre-
sentation at one loop. We also list the process from which the chiral representation can be
determined. Note that Nyo, Cx+, K+ are unknown, but through Eq. (3.156) they can be
calculated in terms of Fro, Cro; Fr+, N+ and Gr+, Hi+.

4.1.1 Chiral Representation at One Loop
Amplitudes of Pions

We first consider the amplitudes entering the asymptotic formulae for the pion masses and
for the renormalization terms AvY, . They are defined as

Fro(0,05+) = Trog0(0, =AM, v) 4 [Tror+ (0, =AM, 1) + Tro,— (0, —4M, V)] 77
Fnt (0, 07+) = Tt (0, =AM, v) + [Tt (0, =AM, 1)+ Tyt (0, —4M 1) il (4.1)
Gt (0, 054) = [Tt (0, =AM V) — Ty (0, —4M, 1) 27
The chiral representation of F,o, Fr+, G+ can be determined from the wr-scattering,
7(p1) + 7(p2) — T(ps) + 7 (pa), (4.2)

in the forward kinematics. In ChPT the nr-scattering is given by means of the invariant
amplitude A(s,t,u) where s,t, u are the Mandelstam variables (3.14) in Minkowski space.

107
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Table 4.1: Amplitudes entering asymptotic formulae, processes they describe and review articles
containing the chiral representation at one loop. Here, P, — m,(m.m.) denotes the pseudoscalar
decay into three pions in which two pions form a state with a zero isospin.

Amplitude Process Ref.
Fro, Frt, Grst mr-scattering [44]
Fr+,Grt, Fgo,Gro Km-scattering  [45]
T nm-scattering [46]
No

Nz, Hos 7-decay [47]
NKi y HKi Km—decay [48]
NKO ) HKO

Ny

Cr0,Crx, K s P, — 7wy (meme) [10]
CKi 5 ICK;t

CKO R ICKO

Cy

Cony

The amplitude A(s,t,u) is invariant under the interchange of the last two arguments, i.e.
A(s,t,u) = A(s,u,t) and is known up to NNLO in the chiral expansion, see Ref. [44]. As
we want the chiral representation at one loop, we just need the part of A(s,¢,u) up to
NLO. This was originally calculated in Ref. [10] and reads

— M?
A(s,t,u)—s 7 s
1 1 2 2\ 2 2 4, 912 2
+6—F’#{_N|:+§(S+MW) + 25 —5Mw+g[8 + (t — u)?]
1 _ _ _
+ _{+ 20, (s — 202)° + By [5 + (t — w)?] — 3T
N (4.3)

122, (s — M2) Mﬁ}
+3 (s> = M) J(s) + [14Mj; +t(s +2t) — 2(25 + 5t)M7ﬂ J(t)

+ [14Mf; +u(s + 2u) — 2(2s + 5u)M§] j(u)}.

Here, J(t) is the loop-integral function defined in Eq. (D.19), ¢; are the p-independent
constants introduced in Eq. (1.66) and N = (47)?. The isospin components of Fro, Fr+,
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G+ can be expressed in terms of the invariant amplitude Ay, = A(s,t,u). They read
T7r07r0 (t, U — 5) - Astu + Atus + Aust

Tron+ (t,u — 8) = Trop—(t,u — 8)
=T +0(t,u—s
ol ) (4.4)
= 7r_7r0<t7u - S) = Atus
Trtpr(t,u—8) = T (t,u — 8) = Apus + Aust
Trin-(tyu—8) = Tr-pi (t,u — 8) = Agpu + Apus-

The chiral representation of Fro, F,+, G+ can be obtained evaluating these expressions
in the forward kinematics:

s=2M_(M_+v) t=0 u=2M_(M, —v). (4.5)

™ ™

At tree level we find the results presented in Eq. (3.91).

The amplitudes N+ (resp. H,+) entering the asymptotic formulae for the decay
constants (resp. for the renormalization terms Av” ) of charged pions are defined in
Egs. (3.100, 3.103). They can be determined from the matrix elements of the T-decay,

7(pr) — m(p1) + 7(p2) + 7(ps) + v-(pr — Q), (4.6)

in the forward kinematics, see Ref. [47]. In Section 3.3.2 we describe how to subtract the
pole from these matrix elements in ChPT. Here, we just give the expressions of the factors
entering the decomposition (3.105). Note that our expressions are a factor 1/4/2 smaller
than the original ones of Ref. [47]. At NLO we have

A i 1
F(s1,89,83) = iF, Y 3—12622 i [1 ~ 72 F® (s, 59, 83)}
Asio ? 1 ()
G(s1, 89, 83) = iFy SYERSNoE + 1+ = G (s1, 89, 53) (4.7)
1
H (s, s2,83) = 73 H(2)<817 Sg, S3)

Here, Az = A(s3,s1,52) is the invariant amplitude (4.3) reexpressed in terms of the
variables 51, 59, 83 of Eq. (3.106) and Q" = (p1 + pa2 + p3)*. The functions F'®)(sy, s, s3),
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G@ (51,59, 83), H? (51, 59, 83) do not contain poles and are defined as

_ M2 1

_ _ _ Sa —
F (1,59, 83) = +=3* [J(s1) + J(s9)] — 5 (51— 52) [J(s1) — J(s9)] — 53J(53)
1 _ _
+6—|: 261( 3—2M )+€2(81+82+83—4M£)—6£4M5
0 2 1 8 2
- 66(81 + 89 + 283 - 4M7r) - 5(81 + 89 — 583) + gMﬂ
_ M? - 1 - - S3 -
GO (s, 89, 83) = " [J(s1) + J(s2)] — (51— 52) [J(s1) — J(s9)] + gj(sg)
(4.8)
1 - _ _
+ 6—N |: + 2£1(83 - 2M7%) - 62(81 + 89 — S3 — 4M72) + 6£4M7%
_ 51 10,
+ 66(81 + S9 — 2M7r) + 5(81 + S9 — 783) + ?MW
1 - - 1 - -
H(Q)(Sl, Sa, 83) = _6<81 — SQ) [J(Sl) + J(SQ)] — 6<81 + So — 5M7%) [J( ) J(SQ)]
1 D
TGN 62(51 — 59) — 5(81 - 52)}

One can convince oneself that the above expressions satisfy the properties (3.107). The chi-
ral representation of N+, H.+ can be obtained evaluating the isospin components (3.111)
in the forward kinematics:

sy =2M_(M, —v) Sy =2M_(M, +v) s3 = 0. (4.9)

At tree level we find the results presented in Eq. (3.114).
The amplitudes entering the asymptotic formulae for the pseudoscalar coupling con-
stants of pions and for the renormalization terms Adv, . are defined as

CT('O (I;7 ,l97r+) — CWOWO (O, _4M7|—V>
+ [C’n()ﬁ (0, —4M_v) + Clron (0, —4Mﬂy)] ez‘LﬁJﬂJr

Cot (0, 0,+) = Crt o (0, —4M_v) (4.10)
+ [C’ﬁﬁ (0, —4M_v) + Crtom (0, _4M7rV)} ez’LﬁﬁﬂJr

Kz (0,074 ) = [Cwiw+ (0, —4M_v) — Crar- (0, —4M, 1/)] LAl

These amplitudes can be determined from the point function containing four pseudoscalar
densities, where three of them serve as interpolating fields for pions. In ChPT such point
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function can be calculated from Eq. (16.2) of Ref. [10]: one must take the off-shell amplitude
A(s, t,u;p?, p3, p3,p3) and set the momenta to p? = p3 = p2 = M2 resp. pj = Q* where

Q“ = (p3 —DP1— pZ)“' Deﬁning C(Sa t u) = A(Sa t,u; Mga ME, ME, Q2) we obtain

5
[252 — M} — (35—t —u)M? — 9 [2tu — s(t + u)]

zl= 2|«

{+ 20, (s — 2M2) (t +u —2M?2)
+ 20y [8M; + 2tu + s(t +u) — 4(s + t + u) M7]
+30; (s +t +u— 3M2) M2 (4.11)
60, (s — M) (s+t+u_zMg)]

+3 (s — M7) (25 +t+u—3M7) J(s)

- [GMﬁ + (s 4 2u)t — (s + bu + 3t)M§] J(t)

- [GM;‘ + (s 4 2t)u — (s + 5t + 3u)M§] j(u)}.

Note that the amplitude is invariant under the interchange of the last two arguments, i.e.
C(s,t,u) = C(s,u,t). The isospin components of Co, C,+, K, + can be expressed in terms
of Csp = C(s,t,u). They can be extracted from the following expressions,

Gr
Croqo(s,t —u) = m [Cstu + Crus + Cusi

™

Crop+ (8,8 —u) = Crop—(s,t — u)

= Crrqo(s,t —u)

— ﬂ_—ﬂ.0(87t - 'LL) = m Cstu (412)
G
C7T+7T+(S7t - U) = C17r*7r* (57 t— u) = m [Cstu + Ctus]
G
Cﬂ—+7r— (S,t — U) = Cﬂ——ﬂ-o—(s, t— U) = 7,,2 [Cstu + Cust] s

M2 - Q

™
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after having subtracted the pole at Q> = M?2. In Section 3.4.1 we describe how to subtract
this pole and how to define the isospin components, see Eq. (3.131). The chiral repre-
sentation can be obtained from that definition, evaluating the isospin components in the
forward kinematics:

s=0 t=2M_(M, —v) u=2M_(M_+v). (4.13)

At tree level we find the results presented in Eq. (3.135).

In Section 3.5.1 we derive asymptotic formulae for the matrix elements of the scalar form
factor of pions at a vanishing momentum transfer. The amplitudes entering these formulae
are Fpo, Fr+, Go=. The chiral representation is given by the isospin components (4.4)
evaluated in the forward kinematics. In this case, the asymptotic formulae contain the
derivatives Opp2Fro, Oz Fre, Op2Gr:. One must pay some attention calculating these
derivatives and let 0ys2 act on all quantities dependent on M, contained in Fro, Fr+, Gr+.

Amplitudes of Kaons

The amplitudes entering the asymptotic formulae for the kaon masses and for the renor-
malization terms Ady, . A5 | are defined as

Fr+(0,05+) = Titr0(0, —4 M v)
+ [TKinvL (0, =AMy v) + T+ (0, —4MKI/)] T2
(4.14)
Grex (0, 054) = [Tietn+ (0, —4Myv) — Tietr— (0, —4Myv)] Ly

where for Fro, Gxo hold similar expressions, see Egs. (3.84, 3.89c¢). The chiral representa-
tion can be determined from the Kr-scattering,

" (p1) + K (p2) — 7 (ps) + K (pa), (4.15)

in the forward kinematics. In ChPT this scattering process is given by means of the
amplitude 7%/2(s, t,u) which is known up to NNLO, see Ref. [134]. Here, we just need the
part up to NLO that was presented in Ref. [45]:

T3/2(87 t u) = TQ(Sa t u) + T4T(Sv t u) + T4P(57 l U) + T4U(57 l U) (416)

The first term corresponds to the tree-level scattering,

1
Ty(s,t,u) = Yol (M2 + M —s). (4.17)

The second term contains contributions from the tadpole diagrams,

1
TT (s t.0) = 7[ ¢ M2 (10s — TM? — 13M?2
4 (87 7u> 32NF;.1 _'_ us ( S ™ K) (4 18)

M3 (2M2 + 6M3 — 45) + £,M2 (5M2 + M — 65) |.
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Here, N = (47)?, {p = 2log(Mp/u) for P = 7, K,n and u is the renormalization scale.
The third term originates from tree graphs at NLO and is a polynomial in s, ¢, u,

TP (s t.) = %{ AL (1 - 2M2) (¢ — 2002)
2L |(s = M2 = ME)* + (u— M2 — ME)’|
L |(u— M2 = ME)" + (2 2M2) (¢ - 2MF) | (4.19)
+ 4L [t (M2 + Mp) — AMZM} ]
+ 2Ly M2 (M2 — My — s) +8(2L5 + L;)M}jMf(}.

It includes the renormalized LEC L} of Eq. (1.59). The last term contains unitarity cor-
rections!

T (5,t,0) = ﬁ{ (= 5) M (8) + My(0)

+ (My — M§)2 [ My () + Mg, (u)] }

(M2 — M2) [+ Ko (u) (5u — 2M2 — 2M2)

DO —

+
+ Kiep(u) (3u— 2M72 — 2M7,) ] (4.20)

+ %J;K(u) [11u2 — 12u (M + M?) + 4 (M2 + Mg)ﬂ

2 S
F k(o= 3 0+ 02) |+ G0 e e )

3 1, 8
+ ke () £+ ST (M [t - §Mf(} }

Here, Jpo(t), Kpq(t), Lpo(t), Mpg(t) for P,Q = m, K,n are loop-integral functions intro-
duced in Ref. [11]. With the abbreviations,

J'(t) = J;Q(t) M = Mp
K(t) = Kpo(t) m=Mg (4.21)
M7 (1) = Mpg(t) k= (M%(p — m*(q) /(2N A),

'As noted in [32] there are two missprints in Eq. (3.16) of [45]. The prefactor of [M] ¢ (u) + M, (u)]
should read (M% — M2)? and the factor of %J}(n(u) should read [u — 3 (M2 + M%)]%.
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they take the compact forms,

K(t) = %J_(t)
2 _ 4.22
L{) = 570 e
M7 () = M(t) — g

In Eq. (D.34) we give the expicit expressions of J(t) = Jpo(t) and M(t) = Mpg(t).
The isospin components of Fr+, Gi+ (as well as those of Fxo, Ggo) can be expressed
in terms of the amplitude T2/? = T3/%(s,t,u). They read

stu
Tr+po(t,u—38) = Tr—po(t,u — $)

3/2 3/2
[T/ +Tut/s}

stu

N | —

= TKOWO (t, u — 8) =

Trip+(t,u—8) =Tr—r-(t,u —s)
=Txor—(t,u—s) = T3/

stu

(4.23)

Trn-(t,u—8) =Ti—n+(t,u—8)
T5/2

= TK07T+ (t, u — 8) = Loyts -

The chiral representation of F+, G+ (resp. Fo, Ggo) can be obtained evaluating these
expressions in the forward kinematics:

s = Mz + M? +2Myv t=0 u= Mj + M?—2Mv. (4.24)

At tree level we find the results presented in Eq. (3.91).

Note that from the expressions (4.23) result that the isospin components of the negative
kaon are equal to those of the neutral one. In this case, the chiral representation of the
negative kaon corresponds to that of the neutral one. Thus, we have

Fro(0,0:+) = Fr-(0,0,+)

4.25
QKo(ﬂ, ’197T+) == gK—(ﬂ,ﬁﬂ--k). ( )

The amplitudes N+ (resp. Hg+) entering the asymptotic formulae for the decay
constants (resp. for the renormalization terms Aﬁi;}( . ) of charged kaons are defined in
Egs. (3.121, 3.123). They can be determined from the matrix elements of the K-decay,

Kt (p3) — m(p1) + m(pa2) + 7 (pe) + 2(Q — pe), (4.26)

in the forward kinematics, see Ref. [48]. In Section 3.3.2 we describe how to subtract the
pole from these matrix elements in ChPT. Here, we give the expressions of the factors
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entering the decomposition (3.117). Note that our expressions are a factors are 1/v/2
smaller than the original ones of Ref. [48]. At NLO we have

Fls,tu) = ;‘é {1+ﬁ[cF+PF<s £u)+ Up(s, t u)]}
Glovtou) = 514 5 [Ca s Palovta) + Uatos ]} a2
R(s,tu) = Z?W{HE[CWPQ(S tou) + Ug(s,t mH%},
where
Z(stu)—s+t—u+%[C’Z+PZ(stu)+UZ(stu)] (4.28)

The terms Cx (with X = F,G,Q, Z) do not depend on the Mandelstam variables s, ¢, u
and contain the mass logarithms ¢p:

Cp=—Cq=2Cq
1

= 1oy (OMzlr — 2Mjclic — 3M,1,)

(4.29)

ME — M?

Cz = SN

T (3M2l, — 2Mply — M2, .

The terms Px(s,t,u) originate from tree graphs at NLO and are polynomials in s, ¢, u:

9
Px(s,t,u) =Y pf(s,t,u)li, X =FGQ,Z (4.30)

j=1

They include the renormalized LEC L} of Eq. (1.59). The coefficients p) (s, ¢, u) are listed
in Tab. 4.2 (resp. in Tab. 4.3) for X = F, G, Q (resp. for X = Z). The terms Ux (s, t,u)
originate from one-loop diagrams and contain unitarity corrections. For X = F,G they
read

Urp(s,t,u) = No(s)

®|"

(s
[(14MF 4+ 14M2 — 19t) Jj (t) + (2M7 + 2M2 — 3t) J} i (t)]
[(BME — TM + 5t) Kiex(t) + (Mg — 5M + 3t) Ky (t)] (4.31)

{9 [Lica(t) + Ly ()] + 3 (M3 — M2 = 3t) [Mye (1) + My (1)] }

[\Dl)—‘.-lkll—‘OOl)—H—‘

1
(M3 + M2 =) Jiel0) = 5 (M + D22 = ) Ty (),



116 4. Application of Asymptotic Formulae in ChPT

and
Ua(s,t,u) = Aq(s)
1—16 [(2MF + 2M7 + 3t) Jj o (t) — (2Mj +2M7 — 3t) J7 4 (1))
é [(3MF — M2 +5t) Kier(t) + (Mp — 5M2 + 3t) Ky ()]
- Z{Lm(t) + Lo (t) — (M2 — M2 +t) [Mye (£) + M (0)] }

(4.32)

Here, Jpg(t), Kpq(t), Lrq(t), Mpo(t) are the loop-integral functions of Eq. (4.21) and

2

1 3 M2
Ao(s) = 2 (25 — M2) Jr.(s) + 15 T (s) + B3 I (8)

Ai(s) = s [2M7(s) + My (s)] -

For X = @), Z the terms read

Ug(s,t,u) = No(s) + W (115, (8) 4 8T fcr () + 3 (1)]
S [Bls = )+ 5~ @) — 6 (M + 242)] Kicelt)
< Bt w3 - @) 2 (M + )] Kot
— 3 Len(t) + L2

+gP@_u+mﬁydm&—QﬂMMh®+M%“ﬁ

(4.33)

(4.34)
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Table 4.2: Coefficients pf(s,t,u), pf(s,t,u) and p?(s,t,u).

pf(s,t,u) pJG(s,t,u) p?(s,t,u)
32(s — 2M2) 32(s — 2M2)
8(Mf + s — Q) 8(t — u) 8(Mf — Q%)
A(ME —3M? +2s —t) 4(t — M2 — M?)  8(s — 2M?) +2(M3 — Q?)
32M2 32M2
4M? 4M? 4(M7E + M2)
202 20* 2(s +t —u) — 2(M7 — Q?)

O Tk W N = .

and

Uz(s,t,u) = sAo(s) + (t —u)Aq(s) — ng(MzJT (s)

™

1
+3—2[+11<s—t+u)2_20(M;+Mg) (s —t+u)

+12 (M + M2)* | i (1)

+
| —

(s —t +u) — 2 (M2 + M2)]* T (1)

+
—~

(4.35)

+

Mz — MZ2) [5(s —t+u) — 6 (Mp + M2)] Kia(t)

+

My — M2) [3(s —t+u) — 2 (My + M2)] K,k (t)

+
O W W — | =] = O

[3s +t —u—2 (M + M2)] [Lix(t) + Lyk ()]
{+2s[t - uta(ME +2)]

— 382+ (t = u)? — 16MEM2 | [Mer (1) + My (8)]
Once all terms C'x, Px(s,t,u), Ux(s,t,u) have been inserted in Eq. (4.27) and the pole

has been subtracted, one can determine the isospin components of N+, Hy+. The chiral

representation can be obtained evaluating the isospin components (3.122) in the forward
kinematics:

s=0 t=Mp+ M? —2M,v u= My + M>+2M,v. (4.36)

At tree level we find the results presented in Eq. (3.114).
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Table 4.3: Coefficients ij(s,t,u).

p7 (st u)
32(s — 2M2)(s — 2M2)
8s% + 8(t — u)?
—4(t —u)s — 16(M2 + M3%)s + 10s* + 2(t — u)* + 32 M7 M?
32(M3 + M?)s — 128 M3 M?
4(ME+ M2)(s+t —u) — 32M3E M?
128 M2 M?
6403 M2

0O O Ui W N | .

Amplitude of Eta Meson

The amplitude entering the asymptotic formula for the mass of the eta meson is defined as

Fo(0,07+) = Tye0 (0, =AM, v) 4 [Tyrt (0, —4M, 1) + T,r- (0, —4M, 1) oLt (4.37)

The chiral representation can be determined from the nm-scattering,

m(p1) +n(p2) — 7(ps) + n(pa); (4.38)

in the forward kinematics. In ChPT the nm-scattering is given by the invariant amplitude
Try(s,t,u). The amplitude Ty, (s,t,u) is invariant under the interchange of the first and
the last arguments, i.e. Ty, (s,t,u) = Try(u,t,s). This is a consequence of the fact that the
eta meson is its own antiparticle: in the nm-scattering, we can interchange ps <> —py (i.e.
s <> u) without changing the process. The isospin components of F; can be all expressed
in terms of T}, (s,t,u) in the same way,

Toro(t,u—s) = Tort (L, u — 5)
=T (t,u —s) (4.39)

= Try(s,t, ).
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The invariant amplitude is known up to NLO in the chiral expansion and reads

Mg 1 2M7% 2 2 r 2 2
T3 t0) = 55 + 74 + Srr (MRl = M200) + 8L (¢ — 2M7) (¢ — 2)12)

+4L§[+s2+u2+2(M$+Mﬁ) — 2M;(s +u)

M2 (s +u— 2M72)]
+§Lg[+s2+u2+t2+2(M,f+Mﬁ)

—2M2(s +t +u) —2M§(s+t+u—4Mﬁ)}
+ 8L3[ (M} +M2)t— 4M$M§}
- §M3 [ngMg — Lg (15M; — 4M} + M7) ] (4.40)
1602 (205 (M2 — M2) — LM

2

+ My (2t — M2) JL.(t)

+ (35 — 3M2 — M2)” Jpie(s)

[N}
X~ o

+ o (3u— 3M2 — M2)” Ty (u)

24
1 T
+ 54t (9t — 6M; — 2M7) T (t)
M2 2 2 2
T 202 [ 5) + T (w)] + (4M2 = M2 (w)] 5.

see Ref. [46]. Here, N = (4n), {p = 2log(Mp/u) for P = 7, K,n and p is the renor-
malization constant. The renormalized LEC L were introduced in Eq. (1.59) and the
loop-integral function Jpg(t) is the defined for P,Q = 7, K,n in Eq. (4.21). The chiral
representation of F,, can be obtained inserting the expression at NLO of Ty, (s,t, u) in the
isospin components (4.39) and evaluating in the forward kinematics:

2 2 2 2
s= M, + M; +2M,v t=0 u= M, + M; —2M,v. (4.41)

At tree level we find the result presented in Eq. (3.91).
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4.1.2 Chiral Expansion

Having determined the chiral representation of the amplitudes, we now apply the asymp-
totic formulae derived in Chapter 3. The results are presented in Sections 4.2—4.4 where
we relegate cumbersome expressions in Appendix D. To better organize the results we
follow Ref. [32] and make use of the chiral expansion. Hereafter, we quickly explain how
the asymptotic formulae are expanded and how the results are organized.

We keep the discussion general and consider a pseudoscalar meson P with the mass
Mp and the twisting angle ¥5. The amplitudes of Tab. 4.1 can be expressed in the generic
forms,

w+) = Zpno(0, —AMp) + [Zpr (0, —4Mpv) + Zpe— (0, —4Mpv)] e

s (4.42)
Vp(0,0:+) = [Zps+(0, —AMpv) — Zp,- (0, —4Mpv)] LT

where v = (s —u)/(4Mp) and 7 = v/M_. The functions Zpo(t,u — s), Zpy+(t,u — s),
Zpr-(t,u—s) are isospin components in infinite volume. We can imagine that the amplitude
Xp(D,0,+) enters in the asymptotic formula for the observable Xp and estimates the
corrections 0 Xp. Then, the resummed formula has the form

5Xp = R(Xp)+ O(e™?)

R(X»p) = —— °m 7 oAl 14y <1+ ——) Xp(iy,0.+), (4.43a
(Xe) (47)* \p Xp /R yMP dy Pliy, Jme), )

REZ3
7] #0
where A\p = MpL, Dp = \/ M2 + |0p|2 — Mp and X = ML with M = (v/3 + 1)M,_/v/2.
Analogously, the amplitude YVp(7,J,+) enters in the asymptotic formula for the renormal-
ization term Aﬁiﬁgp estimating the spatial components:

ATy, = R(90,) + Oe™)

— 1 M2 ,ﬁ: - 2
Ry, )=———_"= — | dy e MlVItHY .10+ ). 4.43b
( pr) 2(47‘(‘)2 XP Fg}) ‘7_7:| /]R; ye ny(lya 7T+) ( )
GED

For convenience, we decompose the two amplitudes as

Xp(ﬂ,"l%ﬁt) :XP(XP,WO) +XP<XP,7T:|:) eiLﬁg7r+ (4 44)
Vo (0, 954) = Vp(0g,,) L0t

and collect the isospin components in
Xp(Xp,7°) = Zpro(0, —4Mpv)
Xp(Xp, %) = Zpnet (0, —4Mpv) + Zp,— (0, —4Mpv) (4.45)
yP<193{P) = ZPﬂHr (O, —4Mp1/) — Zpﬂf (O, —4Mp1/).
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In ChPT the amplitudes Xp(0,9,+), YVp(P,9,+) can be developed according to the
chiral expansion. The expansion is a series in powers of {p = M2 /(4nF,)? for which the
amplitudes read

Xp(0,0,4) = XD (5, 0,4) + EpX (5, 0,4 ) + O(E2)

. @)+ (), 2 (4.46)

yP<V7 7977*) =Vp (Vvﬁﬂ+) +&pYp (Vvﬁﬂ+) + O<£P>

At each order the terms can be decomposed by means of Eq. (4.44) in
Xz(aj)@, Vrt) = Xz(aj)(XPﬂTO) + Xz(:j)<XP, Wi)eiLﬁ7§7r+ (4.47)

VR (7, 954) = VR (W )e 0,

where j = 2,4,... This decomposition allows us to factorize order by order the phase factor
exp(iLiY+) within the chiral expansion (4.46). Then, the amplitudes can be expressed as

Xp(0,0.4) = XD (Xp, 1) + EpX D (Xp, 70) + O(£2)
+ [X](JQ)(Xp,ﬂi) 4 epX D (Xp, 7%) + O(€2)] et (4.48a)
Vp(0,0:+) = [ g) (V) + fpygl) (Vap) + O(&%)] il s (4.48Db)

These expressions induce a similar expansion in the asymptotic formulae. The asymptotic
formula (4.43a) can be rewritten as

R(Xp) = R(Xp, ") + R(Xp, ") + Rp(Xp,7°) + Rp(Xp,7%), (4.49)
with
o &r Xa L 9 0 (4) 0 2
R(Xp,m") = . Xp > Tl [[P(Xp, ") + EpI™ (Xp, 7°) + O(E7)]
™ - Z3
(A0
+ §r X 1 (2) + (4) + 217 L7l
R(Xp,m%) = N Xp Z & [[P(Xp, 7)) + Ep I (Xp, ™) + O(Ep)] ™=t
™ —
70
 Xe D 1
Ro(Xp.") = SIS 3 1 (18 (X0, ) + €011 (. 77) + O(E})
T ez’
70
= X D 1 iLad
Rp(Xp, %) = i—X—PV > 15 (Xp, 7%) + €p I (Xp, 7%) + O(€3)| €77+
T Rez3
(A0
(4.50)

The contributions R(Xp,7%), Rp(Xp,n°) originate from Xp(Xp,7°) and hence, from the
virtual neutral pion. The contributions R(Xp, 7%), Rp(Xp, 7¥) originate from Xp(Xp, %)



122 4. Application of Asymptotic Formulae in ChPT

and hence, from virtual charged pions. Here, all contributions are rescaled by X,/ X p where
X is the observable Xp in infinite volume for P = 7. Note that Rp(Xp, "), Rp(Xp, %)
are proportional to the parameter Dp and disappear if 9% = 0. The contributions in-
volve integrals IV)(Xp, 7°), ..., I(Dj)(Xp,ﬂ'i) which can be determined from the terms
XI(DJ)(XP, 9, X](Dj)(Xp, *) of the decomposition (4.47).

The expression (4.48b) induces a similar expansion in the asymptotic formula (4.43b).

The formula can be rewritten as

- E-Mp X

R("l?(%P) - D) XP 4 |7’L|

o

This formula just contains contributions originating from virtual charged pions. The in-
tegrals 1U)(15,,) can be determined from the term y}j)(ﬁggp) of the decomposition (4.47).
Note that R(94,) is absent if the particle P has no twisting angle, namely if 9% = 0.
Moreover, é(ﬂfgp) disappears for 9%, = 0 due to the odd sum in 7.

In the following we present the results obtained applying the asymptotic formulae of
Chapter 3. We expand the asymptotic formulae as in Egs. (4.49, 4.51) and write down the
expressions of their integrals. The integrals can be in large part evaluated analytically but
in some case they must be estimated numerically. We present their expressions up to NLO
separating the part evaluated analytically from terms estimated numerically.

T2 (9,,) 4+ eIV (9 ,) + OER)] 7 (451)

4.2 Asymptotic Formulae for Pions

4.2.1 Masses

We start with the asymptotic formulae for pion masses. The formula of the neutral pion

reads
SM._o = R(M )+o

d
R(M o) = Z / 7 y| oA/ 1+y? Fro(iyy, Ot ). (4.52)
7
7r Rezd

fi0
We insert the chiral representation of F o obtained from the isospin components (4.4) and
expand the representation according to Eq. (4.48a). The asymptotic formula exhibits two

contributions

R(M_o) = R(M_o,m )—l—R( 0, T i), (4.53)
with
R<Mw@7ﬁ°>=—f§“ 3|i| (12 (M0, 7) + &I (Mo, )
ez
3 \n\#Ol . (4.54)
R(M_o,7%) = _ﬁ ﬁ [](2)(M7r07 ) 4, 1@ Wojﬂ_i)} QLA
A
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The integrals I (M o, 70), I®(M 4, 7°) resp. I (M o, 7%), ID(M_,,n%) were first cal-
culated in the framework of twisted mass ChPT in Ref. [26]. Here, we consider ordinary
ChPT and find

I®(M o, 7% = B° (4.55a)

s

I®(M o, 7%) = —2B° (4.55b)

™

9 4- 8- 3- - 8- 16 -
190, ) = =B |5 = 56— 3o+ 5 20| + B |5 51 - 7

+ SW(M_o,7°)  (4.55¢)
13
9

m ™

ID(M o, 7%) = B [ + el — 05— 464] + B? [4—90 — —@] + SW(M o, 7). (4.55d)

The above expressions are in accordance with the results of Ref. [26]. The functions
B?* = B%*(\,|fi|]) were introduced in Ref. [25] and are evaluable analytically

BZk _ / dy ka e—)\ﬂ|ﬁ|\/1+y2
R

T(k+1/2) [ 2
['(3/2)  [Alfd]

Here, K ;() are modified Bessel functions of the second kind. The -independent constants
¢; were introduced in Eq. (1.66). They depend logarithmically on the pion mass,

(4.56)

k
} K (7).

;= P + 2]og il (4.57)
M )

s

where MPW$ = (.140 GeV is the physical value of Tab. 1.2 and Z?hys are listed in Tab. 5.1.
The terms SW(M_o,7°), SW (M _,, %) contain integrals that can not be evaluated analyt-
ically but just estimated numerically. In Eq. (D.1) we give their explicit expressions.

The asymptotic formulae for the masses of the charged pions read

OM_+ = R(M )+(9
R(Mu)=———y— Y / Y el ( ”ig) Foi(iy, 0ps), (458)

Ae 2 Jr 171 M, 9y
a0

where D+ = \/ M2+ |1§Wi|2 — M_. We insert the chiral representation of F,+ obtained

from the isospin components (4.4) and expand the representation according to Eq. (4.48a).
The asymptotic formulae exhibit four contributions,

R(M_.)=R(M_.,7°) + R(M_+,7%) + Rp(M_+,7°) + Rp(M_+, %), (4.59)

m m m
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where
R(OMye,7%) = =5 S 1[I0, 7) 4 €10 (M, 2, 7))
7 2\, |73 T’ T’
nezs
|0
€7r 1 iLAD
R<Mﬂi’7ri) - _2)\ W [[(2)(M7ri7ﬂ-i) + £WI(4)(M7ri77Ti)] e r ﬁﬂ+
i
0 §r D ) 0 (4) 0 (4.60)
Rp(Mpe,n) =~ S 15 (M, 7) + &) (M, )|
T hegd
[0
Ro(Mo ) — §n Dy ) + (4) +\] rad .
D( 7r1t77T )__KM ZW ID (Mﬂ':t7ﬂ- )+€7TID (Mﬂ':t7ﬂ- ) € .
OO hegd
|0

The integrals I (M ., 7%), IM(M ., 7°) resp. IP(M ., 7%), IW(M ., 7F) were calcu-

s s T ™

lated in twisted mass ChPT, see Ref. [26]. In accordance with the results of Ref. [26], we
find

IO(M_., 7% = -B° (4.61a)
IO(M_ ., 7%) =0 (4.61D)
13 4 1. 2 _
ID(M ., 7% = B° L —0, — ~l5—20,| + B? 2 §£2 + SU(M ., %) (4.61c)
18 3 2 9 3
34 8. 8. 92 8.
19(M, . ) = ~B° {? BER %3} o {5 “30° 84

+ SW(M o, 7%), (4.61d)

where SW (M ., 7%), SW(M ., 7%) are given in Eq. (D.2). Note that these integrals are
related to that ones of Eq. (4.55) by means of

™

) 1 .
19(M,,7%) = = 19)(M,0, 7%)
2 . (4.62)
1O(Ma,m5) = 19 (Mo, 7%) + 5 19 (Mo, 7%),
where j = 2,4. These identities follow from the relations between the isospin components
of the neutral and charged pions, see Eq. (4.4).

The integrals 12 (M ., 7%), IS (M . 7% resp. IO (M . «%), IV (M ., %) can be

s ™ ™ s
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evaluated from the derivative 9,F;+. We find

I (Mo, 7°) = I (M2, 7) = 0 (4.63a)
(40 16 -
[184
Iy (Mye, n*) = B o - 351 - 1662] + SO (M e, ), (4.63c)
where SW(M ., 70, SW(M . x%) are given in Eq. (D.3).

The asymptotlc formulae for the renormalization terms A i, read

Aly_, = R(¥5 )+ O(e™)

. M i i
R(Ws ,) = ——= E:T/ dy e AV 4 G iy 9,0). (4.64)
( Eﬂi) 2(471_2#23 |77,| ® Y Yy i<y +)
|7i|#0

We insert the chiral representation of G+ obtained from the isospin components (4.4)
and expand the representation according to Eq. (4.48b). The asymptotic formulae can be
written as

= M, in i

Ry ) =— : § i [I AWy )+ &IN5 )] e (4.65)
anB
GED

The integrals can be evaluated from the chiral representation of G,+. We find
1Py ,) =+ {-4B} (4.66a)
IDWs ) =+£{8B* [1 -y + SW(vs_,)}, (4.66b)

where 5(4)(1927#) is given in Eq. (D.4).

4.2.2 Decay Constants

The asymptotic formula for the decay constant of the neutral pion reads
§F0 = R(Fy0) 4+ O(e™)
dy oA
R(F. =V AL (g, (4.67)
()= e 2 . VI Ny, ).

= T ¢
70

In Section 3.4.2 we have seen that Mo is related to Fro, Cro by virtue of Eq. (3.156). We
use this relation to determine the chiral representation of Mo at one loop. If we insert the
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chiral representation in the asymptotic formula and expand according to Eq. (4.48a), we
obtain

R(Fr0) = R(Fyo,7°) + R(Fyo, %), (4.68)

with

r 1
R(Fa.#) = 3 30 o [19(Feo. ) + €01 (P, )
T hez?

[0

=

3 1 B (4.69)
R(Fo, 7T:l:) = )\_” E W [1(2)(F7r07 ﬂﬂ:) + f,rf(4)(F7ro, 7T:t)] RA

T ez’

20

The integrals I®(Fo,7%), I™(F,7°) resp. I®(Fpo,7%), IW(F0,7%) are related to
those of Egs. (4.55, 4.82) and value

ID(F, 7% =0 (4.70a)
ID(Fo,n%) = —2B° (4.70b)
2. 4 _ 16 -

I (Fp, 7% = -B° {1 —3h—3h+ 64} + B2 ls — gel — 3662} + SW(Fr, 7% (4.70¢)

2 4 40 16
10(Fy, ) = B [5 i 264] LB [30 _ 36@2] T S (Fpo, 7). (4.70d)

The terms S™ (Fyo, %), SW(F,n%) are explicitly given in Eq. (D.5).
The asymptotic formulae for the decay constants of charged pions read

§Fs = R(Fys) + O(e™)

1 M dy T D+ 0

R(F.+) = I E :/Te—AwlnI\/Hy (1+ — =~
(Frs) 2 [, M oy

™

) Nos(iy. ), (471)

where D, + are the parameters given in Eq. (3.57). We insert the chiral representation of
N+ obtained from the isospin components (3.111) and expand according to Eq. (4.48a).
The asymptotic formulae exhibit four contributions

R(Frz) = R(Fpe,7°) 4+ R(Fps, ) 4+ Rp(Fpx, 7°) + Rp(Fpx, 7F), (4.72)
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where
R(Fy+ Wo)zg_WZi[]@)(Eri 7T)+§7r (F:I: ﬂ)}
T LT
nezsd
|72|#£0
P 1 oz
R(Fﬂ-i,ﬂ'i) = f\_ﬂ _ZZS W [](2)(F7T:I:,7T )+€7T 4)( . 7T:I:)] e'an’gﬂ_+
£ gio 1 (4.73)
x Un 2
RD(Fﬂ—:t’ﬂ'O) — )\_ﬂ MW Z ﬁ [I(D)(Fﬂi T )+€7r ( . 71_0)}
neZ3
(Al £0
D 1 R
RD(FW;t’Wi) f\_::]\;: ﬁ [I(DQ)(Fi T )+€7r ( i 7T:I:)] PRIz
/A
(7l £0

The integrals I (F+, 70), I®(Fx, 7°) resp. I (Fpx,7n%), I®(Fpe, 7F) were calculated
in twisted mass ChPT, see Ref. [26]. In accordance with the results of Ref. [26], we find

IO (Fpe, %) = I®(Fe, n%) = —B° (4.74a)
(4) 0 1 2 [20 7 (4) 0
I (Fx, 7% = B° 9+3£1—£4 +B 5——62 + SW(Fps, 70 (4.74b)
8 4. 92 8-
I (Fpe,n%) = —B° [5 -3h - geg + 264] + B? [5 — gel — 862]

+ SW(Fpx,7%).  (4.74c)

The terms S@(F, Wi 7T0) SW(F.x, %) are given in Eq. (D.6).
The integrals ID (Frx,w0), Ig)(Fﬂ.i,ﬂ'O) resp. I](:)Q)(Fwi,wi), Igl)(Fﬂi,wi) can be eval-
uated from the derivative 9,N;+. We find

I (Fpe,7°) = 1§ (Fpx, %) = 0 (4.752)
40

IV (Fx 7% = B? 5 - —EQ] + S (Fs, 70) (4.75b)
[184

Iy (Frs, 7%) = B? 9 —51 - 1652] + SO (Fpe, 7%), (4.75¢)

where SW(F,x, 1), SW(F,+, 7%) are given in Eq. (D.7).
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The asymptotic formulae for the renormalization terms A%, | read

Ay, =Ry, )+0@™)

5 1 M? n _
R(ﬁﬂ i) = _72_7r 4/ dy e A7l 1+y? y Ho (iy, 197#)' (4.76)
=T T2 an? B 2= Tl e
|7]#0

We insert the chiral representation of H,+ obtained from the isospin components (3.111)
and expand according to Eq. (4.48b). The asymptotic formulae can be written as

- M — ift g
R(0y.) = . 5 > 7 [Py )+ &ID W, )] e (4.77)
Acz?
il £0

The integrals can be evaluated from the chiral representation of H,+. We find

1P, )=+ {-4B%} (4.78a)

™

IDWy ) =+{4B* [1 = 4] + SW (W, )}, (4.78b)

where S®(d,, , ) is given in Eq. (D.8).

4.2.3 Pseudoscalar Coupling Constants

The asymptotic formula for the pseudoscalar coupling constant of the neutral pion reads

8Gro = R(Gro) + O(e™)

1 M? d .
R(Go) = S Ty e M l1+2 0 (iy, O ). (4.79)
(4m)° Ar G r |7

Rezs
|72|#0

We insert the chiral representation of C,o obtained subtracting the pole from Eq. (4.12)
and expand according to Eq. (4.48a). The asymptotic formula exhibits two contributions,

R(Go) = R(Gr0, ) + R(Gro, %), (4.80)

with
R(Gwov 71-0) =3 Z 1= [1(2) (GFO, 71-0) + gﬂ'I(4) (GT(07 WO)]

+ §n 1 (2) + (4) +\1 iLAd (4.81)
R(Gro,m%) = 35 )~ — [10(Gro, 7%) + &I W (Gro, )] H7rt
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The integrals I (G o, ), I™(G o, 7°) resp. I (Gro, 7%), I® (G0, m%) can be evaluated
from the chiral representation of C,0. We find

1?(G 0, 7% = —B° (4.82a)
I@(G o, 7) =0 (4.82b)
2 4. o
IY(Gro,7%) = B° E —3h-36+ ;eg — 364] + SW(Gro, ) (4.82¢)
1 4.
I(Gro,n%) = —B° [5 +30 s - 254} + SW(Gro, 7). (4.82d)

The terms S (G0, 1), SW (G0, m%) are explicitly given in Eq. (D.9). Note that by virtue
of Eq. (3.151) these integrals are related to those of the mass and of the decay constant
through

19(Gro,7°) =
ITD(Gro,7%) =

(j)(Fﬂov 71-O) - I(])(M 0, 71-O)

™

, , 4.83
(j)(Fﬂo,ﬂ'i) —I(j)(MWo,Wi), ( )

I
I

where j = 2,4. These relations follow from chiral Ward identities and allow us to evaluate
the integrals of Eq. (4.70).

The asymptotic formulae for the pseudoscalar coupling constants of charged pions read

8Grs = R(Grt) + O(e™)

]_ M2 dy — 2 D + 8
R(G,+) = - —2 g Al Iy (1+ —
( i) (47T)2 )\W G7r n;/ € yM ay

™

) Coiliy0.e).  (484)

We insert the chiral representation of C,+ obtained from the isospin components (3.131)
and expand according to Eq. (4.48a). The asymptotic formulae exhibit four contributions,

R(Gr+) = R(Gpe,7°) + R(Grt, 7F) + Rp(Gre, 1°) 4+ Rp(Grt, ), (4.85)
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with
1
R(Gre) = 35 3 2 (190G 1) + 670G 7]
REZ3
|70
1 N
R(G,Ti,yri) = f\_: Z ﬁ [1(2)(G7r¢,71'i) + &rIM)(GFi,TFi)] RAZI
ﬁ”EZ?())
13 ‘g?l 1 (4.86)
RD<G7ri77TO> == ]\; Z |T |:[1()2)<G7ri7ﬂ-0) —|—§7r[l(;1)(G7Ti77TO):|
OO gz’ n|
|70
= Dr 1 o
Rp(Gpe,7%) = &n Mi Z ﬂ [11()2)<G7ri7ﬂ_i> + fw[g)<Gwi,7Ti)] QLT
T n
T fezd
fen

The integrals I® (G +, %), IW(G =+, 7°) resp. I3 (Grz, 7)), I® (G x,mF) can be evalu-
ated from the chiral representation of C,+. We find

12(G.,7°) =0 (4.87a)
I(G e, 7%) = —B° (4.87b)
I9(Gx,7°) = —B° H—é + %Zl — %3 - zl] + S(G ez, 1) (4.87¢)
I(Gre, %) = B° {2—96 - %Zl - %ZQ + 20 — 2574} + SW(Grs, 1Y), (4.87d)

where SW (G =, 7°), SW(G«,7F) are given in Eq. (D.10). Note that these integrals are
related to those of Eq. (4.82) by means of

TGz, 70 = 3 ID(G o, %)

, (4.88)
T19(G s, %) = TV(G o, 7°) + 5 T19(Gro, %),

where j = 2,4. These relations follow from Eq. (4.12) once the pole has been subtracted.
The integrals IS’(GWi, 70, IS’(GWi, 7°) resp. 11()2)<G7ri, ), [l(;l)(Gﬂi, 7+) can be eval-
uated from the derivative 9,C,+. We find

[ (Gre, 7°) = I (G, %) = 0 (4.892)
I5(Grs, %) = 85 (Grs, 7°) (4.89b)

I3 (Gt %) = S (Gt 7). (4.89¢)
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where S( (Grs,70), Sg)(Gﬂ-;t, 7¥) are given in Eq. (D.11). Note that the above integrals
are related to those of masses and of decay constants through
19(G e, 70 = TY(Epe, 7%) — TV(M_., 7°)
TG, %) = TV (Fpe, n%) — TU(M ., %)
I (Gre, 7°) = 19 (Fre, 7% = TD(M_., 7°)
[9(Grs, m8) = 19 (Fpe, 7%) = 19 (M2, 75),

where j = 2,4. These results allow us to check the relations (3.149, 3.150).
The asymptotic formulae for the renormalization terms AV, . read

™

(4.90)

— —

Ady . = R(dyg,.) +O()

o 1 M n a >
Ry ) = ———5=2 3 2 [ dy eIV g K iy, 0,0,
( %ﬁ) 2(471’)2 GW = |77,| A Yy Y i( Yy +)
|73]#0

We insert the chiral representation of K+ obtained from the isospin components (3.131)
and expand according to Eq. (4.48b). The asymptotic formulae can be written as

3 m‘ (1P (g, ) + &I D (9, )] (4.91)

R(,ﬁgﬂ.i ) = 2M
T fiez?
|7i] 0

The integrals can be evaluated from the chiral representation of K,+. We find
@Yy ,)=0 (4.92a)
1Dy )=+ {-4B>[1 - U] +5SW ¥y )}, (4.92D)
where S®(Jy ) is given in Eq. (D.12). Note that these integrals are related to those of

Egs. (4.66, 4.78) through

[D(Wy ) =10y ) —1D(0x ),  j=24 (4.93)
These results allow us to check the relations (3.149, 3.150).

4.2.4 Scalar Form Factors at a Vanishing Momentum Transfer

In Section 3.5 we have seen that at a vanishing momentum transfer we can derive asymp-
totic formulae for the matrix elements of the scalar form factor relying on the Feynman—
Hellman Theorem. The formula for the neutral pion reads

0% | oy = R(TE ) +0O(e”

R(TE) = Z/ Eﬁ oAl (4.94)

nng

[ £0

x (1= ALlV/TH 52 + 2M20n2 ) Froli, 0.
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We insert the chiral representation of F,o obtained from the isospin components (4.4) and
expand according to Eq. (4.48a). The asymptotic formula exhibits two contributions,

R(I'%Y) = RTT,7°) + R(IE , ), (4.95)
with
70 _0 &n 1 2)pr® .0 @) pr® 0
R(P5’7Tr):_i ﬁ[l (P577T)+€ﬂj (F577T)]
=
0 4 § 1 2 0o 4 4 0 4 i LAY (4.96)
RIY, 7%) = == E [ﬂ (I 7%) + & IOTT 7 )} Ll
T Ger?
(A0

The integrals /@ (I'%, 70), IO(TT 70 resp. IATE, 7%), IN(TF,7%) can be evaluated
from the chiral representation of F,o. The evaluation involves terms with /1 + y2F 0.
For these terms, we make use of

/ dy y?F X |7 /1 + y2 e VI — (9) — 1)B%=2 4 (2k + 1) B, (4.97)
R

where B?* are the functions defined in Eq. (4.56). The derivative Ohp2 Fro must be evaluated
with care. The operator dyp2 acts on all quantities depending on the pion mass. For
example, it acts on the decay constant F, and on the constants ¢;, see Eq. (4.57). This
leads to supplementary terms which must be integrated and added to the results according
to their chiral order. Altogether, we find

197 7% = B2 4+ 2B° (4.98a)

1T 7% = —2[B~? + 2B (4.98b)
9 4. 8 3. __ _ o

1(4)( g,O’ 770) = —B_2 [5 — gfl — gﬁg + afg — 2£4:| — BO |f‘31 — 8£1 — 16£2 + 6€3 — 4£4:|

16 32
+ B? {32 - 50— %62} +8O(IT 7% (4.98¢)

13 —_ - —_ 2 16 - _ _
19y 7% = B [5 +3h T ‘“4] -5 {2 -l - 4l + 854]
1 2_
tB [? - %f] L SOTT x%), (498d)

where SW(I'%, 7%), SW(I'Y, 7%) are explicitly given in Eq. (D.13).
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The asymptotic formulae for the matrix elements of the scalar form factor of charged
pions read

0% | oy = ROTS ) +O(e?)

nt dy i/
RIT) =g 3 [ e
A
140

X [(1 — A/ 1+ y? + 2M726M72r) Frt (iy, Opt)

(4.99)
D, + . M. .
—y 7 ()\ﬂ|n\ 1 + y + m — 2M7%8M7%>ayfﬂ-:t (’ly, 197|—+)

™

+vy Lﬁﬁwi (1 — )\ﬂ|ﬁ|\/ 1+y2+ 2M7%6M72r> G+ (iy, 197T+)] ,

where D, + is given in Eq. (3.57). We insert the chiral representation of F,+, G,+ obtained

from the isospin components (4.4) and expand according to Eq. (4.48a). The asymptotic
formulae exhibit five contributions

R(IT) = Ry, 7%+ R(IE , 75)+ Rp(T% , 7%+ Rp(T%, %)+ 20+ R, (0,+), (4.100)

where
nt _ 2) mt 0 4)prt 0
ROT %) =~ [ (5", ") + & 19(Tg, )]
In\#O
i SN fw @) (prE pE (4) (prt N | GLAd o
R(FS , T )_ | | |:I (PS , T )+§7r-[ (FS , T ):|e T
In\#O
1 + 4 +
R l—wi O:_f_ﬂ mt |:I(2)1—\7r’ 0 ﬂ]()l'wr’ O]
Iﬁ\#O
nt £7T Dwi 1 P e s i ﬁ”
Rp(TE 7% = =553 3 o [ (08 7%) + 61 (0 o) | 70
R
fen
>3 fﬂ Zﬁ 2 i L
RFS<@T( >_—4M Zﬁ |:és)<@ )+§7r Fs( ):|eL79+
T fez?
fien

The integrals I@(I'%", 70), IW(@T 70 resp. I@TF, 7%), I®(IE, 7%) can be evalu-

ated from the first group of terms in the square brackets of Eq. (4.99). Using the chiral
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representation of F .+ we find

IO, 7% = —[B% + 2B (4.102a)
IO@T 7% =0 (4.102b)
13 4. 1. 6- 8 -
IO 7% =B 2|2 4 20 — =0y — 20, — B°|1— Gk §£2 + 203 + 4,
18 3 2 3
88 (4) 0
+ B? 5 —62 +SWTT, 7% (4.102¢)
4 8. 40 - o
IO 7)) = —B2 2|34 _ —el — —£2 +203| — B° |32 — —0£1 — @62 + 843
9 3 3 3
1
+ B? F%Q—-ﬁa—46@}+5@a§iﬁi%<4um®

where S@(I'%" 70), S@(I'T" %) are given in Eq. (D.14).

The integrals [l())(l“g , ), [l(;l)(l“g , ) resp. [g)(l“gi, ), [(4)(F§ ,m%) can be eval-
uated from the second group of terms in the square brackets of Eq. (4.99). Here, we must
first evaluate the derivative 9,F,=. We find

Iy« =17 (%, 7*) =0 (4.103a)
1) oot 40 32 40 16
9@ 7% = -B° b——&} {§+(1—Cﬁ) (3—3@)}

+ ST, 7% (4.103b)

184 16 -
[gl)(ngﬂri) =-B° |:T — 361 — 16£Q:|
12 184
+ B’ {?8 + (1= Cps) (% - —£1 - 1662)] + ST 7)), (4.103¢)

where Cr+ = M_/(M,_ + D,+) and Sg)(Tgi, 70), Sg)(Tgi, 7%) are given in Eq. (D.15).
The integrals Iﬁ?(@wi), Iﬁ?(@wi) can be evaluated from the last group of terms in the
square brackets of Eq. (4.99). Using the chiral representation of G,+ we find

[(0,+) = £ {4B°} (4.104a)
I9(@,4) =+ {—830 [1-7,] +16B% + S&’(@ﬁ)} , (4.104b)

where Sﬁ‘g(@ﬁ) is given in Eq. (D.16).
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4.3 Asymptotic Formulae for Kaons

4.3.1 Masses

The asymptotic formulae for the kaon masses read

OMyo = R<MK0) + O<ei/\)a
where
1 dy o= Anlily/14
R(My:) = — I
( Ki) 9 (471')2)\ . |n‘
|n|¢0
D 0
(1 +y ]\?ia ) Frex(1y, Upt)
(4.106)
R(MKO> = — 1 M dy *Aﬂ‘”ﬁ/
2(4 ) Mg M aezs R |n\
|7E]#0

Dyo O
(l—l—yMK a5 ) Freo(iy, On+).

The parameters Dy, Do are given in Eq. (3.83). We observe that R(M.,) differs from
R(M ) in terms of Dg=, Dgo and in terms of Fr=, Fgo. In Section 4.1.1 we have seen
that the chiral representation of Fyo is equal to that of Fg-, see Eq. (4.25). Hence, we
can just consider the asymptotic formulae of charged kaons as in that case, the results of
the neutral kaon can be obtained replacing Dg+ with Do.

We insert the chiral representation of F+ obtained from the isospin components (4.23)
in R(M..) and expand according to Eq. (4.48a). The asymptotic formulae of charged kaons
exhibit four contributions,

R<MKi) :R<MKi77TO)+R<MKi7Wi)+RD(MKi7 )_'_RD( Ki77r:t)7 (4107)
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136
with
€x 1
R(Myge, ") = =50 3 1o 10 (M ) 4 5l (M )]
T ez’
|7i]#0
. 1 -
R(MKiﬂri) = —% W [[(2)<MKi,7ri) + fK[(4)(MKi,7Ti)} JRAZ
T mezd
[0
0 §r Dics I ) 0 @) 0 (4.108)
Rp(Myz,m") = o M ﬁ [[D (Mpgz,7) + &l (Mg, )}
T UK e
7120
r Dix 1 i
Ro(Mys 7) = =5 im0 37 1 (10 (Mo 1) 4+ 6T (e 7)) 297
LA

The integrals I (M., 7°), (M., 7°) resp. I® (M., %), IV(M,..,7%) can be eval-
uated from the chiral representation of Fr+. We find

ID(Mpe,7%5) =0 (4.109a)
I (M, 7F) (4.109b)

I®(Myer, 7
[(4) (MKiv WO)

1
2

I (Mpee, 7)) =2 B° [ + 8N (415 + Ly — ALY — L} + 4L% + 2L%)

2
Tk L T

+ 9 +Zl—ZL‘7rK
lg (TH+ax 4 +1—105L’7FK+$72TK
16 2 1— ok 6(zyx — 1)
ly (2 53 22,
2+ (1 -2 —1) + T — =
+32<3+( Trre) (Tyxe )+9$K 3
1 — 102,k + xiK) }
3(l‘nK—1)
2u.x B?| —8N (415 + L}) — = —~ R
MR { S R Uit peeai s S
Ik 5 1
— — SW(Mys, ).
3 (1—wa :c,ﬂ;(—1)]+ (Myes,m7)

(4.109c¢)

Here, N = (4m)?, (p = 2log(Mp/p) and xpg = Mp/M§ for P,Q = m, K,n. The term
SW(Me.,n%) is explicitly given in Eq. (D.20). Note that these integrals are related to
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the integrals I](VQI) ,I](\j) of Ref. [32] by virtue of
K

K

—-1/2

[9D(M s, 70) = Ini [0
" )3 My (4.110)
i —-1/2
](])(MKi,Wi) _ 3 FK/ I](\i[) ’

for j = 2,4.
: (2) 0y 74 0 (2) £y 74 +
The integrals 1)’ (M., 7°), Iy (Mys,7°) vesp. I}, (Mps,m), I}, (Mpx, ) can be
evaluated from the derivative 0, Fk=. We find

I (M, 7°) = I (M, 7%) = 0 (4.111a)
(@) o _ L@ +
Iy (Myz, ") = 5 I (Myes, 77) (4.111b)
oY -
Iy (Myee, 7%) = 22,5 B [ — 16N (4Lj + L) — b 5 -
— TrxK
5 1
¢ _
+ K(]_—ZL'WK an_]-)
+ ¢, LS ] S (Myex, ), (4.111c)
ZL‘nK -1

where 5(4)(MKi, 7%) is given in Eq. (D.21).

The asymptotic formulae for the renormalization terms A% - read

—

Aly, . = R(Us,,) +O0(e™),
3 1 M Arliily/ 192 4.112
R(Vs i):—i /dye mim "y Grex (1Y, U+ ). (4.112)
K 2 (4m)* M | 1|
\n#o

We insert the chiral representation of Gx+ obtained from the isospin components (4.23)
and expand according to Eq. (4.48b). The asymptotic formulae can be written as

[1<2 (O5,.) + D (@5 )] M, (4.113)
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The integrals can be evaluated from the chiral representation of Gi+. We find
20y ) =+ {—2 22 BQ} (4.114a)

ly 522
1Dy, ) = i{x}/; B? { — 16Nwp L — = LK

2 1_377TK

—e—K('Y— 10 +1+377TK)

4 Il -2  wpr —1
Tyi 1+ 2k

— £, (3 - — % SW 4.114b
oy ( an_l)}+ (2K+) ) ( )

where S®) (Us,.,) is given in Eq. (D.22). Note that the asymptotic formula for AﬁgKo

differs from that for Aﬁ%K_ only in terms of Ggo, Gx-. As the chiral representation of
ko is equal to that of Gx—, the asymptotic formulae are equal in this case, and we can
use R(Vs, _) to estimate AﬂgKO

4.3.2 Decay Constants of Charged Kaons
The asymptotic formulae for the decay constants of charged kaons read

§Fps = R(FKi) + 0( =)
R(Fy=) = G P Z/R dy Aﬂlnlx/—( Dy 0 )NKi<Zy 9,+), (4.115)

7] VM, 0

In#O
where D+ is given in Eq. (3.83). We insert the chiral representation of N+ obtained
from the isospin components (3.122) and expand according to Eq. (4.48a). The asymptotic
formulae exhibit four contributions

R(Fg+) = R(Fgs,7°) + R(Fg+,75) + Rp(Fg+,n°) + Rp(Fg=, %), (4.116)
where
§n Fr 1
R(Fys,7%) = 2% — 1 (Fpes, 7" T (Free, 7°
(Fg=,m) = . FK;|ﬁ|[ (Fgx,m°) + EIW (Fies, 7))
fT£0
§7r T 1 LAY
R(F + ST AT - 1(2) I + 1(4) I + LAY 4
(Fge,m) = - FK;ZSWI[ (Fiex, 7)) + E I (Fes, m8) ] e
e F '5'7” ) (4.117)
s s +
Rp(Fy+,n%) = = -7 2K = [Ig)(FKi,WO)+§Klgl)(FKi,7r0)}
)\ﬂ FK MK oy |TL|
70
w Fr D+ 1 iLAd
Rp(Fys,m%) = i—F—K AZ{ > [ﬂ”(FKi 7r )+§KI§;‘)(FKi,7Ti)] Lt

REZ3
|72|#£0
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The integrals I (Fg+, %), I (Fg+,7°) resp. 1@ (Fg«,7%), I®(Fg+,7F) can be evalu-
ated from the chiral representation of Ng=. We find

1
1@ (Fye,n0) = 3 1@ (Fyee, mt) (4.118a)
1
I (Fyse, mt) = -3 B° (4.118b)
1
I® (Fye,n0) = 3 I (Fyee, mt) (4.118c)

IO (Fgx,n¥) = 2{30 { + N [z (AL + L5 — 2L%) — LE(1 + 2rx)]

. 2 0 1 i
Yy + = S
32 ]-_‘/ET(K 16 ]-_‘/ET(K l‘nK—]_

En QI‘FK
2 6z, 3 oo
+32($K—|— an—Fan_l)]

E 5% K
B?*| —8N(4L5 + LY) — = u
_'_ZUﬂ—K |: 8 ( 2_'_ 3) 2 ]_—aj‘ﬂK

L (51
2 ]-_‘/ET(K l‘nK—]_
by Tk (4) +

+§m +S (FKi,ﬂ' ) (4.118d)

n

The term S (Fg+, %) is explicitly given in Eq. (D.23). We note that these integrals are
related to the integrals I}z]g, [1(;2 of Ref. [32] by virtue of?

| 70)
19 (Fies,m") = = (4.119)

A 2 .
10 (Fyes,m%) = 2 I,

for j = 2,4.
: (2) 0 (4) 0 (2) + (4) +
The integrals I/ (Fg=,7n°), I, (Fg+,n") resp. 15 (Fgs,m%), I, (Fg+,m) can be

’In Ref. [32] there are two missprints: in Eq. (57) the term 2, (z, — ) should read 2(¢, — {» 2) and
in Eq. (79) the factor of 5’707’; should read 25 (1 +xx ) (5 — 2xrx — 3y ) instead of 5 (5 — 3w,k ) (1 —a2 ).
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evaluated from the derivative dyNg=. We find

I3 (Fge,7°) = I} (Fe, 7%) = 0 (4.1204)
1
I (Fee, 70) = 21(4)(FKi %) (4.120D)
O
IW(Fye,7%) = 23,5 B [ — 16N (4L} + L) — by 7 Tnk
— TrK
5 1
/ _
* K<].—ZL'7rK an_]-)
+ly—2E } + S5 (Fis, ), (4.120c)
Ty — 1

where Sg)(FK:I:, 7%) is given in Eq. (D.24).
The asymptotic formulae for the renormalization terms Aﬁé}( . read

Ay . =Ry )+0(™),

. 1 M2

R, )= / dy eI ) 3 iy 9.0, (4.121)
T ) Fic 22,17

|n\¢o

We insert the chiral representation of H =+ obtained from the isospin components (3.122)
and expand according to Eq. (4.48b). The asymptotic formulae can be written as

ExMy Fr

Z |n| [I(Z (Vo) + &I (0, i)} LS (4.122)
o

The integrals can be evaluated from the chiral representation of Hy+. We find

O, )=+ {—2 /2 32} (4.123)
512
(i) = i{ B | sty - 2
— 4K

_E_K(7_ 10 +1+xﬂ<>

8 1-— TrK Ink — 1
ZL‘nK 1 +$ﬂK (4)
- — 4.12
b5 8 (3 Tyg — 1) ] £ ('19@%,(+)}7 —

where S®W(d,, ) is given in Eq. (D.25).
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4.3.3 Pseudoscalar Coupling Constants of Charged Kaons

The asymptotic formulae for the pseudoscalar coupling constants of charged kaons read
0G g+ = (GKi) + O(e”

M_M dy _
R GK:I: K AW'”‘\/—
(Gree) = (4m)* Ak Gk Z / Tl (4.124)

Ao

X (1 —|—yljji§ ) Cre+ (1Y, 0+ ).

In Section 3.4.2 we have seen that Cg+ is related to Fr+, N+ by virtue of Eq. (3.156).
We use that relation to determine the chiral representation of Cx+ at one loop. If we insert
such chiral representation in the asymptotic formulae and expand according to Eq. (4.48a)
we obtain

R(GKi) = R(GKi, 7T0) + R(GKi, 7T:l:) + RD(GKi, 7T0) + Rl)(GKi, Wi), (4125)
where
R(GK:I: 7T0) = g—ﬂ& Z L [1(2 (GK:I: ™ )+€KI( (GK:I: ™ )]
’ )\ﬂ— GK nez |TL|
W#O
T I 1 iLig
R(Ggs,m) = i_G—K Z |7 [I(Z (Gre,m )+§KI (GKi Wi)} Ch
W#O
(4.126)
» Gr D 1
RD(GKi,TFO) f\_G—K ]\;(i ﬂez&xﬁ [Ig)(GK;t ™ )+§KI (GK;t 7T0):|
|7]70
G D 1 LAY
Rp(Gye, %) = i—G—K z\f ezgﬁ[ﬁ?(aﬁ,w )+ I (G, Wi)}eL Tor

T19(Gge, ) = Zpga L | TV (Fge,7°) — %ﬂﬁwﬁ,wo)]
| . -, Fr .
19(Gre,1%) = Togap (19 (Fge,m%) — ?KI(J)(MKi,Wi)}
- Fﬂ (4.127)
I (Gyee, 7°) = Tpgak |19 (Fye, °) — ?ngwﬁ, WO)]
)

Ig)(GKi,Wi) = %nKx;}( Ig)(FKi,Wi) - —](JA)(MKJHWjE } )
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where 2, = ]\(}[7%/]\04[2( and j = 2,4. These relations follow from Eq. (3.151) and rely on
chiral Ward identities. In the evaluation, one must be careful: because of the prefactors
(i.e. :%WKSL’;[I( and Fi/Fy;) the integrals with j = 2 on the right-hand side generate terms
that contribute to the integrals with j = 4 on the left-hand side. For the first two types of
integrals we find

1@ (G, %) = 5 I (G, mF) (4.128a)
1
I1?(Ges, %) = -3 B° (4.128b)
1
I (Ggs, %) = 5 IO (G ez, %) (4.128c¢)

[O(Gyes, 7%) = 20 B [ — N [4zpg (415 + Ly — 6L% + 8LE) — Li(1 + )]

TrK

— ANL5(1 + 32mx) —

5x7rK 2
lr 1—
30 . 1 -4z, x + 225
1—[L‘7rK l‘nK—]_

¢
K (21 + 3% —

96

14
+ 9_767 ( +1-— 31’7FK — 61’77[( + .T?TK + 3~T7TK3717K

1 — 4w, + 225

ZL‘nK—]_

)] } + SW(Gge, ), (4.128d)

where the term S (G g+, nt) is given in Eq. (D.26). For the last two types of integrals
we find

I3(Gges,7°) = I} (Gres, %) = 0 (4.129a)
1

Iy (G, ") = 3 Iy (G, %) (4.129D)

I5)(Ges, %) = SH (Ges, 75), (4.129¢)

where Sgl)(GKi,ﬂ'i) is given in Eq. (D.27).
The asymptotic formulae for the renormalization terms Aﬂ;}(i read

Aly_, = R(Wq )+ Oe™),

L 1 M2 i )
Ry ) =— =N — [ dy e MV g K iy, ). (4130)
( eKi) 2(47T)2GKMK = |n|/R Yy Yy Ki<y +)
72|70

The chiral representation of x+ is related to that of Gx+, Hx+ by means of Eq. (3.156).
We use that relation to determine the chiral representation of g+ at one loop. Inserting
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the representation in the asymptotic formulae and expanding according to Eq. (4.48b) we
obtain

>3 67‘( G7r in 4 iLiAg
R(ﬁgKi) :_QMKFK%ﬁ [[(2)(’l9gKi)—|—fK[( )<19gKi)}e LA (4.131)
|7i[#0

The integrals can be evaluated from those of Eqs. (4.114, 4.123) by means of

IV(Vg,.) = Tarcog {I(J)(ﬁ%i) - %I(])(ﬁzﬁ) , (4.132)

where j = 2,4. Here, one must be careful: because of the prefactors (viz. Z,xz_k and
Fi/F) the integrals I®(Jg ), I® (Y, _, ) generate terms that contribute to /™ (dy , ).
We find

P9y ) =0 (4.133a)
EW 51’7FK

1/2 r
i>:i{x“é<32{+8NL5+Zl—wa

l 10 142,
+= (3 4 I
8 1_'T7TK an_l

1
_ gnx”% (3 s xﬂi) ] + 5(4)(19g,<+)}7 (4.133b)

an —

where 5(4)(’[9gK+) is given in Eq. (D.28).

4.4 Asymptotic Formula for the Eta Meson

The asymptotic formula for the mass of the eta meson reads

§M, = R(M,) + O(e™)
1 M T
RM))=———p— T Y i/ Foiy, 0st). (4.134)
2 (4m)* Ny M,y = Jr ||
[7i]£0

We insert the chiral representation of F,, obtained from the isospin components (4.39) and
expand according to Eq. (4.48a). The asymptotic formula exhibits two contributions

R(M,) = R(M,,7°) + R(M,,7) (4.135)

n
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with

—

R(M,,7°%) = — én ! (1P (M, , 7°) + & 1D (M, , 7°)]

(4.136)

§7r 1 iLAY.
R(M,,7%) = == ) iy (12O, ) + 610 (M, w8)] 7.
s 7 3

The integrals 1(2)(Mn,7ro), 1(4)(Mn,7ro) resp. 1(2)(Mn,7ri), 1(4)(Mn,7ri) can be evaluated
from the chiral representation of F,. We find

1

1P(M,,7°%) = 3 1®(M, , 7*) (4.137a)
2

IO(M,, 7*) = % B° (4.137D)
1

19 (M, 7°%) = 3 I (M, 7*) (4.137¢)

2
1M, 7*) = gx,m{Bo { + 16N (6 (L} — Ly + Ly — Lt) + L — L)

+ 16Ny, (6L + 3L3)

Ty (13 2
— P2 - O (20 kr — T

+£_77 @_ 2 _2+x””
3 2 l—xmz 3

+ B? [ — 32N (3L5+ L5) +9(1 + eK)} } +SW(M,,7F), (4.137d)

where S (4)(Mn,7ri) is explicitly given in Eq. (D.29). Note that these integrals are related
to the integrals I](VQI) , I](é) of Ref. [32] by virtue of

[(J)(M ,m0) = L 1G)
" , My (4.138)
IV(M,),7*) = 556’777}/2 [1(\277

for j = 2,4.



Chapter 5

Numerical Results

We estimate finite volume corrections numerically with the formulae presented in Chap-
ters 2 and 4. We first adopt the numerical set-up of Ref. [25,32] and perform a generic
analysis. The numerical results are presented at NLO in Section 5.2 and beyond that order
in Section 5.3. In Section 5.4, we then take lattice data from two collaborations [49-51]
and illustrate how the formulae can be possibly applied to real simulations. The results
show that finite volume corrections can be comparable (or even larger) than the statistical
precision of lattice simulations. Hence, they should be taken into account before results of
lattice extrapolations can be compared with experimental measurements.

5.1 Numerical Set-up of Generic Analysis

We adopt the numerical set-up of Ref. [25,32] and express the quantities in infinite volume
appearing in the formulae (ie. Fr, Fx, My, M,) as functions of M, . For F; we use
the expression at NNLO obtained with 2-light-flavor ChPT while for Fx, My, M, we
use expressions at NLO of 3-light-flavor ChPT. In any cases, the values of the relevant
LEC are summarized in Tab. 5.1. If avalaible, these values are taken from results of lattice
simulations with Ny = 241 dynamical flavors. For LEC of 2-light-flavor ChPT we take the
averages of the FLAG working group [86] which are obtained from Ref. [87,89,138,139].
For LEC of 3-light-flavor ChPT we take the results of Ref. [137] as recommended by
FLAG [86]. The remaining values come from phenomenology [135,136] or have been
determined evaluating the expressions of I, Fic, My, M, at the physical point (see later).
For each LEC, we quote the review articles they are taken from.

145
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Table 5.1: Values of the relevant LEC used in the numerical analysis. The values of LEC refer to
the renormalization scale p = 0.770 GeV. Note that the central value of L% has been determined
evaluating the expression of the mass of the eta meson at the physical point (see text). The
uncertainity on L% has been taken as in Tab. 5 (column “All”) of Ref. [135].

(a) 2-light-flavor LEC. (b) 3-light-flavor LEC.
j (P Ref. j Li(u)-10*  Ref.
1 —0.36 £0.59 [136] 1 0.88 +£0.09 [135]
2 4.31+0.11 [136] 2 0.61 +0.20 [135]
3 3.06+£0.99 [86] 3 —3.04+0.43 [135]
4 4.024+0.28 [86] 4 0.04 +£0.14 [137]
) 0.84 +0.38 [137]
6 0.07+£0.10 [137]

7 —0.16 £0.15
8 0.36 +0.09 [137]

0.14 — Fr[GeV] —
--- Fg [GeV]

0.12 — —

0.08 — =

0.06 [— —

Il I Il I Il I Il
0.1 0.2 0.3 0.4 0.5
M, [GeV]

Figure 5.1: Pion mass dependence of Fy, Fi in infinite volume.
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5.1.1 Pion Mass Dependence in Infinite Volume

In infinite volume, the expression of the pion decay constant at NNLO reads
. 5 oAy Uy
F,=Fq1 21202 4 ol 2 — = 42
n { + &l + & [4€W+€W<6€1+3€2+2 5+ )
b3 & 13
A = . (5.1
+ 254 19 3 192 +TF(M)}} (5.1)
This expression is obtained with 2-light-flavor ChPT, see Ref. [115]. Here, § = M2 /(47 F)?
and ¢, = 2log(M_/p). The constants ¢; are given in Eq. (4.57) and the values of E?hys
are summarized in Tab. 5.1. The parameter rp(p) is a combination of LEC at NNLO. In
Ref. [25] it was estimated as rp(p) = 0 £ 3.
We can determine F' numerically, evaluating Eq. (5.1) at the physical point. Taking
M_= Mfﬁys and inverting the expression, we find

F = (86.6 £ 0.4) MeV. (5.2)

This value agrees with the result of Ref. [25] and provides the ratio F;/F = (1.065+0.006)
which in turn agrees with the FLAG average obtained from simulations with Ny = 2 4 1
dynamical flavors, see Ref. [86,89,137,139].

In Fig. 5.1 we represent the pion mass dependence of decay constants. We observe that
the dependence of F; is rather mild. As in Ref. [25], we conclude that this dependence is
too mild to violate the condition of Eq. (2.3). Thus, we can rely on ChPT and apply the
formulae of Chapters 2 and 4 to estimate finite volume corrections.

In infinite volume, the expressions at NLO of Mg, M?, Fi obtained with 3-light-flavor
ChPT read

o 1 1 o
Mz = Mz + = {ij [—21{1 + v (—&r + En/?))}

4 o

o 1 161 1 o
2 2 4
Mn = Mn + F_ﬁ {.]W7r [7(—151 +2k3) + 3—N(_2€ﬂ ‘|‘£K):|
64 4 (o 20
M*m By | — (k1 + 3ky — 2k3)—— — = 3b
+ Mimsg 0[9(1+32 3)3N<£K 9«%)}}(53)
1 1 /5 1

Fi = Frt — {4(M§(—M§)Lg+ﬁ (é %—EM}(EU—EM%)}, (5.3c)

see Ref. [32]. In these expressions, Ep = 210g(]\04p/u) resp. {p = 2log(Mp/u) for P =
m, K,n and

ky = 2L% — Lt ky = 215 — L} ks = 3L% + L, (5.4)
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are linear combinations of 3-light-flavor LEC. The decay constant F is expressed as in
Eq. (5.1). Here, the circled masses are not just at leading order but they have an hybrid
nature,

M2 = %(Mi + 2Bym) J\Zf = %(Mﬁ + 4Byms). (5.5)
The part containing M? is at NLO while the part containing Bym, is at leading order.
This is unavoidable if we want to study the dependence on the pion mass of My, M, , Fik
in ChPT. In practice, we use the first two expressions (5.3a, 5.3b) to determine Byms, L
and the third one (5.3¢) to check the numerical results.

Taking the values of LEC from Tab. 5.1 we evaluate the first expression (5.3a) at
M_= Mﬁys. Requiring M, = M;}};ys we find Byms = 0.241 GeV?. The uncertainity
on this value is of order 107° GeV? and may be neglected. In a similar way, we evaluate
the second expression (5.3b) at M, = MPP* and require M, = MP™. We find L} =
—0.16-1073. This value agrees with the result presented in Tab. 5 (column “All”) of
Ref. [135]. As the uncertainity estimated through Eq. (5.3b) is O(1077) we decide to take
the uncertainity given in Ref. [135]. This yields Lt = (—0.16 4 0.15) - 107®. To check our
numerical results on Bym,, L we insert the expressions of Mz, Mg in Eq. (5.3¢) and

evaluate Fix at M = Mfﬁys. We find
Fe = (0.106 = 0.004) GeV. (5.6)

Such value agrees with the result of PDG [2] and with the FLAG average obtained from
simulations with Ny = 2 + 1 dynamical flavors, see Ref. [86,138,140, 141].

We stress that here, F} is expressed with 2-light-flavor ChPT even in the 3-light-
flavor expressions of Mz, Mg, Fx. This choice was already made in Ref. [32] and for
m, = mP™s it exacty reproduces what one would get in the 3-light-flavor framework®. As
lattice simulations are usually performed at m, ~ mP" we expect that such choice remains
a valid approximation also in our numerical analysis.

In Fig. 5.2 we represent the pion mass dependence of M, M,. We observe that the
dependence on M is mild. The same holds for Fx as one sees from Fig. 5.1. Note that
for M ~ 0.500 GeV we have My ~ 0.610 GeV and M, ~ 0.640 GeV. In that case, the
values of M, My, M, are all similar. If we consider {p = Mp/(4nF;)? for P = m, K, 7
we expect that these parameters stay small for all pion masses in [0.1 GeV, 0.5 GeV]. This
is confirmed by Fig. 5.3 where the pion mass dependence of {p is represented graphically.
In the numerical analysis we will use the expansion parameters exactly as in Fig. 5.3.
In particular, we will consider {p as exact and ignore their uncertainities. This choice
is justified by the fact that in lattice simulations such parameters can be determined
iteratively from M3(L)/[47Fy+(L)]* where the values of Mp(L), Fy+(L) may be refined
applying asymptotic formulae.

Indeed, the low-energy constants £ ; encode information about the virtual s-quark.
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5.1.2 Twisting Angles, Multiplicity and Presentation of Results

In simulations of Lattice QCD, twisted boundary conditions are usually imposed in just
one spatial direction. In that case, the twisting angles are aligned to a specific axis.
Furthermore, it is usual to impose TBC on just one flavor, e.g. on the u-quark. Then, the
twisting angles result

Jo=—10 resp. Iy =1, =0. (5.7)

We use this configuration of twisting angles to perform the numerical analysis. In principle,
the angle 6 can be arbitrarly chosen. Since we rely on ChPT, we require /L < 4w F,. If
we consider L > 1 fm —as requested by Eq. (2.3)— the condition §/L < 47 F} is certainly
satisfied for 6 € [0,2n]. Note that in the effective theory, the configuration (5.7) implies
that the twisting angles of charged pions and charged kaons are equal whereas that of the
neutral kaon is zero: 197r+ = 19K+ =4, resp. 19Ko — 0. Obviously, this simplifies a lot of
calculations and allows us to study the dependence on twisting angles just by varying 6.

The configuration (5.7) is convenient for an other aspect. As twisting angles are aligned
to one specific axis, we may use the formula,

. 00 [vn] -
DA € =3 T f (Vi) Y min,m) e, (5.8)
Rezs n=1 ni=—|vn|

[0

to rewrite the three sums over the integer winding numbers as a nested sum over n € N. In
general, this speeds up the numerical evaluation by a factor 15. The notation | . | indicates
the floor function, namely |x]| is the largest integer number not greater than =z € R.
The factor m(n,nq) is called multiplicity. It corresponds to the number of possibilities to
construct a vector © € Z3 with n = |7i|?, having previously fixed the value of the first
component to ny € Z. In Tab. 5.2 we list the values of the multiplicity for n < 30. Note
that the prefactor 6 in the asymptotic formulae (3.1, 3.2) corresponds to the sum of the
multiplicity of a vector with n = 1.

In Sections 5.2 and 5.3 we present numerical results by means of graphs. We plot the
dependences on the pion mass M_ and on the angle 6 of the corrections. The pion mass
dependence is plotted for different values of the side length L and of the angle . Lines of
different colors refer to different values of L: black lines (L = 2 fm), green lines (L = 3 fm),
red lines (L = 4 fm). Lines of different hatchings refer to different values of 6: solid lines
(0 = 0), dashed lines (0 = 7/8), dot-dashed lines (§ = 7/4), dotted lines (0 = 7 /3). The
dark (resp. light) yellow areas refer to the region M, L < 2 for § = 0 (resp. 6 = 7/3).

The angle dependence is plotted for different values of the pion mass M_ and at a
fixed side length. Lines of different hatchings refer to different values of M _: solid lines
(M, = 0.140 GeV), dashed lines (M, = 0.197 GeV), dot-dashed lines (M, = 0.240 GeV),
dotted lines (M, = 0.340 GeV). Note that if we take L = 2 fm, the region M_L < 2 begins
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2 < 30.

ﬁ
+2 +£3 +4 £5

Table 5.2: Multiplicity of vectors it € Z3 with n := |

+1

0

12

12

ni

m(n,ny)

10
11
12
13

14
15
16

17
18

19
20
21

22

23
24
25

26
27
28
29
30
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for masses smaller than M_ = 0.197 GeV. We remind that in that region, numerical results
should be taken with a grain of salt as the p-regime is no more guaranteed.

5.2 Finite Volume Corrections at NLO

5.2.1 Masses and Renormalization Terms
Masses

We begin with the mass corrections at NLO. At this order, only dM ,, dM, exhibit a
dependence on twisting angles. The corrections M ., 0M,.,., 6M,, do not depend on
the twist. Moreover, 0M,, = dM,. and 0M_. is given by 6M_, evaluated at 6 = 0,
see Eq. (2.43). Hence, we concentrate on 0M o, M-y, oM, and disregard 0M ., 6 M.

In Fig. 5.4 and 5.5 we represent the dependences on M, and on #. The pion mass
dependence of §M , is represented in a logarithmic graph (see Fig. 5.4a) whereas the pion
mass dependences of M., M, in a linear graph (see Fig. 5.5a). The logarithmic graph
illustrates the exponential decay in M, of §M_,. The corrections decay as O(e ~%) and
are represented by almost straight lines. In general, the corrections are positive and for
0 € {0, 7/8, m/4, /3 } their absolute values decrease with the angle. If we consider
L = 2fm we read that 0M , is about 2.1% for § = 0 (resp. 0.8% for 6 = 7/3) at
M, =~ 0.2 GeV and decreases to less than 0.1% at M, ~ 0.5 GeV. Considering the same
side length, 0, is one order of magnitude less and dM . is even smaller, see Fig. 5.5a.
Moreover, 6M, is negative for M, € [0.1 GeV,0.5 GeV] and §M .. is nearly constant in
the same interval. All these features can be explained if we look the expressions of the
mass corrections at NLO, see Eq. (2.43). At this order, M, has various contributions of
which the dominant one is that of virtual pions. In the expression (2.43d) the contribution
of virtual pions is suppressed by a factor —M? /Ms This factor suppresses the mass
corrections of the eta meson with respect to 00 , and makes 5M,7 negative. At NLO
OM,. . has just one contribution due to the virtual eta meson. This contribution decays as
O(e MaL) and is nearly constant because of the slow variation of the eta mass in infinite
volume, see Fig. 5.2. As consequences, M, is much smaller than dM , and nearly
constant for M_ € [0.1 GeV,0.5 GeV].

In Fig. 5.4b we represent the angle dependence of 6 _,. We observe that dM_, depends
on # as a cosinus function. The corrections oscillate with a period of 27 and have maxima
(resp. minima) at even (resp. odd) integer multiples of 7. If we consider M_ = 0.197 GeV,
the difference among maxima and minima is 4.0% at L = 2 fm. This is a sizable effect which
should be taken into account when physical observables are extrapolated from lattice data.
Note that dM_, turns negative for 6 €[37/8,137/8] unlike the case of PBC (i.e. 6 = 0)
where it is always positive. In the same graph, M _. would be constant and would value as
OM_, at 6 = 0. In Fig. 5.5b we represent the angle dependences of M ..., M, . We observe
that 0 M. is constant and M, depends on ¢ as a negative cosinus function. Considering
M, = 0.197 GeV, the difference among maxima and minima in §M, is 0.1% at L = 2 fm.
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Figure 5.4: Mass corrections of the neutral pion at NLO. Note that in (a) 0M_. is given by the
solid lines (0 = 0) whereas in (b) it would be constant and would value as 6M_, at 6 = 0.
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This is a negligible effect.

Renormalization Terms

In Fig. 5.6—5.8 we represent the dependences on M_ and on 6 of the renormalization
terms AOY, . Av% AdL,. We represent the first component (i.e. p = 1) as for the
configuration (5.7) it is the only one which is non-zero. Since AVY, A%, Adh, are
dimensionful quantities, the values on the y-axis are in given in GeV. We remind the
reader that renormalization terms are here not treated as parts of corrections. However,
they should be then taken into account when extrapolating physical observables from lattice
simulations as they enter the expressions of energies and matrix elements.

In Fig. 5.6a we represent the pion mass dependence of —A¥". whereas in Fig. 5.7a
(resp. Fig. 5.8a) we represent the pion mass dependence of —A¥%.. (resp. Ad%y,). The
logarithmic graphs well illustrate the exponential decay in M, . The renormalization terms
decay as O(e M=) and are represent by straight lines. The slopes depend on the values
of L while the y-intercepts on the value of 6. Note that for 6 € {0, n/8, /4, 7/3} the
absolute values of the renormalization terms increase with the angle. If we take a fixed
angle, then —A¥", is bigger than —AYy.., Ad¥%,. The reason is that the contribution of
virtual pions in —AY”, is a factor 2 bigger than those in —AV%.,, AL, see Egs. (2.31,
2.41).

In Fig. 5.6b we represent the angle dependence of AY”, and in Fig. 5.7b (resp. Fig. 5.8b)
that of A%, (resp. Ad%,). We observe that the renormalization terms depend on 6
nearly as sinus functions. The zeros correspond to integer multiples of © and the extrema
(i.e. minima and maxima) are close to half-integer multiples of 7. In this case, the slight
displacement of extrema is due to the specific form of the function f{(Ap, ), see Eq. (2.33).

5.2.2 Decay Constants

At NLO the corrections of the decay constants exhibit all a dependence on twisting angles.
However, §Fo can be determined from 0Fg+ substituting dxo <> U+ in Egs. (2.54c,
2.54d) and on their own, 6 Fyo, 0F, are of no phenomenological interest. We then concen-
trate on 0 F,+, 0 Fix+ in our numerical analysis.

In Fig. 5.9a (resp. Fig. 5.10a) we represent the pion mass dependence of —§F,+ (resp.
—0Fg+). The logarithmic graphs illustrate the exponential decay O(e M=) of the cor-
rections. In general, the corrections are negative and for § € {0, 7/8, n/4, 7/3} their
absolute values decrease with the angle. If we consider L = 2 fm, we read that —d0F, .+ is
about 8.6% for = 0 (resp. 7.3% for 6 = 7/3) at M, ~ 0.2 GeV and decreases to 0.3%
at M_ ~ 0.5 GeV. Considering the same side length, —§F+ is about 3.5% for § = 0
(resp. 2.8% for = 7/3) at M_ =~ 0.2 GeV and decreases to 0.2% at M_~ 0.5 GeV. Such
corrections can be comparable with the statistical precision of lattice simulations. In Sec-
tion 5.4 we will see that dF+,  F+ are sometimes understimated by lattice practitioners
whereas they may be sizable effects. From Fig. 5.9a and Fig. 5.10a we also observe that
the corrections of the decay constant are bigger —in absolute value— than the mass correc-
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tions. This can be explained comparing the expressions (2.54) with those of Eq. (2.43). In
—0F .+ (resp. —0Fk=+) the contribution of virtual pions is bigger than that of 6M . (resp.
OM,. ). Since the contribution of virtual pions is dominant, the corrections of the decay
constant are bigger than those of masses. As a side remark we note that —§ F+ is smaller
than —)F+ because of a prefactor 3/8 suppressing the contribution of virtual pions in the
expression of charged kaons, see Eqs. (2.54b, 2.54c¢).

In Fig. 5.9b (resp. Fig. 5.10b) we represent the angle dependence of § F,+ (resp. 0 Fg=).
We observe that the corrections depend on 6 as negative cosinus functions. The maxima
(resp. minima) are located at odd (resp. even) integer multiples of 7. If we consider
M, = 0.197 GeV, the difference among maxima and minima is 4.0% in 6 F+ (resp. 2.1%
in 0Fk+) at L = 2 fm. These are sizable effects and should be taken into account when
physical observables are extrapolated from lattice data at different twisting angles.

5.2.3 Pseudoscalar Coupling Constants

At NLO the corrections of the pseudoscalar coupling constants exhibit all a dependence
on twisting angles. In Section 2.3.3 we have seen that the corrections of the pseudoscalar
coupling constants are related to those of masses and decay constants. The relations origi-
nate from chiral Ward identities and allow one to determine the corrections of pseudoscalar
coupling constants from the sum of the mass corrections plus the corrections of decay con-
stants, see Egs. (2.67, 2.68). Since we have numerically estimated M ., 6M ., and §F,+,
0Fx+ we can determine 6G,+, 6G g+ by means of such relations. Moreover, dG o can
be determined from dG g+ substituting Vxo <> Y+ in Eqgs. (2.58¢, 2.58d). Therefore, we
concentrate on dG o, dG, which must be numerically evaluated from Eqs. (2.58a, 2.58e).

In Fig. 5.11a (resp. Fig. 5.12a) we represent the pion mass dependence of —0G o
(resp. —0G,). The logarithmic graphs illustrate the exponential decay O(e =) of the
corrections. In Fig. 5.11a the lines are so close that they overlap in the graph. On the
contrary, the lines of Fig. 5.12a are distinguishable for different angles. In general, the
corrections are negative and for 6 € {0, 7/8, w/4, /3 } their absolute values decrease with
the angle. If we consider L = 2 fm, we read that —dG o is about 4.4% at M_ =~ 0.2 GeV
and decreases to 0.2% at M ~ 0.5 GeV. Considering the same side length, —0G,, is about
4.4% for = 0 (resp. 3.5% for § = 7w/3) at M_ ~ 0.2 GeV and decreases to 0.2% at
M. ~ 0.5 GeV. From these values, we observe that —0G,0 =~ —dG,, for § = 0. This can
be understood if we look the expressions of the corrections at NLO for vanishing twisting
angles, see Eq. (2.73). In that case, the contribution of virtual pions in G0 and in éG,
are equal. As this is the dominant contribution, we conclude that for § = 0 the corrections
are similar, namely —0G0 =~ —0G,,.

In Fig. 5.11b we represent the angle dependence of 6G,0. We observe that dG o is
practically constant for the configuration (5.7). This is explicable as at NLO the contri-
bution of virtual pions in G0 does not depend on twisting angles, see Eq. (2.58a). The
angle dependence is due to the contribution of virtual kaons which is however suppressed
as O(e"Mxl). In principle, §G o depends on 6 as a negative cosinus but the cosinus is
so suppressed that 0G o results almost constant. In Fig. 5.12b we represent the angle
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Figure 5.9: Corrections of the decay constants of charged pions at NLO.
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Figure 5.11: Corrections of the pseudoscalar coupling constant of the neutral pion at NLO.
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Figure 5.12: Corrections of the coupling constant of the eta meson at NLO.
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dependence of 6G,. We observe that 6G, depends on 6 as a negative cosinus function.
The maxima (resp. minima) are located at odd (resp. even) integer multiples of 7. If we
consider M = 0.197 GeV, the difference among maxima and minima is 2.7% at L = 2 fm.
Most of this difference is due to the contribution of virtual charged pions.

5.2.4 Pion Form Factors
Vanishing Momentum Transfer

We consider pions at rest and estimate the corrections of the matrix elements of form
factors at a vanishing momentum transfer (i.e. ¢*> = 0). Here, we concentrate on 5F§0,
oT%", (ATT )" and represent their dependences on M, and on 6.

In Fig. 5.13a (resp. Fig. 5.14a) we represent the pion mass dependence of 5F§O (resp.
oTZ") at ¢*> = 0. The yellow areas refer to the region M, L < 2. The solid lines (6 = 0)
reach that region when —starting from the right-hand side of the figure— they first touch
the dark yellow area. The dotted lines (6 = m/3) reach this region when they enter in the
light yellow area. We remind the reader that for M L < 2 the p-regime is not guaranteed
and numerical results should be taken with a grain of salt.

From the graphs, we observe that the corrections decay exponentially as O( and
they are mainly negative. The corrections may turn positive depending on the pion mass.
If we consider L = 2 fm, we read that 6I'% is about —0.7% for § = 0 (vesp. 0.6% for
0 =m/3)at M_ = 0.2 GeV and amounts to —0.2% for § = 0 (resp. —0.1% for § = 7/3) at
M, =~ 0.5 GeV. Considering the same side length, 0T is about —0.7% for 8 = 0 (resp.
3.5% for § = 7/3) at M ~ 0.2 GeV and amounts to —0.2% for § = 0 (resp. —0.1% for
0 = 7/3) at M, =~ 0.5 GeV. Note that for § = 0 the corrections 6I'% , 6T'% are equal as
expected in the case of PBC.

In Fig. 5.13b we represent the angle dependence of 5F§O at ¢> = 0. We observe that
5F7Sr0 depends on # nearly as a negative cosinus function. The shape is deformed due to
the cancellation among the functions g,(Ap, ), go(Ap, ), see Eq. (2.86a). In Fig. 5.14b
is represented the angle dependence of 5F§+ at ¢> = 0. We observe that 5F§+ depends
on 6 nearly as #sin 6. Such dependence originates from the last term of Eq. (2.86b) and
provides large corrections for large angles. To minimize the corrections it is then important
to employ small angles, i.e. 8 < 7.

The corrections of the matrix elements of the vector form factor are represented in
Fig. 5.15. We represent the first component as for the configuration (5.7) it is the only
one which is non-zero. Since (AF’V)“ is dimensionful, the values on the y-axis are given
in GeV.

In Fig. 5.15a we represent the pion mass dependence of —(AF’{;)“ at ¢> = 0. The
logarithmic graph illustrates that the corrections decay exponentially as O(e=M=L). They
are mainly negative and for § € {0, 7/8, 7/4, 7/3 } their absolute value increases with the
angle. Note that the corrections disappear for # = 0. This because we are considering the
case of pions at rest (i.e. = 0) for which the corrections (2.96) disappear when ¥, = 0.
In Fig. 5.15b is represented the angle dependence of (AF’{;)“ at ¢> = 0. We observe that

e~ MxL)
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(ATT")* depends on 6 nearly as — (0 cos @ 4 sin #). The enhanced cosinus dependence (i.e.
—0 cos #) originates from the contraction of the external twisting angle with the function
ht” (Ap, ). This provides large corrections for large angles. The sinus dependence (— sin 6)
originates from the renormalization term AY”, as already observed in Section 5.2.1.

Non-zero Momentum Transfer

To estimate the corrections at a non-zero momentum transfer we consider the incoming
pion at rest (i.e. = 0) and the outgoing pion moving along the first axis carrying the first

non-zero momentum (i.e. |p’| = 2x/L). This kinematics provides the minimal momentum
transfer,
1
0 2
¢ = (L with g=—[0]. (5.9)
q L 0

The zeroth component corresponds to the energy transfer among external pions,

q = E/o(L) — M_o(L) for external 7°

¢’ = ;+(L) — E.+(L) for external 7. (5.10)
For the configuration (5.7) the pion energies take the following forms,

) = /M2 (L) + (2m)2/ L2

\/MZ +(0/1)? +20A0/ L + O(€2) (5.11)

" (L) = /M2, (L) + (27 + 0)2/L? + 2 (27 + 0)AY/L + O(£2).

Here, M_,(L), M_. (L) are the pion masses in finite volume and their corrections are given
in Eq. (2.75a) in the case of 2-light-flavor ChPT. The quantity,

Lvn)

47
AV =&, Z LZ 2(Arv/1) Z m(n,ny) nie™?, (5.12)
n=1 ni=—|vn|

corresponds to the first component of the renormalization term (2.76) evaluated for the
configuration (5.7).

In Fig. 5.16a (resp. Fig. 5.17a) we represent the pion mass dependence of —5F§0 (resp.
—5F§+) at ¢> = ¢2;,. The logarithmic graphs illustrate the exponential decay O(e= M=)
of the corrections. The corrections are mainly negative. For 6§ € {0, 7/8, n/4, 7/3 } the
absolute value of 0T’y increases (resp. that of I'F decreases) with the angle. If we
consider L = 2 fm, we read that —T'% is about 7.8% for 6 = 0 (resp. 8.2% for 6 = 7/3) at
M_ ~ 0.2 GeV and decreases to 0.3% at M_ ~ 0.5 GeV. Considering the same side length,
—0T'%" is about 7.8% for 6 = 0 (resp. 3.5% for § = 7/3) at M, ~ 0.2 GeV and decreases to
0.3% for 6 = 0 (resp. 0.2% for § = 7/3) at M_ ~ 0.5 GeV. From these values we observe
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that 5F§O, 5F7Sr+ can be comparable with the statistical precision of lattice simulations.
Note also that for # = 0 the corrections 5F§0, 5F§+ are equal as expected in the case of
PBC.

In Fig. 5.16b we represent the angle dependence of 5F§O at ¢ = ¢2,,- We observe
that 5F§0 depends on 6 as a cosinus function. The maxima (resp. minima) are located at
even (resp. odd) integer multiples of 7. If we consider M, = 0.197 GeV, the difference
among maxima and minima is 1.6% at L = 2 fm. This can be sizable effect in very precise
lattice simulations and should be taken into account. In Fig. 5.17b is represented the angle
dependence of 5F7Sr+ at ¢> = ¢%,,. We observe that 5F§+ depends on # in a non-trivial way.
The dependence mostly originates from the last term of Eq. (2.80b) and provides large
corrections for large angles. It is then important to employ small angles (i.e. # < m) to
minimize the corrections of the matrix elements.

The corrections of the matrix elements of the vector form factor are represented in
Fig. 5.18 and 5.19. We represent the components = 0,1 as they are the only ones which
are non-zero for the configuration (5.7). In Fig. 5.18a (resp. Fig. 5.19a) we represent
the pion mass dependence of —(ATT ) for = 1 (resp. p = 0). In both cases, the
logarithmic graph illustrates the exponential decay O(e =) of the corrections. The
corrections are mainly negative; however, they may turn positive depending on the angle.
For § € {0, n/8, w/4, 7/3} the absolute value of (AT'T")#=' increases with the angle
whereas that of for (AI"(;)“:O is decreasing. In Fig. 5.18b (resp. Fig. 5.19b) we represent
the angle dependence of (ATT )* for = 1 (resp. pu = 0). We observe that (AT )
depends on € in a non-trivial way either for 4 = 1 as for u = 0. These dependences
provide large corrections for large angles and it is then important to employ small angles
to minimize the corrections.

5.3 Finite Volume Corrections beyond NLO

5.3.1 Masses and Renormalization Terms of Self Energies
Masses

In Fig. 5.20—5.22 we represent the mass corrections estimated with R(M ), R(M_.),

s

R(My.), R(M,). The pion mass dependences of R(M ), R(M ) are represented in
logarithmic graphs (see Fig. 5.20a and Fig. 5.21a) whereas the pion mass dependences of
R(My.), R(M,) are represented in a linear graph (see Fig. 5.22a). In these graphs the
bands of the uncertainity are displayed for solid lines (i.e. for # = 0). Bands of different
colors refer to different values of L: gray (L = 2 fm), light green (L = 3 fm), orange
(L = 4 fm). Uncertainity bands are here calculated with the usual formula of the error
propagation. As unique source of error, we have taken the uncertainities on the LEC
contained in the integrals I(M _,,7%),... . I®(M, , n*). We remind the reader that the
LEC and their uncertainities are listed in Tab. 5.1.

The logarithmic graphs illustrate the exponential decay O(e =) of the corrections.

In Fig. 5.20a the lines are almost straight and can be distinguished for different angles. In
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Figure 5.20: Mass corrections of the neutral pion beyond NLO.
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Table 5.3: Comparison of corrections evaluated at NLO with ChPT and estimated beyond NLO
with asymptotic formulae. Here, we use L = 2.83 fm so that M L = 2 for M_ = Mfﬁys. The
uncertainities of R(M_o) originate from the errors of LEC contained in the integrals I (4)(1\47T07 ),
[(4)(M7T0,7ri). Note that results with M, < 0.140 GeV should be taken with a grain of salt as
they are in the region where the p-regime is no more guaranteed.

(a) Mass corrections for 6 = 0. (b) Mass corrections for 0 = /3.
M, [GeV] 0M_, R(M,) M_[GeV] 0M_, R(M,)
0.100 0.0240 0.0334(5) 0.100 0.0050 0.0119(4

0.120 0.0163 0.0234
0.140 0.0113 0.0167
0.160 0.0079 0.0121
0.180 0.0057 0.0088
0.200 0.0040 0.0065
0.220 0.0029 0.0048
0.240 0.0021 0.0038

(5) 0.120  0.0050 0.0102(4
(5) 0.140  0.0043 0.0082(4
(4) 0.160  0.0034 0.0065(4
(4) 0.180  0.0027 0.0050(
(3) 0.200  0.0020 0.0039(
(3) 0220  0.0015 0.0030(
(2) 0.240  0.0012 0.0023(
0.260  0.0015 0.0027(2) 0.260  0.0009 0.0017(
0280  0.0011 0.0020(2) 0.280  0.0006 0.0013(
0.300  0.0008 0.0015(1) 0.300  0.0005 0.0010(
0.320  0.0006 0.0012(1) 0.320  0.0004 0.0008(
0.340  0.0004 0.0009(1) 0.340  0.0003 0.0006(
0.360  0.0003 0.0007(1) 0.360  0.0002 0.0005(
0.380  0.0002 0.0005(1) 0.380  0.0001 0.0004(
0400  0.0002 0.0004(0) 0.400  0.0001 0.0003(
0.420  0.0001 0.0003(0) 0.420  0.0001 0.0002(
0.440  0.0001 0.0002(0) 0.440  0.0001 0.0002(
0460  0.0001 0.0002(0) 0.460  0.0000 0.0001(
0480  0.0001 0.0001(0) 0.480  0.0000 0.0001(
0.500  0.0000 0.0001(0) 0.500  0.0000 0.0001(
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Figure 5.21: Mass corrections of charged pions beyond NLO.
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Figure 5.22: Mass corrections of charged kaons and eta meson beyond NLO.
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Fig. 5.21a the lines are exactly straight and are so close that they overlap in the graph. If we
consider L = 2 fm we read that R(M_,) is about 3.7% for § = 0 (resp. 1.9% for 6 = 7/3) at
M, ~ 0.2 GeV and decreases to 0.2% for # = 0 (resp. 0.1% for § = 7/3) at M, ~ 0.5 GeV.
Considering the same side length, R(M . ) is about 3.7% at M ~ 0.2 GeV and decreases to
0.2% at M ~ 0.5 GeV. These corrections are significantly bigger than those at NLO. For
instance, in Tab. 5.3a (resp. Tab. 5.3b) we have listed numerical values for 6M o, R(M )
at L = 2.83 fm for § = 0 (resp. for # = 7/3). In some cases, R(M ,) is of order 50% with
respect to 0M _,. Such significant subleading effects were already observed in finite volume
with PBC, see Ref. [24]. However, the comparison of numerical results with the asymptotic
formula feeded by the amplitude at two loops [25,32] has showed that subsubleading effects
are small and that the expansion does have a good converging behaviour for M L > 2.
We are confident that this is also true for TBC and that subsubleading effects stay small,

at least for small angles (i.e. § < 7).
In Fig. 5.22a we represent the pion mass dependences of R(M..), R(M,). The linear

graph illustrates the exponential decay O(e L) of the corrections. If we consider L =
2 fm, we read that R(M..) is about 0.4% for = 0 (resp. 0.3% for § = 7/3) at M =~
0.2 GeV and decreases to less than —0.1% at M, ~ 0.5 GeV. Considering the same side
length, R(M,) is about —0.8% for § = 0 (resp. —0.6% for 6 = 7/3) at M =~ 0.2 GeV
and amounts to —0.1% at M_ ~ 0.5 GeV. Here, subleading effects are almost of order
90%. The reason is that the contribution at NLO to dM .. [resp. 0M, ] is suppressed by

O(e M%) [resp. —M?2/M?] while the one beyond NLO is not. Note that R(M,..) may
turn negative depending on M_ and is clearly not constant unlike Fig. 5.5a.

In Fig. 5.20b we represent the angle dependence of R(M ,). The gray band refers to
the uncertainity for M, = 0.140 GeV at L = 2 fm. We observe that R(M ,) depends on ¢
as a cosinus function. The corrections oscillate with a period of 27 and have maxima (resp.
minima) at even (resp. odd) integer multiples of . If we consider M = 0.197 GeV, the
difference among maxima and minima is 5.4% at L = 2 fm. This difference is bigger than
that at NLO and should be taken into account when physical observables are extrapolated
from lattice data. Note that R(M ,) may turn negative for § €[37/8,137 /8| in a similar
way as 0M_, does at NLO.

In Fig. 5.21b we represent the angle dependence of R(M_.). We observe that R(M_,)
depends on # as (a + cos#)v/1 + 6% with a > 0. This dependence originates from contribu-
tions O(£2) and provides large corrections at large angles. Here one should however retain
only results in the interval 6 € [0, 7]. The reason is, R(M _.) was derived by means of the
expansion (3.65) which is valid for small external twisting angles.

In Fig. 5.22b we represent the angle dependence of R(My.), R(M,). We observe

that R(M,.) depends on 6 as (a + cos#)(b + 1+ 62) with b > a > 0. This dependence
originates from contributions O(£2) and provides large corrections at large angles. However
also in this case, one should retain only results for 6 € [0, 7] as by derivation, R(M )
is valid for small external twisting angles. In Fig. 5.22b the angle dependence of R(Mn)
corresponds to a negative cosinus. The maxima (resp. minima) are located at odd (resp.

even) integer multiples of 7. If we consider M_ = 0.197 GeV, the difference among maxima
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and minima is 0.5% at L = 2 fm. This difference is bigger than that at NLO but remains
a negligible effect.

Renormalization Terms

In Fig. 5.23 and 5.24 we represent the renormalization terms estimated by means of
Rt(Ds ), B*(Is, ). We represent the first component as it is the only one which is
non-zero for the configuration (5.7). The values on the y-axis are in given in GeV since
Rt(Ws_ ), R*(Js, ) are dimensionful quantities. Uncertainity bands are displayed for
0 = m/8 (see Fig. 5.23a and Fig. 5.24a) and for M_ = 0.140 GeV (see Fig. 5.23b and
Fig. 5.24b).

In Fig. 5.23a [resp. Fig. 5.24a] we represent the pion mass dependence of —Rt(ds )

[resp. —R*(dy, . )]. The logarithmic graphs illustrate the exponential decay O(e™"=") of
the renormalization terms. For 6 € {7/8, /4, w/3} the absolute values of the renormal-
ization terms increase with the angle. Note that the values are slightly bigger than those at
NLO. Comparing Fig. 5.23a with Fig. 5.24a, we observe that for a fixed angle, —R¥(Js__ )
is bigger than —R*(Jx ).

In Fig. 5.23b [resp. Fig. 5.24b] we represent the angle dependence of R*(ds. . ) [resp.
Rt (U5, ., )]. We observe that the renormalization terms depend on € nearly as negative
sinus functions. The zeros correspond to integer multiples of = and the extrema (viz.
minima and maxima) are close to half-integer multiples of m. Note that here, one should
retain only results for § € [0, 7] as by derivation, RF(Jy _, ), RF(Vx, ) are valid for small
external angles.

5.3.2 Decay Constants and Renormalization Terms of Axialvec-
tor Decay

Decay Constants

In Fig. 5.25 and 5.26 we represent the corrections of decay constants estimated with
R(F,+), R(Fk+). The pion mass dependence of —R(F,+) [resp. —R(Fx+)] is represented
in Fig. 5.25a [resp. Fig. 5.26a]. The logarithmic graphs illustrate the exponential decay
O(eM=L) of the corrections. The corrections are negative and for § € {0, 7/8, /4, 7/3}
their absolute values decrease with the angle. If we consider L = 2 fm, we read that
—R(Fy+) is about 11.3% for § = 0 (resp. 9.9% for § = 7/3) at M, ~ 0.2 GeV and
decreases to 0.4% for § = 0 (resp. 0.3% for # = 7/3) at M_ ~ 0.5 GeV. Considering
the same side length, —R(Fk=) is about 4.9% for 6§ = 0 (resp. 3.9% for § = 7/3) at
M_ ~ 0.2 GeV and decreases to 0.1% at M_ ~ 0.5 GeV. These corrections are bigger than
those of R(M_.), R(M,.). In general, they are also bigger than the corrections evaluated
at NLO?, as one can see e.g. from Tab. 5.4. Nonetheless, we observe that the value of
—R(Fg+) near to M_ ~ 0.5 GeV is slightly smaller than that of —dF+ at the same pion
mass. This can be explained as R(F+) neglects the contributions of virtual kaons and eta

2In this case, subleading effects are under control (cfr. second and third columns of Tab. 5.4a and 5.4b)
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Figure 5.24: Renormalization terms of charged kaons beyond NLO. Note that in (a) the dark
yellow area refers to the region M, L < 2 for 6 = m/8.
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Figure 5.25: Corrections of the decay constants of charged pions beyond NLO.
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Table 5.4: Comparison of corrections evaluated at NLO with ChPT and estimated beyond NLO
with asymptotic formulae. Here, we use L = 2.83 fm so that M L = 2 for M, = Mﬁys.
The uncertainities of —R(F+) originate from the errors of LEC contained in the integrals
I (Fﬂi,ﬂ'o),...711(;1)(Fﬂ.;t,71':t). Note that results with M, < 0.140 GeV should be taken with
a grain of salt as they are in the region where the p-regime is no more guaranteed.

(a) Corrections for 8 = 0. (b) Corrections for 0 = /3.
M_[GeV] —0F,+ —R(Fy+) M_[GeV] —0F+ —R(F+

0.100 0.0961 0.1145(5) 0.100 0.0772  0.0972(
0.120 0.0653 0.0789(4) 0.120 0.0540  0.0679(
0.140 0.0454 0.0555(4) 0.140 0.0383  0.0482(
0.160 0.0320 0.0395(3) 0.160 0.0274  0.0346(
0.180 0.0228 0.0284(3) 0.180 0.0200 0.0250(
0.200 0.0163  0.0206(2) 0.200 0.0143 0.0182(
0.220 0.0118 0.0150(2) 0.220 0.0104 0.0133(
0.240 0.0086 0.0110(2) 0.240 0.0076  0.0098(
0.260 0.0062 0.0081(2) 0.260 0.0056  0.0072(
0.280 0.0046  0.0060(1) 0.280 0.0041  0.0053(
0.300 0.0034 0.0044(1) 0.300 0.0030  0.0040(
0.320 0.0025 0.0033(1) 0.320 0.0022  0.0029(
(1) (
(1) (
(0) (
(0) (
(0) (
(0) (
(0) (
(0) (
(0) (

)
4
4
3
3
2

0.340 0.0018 0.0024 0.340 0.0016  0.0022
0.360 0.0014 0.0018 0.360 0.0012 0.0016
0.380 0.0010 0.0014 0.380 0.0009 0.0012
0.400 0.0007 0.0010 0.400 0.0007 0.0009
0.420 0.0006 0.0008 0.420 0.0005 0.0007
0.440 0.0004 0.0006 0.440 0.0004 0.0005
0.460 0.0003  0.0004 0.460 0.0003 0.0004
0.480 0.0002 0.0003 0.480 0.0002 0.0003

2
2
1
1
1
1
1
0
0
0
0
0
0
0.500 0.0002 0.0002(0 0.500 0.0002 0.0002
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Figure 5.26: Corrections of the decay constants of charged kaons beyond NLO.



5.3 Finite Volume Corrections beyond NLO 185

meson. In dF=+ these contributions are negligible but at M_ ~ 0.5 GeV they are of the
same magnitude as that of virtual pions. In that case, the contribution of virtual pions is
no more so dominant and —R(Fk+) results slightly smaller than —0 F=.

In Fig. 5.25b [resp. Fig. 5.26b] we represent the angle dependence of R(F,+) [resp.
R(Fk+)]. We observe that R(Fyr+), R(Fk=+) depend on 0 nearly as —(a+-cos 0)(b++/1 + 62)
with variables a,b > 0. The variables are almost equal (a ~ b ) for R(F,+) whereas a > b
for R(Fg+). In both cases, the dependence provides large corrections at large angles.
However, only results for § € [0, 7] should be retained as by derivation, R(F,+), R(Fk+)
are valid for small external angles. We stress that R(F,+), R(Fk+) can be comparable
(or can be even larger) than the statistical precision of lattice simulations. In general,
they should be taken into account by lattice practitioners when physical observables are
extracted from lattice data.

Renormalization Terms

In Fig. 5.27 and 5.28 we represent the renormalization terms estimated with R*(d. , ),
R*(V.,, ). We represent the first component as it is the only one which is non-zero for the
configuration (5.7). Since R*(Vy ), R*(Vy, ., ) are dimensionful, the values on the y-axis
are in given in GeV.

In Fig. 5.27a [resp. Fig. 5.28a] we represent the pion mass dependence of —R*(d , )
[resp. —RM(0,,)]. The logarithmic graphs illustrate the exponential decay O(e M=)
of the renormalization terms. Note that the absolute value of R*(¢,, ) is slightly bigger
than that of AY”, at NLO. On the contrary, the absolute value of R*(J, , ) is smaller
than that of Av¥%.,. The reason is, RM(V.,_, ) contains a factor Fy/Fy which reduces the
absolute value, see Eq. (4.122). Comparing Fig. 5.27a with Fig. 5.23a we observe that
for a fixed angle —R*(¥,, ) is smaller than —R*(Jy_, ). This difference is O(£7) and is
proportional to the renormalization terms R¥(Jy , ) of Eq. (4.91). A similar observation
can be made comparing Fig. 5.28a with Fig. 5.24a. For a fixed angle, —R¥ (1, ) is smaller
than —R¥ (Vs , ) where their difference is proportional to R*(dg,_, ).

In Fig. 5.27b [resp. Fig. 5.28b] we represent the angle dependence of R*(dJ. ) [resp.
RF(Vy,., ). We observe that RF(J. ), R*(J.y, ) depend on 0 nearly as negative sinus
functions. The zeros correspond to integer multiples of 7 and the extrema (viz. minima and
maxima) are close to half-integer multiples of 7. Note that only results for 6 € [0, 7] should
be retained as by derivation, R¥(J , ), R*(J._, ) are valid for small external angles.

5.3.3 Pseudoscalar Coupling Constants

In Fig. 5.29a we represent the pion mass dependence of —R(G0). The logarithmic graphs
illustrate the exponential decay O(e M=) of the corrections. In general, the corrections
are negative and for 6 € {0, /8, w/4, /3 } their absolute value increases with the angle.
If we consider L = 2 fm, we read that —R(G,o) is about 3.9% for § = 0 (resp. 4.3%
for 0 = 7/3) at M_ ~ 0.2 GeV and decreases to about 0.1% at M_ ~ 0.5 GeV. In this
case, the corrections are smaller than those at NLO. This can be explained if we look
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Figure 5.27: Renormalization terms of charged pions beyond NLO. Note that in (a) the dark
yellow area refers to the region M, L < 2 for 6 = 7/8.



5.3 Finite Volume Corrections beyond NLO

187

2

0-01 _\.' T I T T I T i

L - 0=n/8 i

B R 0=m/4 -

‘‘‘‘‘‘‘ 0=m/3 b

> i

3] ~
/\E \.\_\::

Y 0.001f . e S .
2 - [N RN ]
[ S ” ]
3 SN
& . . .

| o el i

0.0001 S = | !
0.1 0.2 0.3 0.4
M [GeV]
(a) Pion mass dependence of —RM(0o_, ) for p=1.
0.05 T T T T T T T T

>

)

o - i
E

¥
2
'ﬂ‘ - -
3
<

L L=2fm 4
— M, =0.140 GeV

L -—- M, =0.197 GeV |
----- M, = 0.240 GeV

e s M, =0.340 GeV | |

—0.05 | | | | | | | | | | | | | |
0 w/4 /2 3mr/4 T 5m/4 3m/2 /4
0

(b) Angle dependence of RF(0y, ) for p=1.

Figure 5.28: Renormalization terms of charged kaons beyond NLO. Note that in (a) the dark
yellow area refers to the region M, L < 2 for 6 = /8.



188 5. Numerical Results

at the contributions O(£2), see Eq. (4.82). For § € {0, n/8, /4, /3 } the contribution
originating from integral 1™ (G 0, 7°) is negative but that from I™® (G0, 7%) is positive.
As the negative contribution is smaller than the positive one, the corrections estimated
with —R(G0) are smaller than those evaluated with —§G 0 at NLO.

In Fig. 5.29b we represent the angle dependence of R(G o). We observe that R(G o)
depends on 6 as a cosinus function. The function has minima (resp. maxima) located
at even (resp. odd) integer multiples of w. Considering L = 2 fm, the difference among
maxima and minima is 1.0% for M = 0.197 GeV. This difference is due to the contribution
originating from I (G o, 7%).

5.3.4 Pion Form Factors

We consider pions at rest and estimate the corrections of the matrix elements of the scalar
form factor with R(I'Z’), R('T"). In Fig. 5.30a [resp. Fig. 5.31a] we represent the pion
mass dependence of R(I'T’) [resp. R(I'% )] at ¢> = 0. From the graphs we observe that the
corrections decay exponentially as O(e~=L). In general, they are negative but they may
turn positive depending on the pion mass. If we consider L = 2 fm, we read that R(Fgo) is
about —0.4% for 6 = 0 (resp. 1.1% for = 7/3) at M, ~ 0.2 GeV and amounts to —0.3%
for § = 0 (resp. —0.2% for § = 7/3) at M_ ~ 0.5 GeV. Considering the same side length,
R(I'5") is about —0.4% for @ = 0 (vesp. 4.2% for § = 7/3) at M, ~ 0.2 GeV and amounts
to —0.3% for = 0 (resp. —0.2% for § = 7/3) at M, ~ 0.5 GeV. From these values, we
see that R(I'T) = R(I'%") for = 0 as expected in the case of PBC. However, note that at
M. ~ 0.2 GeV the corrections for § = 0 estimated with the asymptotic formulae are smaller
~in absoulute value- than those evaluated at NLO: —R(I'T’) = —R(I'S") = 0.4% whereas
—6I'%Y = —6T'S" = 0.7%. This can be explained if we look at the contributions O(¢2),
see Egs. (4.98, 4.102). The contributions originating from I®(I'%’, 7%, ... I®O(TT" x¥)
are all positive for § = 0, M~ 0.2 GeV and L = 2 fm. As the contributions originating
from I@(TT, 7°),..., I@ (%", 7%) are all negative, the absolute value of R(I'Y), R(I'S")
is reduced and results smaller than that at NLO.

In Fig. 5.30b we represent the angle dependence of R(Tgo) at ¢> = 0. We observe that
R(Fgo) depends on # nearly as a negative cosinus function. The shape is slightly deformed
due to the cancellation among I®(I'%’ 70), I®(T'Y %), see Eq. (4.98). In Fig. 5.31b we
represent the angle dependence of R(I'E") at ¢> = 0. We observe that R(I'S") depends
on 0 nearly as @sinf. This dependence originates from the last term of Eq. (4.100) and
provides large corrections for large angles. In this case, only results for § € [0, 7] should
be retained as by derivation, R(T?) is valid for small external angles.
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Figure 5.29: Corrections of the pseudoscalar coupling constant of the neutral pion beyond NLO.



190

. Numerical Results

0.03

0.02

(a) Pion mass dependence of R(I’EO)

0.3
M, [GeV]

0.5

& 001
&
0
—0.01
0.1
0.1
0.05 [~
-~
(53
)
~

—0.05—

—-0.1

?=0
L=2fm
= 0.140 GeV
. =0.197 GeV
M,, = 0.240 GeV
M, = 0.340 GeV

/4

(b) Angle dependence of R(Fgo) at at ¢> = 0.

w/2

3m/4

™ 5m/4
0

3m/2

/4

Figure 5.50: Corrections of the matrixz element of the scalar form factor beyond NLO.



5.3 Finite Volume Corrections beyond NLO 191

0.03 7

0.02

£
£7 001
= k
0
—0.01 - I . I . | .
0.1 0.2 0.3 0.4 0.5
M, [GeV]
~ +
(a) Pion mass dependence of R(I'T) at ¢*> = 0.
0.2 T T T T T T T T
0.1 —
0 -
~
£ 0.1
<

?=0

-0.2

L=2fm
B J— = 0.140 GeV
N + = 0.197 GeV
—0.3F  |.--. M, =0.240 GeV

....... M, = 0.340 GeV

—0.4 ! | ! | ! | ! | !
0 w/4 /2 3r/4 T 5m/4 3mw/2 /4 2m

0
(b) Angle dependence of R(F7Sr+) at ¢> = 0.

Figure 5.31: Corrections of the matrix element of the scalar form factor beyond NLO.



192 5. Numerical Results

0.1

0.01

0.001 | -
0.0001
| ! | !
0.1 0.2 0.3 0.4 0.5
M [GeV]

Figure 5.32: Corrections estimated beyond NLO with asymptotic formulae for the PACS-CS
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refers to the region M_L < 2 for L = 2.90 fm.

5.4 Numerical Applications

To conclude we illustrate two numerical applications of our formulae. We take lattice
data from two collaborations: PACS-CS [49,50] and ETM [51]. We adapt the numerical
set-up and estimate the finite volume corrections for masses and decay constants. In both
cases, we find corrections that are comparable (or even larger) than the statistical precision
reached by the collaborations and hence, non-negligible.

5.4.1 Application to Data of PACS-CS

In Ref. [49] the PACS-CS collaboration simulates with Ny = 2 + 1 dynamical flavors im-
posing PBC. They collect data at different values of the pion mass (from M_ = 0.702 GeV
down to M_ = 0.156 GeV) and extrapolate physical observables to the physical point
M, = MP". The PACS-CS data is presented in Tab. ITI, TV of [49] and the extrapolated
results are summarized in Tab. X of [49] as well as Tab. IT of [50]. We analyze these values
and estimate the corrections at NLO and beyond that order.

For the analysis we adapt the numerical set-up as follows. Instead of Eq. (5.1) we use the
expression of Fy; at NLO obtained with 3-light-flavor ChPT, see Eq. (1.82). The parameters
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Fy, Bomsg are chosen as in Tab. VI (column “w/ FSE”) of [49]. The values of LEC are
taken from our Tab. 5.1 except those of 3, £, and L}, L%, L, L5 which are taken from
Tab. VI, IX (column “w/ FSE”) of [49]. With this set-up, we have reproduced Fig. 18 of [49]
representing the finite volume corrections evaluated by the PACS-CS collaboration at NLO.
By means of asymptotic formulae, we estimate corrections beyond NLO as represented in
Fig. 5.32.

The PACS-CS collaboration expects that at the side length L = 2.90 fm, the corrections
of —F,+(L), —Fg=(L), M_.(L), M. (L) are less than 2% at the simulated point M =

™

0.156 GeV, see Ref. [49]. At NLO this is true for —Fg+ (L), M (L), My (L) but not
for —F,+(L). We find that the corrections are about —0F,+ ~ 2.8% at NLO and about
—R(F,+) =~ 3.3% beyond NLO. These values are both bigger than 2%. However, if we look
Tab. IV of [49] we see that the statistical precision reached by PACS-CS for the pion decay
constant is about 5.3% and hence, larger than the corrections. In this case, the effects of
finite volume corrections can be neglected.

At the physical point M = Mf?ys the PACS-CS collaboration expects corrections
that are the same as at M = 0.156 GeV except those for the pion decay constant for
which they expect values no more than 4% at NLO. This is true; but beyond NLO, we
estimate corrections which are about —R(F,+) ~ 4.8% resp. —R(Fk+) ~ 2.0% for the
decay constants. If we look Tab. X (column “w/ FSE”) of [49] we see that the statistical
precision reached for the decay constants is less [3.4% in the case of —F .+ (L)] or comparable
[2.0% in the case of —F+(L)] with the corrections we estimate. In this case, the effects
of the corrections are non-negligible and should be taken into account.

5.4.2 Application to Data of ETM

In Ref. [51] the ETM collaboration simulates with Ny = 2 + 1 + 1 dynamical flavors
imposing PBC. The quark fields are Wilson twisted mass fermions at the maximal twist.
In principle, one can apply twisted mass ChPT to evaluate the finite volume corrections
as done in Ref. [26]. Here, we apply ChPT as done by the ETM collaboration but instead
of the simplified formulae of Eq. (13) of [51] we use the full contributions given by the
integrals (4.62, 4.74, D.2, D.6).

The ETM collaboration collects data for various runs at different values of L, M _. The
data is presented in Tab. 4, 8 of [51] and features an high statistical precision. From this
data, are then extrapolated results for physical observables to the physical point M, =
M:?ys, see Tab. 9 of [51]. To perform the analysis, we adapt the numerical set-up of
Section 5.1 as follows. The values of LEC are taken from our Tab. 5.1 except those of f5, ¢,
which are taken from Tab. 9 (column “combined”) of [51]. The parameter F' is determined
evaluating Eq. (5.1) at M, = M%"" in a similar way as in Section 5.1. In this case, we find

F = (85.6 £0.2) MeV, (5.13)

which is consistent with the result reported in Tab. 9 (column “combined”) of [51]. The
parameter Bym, is taken as in Section 5.1 and hence, values Byms = 0.241 GeV?. If we
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Table 5.5: Corrections evaluated at NLO with ChPT and estimated beyond NLO with asymptotic
formulae for the ETM collaboration [51]. The runs are a part of those performed by the ETM
collaboration, see Tab. 2, 8 of [51]. The statistical precision 5% is calculated using the data of
Tab. 4, 8 [51]. Note that the runs A30.32 resp. B25.32 are those with the largest available volume
for the ensembles A resp. B.

(a) Corrections of the pion decay constant.
Runs M_[GeV] L[fm] 0%  —0F+ —R(Fy+)

A30.32 0.285 2.75 0.0054 0.0047 0.0062(1)
A40.24 0.333 2.06 0.0052 0.0127 0.0171(3)
A40.20 0.342 1.72  0.0105 0.0311 0.0415(6)
(2)
(2)
(1)

A60.24 0.397 2.06 0.0031 0.0059 0.0079

B25.32 0.269 250  0.0063 0.0101 0.0134
B85.24 0.489 1.88  0.0029 0.0039 0.0050

(b) Mass corrections of pions.

Runs M [GeV] L[fm] & oM . R(M_.

™

A30.32 0.285 2.75 0.0029 0.0011 0.0021
A40.24 0.333 2.06 0.0036 0.0029 0.0063
A40.20 0.342 1.72  0.0062 0.0069 0.0155
A60.24 0.397 2.06 0.0026 0.0013 0.0030

B25.32 0.269 2.50  0.0037 0.0025 0.0046
B85.24 0.489 1.88  0.0020 0.0008 0.0020

~—

N CO W +—
—_— == —

2
1
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(c) Mass corrections of kaons.
Runs M, [GeV] L[fm] & M.  R(Mg

A30.32 0.285 2.75 0.0012 0.0000 —0.0000
A40.24 0.333 2.06 0.0017 0.0001 —0.0002
A40.20 0.342 1.72  0.0052 0.0005 —0.0002
A60.24 0.397 2.06 0.0019 0.0001 —0.0002

B25.32 0.269 2.50  0.0024 0.0000 0.0001
B85.24 0.489 1.88  0.0018 0.0001 —0.0003
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insert this value in Eq. (5.3c) we find at M, = M%>®,
Fic = (0.107 £ 0.004) GeV, (5.14)

which agrees with the result of PDG [2]. With this numerical set-up, we estimate the
corrections reported in Tab. 5.5.

From Tab. 5.5a we observe that apart from the run A30.32 all corrections are larger
than the statistical precision 6% of the ETM collaboration. The same can be said for
most of the corrections® estimated with R(M . ), see Tab. 5.5b. On the contrary, we see
from Tab. 5.5¢ that the mass corrections of kaons can be neglected for all the runs. For
the largest avalaible volume of each ensemble (A and B) the ETM collaboration expects
corrections that are within 1%; exceptions are the runs A60.24 and B85.24 for which they
expect no more than 1.5%, see Ref. [51]. For the largest avalaible volumes (i.e. L = 2.75 fm
for A resp. L = 2.50 fm for B) we confirm that the corrections are within 1% apart from
the run B25.32 for which we estimate —R(F,+) ~ 1.3%, see Tab. 5.5a. For the run A60.24
(resp. B85.24) we estimate corrections less than 0.2% (resp. 0.1%) at the largest avalaible
volume. Nevertheless, the run B25.32 has corrections that —even though are conservatively
estimated for M_, (L) by ETM- are underestimated for F,=(L). We stress that in this case,
the corrections estimated with the asymptotic formulae [for both M _. (L) and Fy+(L)] are
larger than the statistical precision 6%, see sixth row of Tab. 5.5a, 5.5b. Hence, for the run
B25.32 the effects of corrections should be taken into account before physical observables
could be extrapolated at the physical point.

3For mass corrections of pions we find subleading effects of order 50% (cfr. fifth and sixth columns of
Tab. 5.5b). However, the analysis of Ref. [25,32] has showed that subsubleading effects are small and that
the expansion does have a good converging behaviour for M L > 2.






Summary and Conclusions

In this work we have studied the effects of a finite cubic volume with twisted boundary
conditions on pseudoscalar mesons. We have applied Chiral Perturbation Theory (ChPT)
in the p-regime and introduced the twist by means of a constant vector field, see Ref. [36].
The corrections of masses, decay constants, pseudoscalar coupling constants, form factors
were calculated at next-to-leading order (NLO) and estimated beyond that order through
asymptotic formulae. A numerical analysis quantifies the importance of these corrections
for generic situations and in the case of two real simulations [49-51].

In Chapter 2, we have calculated the corrections at NLO with ChPT and compared our
expressions with Ref. [36-38]. In the calculations we have adopted the mass definition of
Ref. [36,37] which treats new extra terms as renormalization terms of the twisting angles.
This is in contrast to other definitions such as e.g. that of Ref. [38]. The renormalization
terms originate from the breaking of the cubic invariance introduced by the twist and are
here reabsorbed in the on-shell conditions. This modifies the mass definition in finite vol-
ume. We have found that the corrections of masses as well as those of decay constants
agree with Ref. [36]. We have detailed the derivations and presented results for the eta
meson which agree with Ref. [38]. Relying on chiral Ward identities, we have calculated
the corrections of pseudoscalar coupling constants. In these calculations, renormalization
terms exactly cancel out because they are balanced on both sides of chiral Ward identities.
At NLO the corrections of pseudoscalar coupling constants agree with Ref. [38]. This con-
firms that renormalization terms can be treated in different ways and that the definitions
of Ref. [36,37] and Ref. [38] are equivalent at NLO. However, we advocate to adopt the
definition of Ref. [36,37] as it relies on mass poles with fixed locations just as considered in
lattice simulation. This avoids further complications during the integration of correlator
functions in momentum space. Successively, we have applied 2-light-flavor ChPT and cal-
culated the corrections of the matrix elements of the pion form factors. We have presented
results for the two cases: scalar and vector form factors. In the case of the vector form
factor, the expressions agree with the results of Ref. [38]. Furthermore, we have showed
that the Feynman-Hellman Theorem [39,40] and the Ward-Takahashi identity [41-43]
hold though the finite volume breaks Lorentz as well as cubic invariances. To prove the
Ward-Takahashi identity we have constructed an effective field theory for charged pions
which is invariant under electromagnetic gauge transformations and which reproduces the
results obtained with ChPT at a vanishing momentum transfer. Such considerations were
previously presented for periodic boundary conditions in Ref. [52] and are here generalized
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to twisted boundary conditions. Note that in finite volume, a necessary condition for the
validity of the Ward—Takahashi identity is the discretization of the spatial components of
the momentum transfer.

In Chapter 3, we have revised the derivation of Liischer [23] and showed that it can be
generalized to finite volume with twisted boundary conditions. We have derived asymptotic
formulae for masses, decay constants, pseudoscalar coupling constants and scalar form
factors. These formulae hold for arbitrary twisting angles in the case of the neutral pion
and the eta meson. On the contrary, the formulae for charged pions and kaons were
derived by means of an expansion which holds only if external twisting angles are small.
Besides, we have derived asymptotic formulae for renormalization terms which are valid
for small external twisting angles. Relying on chiral Ward identities, we have successively
showed that the asymptotic formulae for masses, decay constants, pseudoscalar coupling
constants are related to each other. A similar relation connects the asymptotic formulae for
renormalization terms in an independent way. We have checked such relations for charged
pions through a direct calculation. Then, starting from the Feynman—Hellman Theorem
we have derived asymptotic formulae for pions, estimating the corrections of the matrix
elements of the scalar form factor. These formulae are valid at a vanishing momentum
transfer and in the case of charged pions, for small external twisting angles. We have
also tried to derive more general formulae valid at a non-zero momentum transfer but
we have not succeeded due to the complications introduced by the non-zero momentum
transfer. Still, we have illustrated the steps undertaken and stressed that in principle, such
complications should not arise if one considers matrix elements with two different external
states, such as e.g. (K|S, |7°).

In Chapter 4, we have applied the asymptotic formulae in combination with ChPT.
We have worked out the amplitudes entering the formulae using the chiral representation
at one loop taken from Ref. [10,44-48]. The results were presented in terms of integrals
as in Ref. [32] and allow one to estimate corrections beyond NLO in the chiral expansion.
Cumbersome expressions were relegated in Appendix D.

In Chapter 5, we have estimated the corrections numerically. We have first performed
a generic analysis adopting the numerical set-up of Ref. [25,32]. In this case, the values
of low-energy constants were taken —if available— from the FLAG working group [86].
Twisting angles were chosen in just one spatial direction and imposing twisted boundary
conditions on just one flavor. This implies that we have performed the analysis with
10.+| = |Jx+| = 0/L and |[Jgo| = 0, where 6 is a continuously varying angle. The
corrections were estimated for volume of the side length L = 2, 3,4 fm. For each of them,
we have represented the dependences on the pion mass M, and on the angle 6. In general,
we have found that the corrections are modest and decay exponentially in M_L. Still, for
the smallest value of the p-regime (i.e. M_L > 2) they can reach more than 10%. Such
values can be comparable (or even larger) than the statistical precision of lattice simulations
and should be then taken into account. Moreover, we have observed that for small twisting
angles the corrections are similar to those with periodic boundary conditions. In the case
0 ~ m, the difference among corrections with periodic and twisted boundary conditions
can reach a few percentage points. These are sizable effects. Thus, it is important to



Summary and Conclusions 199

employ small angles in order to minimize these effects. At last, we have illustrated two
possible numerical applications of our formulae. We have taken lattice data from the
collaborations: PACS-CS [49,50] and ETM [51]. In both cases, we have found corrections
that were comparable (or even larger) than the statistical precision reached therein. Hence,
we conclude that finite volume effects should be taken into account, especially in very
precise lattice simulations.

The formulae presented in this work can be applied in two ways. One way is to choose
the volume sufficiently large so that finite volume effects are minimized. Then, the cor-
rections are negligible and the data of lattice simulations do not need to be corrected.
The other way is to choose the volume small and correct the lattice data by means of
our formulae. Choosing a small volume, one can save computational time which can be
invested in some other way as e.g. to bring the limit of the lattice spacing (or of quark
masses) closer to zero. In both cases, our formulae allow one to theoretically control the
finite volume effects if external twisting angles are small.
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Appendix A

Sums in Finite Volume

We list some results that may be useful in the evaluation of loop diagrams in finite volume.
For convenience, we define

Loy =7z ¥ [ Gratn - [ 5o (A1)

where g is a generic function on momentum space and L is the side length of the finite cubic
box. The right-hand side of the equation represents the difference among contributions in
finite and infinite volume. For loop diagrams encountered in this work, this difference is
finite and can be calculated by means of the Poisson resummation formula (2.6) and the
direct integration. The first results we present, may be useful in the evaluation of tadpole
diagrams. For r € N, we have

i A k+19) ] = (iw)z g, (Ap, V) (A.2a)
i P

Here, I'(r) is the gamma function, ¢" is the metric of Minkowski space-time, J* is a
twisting angle and A\p = MpL. The functions on the right-hand side can be expressed in
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A. Sums in Finite Volume

terms of modified Bessel functions of the second kind, K, (z). They read

2 [L2)]]" i
gr()\p,ﬁ):;MQ {QA ] K, _o(\plii]) e (A.3a)
720
il LA -
f“(\p, V) = — [—} K,_3(\p|f|) =™ (A.3b)
S o
720
L? L2 o
uv _ oV — 1Lty
h (\p, V) ZzM}D” n [—%J K,_y(\p|ii|) e, (A.3c)
nez>
710

where n# = (2). In Egs. (2.30, 2.33) we have introduced the functions g,(Ap, ), f*(Ap, ¥)

for r = 1.

To evaluate diagrams with different propagators one can use the Feynman parametriza-

tion,

Here, we consider

1 ! dz
AB /0 [zA+ (1 - z)B]z' (A4)
A= Mp — (k+19)? A5a)
B =M~ (k+9+q)? (A.5b)

where ¢* is a transfer momentum. The last results we present can be useful in the evaluation
of fish diagrams. For r € N, we have

M2

¥ [F ()] " {ny / i 500 e
i ()[(:;]19)”_ (f:; /cllz [\, q.9) + (1 — 2)¢" g.(As,q,9)]  (A.6b)
_ (i‘f; /éz [% g 1O, 0) + 1 (s, g, )

(1= 2)%¢"q" g,(\s, 0, 9)] (A.6c)

M? /1
+ dz
(4m)? Jo
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where A, = MpL+\/1+ z(z — 1)¢?/M2. The functions on the RHS can be expressed as

g, (Az,q,0) =

(X, q,0) =

ht (., q,0) =

2 {L2|ﬁ|y2 i L | 0+q(1—

il Ky_a(\,|]) etealita=2)] (A.7a)
g
|7]#0

" L2 17 7r—3 e

Z_Qnu |: |n‘:| Kr73()\z‘ﬁ‘) ean[ﬂ—I—q(l—z)] (A?b)
A MP 2
|7]#0

L? [L2|ﬁ|y_4 i Lii[04+q(1

ey |2 K O] ebrlPraa=2)] (A.7c)
S o
|7]#0

For ¢*> = 0 the functions g, (\., q,9), *(),,q,9),h*" ()., q,9) reduce to Egs. (A.3a, A.3b,
A.3c). In Egs. (2.81, 2.84, 2.93b) we have introduced these functions for r = 2. Note

that if ¢ = 277 with [

€ Z3, the results (A.6) can be simplify by means of substitutions

2+ (1 —z) and 7 +— —7i. This leads to the results of Sections 2.3.4 and Appendix B.2.






Appendix B

Gauge Symmetry in Finite Volume

To explain the results of Section 2.3.4 we construct an EFT for charged pions which is
invariant under electromagnetic gauge transformations. The theory reproduces the expres-
sion obtained at a vanishing momentum transfer and indicates that the gauge symmetry
is preserved in this case. Relying on this observation, we show that the Ward-Takahashi
identity [41-43] holds in finite volume as long as the momentum transfer is discrete. Only
the differential form of the identity —the Ward identity [114]- is violated due to the dis-
cretization of the spatial components. These considerations were presented for PBC in
Ref. [52] and are here generalized to TBC.

B.1 Construction of an EFT Invariant under Gauge
Symmetry

We consider a finite cubic box of the side length L on which we impose TBC. In presence
of two light flavors, we can introduce the electromagnetic gauge field through the external

vector field,
vt = —eA*(z) Q. (B.1)

Here, e is the elementary electric charge of the positron and Q = diag(2/3,—1/3). As long
as @ is diagonal we may redefine the fields so that they are periodic and introduce the
twist as in Sections 2.3.4. The gauge field becomes periodic and satisfies

Atz + Lé;) = A'(z), (B.2)

where éy =" ;and j = 1,2,3. Since A*(z) is periodic we can expand the gauge field in
Fourier modes

Al (z) = A (z¢, 7). (B.3)

(]

2’

L
Ll

am
L
€z’

~

We are interessed on the zero mode (i.e. §= 6) from which we can study the electromag-
netic form factor at a vanishing momentum transfer. To that end we separate the part of
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the gauge field containing the zero mode from the rest,

At (x) = Al (zg) + AL (20, D). (B.4)
Here,
A‘Z‘(x ) = A*(x0,0) (B.5a)
(0, ZA“ Ty, 7 )e' (B.5b)
q#0

where A¥(xq) is the part containing the zero mode and A, (xq,Z) is the part containing
non-zero modes. Note that the part containing the zero mode depends only on the time
whereas the part containing non-zero modes is a periodic function in Z.

In general, the gauge field transforms under gauge transformations as

At (x) — A¥(x) + 0*a(x). (B.6)

Since A*(x) is periodic so must be O*«(x). Thus, gauge transformations map periodic
gauge fields into other periodic gauge fields. This assures that physical observables remain
single valued in the finite cubic box.

We expand the gauge function in Fourier modes and separate the part containing the
zero mode from the rest. We have

Oz(l‘) = Ozz(l‘o,f) +anz(l‘075)a (B?)
where
a, (g, ¥) = a,(z0) + AT B.8a)
Ong (20, T) = a(xo, q*)ezr (B.8b)
q#A0

Here, @ is a constant vector and other irrelevant constants have been dropped. According
to Egs. (B.4, B.7) gauge transformations can be rewritten as

Al () > Alf(20) + 0" v, (0, T)
{A (B.9)

ﬁz(xO? f) = Agz(lb? f) + 8“anz(:p0, f)
In particular, gauge transformations act on the part containing the zero mode as

Pay,(rg), p=0

Aj(zo) = Aj(zo) + { . (B.10)

a, p# 0.

As the part containing the zero mode depends only on the time the strength field tensor
contains only the spatial components of A¥(zy). Under gauge transformations the spatial
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components are translated by & and this leaves the strength field tensor invariant. Hence,
each spatial component of A¥(zy) describes in the free theory a massless scalar particle.
We now couple matter fields. The gauge transformations act on quark fields as

q(z) = e @9 (1). (B.11)
Due to the field redefinition quark fields are periodic and satisfy ¢(z + Lé;) = ¢(z). In
general, gauge transformations will not maintain the periodicity of quark fields. One can
show that under gauge transformations the periodicity of quark fields is maintained if the
constant vector takes the values

6

= e—Lm, with m € Z3. (B.12)

QU

This condition reduces the possible values of the gauge function and makes gauge trans-
formations less general than in infinite volume. Thus, more operators —which are invariant
under gauge transformations— can be built in the EFT.

We start the construction of the EFT considering two light quarks in presence of the
electromagnetic interaction. At low energies the degrees of freedom of quarks are frozen and
the relevant degrees of freedom are pions. We imagine that energies are so low that pions
do not interact with themselves nor with other fields. All external fields can be integrated
out. For simplicity, we just consider charged pions and set the field of the neutral pion to
zero. In absence of the electromagnetic interaction the Lagrangian of the EFT reads

-1 (D, @[ D) — M2, (L) ot®) | (B.13)

W

where

o= < \/50%_ \/ﬁoﬁ). (B.14)

The mass M_, (L) is the mass of charged pions in finite volume. The kinetic term contains
the derivative R
D' = 9'® — i [wh, D], (B.15)

where the twist is introduced by the constant vector field
T3

: (B.16)

wh = (0%, + A)
The twisting angle ¢"', and the renormalization term A9”, break Lorentz invariance. Such
breaking is allowed as the theory is in finite volume with TBC. In the limit 9", — 0 the
constant vector field w/; disappears and the cubic invariance is restored: in this case the
theory respects PBC. We note that Av", resp. M_. (L) may depend on parameters (like
low-energy constants) that in the above theory are explicitly integrated out.

We add the electromagnetic interaction, including all possible operators which are in-
variant under gauge transformations. We limit ourselves to operators containing the zero
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mode. These are sufficient to study the electromagnetic form factor at a vanishing momen-
tum transfer. By means of the minimal coupling prescription 0*. — O*. + ie A*(x)[Q,.]
we make the kinetic term invariant under gauge transformations. Then, additional terms
are allowed as Lorentz invariance is broken and as the constant vector & is discrete, see
Eq. (B.12). Such terms are responsible for the corrections of the electromagnetic form
factor at a vanishing momentum transfer and for the screening of the electric charge in
finite volume.

To construct the additional terms we use Wilson loops. We first consider the integral
of the j-th spatial component of the gauge field,

L L
/ da? A(z) = LAY (z0) + / da? A7 (z, T)
0 0
= LA (z9) + L Z Al (xg, ).

G40
¢'=0

(B.17)

Here, the repetition of j does not imply any sum and we have used the integral represen-
tation of Kronecker delta,

| . .

Z/ da? T f(1) = 0pof (1), le7 (B.18)
0

The integral of the j-th spatial component of A/(z) gives the part of the gauge field

containing modes with ¢/ = 0. Integrating over the three spatial components we isolate

the zero mode,
1 A ,
— d*z Al (x) = LAI(x0). (B.19)
L2 [0 L}S
By virtue of this result we form operators containing the zero mode and invariant under
gauge transformations. For instance,

W7 = exp [@% d*z A](a:)} : (B.20)
where the integration is over a closed curve that cycles once in the finite cubic box. This
operator represents a Wilson loop containing the zero mode of the gauge field. In principle,
we may construct the remaining terms of the EFT by means of W7, It is convenient to
define Hermitian operators which transform in a manifest way under parity and charge
conjugation. These operators are

Wi = % (W7 + (W7)T] (B.21a)
Wi — % Wi — (W], (B.21b)

and due to the unitarity of W7, they are related as

1/2

Wi =[1- (W) (B.22)
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Hence, the remaining terms of the EFT can be constructed just with the operator W7.
We can now write down the effective Lagrangian in presence of the electromagnetic
interaction. Relying on the invariance on charge conjugation, parity, time reversal and
gauge transformations, we obtain
1

L= 1 (D, ®[D"®]f — M2, (L) d'd) — %Q(L)MVWE (Q[(D'®)'® — T (DV®))) +... (B.23)

Note that W* = (7 ) and
Dr® = 0"® + ie A" (2)[Q, ] — i [wh, @] . (B.24)

The expression (B.23) needs some explanations. The dots at the end denotes that we have
just written down the relevant terms of the effective Lagrangian. The most general effective
Lagrangian contains terms with arbitrary many insertions of W*. Writing down all such
terms is beyond our purpose. The expansion of W starts with a term linear in A¥(x)
which is sufficient to study the electromagnetic form factor at a vanishing momentum
transfer. The tensor Q(L)* must be determined by matching. The tensor breaks the
Lorentz as well as the cubic invariances and it is expected to disappear as L — oo. For
V", = 0 we expect that Q(L)* reproduces the result for PBC, namely Eq. (33) of Ref. [52].

We match Q(L)* with the results of Section 2.3.4. From the Lagrangian (B.23) we
take the terms linear in A¥(xy) and evaluate them at the first order in e. We obtain

(T = 26O, | (p+ Pos + Ados ) + § (p+ 0. Q)™ | + O@?),  (B.25)

where (), = #£1 is the electric charge of 7% in elementary units. We match this expression

with Eq. (2.96) and find

6
QLY = 7 & 15" O\ ). (B.26)
The function hy” (A, ¥,+) can be determined from Eq. (2.93b) and explicitly values
By (e, ) = 20 P ey Onli]) 4 with = (0. (B.27)
™ YT | |2 ’f[:
YA
|70

As a check we control if the tensor (B.26) reproduces the result for PBC, i.e. Eq. (33) of
Ref. [52]. We set 9", = 0 and contract the tensor with p,. Due to the cubic invariance we
may write

pr<L)MV = fﬂ Z pl/ | |2 7T|_»|>
o

4 S
= E §7r 27 [g;w - guogw} Z KQ()‘ n
i

(B.28)
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The modified Bessel function can be expressed as

. . 2 .
Ko(Ag]7I]) = Ko(AwlanA—WKl(Anlnl), (B.29)
and we obtain
g nv ©0 v0 4§7r — 2 —
~9(L)

which coincides with Eq. (33) of Ref. [52].

The EFT described by (B.23) respects the gauge symmetry. It reproduces the re-
sult (2.96) at a vanishing momentum transfer. In the limit v, — 0 it reproduces the
result for PBC of Ref. [52]. The presence of Wilson loops assures that the theory is invari-
ant under gauge transformations. As long as A*(z) can be expanded in discrete Fourier
modes this invariance is preserved. Hence, as long as the spatial components of the transfer
momentum are discrete the results of Section 2.3.4 respect the gauge symmetry. In Ap-
pendix B.2 we show that in this case, the Ward-Takahashi identity holds in finite volume
with TBC and that, the corrections of the vector form factor are related to the inverse
propagator.

B.2 Ward—-Takahashi Identity

In infinite volume the gauge symmetry imposes that the electromagnetic vertex function I'*
satisfies the Ward-Takahashi identity [41-43],

—ig, " = iQ. [ATH(p) — AT (p)] . (B.31)

Here, ¢* = (p/ — p)* is the momentum transfer, A(p') resp. A(p) are the propagators of
outgoing and incoming particles and (). = @)/e is the electric charge of external particles
in elementary units. In the limit ¢ — 0, the identity tends to a differential form, known

as Ward identity [114],

—i" = iQ, %Al(p). (B.32)
17

For external charged pions, we can calcultate the electromagnetic vertex function from
the matrix elements

i = (r= ()| VE' |7 (p)) - (B.33)

In Ref. [10] these matrix elements are evaluated in ChPT at NLO and amount to

M=, {<p' o [1+ )] - 507 - ) f<q2>} , (B.34)

1) = 5 |(@ = 02) T+ o (5= 3)] + 0t (B.341)
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Here, we display all terms, even those that disappear as external momenta are on-shell. For
on-shell momenta (i.e. p* = p'> = M?) only the term proportional to (p’ + p)* contributes
and corresponds to the vector form factor (1.92).

The vertex function satisfies the Ward—Takahashi identity. This can be showed at NLO,
contracting Eq. (B.34) with ¢, and arranging the survived terms in inverse propagators.
The result can be formulated in the form of Eq. (B.31). In the limit ¢* — 0 the same vertex
function satisfies the differential form of the identity, namely the Ward identity (B.32).
These identities reflect that the electromagnetic current as well as the electric charge are
conserved.

In finite volume the vertex function receives additional corrections,

(L) = " + AT™. (B.35)

Here, the first term corresponds to Eq. (B.34) with pion momenta shifted by 9%, = +v%
namely,

M _ Q. {Pﬂu 1) -4 () f<q2>} , (B.36)

where ¢*, P* are defined in Eqgs. (2.79 2.82). The second term includes corrections arising
from loop diagrams,

v P,q”
AP“:Qe{P“G1+2Hg Pu_ungPV_ ng [qHG1+2HSPQp_qﬂFSQp]}

+ Q. {QAﬁgi + [2M72 — (P 4 0ne) = (p ) — q2] A@gi} . (B.37)

The Lorentz vectors AvY”,, A®", are defined in Egs. (2.76, 2.83) and the new functions
read

1
Gl = fn |:/dZ gl()\m q,Q97r+) - g1(>\, 197r+):| (B38a)
0
1
=, / dz (1—22) (s, g, 0y (B.38D)
0
1
HE — €, / dz b (M., g, 0 ). (B.38¢)
0

In the case of on-shell momenta, the second term AI'* reduces to the corrections (2.92).
We note that

2 v
Fg:?qug

1

A@ii = ifw /dZ [fQL()\za q, 197r+) + q'u (1/2 - Z) g2<)‘27 q, ﬁﬂ*)] = (B39)
0

1 H
= +&; /dz {fg()\za%ﬁn*) - Z_g [qv fg()‘zv%ﬂﬂ*)]} )
0
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if g* is non-vanishing momentum and if ¢ = 277 with I € Z*\ {0 }. These relations can
be showed by partial integration and by means of the properties of the derivatives of the
modified Bessel functions of second kind.

We now show that here, the Ward-Takahashi identity holds in finite volume. We
contract the vertex function (B.35) with ¢, and use the relations (B.39). The term ¢,A©",
disappears and many other cancel. The survived terms can be arranged to form inverse
propagators,

—ig, " (L) = —iQ. [qHP“ + QqHAﬁ“;i} =
= iQ. [(p + 0ps)? 2 (p+ V), AV — (ff + 07)” = 2(p) + D), AVL,

= iQ. [A;i,L(p’) - A;i,L(p)} :
(B.40)

In the last step of Eq. (B.40) we add terms canceling with each other in order to obtain
the expression at NLO of propagators,

1
M2Z—(p+0,2)2— A2’

Ars (p) = (B.41)
with AX + given by Eq. (2.26b).

The demonstration of Eq. (B.40) shows that the Ward-Takahashi identity may hold
in finite volume with TBC. Necessary conditions are: the discretization of ¢* and the
renormalization due to A¢”,. The discretization of ¢* assures that the gauge symmetry
is preserved and that the relations (B.39) are valid. The renormalization due to A/,
assures that the right-hand side of the identity can be arranged in inverse propagators.
However, the continuous limit ¢ — 0 can not be taken due to the discretization of ¢*.
This invalidates the differential form of the identity, i.e. the Ward identity (B.32). Note
that the Ward identity is here violated in the spatial components but it remains valid in
the zeroth component as ¢° is continuous.



Appendix C

Generalization (of the First Part) of
the Derivation of Luscher

To study the asymptotic behaviour of the self energy and derive Eqs. (3.28, 3.58) we must
introduce some concepts of Abstract Graph Theory. We follow Ref. [23] and refer to [142]
for further details.

C.1 Abstract Graph Theory

An (abstract) graph ¢ consists of a finite set of lines ., a non-empty finite set of vertices
¥ and two maps i, f: £ — ¥. For every lines { € £ the image elements i(¢), f({) € ¥
represent the initial (resp. final) vertex of ¢ and are commonly called endpoints of ¢. If
the endpoints coincide, i(¢) = f(¢), the line ¢ is a loop line.

In a graph ¢ one can distinguish among different subsets of lines. Loops, paths, trees
are all specific subsets of the line set .Z. A loop in ¢ is a non-empty subset ¥ C £ with
the property that there exists a sequence vy, vy, ..., vy of pairwise distinct vertices and a
sequence (1, ..., y of lines in € such that vy, vyyq are endpoints of ¢, (for k =1,..., N—1)
and vy, v, are endpoints of £y. The simplest case is € = { ¢} where the loop ¥ consists
only of a loop line £. In general, one can define an orientation for a loop € in ¢. To every
line ¢ € € one assigns a number [¢ : ¢] € { —1,1} defined as

e, i) = )
[€:4 = {‘[‘5 0], i i(0) = i(¢) or f(0) = f(£) for £ #£ 2, o

where ¢, f are the maps associated to ¥.

Let ¢4 be a graph which connects two distinct vertices a # b and let .Z be its line set.
A subset & C £ is a path if there exists a sequence a = vy, vs,...,vy = b of pairwise
distinct vertices and a sequence /1, ..., ¢y_1 of lines in & such that vy, v, 1 are endpoints
of /p, € P forall k=1,..., N —1. A path intersects another path if and only if they have
a common line. The notion of paths enables us to introduce connected graphs. A graph
¢ is connected if for any pair of distinct vertices a # b there exists a path in & connecting

215
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a,b. In a connected graph every vertex is an endpoint of some line except for the case
where no lines exist and the graph is just a vertex.

Let ¢ be a connected graph with the line set .Z. A tree in ¢ is a maximal subset
T C £ not containing any loop in 4. If 7 is a tree and a # b are two distinct vertices
in ¢ there exists an unique path & C 7 connecting a,b. Furthermore, if we take the
complement .7* = £\ 7, then for every lines ¢* € 7* there exists a unique loop in ¢4
which belongs to .7 U { £*}. This loop neccessarily passes through the line ¢*.

One can remove lines from a graph ¢. If one removes ¢ € £ from ¢ one obtains
¢\ {¢}. The line set of the new graph is .Z \ { £} but the set of vertices remains 7.
Consequently, the maps of the new graph are 7, f: £\ {{} — 7 . In an analogous way,
one can remove a set of N lines. If ¢ originally was a connected graph, the new graph
G\ {{l,..., 0y} generally decomposes in various connected components. A graph ¥ is
called N-particle irreducible between two vertices a, b, if the vertices a,b always belong
to the same connectivity component of & \ {¢y,...,¢y } irrespective which of the lines
ly, ..., 0N is removed.

The concepts introduced so far enable us to state a first result that we will need after-
wards.

Lemma C.1.1. In a connected graph ¢ let a # b be two distinct vertices and 6, ..., 6N
pairwise disjoint loops. Then, there exists a path &2 in 9 connecting a,b such that either

PNEC; =0 forallj=1,...,N or ZNE; is a path in¥4 for allj=1,...,N.
Proof. A proof of the Lemma can be found in Appendix A of Ref. [23]. 0

On a graph ¢ one can define gauge fields. As a gauge group one can choose Z3. A
gauge field on ¢ is an assignment of an integer vector n*({) = [ﬁ?@)} to every line ¢ of the
line set .Z of 4. A gauge field n*(¢) is equivalent to another one, say m#({), if they are
related through the gauge transformation

mh(0) = n"(0) + AN, Ve Z. (C.2)

Here, AN} = A*(f(¢)) — A*(i(€)) where A¥(v) is a field of integer vectors for each vertex
v € ¥. The set of gauge fields equivalent to n*(¢) forms an equivalence class which we
denote by [n]. If ¢4 is a connected graph, .7 a tree in ¢4 and [n] an equivalence class of
gauge fields the representative field with

nh(0) =0, Ve, (C.3)

is called axial gauge field (relative to 7). One can show that in every class there exists a
unique representative field which is an axial gauge field. Hence, the equivalence class can
be characterized by the values of the axial gauge field along the complement .J* = £\ 7.

There are many kind of equivalence classes. T'wo important ones are the pure gauge
configuration and the simple gauge configuration. The pure gauge configuration is the class
of gauge fields equivalent to n*(¢) = 0, V¢ € £. The simple gauge configuration is the
class of gauge fields equivalent to n*(¢) = 0, V¢ € £ except for one line ¢* which belongs
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to at least one loop in ¢ and for which |n(¢*)] = 1. It is possible to construct a set of
gauge independent simple fields in the following way. Consider .Z, the set of lines ¢ € £
belonging to at least one loop in ¢. Two lines in %, are independent if there exists a loop
in ¢ containing one of them but not the other. One chooses a maximal set of independent
lines {¢1,..., ¢y} C %, and for j = 1,..., N one defines the simple fields,

én, i 0=

0, otherwise,

n(l,j,é) = { (C4)

where é* = [g}, € € 73 with \é\ = 1. Then, for j = 1,..., N the fields n*(¢, j, é) form a
complete list of gauge independent simple fields.

We conclude defining a quantity invariant under the gauge transformation (C.2). Let
% be an oriented loop in 4 and n*(¢) a gauge field on ¢. Then,

WHE,n) = _[€: (n*(L) (C.5)

let

is a gauge invariant quantity and corresponds to the Wilson loop of Lattice Gauge Theory.

C.2 Behaviour of the Self Energy at Large L

We consider a particle P in a finite cubic box of the side length L. At the boundaries we
impose TBC and redefine the fields so that they are periodic. The nature of the particle
P is not fundamental for the following discussion and for simplicity we assume that P is
an hadron®. Our goal is to determine the behaviour of the self energy AXp at large L.

We first study the behaviour of a generic contribution of the self energy. Note, however,
that the results obtained in this section also hold (with appropriate modifications) for the
derivative of the self energy. Let Z be a Feynman diagram contributing to the self energy.
To & we may assign an abstract graph ¢ with the line set .Z, the vertex set ¥ and the
maps i, f: £ — ¥. The graph ¢ is one-particle irreducible and has two external vertices
a, b, which may coincide. External vertices differ from common vertices as they are flowed
by external momenta. In our case, the external momentum p* flows in a and goes out
from b. Note that the momentum p* may be additionally shifted by the twisting angle ¥
according to the flavor content of P.

In position space, the contribution ¢ (2, L) of the diagram Z to the self energy takes
the general form,

/(9’ L) = H /RX[O p d4$L’(U) \V {eip[m(b):v(a)] H G. (Al’g,L)} ) (C.6)

veY e’

Here, ¥/ = ¥ \ {b}, 2*(v) stands for the space-time coordinates of the vertex v € ¥’
and Az} =zt (f(€)) — 2* (i(¢)) for £ € £. The integrand is periodic and the integration

IThis assumption does not change the argumentation of this section.
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runs over R x [0, L]® where R represents the time axis and [0, L]* the finite cubic box.
The integrand consists of products of operators and propagators. The quantity V is a
product of vertex operators. These operators are differential operators originating from the
Lagrangian. They correspond to vertex functions in momentum space. As the Lagrangian
is independent from L [21] the vertex operators do not depend on L. However, they may
depend on twisting angles of external and internal particles. The propagators are in finite
volume. They are gathered in the product [[,. , G (Axy, L). Each propagator is periodic
and decays exponentially in L. Here, we retain only pion propagators as propagators of
heavier particles decay more rapidly at large L.

To estimate the behaviour of # (%, L) at large L we first work out the propagator
Gr (Azy, L). By virtue of the Poisson resummation formula (2.6) the propagator can be
expressed as a sum over the gauge field m#(¢),

d4k3 etke [Azg+Lm(0)]
- (A :
ot Z / + (ke +90)% (©1)

where

(C.8)

- {O, for ¥ along ¢

V", for m* along (.

The twisting angle ¢/ enters in the denominator but not in the exponential function. We
replace k' — kj — 9} and rewrite the propagator

Gr(Azy, L) =Y Gr(Azg+ Lm(()) e 1BeerbmOle (C.9)
m(®)
where 4 A
7 ez ATy
G (Azy) = / o MET R (C.10)

The propagator is now a sum of propagators in infinite volume without any twisting angles.
We take the product over ¢ € £ and factorize the part of the exponential function
depending on Az,

H GW (ASL’@, L) = e_iZzeg Azl H Z GW (Axg —+ Lm(ﬁ)) e—iLm(Z)ﬂZ. (Cll)
e e m(e)

The summation ), ., Az, can be evaluated as follows. Without loss of generality we
may take .Z = {/{1,...,¢x } and consider the graph of Fig. C.1. From the structure of the
graph follows

> Awgy = Z x(f(4y)) — z(2(4;))] e,

= —a(i(0)s, + 2(6(8)) [, — Do)+ + 7)) Do, — D1y ] (C12)

z(i(UN)) (e, — Vey) + 2(f(UN)) ey,
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Figure C.1: Auxiliary graph for the sum of internal twisting angles. The endpoints of each line
correspond to vertices of V. Along the lines £1,...,¢n flow twisting angles 79“1, . ,ﬂZN. Along
external lines flows 0.

where we use f(¢1) = i(l2),..., f({n—1) = i(fy). The square brackets vanish because
at each vertex the sum of the twisting angles is zero [36]. This is a consequence of the
symmetry constituted by the transformations (2.11). Since a = i(¢;) = f({x) and b =
i(fxn), we gather the surviving terms

;%A:Uﬂ?z = z(a (T%N_ﬂ Ve, ) +2(b) (7951\7—;9_ Vo) = Vp[z(b) — 2(a)]. (C.13)

Then, the product of propagators (C.11) may be rewritten as

H Gr (Al‘g, L) —i9 plz(b)—z(a)] H Z G A:L‘g + Lm(ﬂ)) —iLm(£)Y,

let el m(¢)

— o~ Wrlz(b)—z(a)] H ZG A:Eg%»LTL(f) +LAA) —iL] n(é)-i—AAg]w
el n(L)
(C.14)

where in the second equality we transform the gauge field under (C.2) and fix A*(b) = 0.
The last exponential function exp(—iLAA,J,) can be factorized and brought to the left side
of the product symbol. This yields a summutation »,. ., AAJ, which can be evaluated
in the same way as Eq. (C.13). Recalling that A*(b) = 0 we obtain

H Gy (Azy, L) = o1 p[z(b)—z(a)—LA(a)] H ZG (Azy + Ln(l) + LAA,) e iLn(0)Y,
le? el n(L)
(C.15)
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We now return to Eq. (C.6) and insert the expression (C.15). We shift the integration
variable z#(v) — a#(v) — LA*(v) for v € ¥ with A*(b) = 0 and interchange the sum
over n#({) with products and integrals. The contribution ¢ (%, L) becomes a sum over
gauge field configurations { n#(¢) } on ¢4. The sum can be split into two summations [23].
One summation runs over the gauge equivalence classes [n] and the other runs over the
gauge transformation A*(v), v € ¥ with A#(b) = 0. As the integrand is periodic in the
spatial coordinates the second summation can be combined with the integration over z*(v),
v € V', Altogether we have,

L)= Z I (2,n,L) (C.16a)

J(2.n.L) =] / da( { o) @@ TT G (Axy + Ln(E))e—iLWW}.
veY! e’
(C.16b)

We note that the summation over [n] is a well-defined operation. Each term #(Z,n, L) is
gauge invariant and consists of an integration over the whole position space R*. The term
[n] = [0] corresponds to the contribution in infinite volume with the external momentum
shifted by ¥,

7(2,0,L) H/ d4 { —i(p+9p)[z(b)— ]HG (Axzy) } (C.17)
R4

vey’ et

Hence, the contribution of the diagram & to the self energy A¥Xp = Xp(L) — Xp is given
by the difference

AJ(P)= J(2.L)— #(2.0,L)= Y F(2.n L) (C.18)
[n]#[0]

To determine the behaviour of the self energy at large L we need the heat kernel
representation of the propagator,

dty,  _p2e,— Bectin©)?
e K

it v (©19

G, (Azy + Ln(l)) = /0 h

We insert the representation in A_# (%) and perform two substitutions,

L
tg — Mtg, for ¢ ¢ ¥ (CQO&)
z(v) — Lx(v), forve ¥ (C.20Db)

We take the absolute value and obtain

|P1(t£a$>”)| —LM, R(tg,x,n,Ep
A Z(2)] < Z H/ dt, H/ We (& \ (C.21)

[n]£[0] Le.£ vey!
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where s is some power, Py, Py are polynomials and

. _ 1 Az + n(0)]?
R(te,z,n, Ep) = Ep[zo(a) — xo(b)] + 5 E {tg + M} (C.22)
177
tes
with
: ME |p+0p)2 _ Mp
= > > 1. .
Ep V/A43_+ oz 2! (C.23)

The integral (C.21) is of the saddle-point type and for large L can be estimated by ex-
panding around the minimum of the exponent,

£(%,n) = min R(ty,z,n, Ep) = I?in R(ty, x,n,1)

tx,Ep
~ min {ro(a) — o) + 3 |Ar, +n(0)] }. 2
e
Thus, at large L we have
In[|A_Z(2)|| = —LM,e(¥,n) + O(In L). (C.25)
The next Theorem illustrates the main properties of the minimum (¥, n).
Theorem C.2.1. Let 61, ...,%n be pairwise disjoint loops in 4. Then,
N
@z L S (20

where WH (€', n) represents the Wilson loop (C.5). In particular, if n is not a pure gauge
configuration then, £(4,n) > v/3/2.

Proof. We first prove the claim (C.26) and then the particular case. From Lemma C.1.1
we know that there exists a path &7 in ¢ connecting a, b such that either &2 N%; = 0 for
allj=1,...,Nor #ZN%,isapathin ¥ forall j =1,...,N. Note that if a = b one can
set & = (). To every line £ € & one can assign a number [ : (] defined as

P 4] = { 1, for ¢ oriented as & (C.27)

1, otherwise.

The number [ : (] satisfies the properties (C.1) of the orientation number and furthermore

L i) =a
[y,@_{_L if £(¢) = a. (C28)
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Let . C & be a subset of the line set and n*(¢) a gauge field on ¢. We define
e(”,n) = min { — Z (2 : () Az} + Z|A5L’g + n(ﬁ)\}, (C.29)
’ tesNP tes

where Azl = (f(£)) — x# (i(£)). In the case . = 0 we set €(.*,n) = 0. One can show
that this quantity satisfies the following relations

(S, n)=¢e(¥9,n), if ¥ =% (C.30a)
e(S1,n) > e(S,n), if A C . (C.30b)
(AU S, n) > e(S,n) + (S, n), if A NS =0 (C.30¢)

In particular, the relations imply

£(4,n) > Ze(%j,n). (C.31)

Jj=1

Now, to prove the claim of Eq. (C.26) remains to show

3
(Gom) 2 LW& . V=1 N (©32)
We first assume that & N 6; = 0 and consider consecutive vertices vy, ..., vy along ;.
Then,
M
e6,m) = min { lo(0) ~ o) + 4 Glnlca)] . (€33
k=1

where vy 41 = v; and the line ¢, € €} has vi, vi41 as endpoints. We repeatedly use

‘SL’k — Tkt + n\ + ‘xk+1 — XTky2 + m| > ‘SL’k — T2 +n+ m|, (C34)
until we find
M
() 2 min { (o) — alonrer) + 316 s ()]} = WGl (€39
-~ k=1

=0

which is an even stronger inequality than (C.32).

Now, we assume & N%; # () and consider consecutive vertices vy, . .., vy along 6 with
lines ¢y,..., ¢y of €;. As P N € is a path in ¢ (and hence a path in %) it connects two
distinct vertices v, # vs. Thus,

e5,m) = min {an(v0) — an(e) + Y loo) — o(onen) + 6 Gt} (C30)

k=1
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We repeatedly use Eq. (C.34) until we find

e5,m) 2 min {02) = (o) + (0] = (0] + [of02) = a(er) + D165 alnten) |}

k=1
.

4

:Wz%jvn)
(C.37)

For convenience, we introduce the short notation

X = at(vg) — 2t(vy)

C.3
WH = WH(E),n), (C.38)

and rewrite the above inequality,
e(%;,n) > m)gn{XOjL |X|+ X +W|}
ZH}%H{X0+|X0|+|X0+W|} (C.39)
zn}(ion{XOjL\QXO—i—WH.

We compute the minimum through the differentiation over &j and find the inequality (C.32)

(6, n) 2n}1{in{X0+ 4X2 + W2
0

(C.40)
V3 V3
> 2wl = (s, n)l
This concludes the demonstration of the claim of the Theorem,
\/g N
e(4.1) 2 3 3 W () (C.41)

We now prove the particular case. Let .7 be a tree in ¢ and n*({) its relative axial
gauge field. Since n#(¢) is not a pure gauge field there exists a line ¢* € 7* such that
n#(¢*) # 0. For the loop € with ¢\ {£*} C .7, one finds

W (%, n)| = )Z[% : E]n(ﬂ)’ =€ : ()| > 1 (C.42)
les

and hence, £(4,n) > v/3/2. O

The next Theorem identifies the class of gauge fields that gives the dominant contribu-
tion to A_#Z(2).

Theorem C.2.2. Suppose that n is not to a pure gauge configuration and e(4,n) < /3/2.
Then n is a simple gauge field.
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\
Ip - lN N Jp Lp
‘ J
N ~|-
/ - ~
20
) ) 4()\ /<>7

Figure C.2: Skeleton diagrams contributing to the Lischer formula of a particle P.

We skip the complicated proof of this Theorem (which can be found in Ref. [23]) and
show the last steps leading to Eqs. (3.28, 3.58). For all diagrams & the results of above
Theorems can be summarized as

I (D,n,L)= O(e_gLMﬂ), if n is not a pure gauge  (C.43a)

AZ (D)= > F(Z2.nL)+0 ) (C.43b)

[n] simple

where M > \/3/2 M. The sum over all diagrams provides the dominant contribution to
the self energy
ASp=>" > Z(Z.nL)+0 M) (C.44)
2 [n]simple
The class of simple gauge fields [n] can be labelled by the set of independent fields (C.4).
The self energy becomes

ASp=> "3 F(2.6,L)+0( ™M), (C.45)

2 Le9

where the second sum runs over all ¢ in Z which belong to at least one loop and which
are independent from each other. In momentum space, j (2,0, L) is equal to the integral
in infinite volume associated to & but the momenta are shifted by twisting angles and the
integrand is multiplied by

expliLi(l, j,é)ky), (C.46)

where Ky is the spatial momentum flowing through ¢ and n(f,j,é) is defined in (C.4).
These integrals are of the kind represented by the diagrams of Fig. C.2. One can show
that the sum (C.45) matches term by term with those diagrams. In the case where P is a
pseudoscalar meson the diagrams Jp, Lp are absent. Only the diagram Ip contributes to
the self energy

ASp = %P + O(e M), (C.47)

In this case the mass bound can be brought from M = /3/2 M_ to M = /2 M_, see [32].



C.3 Behaviour of the Matrix Elements of Form Factors at Large L 225

C.3 Behaviour of the Matrix Elements of Form Fac-

tors at Large L

In a similar way as in Appendix C.2 we can apply Abstract Graph Theory and study the
behaviour of the matrix elements of form factors at large volume. We consider two hadrons
P, (@ in a finite cubic box of the side length L. At the boundaries we impose TBC and
redefine the fields so that they are periodic. Let & be a Feynman diagram contributing to
the matrix elements of form factors®. To 2 we assign the abstract graph ¢ with the line set
Z, the vertex set ¥ and the maps i, f: £ — ¥'. The graph ¥ is one-particle irreducible
and has three external vertices a, b, c, which may coincide. The external momentum p*
(resp. p'*) flows in a (resp. out from b) while ¢* = (p' — p)* flows in ¢. The momenta may
be additionally shifted by the twisting angle 9%, 196 according to the flavor content of P, ().

In position space, the contribution # (2, L) of the diagram & takes the general form,

/(9’ L) _ H /R - d4{L‘(’U) AV {ei[px(a)—p/m(b)-l—qx(d] H G, (AM, L)} . (048)

vey’ le?

Here, 7/ =7\ {b} and V is a product of vertex operators. The product of propagators
can be worked out as in Eq. (C.11). We have,

T[] G (Aay, L) = e Tiez 20 [T S Gy (A + Lim(£)) &m0, (C.49)
le? e m(¢)

To evaluate the summation ), , Az, we proceed in a similar way as in Eq. (C.13). We
take £ = {{1,...,{y } and consider the graph of Fig. C.3. From the structure of the
graph follows

N

> Awe =) [x(f(8) = x(i(£;)))0e,

e’ j=1
= —a(i(l1))0e, + (1(f2)) [Je, — Vo] + - ..
T
+ x<i<£7’+1))<195r - ﬁfrﬂ) + x<i<£7’+2>> [ﬁfrﬂ - ﬁ€r+2] + ..
T

+2(i(n)WDey_y — Vo) + 2(f(In))Vey,

where we use f(¢1) =i(ls),..., f({n—1) = i({n). The square brackets vanish as the sum of
the twisting angles at each vertex is zero, see Ref. [36]. Since a = i(¢;) = f({n), b =i({n),
¢ =1i({,41), we gather the surviving terms

Z Al‘ﬂ% = :p(a) (Q%N - 1941) +l‘(0) (Q%r - ﬁfrﬂ) +:L‘(b) (19fo1 - 19@1\7) . C.51
tes G, PR e (C51)

(C.50)

2Here, we use the same notation as in Appendix C.2 but the quantities are referred to the matrix
elements of form factors.
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Figure C.3: Auziliary graph for the sum of internal twisting angles.

The product of propagators becomes

H G (Azy, L) = _ oie@?p—z()Iq+a(c)(9p—1q)] H Z G (Azg + Lim(£)) e~ iLm®9e,
tes e mit)
(C.52)
We can further work out the product of propagators if we transform the gauge field un-
der (C.2) and fix A#(b) = 0. This yields an exponential function exp(—iLAAY,) that can
be factorized and evaluated in the same way as Eq. (C.51). The product of propagators
becomes

H G (Azy, L) = ei[x(a)ﬁp—x(b)ﬂQ—f—x(c)(ﬂp—19Q)] ei[LA(a)ﬂp-i-LA(c)(ﬁQ—ﬂp)]

< I1 ZG (Azy 4+ Ln(l) + LAN,) e n@%  (C.53)

le? n(

We insert this expression in Eq. (C.48) and shift the integration variable z#(v) — x*(v) —
LA"(v) for v € ¥ with A*(b) = 0. Then, we interchange the sum over n#(¢) with products
and integrals. The contribution # (%, L) becomes a sum over gauge field configurations
{n*(¢)} on Y. The sum can be split into a summation over [n] and a summation over A#(v),
v € ¥ with A#(b) = 0. Due to the periodicity of the integrand the second summation can
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be combined with the integration over x#(v), v € #”. Altogether, we have

L) = Z I (2,n,L) (C.54a)

I (D,n,L) H / d4 { i[(a)(p+0 p)—2(b) (' +9q)+(c) (g+Iq—1p)]

veY’!
x [ G (Axy + Ln(0)) e#70? } (C.54b)
e’

The contribution # (%, L) is now expressed as a summation over [n] of gauge invariant
terms. The term [n] = [0] corresponds to the contribution in infinite volume with external
momenta shifted by 9%, 0¢),

@ 0, L H / d4 {ei[ac(a)(p+19p)—x(b)(p'+19Q)+x(c)(Q+19Q—1913)] H G, (A:w)} )
R4

vey! tey
(C.55)
Hence, the contribution of the diagram & to the corrections of the matrix elements of form
factors is given by the difference,

AJ (D)= JF(2,L)- #(2,0,L)= Y J(Z.nL) (C.56)
[n]#[0]

By means of the heat kernel representation (C.19) and of the substitutions (C.20) we can
estimate the absolute value,

|P1(tg,{L‘,TL)| —LM, R(tg,z,n,Ep,Eq)
A Z(2)] < Z H/ dt, H/ 7‘7)2@[” e ¢ Q)

[n]£[0] fe.Z ve V!
(C.57)

Here, s is some power, Py, P, are polynomials and

R(te, w,n, Ep, Eq) = Eplxo(a) — wo(c)] + Eqglzo(c) — xo(b)]

42 Z{ —MH”(@]Q} (C.58)

177

Zeg
with
. M2 |g+Jp2 _ Mp
Ep = Lid > > 1 .
P \/Mg PR VRl (C.59%)

- M3 g+ g2 _ M.
_ Mg | [P+ Y Q
Eg = \/ e > 2> (C.59b)
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The integral (C.57) is of the saddle-point type and for large L can be estimated by ex-
panding around the minimum of the exponent,

e(9,n) = min  R(ty,x,n, Ep, EQ) = IItliIl R(te,z,m,1,1)

tx,Ep,Eqg
C.60
= min { zo(a) — 2o(b) + _|Axy +n(l)] }. (C.60)
! e
Thus, at large L we have
In[|A_Z(2)|| = —LM_ (¥ ,n) + O(In L). (C.61)

Note that the minimum e(¥,n) is exactly the same as in the case of the self energy,
see Eq. (C.24). Hence, we can apply the Theorems C.2.1 and C.2.2 without any modifica-
tions. The result is that for all diagrams &,

F(D,n,L)= O(e_éLMﬂ), if n is not a pure gauge  (C.62a)

AZ(D)= > F(Z2.nL)+0 ) (C.62b)

[n] simple

where M > /3/2 M_. The sum over all diagrams provides the dominant contribution to
the corrections of the matrix elements of form factors.



Appendix D
Terms S&)

We list the explicit expressions of the terms S introduced in Chapter 4. Some of them
are parts of the terms SJ(\Z, ng presented in Appendix A of Ref. [32]; others are completely
new. For completeness, we list them all and for each of them we indicate the equation they

appear.

D.1 Pions

We begin with the terms S® appearing in the asymptotic formulae for pions. Remark

that the functions Rf, (RE), (RE)”, QF, (QF)" are defined in Eq. (D.17).
The terms appearing in Eq. (4.55) are

SW(M_o,7) = 3R — 8R} — 8R?

s

4
SW(M o, n%) = 3 (R)+ 2R} — 4R3) .

™

The terms appearing in Eq. (4.61) are

SW(M, 1, 7°) = = (R) + 2R) — AR})

Wl Wl

SW(M,+,7%) = = (11R) — 20R§ — 32R}) .

The terms appearing in Eq. (4.63) are

4 4 / / /
Sp (Mys, 1) = 2 (R — 4R5) — o [(R)' — 2(R5) — 4(RY)'
4 9
SW(M o, 7%) = -3 (5RS +16R2) — 3 [11(RY) + 20(R2)' — 32(R3)] .

The term appearing in Eq. (4.66) is
1
Sy ) = -3 (11R) + 20R5 — 8R}) .
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The terms appearing in Eq. (4.70) are

SO(Fyo, n0) = —4 (R + 2R3) — 3 [B(RR) — 8(RY — 8(R3)] .
SO (F, ) = 5 (R -+ 2Ry — ARE) — = [(RY + 2(RY —A(RD].
The terms appearing in Eq. (4.74) are
SO(Fys, %) = = (R + 2R) — AR3) — 5 [(R3Y -+ 2(RYY — A(R3)' .
SW(Fx,7%) = % (R — 4R} — 16R}) — % [11(RJ) — 20(Rg) — 32(R})'] . |
The terms appearing in Eq. (4.75) are
SH) (P, ") = 5 (RS~ 4R) — 2 [3(REY — S(RE) — S(RY)
2[R~ 2(R3)” — A(RY)) .
SW(Fpe, nF) = —2 (R + 8Rg) + % [3(Ry) + 8(R3) + 32(Ry)'] |
+ % [11(R})" + 20(R3)" — 32(R})"] -
The term appearing in Eq. (4.78) is
S, ) = —g (R§ +4R; — 4R]) + é [11(Ry) + 20(R3) — 8(R3)'] - (D.8)
The terms appearing in Eq. (4.82) are
SO(Gan, 7 = 3R + 4R} — o [3(RYY — 8(RYY — 8(R3)] oo
SO (Gon, ) = 2 [(RY) + 2R~ 4(] |
The terms appearing in Eq. (4.88) are
SO (G, 7) = —5 [(RYY +2(R) — (R
) (D.10)
SW(Ge, nF) = —3R) + 4R} — 5 [11(RY) — 20(Ry) — 32(R3)'] -
The terms appearing in Eq. (4.89) are
S (Gt ) = 2 [(RY) — A(RR)Y — (RY)" +2(R3)" + 4(R3)'] .

28 / / 1 /! i /!
SW(Grs, 7)) = 4R + < [(RE) +2(R2)] + 5 [11(RY)" + 20(R2)" — 32(R3)"] .
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The term appearing in Eq. (4.92) is
1
SW(dy ) = 3Ry +4R; + 5 [11(Rg) +20(R;) — 8(R3)'] - (D.12)

The terms appearing in Eq. (4.98) are

S = 5 (3R¢ — 8Ry — 8R5) — (3Q5 — 8Qp — 8Q3)
4) 20 0 2 4 0 1 2 <D'13)
S (rg ) =5 (R + 2Ry — 4R5) — 2 (Qo +2Q0 — 40%)
The terms appearing in Eq. (4.102) are
g@ xt 0 _E RY 4 9R! _ 4R? _2 04 90 _ 402
(5777)—3(0Jr 0 o) 3(Q0+ Qo — 4Q5) (D.14)
1 :
ST 1) = g (11R) — 20Ry — 32R3) — 3 (11Q5 — 20Q5 — 32Q7) -
The terms appearing in Eq. (4.103) are
4
Sp/(T5 1) = 14 = Crs] [Rg — 4RS — (Ry)' +2(Rg) + 4(RY)'|
4
— 3 [Qo — 405 — (Qo)' +2(Q0)" +4(Qy)']
(D.15)

2
SWrT" 7%) = —5[4 = Cns] [10R} + 32R2 + 11(R}) + 20(R2) — 32(R3)']

+2 100} + 3203 + 11(QY) +20(Q3) — 32(@3)]

Here, Ce = M_/(M,_ + Dy+) and Dyx = / M2 + |02 —

The term appearing in Eq. (4.104) is

5 1
519 (Ox+) = —3 (11Rg +20Rg — 8R) + 5 (11Q5 + 2005 — 8Q%) - (D.16)
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The functions RE, (REY (RE)”, QF, (QF)" entering the above expressions are defined as
Rg = Rg(Axl])

R ) k
— / dy y*e M TIVITY 5 (9 4 94y, for even
Im R k odd

(Rg)" = (Bg)' (Axl])

R - > k
—° / dy y*e M TIVITY o/(2 4 24y), for even
Im R k odd

(Rg)" = (Rg)"(Al7]) (D.17)
_Re / dy yFe M IIVIFY 072 4 24y), for K even
Im R k odd,

Q5 = Q5 (Axl7il)

R el k
— / dy y* M\ |71 /1 + y2e IV (9 4 94g)), for eve
Im R k odd

(@) = (Q5) (A<l7])

R ] 2
=1 / dy y* Aefi]\/1+ y2e IV g/(2 4 24) for even
Im R k odd

where

oc—1
g(z) = olog (cr+ 1) +2 (D18)
o=+1-4/z,

and ¢'(z), g"(x) are the first and second derivative of g(z) with respect to z. Note that g(x)
is related to the loop-integral function J(¢?) = J(¢*) — J(0) evaluated in d = 4 dimensions,

S 1
16) = | oy s g (D.19)

according to g(r) = (4m)? J(xM?).
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D.2 Kaons

We list the terms S® appearing in the asymptotic formulae for kaons. Remark that the
functions S]'?—,IQ are defined in Eq. (D.30). In the next expressions, we denote the ratio of
mass squares as £pg = Mp/Mg where P,Q = 7, K, 1.

The term appearing in Eq. (4.109) is

_ 3 5 19
SO (Mo, %) = 2%}(/2{ + 551+ Trrc)?S%L — S+ Trn)SKE — gsigr
o i(l _ .1'2 )503
]_6 K K
13 3
+g1- Trk) Sy — 5 (znr S + Sics) b2
1 2g01 1 L1 3 g21 (D-20)
+ %( +x7TK) SnK - g(l +"L‘7TK)S77K - gSnK
1
— 1—6(1 + SL’WK) (5 — 2.1}]( — 31’77[() ng()
3 3
+§@_2%K+xﬁggg_§ch$§+s§)}
The term appearing in Eq. (4.111) is
(4) o —1)2 5 13 9 al,2
Sp' (M, ™) =2z _§(1+x7TK)SK7r_1_6(1+x7TK) SKn
13
+ §(1 - xﬂK)SIléijr
3 19
s - D - i)
5 13
— Z(l + xﬂK)Sf(’i + Z(l — xﬂK)Sf(’i
+ 3 (@rxSKy — Sgx + Siin) D)
1 11 1 A D.21
— §<1 + xﬂK)SnK — 4—8(1 + Trk) Spic
3
+ g(l — 2Lni + Ty ) Sy
1 3
+ §<1 + wa) (5 — 2. — 3.1’,7]() S%ﬁ — Z (Sg’é — Ss’[?)
1 3

+ﬂ%K$£—$§+$®}.
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The term appearing in Eq. (4.114) is

3 3
S0(0s,,) = a7k { = {1+ oak*Sh + 51— 22K

5 13 3
_ 1(1 + zox)S2l 4 Z(l — i) SPE 4 15}9’&

- b S+ 502 6~ 2k~ B SR
- 2(1 + Tax)Soie + %(1 — 2 + i) Sy + 45%
3 (081 1 5%) }
The term appearing in Eq. (4.118) is
5 (Fs, ) = 2032 - D0+ S - 20+ e
+ 156(1 + i) S + 332 (1= 527x) St
+ é (16 — Bapre) S5+ ZS?Z’F
+ 3% (1—22) Sy
- %(1 e 12 (25%, — S¥2)
_ Z (zrk Sy 428570 — kg SYS — S?(’?r) (D.23)
- 11_6(1 + Tk ) Syic — 1;2(1 + 2ex) Sy |
+ %(1 + Tai) Sy — 312 (11 + 22 — 9gic) Syi¢
n é(4 — 2T + 3Ty ) S + 45513
+ 5 (Ut @) (5 = 2 = 3mi) St
_ 13_6(1 — 2z, + $nK)S717}§ 136 (2 S?;Ii sz?)
3

0,5 2,5 0,6 2,6
= 7 (@ Sy + 25,5 — T Sy — i) }
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The term appearing in Eq. (4.120) is

. 5 5
SO (Fpew, 7% = 2xﬂl(/2{ (1 + ) Sk + (1 Ti) S

1 1
+ g(16 — 52,k ) SR — 1(4 Tric)S i

3
32<1 + SL’WK) Sll(Zr
(- a2k
1 1
+ g(14 — 52,k) %0 + 1 (16 — 52,5) Sy

13
+ (1 + 2ax) Spl — g(l — o) Ss

W oo | Ot

1,6 1,9 2,6 3,9
+ 3 ('TWK SKﬂ' — TrK SKﬂ' + SKﬂ' - SKT(')

19

[\]

< (25K — 255 + Si7)

42 (538 - s%) 3 (53 - 1)

(D.24)

»—n‘\“C"oo

1
1,4

1
g4 = 2 + 32yx) Syie + 7 (24 220 = 3T5) S ¢

et Tai) Syic +

1 17
—|— —6(1 + $WK)2S,7K

9

116(1 + Zri) (5 — 2Tk — 3TyK) S}ﬂ?
b 22— aa) SR + (4= 2 + Bk S5
S04 )3 = 2 (1= 2 + i) 52
+ g (#r Spie = Tric Sy + S — Syic)
_ g (255 —2.5%2 4 S37)
P (i) s (st s |
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The term appearing in Eq. (4.123) is

3 3
S0(015,.) = k] + {1+ 0?8 - (1= SIS
3 5
- E(l — 22 ) Ky — g(l + Terc) S
5 1
+ §<1 + e )Sa + Z(16 — 5, )SH
13 3 3,1 3 3,2
- g(l — Ta) Sy + ZSKW - gsm
5
25 sk
3
+ 5 (SL’WK Sfl(?r — TrK Sflé(jr - S?(’?r)
]' 2 ol,2 1 51,3 (D25)
+ %(1 + Tri )" S, + 1_6(11 + 2%rr — 97K ) S, i
1 1
— E<1 + an)<5 — 2T,k — 3.73,7]()5;7]? - g( + wa)Sg}i
1 1
+ g(l + 2a)Siie + 1(4 — 2T + Bwyx) S
3 2.4 3 3,1 3 3,2
3
— S5k +35,%
3 3,6
+ 5 (ZL‘WK S}Z}? — TrK S;’I? — SW’K) }
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The term appearing in Eq. (4.128) is

_ 3 3
SO(Grs,m%) = 2377%/2{ — 5+ Tk ) S — (14 2k )2 S

55 (1= 200) (3 4 Trrc) S
3
3 3
+ ZxﬂK S?(E)r + il’ﬂ—[( S?(’?T
5 1,1 5 1,2
+ 1—6(1 + 2,x)SK, + 1—6(1 + T,x)SK
1 13
+ g(?) + S.TWK)S}(’?T — 1—6(1 — SL’WK)S}(’?T
19 5 3 a6
+ 1_65%1 + ZS?éi + ZSK’W
: ) (D.26)
2 00,1 2 0,2
— %<1 —|—.§U7|—K) SWK — @(1 +.T7TK) SWK
0,3
— 5(1 — 2255 ) (1 = 2275 — 310) S, ¢
1 0,4
-+ @(1 + IL'WK)(5 — 25L‘7rK - 31'77[()5”’[(
3 0,5 3 0,6
+ Z.TWK SnK + Z.TWK SnK
1 1,1 1 1,2
+ 1—6(1 + Taxc) Sy + E(1 + wa)SnK
1 3
+ §(1 +42,5) Sy — E@ — 2Tni + Ty ) Sy

3 2,2 3 2,3 3 2,6
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The term appearing in Eq. (4.129) is

_ 5 1

1
+ g(?’ + 8a,5) S

1
(11 — 1da g — 322,)SEE

8

3 1,6 3 1,7
— al‘ﬂ[{ SKﬂ' + 3—2(1 + ZL‘WK)QSK7r

3 , 3 1,9
- 1_6<1 - ﬁK)S}(i - §x7rK Skr

1 5
+ §(24 + 5 )SEE + 55?5;

1 3

+ g(l + i) Sy — ?(1 — 7ak)Six
st San
21 8 2 1 (D.27)
i 1_6<1 + lUﬂK)S;}i + 4—8( + 2.x)(4+ xﬂK)Séﬁ
+ %(1 + 4w, ) So
_ %(1 — Tpx + 3Tpr — 202 — 3%}(%1{)&1}?
oo S+ g1+
— 1—16(1 + Tri ) (5 — 220k — 35577K)S$}§ - ;%K Srlz}?
+ %( + Tox) S + 25555
+ i(l +43) St + 252;?
4SO )Y = 2 (1= 2k + i) S

. §S3,4 . §S3,7 . §S3,9}.

277K 877K 217K
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The term appearing in Eq. (4.133) is

(&) (Vg ) = x;}({

D.3 Eta Meson

1
+ g(1 + 22) S + (14 22) S

3 3
+ 1—6(1 + Ta )2 SEE + 3—2(1 + 2.5 )2 S i
3
E(l — 22,) (3 + Tri ) S
3
EQ - x?rK)S}(i
3 3
§$nK 5}(51 - §$7rK S%(i
5 2,1 5 2,2
+ g(1 + 2, x)SK, + g(l + T,k)SES
1 13
Z<3 + SSL’WK)SIQ(EF — §<1 — .T}WK)SIQ(’Z;
3 5) 3
- gsg’éi - §5§<’i - 555’%? b 28
1 2 0l,1 1 2 1,2 ( ' )
+ @(1 + wa) SWK + %(1 + SL’WK) SnK
E(l — 222 ) (1 = 22k — 3Tyi) Sy
1
E<1 + wa)<5 — 2.1}]( — 31’77[()5;’[?
3 15 3 1,6

1

2,2

8

1 3
+ Z<1 +42,5)Soe = (1 = 22nk + i) S

8
3 3,2 3 3,3 3 3,6
<Sic = 55 = 35k ¢-

We present the term S™ appearing in the asymptotic formula for the eta meson. Remark
that the functions Tf,’é are defined in Eq. (D.30). In the next expressions, we denote the
ratio of mass squares as rpg = M]%/M% where P, Q) = 7, K, n.

The term appearing in Eq. (4.137) is

3/2
o 2
S<4>(M,7 ) =2 {—x; Ty — 23:;{72 Ty — 33;;;/2 Ty + =232 T,;);}} .

The functions Sﬁ’é, T;ﬁé

5 (D.29)

entering the expressions for kaons and eta meson are defined
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as

Skt = Sk (Aaliil)

R Ttg?
:{ ¢ N;z:ff;l / dy yFe =17l (l oM+ M2+ 2iM M_y)
R

Im
k even
for
{k odd

(D.30)
Tro = Trg(Aal)

R T
:{ ¢ N;z:('“Jrl / dy yFe =1 (l) (M2+M2+2zM M_y)
R

Im
k even
for
k odd.
Here, N = (47)? and
9oo (@) = Tpo(z)  ghg(r) = ME Tho(z)  gip(z) = M Jho(z)
9ip (1) = Kpo()  gbh(x) = ME Kpo(x)  ghp(x) = Mi Kpg() (D.31)
9oo(@) = Mpo(z)  gisp(x) = MZ Mpo(x) gby(x) = My Mpo(x).

The explicit forms of gg)Q(x) were presented in Ref. [48]. They can be expressed in terms
of the loop-integral function Jpg(q?) = Jpg(q?) — Jpg(0) evaluated in d = 4 dimensions,

S 1
Jre(d’) = / 2 iD= A MR~ (D.32)

Using the abbreviations,

Jt)=Jpot) t=¢ A=M>—m?
K(t) = Kpo(t) M= Mp % =M?+m? (D.33)
M(t) = Mpg(t) m=DMg p=(t+A)—4tM?

the above functions take the forms

- 1 A m?2 X m? Jp, (t+p)?—A?
J(t) = N 2+ — IHW—ZIDW—Tln(t_\/ﬁ)Z_AQ}
K(t) = %J(t) (D.34)

12t[t—22]j()+—J()+——— >+

i 1 A? 1 1 2M%*m?  m?
18N 6Nt
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We conclude with a remark on the analycity of the loop-integral functions. In the
asymptotic formulae the loop-integral functions are evaluated in the complex plane along
the imaginary axis. Eq. (D.34) represents an analytic continuation for the loop-integral
functions to the complex plane. In one case the representation (D.34) is not an unambigous
analytic continuation: for Jpg(M3 + M% + 2iMpMgy) due to the negative value of p =
—4MpME(1+y?). In Ref. [32] an analytic continuation was proposed but it was not fully
correct. Here, we give the correct analytic continuation. One must take the positive value

of the square root,
VP =2iMpMg+/1+ 92, (D.35)

for which the logarithm in (D.34) becomes

(t+\/ﬁ)2—A2: y
(t—/p)? — A2 1+y2)2 —y

In + i, for all y € R, (D.36)






Bibliography

1]
2]
3]

[4]

[9]
[10]

[11]

[12]

[13]

[14]

K. G. Wilson, “Confinement of Quarks,” Phys. Rev., vol. D10, pp. 24452459, 1974.
K. Olive et al., “Review of Particle Physics,” Chin. Phys., vol. C38, p. 090001, 2014.

E. Fermi, “Tentativo di una Teoria dell’Emissione dei Raggi ‘Beta’,” La Ricerca
scientifica, vol. 2, no. 12, 1933.

E. Fermi, “Tentativo di una Teoria dei Raggi 8,” Nuovo Cim., vol. 11, no. 1, pp. 1-19,
1934.

E. Fermi, “Versuch einer Theorie der S-Strahlen. 1.;” Zeitschrift fir Physik, vol. 88,
no. 3-4, pp. 161-177, 1934.

H. Euler, “Uber die Streuung von Licht an Licht nach der Diracschen Theorie,”
Annalen der Physik, vol. 418, no. 5, pp. 398-448, 1936.

H. Euler and W. Heisenberg, “Folgerungen aus der Diracschen Theorie des
Positrons,” Zeitschrift fiir Physik, vol. 98, no. 11-12, pp. 714-732, 1936.

T. Appelquist and J. Carazzone, “Infrared Singularities and Massive Fields,” Phys.
Rev., vol. D11, p. 2856, 1975.

S. Weinberg, “Phenomenological Lagrangians,” Physica, vol. A96, p. 327, 1979.

J. Gasser and H. Leutwyler, “Chiral Perturbation Theory to One Loop,” Ann. Phys.,
vol. 158, p. 142, 1984.

J. Gasser and H. Leutwyler, “Chiral Perturbation Theory: Expansions in the Mass
of the Strange Quark,” Nucl. Phys., vol. B250, p. 465, 1985.

J. Gasser, M. E. Sainio, and A. Svarc, “Nucleons with Chiral Loops,” Nucl. Phys.,
vol. B307, p. 779, 1988.

E. E. Jenkins and A. V. Manohar, “Baryon Chiral Perturbation Theory Using a
Heavy Fermion Lagrangian,” Phys. Lett., vol. B255, pp. 558-562, 1991.

V. Bernard, N. Kaiser, and U.-G. Meissner, “Chiral Dynamics in Nucleons and Nu-
clei,” Int. J. Mod. Phys., vol. E4, pp. 193-346, 1995.

243



244 Bibliography

[15] T. Becher and H. Leutwyler, “Baryon Chiral Perturbation Theory in Manifestly
Lorentz Invariant Form,” Fur. Phys. J., vol. C9, pp. 643-671, 1999.

[16] S. Weinberg, “Nuclear Forces from Chiral Lagrangians,” Phys. Lett., vol. B251,
pp- 288-292, 1990.

[17] S. Weinberg, “Effective Chiral Lagrangians for Nucleon - Pion Interactions and Nu-
clear Forces,” Nucl. Phys., vol. B363, pp. 3-18, 1991.

[18] S. Weinberg, “Three-Body Interactions among Nucleons and Pions,” Phys. Lett.,
vol. B295, pp. 114-121, 1992.

[19] J. Gasser and H. Leutwyler, “Light Quarks at Low Temperatures,” Phys. Lett.,
vol. B184, p. 83, 1987.

[20] J. Gasser and H. Leutwyler, “Thermodynamics of Chiral Symmetry,” Phys. Lett.,
vol. B188, p. 477, 1987.

[21] J. Gasser and H. Leutwyler, “Spontaneously Broken Symmetries: Effective La-
grangians at Finite Volume,” Nucl. Phys., vol. B307, p. 763, 1988.

[22] M. Liischer, “On a Relation between Finite Size Effects and Elastic Scattering Pro-
cesses,” 1983. Lecture given at Cargese Summer Inst., Cargese, France, Sep. 1-15.

[23] M. Liischer, “Volume Dependence of the Energy Spectrum in Massive Quantum Field
Theories. 1. Stable Particle States,” Commun. Math. Phys., vol. 104, p. 177, 1986.

[24] G. Colangelo, S. Diurr, and R. Sommer, “Finite Size Effects on M, in QCD from
Chiral Perturbation Theory,” Nucl. Phys. Proc. Suppl., vol. 119, pp. 254-256, 2003.

[25] G. Colangelo and S. Diirr, “The Pion Mass in Finite Volume,” Eur. Phys. J., vol. C33,
pp. 543553, 2004.

[26] G. Colangelo, U. Wenger, and J. M. Wu, “Twisted Mass Finite Volume Effects,”
Phys. Rev., vol. D82, p. 034502, 2010.

[27] A. Ali Khan et al., “The Nucleon Mass in Ny = 2 Lattice QCD: Finite Size Effects
from Chiral Perturbation Theory,” Nucl. Phys., vol. B689, pp. 175-194, 2004.

[28] Y. Koma and M. Koma, “On the Finite Size Mass Shift Formula for Stable Particles,”
Nucl. Phys., vol. B713, pp. 575-597, 2005.

[29] G. Colangelo, A. Fuhrer, and C. Hafeli, “The Pion and Proton Mass in Finite Vol-
ume,” Nucl. Phys. Proc. Suppl., vol. 153, pp. 41-48, 2006.

[30] G. Colangelo, A. Fuhrer, and S. Lanz, “Finite Volume Effects for Nucleon and Heavy
Meson Masses,” Phys. Rev., vol. D82, p. 034506, 2010.



Bibliography 245

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]
[41]

[42]
[43]
[44]

[45]

[46]

[47]

G. Colangelo and C. Hafeli, “An Asymptotic Formula for the Pion Decay Constant
in a Large Volume,” Phys. Lett., vol. B590, pp. 258-264, 2004.

G. Colangelo, S. Diirr, and C. Hafeli, “Finite Volume Effects for Meson Masses and
Decay Constants,” Nucl. Phys., vol. B721, pp. 136-174, 2005.

G. de Divitiis, R. Petronzio, and N. Tantalo, “On the Discretization of Physical
Momenta in Lattice QCD,” Phys. Lett., vol. B595, pp. 408-413, 2004.

G. M. de Divitiis and N. Tantalo, “Non-leptonic Two-Body Decay Amplitudes from
Finite Volume Calculations,” 2004.

D. Guadagnoli, F. Mescia, and S. Simula, “Lattice Study of Semileptonic Form Fac-
tors with Twisted Boundary Conditions,” Phys. Rev., vol. D73, p. 114504, 2006.

C. T. Sachrajda and G. Villadoro, “T'wisted Boundary Conditions in Lattice Simu-
lations,” Phys. Lett., vol. B609, pp. 73-85, 2005.

F.-J. Jiang and B. C. Tiburzi, “Flavor Twisted Boundary Conditions, Pion Momen-
tum, and the Pion Electromagnetic Form Factor,” Phys. Lett., vol. B645, pp. 314—
321, 2007.

J. Bijnens and J. Relefors, “Masses, Decay Constants and Electromagnetic Form
Factors with Twisted Boundary Conditions,” 2014.

H. Hellmann, Finfihrung in die Quantenchemie, p. 285. Leipzig: Franz Deuticke,
1937.

R. P. Feynman, “Forces in Molecules,” Phys. Rev., vol. 56, pp. 340-343, 1939.

H. Green, “A Prerenormalized Quantum Electrodynamics,” Proc. Phys. Soc.,
vol. A66, pp. 873-880, 1953.

Y. Takahashi Nuovo Cim., vol. Ser 10, p. 370, 1957.
Y. Takahashi, “On the Generalized Ward Identity,” Nuovo Cim., vol. 6, p. 371, 1957.

J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M. Sainio, “Pion-Pion Scattering
at Low Energy,” Nucl. Phys., vol. B508, pp. 263-310, 1997.

V. Bernard, N. Kaiser, and U. G. Meissner, “mK-Scattering in Chiral Perturbation
Theory to One Loop,” Nucl. Phys., vol. B357, pp. 129-152, 1991.

V. Bernard, N. Kaiser, and U. G. Meissner, “mn-Scattering in QCD,” Phys. Rewv.,
vol. D44, pp. 3698-3701, 1991.

G. Colangelo, M. Finkemeier, and R. Urech, “Tau Decays and Chiral Perturbation
Theory,” Phys. Rev., vol. D54, pp. 4403-4418, 1996.



246 Bibliography

[48] J. Bijnens, G. Colangelo, and J. Gasser, “Ky-Decays Beyond One Loop,” Nucl.
Phys., vol. B427, pp. 427-454, 1994.

[49] S. Aoki et al., “2+1 Flavor Lattice QCD toward the Physical Point,” Phys. Reuv.,
vol. D79, p. 034503, 2009.

[50] S. Aoki et al., “Physical Point Simulation in 2+1 Flavor Lattice QCD,” Phys. Reuv.,
vol. D81, p. 074503, 2010.

[51] R. Baron et al., “Light Hadrons from Lattice QCD with Light (u,d), Strange and
Charm Dynamical Quarks,” JHEP, vol. 06, p. 111, 2010.

[52] J. Hu, F.-J. Jiang, and B. C. Tiburzi, “Current Renormalization in Finite Volume,”
Phys. Lett., vol. B653, pp. 350-357, 2007.

[53] H. Georgi, “Effective Field Theory,” Ann. Rev. Nucl. Part. Sci., vol. 43, pp. 209-252,
1993.

[54] A. Pich, “Effective Field Theory: Course,” pp. 949-1049, 1998.
[55] G. Ecker, “Effective Field Theories,” 2005.

[56] C. Burgess, “Introduction to Effective Field Theory,” Ann. Rev. Nucl .Part. Sci.,
vol. 57, pp. 329-362, 2007.

[57] S. Weinberg, “Effective Field Theory, Past and Future,” PoS, vol. CD09, p. 001,
2009.

[58] H. Leutwyler, “On the Foundations of Chiral Perturbation Theory,” Ann. Phys.,
vol. 235, pp. 165-203, 1994.

[59] E. D’Hoker and S. Weinberg, “General Effective Actions,” Phys. Rev., vol. D50,
pp- 6050-6053, 1994.

[60] H. Fritzsch, M. Gell-Mann, and H. Leutwyler, “Advantages of the Color Octet Gluon
Picture,” Phys. Lett., vol. B47, pp. 365-368, 1973.

[61] S. Weinberg, “Non-abelian Gauge Theories of the Strong Interactions,” Phys. Rewv.
Lett., vol. 31, pp. 494-497, 1973.

[62] S. Scherer, “Introduction to Chiral Perturbation Theory,” Adv. Nucl. Phys., vol. 27,
p. 277, 2003.

[63] “First Combination of Tevatron and LHC Measurements of the t-Quark Mass,” 2014.

[64] D. Gross and F. Wilczek, “Ultraviolet Behavior of Non-abelian Gauge Theories,”
Phys. Rev. Lett., vol. 30, pp. 1343-1346, 1973.



Bibliography 247

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

78]

[79]

[30]

D. Gross and F. Wilczek, “Asymptotically Free Gauge Theories. 1.,” Phys. Reuv.,
vol. D8, pp. 3633-3652, 1973.

H. Politzer, “Reliable Perturbative Results for Strong Interactions?,” Phys. Rewv.
Lett., vol. 30, pp. 1346-1349, 1973.

D. Gross and F. Wilczek, “Asymptotically Free Gauge Theories. 2.,” Phys. Reuv.,
vol. D9, pp. 980-993, 1974.

D. J. Gross, “Twenty Five Years of Asymptotic Freedom,” Nucl. Phys. Proc. Suppl.,
vol. 74, pp. 426-446, 1999.

F. Wilczek, “Asymptotic Freedom: from Paradox to Paradigm,” Proc. Nat. Acad.
Sci., vol. 102, pp. 8403-8413, 2005. Lecture given in acceptance of the Nobel Prize,
Dec. 2004.

A. M. Jaffe and E. Witten, “Quantum Yang—Mills Theory,” 2000. Clay Mathematics
Institute Millenium Prize problem.

E. Noether, “Invariant Variation Problems,” Gott. Nachr., vol. 1918, pp. 235257,
1918.

S. L. Adler, “Axialvector Vertex in Spinor Electrodynamics,” Phys. Rev., vol. 177,
pp. 2426-2438, 19609.

S. L. Adler and W. A. Bardeen, “Absence of Higher Order Corrections in the Anoma-
lous Axialvector Divergence Equation,” Phys. Rev., vol. 182, pp. 1517-1536, 1969.

W. A. Bardeen, “Anomalous Ward Identities in Spinor Field Theories,” Phys. Reuv.,
vol. 184, pp. 1848-1857, 1969.

J. Bell and R. Jackiw, “A PCAC Puzzle: 7° — ~~ in the Sigma Model,” Nuowvo
Cim., vol. A60, pp. 47-61, 1969.

M. Gell-Mann and Y. Neemam, “The Eightfold Way: a Review with a Collection of
Reprints,” 1964. W. A. Benjamin, Publisher (QCD161:G4).

Y. Nambu, “Axialvector Current Conservation in Weak Interactions,” Phys. Rev.
Lett., vol. 4, pp. 380-382, 1960.

Y. Nambu and G. Jona-Lasinio, “Dynamical Model of Elementary Particles Based
on an Analogy with Superconductivity. 1.,” Phys. Rev., vol. 122, pp. 345-358, 1961.

Y. Nambu and G. Jona-Lasinio, “Dynamical Model of Elementary Particles Based
on an Analogy with Superconductivity. 2.,” Phys. Rev., vol. 124, pp. 246254, 1961.

P. Stoffer, “A Dispersive Treatment of K, Decays,” master thesis, 2010.



248

Bibliography

[81]

[82]

[83]

[84]

[87]

[33]

[39]

[90]

[91]
[92]
93]

J. Goldstone, “Field Theories with Superconductor Solutions,” Nuovo Cim., vol. 19,
pp. 154-164, 1961.

J. Goldstone, A. Salam, and S. Weinberg, “Broken Symmetries,” Phys. Rev., vol. 127,
pp- 965-970, 1962.

S. R. Coleman and E. Witten, “Chiral Symmetry Breakdown in Large N. Chromo-
dynamics,” Phys. Rev. Lett., vol. 45, p. 100, 1980.

G. 't Hooft, C. Itzykson, A. Jaffe, H. Lehmann, P. Mitter, et al., “Recent Devel-
opments in Gauge Theories. Proceedings, Nato Advanced Study Institute, Cargese,
France, August 26 - September 8, 1979,” NATO Sci. Ser. B, vol. 59, pp. pp.1-438,
1980.

C. Vafa and E. Witten, “Restrictions on Symmetry Breaking in Vector-Like Gauge
Theories,” Nucl. Phys., vol. B234, p. 173, 1984.

S. Aoki, Y. Aoki, C. Bernard, T. Blum, G. Colangelo, et al., “Review of Lattice
Results Concerning Low-Energy Particle Physics,” Fur. Phys. J., vol. C74, no. 9,
p- 2890, 2014.

A. Bazavov, C. Bernard, C. DeTar, X. Du, W. Freeman, et al., “Staggered Chiral
Perturbation Theory in the Two-Flavor case and SU(2) Analysis of the MILC Data,”
PoS, vol. LATTICE2010, p. 083, 2010.

Y. Aoki et al., “Continuum Limit Physics from (2 + 1)-Flavor Domain Wall QCD,”
Phys. Rev., vol. D83, p. 074508, 2011.

S. Borsanyi, S. Durr, Z. Fodor, S. Krieg, A. Schafer, et al., “SU(2) Chiral Perturbation
Theory Low-Energy Constants from (2 + 1)-Flavor Staggered Lattice Simulations,”
Phys. Rev., vol. D88, p. 014513, 2013.

H. Leutwyler, “Introduction to Chiral Perturbation Theory,” 2008. Lectures given
at Summer School on Flavor Physics, Benasque, July 13-17.

B. Borasoy, “Introduction to Chiral Perturbation Theory,” pp. 1-26, 2007.
B. Kubis, “An Introduction to Chiral Perturbation Theory,” 2007.

J. Wess and B. Zumino, “Consequences of Anomalous Ward Identities,” Phys. Lett.,
vol. B37, p. 95, 1971.

E. Witten, “Global Aspects of Current Algebra,” Nucl. Phys., vol. B223, pp. 422-432,
1983.

S. Weinberg, “Non-linear Realizations of Chiral Symmetry,” Phys. Rev., vol. 166,
pp. 1568-1577, 1968.



Bibliography 249

[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

S. R. Coleman, J. Wess, and B. Zumino, “Structure of Phenomenological La-
grangians. 1.,” Phys. Rev., vol. 177, pp. 2239-2247, 1969.

C. G. Callan, Jr., S. R. Coleman, J. Wess, and B. Zumino, “Structure of Phenomeno-
logical Lagrangians. 2.,” Phys. Rev., vol. 177, pp. 2247-2250, 1969.

M. Gell-Mann and M. Levy, “The Axial Vector Current in Beta Decay,” Nuovo Cim.,
vol. 16, p. 705, 1960.

J. Bernstein, S. Fubini, M. Gell-Mann, and W. Thirring, “On the Decay Rate of the
Charged Pion,” Nuovo Cim., vol. 17, no. 5, pp. 757-766, 1960.

K.-C. Chou, “On the Pseudovector Current and Lepton Decays of Baryons and
Mesons,” Soviet Physics JETP, vol. 12, p. 492, 1961.

R. Akhoury and A. Alfakih, “Invariant Background Field Method for Chiral La-
grangians Including Wess—Zumino Terms,” Ann. Phys., vol. 210, pp. 81-111, 1991.

J. Bijnens, G. Colangelo, and G. Ecker, “The Mesonic Chiral Lagrangian of Order
p%,” JHEP, vol. 9902, p. 020, 1999.

J. Bijnens, L. Girlanda, and P. Talavera, “The Anomalous Chiral Lagrangian of
Order p®,” Eur. Phys. J., vol. C23, pp. 539-544, 2002. 12 pages, misprint in table
2 corrected Report-no: LU TP 01-34, DFPD-01/TH/25, CPT-2001/P.4256 Journal-
ref: Eur.Phys.J. C23 (2002) 539-544.

T. Ebertshauser, H. Fearing, and S. Scherer, “The Anomalous Chiral Perturbation
Theory Meson Lagrangian to Order p® Revisited,” Phys. Rev., vol. D65, p. 054033,
2002.

H. Fearing and S. Scherer, “Extension of the Chiral Perturbation Theory Meson
Lagrangian to Order p®,” Phys. Rev., vol. D53, pp. 315-348, 1996.

C. Hafeli, M. A. Ivanov, M. Schmid, and G. Ecker, “On the Mesonic Lagrangian of
order p® in Chiral SU(2),” 2007.

J. Bijnens, “Status of Strong ChPT,” PoS, vol. EFT09, p. 022, 20009.

S. Weinberg, “High-Energy Behavior in Quantum Field Theory,” Phys. Rev., vol. 118,
pp. 838-849, 1960.

G. Ecker, “Chiral Perturbation Theory,” Prog. Part. Nucl. Phys., vol. 35, pp. 1-80,
1995.

M. Gell-Mann, R. Oakes, and B. Renner, “Behavior of Current Divergences under
SU(3) x SU(3),” Phys. Rewv., vol. 175, pp. 2195-2199, 1968.



250

Bibliography

[111]

[112]

[113]

114]

[115]

[116]

[117)

18]

[119]

[120]

[121]

[122]

123]

[124]

[125]

[126]

S. Okubo, “Note on Unitary Symmetry in Strong Interactions,” Prog. Theor. Phys.,
vol. 27, pp. 949-966, 1962.

S. Okubo, “Note on Unitary Symmetry in Strong Interaction. 2. Excited States of
Baryons,” Prog. Theor. Phys., vol. 28, pp. 24-32, 1962.

A. Manohar and H. Georgi, “Chiral Quarks and the Non-relativistic Quark Model,”
Nucl. Phys., vol. B234, p. 189, 1984.

J. C. Ward, “An Identity in Quantum Electrodynamics,” Phys. Rev., vol. 78, p. 182,
1950.

J. Bijnens, G. Colangelo, and P. Talavera, “The Vector and Scalar Form Factors of
the Pion to Two Loops,” JHEP, vol. 05, p. 014, 1998.

G. Colangelo, “Finite Volume Effects in Chiral Perturbation Theory,” Nucl. Phys.
Proc. Suppl., vol. 140, pp. 120-126, 2005.

P. Hasenfratz and H. Leutwyler, “Goldstone Boson Related Finite Size Effects in
Field Theory and Critical Phenomena with O(N) Symmetry,” Nucl. Phys., vol. B343,
pp- 241-284, 1990.

F. Hansen, “Finite Size Effects in Spontaneously Broken SU(N) x SU(N) Theories,”
Nucl. Phys., vol. B345, pp. 685-708, 1990.

F. Hansen and H. Leutwyler, “Charge Correlations and Topological Susceptibility in
QCD,” Nucl. Phys., vol. B350, pp. 201-227, 1991.

C. Haéfeli, 2008. Private communications and notes.

S. Aoki et al., “Pion Form Factors from Two-Flavor Lattice QCD with Exact Chiral
Symmetry,” Phys. Rev., vol. D80, p. 034508, 2009.

T. B. Bunton, F.-J. Jiang, and B. C. Tiburzi, “Extrapolations of Lattice Meson Form
Factors,” Phys. Rev., vol. D74, p. 034514, 2006.

B. Borasoy and R. Lewis, “Volume Dependences from Lattice Chiral Perturbation
Theory,” Phys. Rev., vol. D71, p. 014033, 2005.

K. Ghorbani, “Chiral and Volume Extrapolation of Pion and Kaon Electromagnetic
Form Factor within SU(3) ChPT,” 2011.

R. A. Briceno, Z. Davoudi, T. C. Luu, and M. J. Savage, “Two-Baryon Systems with
Twisted Boundary Conditions,” Phys. Rev., vol. D89, no. 7, p. 074509, 2014.

B. C. Tiburzi, “External Momentum, Volume Effects, and the Nucleon Magnetic
Moment,” Phys. Rev., vol. D77, p. 014510, 2008.



Bibliography 251

[127)

[128]

[129]

[130]

[131]

[132]

[133]
[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

J. Hall, D. Leinweber, B. Owen, and R. Young, “Finite Volume Corrections to Charge
Radii,” Phys. Lett., vol. B725, pp. 101-105, 2013.

B. C. Tiburzi, “Finite Volume Effects on the Extraction of Form Factors at Zero
Momentum,” Phys. Rev., vol. D90, no. 5, p. 054508, 2014.

B. C. Tiburzi, “Volume Effects on the Method of Extracting Form Factors at Zero
Momentum,” PoS, vol. LATTICE2014, p. 132, 2015.

Y. Koma and M. Koma, “Finite Size Mass Shift Formula for Stable Particles Revis-
ited,” Nucl. Phys. Proc. Suppl., vol. 140, pp. 329-331, 2005. [, 329 (2004)].

Y. Koma and M. Koma, “More on the Finite Size Mass Shift Formula for Stable
Particles,” 2005.

H. Leutwyler, “QCD: Low Temperature Expansion and Finite Size Effects,” Nucl.
Phys. Proc. Suppl., vol. 4, p. 248, 1988.

C. Hafeli, “Finite Volume Effects in Chiral Perturbation Theory,” phd thesis, 2005.

J. Bijnens, P. Dhonte, and P. Talavera, “mK-Scattering in Three-Flavor ChPT,”
JHEP, vol. 0405, p. 036, 2004.

J. Bijnens and I. Jemos, “A New Global Fit of the L] at Next-to-Next-to-Leading
Order in Chiral Perturbation Theory,” Nucl. Phys., vol. B854, pp. 631-665, 2012.

G. Colangelo, J. Gasser, and H. Leutwyler, “rm-Scattering,” Nucl. Phys., vol. B603,
pp. 125-179, 2001.

A. Bazavov et al., “MILC Results for Light Pseudoscalars,” PoS, vol. CD09, p. 007,
20009.

R. Arthur et al., “Domain Wall QCD with Near-Physical Pions,” Phys. Rewv.,
vol. D87, p. 094514, 2013.

S. Beane, W. Detmold, P. Junnarkar, T. Luu, K. Orginos, et al., “SU(2) Low-Energy
Constants from Mixed-Action Lattice QCD,” Phys. Rewv., vol. D86, p. 094509, 2012.

A. Bazavov et al., “Results for Light Pseudoscalar Mesons,” PoS, vol. LATTICE2010,
p. 074, 2010.

E. Follana, C. Davies, G. Lepage, and J. Shigemitsu, “High Precision Determination
of the m, K, D and D, Decay Constants from Lattice QCD,” Phys. Rev. Lett.,
vol. 100, p. 062002, 2008.

N. Nakanishi, Graph Theory and Feynman Integrals. New York: Gordon and Breach,
1971.






Name, Vorname:

Matrikelnummer:

Studiengang:

Titel der Arbeit:

Leiter der Arbeit:

Ich erklare hiermit, dass ich diese Arbeit selbstandig verfasst und keine anderen als die
angegebenen Quellen benutzt habe. Alle Stellen, die wortlich oder sinngemaéss aus Quellen
entnommen wurden, habe ich als solche gekennzeichnet. Mir ist bekannt, dass andernfalls
der Senat gemass Artikel 36 Absatz 1 Buchstabe r des Gesetzes vom 5. September 1996
iiber die Universitat zum Entzug des auf Grund dieser Arbeit verliechenen Titels berechtigt

Erklarung
gemass Art. 28 Abs. 2 RSL 05

Vaghi, Alessio
99-915-738
Physik

Bachelor O Master O Dissertation X

Finite Volume Effects in Chiral Perturbation Theory

with Twisted Boundary Conditions

Prof. Dr. Colangelo Gilberto

ist. Ich gewédhre hiermit Einsicht in diese Arbeit.

Bern, den 2. November 2015

Alessio Vaghi






Curriculum Vitae

Personal Information

Name

Date of birth
Nationality
Civil status

Present address

Education
2007—2015
1999—2006
1995—1999
1986—1995

Alessio Giovanni Willy Vaghi
February 14, 1980
Swiss

Celibate

Institute for Theoretical Physics
University of Bern

Sidlerstrasse 5

3012 Bern, Switzerland

Phone: +41 31 631 86 29
Email: vaghial@itp.unibe.ch

University of Bern
Ph.D. student of Prof. Dr. G. Colangelo

ETH (Swiss Federal Institute of Technology) Zurich

Studies in Physics and Mathematics

Degree in Theoretical Physics (Master of Science in Physics):
Localization and Spectral Fluctuations

supervised by Prof. Dr. G. M. Graf

“Liceo Cantonale” of Mendrisio
Scientific Maturity Diplom

Schools in Chiasso

Working Experiences

2015
2014—2015
2007—2012
2007

Teaching assistant in Department of Theoretical Physics at University
of Bern

Teaching assistant in Department of Physics and Astronomy at Uni-
versity of Bern

Substitute teacher of Physics and Mathematics at “Liceo Cantonale”
of Mendrisio and at “Centro Professionale Commerciale” of Lugano

Teaching assistant in Department of Theoretical Physics at University
of Bern

Teaching assistant in Department of Mathematics at ETH Zurich



Workshops and PhD-Schools

June 2010
July 2009
February 2009

July 2008
January 2008

Publication

Languages
Italian
English
German

French

FLAVIAnet summer school on Flavor Physics in Bern, Switzerland
Chiral Dynamics, International workshop in Bern, Switzerland

Effective Field Theories: from the Pion to the Upsilon, International
workshop in Valencia, Spain

FLAVIAnet summer school on Flavor Physics in Benasque, Spain

CHIPP winter school on Particles Physics in Néfels, Switzerland

A Remark on the Estimate of a Determinant by Minami,
G. M. Graf, A. Vaghi, Lett. Math. Phys. 79 (2007) 17-22,
arXiv: math-ph/0604033

Mother tongue
Good skills in spoken and written
Good skills in spoken and written

Good skills in spoken and written



